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Nonlocal Effects in Two-Dimensional
Conductivity

MARC BRIANE

Abstract

The paper deals with the asymptotic behaviour as ¢ — 0 of a two-dimensional
conduction problem whose matrix-valued conductivity a. is e-periodic and not
uniformly bounded with respect to €. We prove that only under the assumptions
of equi-coerciveness and L'-boundedness of the sequence a,, the limit problem
is a conduction problem of same nature. This new result points out a fundamental
difference between the two-dimensional conductivity and the three-dimensional
one. Indeed, under the same assumptions of periodicity, equi-coerciveness and L'-
boundedness, it is known that the high-conductivity regions can induce nonlocal
effects in three (or greater) dimensions.

1. Introduction

In the paper we are interested in the limit behaviour as ¢ — 0 of the two-
dimensional conduction problem

—div(a.Vue) = fin Q
{ u, =0 on oS, .1y

in a bounded open set Q of R? and for a given f in H~'(Q). For each ¢ >
0, the conductivity a, is a symmetric positive definite matrix-valued function
in L (€2; R**?) which is e-periodic, i.e. @ (x) = Ae(3) with Ac(y1 + 1, y2) =
Ac(y1, 2+ 1) = A (y) forae. y € RZ2. The sequence a. is assumed to be equi-
coercive in €2 (i.e. there exists « > 0 such that a, = o I a.e. in ) and bounded
in L1(€2; R2*%2), but not bounded in L (2; R2*2).

The question we ask is can the high-conductivity regions induce nonlocal effects
in the limit problem? In three (or greater) dimensions the answer is known to be
positive. Indeed, FENCHENKO and KHRUSLOV [13] (see also [15]) first obtained non-
local effects from microstructures a, with high-conductivity regions. The model



example, which was extended by BELLIEUD and BOUCHITTE [2] to a nonlinear
framework, consists of a medium reinforced by one-directional and high-conduc-
tivity fibres. More precisely, in a cylinder Q := @ x (0, 1) the fibres form an
e-periodic lattice of x3-directional cylinders of radius € r, such that y €2 |Inr,| = 1
with y > 0, their conductivity is equal to x r~ 2 with k > 0, and they are embedded
in a medium of conductivity equal to 1. Then, the solution u, of the conduction
problem (1.1) weakly converges in HO1 (2) to the solution u of the nonlocal homog-
enized equation

1
— Aug +2my Mo—/ uo(x1,x2,1) 0y (t,x3)dt | = f inQ
A : (1.2)
uo =0 ono<2,

where the kernel 0, , can be explicitely computed (see [2] for details). The nonlocal
term in (1.2) is due to the diffusion along the fibres combined with their capacitary
effect.

These works were also extended by [8] and [6] in conduction, as well as by [19]
and [3] in elasticity. More generally, MOSCO [16] proved that the energy associated
with (1.1) converges to a quadratic form according to the BEURLING & DENY [5]
representation formula. In some sense CAMAR-EDDINE and SEPPECHER [10] closed
the topic not only in three-dimensional conduction by proving that any nonlo-
cal effect can be attained by a suitable conductivity sequence, but also in three-
dimensional elasticity [11] by proving a remarkable closure result.

On the other hand, in any dimension, various conditions on the conductivity
sequence a, prevent the appearance of nonlocal effects. Firstly, SPAGNOLO [20]
with the G-convergence theory, then MURAT and TARTAR [21,18] with the
H-convergence theory, proved that the equi-coerciveness combined with the equi-
boundedness of the sequence a, (without periodicity restriction) implies a compact-
ness result for the sequence of problems (1.1). BUTTAZZO and DAL MASO [9] (see
also [12]) extended this compactness result to any sequence of isotropic conductivi-
ties a; = o I such that «, is bounded and equi-integrable in L' (£2). More recently,
BRIANE [7] proved that for any e-periodic conductivity a.(x) := Ag(f) with A,
bounded in L1(Y), Y := (0, 1), the estimate of the weighted Poincaré—Wirtinger
inequality

2
vV e HY(Y), /Ag V—][ V) dy < C(s)/ A VV -VVdy,
Y Y Y (1.3)
with &>C(e) — 0,

also leads to a classical limit of problem (1.1). However, the opposite behaviour
£2C(e) - 0 can imply nonlocal effects in three dimensions.

In contrast with these previous works, the present paper points out the gap
between the second and third (or greater) dimension regarding the appearance of
nonlocal effects in conductivity. The main result of the paper (see Theorem 1)
claims that any sequence of e-periodic conductivities a., which is equi-coercive
and bounded only in L1(Q; R2*2), cannot induce nonlocal effects in dimension
two.



The proof is based on a Poincaré—Wirtinger type inequality and a div-curl type
lemma. These two auxiliary results are specific to dimension two and allow us to
apply the method of the oscillating test functions of Tartar [21], which implies a
classical limit behaviour of the conduction problem (1.1).

On the one hand, the Poincaré—Wirtinger inequality (see Proposition 2) reads
as, in the e-periodic case,

2
vV e H\Y), /(V—][ V> dygcffigvv.vvcly
v v . (1.4)

where  Ag := 375
&

Inequality (1.4) can be regarded as the conjugate of inequality (1.3). However,
contrary to (1.3) the constant C of the Poincaré—Wirtinger inequality (1.4) is inde-
pendent of ¢ and thus cannot be blown up.

On the other hand, the div-curl result (see Proposition 3) is an extension of
the classical div-curl lemma of MURAT & TARTAR [17], for any sequence &; with
compact divergence in H —~1(Q), and such that a, 1/ 255 (but not &,) is bounded
in L?(; R?). The ingredients of this weak div-curl lemma is the representation
of a divergence-free function by a stream function and the approximation of this
stream function by a piecewise-constant function, based on the Poincaré—Wirtinger
inequality (1.4). At this level and contrary to the third (or greater) dimension, an
estimate on the two-dimensional curl of the stream function yields an estimate on
its whole gradient. A three-dimensional counter-example (see Example 1) clarifies
the two-dimensional character of the div-curl result.

The paper is organised as follows. In the first section we state the main result
of the paper. The second section is devoted to the proofs and is divided into three
parts. The first part deals with the Poincaré—Wirtinger inequality (3.2), the second
one with the div-curl result, and the third one with the proof of Theorem 1.

2. Statement of the result

In the following:

(i) | - | denotes the euclidian norm in R? as well as its subordinate matrix-

norm:
|Ax| 2x2
|A] ;= max —— =,/p(AAT) for A e R**,
xeR2\(0} |x|

where p is the spectral radius and A7 the transpose of the matrix A.
Note that |A| = p(A) if A is symmetric, which will be the case in the
sequel;

(ii) I denotes the unit matrix of R2%2 and J := ( (1) _01 );

(iii) Y denotes the unit square (0, 1)? of R?;

@iv) Lg (Y) (resp. H# (Y)) denotes the set of the Y -periodic functions which
belong to Lf (R?) (resp. H,. .(R?));

(v) €2 denotes a bounded open subset of RZ; and



(vi) D(L2) denotes the set of the infinitely differentiable functions with com-
pact support on 2.

Let A,, for ¢ > 0, be a sequence of symmetric positive definite matrix-valued
fiunctions and Y -periodic matrix-valued functions in Lg°(Y). We assume that there
exist two positive constants ¢, B such that

Ve>0, A,>al ae. inR?, 2.1

Ve >0, / |As|dy < B. 2.2)
Y

Therefore, the sequence A, is equi-coercive by (2.1) but only bounded in L'(Y)
due to (2.2).

For each A € R?, let X i‘ be the unique function in Hé (Y) with zero average
value, solution of the equation

div(A.VW?) =0 in D'(R?), where WX(y):=xi-y—XA(y), (2.3)

and let A} be the constant matrix defined by
A= /Y A VW) dy, 24
which satisfies the equality
A;“x-x:/yAsvwg-VW;dy. (2.5)

Forafixede > 0, A} is the homogenized matrix induced by the oscillating sequence
As(%‘) as § tends to O (see e.g. [1] or [4]).

We easily deduce from the equi-coerciveness (2.1), the boundedness (2.2) and
from (2.5), that the sequence Wg)‘ satisfies the bound

B
||VW3||L2(Y) < \/;W, (2.6)

and that A} satisfies the estimates
AP Zzal and |ALl < B. 2.7
Taking into account (2.7) we can assume that (up to a subsequence)

AF > A% (2.8)

where A{j is a symmetric positive definite matrix.
The main result of the paper is the following:

Theorem 1. Assume that conditions (2.1) and (2.2) hold true. Then, the solution u
of the conduction problem (1.1) with conductivity a.(x) = Ag(;—‘), weakly con-

verges in HO1 (2) to the solution uq of the conduction problem with the constant
conductivity Aj defined by (2.8) and (2.4).



Remark 1. The result of Theorem 1 implies that the equi-coerciveness constraint
(2.1) combined with the one of L'-boundedness (2.2) prevents the appearance of
nonlocal effects in dimension two.

Convergence (2.8), rather than the more restrictive condition (2.2), seems to be
the natural assumption to obtain the previous homogenization result. We did not
succeed in proving Theorem 1 by only assuming (2.8) together with the equi-
coerciveness (2.1). Indeed, our approach, through the Propositions 1 and 2 is
essentially based on the boundedness (2.2). However, this condition is sufficiently
general to point out the difference between the second and third dimension and the
appearance of nonlocal effects in strong conductivity.

3. Proof of the result

The first section is devoted to a Poincaré—Wirtinger inequality and the second
one to a div-curl lemma. We prove these two auxiliary results for a class of micro-
structures satisfying a kind of uniform L'-boundedness (see Definition 1), which
contains any e-periodic and L!-bounded conductivity. The third section deals with
the proof of Theorem 1 in the case of e-periodic microstructures.

3.1. A Poincaré-Wirtinger inequality

Definition 1. A sequence b, for ¢ > 0, of nonnegative measurable functions on 2
is said to be w-bounded in L' (Q) if there exists a positive function w : (0, +00) —>
(0, 400) with zero limit at 0, satisfying

V8 >0, Ieg >0 such that

Ve € (0, ), ¥ Q square of Q with | Q] > 5, /bgdxgwﬂQl), G.D
0

where | Q| denotes the Lebesgue measure of Q.

Proposition 1. Let b, be the sequence defined on Q by be(x) = B (%), where
Be is a Y-periodic positive sequence bounded in L'(Y). Then, b, is w-bounded
in LY().

Proof. Let Q be a square of Q with |Q| = &2. The square Q is included in a
minimal square Q. composed of a number Ny < 9&72|Q|, of cells of the type
e(k +Y), k € Z*. The eY -periodicity of b, implies that

/ bedx < / b.dx = N, 82/ B:dy <9 (sup ||Bg||L1(Y)> |Q].
) B Y e>0

Therefore, the sequence b, is w-bounded in LY(Q) with w(?) := ct, where ¢ is a
positive constant.
With Definition 1 we have the following result:



Proposition 2. Let a, for ¢ > 0, be a sequence of symmetric positive definite
matrix-valued functions with a; and a_ Lin L (; szz)’ such that the sequence
lag| is w-bounded in L' (). Then, there exists a positive constant C such that, for
any 8 > Q0 and any ¢ > 0 small enough, each square Q C 2, with|Q| 2 §, satisfies
the Poincaré—Wirtinger inequality

2
Vue H'(0), / (v—][ v) dx §Cw(|Q|)/ G:Vv - Vudx,
0 0 0 (3.2)

where de 1= -
&

Remark 2. Inequality (3.2) is weighted by the matrix-valued a, but, in contrast
with (1.3), with a constant which is independent of § and & provided that ¢ is small
enough with respect to §. This constant also tends to 0 with the measure of Q. This
result is strongly linked to dimension two as shown in the following proof.

Proof of Proposition 2. Let > 0 and let Q be a square of Q of side & > /5. Let
v € H'(Q) with fQ v=0andlet V € H'(Y) be defined by v(x) := V(E),
where Q = xj, + hY. By the change of variable y := x_hx” , and using the embed-
ding of WL1(Y) into L?(Y) (which is specific to the second dimension) combined

with the classical Poincaré—Wirtinger inequality in W!-1(Y), we have

2 2
/v2dx=h2/V2dy§Ch2(/ |VV|dy) =c</ |Vv|dx> \
0 Y Y 0

where C is a positive constant. Moreover, if A, < u. := |a.| are the eigen-
values of a., then the eigenvalues of a, are u;l “1/2 are

< A;l, the ones of a,
thus «/A; < /Mg, from which la. 12| = e = las|'/2. Then, combining the
equality |G, ~/?| = |a¢|'/? and the inequality |Vv| < |G, /2| |a,'/?Vv| with the
Cauchy-Schwarz inequality yields

2
(/ |Vv|dx> §/ |ag|dxfd5Vv~Vvdx.
0 0 0

Therefore, we obtain the estimate

/vzdx§C/ |a8|dx/518Vv-Vvdx,
0 0 0

which combined with the w-boundedness (3.1) of |a. | implies the desired inequal-
ity (3.2), provided that ¢ is small enough.

3.2. A div-curl result

In this section we extend the classical div-curl lemma of MURAT & TARTAR [17]
to sequences which are not bounded in L2($2; R?):



Proposition 3. Let a, for ¢ > 0, be a sequence of symmetric positive definite
matrix-valued functions with a, € L*°(L; R2X2), such that for a given a > 0,
as = ol ae. in Q and the sequence |ag| is w-bounded in L' (). Let & be a
sequence in L*(2; R?) and let vy be a sequence in H'(2; R?) which satisfy the
following assumptions:

/ a; ‘& & dx < c, (3.3)
Q
/ Vo |?dx < ¢, (3.4)
Q

where c is a positive constant,
div & is compact in H™ (), 3.5)
and
Vv — 0 weakly in L>(2; R?) or & — 0 weakly x in M(S2; R?) (3.6)

in the weak * sense of the Radon measures on SQ.
Then, the following convergence in the sense of distributions holds true

£, -V, — 0 inD(Q). 3.7)

The following example shows that the previous div-curl result does not hold in
dimension three.

Example 1. With reference to the model example presented in the Introduction.
Let Q := (0, 1), let w, C  be the g-periodic lattice of x3-parallel cylinders of
axis x;1 = ki1 &,x2 = kpe, for k1, kr € N, and of radius ¢ r,, and let a, be the
g-periodic isotropic conductivity defined by

where r, :=exp (—2> and «,y > 0.
ye

r%]3 if x € w,
&

ag(X) (=
+(x) L ifx € Q\ .,

Let u, be the solution in H(} () of —div (a.Vu,) = f, where f is a given function
in L?(2). For a fixed Ry € (0, %), let v, be the e-periodic function defined in 2 by

ve(x) = Vg(g), where V is the continuous periodic function of period (—% %)3,
independent of y3, and defined on its period by

0 ifr <r,
Ve(y) := % ifre <r <Ry, where r:=,/y?+y3.
1 ifr >Ry

It can be checked that the sequences &, := a.Vu, and v, satisfy the assumptions
(3.3)—(3.6) of Proposition 3. In particular, Vv, — 0 weakly in L2(£2; R3) since
ve — 1 weakly in H L(©2). Moreover, it can be proven (see e.g. [8]) that

& Vv, = Vug - Vvg = 2y (ug — vo)  in D'(RQ), 3.8)



Lo
5 e

where ug is the weak limit of u, in Hé (2) and vy is the weak * limit of
r

€

in the Radon measures sense on 2. The functions u, vg are the solutions of the
coupled system

— Aug + 2wy (g —vg) = f in Q
_i Pw —ug) =0 i
K ox2 42y (vop —ug) =0 inQ (3.9)
up(x) =0 if x € 9Q

vo(x,0) = vo(x', 1) = 0 if x’ = (x1, x2) € (0, 1)?,
which is equivalent to the nonlocal problem (1.2). We easily deduce from (3.9)

that ug — vg is nonzero if f is a nonzero function. Therefore, in this case conver-
gence (3.8) contradicts the result (3.7) of Proposition 3.

Proof of Proposition 3. We have to prove that, for any ¢ € D(Q2),

/$E~Vv8<pdx — 0.
Q e—0

By using a partition of the unity we may assume that the support of the test func-
tion ¢ is included in an open square Q with O C Q.

The proof is divided in three steps. In the first step we replace the sequence &,
by a divergence-free one J Vii., where i, is a stream function. In the second step
we approach i, by a piecewise-constant function u,. In the third step we prove that
the sequence i1, Vv, converges to 0 in the sense of distributions.

Step 1. Introduction of a stream function. First note that there exists a positive
constant c¢g such that

f €| dx = co. (3.10)
0

Indeed, the Cauchy—Schwarz inequality combined with the w-boundedness (3.1)
of |a.| and estimate (3.3), implies that for any ¢ small enough,

/|sg|dx§/ |aé||a;558|dx§(f |ag|dx)2(/ ag‘ss-ssdxy
0 Q 0 0 |
< Ja(0D </Qag]$a~ésdx> < co.

from which we get the desired estimate (3.10).

Let u, be the solution in HO1 () of the equation Au, = divé, in D'(Q).
Since the function &, — Vu, is divergence-free in Q, there exists a stream function
iy € H'(Q) (see e.g. [14], page 22) such that

& =Vu, + JVi, with / ugdx =0. 3.11)
)

Due to the compactness (3.5), the sequence u, strongly converges in HO1 () to
some function u¢. According to (3.6) we have the two following alternatives:



(i) If & weakly * converges to 0 in M(£2; R?), then div & = Au, converges
to 0 = Aug in D’(R2), from which ug = 0 and Vu, strongly converges to 0
in L?($2; R?). Therefore, the sequence Vu, - Vv, strongly converges to 0
in L' (), which implies

/gg-vawdx—/ JVi, -Vvepdx —> O. 3.12)
Q Q e—0

(ii) Otherwise, Vv, weakly converges to 0 in L>(£2; R?), then the strong conver-
gence of Vu, in L?(€; R?) implies that Vu, - Vv, weakly converges to 0
in L1(). Therefore, limit (3.12) still holds true.

Moreover, since JT = —J and J Vv is divergence-free, integrating by parts yields

/JVﬁg'Vv€¢dx——/ V((pﬁg)-Jvadx—i—/ UV - JVugdx
0o o 9]
=/ UV - JVug dx.
0

Therefore, to prove the div-curl convergence (3.7) it is sufficient to prove that the
sequence iy Vv, converges to 0 in D’(Q; R?). Note that the sequence il is only
bounded in W“(Q) due to (3.11) and (3.10), which does not imply its strong
convergence in L2(Q) since the embedding of Wl’l(Q) into L2(Q) is not com-
pact in the second dimension. The next step provides an alternative based on the
approximation of i1, by a piecewise-constant function combined with the Poincaré—
Wirtinger inequality (3.2).

Step 2. Approximation of u. by a piecewise-constant function. Let & € D
(Q; R?). For a fixed h > 0 small enough, let (Qx)kek, be a finite covering of
the support of ® by the squares Q; = h(k +Y) C Q, fork € K, C 7>
By Proposition 2 there exists wp > 0 which tends to 0 as » — 0 such that, for
any ¢ > 0 small enough (it is sufficient that ¢ < h by the proof of Proposition 1)
and any k € K,

2
/ <ﬁ8 —][ ﬂg) dx < a)h/ a.Vig - Viig dx.
Ok Ok Ok

Moreover, the equalities Vii, = J (Vu, — &) and a;l = JTa,J imply that
/ agViig - Vilgdx = / ag_l(§€ —Vu,) - (5 — Vue)dx,
Ok Ok

from which the Cauchy—Schwarz inequality combined with a, = « I, yields

2
/ <ﬁ€—][ 518) dx §2a)h/ (a;‘ss -s€+a“|wg|2) dx. (3.13)
Ok 0 Ok

On the other hand, let u, be the piecewise-constant function defined from the
function i, and the covering (Qi)rek, by

e ==Y <][kaze)1gk, (3.14)

keKy



where 19, denotes the characteristic function of the set Q. Then, summing the
inequalities (3.13) over k € K, yields

/Q |®)? (i, —it,) > dx <2 ||d>||%oo(Q) a)h/Q (as—lgg & +oe_1|Vu8|2) dx.

Thus, the estimate (3.3) and the boundedness of Vu, in L2(2; R?) (which is
strongly convergent) imply that

f |12 (i1 — ite)* dx < co wp.
0

Finally, by the Cauchy—Schwarz inequality combined with the boundedness of Vv,
in LZ(SZ; Rz), we obtain that for any ¢ > 0 small enough,

‘/ D - Vg (lly — ilg)dx | S co Jop, (3.15)
]

where ce > 0 is independent of 4 and ¢ and w;, — 0 as h — O.
The third step of the proof deals with the convergence of i1, Vv,. The conver-
gence of i1, Vv, then follows thanks to the previous step.

Step 3. Convergence of ugVvg and iisVve. Let us fix h > 0. The sequence Vii,
is bounded in L' (0; R2) by its definition (3.11) and estimate (3.10). Then, since
f 0 e = 0 the sequence i, is bounded in W“(Q) by the classical Poincaré—
Wirtinger inequality, and thus in L2(Q) by the embedding of whl (Q) into LZ(Q).
Therefore, the sequence i, weakly converges (up to a subsequence) in L2(Q) to
some function i, from which the sequence i1, defined by (3.14) strongly converges

in L°°(Q) to the function
L_t() = Z <f ﬁo) 1Qk'
0

keKp

Moreover, by (3.4) and by the regularity of Q, the sequence Vv, weakly converges
(up to a subsequence) in LZ(Q; R?) to Vg with vy € H! (Q), whence

/ ugVug - ddx —> ugVug - ddx. (3.16)
0

e—>0 0

According to (3.6) we have the two following alternatives:

(i) If & weakly * converges to 0 in M(2; R?), so does Vii, by (3.11). Then,
Viig = 0 in D’(Q), which implies i1y = 0 since fQ iig = 0. The right-hand
side of (3.16) is thus equal to O.

(i1) Otherwise, Vv, weakly converges to 0 in LZ(Q; R?) and the right-hand side
of (3.16) is still equal to 0.

10



Therefore, for any 2 > 0 and for the whole sequence ¢, we obtain
/ uVog - ddx —> 0.
0 e—0

The previous limit combined with the uniform (with respect to ¢) estimate (3.15)
yields

/ Vv - ®dx —> 0 forany € D(Q; R?),
Q £—>
which concludes the proof.

3.3. Proof of Theorem 1

We will apply the method of the oscillating test functions of TARTAR [21] by
using the div-curl result of Proposition 3. To this end we consider for a fixed
A € R2, the oscillating function w}(x) := eW}(%) for x € , where W} is
defined by (2.3). We will determine the limit in the sense of distributions of the
sequence a, Vi, - Vw} = a,Vw} - V.

First note that, in virtue of Proposition 1 and the boundedness (2.2) of A,, the
sequence |a| is w-bounded in L'(£).

Step 1. Limit of a;Vu, - Vw!. Set & := a,Vu, and ve(x) := w(x) — A - x, for
x € Q. By the classical Poincaré inequality in H(} (£2) and the equi-coerciveness
as = oI, we have

/Qfs - Vugdx = (f, u&‘)H*l(Q)’HOl(Q) <c ”f”H*l(Q) ||Vus||L2(Q)
1

I 2
g_”f”H*](Q) (f gg'vugd-x> )
a Q

from which &, - Vu, = a;lss - & is bounded in L!(§2) and estimate (3.3) holds
true. The sequence Vv, satisfies estimate (3.4) since VW is bounded in L3(Y; R?)
by (2.6). The equality — div &, = f implies (3.5). Moreover, successively using the
Y-periodicity of the zero average value function X 2} and the Poincaré—Wirtinger
inequality in H# (Y), yields

lw =& xll 20 S cellXEl 2y S ¢ e IVXE 2y = O(e) by (2.0),
from which Vv, = Vw? — A weakly converges to 0 in L?(; R?), which im-
plies (3.6).

Therefore, the convergence (3.7) of Proposition 3 yields (up to a subsequence)

asVig - V' =& A +& Vv, — &-A inD'(Q), (3.17)

where &g is the weak * limit of a, Vu, in M(£2; Rz).

11



Step 2. Limit ofa5wa; - Vue. Set & = a,Vwl — A%X, where A} is the matrix
defined by (2.3)—(2.4), and v, = u,.

Thanks to the Y-periodicity of A,VW? - VW’ and estimate (2.6), the se-
quence &, satisfies the bound (3.3). This combined with the bound (2.2) satisfied
by Ag, implies that & is also bounded in LY(Q; R?) (see the proof of (3.10)). The
sequence v, clearly satisfies (3.4). Moreover, the compactness (3.5) holds true since
div &, = 0 by rescaling (2.3). Thus, it remains to prove condition (3.6).

The function &, (x) reads as ES(;—‘), where X, is Y-periodic with zero average
value and bounded in L' (Y; Rz). Let ® € D(Q; Rz) and let @, be a piecewise-
constant function with compact support in €2, constant in each square e(k + Y),
for k € Z?, and such that || — D || o) = o(1). Since the Y -periodicity of X,

implies that
f % (2) dx = 82/ Z.(y)dy =0,
e(k+Y) € Y

and since &, is bounded in L1 (Q; R?), we have

/ £ - ddx = / %, (f) L De(x)dx +0(1) =0+0(1) —> 0.
Q R2 & e—0
Therefore, the sequence &, weakly s converges to 0 in D’(€2; R?) and is bounded
in L' (Q; R?), which implies (3.6).

By applying Proposition 3 and convergence (2.8) we thus obtain

aVw? - Vue = A0 - Vu, + & - Vv, — Ajr-Vuy inD'(Q), (3.18)

where ug is the weak limit (up to a subsequence) of u, in H(} ().

Step 3. Conclusion. The limits (3.17) and (3.18) imply the equality & - » =
A§A - Vug in D'(Q), for any A € R2, from which & = A{Vug. Since the se-
quence —div&, = f converges to — div & in D’(2), we thus obtain the equation
—div (A(’;Vuo) = f in D'(R2). Theorem 1 is now proved.

Acknowledgements. M.BRIANE wishes to thank F. MURAT for having suggested to him the
presentation of the proof through a div-curl result.

References

1. BAKHVALOV, N.S.: Homogenized characteristics of bodies with a periodic structure.
Dokl. Akad. Nauk 218, 1046-1048 (1974)

2. BELLIEUD, M., & BOUCHITTE, G.: Homogenization of elliptic problems in a fiber rein-
forced structure. Nonlocal effects. Ann. Sc. Norm. Super. Pisa CL. Sci. (5) 26, 407-436
(1998)

3. BELLIEUD, M., & GRUAIS, I.: Homogenization of an elastic material reinforced by very
stiff or heavy fibers. Nonlocal effects. Memory effects. J. Math. Pures Appl. (9) 84,
55-96 (2005)

4. BENSOUSSAN, A., LIONS, J.L., & PAPANICOLAOU, G.: Asymptotic Analysis for Periodic
Structures. North-Holland, 1978

12



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

. BEURLING, A., & DENY, J.: Espaces de Dirichlet. Acta Math. 99, 203-224 (1958)
. BRIANE, M.: Homogenization of high-conductivity periodic problems: Application to a

general distribution of one-directional fibers. SIAM J. Math. Anal. 35, 33-60 (2003)

. BRIANE, M.: Homogenization of non uniformly bounded operators: critical barrier for

nonlocal effects. Arch. Ration. Mech. Anal. 164, 73-101 (2002)

. BRIANE, M., & TCHOU, N.: Fibered microstructures for some nonlocal Dirichlet forms.

Ann. Sc. Norm. Super. Pisa CL. Sci. (5) 30, 681-711 (2001)

. ButTAZZO0, G., & DAL MASO, G.: I'-limits of integral functionals. J. Anal Math. 37

145-185 (1980)

CAMAR-EDDINE, M., & SEPPECHER, P.: Closure of the set of diffusion functionals with
respect to the Mosco-convergence. Math. Models Methods Appl. Sci. 12, 1153-1176
(2002)

CAMAR-EDDINE M., & SEPPECHER, P.: Determination of the closure of the set of elas-
ticity functionals. Arch. Ration. Mech. Anal. 170, 211-245 (2003)

CARBONE, L., & SBORDONE, C.: Some properties of I'-limits of integral functionals.
Ann. Mat. Pura Appl. (4) 122, 1-60 (1979)

FENCHENKO, V.N., & KHRUSLOV, E.Ya.: Asymptotic of solution of differential equations
with strongly oscillating matrix of coefficients which does not satisty the condition of
uniform boundedness. Dokl. AN Ukr. SSR 4, (1981)

GIRAULT, V., & RAVIART, P.-A.: Finite Element Approximation of the Navier-Stokes
Equations. Lecture Notes in Mathematics. (Ed. DOLD, A. & ECKMANN, B.) 749,
Springer-Verlag, Berlin, 1979

KHRUSLOV, E.Ya.: Homogenized models of composite media. Composite Media and
Homogenization Theory (Ed. Dal MASO, G. & DELL’ ANTONIO, G.E.). Progress in Non-
linear Differential Equations and their Applications, Birkhaiiser, 159-182, 1991
Mosco, U.: Composite media and asymptotic Dirichlet forms. J. Funct. Anal, 123,
368-421 (1994)

MURAT, E.: Compacité par compensation. Ann. Sc. Norm. Super. Pisa Cl. Sci (5) 5,
489-507 (1978)

MURAT, E.: H-convergence. Séminaire d’Analyse Fonctionnelle et Numérique, 1977-
78, Université d’ Alger. English translation : MURAT F. & TARTAR L., H-convergence.
Topics in the Mathematical Modelling of Composite Materials (Ed. CHERKAEV, L. &
KOHN, R.V.). Progress in Nonlinear Differential Equations and their Applications, 31,
Birkaiiser, Boston, 21-43, 1998

PIDERI, C., & SEPPECHER, P.: A second gradient material resulting from the homogeniza-
tion of an heterogeneous linear elastic medium. Contin. Mech. Thermodyn. 9, 241-257
(1997)

SPAGNOLO, S.: Sulla convergenza di soluzioni di equazioni paraboliche ed ellittiche.
Ann. Sc. Norm. Super. Pisa CL. Sci. (5) 22, 571-597 (1968)

L. TARTAR.: Cours Peccot, College de France, 1977 (partly written in [18])

Centre de Mathématiques,
LN.S.A. de Rennes & LR.M.A.R.
20 avenue des Buttes de Coésmes - CS 14315
- 35043 Rennes Cedex
France
e-mail: mbriane @insa-rennes.fr

13





