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ON THE EXISTENCE OF PERIODIC SOLUTIONS OF 
CERTAIN THIRD ORDER NON-LINEAR DIFFERENTIAL 
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Samuel A. IY ASE 

Introduction 

This paper is devoted to the study of the periodic boundary value problem 
x + f(x)x + bx + g(t,x(t - i)) = P(t) (1.1) 
x(O) - x(2n) = i(O)- i(2n) = i(O) - i(2n) = 0 

with fixed delay -r e (0, 2n), where b < 0 is a constant, f: R ~ R is continuous, 

P: [0,2n] ~ R and g: [0,2n] x R ~ R are 21r p~riodic in 1 and g satisfies certain 

Caratheodory conditions. The unknown function x: [0,2n] ~ R is defined for 

0 <Is; -r by x(t - -r) = x[21r - (l - -r)]. 

The differential equation 
x + ai + f(x)x + g(l,x(l - -r)) = P(l) 

in which a -:~= 0 is a constant was the object of a recent study [6]. Results· on the 

existence and uniqueness of 21r periodic solutions were established subject to certain 
resonant conditions on g. 

In the sequel we shall use the spaces C([0,2n]), Ck([0,2n]) and Lk([0,2n])of 
continuous, k terms continuously differentiable or measurable real functions wl'lose 
k 1h power of the absolute value is Lebesgue integrable. We shall ~ake use of the 

Sobolev spaces w£; and Hill' reSJ)cctively defined by 

w£; = {x: [0, 2n] ~ Rl x, x, i are absolutely continuous on [0, 2n)) 

, with norm 

lxlwf,;' = J;~~'lx(t)ldt + t~~'lx(t)ldt + J;~~'li(t)ldt + J;~~'IX'(t)ldt 
and 
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where a, b arc constants and c E ~~r· 

THEOREM 2.1 
Let b<O andset b- 1 c(t) = r(t) E~~r 

Suppose that 

0 < r(1) < 1, I E [0,2nj (2.5) 

Then for arbitrary a, the equation (2.4) admits in w]~ only the trivial solution. 

,PROOF 
We shall rewrite (2.4) in the form 

b- 1i + b- 1ai+ x + r(t)x(t- -r) = 0 
x(O) - x(2n) = x(O)- x(2n) = i(O)- i(2n) = 0 

If x is a possible solution of (2.4) lhen since 

-1-J0
2 ~r b- 1a(i + i(t))i(t)dt = 0 

2n 
as can be easily verified, we have from (2.5) lhat 

0 = -
1-J

0

2
tt (i + .i(t))[b - I:x· + b - lai + x + r(1)x(t - -r)]dt 

2n 

= -
1
- f

0

21t (i + .i(l))[b -t-x + x + r(t)x(t - -r)]dt 
2n J, · 

I . 

(2.6) 

- b- 2 .. 2 1 2 ' 2 1 2 . 
= --j0 ~r x (t)dt +-k) ~r x (t)dt +- k) tt (i + x(t))r'(t)x(t- -r)dt 

2n 2n 2n 

~ -'-J61t i 2 (I)+ -
1
- J6ttql)x2dt + -

1
-J61rr<t)xx(t - -r)dt 

2n 2n 2n 
1 2 . +-j0 ~rr(t)i(l)x(t - -r)dl . 

2n 
Using the identity 

[a+ b)2 a 2 b2 
ab = - - - -

2 2 2 

= -
1-1

0

2
11" i 2 (l)dt + -

1-l
0

2
1f r(t)i2dt + -

1-1
0

2
11" r(t)ii(t- -r)dt 

2n 2n 2n 
. 2 '2 2 

+-' r2~rr(l)([x(t - -rh+i(t)] -~-x (t - -r)}dt 
2n Jo 2 2 2 

1 r2~r .:.2 1 r2~r 2 1 J21r _ 
= -J

1
o x (t)dl + -J,o r(t)x (l)dt +-

0 
r(1)xx(t- -r)dt 

2n 2n 2n 

29 

1 r2~rrc >![x(t - -r)+i(l)J
2 

i
2

(t) i
2

(t--r) --c ) x-2 } + - JO 1 --- - - xx 1- -r --. 
2n 2 2 2 · 2 

' 
_ I f2~r .:.2 f)d lf2~rr(l)f.:.2 ( ' -2( )ld -- l"/1 · - -r( +r; I - T t 

2 It •II • /.tc 0 7. ' ., 



ON 1lffi EXISTENCE OF PERIODIC SOLUTIONS 31 

we have 

2~ J~" [.X+ i(l))[b - lX" + x + V(I)X(I - T)]dl 

= -
2

1 
(-:b- l ~K .P(I)dl + -~-~K i 2(1)dl +-1-j

0
2"(x + i(I))V(I)X(I- T)d/ 

n 2n 2n 

~ - 1-j
0

2
n i 2(1)dl + -

1-j
0

2"[x + i]V(I)x(l - -r)dl 
2n 2n. 

= _I_ r2~r i2(1)dl--~- r2" V(l)ri2(1) + i2(1 - -r)]dl 
2n Jo 2n Jo 2 

1 r2~r V(l){ . · }2 2 +-J
1
o (- [x{t - -r)+i(t)] +x )dl 

2n 2 · 

~ _1_ 1o2~r j2(t)dl - -1- io2~r V(t)[i2(t)+ i 2(1 - .-r)]dl 
2n 2n 2 

.... 1 J,21r .:.2 ()d 112n(r(l)+£)[.:.2 -2( ))d c:.- X I 1-- X + X 1- 'r I 
2n o 2n o 2 · 

1 r2n .::2( )d 1 r2~rr( >[ i
2 

i
2

(1 - -r)]d =-J1 X I I - - ·J1 I - + I 
2TC 0 2TC O 2 2 

1 1·2n [·p ·!'{ 1- -r)]d - - £ - + I 
2 TC 0 2 2 

Arguing like in theorem 2.1 

~ 8lil21 _..!__ r2 ~r [ i2 + i 2(1- -r)Jdt 
liz,. 2 TC Jo 2 2 

Using Wirtingers Inequality 

~ oli l2 
- ..!__ ~"[·F + .Fu- -r>Jdl 

H~lt 2 TC 2 2 

_ ~~ - ~2 f r2rr ~2d - u x 1 - --)() x 1 
J/21t 2TC 

~ 8lxl;1 ~ - £1xl71 ~ 
211 211 

= (8- £)lil~b,. 
We shall consider the non-linear delay equation 

x + f(x)x + bx + g(t ,x(t- -r)) = P (1) 
x(O)-x(2TC) = .X(O)-.X(2TC) = i(0) - .X(2TC) ::: O 

(3.2) 

where f: R -~ R is a continuous function and g: [0,2 TC] x R '--+ R is such that g(·,x) 

is measurable on [0, 2TC] for each x .e R ~nd g(l .-) is continuous on R for almost 

each t E [0,2TC] . 

We assume moreover that for each r > 0 there exists Yr E ~tr such that 

lg(1,x)IS y,(l) (3.3) 
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Let 
X - u / 4,1 2 - Tl 

- " 21r ' - AJJ. Ir 

dom L = (x eX: x(O) - x(2 tr) = x(O) - x(2tr) = .i(O) - .i(2 tr) = 0 and x, .i are abso

lutely continuous on to. 2tr]} 
Define as in [2] 

L: domLCX~Z. x~X'+·bx 

F : x _... z. x _... J(x)x(t) 

G: X _.,. Z, x _... Y(t,x(t - -r))x(t - -r) 
H .: x _.,.z, x_.,. h(t,x(t - -r)) 

A : X ~ Z, x ~ r(t)x(t- -r) 

Thus (3.8) is equivalent to 

Lx + Fx +Gx+Hx = P( t ) (3.9) 

The existence of a solution will follow from theorem 4.5 in [3) if we show that the 
possible solutions of the equation 

Lx+ A.Fx+ (1- A.)Ax + A.Gx + Wx = AP(t) 

In dom L arc a priori bounded independently of ). E [0,1] . 

By our consu-uction we have that 

- 0 
0 < (1- A.)r(t ) + A.Y(t,x(t - -r)) ~ r(t) +-

2 
Hence by Lemma 3. 1 we have 

(4 .0) 

(4. 1) 

2~ ~~r[ x + i(t) ]{ b -IX'+ A.b -I f(x ).i + x + l( l - A. )r(t)+A.Y(t, x(t - -r))Jx(t - -r) }dt 

> ~ 1 -12 . - X I 
2 H2tr 

Thus o = 
2

1
tr J~~r[ x + i(t) ]{ b- 1:x + ?.b- 1f(x)x + x + [(1 - A.)r( t) 

+ A.Y (I, x(t - -r))]x(t - 'f)+ A.h(t, x(t - -r) - A.P(t) }dt 

~ % lxl71i,. -· 2n(lro IL1 + IPIL1 )(lxl + liL) 
~ ~ lxl;1 1 - f3{1xl + lxl71 ~ ) 2 211 2JI 

(4.2) 

Hence 

lxl;11 ~ fJ1 {lxl + lxl11 1 ) 
211 211 

for some constant /31 > 0. On integrating (4.0) and using the arguments in [5J we 
• 
obtain 

lxiH1 $ f3z 
211 

(4.3) 

where {32 > 0 is a constant. The inequality (4.3) implies that 
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