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On the Gaussian approximation of vector-valued multiple integrals
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Abstract: By combining the findings of two recent, seminal papers by Nualart, Peccati and
Tudor, we get that the convergence in law of any sequence of vector-valued multiple integrals F),
towards a centered Gaussian random vector N, with given covariance matrix C, is reduced to just
the convergence of: (i) the fourth cumulant of each component of F), to zero; (i7) the covariance
matrix of F,, to C'. The aim of this paper is to understand more deeply this somewhat surprising
phenomenom. To reach this goal, we offer two results of different nature. The first one is an
explicit bound for d(F, N) in terms of the fourth cumulants of the components of F', when F'is a
R%-valued random vector whose components are multiple integrals of possibly different orders, N
is the Gaussian counterpart of F' (that is, a Gaussian centered vector sharing the same covariance
with F') and d stands for the Wasserstein distance. The second one is a new expression for the
cumulants of F' as above, from which it is easy to derive yet another proof of the previously quoted
result by Nualart, Peccati and Tudor.

Keywords: Central limit theorem; Cumulants; Malliavin calculus; Multiple integrals; Ornstein-
Uhlenbeck Semigroup.
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1 Introduction

Let B = (By)icpo,r) be a standard Brownian motion. The following result, proved in [8, 9],
yields a very surprising condition under which a sequence of vector-valued multiple integrals
converges in law to a Gaussian random vector. (If needed, we refer the reader to Section
2 for the exact meaning of [, 1y, f(t1,...,tg)dBy, ... dBy,.)

Theorem 1.1 (Nualart-Peccati-Tudor) Letqy,...,qq = 1 be some fized integers. Con-
sider a R¥-valued random sequence of the form

Fn = (Fl,na'”de,n)
_ (/ finlts, . ty)dBy, .. dB,, ... / Fan(trs e t0)dBy, . .dthd> ,
0.7m 0.7}
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where each f;, € L*([0,T)%), 1 < i < d and n > 1, is supposed to be symmetric. Let
N ~ A4;(0,C) be a centered Gaussian random vector on R? with covariance matriz C.
Assume furthermore that

lim E[F,,Fj,| =C; foralli,j=1,....d. (1.1)

n—oo

Then, as n — oo, the following two assertions are equivalent:
() F 25N
(ii)) Yi=1,...,d: E[an] — BE[E%]Q — 0.

This theorem represents a drastic simplification with respect to the method of mo-
ments. The original proofs performed in [8, 9] are both based on tools coming from Brow-
nian stochastic analysis, such as the Dambis, Dubins and Schwarz theorem and multiple
stochastic integrals. In [7], Nualart and Ortiz-Latorre gave an alternative proof exclusively
using the basic operators d, D and L of Malliavin calculus. Later on, combining Malliavin
calculus with Stein’s method in the spirit of [2|, Nourdin, Peccati and Réveillac were able
to associate an explicit bound to convergence (i) in Theorem 1.1:

Theorem 1.2 (see [5]) Consider a R%-valued random vector of the form

F = (FR,...,F)
_ (/ fl(tl,...,tql)dBtl...dthl,...,/ fd(tl,...,tqd)dBtl...dthd>,
0,7} [0,7)%

where qy,...,q3 = 1 are some given integers and each f; € L*([0,T]%), i = 1,...,d,
is symmetric. Let C = (Cij)i<ij<a be the covariance matriz of F, i.e. C;; = E[F,Fj].
Consider a centered Gaussian random vector N ~ A3(0,C) with same covariance matriz
C. Then:

di(F.N) = sup |E[h(F)] = B[L(N)]] < |07 |op [Cl5* Ac(F), (1.2)

heLip(1)

with the convention ||C~'|,, = +oo whenever C' is not invertible. Here:

- Lip(1) is the set of Lipschitz functions with constant 1 (that is, the set of functions
h:R? — R so that |h(z) — h(y)| < ||z — y||ge for all x,y € R?);

- 1Cllop = superarfoy [|Cx||ra/||7||re denotes the operator norm on Ma(R), the set of
d x d real matrices;

- the quantity Ac(F) is defined as

Ac(F)= | E

1,j=1

1 2
(Cij - f<DFi, DFj>L2([0,T])) ] ; (1.3)

4;
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where D indicates the Malliavin derivative operator (see Section 2) and (-,-) 2o is the
usual inner product on L*([0,T]).

When the covariance matrix C' of I is not invertible (or when one is not able to check
whether it is or not), one is forced to work with functions h that are smoother than the one
involved in the definition (1.2) of dy(F, N). To this end, we adopt the following simplified
notation for functions h : R¢ — R belonging to C?:

d*h

1.4

()] -

[7"]|oc = max ~sup
LI=hee d zerd

Theorem 1.3 (see [3]) Let the notation and assumptions of Theorem 1.2 prevail. Then:

dy(F,N) = sup |E[h(F)]— E[L(N)]| < 5 Ac(F), (1.5)

(IR loo <1
with Ac(F) still given by (1.3).

Are the upper bounds (1.2)-(1.5) in Theorems 1.2 and 1.3 relevant? The following
proposition answers positively to this question.

Proposition 1.4 (see [7]) Let the notation and assumptions of Theorem 1.1 prevail. Re-
call the definition (1.3) of Ac(F,). Then, as n — oo, Ac(F,) — 0 if and only if
E[F},] = 3E[F?,]> =0 foralli=1,...,d.

in

In the present paper, as a first result we offer the following quantitative version of Propo-
sition 1.4.

Theorem 1.5 Let the notation and assumptions of Theorem 1.2 prevail, and recall the
definition (1.3) of Ac(F). Then:

Ac(F) < (BF) — 3E[FXP., E[F])..... E[FY] — 3E[F3)”, E[F3)) (16)

with 1 : (R x Ry)? — R the function defined as
d “ for
¢(x1,y1,...,xd,yd) _i,jzzll{%:%} 2; <7’)
& qj 1/2
+ Y \/Z(qi+qj—2r)!(r)|xi| } (1.7)

Since for each compact B C (0,00)? it is readily checked that there exists a constant
CB.qi....qu > 0 so that

d
My 1{%#%}{@@1%\“‘*

ij=1

d

sup ¢($17y17"'7msayd) < CB,q1,.-,q4 Z (|x’b|1/4+ |IZ‘1/2) )
(y1,---ya)EB i=1



we immediately see that the upper bound (1.6), together with Theorem 1.3, now shows in
a clear manner why (i7) implies (i) in Theorem 1.1.

In a second part of this paper, we are interested in ‘calculating’, by means of the basic
operators D and L of Malliavin calculus, the cumulants of any vector-valued functional
F of the Brownian motion B. (Actually, we will even do so for functionals of any given
isonormal Gaussian process X ). In fact, this part is nothing but the multivariate extension
of the results obtained by Nourdin and Peccati in [4].

Then, in the particular case where the components of F' have the form of a multiple
Wiener-It6 integral (as in Theorem 1.2), our formula leads to a new compact representation
for the cumulants of F' (Theorem 4.4), implying in turn yet another proof of Theorem 1.1
(see Section 4.3).

The rest of the paper is organized as follows. Section 2 gives (concise) background
and notation for Malliavin calculus. The proof of Theorem 1.5 is performed in Section 3.
Finally, Section 4 is devoted to the aforementioned results about cumulants.

2 Preliminaries on Malliavin calculus

In this section, we present the basic elements of Gaussian analysis and Malliavin calculus
that are used throughout this paper. The reader is referred to [6] for any unexplained
definition or result.

Let $ be a real separable Hilbert space. For any ¢ > 1, let $%7 be the gth tensor
power of §, and denote by $H®? the associated gth symmetric tensor power. We write
X ={X(h),h € H} to indicate an isonormal Gaussian process over $) (fixed once for all),
defined on some probability space (€, F, P). This means that X is a centered Gaussian
family, whose covariance is given by the relation £ [X (h)X (g)] = (h, g)s. We also assume
that F = o(X), that is, F is generated by X.

For every ¢ > 1, let H, be the qgth Wiener chaos of X, defined as the closed linear
subspace of L*(Q, F, P) generated by the family {H,(X (h)),h € $,||h|ly = 1}, where H,
is the ¢th Hermite polynomial given by

() = (-1 (%),

We write by convention Hy = R. For any ¢ > 1, the mapping I,(h®?) = H, (X (h)) can be
extended to a linear isometry between the symmetric tensor product H®? (equipped with
the modified norm /¢! ||-[|4e,) and the gth Wiener chaos H,. For ¢ = 0, we write Iy(c) = c,
c € R. For ¢ =1, we have I;(h) = X (h), h € . Moreover, a random variable of the type
I,(h), h € H®4, has finite moments of all orders.

In the particular case where $ = L?([0,T]), one has that (B;)icjo.1] = (X(l[oﬂf]))te[o,ﬂ

is a standard Brownian motion. Moreover, §®¢ = L2([0,T]?) is the space of symmetric



and square integrable functions on [0, 7%, and

I(f) = f(t1,....ty)dBy, ...dB;,, [ €8,
[0,T]4
coincides with the multiple Wiener-It6 integral of order ¢ of f with respect to B, see [6]
for further details about this point.
It is well-known that L?(Q) := L?*(Q, F, P) can be decomposed into the infinite or-
thogonal sum of the spaces H,. It follows that any square integrable random variable
F € L*(Q) admits the following so-called chaotic expansion:

NE

F=) 1/, (2.8)

Il
o

q

where fy = E[F], and the f, € 99, ¢ > 1, are uniquely determined by F. For every
q = 0, we denote by J; the orthogonal projection operator on the gth Wiener chaos. In
particular, if F € L*(Q) is as in (2.8), then J,F = I (f,) for every ¢ > 0.

Let {ax}r>1 be a complete orthonormal system in $). Given f € H®? and g € H%, for

every r = 0,...,p A ¢, the contraction of f and g of order r is the element of $®FP+a—2r)
defined by
f@g= > (f,ay®.. @a,)5er @(9,0; ® ... a;)ger. (2.9)

114yt =1

Note that the definition of f ®, g does not depend on the particular choice of {ay}x>1,
and that f ®, ¢ is not necessarily symmetric; we denote its symmetrization by f®,g €
HOWP+a=2r) - Moreover, f ®y g = f @ ¢ equals the tensor product of f and g, whereas
[ ®q9={f,9)42s whenever p = q.

It can be shown that the following product formula holds: if f € HP and g € H9,
then

B0 = 5 (") (D e r00). (2.10)

r
r=0

We now introduce some basic elements of the Malliavin calculus with respect to the
isonormal Gaussian process X. Let § be the set of all cylindrical random variables of the
form

F=g(X(6),...,X(6)), (2.11)

where n > 1, g : R — R is an infinitely differentiable function such that its partial
derivatives have polynomial growth, and each ¢; belongs to $). The Malliavin derivative of
F with respect to X is the element of L*(€, ) defined as

DF — 99
i=1 O

(X(¢1), .-, X(¢n)) @i



In particular, DX (h) = h for every h € $). By iteration, one can define the mth derivative
D™F | which is an element of L?(Q, H°™), for every m > 2. For m > 1 and p > 1, D™
denotes the closure of S with respect to the norm || - ||, 5, defined by the relation

m

||, = ENFPI+ Y E[IDFllye] -

i=1

One also writes D> = (O _,(,-,; D™?. The Malliavin derivative D obeys the following
chain rule. If ¢ : R — R is continuously differentiable with bounded partial derivatives
and if ' = (Fy,...,F,) is a vector of elements of D2, then ¢(F) € DY? and

Dy(F) = i % F\DF. (2.12)

i=1 dz;

The conditions imposed on ¢ for (2.12) to hold (that is, the partial derivatives of ¢ must be
bounded) are by no means optimal. For instance, the chain rule combined with a classical
approximation argument leads to D(X (h)™) = mX (k)™ 'h for m > 1 and h € $.

We denote by 0 the adjoint of the operator D, also called the divergence operator. A
random element u € L?*(€2, ) belongs to the domain of §, noted Domd, if and only if it
verifies |E(DF,u)g| < ¢, || F||12(q) for any F' € D2, where ¢, is a constant depending only
on u. If u € Domd, then the random variable d(u) is defined by the duality relationship

E[Fé(u)] = E(DF,u)g, (2.13)
which holds for every F' € D2,
The operator L is defined as L = Zgio —qJ,;. The domain of L is

DomL = {F € L*(Q) : i ¢*E[(J,F)%] < oo} = D*?.

There is an important relation between the operators D, § and L. A random variable F'
belongs to D*? if and only if F € Dom (§D) (i.e. FF € D'? and DF € Domd) and, in this
case,

§DF = —LF. (2.14)

For any F € L*(2), we define L™'F = 3", —%Jq(F). The operator L™! is called the
pseudo-inverse of L. Indeed, for any F' € L?(Q), we have that L™'F € DomL = D*?, and

LL'F =F — E[F]. (2.15)

We end up these preliminaries on Malliavin calculus by stating a useful lemma, that is
going to be intensively used in the forthcoming Section 4.



Lemma 2.1 Suppose that F € D2 and G € L*(Q). Then, L7'G € D*? and we have:
E[FG] = E[F|E|G] + E[(DF,—~DL*G)g]. (2.16)
Proof. By (2.14) and (2.15),
E[FG] — E[F|E|G] = E[F(G — E[G])] = E[F x LL"'G] = E[F§(-DL'G)],
and the result is obtained by using the integration by parts formula (2.13). |

3 Proof of Theorem 1.5

The aim of this section is to prove Theorem 1.5. We restate it here for convenience, by
reformulating it in the more general context of isonormal Gaussian process rather than
Brownian motion.

Theorem 1.5 Let X = {X(h), h € H} be an isonormal Gaussian process, and qy, . .., qq =
1 be some fived integers. Consider a R*-valued random vector of the form

F= (Flw-'aFd) = ([q1(f1>7"'7[q¢(fd>)7
where each f; belongs to H°%, i =1,...,d. Let C = (Cij)1<ij<a € Ma(R) be the covariance
matriz of F, i.e. C;; = E[F;Fj], and consider a centered Gaussian random vector N ~
N3(0,C) with same covariance matriz C. Then

Ac(F) < ¢(E[F}] — 3E[F})?, E[FY), ..., E[F;] — 3E[F;)*, E[F}]), (3.17)
with Ac(F) given by (1.3), and where ¢ : (R x R,)? — R is the function given by (1.7).

In order to prove Theorem 1.5, we first need to gather several results from the existing
literature. We collect them in the following lemma. We freely use the definitions and
notation introduced in Sections 1 and 2.

Lemma 3.1 Let F' = I,(f) and G = I,(g), with f € H°? and g € H° (p,q > 1).
1. If p = q, one has the estimate:

1 2
E (E[FG] — —(DF, DG>5) ] (3.18)
p
p2 p—1 1\ 4
< B 08("2 1) @0 200 1f Sper SV + g Bper ol
r=1
whereas, if p < q, one has that
2 2
1 12 q— 1 | 2
E 5<DF, DG)g | | <p! b1 (g — P fll5erllg ®q-p gll 520 (3.19)
2 p*l 2 2
p —1\"(q—1
3 0E(2 1) (101) G20 S s+ gl

7



2. [f1<r<p<qthen

1f®rgl3ewia2n < 5 (Ilf ®pr [ll5e2r + 119 @g—r gllge2r) , (3.20)
whereas, if r =p < q, then

1 @p lliewn < 1 5erllg @4—p gllgom. (3.21)
3. One has the identity:

p—1 2
E[FY] - 3E[F?)? = Zplﬂ(f) {||f®rf||%®2p_2r+<2i 27“)||f F 2o }
r=1

(3.22)

Proof. The inequalities (3.18), (3.19), (3.20) and (3.21) are shown in |5, Proof of Lemma
3.7] (see also |7, Proof of Lemma 6]). The identity (3.22) is shown in [8, page 182]. O

We are now in position to prove Theorem 1.5. When Z € L*(Q), as usual we write
/<;4(Z) E[Z*] — 3E[Z?]? for the fourth cumulant of Z. We deduce from (3.22) that, for
allp>1,all f € H® and all r € {1,...,p— 1}, one has ry4(I,(f)) > 0 and

ri2(p — r)12
%wp(f».

Therefore, if f,g € HP, inequality (3.18) leads to

1f ®r fllZeer2r <

E

(Bt - %<Dfp<f>,mp<g>>,~,)] < IRl + mallyle))] 3 SR =20

< st + i@ Y (7)

On the other hand, if p < ¢, f € HP and g € H?, inequality (3.19) leads to

E (}9 <mp<f),mq<g>>ﬁ)2] _ Tp (ﬁ <D1p(f),DIq(g)>ﬁ)2]

p

N
=
%N
=
N
=N
A
Q’\c
&
_l’_

/AN
&
é\
=
N
=N
i
Q’\t
S
+



2
so that, if p # ¢, f € 9 and g € HY, one has that both F {(% (Dlp(f),DIq(g»ﬁ) }

2
and F {(% (DI,(f), DIq(g)%.j) } are less or equal than

E(L,(f)*1\/kaIy(9)) + ElLy(9)"]\/ Ka(Lp(f)) (3.24)

%piijm 4= ) [(ﬁfm(fp(f)) ' (f)l(@@))] .

Since two multiple integrals of different orders are orthogonal, on has that
Cij = E[FF] = Ellg,(fi)15;(f;)] = 0 whenever ¢; 7 g;.

Thus, by using (3.23)-(3.24) together with /1 + ... + z, < /21 +. ..+ /T, we eventually
get the desired conclusion (3.17). 0

4 Cumulants for random vectors on the Wiener space

In all this part of the paper, we let the notation of Section 2 prevail. In particular,
X ={X(h), h € $H} denotes a given isonormal Gaussian process.

4.1 Abstract statement

In this section, by means of the basic operators D and L, we calculate the cumulants of
any vector-valued functional F' of a given isonormal Gaussian process X.

First, let us recall the standard multi-index notation. A multi-index is a vector m =
(my,...,mg) of N4 We write

d

0 .

|m|zzmi7 aizg, 8”‘:8’1”1...83”, xm:me’.
i=1 v i

By convention, we have 0° = 1. Also, note that |z™| = y™, where y; = |z;| for all 5. If
s € N¢, we say that s < m if and only if s; < m; for all i. For any i = 1,....,d, we let
e; € N? be the multi-index defined by (e;); = &;;, with &;; the Kronecker symbol.

Definition 4.1 Let F = (Fy,..., Fy) be a R*-valued random vector such that E|F|™ < oo
for some m € N?\ {0}, and let ¢p(t) = E[e!“F)rd], t € R?, stand for the characteristic
function of F. The cumulant of order m of F is (well) defined by

i (F) = (=)™ 0™ log ¢ (t)]1=o.

For instance, if F;, F; € L*(Q2), then k., (F) = E[F}] and k., ., (F) = Cov[F;, F}].
Now, we need to (recursively) introduce some further notation:

9



Definition 4.2 Let F' = (F, ..., Fy) be a R¢-valued random vector with F; € DY for each
i. Let ly,ly,... be a sequence taking values in {e1,...,eq}. We set I}, (F) = F. If the
random variable Ty, (F) is a well-defined element of L*(Q) for some k > 1, we set

-----

Since the square-integrability of Ty, (F) implies that L=, (F) € DomL C D2,
the definition of I';,_;, ., (F') makes sense.

The next lemma, whose proof is left to the reader because it is an immediate extension
of Lemma 4.2 in [4] to the multivariate case, gives sufficient conditions on F ensuring that

the random variable T, ; (F) is a well-defined element of L*((2).

77777

,,,,,

Lemma 4.3 1. Fiz an integer j > 1, and assume that F' = (Fy,...,Fy) is such that
F, € D% for all i. Let ly,la,...,1l; be a sequence taking values in {ei,...,eq}. Then,
for all k =1,...,j, we have that I, (F) is a well-defined element of DIk gy
particular, one has that T'y,_,,(F) € DY C L*(Q) and that the quantity E[T;, . (F)] is
well-defined and finite.

2. Assume that F' = (Fy, ..., Fy) is such that F; € D*® for all i. Let ly,ls,... be a
sequence taking values in {ey, ... eq}. Then, for all k > 1, the random variable T},
15 a well-defined element of D,

We are now ready to state and prove the main result of this section, which is nothing
but the multivariate extension of Theorem 4.3 in [4].

Theorem 4.4 Let m € N?\ {0}. Write m = l; + ... + l, where l; € {eq,..., eq}
for each i. (Up to possible permutations of factors, we have existence and uniqueness of
this decomposition of m.) Suppose that the random vector F' = (Fy,. .., Fy) is such that
E, € DIM2™ for qlli. Then, we have

ki (F) = (Im| = DVE[, g, (F)]. (4.25)

.....

Vo € (‘5|m|, E[Fll

7777

Proof of Theorem 4.4. The proof is by induction on |m|. The case |m| = 1 is clear because
ke, (F) = E[F;] = E[l'c,(F)] for all j. Now, assume that (4.25) holds for all multi-indices
m € N such that |m| < N, for some N > 1 fixed, and let us prove that it continues to
hold for all the multi-indices m verifying |m| = N + 1. Let m € N¢ be such that [m| < N,
and fix j = 1,...,d. By applying repeatidely (2.16) and then the chain rule (2.12), we can

10



write

E[F™*%] = E[F™xT,(F)]
E[F™E[l.,(F)] + E{DF™, =DL™'T¢,(F))s)
= E[F"E[,,(F) + E[F™ " /(DF" —DL'T, (F))g)
1<11S|m|
= E[F"E[l(F)] + E[F" T, . (F)]
1<7,1<|m|
= E[Fm]E[FfB](F)] + E[Fm_lil]E[Fej,lil (F)] + Z E[Fm_lil iz Fej,lil,liQ (F)]
1<i1<|m| 1<iy,ig<|m|
11,22 different
E[F"E[L, (F)] + E[F" B[l ,, (F)]
1§11§|m|

+ Z E[Fm_lil _ln]E[Fe]-,lil,liQ (F)]

1<iy,ig<|m|
11,12 different

m—lzl——ll _1
+...+ g E[F m ]E[Fejalil ----- biy)—1 (F)]
1<i1 yoyif | =1 S|l
T1yeees 7;\m|71 pairwise different

......

so that, using the induction property,

m+-e; m 1 m—l; 1
E[F"™%] = E[F"|ghe(F)+ Y BIF™ ")k, (F)

1<ii<|m|

1
m—1l;, —l;
+ E E[F . z2]§K6j+li1+li2(F)
1<iq in<|m| ’
71 ,’L'Q different

O —— 1
g Il =1 ————Ke. 1, .
+... 4+ E[F ] (m — 1)!H€]+lzl+~~-+lz‘m|_1 (F)
1<igeyifpn | -1 < I
Tl yeeey i|m|_1 pairwise different

.....

m—s 1
= ) E[F ]@meﬁs(F)#Ber|m|!E[rej,l
s[em—1

iqaeees i

Here, B, stands for the set of pairwise different indices iy,... 45 € {1,...,|m|} such that
liy + ...+ 1, = s, whereas #B; denotes the cardinality of B;. Also, let D; = {i =

1,...,/m| : I; = e;} and observe that m = (ms,...,my) with m; = #D;. For any
s < m, it is readily checked that # B, = (’:11) . (Tj) |s|!. (Indeed, to build a multi-index
s = (s1,...,8q4) so that s < m, one must choose s; indices among the m; indices of D

11



up to sg indices among the my indices of Dy, and then the order of the factors in the sum
liy +...+1,.) Therefore,

BlEmee] = 3 (M) () ) 4 T

< S1 Sd
|s|<m—1
m Md m—s
= Z (81 ) e (Sd)E[F | Kejrs(F) + ’m|!E[F€j,lil ,,,,, iy, (F)] = Kejom(F)
s<m

= ) (ml) (md) (—2)Im=1slgm=36 1 (0) x (=4)1FF19%75 log ¢ (0)

(F)] = Feym(F)

s<m

+|m|!E[F6j7l. 1

i|m|

-----

-----

leading to

ERRRELE T,

implying in turn that (4.25) holds with m replaced by m + e;. The proof by induction is
concluded. 0

4.2 The case of vector-valued multiple integrals

We now focus on the calculation of cumulants associated to random vectors whose com-
ponent are in a given chaos. In (4.26) (and in its proof as well), we use the following
convention. For simplicity, we drop the brackets in the writing of f,\1<§>r2 e ®T|m\flf>‘|m|71’
by implicitely assuming that this quantity is defined iteratively from the left to the right.
For instance, f®,9@sh®,k actually means ((f®a9)@sh)@,k.

The main result of this section is the following theorem.

Theorem 4.6 Let m € N%\ {0} with |m| > 3. Write m = Iy + ... + lj;n), where l; €
{e1,...,eq} for each i. (Up to possible permutations of factors, we have existence and
uniqueness of this decomposition of m.) Consider a R%-valued random vector of the form

F = (Fl, .. -,Fd) = ([q1(fl)> ce 7[‘]d(fd))’

where each f; belongs to HO%. When I, = e;, we set \y = j, so that Flv = Fy, for all
k=1,...,|m|. Then:

I{m(F> - (QX‘m|)!(|m| - 1)' Z cq,l(r% cee ar|m|—l)<f/\1®r2f/\2 cee ®r|m‘,1f)\|m|,17 f>\|m\>ﬁ®q/\‘m| s

12



(4.26)

where the sum Y runs over all collections of integers ra, ..., 7m—1 such that:
(i) 1L<r <q foralli=2,... |m|—1;
.. Qg Tty T,
(1) o+ .o+ Ty = — Inl=1 —lmi,
qx, +-..+q
(iii) 1o < %, e Tt T2 < w;
(Z’U) r3 < Qr, + @y — 2rg, ..., T|m|-1 < Qy + ... +q}‘\m\—2 — 29 — ... — 2T‘m‘_2;
and where the combinatorial constants cyi(ra, ..., 1s) are recursively defined by the relations

QM_l q>\2_1
= —1)!
cutr) =t = 01( 2 1) (221,
and, for s > 3,

Cai(r2,...,1m5) = @, (rs — 1)!(

q,\1+...+q,\s—27“2—...—27“5_1—1)

rs —1
-1
X (?‘S_ ) )CqJ(T’Q, ey Ts1).

Remark 4.7 1. When |m| =1, say m =e; withi =1,...,d, then x,,(F) = E[F;] = 0.
When |m| =2, say m =e; +¢; with i,j = 1,...,d, then

0 if g; # q;

im(F') = EFT] = { a!(fis [i)goa  ifqi=q;

Thus, only the case |m| > 3 needs to be considered in Theorem 4.6.

2. Since Theorem 4.6 is nothing but an extension of [4, Theorem 5.1] to the multidi-
mensional case, it is possible to recover the latter as a special case of the former by
choosing d = 1; in this case, one has indeed g5, = g and f,, = f for all £ > 1, so that
(4.26) reduces to [4, Formula (5.22)]. (Notice, however, a slight notational difference
with respect to the statement in [4]: here, we have found more natural to index the
sequence 1 by 7, ..., 7y —1 rather than by r1,...,7)y—2.)

3. If ¢1,...,q4 = 2 then the only possible integers ro, ..., 7, -1 satisfying (i)-(iv) in
Theorem 4.6 are ry = ... = 7,2 = 1. Moreover, we immediately compute that
ci(1) =2, ¢,4(1,1) =4, ¢,4(1,1,1) = 8, and so on. Therefore, for any fi,..., fs €
H9% and any m € N?\ {0} with |m| > 3, we have :

Em(L2(f1), - I2(fa)) = Q‘m‘il(’m‘ - 1)!<f>\1®1 s ®1f/\\m|_17 f/\\m|>55®27

where f\,, k = 1,..., A\, has been defined in the statement of Theorem 4.6. As
such, we extend [1, Proposition 4.2] to the multidimensional setting,.
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Proof of Theorem 4.6. If f € H°P and g € $H? (p,q > 1), the multiplication formula yields
(DL(f),=DL™'1,(9))s = p{Lp1(f) Ii-1(9))g

pAg—1 p—1 g—1
= q Z 7"( , ) < ” )Ip+q22r(f®r+lg>

- qiﬁ(r —1)! (f: 1) (3 } 1) Lyrg-or(f®rg).  (4.27)

Thanks to (4.27), it is straightforward to prove by induction on |m| that

Uiyt () (4.28)
DAy DTt T2 =2 A
= Z Z CqJ(TQ,.-.,T‘m‘)l{r2<qA1;qA2}...
ro=1 Tim|=1
Xl{r2+ || 1<%}Iqh+m+q*\m|’2”*'"*2%1\ (f/\1®’"2f/\2 T ®’"\m|f/\\m|)‘
AT .
(4.29)
Now, let us take the expectation on both sides of (4.29). We get
K (F)
= (Im| =DETy, g, (F)]
A ADx, [y +eFax,, _ —2r2= =20 m -1l Aar
= (jm| —1)! Z Z Cq7l(r2,...,T‘m‘)l{T2<qA1+q>\2}...
ro=1 Tlmlzl 2
X1{r2+...+r|m\—1<7%+m+qx‘m'_l} {T2+...+T\m\:4q/\1+A.:q}\‘mi} X Pu@rabra - ®Tlmlme\'

Observe that, it 2ro + ... 4 2rp = gz, + ...+ o, and 7 <@y + o0+ @, — 252 —
. 2T"m‘_1, then

2rm| = qx,, + (QAl +o Dy, 22— 27"|m|71) Z Qxpy T Timls

that is, 7| 2 g, , 50 that 7, =gy, - Therefore,
)

Em(F
DAy DTy 22— =20 Ay,
= m—1| C, To, ..., T 1 ax, +aq
(jm] = 1)t ) > 0t M) 1 oo,y
7“2:1 T|m|:1
X]. qx, +---Fay 1 qx, t---Fay
{7‘2+...+7"m|_1<%} {T2+...+T|m‘:%}

X <f/\1®7‘2f/\2 . e ®T|m\—lf>‘|m|—l’ f/\|m|>ﬁ®lb\‘m| 5

which is the announced result, since cg; (72, ..., Tjm|-1, q,\‘ml) = (q,\‘m‘)!cq,l(rz, o Thml=1)- O
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4.3 Yet another proof of Theorem 1.1

As a corollary of Theorem 4.6, we can now perform yet another proof of the implication
(i1) — (i) (the only one which is difficult) in Theorem 1.1. So, let the notation and
assumptions of this theorem prevail, suppose that (i) is in order, and let us prove that
(7) holds. Applying the method of moments/cumulants, we are left to prove that the
cumulants of F, verify, for all m € N%,

0 if jm|#2

) as n — 0o.
Cy fm=ce;+e;

Em(Fy) = km(N) = {
Let m € N¢\ {0}. If m = e; for some j (that is, if and only if |m| = 1), we have
km(Fn) = E[F;,] = 0. If m = e; +¢; for some ¢, j (that is, if and only if |m| = 2), we have
km(Fn) = E[F; . F;,] — Cj; by assumption (1.1). If [m| > 3, we consider the expression
(4.26). Thanks to (3.22), from (i7) we deduce that || fi, ®;, finllr2(0ma) — 0 as n — oo
for all 4, whereas, thanks to (1.1), we deduce that ¢![| finll72 o 170) = E[F7] — Cis for all
i, so that sup,,~ || fin | 2(o,mu) < oo for all . Let ra, ... 7,1 be some integers such that
(1)—(4v) in Theorem 4.6 are satisfied. In particular, ro < %. From (3.20)-(3.21), it
comes that ‘|f)\17n®r2f>\27n||L2([O7T]q/\1+qk272r2) — 0 as n — oo. Hence, using Cauchy-Schwarz
inequality successively through

lg@rhllzaqorpraery < llg @r Rl z2qoyra-2ry < llgllzz oo 1l 2 ooy
whenever g € L2([0,T|P), h € L*([0,T]?) and r =1,...,p A q, we get that
<f>\1,n®7"2f)\2,n cee ®r|m,\—lf>‘|m|—lvn7 f>\‘m|;n>L2([O7T]q)\‘m|) — 0 asn— oo.

Therefore, £,,(F,) — 0 as n — 0o by (4.26). 0
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