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Abstract

We develop a combinatorial approach to the quantum permutation algebras, as Hopf images of repre-
sentations of type w : Ag(n) — B(H). We discuss several general problems, including the commutativity
and cocommutativity ones, the existence of tensor product or free wreath product decompositions, and the
Tannakian aspects of the construction. The main motivation comes from the quantum invariants of the com-
plex Hadamard matrices: we show here that, under suitable regularity assumptions, the computations can
be performed up to n = 6.
© 2009 Elsevier Inc. All rights reserved.
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0. Introduction

The free analogue of the symmetric group S, was constructed by Wang in [51]. The idea is
that when regarding S,, as a complex algebraic group, the n x n matrix formed by the standard
coordinates u;; : S, — C is magic, in the sense that all its entries are projections, which sum
up to 1 on each row and each column. So, Wang considers then the universal algebra A (n)
generated by the entries of an abstract n x n magic matrix. This is a Hopf algebra in the sense of
Woronowicz [53], so its spectrum S, is a compact quantum group, called quantum permutation

group.
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The very first question is whether the “quantum permutations” do exist or not. That is, we
would like to know whether S,j’ is indeed bigger that S,,, and if so, how big is it. Or, in other
words, if Ag(n) is bigger than C(S,,), and if so, how big is it.

The answer to these basic questions is as follows:

(1) Atn <3 wehave S;” = S,. This is because the entries of such an n x n magic matrix can be
shown to pairwise commute, so we have As(n) = C(Sy).

(2) Atn =4 we have Sj' =S8035 ! This is a quite subtle result, the quantum group Sj' being in
fact the central object of the whole theory. See [4,6,9].

(3) Atn > 5 the situation is even worse: the dual of S, is not amenable, and there is indication
from [49] that its reduced group algebra should be simple.

The world of quantum permutation groups, i.e. quantum subgroups of S, turns to be ex-
tremely rich. For instance it was shown in [4] that these quantum groups are in correspondence
with the subalgebras of Jones’ spin planar algebra [31]. Another key result in this sense is the
one in [6], where a complete classification is obtained at n = 4. The computation of integrals
over the quantum permutation groups gives rise to a subtle problematics, of theoretical physics
flavor [8,9]. Some new connections with noncommutative geometry and with free probability
were found in [13,34].

An important class of examples, which actually motivated the whole theory, comes from the
complex Hadamard matrices. These are the n x n matrices formed by complex numbers of mod-
ulus 1, whose rows are pairwise orthogonal.

The point is that each Hadamard matrix 2 € M, (C) produces a quantum permutation algebra,
i.e. a quotient Ag(n) — A, according to the following algorithm:

(1) We know that the rows h; € C"* are pairwise orthogonal.
(2) Thus the vectors &;; = h; / h; form a magic basis of C".
(3) This gives a representation 7 : Ag(n) — M, (C).
(4) We call A the Hopf image of this representation.

The basic example comes from the Fourier matrix, F;; = w—DU=D with w = 271/7 All
the above objects are “circulant”, and we end up with the algebra A = C(Z,,).

The above construction has been known for about 10 years, since [3]. Its basic properties were
worked out in the recent paper [10]. The notion of Hopf image was systematically investigated
in the preprint [7]. The reasons for this delayed development is the difficulty in producing non-
trivial statements on the subject.

In fact, the various problems regarding the complex Hadamard matrices (classification, com-
putation of invariants) are all reputed to be quite difficult, with the tools basically lacking. The
philosophy is somehow that “the Fourier matrix corresponds to the known mathematics, and
the other matrices correspond to unknown mathematics”. Illustrating here is the classification
work of Haagerup [26], the work on invariants by Jones [30,31], as well as a counterexample
constructed by Tao in [48].

Let us mention for instance that one particularly difficult problem, well known to specialists,
is the computation of the quantum invariants of the following 7 x 7 matrix based on the root of
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unity w = ¢>*/®, discovered by Petrescu in [41]:

1 1 1 1 1 1 1
1 gqw gquw* w W w w
1 guw* qw w w w w
Pi=]|1 w w g qw* w W’
1w v guwt o qgw o w W
1w w3 w w  wt w
1w w w o ow w wt

The purpose of the present paper is to develop a systematic study of the representations of type
m: As(n) — B(H), where H is a Hilbert space. Besides the above-mentioned Hadamard matrix
motivation, we have as well an abstract motivation: any quantum permutation algebra appears as
Hopf image of such a representation.

So, let us consider a representation of type  : As(n) — B(H), and let A be its Hopf image.
We have the following list of basic questions:

(1) When is A commutative?
(2) When is A cocommutative?
(3) Dowehave A=A"® A”?
(4) Do we have A = A’ %, A”?

We will discuss all these questions, with a particular attention to the case H = C", which
includes the Hadamard matrix situation. We will discuss as well the classification problem for &
and the explicit computation of A, for small values of n.

Our study will lead naturally to a certain hierarchy for the related combinatorial objects asso-
ciated to Hilbert spaces. In decreasing order of generality, these are:

Object Classification Hopf algebra computation
Magic decompositions n < 3 done, n = 4 difficult n < 3 done, n = 4 difficult
Magic bases n < 3 done, n = 4 possible n < 3 done, n = 4 possible
Hadamard matrices n < 5 done, n = 6 difficult n < 5 done, n = 6 difficult
Regular Hadamard n < 6 done, n =7 possible n < 5 done, n = 6 possible

The precise content of this table will be explained in the body of the paper.

The above hierarchy is quite natural, with the study of the regular matrices being related to
some key problems. In fact, our main results concern precisely the regular matrices: at n = 6 we
already have a quite satisfactory picture, and at n = 7, which would be the next step, we have the
above-mentioned Petrescu matrix.

Let us also mention that another motivation for the study of the regular matrices, and of
their one-parameter deformations over the unit circle, would be the development of an abstract
theory of “quantum permutation groups at roots of unity”. Observe that, unlike for the quantized
enveloping algebras of Drinfeld [24] and Jimbo [29], in our case the square of the antipode is
always the identity: S% = id.

The paper is organized as follows. In 1 we recall the construction of the Wang algebra, in 2—4
we discuss the general properties of its Hilbert space representations, and in 5-6 we focus on
the representations coming from complex Hadamard matrices. In 7-10 we present a number of
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technical results regarding the Hadamard matrices of small order, and in 11 we derive from this
study several classification results.
The final section, 12, contains a few concluding remarks.

1. Quantum permutations

Let A be a C*-algebra. That is, we have a complex algebra with a norm and an involution,
such that the Cauchy sequences converge, and ||aa*| = |lal|>.

The basic example is B(H), the algebra of bounded operators on a Hilbert space H. In fact,
any C*-algebra appears as closed subalgebra of some B(H).

The key example is C(X), the algebra of continuous functions on a compact space X. By a
theorem of Gelfand, any commutative C*-algebra is of the form C(X).

There are several ways of passing from commutative C*-algebras to noncommutative ones.
In this paper we use an approach based on the notion of projection.

Definition 1.1. Let A be a C*-algebra.

(1) A projection is an element p € A satisfying p> = p = p*.
(2) Two projections p, g € A are called orthogonal when pg = 0.
(3) A partition of unity is a set of orthogonal projections, which sum up to 1.

In the case of the above two basic examples, these notions are as follows.

A projection in B(H) is an orthogonal projection Pk, where K C H is a closed subspace. The
orthogonality of projections corresponds to the orthogonality of subspaces, and the partitions of
unity correspond to the orthogonal decompositions of H.

A projection in C(X) is a characteristic function xy, where Y C X is an open and closed sub-
set. The orthogonality of projections corresponds to the disjointness of subsets, and the partitions
of unity correspond to the partitions of X.

The following key definition is due to Wang [51].

Definition 1.2. A magic unitary over a C*-algebra A is a square matrix of projections u € M, (A),
all whose rows and columns are partitions of the unity.

In the case of the above two basic examples, the situation is as follows.

A magic unitary over B(H) is of the form Pg;;, with K magic decomposition of H, in the
sense that all rows and columns of K are orthogonal decompositions of H.

A magic unitary over C(X) is of the form xy,, with ¥ magic partition of X, in the sense that
all rows and columns of Y are partitions of X.

Consider now the situation G ~ X where a finite group acts on a finite set. The sets G;; =
{o0 € G|o(j)=i} form a magic partition of G, so the corresponding characteristic functions
form a magic unitary over the algebra A = C(G).

Definition 1.3. The matrix of characteristic functions
xij=x{o€Glo(j) =i}

is called magic unitary associated to G ~ X.
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The interest in x is that it encodes the dual structural maps of G ~ X. Consider indeed the
multiplication, unit, inverse and action map:

m(o,t)=071
u()=1
i(0)=0""

a(i,o) =0(i)

The duals of these maps are called comultiplication, counit, antipode and coaction. They are
given by the following well-known formulae, see [1]:

A(f)=(0.7) > f(oT)
e(f)=f(1)
S(fr=o— flo7")
a(f)=(i,0) > f(o ()

These latter maps can all be expressed in terms of x, and in the particular case of G = S,
acting on X,, = {1, ..., n}, we have the following presentation result.

Theorem 1.4. C(S,,) is the universal commutative C*-algebra generated by n? elements Xij»
with relations making (x;;) a magic unitary matrix. The maps

A(xij) = Z Xik ® Xkj
e(Xij) = 6ij
S(Xij) = Xji
a(d;) = ZSJ' ® Xji
are the comultiplication, counit, antipode and coaction of C(S,) ~ C(X,).

Proof. Let A be the universal algebra in the statement. The Stone—Weierstrass theorem shows
that the entries of the magic unitary associated to S, ~ X,, generate the algebra C(S,), so we
have a surjective morphism of algebras A — C(S,).

It follows from the universal property of A that the maps A, ¢, S, o as in the statement exist.
Thus A is a Hopf C*-algebra coacting faithfully on X, so its spectrum is a subgroup of S,,, and
by dualizing we obtain the missing arrow C(S,) - A. O

We can proceed now with liberation. The idea is to remove commutativity from the above
considerations. The following key definition is due to Wang [51].

Definition 1.5. A, (n) is the universal C*-algebra generated by n? elements u; 7> with relations
making (u;;) a magic unitary matrix. The maps
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Auij) = Zuik ® ugj
e(ujj) = dij
S(uij) =uji
a() =) 8 @ujj
are the comultiplication, counit, antipode and coaction of As(n) ~ C(X,,).

The algebra A (n) is a Hopf C*-algebra in the sense of Woronowicz [53]. Its spectrum S is
a compact quantum group, called quantum permutation group on n points.

Theorem 1.6. The algebras As(n) are as follows:

(1) Forn < 3, the canonical map As(n) — C(Sy) is an isomorphism.
(2) Forn >4, As(n) is not commutative, and infinite dimensional.

Proof. This follows from the fact that the entries of an n x n magic unitary with n < 3 have to
commute with each other, while at n > 4 these do not necessarily commute with each other, and
can generate an infinite dimensional algebra. See Wang [51]. O

In terms of quantum groups, for n < 3 the canonical inclusion S, C S, is an isomorphism,
while for n > 4 the quantum group S, is not classical, nor finite.

We are now in position of introducing the arbitrary quantum permutation algebras. These are
by definition the Hopf algebra quotients of A;(n).

Definition 1.7. A quantum permutation algebra is a C*-algebra A, given with a magic unitary
matrix u € M, (A), subject to the following conditions:

(1) The elements u;; generate A.

(2) A(uij) =) ujx ® uy; defines a morphism A: A - A® A.
(3) e(u;j) = 4;; defines a morphism ¢ : A — C.

(4) S(uij) =uj; defines a morphism S: A — A%,

In what follows, all the quantum permutation algebras will be supposed to be full. This is a
technical assumption, not changing the level of generality, stating that A must be the enveloping
algebra of the *-algebra generated by the elements u;;.

If (A, u) and (B, v) are quantum permutation algebras, so are A ® B and A x B, both taken
with the magic unitary w = diag(u, v). See Wang [51].

The free wreath product of (A, ) and (B, v) is given by:

Ay B = (A*ImO) B)/([ug.‘), vap ] =0)

Here the exponents on the right refer to the various copies of A. We get in this way a quantum
. . . . o (a)
permutation algebra, with magic unitary wiq, jp = u; i Vab- See [14].
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Theorem 1.8. The commutative and cocommutative cases are as follows:

(D) If G C S, is a subgroup then C(G) is a quantum permutation algebra. Any commutative
quantum permutation algebra is of this form.

2) If Zi, % --- * Zj, — I is a quotient group then C*(I") is a quantum permutation algebra.
Any cocommutative quantum permutation algebra is of this form.

Proof. (1) The first assertion follows from the general considerations in the beginning of this
section. The second assertion follows from the Gelfand theorem.
(2) The first assertion follows from the above considerations. Indeed, we have:

C*(Zil **Zlk)ZC(Z”)**C(ZZk)

This shows that the algebra on the left is a quantum permutation one, and the same must hold
for its quotient C*(I"). For the second assertion, see [15]. O

2. Hopf images

In this section we present a purely combinatorial approach to the quantum permutation alge-
bras, in terms of the geometry of subspaces of a given Hilbert space.

The starting point is the following fundamental result of Gelfand, which was actually at the
origins of the whole C*-algebra theory.

Theorem 2.1. Let I' be a discrete group, and H be a Hilbert space. We have a one-to-one
correspondence between:

(1) Unitary representations u : I’ — U (H).
(2) Representations m : C*(I') — B(H).

Proof. Any unitary representation of I" can be extended by linearity to the group algebra C[I"],
then by continuity to the whole algebra C*(I").

Conversely, consider a C*-algebra representation 7w : C*(I") — B(H). The group elements
g € C*(I") being unitaries in the abstract sense, their images by m must be certain unitaries
ug € B(H), and this gives the result. O

The above considerations suggest the following definition.
Definition 2.2. Let 7 : C*(I") — B(H) be a representation.

(1) = is called inner faithful if g # & implies 7 (g) # 7 (h).
(2) The Hopf image of 7 is A, = C*(I""), where I'" = 7 (I").

Observe that any faithful representation is inner faithful. The converse is far from being true.
For instance in the case H = C", the finite dimensional algebra M,,(C) is the target of many
inner faithful representations coming from infinite dimensional algebras of type C*(I"), one for
each discrete subgroup I" C U,.
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We have the following key statement, which provides an abstract characterization for both
notions of Hopf image, and inner faithful representation.

Proposition 2.3. Let 7 : C*(I") — B(H) be a representation.

(1) Ay is the smallest group algebra realizing a factorization of 7.
(2) m is inner faithful iff A= A.

Proof. This follows from Theorem 2.1, and from the basic functorial properties of the group
algebra construction I — C*(I"). O

We present now an extension of these fundamental notions and results to the case of quantum
permutation algebras. Let us first recall that each such algebra satisfies Woronowicz’s axioms
in [53], so we have the heuristic formula A = C*(I"), where I" is a discrete quantum group.
Thus the above notions and results can be extended, provided that we use the algebra formalism,
and make no reference to the underlying discrete quantum groups, which do not exist as concrete
objects.

The best is to proceed by converting Proposition 2.3 into a definition.

Definition 2.4. Let 7 : A — B(H) be a representation.

(1) Ay is the smallest quantum permutation algebra realizing a factorization of .
(2) m is called inner faithful if A = A.

In other words, the Hopf image is the final object in the category of factorizations of 7 through
quantum permutation algebras. Both its existence and uniqueness follow from abstract algebra
considerations. The idea is that A, can be constructed as being the quotient of A by a suitable
ideal, namely the largest Hopf ideal contained in Ker(;r). We refer to [7] for full details regarding
this construction.

A first point of interest in the above notions comes from the following result.

Theorem 2.5. Any quantum permutation algebra appears as Hopf image of a representation
7 : Ay(n) — B(H). Moreover, we can take H = 1*(N).

Proof. This follows from the Gelfand—Naimark—Segal theorem, stating that any C*-algebra has
a faithful representation on a Hilbert space. Indeed, given an arbitrary quantum permutation
algebra A, this theorem gives an embedding j : A C B(H).

By composing this embedding with the canonical map p : A;(n) — A, we get a representa-
tion jp : As(n) — B(H). Now since A provides a factorization of jp, and is minimal with this
property, we conclude that A is the Hopf image of jp.

Finally, A being separable, we can take H to be separable, H = [>(N). O

The above statement reduces in principle the study of the quantum permutation algebras to that
of the magic decompositions of Hilbert spaces. Indeed, the representations 7 : A;(n) — B(H)
are in one-to-one correspondence with the magic unitaries over the algebra B(H), hence with
the magic decompositions of H.

So, our starting point will be the following definition.



2872 T. Banica et al. / Journal of Functional Analysis 257 (2009) 2864-2910

Definition 2.6. A magic decomposition of H is a square matrix of subspaces X, all whose rows
and columns are orthogonal decompositions of H. Associated to X are:

(1) The magic unitary matrix given by P;; = projection on X;.
(2) The representation 7 : Ag(n) — B(H) given by 7 (u;;) = P;;.
(3) The quantum permutation algebra A = A, associated to 7.

We begin our study with the construction of a basic example. Let H be a Hilbert space, given

with a decomposition into orthogonal subspaces:

H= Xk

TP-

Let also (E;;) be a magic partition of the set / = {1, ..., N}, in the sense that all the rows and
columns of E are partitions of /. We let:

Xh= @ x

kEEij

It follows from definitions that X £ is a magic decomposition of H.

For k € {1, ..., N} we denote by oy € S, the permutation given by oy (j) =i when k € E;;.
These permutations o7, . .., oy uniquely determine E. They generate a certain subgroup G C S,
than we call group associated to E.

Theorem 2.7. For a magic partition decomposition Xt we have A = C(G), where G C S, is the
group associated to E.

Proof. We will use the basic properties of the Hopf image, for which we refer to [7].

We first review the definition of G. We know from Theorem 1.4 that associated to E is a
certain representation p : C(S,) — C(I). This representation is given by o(x;;) = xk;;, so the
corresponding transpose map r : I — S, satisfies:

ij?

xij (r(k)) = x&,; (k)
= Sop(j).i
= xij(o%)
This gives r (k) = oy for any k, so we can conclude that G is the group generated by the image
of r. Or, equivalently, that C(G) is the Hopf image of p.

We denote by Py the orthogonal projection onto Xy, and by P;; the orthogonal projection
onto X 5 . We have:

Pj=Y_ P

keE;j
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We claim that the representation of Ay (n) associated to the magic decomposition X has a
factorization of the following type:

As(n) M, (C)

l |

C(Sy) — C(G) ——= C()

Indeed, we can define the arrow on the right to be the one given by §y — P, and the other 4
arrows, to be the canonical ones. At the level of generators, we have:

Uij P;j
Xij Xij\(; XE,'j

Thus the above diagram of algebras commutes, as claimed. Now since C(G) is a Hopf algebra,
the Hopf algebra A, we are looking for must be a quotient of it.

On the other hand, A, must be the minimal algebra containing the image of C(S,) by the
bottom map, so we get A, = C(G) as claimed. O

Theorem 2.8. For a magic decomposition X;j, the following are equivalent:

(1) A is commutative.
(2) X = XE for a certain magic partition E.

Proof. Indeed, if A is commutative, its quotient algebra B = C*(P;;) must be commutative as
well. By applying the Gelfand theorem we get an isomorphism B ~ C(I), where [ is a certain
finite set. The magic unitary (P;;) must correspond in this way to a magic matrix of characteristic
functions (x;;), which should come in turn from a magic partition (E;;) of the set /. This gives
the result. O

We discuss now the classification of small order magic decompositions, and the computation
of the associated Hopf algebras. We fix a Hilbert space H.

Theorem 2.9. The 2 x 2 magic decompositions of H are of the form
A B
=5 1)
with H = A @ B. The associated Hopf algebra is C(G), with G € {1, Z,}.
Proof. First, it follows from definitions that X must be of the above form. Since the algebra

generated by the projections onto A, B is of dimension 1 or 2, depending on whether one of
A, B is 0 or not, this gives the second assertion. O
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Theorem 2.10. The 3 x 3 magic decompositions of H are of the form

C®F A®E Bo®D

A®B C®D EOQF
E®D B&F A&C

with H=A & --- ® F. The associated algebra is C(G), with G € {1, Z,, 73, S3}.

Proof. We know from Theorem 1.6 that A (3) is commutative, and it follows that each of its
quotients, and in particular the Hopf image, is commutative as well.

Now by using Theorem 2.8 we get that our magic basis comes from a magic partition. But the
3 x 3 magic partitions are of the following form:

CUF AUE BUD

(AUB cCubD EUF)
EUD BUF AUC

This shows that X is of the form in the statement, which proves the result. O
3. General results

As explained in the previous section, the study of quantum permutation algebras reduces in
principle to that of the magic decompositions of Hilbert spaces.

In this section we present a number of general results, which are essential for this approach.
We discuss first the corepresentation theory of Hopf images.

The tensor powers of a magic unitary U € M, (A) are given by:

®k _ (17, . N L
U =Wijy - Ui )iy, jr i

In other words, the tensor power is the n¥ x n* matrix formed by all the length k products

between the entries of U. Observe that U®* is indeed a magic unitary.

Definition 3.1. Associated to a magic unitary U € M, (A) are the spaces

Hom(U®*, U®") ={T e M,

n'xn

«(©) | TUF =U®'T}
with k, [ ranging over all positive integers.

In the case where U is the magic unitary associated to a quantum permutation algebra, we
have here Woronowicz’s representation theory notions in [53,54].

The main representation theory problem for a quantum permutation algebra is to compute the
above Hom-spaces, for the fundamental magic unitary. The following result from [7] reduces this
abstract problem to a Hilbert space computation.

Theorem 3.2. Given a representation i : Ag(n) — B(H), we have

Hom(u®k, u®l) = Hom(P®k, P®l)

where u is the fundamental corepresentation of the Hopf image, and P;j = 7 (u;;).
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Proof. The idea is that the collection of vector spaces on the right forms a tensor category,
embedded into the tensor category of finite dimensional Hilbert spaces, and the Hopf image can
be shown to be the Tannakian dual of this category, in the sense of [54]. We refer to [7] for full
details regarding this proof. O

As a first application, we will solve now the cocommutative problem. We begin with a tech-
nical result, which is of independent interest, in connection with [15].

Proposition 3.3. If a magic decomposition X is non-degenerate, in the sense that X;; # 0 for
any i, j, then Hom(1,u) = C.

Proof. We apply Theorem 3.2, with k =0 and / = 1. We get that for any column vector T = (;)
we have:

T € Hom(l,u) <= T €Hom(l, P)
<— T=PT
= ti=thPij, Vi
J

Consider one of the n conditions on the right. The projections P;; are pairwise orthogonal,
and by non-degeneracy, they are nonzero. Thus their only linear combinations which are scalars
are those having equal coefficients, and we are done. O

A magic partition (E;;) is called abelian if the associated group G C S, is abelian.
Theorem 3.4. For a non-degenerate magic decomposition X;j, the following are equivalent:

(1) A is cocommutative.
(2) X = XE for an abelian magic partition E.

Proof. (1) = (2) follows from Proposition 3.3. Indeed, in terms of [15], the condition
Hom(1,u) = C means that the fundamental coaction of A is ergodic, so it follows from the
results in there that if A is cocommutative, then it is commutative. Thus we can apply Theo-
rems 2.8 and 2.7, and we get the result.

(2) = (1) follows from Theorem 2.7. Indeed, we know that in the case X = XZ we have
A = C(G). Thus if E is abelian we have A = C*(@), as claimed. O

We discuss now the behavior of the Hopf image with respect to the various product operations
at the level of the magic decompositions, or of the magic unitaries.

The simplest such operation is the tensor product. Given two magic unitaries U € M,,(B(H))
and V € M,,(B(K)), we can form the following matrix:

Wia,jb = Uij ® Vap

It follows from definitions that this matrix is an nm x nm magic unitary over B(H ® K). We
call it tensor product of U, V, and we use the notation W =U Q V.
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Theorem 3.5. The Hopf algebra associated to U @ V is a quotient of A @ B, where A is the
Hopfimage for U, and B is the Hopf image for V.

Proof. The representation of A;(nm) associated to U ® V has a factorization of the following
type:

Ag(nm) B(H® K)

l |

As(n) @ As(m) —= A® B —— B(H) ® B(K)

Indeed, we can define the bottom arrows to be the tensor products of the factorizations asso-
ciated to A, B, and the other arrows to be the canonical ones.

Now since the representation associated to U ® V factorizes through A ® B, we get a mor-
phism as in the statement. 0O

An interesting generalization of the notion of tensor product, to play a key role in what fol-
lows, is the Ditd product. The following definition is inspired from [22].

Definition 3.6. The Ditd product of a magic unitary U € M,(B(H)) with a family of magic
unitaries V1, ..., V" € M,,(B(K)) is the magic unitary given by:

Wia,jb = Uij & V;b
We use the notation W =U ® (V!, ..., V™).

It follows indeed from definitions that the Ditd product is an nm x nm magic unitary over the
algebra B(H ® K). Observe that in the case where the magic unitaries V' are all equal, we get a
usual tensor product of magic unitaries:

UWV,...,V)=UQ®V

In order to investigate the Hopf images of the Ditd products, we will need the following
definition, which makes us slightly exit from the formalism in [7].

Definition 3.7. The common Hopf image of a family of C*-algebra representations
7wt Ag(n) > B with i € [ is the smallest quantum permutation algebra A realizing a factor-
ization Ay(n) — A — B of the representation 7;, for any i € I.

As for the usual notion of Hopf image, this construction is best understood in terms of discrete
quantum groups. Let I" be the discrete quantum group associated to Ag(n), and let I"/A; be the
discrete quantum group associated to the Hopf image A; of the representation ;. With these
notations, we have the following diagram:

As(n) A B
H |

c*() —= C*(I'/JA) —= B
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Now if we look for the discrete quantum group associated to the common Hopf image, this
must be the quotient of I" by the smallest subgroup containing each A;. In other words, the
common Hopf image is simply given by:

A=C*(I'/(Ailie€l))

This explanation might seem of course quite heuristic. The idea, however, is that the common
Hopf image can be constructed by using a suitable ideal, as in [7].

An alternative approach is simply by using the results in [7]: each representation factor-
izes through its Hopf image A;(n)/J;, so the common Hopf image should be As(n)/J, where
J = (J;) is the smallest Hopf ideal containing all the ideals J;.

Theorem 3.8. The algebra associated to U ® (V', ..., V") is a quotient of B x,, A, where A is
the Hopf image for U, and B is the common Hopf image for V', ..., V"

Proof. Let us first look at the free wreath product between Ag(m) and Ag(n). If we denote by
v, u the fundamental corepresentations of these algebras, the product is:

As(m) % As(n) = (As(m)™ 5 Ag(m) /([v%), uij] =0)

It follows from definitions that we can define a map @ : Ay(m) *,, A;(n) > B(H @ K), by
mapping the standard generators in the following way:

D(uij)=U; ®1
o(vi)) =10V},

We claim now that the representation of Ag(nm) associated to U ® (VY ..., V") has a fac-
torization of the following type:

Ag(nm) B(H ® K)

l |

Ag(m) #y Ag(n) —— By A —— B(H) ® B(K)

Indeed, we can define the bottom arrows to be those coming by factorizing @ through the
algebra B *,, A, and the other arrows to be the canonical ones.

Now since the representation associated to the magic unitary U ® (V!,..., V") factorizes
through B *,, A, we get a morphism as in the statement. O

4. Magic bases

We have seen in the previous section that the study of quantum permutation algebras reduces
in principle to that of the magic decompositions of Hilbert spaces.

In what follows we restrict attention to the case H = C". It is technically convenient not to
choose a basis of H, and also to delinearise the 1-dimensional spaces of the magic decomposi-
tion, by having as starting point the following definition.
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Definition 4.1. A magic basis is a square matrix of vectors & € M,,(H), all whose rows and
columns are orthogonal bases of H. Associated to & are:

(1) The magic unitary matrix given by P;; = projection on &;;.
(2) The representation 7 : Ag(n) — B(H) given by 7 (u;;) = P;j.
(3) The quantum permutation algebra A = A, associated to 7.

Observe that in case we have such a basis, H is n-dimensional, so we have an isomorphism
H >~ C". This isomorphism is not canonical.

The basic example comes from the Latin squares. These are the matrices X~ € M, (N) having
the property that all the rows and columns are permutations of 1, ..., n.

We denote by X* the Latin square given by X ,fj =1 when X;; = k. Observe that we have
X** = 3 and also that we have X*' = X'™*, where r is the transposition.

Here is an example of pair of conjugate Latin squares:

1 2 3 45 1 2 3 45
31 2 5 4 4 1 2 5 3
YX=14 51 3 2 =12 51 3 4
2 4 51 3 34 5 1 2
5 3 4 2 1 5 3 4 2 1
If H is a Hilbert space given with an orthogonal basis by, ..., b, and ¥ € M,(N) is a Latin

square, the vectors &;; = by,; form a magic basis of H.
We have the following result, basically proved in [10].

Theorem 4.2. For a Latin magic basis by we have A = C(G), where G C S, is the group
generated by the rows of X*.

Proof. It follows from definitions that the magic decomposition associated to by is the magic
partition decomposition X £, where X; = Chy and E; 7 ={%i;}. Thus we can apply Theorem 2.7,
and we get A = C(G), where G is the group associated to E.

We know that we have G = (01, ..., 0y,), where 0x(j) =i when k € E;;. Together with E;; =
{X;}, this shows that oy (j) is the unique index i € {1, ..., n} such that X;; = k. Thus we have
or(j) = Z‘,jj, S0 oy is the kth row of X*, and we are done. O

We call a Latin square X abelian if the corresponding group G is abelian.
Theorem 4.3. Assume that w : Ag;(n) — M, (C) comes from a magic basis.

(1) A is commutative iff = comes from a Latin square.
(2) A is cocommutative iff T comes from an abelian Latin square.

Proof. (1) This follows from Theorem 2.8, because a magic partition decomposition into
1-dimensional subspaces is a Latin square basis.

(2) This follows from Theorem 3.4, because the magic decompositions associated to the magic
partitions are non-degenerate. [

We discuss now the corepresentation theory of the Hopf image.
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The Gram graph of a magic basis (&;;) is defined as follows: the vertices are the pairs of
indices (i, j), and there is an edge (i,/) — (, j) when (§;, &) #0.
The following statement is inspired from a result of Jones in [31].

Theorem 4.4. The dimension of End(u) is equal to the number of connected components of the
Gram graph of £. Moreover, this dimension is at most n.

Proof. We use Theorem 3.2. For an operator T = (#;;), we have:

T eEndlu) <= T e€End(P)
— Ztikpkj ZZPiktkj
k k
= i = Ztkj (&5, &ir)ik
k

= til&j. &ir) =15, &ir)
>  (tii —t-j) (&, 6ir) =0
In terms of the Gram graph, this shows that the condition 7" € End(u) is equivalent to the
collection of conditions #;; = #,;, one for each edge (i,1) — (r, ).

In other words, the entries of 7 must be constant over the connected components of the Gram
graph, and this gives the first result. The second one follows from it. O

For the computation of higher commutants, the idea is to improve Theorem 3.2, by using the
following magic basis-specific notions.

Definition 4.5. Associated to a magic basis &;; € M,,(H) are:

(1) The Gram matrix, Glj: = (&}, Eap).
: : k — (k- J
(2) The higher Gram matrices, G, ; . = Gi:ikk,ll LG
Observe that we have G* M, (C). Observe also that G is equal to the first higher Gram
matrix, namely G2, but only after a permutation of the indices:

jib _ 2
Gia - Gai,bj

As a first example, for a basis £ = by coming from a Latin square, we have:
jb
Gl = (&ij. &ab)

= (bzl‘jv bEab>

:821'1‘724417
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As for the higher Gram matrices, these are given by:

k _ k-1 J2J1
Gij = Gikik,l "'Gizil

= S(Eikjw Eik—ljk—l) - ‘8(21'2]2’ Eiljl)
=68(Zigjis -+ Zijiy)

Here we use generalized Kronecker symbols, for multi-indices. These are by definition given
by 8(i) = 1 if all the indices of i are equal, and §(i) = O if not.

Theorem 4.6. We have the formula
Hom(u®k, u®l) = {T ‘ T°GK2 = GH'ZT"}
where we use the notation T° =1 T ® 1.
Proof. With the notations in Theorem 3.2, we have the following formula:
Hom(u®k, u®l) = Hom(P®k, P®l)

The vector space on the right consists by definition of the complex n! x n* matrices T, satis-
fying the following relation:

TP = pOIT
If we denote this equality by L = R, the left term L is given by:
Lij= (TP®k)ij
- Y nrg
a

:ZTiaPaljl oo Pay ji
a

As for the right term R, this is given by:
Rij = (P®IT)ij

— Rl

- Zpib T;
b

= Z Pipy - .. Piyp, Ty
b

Since the elements of £ span the ambient Hilbert space, the equality L = R is equivalent to
the following equality:

(Lijgpqv %-rs) = <Rij§pqv érs)
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In order to compute these quantities, we can use the following well-known formula, express-
ing a product of rank one projections Py, ..., Py in terms of the corresponding image vectors

E, ... &

(Pr...Pex,y) =(x, &) (&, Ek—1) - .- (62, E1)(E1, )

This gives the following formula for L:
<Lij";:pq’ rs) = Z Tia(Pa1j1 cee Pakjkgpqv &rs)
a
= Z Tia (Spqv %-akjk> cee (";:aljl s érs)
a
= TG G\ .. GI Gty

= Z TI“G];;; sjq
— (TOGk+2)

rip,sjq

As for the right term R, this is given by:
(Rij€pg: Ers) = Zmlbl o PunEpg, &rs) Thj
—Z %—pqs ";:llbl éllbl»é}’s)Tb]

_Z qbz blbl—l szblelsT

pi; 1111_1 1] ur
_ [1+2 .
= Z Grip.sbg Tbj

b

= (Gl+2T0)rip,sjq

This gives the formula in the statement. O

As a first application, we will solve now the tensor product problem. A tensor product of two
magic bases § =7 ® p is by definition given by &;4 j» = 1ij ® pab.

Theorem 4.7. The Hopf algebra associated to a tensor product € =nQ p is givenby A= BRQC,
where B, C are the Hopf algebras associated to n, p.

Proof. We already know from Theorem 3.5 that we have a morphism B ® C — A. The point is
that, by Tannakian duality, this morphism is injective. Consider indeed the Gram matrices H, L
for n, p. Then the Gram matrix of & is given by:
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jb,JB
Giylia = Gia,jb.§14,7B)

= (Nij ® Pab,N1J ® PAB)
= (Mij, N1J){Pab> PAB)

_ ggJJ1bB
=Hj; Lja

Thus the higher Gram matrices of £ are given by:

Gk ) ] L= o Jkbks k1B B _szbz,jlhl
i1ay...ixag, j1b1 ... jxbx L sl—1ak—1 12daz,11a]
L L
A AL
= Hikl...ik,j| o Jk Lla<1 ...ag,by...by

In other words, we have the following equality:
Gk — Hk ® Lk

Now by applying Theorem 4.6, and by using some standard linear algebra identifications, we
get:

End(u®)={T|1®T ® 1€ (G"*?)'}
=(T[1®T o1 (B © (1447
= End((v @ w)®*)

Here v, w are respectively the magic unitary matrices of B, C. Now by a standard argument,
this equality shows that the morphism B @ C — A is injective on the algebra of coefficients of
the even powers of v ® w. Since we have 1 € v, 1 € w, this subalgebra of coefficients is the tensor
product itself, and we are done. O

We discuss now the classification problem, for small values of n. At n < 3 it follows from
Theorems 2.9 and 2.10 that the only magic basis is the circular one, and that the corresponding
algebra is C(Z,). At n =4 we have the following question.

Problem 4.8. What are the magic bases of C*, and what are the corresponding Hopf algebras?

A large class of examples of such magic bases, which altogether provide a faithful represen-
tation of the algebra A;(4), comes from the Pauli matrices. See [9]. We do not know if we get in
this way all the magic bases at n = 4.

As for the corresponding Hopf algebras, these are all quotients of A(4), so they are subject
to the ADE classification result in [6]. However, even in the case of the magic bases coming from
the Pauli matrices, where some partial results are available [7,10], we do not know exactly how
to perform the computation in the general case.
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Summarizing, the above problem seems to be of great importance in connection with the
previous considerations in [6,7,9,10], and its answer would be probably a kind of ultimate result
regarding the algebra A;(4) and its quotients.

5. Hadamard matrices

In the reminder of this paper we study the magic bases and the corresponding representations
of Ag(n) coming from the complex Hadamard matrices. Most of the preliminary material in this
sense can be found as well in the recent paper [10].

Definition 5.1. A complex Hadamard matrix is a square matrix 47 € M,,(C) whose entries are on
the unit circle, and whose rows are pairwise orthogonal.

It follows from definitions that the columns are pairwise orthogonal as well.

These matrices appeared in a paper of Popa, who discovered that a unitary matrix 2 € M, (C)
is a multiple of a complex Hadamard matrix if and only if the orthogonal MASA condition
A L hAR* is satisfied, where A C M, (C) is the algebra of diagonal matrices [42]. Such a pair
of orthogonal MASA’s produces a commuting square, and the commuting squares are in turn
known to classify the finite depth subfactors [43].

Due to this fact, the classification problem for the complex Hadamard matrices, and the com-
putation of the corresponding algebraic invariants, quickly became key problems in operator
algebras. See Haagerup [26], Jones [31] and the book [32].

For some recent investigations, originating somehow from the same circle of ideas, see Gross-
man and Jones [25]. For a discussion of certain arithmetic aspects, involving arbitrary fields
instead of C, see Bacher, de la Harpe and Jones [2].

The difficulty in the study of complex Hadamard matrices comes from the fact that there is
only one basic example, namely the Fourier matrix.

Definition 5.2. The Fourier matrix is F, = w~DU=D where w = ¢27i/",

The terminology comes from the fact that F;, is the matrix of the discrete Fourier transform,
over the cyclic group Z,. We will come back later to this fact, with the remark that the quantum
group associated to F), is indeed Z,,.

Here are the first three Fourier matrices, with the notation j = e2mi/3.

T B
e (11 o i b P R AR
2=\ 4 =\ ) A I T T R

7o 1 —i -1 i

Observe that F), has the property that its first row and column consist only of 1’s. This is due
to the exponent (i — 1)(j — 1) instead of ij, in the above definition.
This normalization can be in fact always done, up to equivalence.

Definition 5.3. Let %, k be two complex Hadamard matrices.

(1) h is called dephased if its first row and column consist only of 1’s.
(2) h,k are called equivalent if one can pass from one to the other by permuting the rows or
columns, or by multiplying them by complex numbers of modulus 1.
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Observe that any complex Hadamard matrix can be supposed to be in dephased form, up to
the above equivalence relation. With a few exceptions, we will do so.

Note that we do not include the transposition in the above operations. This is because at the
level of associated Hopf algebras, the transposition corresponds to a highly non-trivial opera-
tion, making correspond for instance algebras of type A x,, B to algebras of type B %, A. See
Section 11 below for a concrete such example.

One can prove that at n = 2,3 the Fourier matrix is the only complex Hadamard matrix,
modulo equivalence. At n = 4 we have the following general example, depending on a complex
parameter on the unit circle, |g| = 1:

1 1 1 1
I ¢ -1 —¢q
1 -1 1 =1
1 —q -1 ¢

9 _
F22_

The notation comes from the fact that at ¢ = 1 we get a matrix which is equivalent to > ® F>.
Observe also that at ¢ =i we get a matrix which is equivalent to Fj.

At n =5 we have the Fourier matrix, based on the root of unity w = e?7#/3:

1 1 1 1 1
1 w w? w w
Fs=11 w? wt w  wl
1 v w w w
1 w* w wr w

The following remarkable result is due to Haagerup [26].

Theorem 5.4. At n = 2,3,4,5 the above matrices F,, F3, F2qz, Fs are the only complex
Hadamard matrices, modulo equivalence.

At n = 6 the situation is much more complicated. First, we have the Fourier matrix, based on
the root of unity w = — j2, where j = ¢>7%/3:

11 1 1 1 1
1 —j2 j =1 j* =
N I Y A S B A &
Fe={, 21 7 -1 1 I
(N EE S B
1= j* -1 —j?

As it was the case with Fy, this matrix can be deformed, with the space of parameters con-
sisting this time of twice the product of the unit circle with itself. This deformation appears as
particular case of a quite general construction, to be discussed later on.



T. Banica et al. / Journal of Functional Analysis 257 (2009) 2864-2910 2885

A first matrix which is not equivalent to Fg, nor to its deformations, is the Tao matrix [48],

based on the root of unity j = e>7/3:
1 1 1 1 1 1
Loy
r—|! 7 1 ot
(U S N A &
IS L N B
A A A

Another remarkable example, this time depending on a complex parameter |g| = 1, is the
following matrix, constructed in [26] at ¢ = 1, and in [22] for any |g| = 1:

HY

— e e
~
|
~
|
—
|
<
Q

Yet another example, this time with circulant structure, is the Bjorck—Froberg matrix [18],
built by using one of the two roots of a2 — (1 —v/3)a+ 1 =0:

1 ia —a —i —a ia
ia 1 ia —a —i -—a
BF — —c_.z ic_l_ .1_ ia —a —i
—i —a ia 1 ia —a
—a —i —a ia 1 ia
ia —a —i —a ia 1

The classification problem is open at n = 6, where a certain number of results are available
[12,39,45]. The main result so far concerns the self-adjoint case [11].
At n =7 we have the following matrix, discovered by Petrescu [41]:

1 1 1 1 1 1 1
1 gqw quw* w w w w
1 guw* qw w w w w
Pi=11 w v gw guw* w w
1w w gwt qgw w W
1w W w w  wt ow
1w w w wd ow wt

Here w = ¢27/®_ This matrix, a non-trivial deformation of prime order, was found by using a
computer program, and came as a big surprise at the time of [41].

At n =7, or bigger, very less seems to be known. A number of abstract or concrete results
here are available from [17,19,23,27,38,40,46,47].
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6. Symmetry algebras

We will associate now a quantum permutation algebra to any complex Hadamard matrix. Let
h € M,(C) be such a matrix, and denote its rows by Ay, ..., h,. The entries of /& being ele-
ments on the unit circle, they are invertible. Thus A1, ..., h, can be regarded as being invertible
elements of the algebra C”.

Proposition 6.1. The vectors &;j = h; / h; form a magic basis of C".

Proof. The Hadamard condition tells us that the scalar products between the rows of / are given
by (h;, hj) = nd;;. Thus the scalar product between two vectors on the same column of £ is given
by:

(&ij, &kj) =i/ hj, hi/hj)
=n(h;, hy)
= n2 Sik
A similar computation works for the rows, and we are done. O

We can therefore apply the general constructions in Section 4. It is convenient to write down
the definition of all objects involved.

Definition 6.2. Let 1 € M,,(C) be a complex Hadamard matrix.

(1) hy,...,h, are the rows of &, regarded as elements of C".

(2) & is the magic basis of C" given by &; =h;/h;.

(3) P is the orthogonal projection on &;;.

(4) m: Ay(n) — B(H) is the representation given by 7 (u;;) = P;;.
(5) A is the quantum permutation algebra associated to .

As explained in the introduction, this construction has been known for some time, but the
whole subject is quite slowly evolving. The idea is that the quantum permutation group G asso-
ciated to the algebra A encodes the “quantum symmetries” of %, and the hope would be that the
quantum permutation groups could be used in order to approach the main problems regarding
the complex Hadamard matrices.

We begin our study by carefully reviewing the material in [10], by using the abstract machin-
ery developed in the previous sections.

Proposition 6.3. The construction h — A has the following properties:

(1) For the Fourier matrix F, we have A = C(Zy,).
(2) For a tensor producth =h' @ h" we have A=A" @ A”.

Proof. (1) The Fourier matrix is formed by the powers of the root of unity w = ¢**//”_ In terms
of the vector p = (1, w,...,w"’l), the rows of h = F, are the given by h; = pi’l, so the
corresponding magic basis is given by &;; = 0~/ . But this is a Latin magic basis, and by applying
Theorem 4.2 we get the result.
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(2) It follows from definitions that at the level of associated magic bases we have &£ =&’ ® £”,
so by applying Theorem 4.7 we get the result. O

As a consequence of the above two results, for a tensor product of Fourier matrices, the cor-
responding quantum permutation algebra A is commutative. As pointed out in [10], the converse
holds, and in fact, we have the following general result.

Theorem 6.4. For an Hadamard matrix, the following are equivalent:

(1) A is commutative.

(2) A is cocommutative.

3) A= C(Zp, X -+ X Ly,), for some numbers ny, ..., n.
4 h~F, ®---QFy,, for some numbers ny, ..., ng.

Proof. (1) = (4) follows from Theorem 4.3. Indeed, if A is commutative then the corresponding
magic basis must come from a Latin square, and a direct computation, performed in [10], shows
that F must be a tensor product of Fourier matrices.

(4) = (3) follows from the above two results.

(3) = (2) is clear.

(2) = (1) follows from Theorem 4.3. O

We discuss now the computation of the Hom-spaces for the fundamental corepresentation. The
following result has been basically known since [3]. In its subfactor or planar algebra version,
the result has been known for a long time, see [31,32].

Theorem 6.5. We have T € Hom(u®*, u®') if and only if T°G**? = G!*2T°, where:

(D) T°=id®T Qid.
@) G2 =30 hish jha b

k _ (k-1 J2Jt
(3) Gil...ik,j|...jk T Mpig—1 "'Gi2il :

Proof. This follows indeed from Theorem 4.6. For a basis &;; = h;/h; coming from an
Hadamard matrix, we have:

Gly = (ij. £ab)
= ((hi/ ks (har/ hpiok)
=Y hikhjchakhi
k=1

This gives the result. O

We discuss now the various product operations for complex Hadamard matrices. Observe that
the tensor product problem has already been solved.
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The following product operations, the first one due to Ditd [22], and the second one being
inspired from it, will play a key role in what follows.

Definition 6.6. We have the following product operations:

(1) The Dita product of an Hadamard matrix & € M,,(C) with a family of Hadamard matrices
Kkt e My (C)is h® (KL, ... k") = (hijk),)ia. jb-

(2) The Ditid deformation of a tensor product 2 ® k € My, (C), with matrix of parameters [ €
My xn(T),i8 h @1 k = (hijlajkap)ia, jb-

The above operations are both given in a compact form, by using some standard tensor product
identifications. For practical purposes, however, the usual matrix notation is more convenient. In
matrix notation, the Ditd product is given by:

" ) (h”kl hlnk”)
he k', ... M= ... ... ..
hok' .. hpak"

As for the Ditd deformation, this is by definition the following Ditéd product:

litkiy ... Dhikim linkiy oo linkim
hQk=hQ® s
lmlkml cee lmlkmm lmnkml cee lmnkmm

It is possible of course to further expand the Ditd product, see Section 10 below.

Observe that these notions generalize the usual tensor product, because & ® k is equal to
h@rk=hQ (k,...,k), where I is the matrix filled with 1’s.

The Dita product can be, however, a quite complicated construction.

Proposition 6.7. quz is a Ditd deformation of Fr» @ F».

Proof. Consider indeed the following Ditd deformation:

w=(1 4)ean ()

In Dita product notation, this matrix is given by:

= )e(( )G L))

Thus we have the following formula:

1 1 1 1
1 -1 ¢q —gq
q _
W= 1 1 -1 -1
1 -1 —qg ¢

The matrix on the right being equivalent to quz» this gives the result. O
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Observe that in the above example, the first row and column of the parameter matrix / consist
only of 1’s. This normalization can be made as well in the general case.
The following result should be related to the considerations in [21].

Theorem 6.8. We have the following results:

(1) The algebra associated to h ® (k', ... k") is a quotient of B %, A, where A is the algebra
associated to h, and B is the algebra associated to Kk

(2) The algebra associated to h ®; k is a quotient of B *,, A, where A is the algebra associated
to h, and B is the algebra associated to k.

Proof. This follows from Theorem 3.8, due to the compatibility between the Ditd products of
Hadamard matrices, and of magic unitaries. O

Problem 6.9. For which Dita deformations is the associated algebra isomorphic to the ambient
free wreath product?

We believe that this happens for instance when the matrix of parameters / is generic. Here by
“generic” we mean for instance having the entries algebraically independent over Q, but some
weaker conditions are actually expected to be sufficient.

This conjecture is verified for i = k = F5, thanks to the computations in [10].

The natural idea for verifying the conjecture would be via Tannakian duality, but the Tan-
nakian description of the free wreath products is not available yet. So far we have only a
conjecture in this sense, regarding the dimensions of the Hom-spaces [5].

7. Butson matrices

Most of the examples of Hadamard matrices given in Section 5 are based on certain roots of
unity. We have here the following definition.

Definition 7.1. The level of a complex Hadamard matrix & € M, (C) is the smallest number
le{l,2,..., 00} such that all the entries of & are /th roots of unity.

Here we agree that a root of unity of infinite order is simply a number on the unit circle. The
level of a complex Hadamard matrix 4 will be denoted (/).

The matrices having level / < oo were first investigated by Butson in [20]. In this section we
discuss the main combinatorial problems regarding such matrices.

Definition 7.2. The Butson class H, (/) consists of Hadamard matrices in M,,(C) having as en-
tries the /th roots of unity. In particular:

(1) H,(2) is the set of all n x n real Hadamard matrices.
(2) H,(]) is the set of n x n Hadamard matrices of level I'|l.
(3) H,(00) is the set of all n x n Hadamard matrices.
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The basic problem regarding the Butson matrices, that is related as well to the present Hopf
algebra considerations, is the characterization of the pairs (n,/) such that H,(l) # 0. We have
here the following fundamental result, due to Sylvester [44].

Theorem 7.3. If H,,(2) # () then n =2 or 4|n.

Proof. Let h € H,(2), with n > 3. By using the equivalence relation, we may assume that the
first three rows have a normalized block decomposition, as follows:

1 1 1
I -1 -1
1 -1 1 -1

Now let a, b, ¢, d be the lengths of the blocks in the third row. The orthogonality relations
between the first three rows givea+b=c+d,a+c=b+d and a +d = b + ¢, so we have
a =b =c=d, and we can conclude that we have 4|n. O

The Hadamard conjecture, named after [28], states that the converse of the above result is true:
if 4|n then H,(2) # (. This question is reputed to be of remarkable difficulty, and the numeric
verification so far goes up to n = 664. See [33,37].

For general exponents [ > 2, the formulation of such conjectures is a quite delicate problem,
because there are many obstructions on (n, [), of quite different nature.

The basic result here, coming from the results of Lam and Leung in [35], is as follows:

Theorem 7.4. If H,(I) # ¥ and | = p‘lZl ...ps* thenn € pyN+ -+ p;N.

Proof. The simplest particular case of this statement is the condition “/ = 2 implies 2|n”’, weaker
than the Sylvester obstruction, and whose proof is elementary. As pointed out by Butson in [20],
a similar argument applies to the general case where [ = p is prime. Moreover, as observed by
Winterhof in [52], the case [ = p? is similar.

In the general case, the idea is the same: the obstruction comes from the orthogonality of the
first two rows. Indeed, this orthogonality condition tells us that in order to have H, (/) # 0, the
number n must belong to the following set:

Alz{neN‘Elwl,...,wn, wf:l, ZwizO}

For p prime, we call p-cycle the formal sum of all roots of unity of order p, that might be
globally rotated, i.e. multiplied by a complex number of modulus 1. Since the actual sum of a
cycle is 0, we have py, ..., py € Aj, so we get:

piIN+---+pNC A

The point is that, by the general results of Lam and Leung in [35], this inclusion is an equality.
Thus the condition n € A is in fact the one in the statement. O
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In order to get more insight into the structure of Butson matrices, we have to understand the
precise meaning of the Lam—Leung result. The situation is as follows:

At s = 1, 2 this follows from a finer result, stating that any vanishing sum of /-roots of unity
can be decomposed into cycles. The proof of this latter result is elementary at s = 1, and follows
from a routine computation at s = 2.

At s = 3 the situation becomes considerably more complicated, because there exist vanishing
sums which do not decompose into cycles. The idea is that given any three prime numbers p, g, r,
we can produce a “non-trivial” vanishing sum by substracting a p-cycle from a suitable union of
g-cycles and r-cycles.

Here is the simplest example of such a sum, with w = ¢27/30;

S=wS+wl + w24+ w4 w4
The fact that S vanishes indeed can be checked as follows:

S

w6+w12+w18+w24)+(w5+w25)
w0+w6+w12+w18+w24)+(w5+w15+w25)_(w0+w15)

0

However, by drawing the elements of S on the unit circle, we can see that S cannot decompose
as a sum of cycles. Observe however that the length of this “non-trivial” vanishing sum is 6 €
2N + 3N + 5N, as predicted by the general results in [35].

As a conclusion, the following happens: “a vanishing sum of roots of unity has the same
length as a sum of cycles, although it is not necessarily a sum of cycles”.

These considerations suggest the following definition.

Definition 7.5. A Butson matrix is called regular if the scalar product of each pair of rows de-
composes as a sum of cycles.

In other words, associated to a given matrix & € H, (/) are the n(n — 1)/2 relations stating
that the rows are pairwise orthogonal. Each of these relations is a vanishing sum of [-roots of
unity, and the regularity condition is that each of these vanishing sums decomposes as a sum of
p-cycles, with p ranging over the prime divisors of /.

The point is that all the known examples of Butson matrices seem to be regular. For instance
for the Petrescu matrix P?, each vanishing sum coming from the orthogonality of the rows
consists of two 2-cycles and a 3-cycle.

Conjecture 7.6. The regularity condition is automatic.

This conjecture is of particular interest in connection with the Lam-Laung obstruction, be-
cause for a regular matrix, the obstruction is trivially satisfied. In other words, this conjecture
would provide a substantial extension of the Lam—Laung obstruction.

Observe that, according the considerations preceding Definition 7.5, the conjecture holds for
any h € H, (l), with [ having at most 2 prime factors. However, once again by the above consid-
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erations, a new idea, which must be Hadamard matrix-specific, would be needed for exponents [
having at least 3 prime factors.

We discuss now some other obstructions on (7, [). A basic obstruction, coming this time from
all the rows, is the following one, due to de Launey [36]:

Theorem 7.7. If H,,(I) # ¥ then there is d € Z[e*™'/!] such that |d|* = n".

Proof. This follows from hh* = nl,, by applying the determinant: indeed, we get |det(h)|> = n".
The corresponding obstructions on (I, n) are of quite subtle arithmetic nature, the simplest con-
sequence being “/ = 6 implies n # 5”. See de Launey [36]. O

Finally, we have the following obstruction, due to Haagerup [26]:
Theorem 7.8. If H5(l) # O then 5|.

Proof. This follows from Haagerup’s classification results in [26]. Indeed, since the Fourier
matrix Fs is the only complex Hadamard matrix at n = 5, up to equivalence, each matrix h €
Hs(l) must be obtained from it by permuting the rows and the columns, or by multiplying them
by certain roots of unity. In terms of levels, this gives /(Fs)|l/(h), and from [(F5) =5 and [(h)|!
we get the result. O

We would like to present as well the following original result, that we found by carefully
looking at the proof of the Sylvester obstruction.

Theorem 7.9. Assume H, (1) # .

(1) Ifn=p+2with p >3 prime, then | # 2p".
(2) Ifn=2q with p > q >3 primes, then | # 2% p®.

Proof. We use the logarithmic writing for the elements of H,(/), with numbers k € {0, 1, ...,
[ — 1} standing for the corresponding roots of unity e**7/! Assume that a matrix A contradicting
the statement exists, and write it in logarithmic form.

(1) We know that each row of / contains one 2-cycle and one p-cycle. The two elements
of the 2-cycle have opposite parities, while the elements of the p-cycle have the same parity.
Therefore, each row of & has either exactly one odd entry or exactly one even entry. Moreover,
the same applies to the difference between rows, since rows correspond to pairwise orthogonal
vectors.

Let Ly, L, be two rows of &. We have 3 cases:

Case 1. If L1 and L, both have exactly one even entry, then Ly — L1 has either no odd entry,
if the even entries of L and L; are at the same position, or exactly two odd entries, if these even
entries are at different positions.

Case 2. The same holds if L and L, both have exactly one odd entry.

Case 3. If L has exactly one even entry, and L, has exactly one odd entry, then L, — L1 has
either no even entry, if the positions correspond, or exactly two even entries, if the positions are
different.
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We can see that in all the three cases, L, — L1 cannot have either exactly one odd entry or
exactly one even entry, a contradiction.

(2) We know that each row of 4 is a union of 2-cycles and of p-cycles. Since p > ¢, there
can be no p-cycle, since one p-cycle would leave an odd number of elements which cannot be
grouped in 2-cycles. So, each row of % is a union of 2-cycles.

The same argument shows that the difference between two rows is also a union of 2-cycles.
Thus the reduction of 4 modulo 2 is a real Hadamard matrix, so the usual Sylvester obstruction
applies, and shows that there is no such matrix, since ¢ is odd. O

We are now in position of evaluating the “strength” of our set of obstructions. The relevant
quantity here is the pair (N, L) such that “for any n < N,[ < L, either H,(I) # ¢ due to an
explicit example, or H, (/) = ¢ due to one of the obstructions”. Here the pair (N, L) is chosen
as for N 4+ L to be maximal, and by using maximality with respect to the lexicographic order, in
the case of ambiguity.

With the above set of obstructions we have (N, L) = (10, 14), and the result is best stated as
follows.

Theorem 7.10. For any n < 10 and | < 14, one of the following happens:

(1) Either H,(l) # O, due to an explicit example X,ZI e H,(]).
(2) Or H,,(I) =0, due to one of the above obstructions.

Proof. We use the following notations for the various known obstructions:

(1) o denotes the Lam—Leung obstruction (Theorem 7.4).

(2) o; denotes the de Launey obstruction (Theorem 7.7).

(3) op denotes the Haagerup obstruction (Theorem 7.8).

(4) oy denotes the Sylvester obstructions (Theorems 7.3 and 7.9).

Also, we denote by H, P the Haagerup and Petrescu matrices, taken at ¢ = 1, and for
ki,..., ks €{2,3} we use the notation Fy, x, = Fy, @ -+ Q Fg,.

We claim that we have the following table, describing for each n, [ as in the statement, either
an explicit matrix in H, (), or an obstruction which applies to (n, [):

n\l 2 3 4 5 6 7 8 9 10 11 12 13 14
2 F o P o F o F o F o F o F
3 o F3 o o F3 o o F3 o o F3 o o
4 F» ° F» ° F» ° F» o F» o F» o F»
5 o o o Fs o; o o o Fs o op o o
6 oy T H o T o H T oy o T o oy
7 o o o o P F7 o o oy o P o F7
8 Fap o Fap o Fap o Fap o Fpy o Fapp o Fan
9 o F33 ) o F33 o ) F33 XéO ) F33 o oy
10 og o XAI‘O X?O X?O o X?O o Fio o XAI‘O o o
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Indeed, the missing matrices can be chosen, in logarithmic notation, as follows:

0000O0O0OGOOO 0O

82222822? 0233331111
0457135090 032 1 133311
0375180935 03 12313131
x—1o9 15537 27 x40 313211313
9 095135176 10 03311211323
017961553 0133 112331
0794053 351 0131313213
05297731 s 01 13133123
01 11331332

0000O0O0OGOOO OO0 0000O0O0OGOOO 0O
00 1 12233 44 0415313351
01 03 2 41 423 01 23551353
01 3 4310242 0532153531
e 0230134124 56 0351411533
0=0o 2 42013 431 0=10 333330000
0 3 12404213 01 1534302 4

0 3 2 41 42301 01 53524320
0421431032 0535120723 4

0 4 43322110 0351 1 44203

This justifies the above table, and we are done. O

We do not know what happens at n < 10 and / = 15, nor about what happens at n = 11
and [/ < 14. In each of these two cases, after applying the obstructions, remembering the known
examples, and constructing some more examples by using our home software, one case of the
extended table is left blank.

8. The Tao matrix

Thanks to Haagerup’s classification result in [26], all the complex Hadamard matrices are
known at n < 5. As explained in Section 5, at n = 6 the general classification of complex
Hadamard matrices looks like a difficult task. See [11,12,39,45].

The point, however, is that the matrices in the Butson class can be fully classified at n = 6.
This will be basically our goal for this section, and for the next two ones.

In this section we find an abstract characterization of the Tao matrix:

1 1 1 1 1 1
LR
HEREE! L
™=l 20 5 p
A A R,
T I T I

We denote by T the unit circle, and we use rectangular matrices over it, with the equivalence
relation in Definition 5.3.
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Lemma 8.1. Let h € M36(T) be a matrix having the property that each of the 3 scalar products
between its rows is of the form x + jx + P2x +y+ jy+ j%y, for some x,y € T. Then modulo

equivalence we have either
1 1 1 1 1 1
h:(l i jtor jr j2r>
L2 g s s

for some r,s € T, orall 18 entries of h are in {1, j, jz}.

Proof. By using the equivalence relation, we may assume that our matrix if of the following
form, where the underlined numbers are taken up to permutations:

1 1 1
h:(l jr jzr)
1 o s

We will use several times the procedure consisting in “using the equivalence relation, plus
rescaling the parameters”, to be referred to as “arrangement” of the matrix.

These arrangements will all be done by keeping the first row of & fixed. So, let us denote by
K’ the matrix formed by the second and third rows of A:

wo (Y J it ogr g
Lg% s s jis
We denote by P the scalar product between the two rows of &'.
We have 3 cases, depending on how j, ﬁ are positioned with respect to j, jZ.

|~ ~. —
~. ~.

| SR R
|2 N =

Case 1: j, j* are below j, j2. We have two cases here:

Case 1.1_: i , ﬁ are below j, j 2 in order. After arrangement, the matrix is:
wo (Y J it ogr g
gt s gs it

Since P=1+1+1+---, there is no solution here.
Case 1.2 j, ﬁ are below j, j2, in reverse order. After arrangement, we have:

(Vg
A

The solution here is the matrix in the statement.
Case 2: one of l , ﬁ is below one of j, j 2 and the other one is not. We have two cases:

Case 2.1: j is under j, or j2 is under j2. In the first case, the arranged matrix is:

R S A L T
Ljos s g2

Thus we must have r, s € {1, j, jz}. The other case, ﬁ under j2, is similar.
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Case 2.2: j is under j2, or j? is under j. By interchanging the second and the third row, we
may assume that j is under j. After arrangement, the matrix is:

(1 G jr P
Lsos s It
Once again we conclude that the 18 entries of 4 must be in {1, j, j2}.
Case 3: j, j2 are not under j, j2. After rescaling r, s, we may assume that J 1s under r and

that s is under J, and we have two cases:
Case 3.1: under j2 we have js. The matrix is:

(Vi P
h' = . . %) %)
1 s js Jjo s
By examining P we conclude that we have either a particular case of the general solution in

the statement, or we are in the situation r, s € {1, j, j2}.
Case 3.2: under j2 we have j2s. The matrix is:

(Vi P
lsjzsjjjs

o~

Once again, by examining P we conclude that we have either a particular case of the general
solution in the statement, or we are in the situation r, s € {1, j, j 2}. O

Lemma 8.2. Let h € Max6(T) be a matrix having the property that each of the 6 scalar products
between its rows is of the form x + jx + j>x + vy + jy + j2y, for some x, y € T. Then modulo
equivalence, all 24 entries of h are in {1, j, j}.

Proof. We apply Lemma 8.1 to the first three rows, and then we multiply the fourth row by a
suitable scalar, as for the matrix to become dephased. We denote by 4’ the matrix obtained by
deleting the first of 1’s, which must look as follows:

(A S S [ s
W=[1 j* j s j% js
LA S A

We denote by Py, P the scalar products of the third row with the first two rows, and we use
the same conventions as in the proof of the previous lemma.
We have three cases, depending on where j, ] are positioned:

Case 1: 2 are in the second and third column. By symmetry we can assume that j, j2
appear in thls order and we can arrange the matrix as follows:

1y G o gr %
=1 j? j2 s j%s s
1o e i

We have Py =1+ 1+ 1+ ---, so there is no solution here.
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Case 2: one of j, j? is in the second or third column, and the other one is not. By symmetry
we can assume that i is in the second column, and the arranged matrix is:

We have Py =1+ 1+---,so P; must be of the form 1 + 1+ j 4+ j + j> 4 j2, and it follows
that we have r, t € {1, j, jz}. In the case t = j2 we get back to Case 1, and we are done. In the
caset € {1, j} wehave Py =1+ j+ ji+---, with ji # j?, so the missing j> term of P, must
come from a scalar product coming from one of the last three columns. But this means that we
have s € {1, j, j2}, and we are done again.

Case 3: none of j, j2 is in the second or third column. In this case we can arrange the matrix
in the following way:

Ly g2 o gro g
h’=(1 2 i s jks js)
Loje o jo R
We have Py =147 +7+---,so P, must be of the form 1 + 1+ j + j + j> + j2, and it
follows that we have r, ¢ € {1, j, j2}. In the case t = 1 we get back to Case 1, and we are done.
In the case ¢ € {j, j2} we have P, = 1 + ji + j2i..., with 1 € {jf, j?}, so P> must be of the
form 1+ 1+ j +j+ j%>+ j> Thus s € {1, j, j*}, and we are done. O

Theorem 8.3. The Tao matrix T € Mgxe(T) is the only complex Hadamard matrix at n = 6
having the property that all 15 scalar products between its rows are of the form x + jx + j2 x+
y+ jy+ j*y, for some x,y €T.

Proof. We know from Lemma 8.2 that any Hadamard matrix % as in the statement must have
all its entries in {1, j, j}. The idea will be to reconstruct this matrix, by starting with the first 2
rows, then by adding 4 more rows, one at a time.

First, by using the equivalence relation, we can assume that the matrix 4y € M>«6(T) consist-
ing of the first two rows of 4 is as follows:

h_<111111>
T\ g

When trying to add one more row to this matrix, under the assumption in the statement, the
solutions modulo equivalence are:

1 11 1 1 1
h3=(111 i J? 12)
Ljo1 2 g2

[ T R T T
=1 1 j j j° jz)
Lo
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Since the problem is symmetric in j, j2, we may assume that we are in the first case. Now
when trying to add a fourth row to this matrix, the solutions are:

11 1 1 1 1
L 11y i
4= . . .

1 j 1 2

1 j 21 g oj?

11 1 1 1 1
L I R A
4= . . .

I S U E R S

12 2 1

11 1 1 1 1
L | S U B N E O &
4= . ;

1 j 1 2 2

[ B LR |

Let us try now to construct the full 6 x 6 matrix. Since the same row cannot be added several
times, the above three solutions for the 4th row are in fact the solutions for the 4th, 5th and 6th
row, and we obtain the Tao matrix as claimed. O

9. The Haagerup matrix

In this section we find an abstract characterization of the Haagerup matrix:

H?=

— e e
~
~
|
—
|
BN
<

We denote by T the unit circle, and we use rectangular matrices over it, with the equivalence
relation in Definition 5.3.

Lemma 9.1. Let h € M346(T) be a matrix such that each of the 3 scalar products between its
rows is of the form x —x +y — y + z — z. Then modulo equivalence we can assume that the first
row consists of 1’s, and the rest of the matrix is of type
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(1 -1 i —i qg —q
hs = (1 —i i -1 —q ¢ )
(1 =i —1 i q —q
ha = (l -1 —q —iq iqg ¢ )
for some q € T.

Proof. We use the various conventions in Lemma 8.1. After assuming that the first row consists
of 1’s, the rest of the matrix looks as follows:

h/zl—la—ab—b
I =1 x —x y -y
We denote by P the scalar product between the rows of h’. We have two cases, depending on
where the missing —1 entry of P comes from.

Case A: assume first that the missing —1 entry of P comes from a product involving the
entries —1 or —1. After arrangement, the matrix becomes:

h,_l—la—ab—b
“\1 1 -1 x -1 —x

We have P =1—1—a —ax — b+ bx, and the solution is of type h;:

W= 1 -1 a —a ia -—ia
1 1 -1 i =1 —i
Case B: assume now that the missing —1 entry of P comes from a product not involving the
entries —1 or —1. After arrangement, the matrix becomes:

h,_l—la—ab—b
"\l -1 x —x =b b

We have 3 cases, depending on where —1 is located:
Case 1: —1 is under —1. The matrix becomes:

W= 1 -1 a —a b —b
“\1 -1 x —x —b b
Since P already contains the numbers 1, 1, —1, we have several cases, depending on where
the missing number —1 comes from, and the solution is of type /3:

W= 1 -1 a —a ia —ia
"\l -1 —ia a —a ia

Case 2: —1 is under —a. The matrix becomes:

h/_l—la—ab—b
"\l —x x -1 =b b
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Since P already contains the numbers 1, —1, a, we have several cases, depending on where
the missing entry —a comes from. After arrangement, these cases are:
Case 2.1: —a comes from —x under —1. The solutions are of type A3, h4:

h/:<1 -1 i —i b —b)
1 —i i -1 —=b b
=07 L0 5T
Case 2.2: —a comes from —b under —1. The solution is of type h;:
S
Case 2.3: —a comes from x under a. The solution is of type h;:
=0 AT
Case 2.4: —a comes from —x under —b. The solution is of type h4:
b (1 -1 i =i b —b)
1 =b —ib -1 ib b
Case 3: —1 is under b. The matrix becomes:
h/=(1 -1 a —a b —b)
I x —x =b -1 b
Since P already contains the numbers 1, —1, —b, we have several cases, depending on where

the missing entry b comes from. After arrangement, these cases are:
Case 3.1: b comes from —x under —1. The solution is of type A;:

(1 =1 a —a i —i
h_<l i - —i -1 i)

Case 3.2: b comes from x under a. The solutions are of type h4, h3:
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Case 3.4: b comes from —b under —a. The solution is of type A1:

, (1 -1 -1 1 i =i
W= (1 x —x =i =1 i )
This finishes the proof. 0O

Theorem 9.2. The Haagerup matrix H1 € Mgxe(T) with g € T is the only complex Hadamard
matrix at n = 6 having the property that all 15 scalar products between its rows are of the form
xX—x+y—y+z—z forsomex,y,zeT.

Proof. Let & be a matrix as in the statement, assumed to be dephased.

By applying Lemma 9.1 to all the 3 x 6 submatrices of /&, we deduce that all the entries of &
are in {*1, +i, +q, +iq}, forsome g € T.

Moreover, from the structure of the explicit solutions in Lemma 9.1, we deduce that the rows
can fall into 3 classes, depending on number of ¢’s, which can be 0, 2, 4.

We also know from Lemma 9.1 that the 0, 2, 4 possible g parameters on different rows can
overlap vertically on 0 or 2 positions. This leads to the conclusion that our matrix has a 3 x 3
block decomposition, of the following form:

A B C
h:(D xE yF)
G zH tI

Here A, ..., I are 2 x 2 matrices over {£1, i}, and x, y, z,t are in {1, q}. A more careful
examination shows that the solution must be of the following form:

A B C
G qH g¢ql

More precisely, the matrix must be as follows:

-1 g —ig ig —q
-1 —-q iqg q —ig

1 1 1 1 1 1

1 1 —i i -1 -1
e T A

1 —i i -1 —iq igq

1 .

1

By multiplying the rows by suitable scalars, we have:

1 1

i i

1
1
1
- -1 1 i —q q
q
q
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By permuting the first two columns with the middle two columns, we get:

1 1 1 1 1 1

1 -1 i i =i =i
11 i -1 —i g —q
h= 1 i —-i -1 —g ¢
qg —ig 1 -1 iqg —q

q —ig —1 1 —q igq

But this is precisely the Haagerup matrix with the last two rows multiplied by ¢, and we are
done. O

10. Dita deformations

We know from the previous sections that the Tao and Haagerup matrices T and HY are
uniquely determined among the 6 x 6 complex Hadamard matrices by the nature of the 15
scalars products between the rows. For the Tao matrix all these scalar products are of the form
x4 jx+jx>4+y+jy+ jy*, with j = ¢?*/3 and for the Haagerup matrix these scalar products
are of the formx —x+y—y+z—z.

In this section we investigate the “mixed” case, where both types of scalar products appear.
We will show that the only solutions are the Ditd deformations of Fg.

We have two proofs for this result, none of which is really satisfactory. The first proof is based
on a number of “reductions” of arithmetic nature, basically asserting that: (1) in order to classify
the regular matrices we can restrict attention to the regular matrices in the Butson class, and (2) in
order to classify the regular Butson matrices at n = 6 we can restrict attention to the matrices in
He (30). This latter problem can be solved by a computer, and the solutions that we found are
indeed the two Dita deformations of Fg. However, the arithmetic reduction part is quite delicate
to justify, and the use of the program at the end is not very satisfactory. We intend to explain,
refine and generalize this approach in some future systematic work on the regular matrices.

The second proof that we have is in the spirit of those given in the previous two sections, with
the important difference, however, that it is much more complex. The point is that the “mixed”
case requires a whole sequence of lemmas in the spirit of Lemmas 8.1, 8.2 and 9.1, basically one
for each possible configuration, from the point of view of the scalar products, of matrices having
3 or 4 rows.

In what follows we will present the main ideas of this second proof, by skipping a number of
technical details. We begin with some definitions.

Definition 10.1. Let P = (1, v) be a scalar product, with u, v € T°.

(1) We say that P is binary if itis of the foomx —x +y —y+z —z.
(2) We say that P is ternary if it is of the form x + jx + j)c2 +y+jy+ jyz.

Assume now that we have a “mixed” matrix 7 € Mg(T), in the sense that all 15 scalars prod-
ucts between rows are binary or ternary, and that both the binary and ternary cases appear. We
associate to /1 a colored graph X, in the following way: X is the complete 6-graph having as
vertices the rows of &, and each edge is colored 2 or 3, depending on whether the corresponding
scalar product is binary or ternary.



T. Banica et al. / Journal of Functional Analysis 257 (2009) 2864-2910 2903

Lemma 10.2. Let h € Mg(T) be a mixed matrix, having row graph X.

(1) X has no binary triangle.
(2) X has no ternary square.
(3) X has at least one ternary triangle.

Proof. This result follows from the lemmas in the previous sections:

(1) Assume that X has a binary triangle. By arranging the matrix, we may assume that the
3 scalar products between the first 3 rows of & are binary, and that the 4th row has at least one
ternary scalar product with the first 3 rows, say with the first one. We can apply Lemma 9.1 to
the matrix formed by the first 3 rows, and a case-by-case analysis shows that we cannot complete
this matrix with a 4th row as above.

(2) Assume that X has a ternary square. By arranging the matrix, we may assume that the 6
scalar products between the first 4 rows of i are ternary, and that the 5th row has at least one
binary scalar product with the first 4 rows, say with the first one.

We can apply Lemma 8.2 to the matrix formed by the 4 rows, and a case-by-case analysis
shows that we cannot complete this matrix with a 5th row as above.

(3) Assume that X has no ternary triangle. By using (1) we conclude that all the triangles are
“mixed”, and together with (2) this shows that we have only 2 possibilities for the squares. By
looking now at pentagons, we see that only one case is possible, namely the usual pentagon with
edges colored 2, with the stellar pentagon formed by the diagonals with edges colored 3. Since
it is impossible to complete this pentagon to a hexagon, as for all triangles to be “mixed”, we are
done. O

In order to start the classification, the idea would be to assume that the first three rows form a
ternary triangle, to apply Lemma 8.1, that to try to complete the matrix with a 4th row. In order
to do so, we will need one more technical lemma.

Lemma 10.3. There is no mixed matrix h € M4xe(T) having the following properties:

(1) The first 3 rows have ternary scalar products between them.
(2) The 4th row has exactly 2 binary products with the first 3 rows.

Proof. We know from Lemma 8.1 that the matrix must look as follows:

11 11 1 1
PR IR T A A [ 4
N2 s s s

A J*

The scalar products of the fourth row with the second and third row are both binary, and an
examination of all the possible cases shows that this is not possible. O

We are now in position of stating a key result.
Proposition 10.4. The row graph of a mixed matrix h € Mg(C) can be:

(1) Either the bipartite graph having 3 binary edges.
(2) Or the bipartite graph having 2 ternary triangles.
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Proof. Let X be the row graph in the statement.

By using Lemmas 10.2 and 10.3, we see that there are only two types of squares: (1) those
having 1 binary edge and 5 ternary edges, and (2) those consisting of a ternary triangle, connected
to the 4th point with 3 binary edges.

By looking at pentagons, then hexagons that can be built with these squares, we see that the
above two types of squares cannot appear at the same time, at that at the level of hexagons, we
have the two solutions in the statement. O

We will show now that the dichotomy produced by Proposition 10.4 corresponds in fact to the
two possible Ditd deformations of Fg, coming from 6 =2 x 3 =3 x 2.

As explained in Section 6, when constructing a Ditd deformation we can always assume that
the matrix of parameters has 1 on the first row and column. Thus the Dita deformations of F, ® F3
are the following matrices:

11 1 1 1
(4 eyt 1)
1r 1 1 1

ls

In Dita product notation, this matrix is:

11 I 1 1 I 1 1
F£§=(1 _1)®<<1 J jz),(r Jr jzr>>
L2 g/l \s js s

Thus we have the following formula:

1 1 1 1 1 1
A Y
e |V s s s
3 11 1 -1 -1 -1
A Y [
1 %) . _ 2 o
J J s J°s Js

As for the Ditd deformations of F3 ® F», these are the following matrices:

1 1 1 1 |
Fp=(1 j Jj*)®n11 <1 1)
1 2 i (lrs) o

J J

In Dita product notation, we have:

re=(i 0 2)e (0 4)0 ) 20)
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Thus we have the following formula:

1 1 1 1 1 1
I -1 r —r s —s
[ O T A B L &
2711 -1 jr o —jr jis —j%s
I O Y ST B
1 -1 ]2r —j2r js  —js

Observe that, modulo equivalence, F3; is nothing but the transpose of F,3. This comes in fact
from a general property of Ditd deformations, not to be detailed here.

Theorem 10.5. The two Ditd deformations of Fg are the unique Hadamard matrices having the
property that all 15 scalar products between rows are of the form x —x +y — y 4+ z — z or the
form r + jr+ j*r +s+ js + j%s, with both cases appearing.

Proof. We apply Proposition 10.4, and we have two cases:

(1) Assume first that the row graph is the bipartite one with 3 binary edges. By permuting the
rows, we can assume that the binary scalars products are those between rows i and i 4 3. By
applying Lemma 8.1 to the first three rows, and also to the second, third and fourth rows, we get
that the matrix formed by the 4 first rows is of the form:

1 1 1 1 1
= 1 j2 rojr j2r
Tl 2 s s s

1 1 1 ¢ ¢t t

Now since the scalar product between the first and the fourth row is binary, we must have
t = —1, so the solution is:

11 1 1 1 1
I I Y Y S S T £
ha=l1 2 G s s s

11 1 -1 -1 =1

We can use the same argument for finding the fifth and sixth row, by arranging the matrix
formed by the first three rows such as the second, respectively third row consist only of 1°s. This
arrangement will make appear some parameters of the form j, j 2, r, s in the extra row, and we
obtain as unique solution the Ditd deformation F3.

(2) Assume now that the row graph is the bipartite one with 2 ternary triangles. By permuting
the rows, we can assume that the ternary triangles are those formed by the first three rows, and
by the last three rows. Let us look now at the matrix formed by the first four rows. By using
Lemma 8.1, this matrix must be of the following form:

I T T
j i a ja ja

hg = .
J
r

o
~
0o
Nyl
~.
(3]
S
~
v S
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Our assumption is that the scalar products of the fourth row with the second and third rows
are binary, and a case-by-case analysis shows that we must have a, b € {1, j, j}, and that the
solution is of the following type:

11 1 1 1 1
O R
4= . . .

S R E R L A

1 -1 r —r s —s

We can use the same argument for finding the fifth and sixth row, and we conclude that the
matrix is of the following type:

1 1 1 1 1 1
T R =
A U S L
1 -1 r —r s -5
1 -1 a —-a b —-b
1 -1 ¢ —c d —d

Now since the last three rows must form a ternary triangle, we conclude that the matrix must
be of the following form:

1 1 1 1 1 1
11 J i

PO R Y R S A
1 -1 r —r K} —s
1 —1 jr —jr j%* —j%
1 —1 2 —j* js —js

By permuting the rows we get the Ditd deformation F33, and we are done. 0O
11. Classification results

We are now in position of stating the main results in this paper. We will combine the abstract
Hopf algebra results in Section 6 with the Butson matrix philosophy from Section 7, and with
the various classification results in Sections 8—10.

We have first the following key definition.

Definition 11.1. A complex Hadamard matrix is called regular if all the scalar products between
distinct rows decompose as sums of cycles.

Here by “cycle” we mean of course cycle in a generalized sense, i.e. the sum of the p-roots
of unity, with p € N prime, rotated by an arbitrary scalar a € T:

C = ae®™ /P L gt/ ... 4 qe2p—Dmi/p

As mentioned in Section 7, all the known examples of Butson matrices are regular, and we
conjecture that the regularity condition is automatic in the Butson case.
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Observe also that all the explicit matrices given in this paper are regular, except for the Bjorck—
Froberg matrix. In fact, at n = 6, there are several quite mysterious classes of complex Hadamard
matrices, all non-regular. See [11,45,46].

We have the following result.

Theorem 11.2. The regular complex Hadamard matrices at n = 6 are as follows:

(1) Tao matrix T.

(2) Haagerup matrix HY.
(3) Ditd deformations F3.
(4) Ditd deformations Fy;.

Proof. The equation xj + --- + x¢ = 0 with x; € T has two types of regular solutions: those
consisting of three 2-cycles, and those consisting of two 3-cycles.

(1) In case all the 15 scalar products consist of two 3-cycles, we know from Theorem 8.3 that
the only solution is the Tao matrix 7.

(2) In case all the 15 scalar products consist of three 2-cycles, we know from Theorem 9.2
that the only solution is the Haagerup matrix H9.

(3) In case some of the 15 scalar products consist of two 3-cycles, and some other consist of
three 2-cycles, we know from Theorem 10.5 that the only solutions are the Dita deformations of
Fob® Fandof F3® F,. O

As a first consequence, we obtain another general result at n = 6.

Theorem 11.3. The regular Butson matrices at n = 6 are as follows:

(1) Tao matrix T.

(2) Haagerup matrix H, with q root of unity.

(3) Ditd deformations Fy3, with r, s roots of unity.
(4) Ditd deformations F3j3, with r, s roots of unity.

Proof. This follows from Theorem 11.2. O

We should mention that the regularity condition being conjecturally automatic for the Butson
matrices, this type of result covers in principle all the Butson matrices. In the particular case of
the above result, we can actually prove that the regularity condition is automatic at n = 6, but
the details will not be given here. The idea is that the “tricky sum” described in Section 7 can be
excluded by a computer program.

We can state now the main result in this paper.

Theorem 11.4. The quantum permutation algebras associated to the regular Hadamard matrices
at n < 6 are as follows:

(1) The algebras C(Zy), C(Z3), C(Zs).
(2) Quotients of C(Zy) *y C(Z>).
(3) Quotients of C(83) *xy C(Z3).
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(4) Quotients of C(Z2) *y C(S3).
(5) The algebras associated to T, H1.

Proof. This follows indeed by combining the various results in Theorems 1.6, 5.4, 6.8
and 11.2. O

As a first comment, the algebras in (2) are explicitly computed in [10]. They all appear as
twists of group algebras of type C*(I"), with I" quotient of Dy.

In principle the algebras in (3), (4) can be investigated by using similar methods. The main
problem here is the computation of the generic algebra, and this is in relation with the general
question formulated at the end of Section 6.

Regarding now the algebras in (5), these rather seem to be of “exceptional” nature. This is par-
ticularly true for the algebra associated to the Tao matrix 7', which is known to be isolated [47].
The algebra associated to H?, however, has a different status, because the matrices H¢ form an
affine family in the sense of [47].

Problem 11.5. What is the Hopf algebra associated to the Haagerup matrix H9, for generic
values of the parameter?

The point here is that a systematic investigation of the affine regular case seems to be a key
problem. At n = 7 indeed we have the Petrescu matrix P4, where the computation of the generic
algebra corresponds to a well-known problem in subfactor theory, of potential interest in connec-
tion with several questions raised by [16,31].

12. Concluding remarks

We have seen in this paper that the Hopf image approach to the quantum permutation algebras
leads to a natural hierarchy of the various “magic-type” objects associated to the Hilbert spaces.
This hierarchy, while constructed quite abstractly, turns to have the Hadamard matrices at its
core, and is therefore in tune with some key problems in combinatorics and quantum physics.
Moreover, the representation theory invariants of the Hopf algebra themselves correspond to
some subtle subfactor invariants, coming from the work of Jones [31] and Popa [43], and from
this point of view, our hierarchy is once again compatible with some key problems in subfactor
theory, notably with the computation of quantum invariants of the Petrescu matrix [41].

In view of a further development of this approach, a number of explicit questions were raised
in the previous sections. Probably the most important one is the question about the generic
algebra for the Ditd deformations. This question belongs to the general representation theory
problematics for the free wreath products, and the conclusion here is that the conjectural state-
ments in [5] would have not only to be proved, but also to be substantially refined. There seems
to be a lot of work to be done here, and we intend to come back to these questions in some future
work.

Finally, let us mention that what is also missing to our quantum permutation group approach
to the complex Hadamard matrices are some tools coming from classical analysis. As explained
in [8,9], some fruitful connections with Voiculescu’s free probability [50], and with analysis
in general, can be found via Weingarten functions, so the main problem is to understand these
functions in the general context of Hopf images. Once again, we intend to come back to these
questions in some future work.
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