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Abstract: In this paper, the ratio of two independent exponential random variables is studied and

another two-parameter probability model representing the modified ratio of exponential distributions

(MRED) is defined. This new model is proposed in modeling the survival of patients undergoing surgery.
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1.0 Introduction:

The distributions of the product and ratio of independent random variables are of great importance in
many areas of sciences. An important example of ratios of random variables is the stress-strength model

in the context of reliability. For a given two independent random variables, X and Y, the distribution of

X
the ratio ¥ as explained by Nadarajah and Kotz (2007) could represent (a) the relative strength of two

different signals in communication theory, (b) the relative safety of navigation in ocean engineering, (c)
the relative popularity of two different commodities in finance, also see Annavajjala et al (2010),

Hamedani (2013), Nadarajah,(2005a, 2005b, 2006), Mdziniso (2012) and Pham-Gia (2000).

According to Steven (2012), for two independent exponentially distributed random variables X and Y,

X
U=-—
both with rate parameter A, the distribution of the ratio ¥ is given by;

fe= iy o)
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where % € (0,%) pecause * € (0,20) and ¥ € (0,9)  He confirmed that the expected value of the

distribution in Equation (1) is undefined [4].

This article seeks to extend the work done by Steven (2012) by verifying the validity of his model,
showing the shape of the model, providing an explicit expression for the cumulative density function

(c.d.f), the survival function and hazard function.

Conversely, the model provided by Steven (2012) does not contain any model parameter. This is because

the two random variables considered both have same rate parameter A Hence, it is of interest in this

article to derive a two-parameter model for the ratio of two independent exponential random variables

with different rate parameters say Ay and 42 respectively and to interpret the parameters.

2.0 Methodology

2.1 Validity of Steven’s (2012) model

wWidu =1
This suffices thatJ; f&)

AT

J;m faddu = J;m {u-:—lfF du

dt
Let=u+1 jfu=0,then t=1 gy ' du=adt

F Fandu = ftl:dr

=1
Hence, the model provided by Steven (2012) is a valid p.d.f

2.2 The Shape of Steven’s (2012) model



The shape of the model in Equation (1) is represented graphically as below;
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Fig. 1: Graph of the pdf of U, « € (0, 20)
It can be seen from the graph that the model is positively skewed.
2.3 Cumulative Density Function (CDF)

The corresponding cdf is expressed as
Fw)=P(U<u)= ff{ﬂdt
R |
-] er ot
1 'H
- [_ t+ 1].
ks

Flw)=

It can be seen from Equation (2) that ul—lfl-:m Fw=1

The cumulative density function is represented graphically as below;

)



0.9

0.8 -

0.7

0.6 -

F{u)
o

0.3

0.2

0.1

1 2 3 4 5 6 7 8 9 10 11 12 13 14

U

15 16 17 18 19 20 21

Fig. 2: Graph of the CDF of U, t € (0, 20)

2.4 Survival Function:

By definition, the survival function for a random variable Z is defined as;

Stw)=PW = uw)

Sw=1-P(U=u)=1-F@)
Sw)=——-+

Asu—0  limSu) =1

As U —> 00 ;1!:15:":-5{“} =0

2.5 Hazard Function:

Mathematically, the hazard function for a random variable U is given by;

_f@
M= 1T F@
1
R =773

Asu—0 ;iignh{u} =1
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(4)



As U —* ;&E-"ﬂh(u] =0

These results above justify that (%) = 0

The Survival function and Hazard function is represented graphically as below;
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Fig. 3: The Survival and Hazard Function of U, % € (0, 20)

It can be seen that the expressions for the survival function and hazard function for Steven’s (2012) model
as derived in Equations (3) and (4) are the same. It can also be observed that the graph for the survival
function and hazard function for Steven’s (2012) are perfectly the same. The implication is that the

distribution would be appropriate to model the survival of a patient undergoing surgery.

2.6 The Modified Ratio of Exponential Distributions (MRED)

Let U and V denote two independent exponential random variables with parameters A1 and 4z

respectively. That is, U~Exp@,) and V~Exp;) Then,
f@y=2eM%; A >0

f@)=2A,e?"; A.>0



U
X==
Let IV denote another random variable representing the ratio of the random variables U and V. Using

the method of transformation, the pdf of X is derived as;

u
X=—
Vi, letY =V then V=Y angU=4XY

du du dv dv _
ﬁzF,I:x,ﬁ:n,andd_}’_l
du  du
=l @
T |dv  dv
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The Jacobian matrix of transformation is given by;

7=k il=v

The joint pdf; £ @) = FGIFG) s given by:
fauv) = A4 e Gastar)

ForU=XY angV =Y

flxy,y) = Agdpe”Geredaly

The marginal pdf of random variable X is therefore given by;
fer= [ fay.idy = [ fey . idy

= A, A, fﬂe ~(ax+laly g dy

Let? = Uyx +47)
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By definition, & (the mean of an exponential distribution with parameter ¥ )
1 1

f= 3 Ay 7
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where 41 =0, A; = 0andx =0

Equation (5) above is the pdf of the Modified Ratio of Exponential Distributions (MRED). It can
otherwise be represented by X~MRED(1,.4;),

The shape of the MRED with different parameters of 41 and 4z is shown graphically as below;
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Fig. 4: Graph of the Modified Ratio of Exponential Distributions

The model is positively skewed and the two parameters; 41 and 4z are both location parameters.

dx =1
It was observed thatJ; fe . That is,
0 Ayds
— ==  dx=1
(yx + 47)2

Hence, the Modified Ratio of Exponential Distributions is a valid pdf.

The corresponding cumulative density function is given by;



Flx) = f F@dt
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3.0 Conclusion:

In this paper, the distribution of the ratio of two (independent) exponential random variables that was
defined by Steven (2012) is being explored further and it was found that the survival function and the
hazard function for the model are the same. Hence, the model would be useful in biological or medical
sciences to model the survival of patients undergoing surgery in any disease. Another two-parameter
probability model (Modified Ratio of Exponential Distributions) is being defined in this paper and the

parameters are found to be location parameters.
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