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ABSTRACT: In this work, the performance of two different macroelement models for shallow foundations
on sands is assessed by considering the dynamic response of a RC bridge subject to earthquake loading. The
first macroelement model is formulated within the framework of kinematic hardening elastoplasticity with pre-
scribed bounding surface (Grange et al. 2009). The second macroelement model has been recently developed
within the framework of the theory of hypoplasticity (Salciarini and Tamagnini 2009). The results of a series
of FE simulations show that a significant reduction of the computed structural loads can be obtained by taking
properly into account the foundation–soil behavior, rather than assuming zero displacements and rotations at
the pier bases. The two macroelements considered provide quite similar results, in spite of the large differences
existing in their mathematical formulation.

1 INTRODUCTION

Recent developments in the analysis of the seismic
response of slender structures such as tall buildings
and bridge piers resting on shallow foundations have
shown that the proper consideration of soil deforma-
bility is of primary importance for an accurate pre-
diction of the deformation and loads experienced by
the structure during the earthquake, see, e.g., (Grange
et al. 2009).

A substantial progress towards an efficient and re-
liable approach to the analysis of soil–foundation–
structure interaction (SFSI) problems for such kind of
structures has been recently achieved by the develop-
ment of the so–called macroelement models for de-
scribing the overall behavior of the foundation–soils
system (see, e.g., Nova and Montrasio 1991, Mar-
tin and Houlsby 2001, Crémer et al. 2001). In the
macroelement approach, the mechanical response of
the foundation–soil system is described by means of
a constitutive equation relating the generalized load
vector:

t := {V , Hx , Hy , Mx/B , My/B}
T

and the generalized displacement vector:

u := {w , ux , uy , θxB , θyB}
T

Figure 1: Notation adopted for generalized forces (a)
and displacement (b) components.

In the above definitions, V , Hx, Hy, Mx and My are
the resultant forces and moments acting on the foun-
dation; w, ux, uy, θx and θy are the displacements and
rotations (in the vertical yz and xz planes) of the foun-
dation, and B is a characteristic length (i.e., the foun-
dation diameter or width), introduced for dimensional
consistency (see Fig. 1).

To reproduce correctly some important features
of the experimentally observed behavior of the
foundation–soil system such as nonlinearity, irre-
versibility and dependence from past loading history,
the constitutive equation for the macromodel must be
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formulated in rate–form:

ṫ = K (t,q)d (1)

where d := u̇ is the generalized velocity vector, K is
the tangent stiffness of the system, depending on the
system state and loading direction, and q is a pseudo–
vector of internal variables accounting for the effects
of previous loading history.

The properties of the stiffness matrix K are se-
lected according to the basic features of observed be-
havior. To reproduce a rate–independent response, K

must be positively homogeneous of degree zero with
respect to the generalized velocity vector d. In order
to reproduce an inelastic behavior, K must depend on
the loading direction d/‖d‖ (Kolymbas 1991).

In this work, the performance of two different ma-
croelement models is assessed with respect to the
analysis of the dynamic response of a RC bridge
subject to earthquake loading. The first macroele-
ment model is formulated within the framework of
kinematic hardening elastoplasticity with prescribed
bounding surface (Grange et al. 2009). The second
macroelement model has been recently developed
within the framework of the theory of hypoplasticity
(Salciarini and Tamagnini 2009).

2 THE ELASTOPLASTIC MACROELEMENT

In the macromodels developed in the framework of
the theory of elastoplasticity (Nova and Montrasio
1991; Martin and Houlsby 2001; Crémer et al. 2001;
Grange et al. 2008), the constitutive equation is built
starting from the fundamental assumptions of: i) elas-
tic and plastic decomposition of the generalized ve-
locity; ii) existence of a yield function f(t,q) in the
generalized load space; iii) existence of a plastic po-
tential function g(t,q) providing the plastic flow di-
rection; iv) existence of a suitable hardening law for
the internal variables; and, v) enforcement of Prager’s
consistency condition.

The resulting constitutive equation in rate form
then reads:

ṫ = K
ep (t,q)d q̇ = H (t,q)d (2)

K
ep := K

e −
H (γ̇)

Kp

{
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e

(
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where K
e is the elastic stiffness matrix; hq(t,q) is

the hardening function controlling the evolution of the
internal variables with plastic displacements; Kp is a

strictly positive scalar given by:
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and H(γ̇) is the Heaviside step function, equal to 1 if
the plastic multiplier:

γ̇ :=
1

Kp

(

∂f
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)T

K
ed

is positive, and zero otherwise.
The particular elastoplastic macroelement model

considered in this study is a kinematic hardening
elastoplastic macroelement specifically developed for
cyclic loading conditions by Grange et al. (2009). The
yield function is given by the following equation:

f(t,τ , γ, ρ) =

{

hx

avc(v− γ)d
− τhx

}

2

+
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mx
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− τmx

}

2

+
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− τhy
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2

+
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− τmy

}

2

− ρ2 = 0 (6)

where, for a square footing:

v =
V

Vf

, hα =
Hα

Vf

, mα =
Mα

BVf

(α = x, y) (7)

are non–dimensionalized components of the genera-
lized force vector; Vf is the bearing capacity of the
foundation under a vertical centered load; Bx and B
is the footing size; γ and ρ are internal variables defin-
ing the size of the yield locus; τ is a kinematic inter-
nal variable defining the position of the yield locus
in the generalized loading space; a, b, c, d, e and f
are model constants controlling the shape of the yield
locus. The failure locus of the foundation in the gene-
ralized loading space is found by setting τ = 0, and
ρ = γ = 1 in eq. (6).

As for the plastic potential function g, an associa-
tive flow rule is adopted in the (hx, hy,mx,my) hyper-
plane, while, in agreement with available experimen-
tal observations, a non–associative flow rule is defined
in the (hx, v), (hy, v), (mx, v) and (my, v) planes. A
detailed description of the plastic potential function
and of the evolution equations for the internal vari-
ables ρ, γ and τ is provided in Grange (2008) and
Grange et al. (2008).

A specific feature of this model is in the possibility
of taking into account the irreversible displacements
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associated to the uplift of the foundation which takes
place at high values of the load eccentricity. However,
as uplift has not been considered in this work, the in-
terested reader is referred to Grange et al. (2009) for
further details.

3 THE HYPOPLASTIC MACROELEMENT

In the development of a hypoplastic macrolement,
Salciarini and Tamagnini (2009) have assumed from
the outset that the tangent stiffness tensor appearing
in eq. (1) possesses the following basic structure:

K = L (t,q) + N (t,q)ηT η :=
d

‖d‖
(8)

Differently from elastoplasticity, the tangent stiffness
K(t,q,η) varies continuously with the direction η
of the generalized velocity. This property is known
as incremental nonlinearity (see, e.g.,Tamagnini et al.
2000), and is the key to the modeling of irreversibility
of the model response.

The construction of a specific hypoplastic macro-
element requires the definition of the constitutive
functions L (t,q) (a 5 × 5 matrix) and N (t,q) (a
5–dimensional vector). Upon load reversal, the incre-
mental response of the hypoplastic macroelement is
assumed to be almost elastic:

ṫ = K
ed K

e := diag {kv ;kh ;kh ;km ;km} (9)

where K
e is the elastic stiffness matrix of the elasto-

plastic macroelement, and kv, kh and km define the
vertical, horizontal and rotational stiffnesses of the
foundation–soil system. Thus, the matrix L can be
written as follows (Salciarini and Tamagnini 2009):

L =
1

mR

K
e =

1

mR

diag {kv ;kh ;kh ;km ;km} (10)

where mR is a material constant.
The constitutive function N is obtained following

the approach proposed by (Niemunis 2002), accord-
ing to which N can be expressed as:

N (t, Vf ) = −Y (t, Vf )Lm (t) (11)

where 0 ≤ Y (t, Vf ) ≤ 1 is a scalar loading function
and m (t) is a 5–dimensional unit vector.

In the particular case of continued loading along
a straight path of sufficient length, eq. (8) and (11)
yield:

ṫ = L{d− Ym‖d‖} (12)

The scalar function 0 ≤ Y (t, Vf ) ≤ 1 controls the de-
gree of nonlinearity of the model response. If Y = 0,
eq. (12) reduces to a linear relation between ṫ and d.
When Y (t, Vf ) → 1 the system reaches an ultimate

failure state (ṫ = 0) for a collapse mechanism charac-
terized by:

η = m (13)

Thus m can be identified as the direction of the gene-
ralized velocity vector at bearing capacity failure (i.e.,
unconfined “plastic flow” direction).

The loading function Y can be defined starting
from a 5–dimensional generalization of the failure lo-
cus proposed by Nova and Montrasio (1991):

f(t) =

{

hx

µ

}

2

+

{
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}

2

+

{

hy

µ

}

2

+

{
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ψ

}

2

− v2(v− 1)2β = 0 (14)

while the plastic flow direction m can be derived
from the plastic potential function of Nova and Mon-
trasio (1991):

g(t) =

{

h′x
λhµ

}

2

+

{

m′

x

λmψ

}

2

+

{

h′y
λhµ

}2

+

{

m′

y

λmψ

}2

− (v′)2(v′ − 1)2β (15)

in which the nondimensional variables v′, h′x, h′y, m′

x

and m′

y are obtained from the corresponding quanti-
ties of eq. (7) by replacing Vf with Vg, a dummy vari-
able determined from the condition g(t, Vg) = 0.

Finally, in order to describe the foundation–system
response under both monotonic and cyclic loading
conditions, the hypoplastic macroelement is equipped
with the following set of internal state variables:

q := {Vf ,δ}

where Vf is again the bearing capacity of the foun-
dation under a vertical centered load, and δ is a vec-
torial quantity – the “internal displacement” vector –
which keeps track of the previous displacement his-
tory, mimicking the concept of intergranular strain in-
troduced by (Niemunis and Herle 1997) for contin-
uum hypoplasticity. The details of the evolution equa-
tions for these internal variables are provided in Sal-
ciarini and Tamagnini (2009).

4 THE PROBLEM CONSIDERED

The problem considered is a four–span RC bridge,
whose geometry is shown in Fig. 2. This particular
structure has been studied at the European research
centre ELSA (JRC Ispra), where a series of 1 to 2.5
scale models of the bridge piers have been subject to
pseudo–dynamic tests, see Pinto et al. (1996).

The three piers are made of reinforced concrete
with a hollow rectangular section shape. The bridge
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Figure 2: Plan view of the bridge.

A Ix Iy Iz J
(m2) (m4) (m4) (m4) (m4)

Deck 1.11 0.13 – 2.26 2.39
Piers 0.66 0.056 0.19 – 0.20

Table 1: Geometrical properties of structural ele-
ments.

deck is composed of hollow prestressed concrete
beams. Some geometrical characteristics of the piers
and beams sections are given in Tab. 1.

The FE model of the structure is shown in Fig. 3.
Non–linear Timoshenko multifiber beam elements
have been adopted to reproduce the behaviour of the
piers (Kotronis and Mazars 2005). In detail, 40 con-
crete fibers and 80 steel fibers (representing the rein-
forcement bars at their actual position) have been used
for each section. The mesh is refined at the base of the
piers where inelastic behavior is more likely to occur.
As for the prestressed concrete deck elements, linear
elastic behavior has been assumed. The inertial char-
acteristics of the structural elements have been simu-
lated by means of lumped masses, as shown in Fig. 3.
The material constants adopted for pier and deck ele-
ments are given in Grange (2008).

Figure 3: FE model of the bridge.

In order to validate the FE model, a first com-
parison of the numerical and experimental results
for the small–scale bridge model, under the hypoth-
esis of fixed base has been presented in (Grange
et al.), (Grange et al.). In this paper, the foundations
of the three piers have been modeled using the two
macroelements discussed in Sect. 2 and 3. The ma-
terial parameters adopted for the elastoplastic ma-
croelement are summarized in Tab. 2. They can be
considered appropriate for a foundation resting on
a medium–dense sand. The material constants for
the hypoplastic macroelement have been selected by
matching the predictions of the two macroelements

kv kh km Vf

(MN/m) (MN/m) (MN/m) (MN)

298.68 244.37 108.65 11.26

a b c d e f
(–) (–) (–) (–) (–) (–)

0.48 0.33 1.00 0.95 1.00 0.95

Table 2: Material constants of the elastoplastic macro-
element.

µ ψ β λh λm κ
(–) (–) (–) (–) (–) (–)

0.48 0.33 0.95 1.75 1.50 0.25

ξ mR mT R βr χ
(MN/m) (–) (–) (mm) (–) (–)

0.0 1.1 1.05 5.0 1.0 1.5

Table 3: Material constants of the hypoplastic macro-
element.

on both monotonic and cyclic loading paths. The re-
sult of this calibration procedure is shown in Tab. 3.

The seismic input adopted in the FE simulations is
shown in Fig. 4. It is an artificial accelerogram, ap-
plied in the x direction, consistent with the 5% damp-
ing response spectrum provided by Eurocode 8 for a
soil of Class B, with a peak horizontal acceleration of
0.35g. In the FE analyses, the accelerogram has been
scaled by multiplying the accelerations by 2.5 and di-
viding the time scale by the same factor, in order to
respect the similitude laws. The same input motion is
applied at the base of the piles and at the bridge abut-
ments.

Figure 4: Original and scaled accelerograms of the
imposed seismic excitation.

5 RESULTS OF FE SIMULATIONS

Some results of the FE simulations performed with
the two macroelement models are shown in Fig. 5
to 10. To assess the influence of soil–foundation de-
formability, the results of full SFSI analyses are also
compared to those obtained assuming the soil as per-
fectly rigid (i.e., zero displacement and rotations at
the base of the piers).

4



The computed load–displacement curves for the
pier foundations are shown in Fig. 5 (Hx vs. ux) and 6
(My vs. θy). Although the hypoplastic model tends to
predict somewhat smaller horizontal displacements,
the agreement between the two numerical solutions
appears quite good.

Figure 5: Horizontal force vs. horizontal displacement
at the foundations: a) piers P1 and P3; b) pier P2.

Figure 6: Rocking moment vs. rotation at the founda-
tions: a) piers P1 and P3; b) pier P2.

This is confirmed by the time histories of horizontal
forces and moments at the foundations, as shown in

Fig. 7 and 8 for pier P2. The results obtained with the
two macroelements are almost coincident, whereas
forces and moments obtained under the hypothesis of
fixed base are much larger.

Figure 7: Time–history of horizontal force at the foun-
dation of pier P2.

Figure 8: Time–history of rocking moment at the
foundation of pier P2.

It is interesting to note that in the particular
case considered, the incorporation of the deformable
macroelements in the FE analysis does not affect sig-
nificantly the magnitude of horizontal displacements
at the top of the piers, as shown in Fig. 9. This is a
consequence of the fact that, in the fixed base case, the
bending moments at the base of the piers are so large
that the piers enter into the non–linear regime, and
undergo significant plastic rotations, as demonstrated
by the moment–curvature diagram for the base of pier
P2, shown in Fig. 10. However, for different soil con-
ditions or higher earthquake accelerations, a signifi-
cant underestimation of the displacements at the top
of the piles can occur if the deformability of the soil is
not properly taken into account (Grange et al. 2009),
(Grange et al. 2010).

Finally, Fig. 11 shows the time–histories of verti-
cal displacements accumulated at the foundation of
pier P2, for the two macroelements. Differently from
computed horizontal displacements and rotations, in
this case the response of the two macroelements is
quite different. While the elastoplastic analysis pre-
dicts very small permanent settlements (about 1 mm),
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the hypoplastic simulation yields a much larger per-
manent settlement (about 6 mm). This is most likely
due to the different nature of the plastic potential
functions adopted by the two models in the Hx : V
and My/B : V planes.

6 CONCLUDING REMARKS

In this work, two recently developed macroelements
for shallow foundations have been used to model the
soil–foundation response in the seismic analysis of
a RC bridge. In spite of the different mathematical
structure of the two models, the results obtained in
the two cases are surprisingly similar, both in terms
of computed displacements and structural loads. The
only exception is represented by the way the two
macroelements predict a continuous accumulation of
vertical settlements of the foundation under the earth-
quake excitation.

It is worth noting that the good agreement between
the computed cyclic response of the foundations pro-
vided by the two macroelements is mostly due to the
presence in the set of internal state variables of a
vectorial quantity (the back–stress in the elastoplas-
tic model; the internal displacement in the hypoplas-
tic model) which takes into account the effects of the
previous loading history.

Finally, the comparison with the results obtained
under the hypothesis of rigid soil indicates that this
last assumption may lead to a significant overestima-
tion of computed structural loads. Moreover, a proper
consideration of the soil–foundation deformability is
a key factor in the proper estimation of the displace-
ments experienced by the structure under the seismic
action.
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