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Abstract. The correct prediction of heat transfer in turbulent flows is relevant in almost all
industrial applications but many of the heat transfer models available in literature are validated
only for ordinary fluids with Pr ' 1. In commercial Computational Fluid Dynamics codes
only turbulence models with a constant turbulent Prandtl number of 0.85 − 0.9 are usually
implemented but in heavy liquid metals with low Prandtl numbers it is well known that these
models fail to reproduce correlations based on experimental data. In these fluids heat transfer
is mainly due to molecular diffusion and the time scales of temperature and velocity fields
are rather different, so simple turbulence models based on similarity between temperature and
velocity cannot reproduce experimental correlations. In order to reproduce experimental results
and Direct Numerical Simulation data obtained for fluids with Pr ' 0.025 we introduce a
κ-ε-κθ-εθ turbulence model. This model, however, shows some numerical instabilities mainly
due to the strong coupling between κ and ε on the walls. In order to fix this problem we
reformulate the model into a new four parameter κ-ω-κθ-ωθ where the dissipation rate on the
wall is completely independent on the fluctuations. The model improves numerical stability and
convergence. Numerical simulations in plane and channel geometries are reported and compared
with experimental, Direct Numerical Simulation results and with results obtained with the κ-ε
formulation, in order to show the model capabilities and validate the improved κ-ω model.

Keywords: Turbulent Heat Transfer, Turbulence Modeling.

1. Introduction
Heavy liquid metals such as mercury, Lead-Bismuth Eutectic (LBE) or sodium-potassium alloys
with low Prandtl number are promising coolant fluids for achieving the necessary requirements
for the design of fast nuclear reactors. In ordinary fluids such as water or air, similarity between
thermal and dynamical fields holds and a Simple Eddy Diffusivity (SED) model coupled with a
two-equation turbulence model seems to be sufficient to obtain reliable thermal and dynamical
results. On the contrary, in liquid metals with low Prandtl numbers the temperature and
velocity time scales are rather different since heat transfer is due to both molecular diffusion
and convection. In these fluids the hypothesis of a constant turbulent Prandtl number fails to
reproduce experimental correlations [1, 2, 3]. Algebraic expressions for the turbulent Prandtl
number depending on turbulent and velocity fields have been recommended by many authors
in order to correctly reproduce experimental data with these fluids, but these correlations are
geometry dependent and new expressions have to be defined for each studied case [2]. For this
reason the SED model and these algebraic expressions should not be used in Computational
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Fluid Dynamics (CFD) simulations over new geometrical configurations where no experimental
data are available.

In the last several years many turbulence models taking into account thermal turbulence
effects have been proposed. These turbulence models have been successfully employed to
compute the turbulent heat transfer in ordinary fluids with Pr ≈ 1 in complicated geometry
and detached flows. All of these models use the Algebraic Flux Model (AFM) in implicit or
explicit formulation to calculate the turbulent heat flux. In this paper we deal with an explicit
formulation of the AFM and compute the turbulent heat flux using a gradient hypothesis with
isotropic eddy heat diffusivity αt. The eddy or turbulent heat diffusivity has to be defined
using appropriate time scales for the turbulence modeling. The thermal turbulent time scale
is computed by defining the mean square temperature fluctuation κθ, its dissipation εθ and its
specific dissipation rate ωθ which have to be computed using appropriate transport equations. By
coupling a low-Reynolds number κ-ε system and a κθ-εθ system one can obtain a four parameter
turbulence model which solves the averaged Navier-Stokes system and defines the Reynolds
stress tensor and the turbulent heat flux [4, 5, 6, 7, 8]. A four parameter turbulence model
based on a κ-ε formulation has been already proposed by the authors, see [9, 10]. However it
was found that this model shows convergence issues mainly due to the coupling of the variables
in the boundary conditions. In this paper we propose a new four parameter κ-ω-κθ-ωθ model
based on the already tested κ-ε-κθ-εθ to overcome these problems. In this model a fixed Dirichlet
boundary condition which does not depend on κ can be imposed for ω on the wall. The model
is therefore more stable and robust and numerical convergence is faster.

In the next section the two turbulence models are introduced. They consist both of four
transport equations, two for the dynamical turbulence modeling and two for the thermal. The
derivation of the κ-ω formulation is presented together with a discussion over the new boundary
conditions to be set in this model. In the third section the numerical results obtained with
the new turbulence model for the simulation of fully developed turbulent flows in plane and
cylindrical geometries are reported. These results are compared with the ones obtained with
the κ-ε model, with Direct Numerical Simulation (DNS), when they are available, and with
experimental heat transfer correlations for the evaluation of the Nusselt number Nu as a function
of Peclet number Pe. Finally conclusions and remarks are taken over the usefulness of this
turbulence model in nuclear engineering applications when heavy liquid metals are employed.

2. Transport equations and turbulence models
Heavy liquid metals can be considered incompressible in nuclear reactor cores, so the Reynolds-
averaged incompressible system of Navier-Stokes can be used. It reads

∇ · u = 0 , (1)

ρ
∂u

∂t
+ ρ(u · ∇)u = ∇ · σ −∇ · τ + ρg , (2)

ρCp

(
∂T

∂t
+ (u · ∇)T

)
= ∇ · q−∇ · qθ +Q , (3)

where u is the averaged velocity of the fluid and T is the averaged temperature. The tensors
σ and q are the usual viscous stress and heat flux and they are modeled using Navier-Stokes
constitutive law for viscous fluids and Fourier law for heat conduction.

σ := −pI + µD with D := ∇u +∇uT (4)

q := −λ∇T . (5)

Two new terms appear after the averaging process, namely the Reynolds stress tensor τ and
the turbulent heat flux qθ, defined as the averaged product of the fluctuating components of
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velocity with itself and velocity with temperature. These terms are calculated as

τ = ρu′u′ , qθ = ρCpu′T ′ . (6)

Instead of solving the transport equations for the Reynolds stress tensor and for the turbulent
heat flux we approximate these terms with the eddy diffusivity model as

τ = −νt
(
∇u +∇uT

)
+

2κ

3
I , (7)

qθ = −αt∇T , (8)

where the eddy diffusivity of momentum νt and the heat eddy diffusivity αt must be properly
defined in the turbulence model. We assume them as a function of the turbulence kinetic energy
κ and two characteristic time scales, namely τlu, for dynamical turbulence, and τlθ, for thermal
turbulence. The eddy viscosity and the eddy diffusivity are then defined as

νt := Cµ κτlu , αt := Cθ κτlθ , (9)

where Cµ = 0.09 and Cθ = 0.1 = Cµ/0.9. The ratio between the two eddy diffusivities is defined
as the turbulent Prandtl number, which is Prt = νt/αt.

2.1. κ-ε-κθ-εθ turbulence model
We can define the turbulence kinetic energy κ and its dissipation ε as

κ :=
1

2
u′2 ε := ν‖∇u′‖2 . (10)

The equations for κ and for its dissipation ε are obtained taking appropriate moments of the
Navier-Stokes equations of motion. A modeling of the terms appearing in the equations is needed
and the final equation for κ is

∂κ

∂t
+ (u · ∇)κ = ∇ ·

[(
ν +

νt
σκ

)
∇κ
]

+ Pκ − ε , (11)

where

Pκ := −u′iu′j
∂ui
∂xj

=
νt
2

∣∣∇u +∇uT
∣∣2 . (12)

A similar modeling for ε gives the equation [7]

∂ε

∂t
+ (u · ∇)ε = ∇ ·

[(
ν +

νt
σε

)
∇ε
]

+ C1ε
ε

κ
Pκ − C2ε

ε2

κ
fε . (13)

with C1ε = 1.5, C2ε = 1.9, Cµ = 0.09, σκ = 1.4, σε = 1.4, Pκ defined by (12) and fε

fε = (1− exp(−0.3226Rδ))
2 (1− 0.3 exp(−0.0237R2

t )
)
. (14)

By defining the characteristic time τu = κ/ε one can model the local dynamical time τlu in
many ways. In this work we use the κ-ε model as reported in [9]. This model can reproduce the
correct near-wall turbulence behavior, that is κ ∝ δ2, ε ∝ δ0 and νt ∝ δ3 for δ → 0 see [7, 8, 9].

We can define also the mean square temperature fluctuation κθ and its dissipation εθ as

κθ :=
1

2
T ′2 , εθ :=

ν

Pr
‖∇T ′‖2 . (15)
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Two transport equations are needed for these variables and they can be obtained as [11]

∂κθ
∂t

+ (u · ∇)κθ = ∇ ·
[
(α+

αt
σκθ

)∇κθ
]

+ Pθ − εθ , (16)

where
Pθ := −u′T ′ · ∇T = αt ‖∇T‖2 . (17)

The equation for εθ can be written as [9, 11]

∂εθ
∂t

+ (u · ∇)εθ = ∇ ·
[
(α+

αt
σεθ

)∇εθ
]

+
εθ
κθ

(
Cp1 Pθ − Cd1 εθ

)
+
εθ
κ

(
Cp2 Pκ − Cd2 ε

)
, (18)

where Pκ is defined by (12) and Pθ by (17). For heavy liquid metals with Pr ≈ 0.025 we have
used the coefficients defined in [5, 6], namely Cd1 = 0.9, Cp2 = 0.9. The coefficient Cp1 has been
set to 0.925 and

Cd2 = 1.9 (1− 0.3 exp(−0.0237R2
t ))(1− exp(−0.0308Rδ))

2 . (19)

For details one can see [4, 11, 12]. As we have done for the dynamical turbulence we can
define the thermal time scale as τθ = κθ/εθ. The ratio between the turbulent thermal time
and the turbulent dynamical time, R = τθ/τu, can be used in order to model the local thermal
characteristic time τlθ, as reported in [9]. For details one can refer to [4, 7, 8, 11, 13] and
references therein.

Having defined the turbulent heat flux and the Reynolds stress tensor the problem is closed
and the four parameter system can be solved by assigning appropriate boundary conditions
which are discussed in section 2.3.

2.2. κ-ω-κθ-ωθ turbulence model
To obtain a κ-ω formulation of the turbulence model introduced in section 2.1 we define the
variables ω and ωθ, as the specific dissipation rate of κ and κθ. These new variables are defined
as:

ω =
ε

Cµκ
, ωθ =

εθ
Cµκ

. (20)

By algebraically substituting the definitions (20) in the system of equations (11-13-16-18) we
obtain

∂κ

∂t
+ u · ∇κ = ∇ ·

[(
ν +

νt
σk

)
∇κ
]

+ Pκ − Cµ κω , (21)

∂ω

∂t
+ u · ∇ω = ∇ ·

[(
ν +

νt
σε

)
∇ω
]

+
2

κ

(
ν +

νt
σε

)
∇κ · ∇ω+

+ (cε1 − 1)
ω

κ
Pκ − Cµ (cε2fε − 1)ω2 ,

(22)

∂κθ
∂t

+ u · ∇κθ = ∇ ·
[(
α+

αt
σθ

)
∇κθ

]
+ Pθ − Cµ κθ ωθ , (23)

∂ωθ
∂t

+ u · ∇ωθ = ∇ ·
[(
α+

αt
σθ

)
∇ωθ

]
+

2

κθ

(
α+

αt
σθ

)
∇κθ · ∇ωθ+

+ (cp1 − 1)
ωθ
κθ
Pθ + cp2

ωθ
κ
Pκ − (cd1 − 1)Cµω

2
θ − cd2Cµωωθ .

(24)

For the κ-ω turbulence model the coefficients cε1, cε2 and the function fε are the same used
in the κ-ε model. For the κθ-ωθ thermal turbulence model the coefficient cp2 and the function
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cd2 are the same used in the κθ-εθ model, while cp1 and cd1 have been set to 1.025 and 1.1.
In a κ-ω formulation the time scales of turbulence can be simply computed as τu = (Cµ ω)−1

and τθ = (Cµ ωθ)
−1, so the time ratio becomes R = ω/ωθ. Using this model we can avoid the

variables coupling in the boundary conditions which occurs in κ-ε formulation, as we prove in
the following section.

2.3. Boundary conditions for the turbulence models
We can study the near wall behavior of the turbulent variables by using Taylor series expansion
near the wall. By applying this expansion to κ, ε, κθ and εθ we obtain the following expressions

κw =
1

2
a δ2, εw = ν

κw
δ2
, κθw =

1

2
aθ δ

2, εθw = α
κθw
δ2

, (25)

where δ is the distance from the wall and a and aθ are constant values that depend on the
velocity and temperature fluctuations. In this case we cannot impose exact Dirichlet boundary
conditions on ε and εθ because the values κw and κθw are not known a priori. A Neumann
boundary condition is imposed for κ and κθ while a Dirichlet boundary condition depending
on the value of κ and κθ as computed in the previous iteration is employed for ε and εθ. This
algorithm can lead to convergence issues if oscillations of the solutions on the wall do generate.

The near wall Taylor series expansion of ω and ωθ is

ωw =
2ν

Cµδ2
, ωθw =

2α

Cµδ2
. (26)

As can be seen in (26) it is now possible to impose exact Dirichlet boundary conditions for ω
and ωθ near the wall because the terms on the right hand side are known values. In this case we
have no coupling between the variables on the wall boundary condition and the solution of this
system is more robust and stable. As it can be seen, in both formulations the time scale ratio
R on the wall is equal to the molecular Prandtl number of the fluid while the turbulent kinetic
energy κ and the mean square temperature fluctuation κθ tend to zero on the wall.

3. Numerical results
In the next sections we report the numerical results of fully developed turbulent flow simulations
in different geometries. The physical properties of the fluid are reported in Table 1. These
properties are representative of Lead-Bismuth-Eutectic and other heavy liquid metal fluids with
a molecular Prandtl number of Pr = 0.025.

An in-house finite element code is used to solve all the systems of partial differential equations.
The code allows to refine the mesh to obtain better resolution using a multigrid solver. We
employ Taylor-Hood finite elements for the system of Navier-Stokes in order to satisfy the inf-
sup condition and this system is solved with a fully coupled velocity-pressure method. The
two systems of turbulence equations are solved with standard quadratic finite elements. All
the transport equations are up-winded by a SUPG algorithm to improve the stability of the
solution. The solution of the turbulent fields is obtained in two steps: first the dynamical fields
are obtained and then the thermal ones are solved.

Physical properties of LBE fluid
Viscosity µ 0.00184 Pa s
Density ρ 10340 Kg/m3

Thermal conductivity λ 10.72 W/(m K)
Heat specific capacity Cp 145.75 J/(Kg K)

Table 1. Physical parameters used in the CFD simulations.
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3.1. Plane channel
In this section we report numerical results obtained for a fully developed turbulent flows in
plane channel geometry. This geometry is chosen because it is very simple and many DNS data
are available for this flow. The physical properties of the fluid are reported in Table 1. We
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Figure 1. Plane case. Mean velocity distribution for Re ≈ 5500 (left) and Re ≈ 86200 (right) as computed
with κ-ε and κ-ω model.

1 10 100 1000

y
+

1

10

100

1000

θ
+
/P

r

 θ
+
 = Pr y

+

A

B

C

K180

K395

1 10 100 1000

y
+

1

10

100

1000

θ
+
 /

 P
r

θ
+
=Pr y

+

A

B

C

K180

K395

K640

Figure 2. Plane case. Comparison of the temperature distribution θ+/Pr obtained with κ-ε (left) and κ-ω
model (right), with DNS data. DNS data are reported for Reτ = 180 (K180), Reτ = 395 (K395) and Reτ = 640
(K640).
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Figure 3. Plane case. Temperature distribution θ+/Pr for different velocities Re ≈ 5500 (A), 13500 (B), 23250
(C), 40100 (D), 86200 (E), 203900 (F) and 344800 (G). On the left the results were obtained with the κ-ε-κθ-εθ
model while on the right the results were obtained with κ-ω-κθ-ωθ model
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consider two plates located at a distance L = 0.0605 m and with infinite dimensions in the
other directions. On the wall a uniform heat flux of 360000 W/m2 is applied. We can solve
this problem in two dimensions with periodic boundary conditions on the inlet and outlet of the
channel. The results of the κ-ω-κθ-ωθ model are compared with the ones obtained with the κ-ε-
κθ-εθ model and with DNS data from Kawamura database, see [3] and references therein. The
fields in DNS data are usually reported in non dimensional form. The dimensionless temperature
is defined as θ+ = θ/Tτ , where Tτ is the friction temperature calculated as Tτ = q/(uτρCp) and
θ is the difference between the temperature and the linear behavior characteristic of the fully
developed flow, θ = T − Tw0 − x∆Tb. Tw0 is the reference inlet wall temperature which is
assumed to be zero. By using the temperature θ instead of T we can impose periodic boundary
conditions on θ when the flow is fully developed.

Seven simulations have been performed with Reynolds number of Re ≈ 5500 (A), 13500 (B),
23250 (C), 40100 (D), 86200 (E), 203900 (F) and 344800 (G). They correspond to the friction
Reynolds number of 180 (A), 395 (B), 640(C) , 1010 (D), 2000 (E), 4400 (F) and 7200 (G). A
full report of these data can be found in [9, 10], where other data such as turbulent heat flux
and turbulent Prandtl number are shown and a discussion over the use of different boundary
conditions for the four parameter turbulence model is carried on. We remark the differences in
convergence and stability of the solver for the two different turbulence models: the κ-ε solver
needs a dt as time step for the transient solution which is ten to a hundred times smaller than
the dt used for the κ-ω solver, otherwise no stable solution can be obtained. In Fig. 1 the non
dimensional mean velocity profiles obtained with the κ-ω and with the κ-ε model u+ = u/uτ
are reported as a function of the non dimensional wall distance y+ = yuτ/ν for two test cases,
namely the case Re ≈ 5500 (A) and Re ≈ 86200 (E). The friction velocity uτ is defined as
uτ =

√
τw/ρ with τw the wall shear stress. The κ-ω model well reproduces the linear and

logarithmic behaviors of the velocity, namely u+ = y+ and u+ = log(y+)/0.4 + 5. Comparing
the results obtained with κ-ω model with the ones obtained with κ-ε we can observe only a slight
difference between them in the buffer region. In Fig. 2 the non dimensional temperature θ+ is
reported as a function of y+ and divided by the Prandtl number. The temperature profiles for
the cases Reτ = 180, Reτ = 395 and Reτ = 640, are compared with DNS data from Kawamura
[3]. The data obtained with the four parameter models agree very well with the DNS ones.
The non dimensional temperature profiles of all the simulated cases are reported in Fig. 3.
The results obtained with the κ-ω-κθ-ωθ, Fig. 3 (right), show no sensible differences with the
κ-ε-κθ-εθ ones, Fig. 3 (left). The root-mean-square temperature fluctuation θrms =

√
2κθ is

an important variable needed to evaluate the time ratio R and the turbulent heat diffusion
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Figure 5. Plane case. Nusselt number (thick line) and DNS values (cross) for different Peclet numbers. On
the left results with the κ-ε model, on the right κ-ω model.

coefficient αt. In Fig. 4 the non dimensional θ+rms = θrms/Tτ is reported for the κ-ε (left) and
κ-ω (right) formulation of the model and it is compared with DNS data for Reτ = 180 and
395. Very similar results to DNS data are obtained with both the turbulence models, a slight
difference in the prediction of the position of the peak can be seen between the two models but
the overall result is very good. The Nusselt number is the most important non dimensional
number in engineering heat transfer calculations and it quantifies the heat transfer effectiveness.
It is defined as Nu = qDh/(λ∆T ) where Dh is the hydraulic diameter of the geometry and
∆T is the difference between the average wall temperature and the bulk temperature, defined
as the average temperature on the section of the flow with respect to velocity. In Fig. 5
the Nusselt number calculated with the κ-ε (left) and κ-ω (right) four parameter turbulence
models is reported as a function of Peclet number Pe = RePr. DNS data are reported as
well for comparison. The first two points matches very well while the third (corresponding to
Re ≈ 23250 (C)) seems to slightly overestimate the DNS result.

3.2. Cylinder channel
As a second test we simulate a fully developed turbulent flow in a cylindrical pipe with diameter
D = 0.0605. The physical properties of the simulated flow are reported in Table 1. For this
geometrical case we compare our results with DNS data, which are available only for the case
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Figure 6. Cylinder case. Temperature distribution θ+/Pr for Re ≈ 5500 (A), 11150 (B), 23750 (C), 57500
(D), 213000 (E) and 345000 (F). Results obtained with κ-ε-κθ-εθ (left) and κ-ω-κθ-ωθ (right) model.
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Reτ = 170, and with the Kirillov heat transfer correlation

Nu = 4.5 + 0.018Pe0.8 . (27)

This is the reference correlation for this class of fluids in cylindrical geometry [14, 15] and it is
claimed to be valid for 104 < Re < 5 · 106.

We performed six simulations over a wide range of Reynolds numbers, namely Re ≈ 5500 (A),
11150 (B), 23750 (C), 57500 (D), 213000 (E) and 345000 (F) corresponding to Reτ = 180 (A),
395 (B), 640 (C), 1400 (D), 4500 (E) and 7150 (F). The same behavior of the different solvers
for κ-ε and κ-ω model as found for the plane cases is observed for the solution in these test cases.
In Fig. 6 the non dimensional temperature divided by the Prandtl number θ+/Pr is reported
for all the simulated cases, as a function of the non dimensional wall distance r+ = ruτ/ν.
Comparing Fig. 6 (right) with Fig. 6 (left) we can see that the κ-ω results are very close to the
κ-ε ones. The linear behavior of the non dimensional temperature field is well reproduced in all
the simulated cases. The non-dimensional root-mean-square temperature fluctuation θ+rms for
Re ≈ 5500 (A), 11150 (B) and 23750 (C) is compared with DNS data for Reτ = 170 (S170) in
Fig. 7. A good agreement with the DNS data is obtained with both models. Comparing the κ-ε
results with the κ-ω ones, for the cases Reτ = 395 and Reτ = 640 one can see some differences
between the models but there are no reference results to compare with. The Nusselt number for
these simulations is reported in Fig. 8. The square dots are the results obtained with the four
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parameter turbulence model, while the thick line is Kirillov correlation. On the left the results
are reported for the κ-ε model while on the right for the κ-ω model. The matching between the
numerical results and the correlation is almost perfect at any velocity for the κ-ε model while
little discrepancies can be seen for the κ-ω model at very high velocities.

4. Conclusion
In this work we have proposed and analyzed an improved four parameter turbulence model for
heat transfer computation of heavy liquid metal flows with Pr ≈ 0.025. We have derived a κ-ω
formulation from an already tested κ-ε turbulence model to obtain a more stable and robust
model to compute turbulent heat transfer. The model has been tested in different geometries
and a comparison with DNS data, experimental results and numerical results obtained with
the κ-ε model has been performed. The results obtained show that the new κ-ω-κθ-ωθ four
parameter turbulence model is more stable and convergence obtained by using this model is
faster. Moreover the comparison with DNS data and experimental results has proven that
reliable results can be obtained with the new model, so it can be considered a useful tool in
many engineering fields with heavy liquid metal applications.
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