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SOME INSIGHTS ON BICATEGORIES OF FRACTIONS - 1

ASSOCIATORS, VERTICAL AND HORIZONTAL COMPOSITIONS

MATTEO TOMMASINI

ABsTRACT. In this paper we investigate the construction of bicategories of
fractions originally described by D. Pronk: given any bicategory ¢ together
with a suitable class of morphisms W, one can construct a bicategory €[W 1],
where all the morphisms of W are turned into internal equivalences, and that
is universal with respect to this property. Most of the descriptions leading to
such a construction were long and heavily based on the axiom of choice. In
this paper we simplify considerably the constructions of associators, vertical
and horizontal compositions in a bicategory of fractions, thus proving that
the axiom of choice is not needed under certain conditions. The simplified
description of associators and 2-compositions will also play a crucial role in
the next papers of this series.
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INTRODUCTION

arxXiv

In 1996 Dorette Pronk introduced the notion of (right) bicalculus of fractions
(see [Pr]), generalizing the concept of (right) calculus of fractions (described in
1967 by Pierre Gabriel and Michel Zisman, see [GZ]) from the framework of cate-
gories to that of bicategories. To be more precise, given any bicategory ¥ and any
class W of 1-morphisms in it, one considers the following set of axioms (where the
2-morphisms 6,’s are the associators of €):

(BF1) for every object A of ¢, the 1-identity id4 belongs to W
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(BF2) W is closed under compositions;
(BF3) for every morphism w: A — B in W and for every morphism f : C' — B,
there are an object D, a morphism w’ : D — C' in W, a morphism f’': D —
A and an invertible 2-morphism « : f ow’ = wof’;
(BF4) (a) given any morphism w : B — A in W, any pair of morphisms f*!, 2 :
C — B and any 2-morphism « : wof! = wof?2, there are an object D,
a morphism v : D — C in W and a 2-morphism 8 : flov = f2ov,
such that a*zv—ewfzv(a(zw*ﬁ)(aewflv,
(b) if @ in (a) is invertible, then so is §;

c) if (D',v' : D' — C,B" : flov/ = f?ovV’) is another triple with the
same properties of (D,v, ) in (a), then there are an object F, a pair
of morphisms u : £ — D, v : E — D’ and an invertible 2-morphism
¢ :vou= v ou, such that vou belongs to W and

—

9_ V' u/ @ (/3 *’Lu ) ®9f17vl’u/ @ ('Lfl *g) =

_ (zf2 x g) ©05 (ﬁ *iu) ©051,v,u-

(BF5) if w: A — B is a morphism in W, v: A — B is any morphism and if there
is an invertible 2-morphism v = w, then also v belongs to W.

The pair (¢, W) is said to admit a (right) bicalculus of fractions if all such con-
ditions are satisfied (actually in [Prl § 2.1] the first condition is slightly more re-
strictive, but it is not necessary, for all the constructions in that paper). Pronk
proved that if this is the case, then there are a bicategory € [ ’1] (called (right)
bicategory of fractions) and a pseudofunctor Uy : € — € [ ], satisfying a uni-
versal property (see [Prl Theorem 21]). For the description of the morphisms and
2-morphisms of ¥ [W‘l] we refer directly to § [LT] (this is also useful in order to
understand all the notations used in the results below).

The aim of this paper is to considerably simplify most of the constructions leading to
a bicategory of fractions in [Pr]. We recall that the original construction in [Prl § 2.2,
§ 2.3 and Appendix]| for associators and compositions of 2-morphisms depended on
the following choices (both are in general non-unique since axioms (BE3]) and (BE4)
do not ensure uniqueness):

C(W): for every set of data in & as follows

4B g (0.1)

with v in W, using axiom (BE3) we choose an object A”, a pair of mor-
phisms v/ in W and f’ and an invertible 2-morphism p in %, as follows:

/X

A’ - B+«—— B’
(0.2)
D(W): given any morphism w : B — A in W, any pair of morphisms f1, f? :
C — B and any 2-morphism a : wof! = wof2, we choose a morphism
v:D — C in W and a 2-morphism 3 : fl ov = f2ov as in (BEF4al).
Having fixed all such choices, the description of associators and 2-compositions were
very long and they did not allow not much freedom on some additional choices done
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at each step of the construction (see the explicit descriptions in the next pages).
Different sets of choices ([CA'W)ID(W)) apparently lead to different bicategories
of fractions (with the same objects, morphisms and 2-morphisms, but different
compositions and associators). Such different bicategories are a priori only weakly
equivalent (by the already mentioned [Pr, Theorem 21]).

In the present paper we will prove that actually choices [D{W) are not necessary.
This will be a consequence of the following 4 propositions, that are of independent
interest because they allow to simplify considerably the constructions of associators
and vertical and horizontal compositions in ¢ [W~!]. Indeed in [Pr] each interme-
diate datum (ET) — (FI0) mentioned in the next propositions should be obtained
as a result of a (sometimes long) procedure involving the mentioned choices [C{'W)
and [D{W). The next 4 propositions show that actually each such datum can vary
in a much wide range, thus allowing more flexibility in the computations of asso-
ciators and 2-compositions whenever it is necessary (the resulting constructions are
still long, but considerably shorter than the original ones in [Pr]). This will serve
as a key ingredient in some proofs in the next 2 papers of this series ([T1] and [T2]).

We remark that the choices (FI)) — (EI0) below actually vary in a a non-empty
set: for (1) — (E3) we refer to Remark 2] for the remaining data this is an easy
consequence either of the axioms (BE]) mentioned above, or of Lemmas and
in § [LTl below. In the next 4 propositions we assume all the time that (¢, W) is a
pair satisfying conditions (BE).

Proposition 0.1. (associators of ¢ [W_l}) Let us fix any triple of 1-morphisms
in € [W_l} as follows:

f :<A Y f B),
g :(B v g O),
h —(C Yo D)

(0.3)

Let us suppose that the fized choices [L(W) give data as in the upper parts of the
following diagrams (starting from the ones on the left), with u', u?, v* and u3 in
W and 6§, o, £ and n invertible:

Al A?
ut 5 It u? o l
= =
A —— B—— B, Ce——0C

Al

M
gof’

7

B2 A3
vl é‘ .‘71 u® n f2
= =
4 2
B/ 9 ¢ w ¢ ’ A/ f B vov! B

so that by [Prl § 2.2] one has

(0.4)
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hofgof) = (4" x Ol (0.5)

eg)es= (4" )

Then let us fir any set of choices as follows:

(F1) an object A*, a morphism u* : A* — A% in W, a morphism u® : A* — A3
and an invertible 2-morphism « : u! o(u? ou?) = ud ou’;

(F2) an invertible 2-morphism w : f* o (u?ou?) = vlo(f2ou®), such that iy * w
coincides with the following composition (associators of € omitted for sim-

plicity):

(F3) an invertible 2-morphism p : lou* = gt o (f2ou®), such that iy * p coincides
with the following composition (associators of € omitted):

(0.7)

| w
\

A? — C’
Ngl\

f 324>O/

(0.8)

Then the associator @zg\; from (O3 to ([@G) is given by the class of the following

diagram (associators of € omitted):
) in* p
uou® %

A2
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Therefore, @f’g“; depends only on the 4 choices of type[C(W) giving the 4 diagrams

in ([@4); in particular, each associator of € [W‘l} does not depend on choices

Proposition 0.2. (vertical compositions) Let us fiz any pair of objects A, B,
any triple of morphisms f := (A™,w™, f™): A — B form = 1,2,3 and any pair
of 2-morphisms in € [W’l]

.= [A’m,um,zm,am,ﬁm} S zf’”l for m=1,2.
Then let us choose any data as follows:

(F4) an object A*, a morphism t in W, a morphism p and an invertible 2-morphism

p as below:
A4
SN
=
AN . A2 > A2

Then T2 © T is represented by the following diagram:

(0.10)

In particular, vertical compositions in € [W_l] do not depend on choices [C{W)
and D(W).

Proposition 0.3. (horizontal compositions with 1-morphisms on the left)
Let us fix any morphism f := (A',w,f) : A = B, any pair of morphisms g™ :=
(B™,v™ g™): B — C form=1,2, any 2-morphism

A= [Bg,ul,u2,a,ﬁ] : 21 zQQ

in € [W‘l} and let us suppose that for each m = 1,2, choices [C(W) give data as
in the upper part of the following diagram, with w™ in W and p™ invertible

Arm
w' pm m
=
/ B B™
A —

(0.11)
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(so that by [Pl § 2.2] we have g™ o f = (A"™,wow™, g™ o f™) form =1,2). Then
let us fix any set of choices as follows:

(F5) for each m = 1,2, we choose data as in the upper part of the following dia-
gram, with W™ in W and o™ invertible:

Allm
u'™ om f
=
m m 3.
A s BT e B,

(F6) we choose any set of data as in the upper part of the following diagram, with
tt in W and o' invertible:

A
1 2
/ y \
=
" / "2,
A wloul A 2 A ’

7
w20u

(F7) we choose any invertible 2-morphism & : f' ot! = f"20t2, such that iy o1 %0
coincides with the following composition (associators of € omitted):

A//l fll B3
ul
| \ ! (01)71 1 \
t Al ! B!
1
\ (et \
Al/ lL a/ A/ f B.
W2 2 V2
Jp
A/2 f2 BZ
t2 2 u2 vi
/ | o° Jat
A//2 f/2 BS - Bl
u

(0.12)
Then A iy is represented by the following diagram (associators of € omitted)

A/l
1 1,r1
% ulot! 9!
A Jiwxa A (e C,
u'? ot?
k %
A/Q

(0.13)

where (' is the following composition (associators of € omitted):
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Al/l fl ou’” Bl
t! ol gt
f'l ul
A" 46 B3 4B C
f/2 u2
t2 U’ (02 ) -1 g2
A//Q jzou/2 B2

Therefore, each composition of the form Axiy depends only on the 2 choices [Cw)
giving diagram (@I1) for m = 1,2; in particular, it does not depend on choices
D(W).

Proposition 0.4. (horizontal compositions with 1-morphisms on the right)
Let us fix any morphism g = (B',u,g) : B — C, any pair of morphisms ™ =
(A™ w™, f™): A — B form =1,2, any 2-morphism

r.= [A3,v1,v2,a,6 = f

ne [W_l} and let us suppose that for each m = 1,2, choices [C(W) give data as
in the upper part of the following diagram, with '™ in W and p™ invertible

A/m
u'm " f/m
p \
=
A" ——— Be—— B
f (0.14)

so that by |Prl .2| we have go = ,whou™ go orm=1,2). en
hat by |[Prl § 2.2 have go f™ = (A", w™ ou" ™) f 1,2). Th
let us fix any set of choices as follows:

(F8) for each m = 1,2, we choose data as in the upper part of the following dia-
gram, with '™ in W and n™ invertible:

A//’I’TL
=
AP AT e AT

(F9) we choose data as in the upper part of the following diagram, with z' in W

and n® invertible:
A//
Zl 3 Z2
Ui
=
u//l A3 u//2

(F10) we choose any 2-morphism ' : f't o (v'tozl) = f? o (v'?207?), such that
iy x 3 coincides with the following composition (associators of € omitted):

a8 n2.
A A%
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A "~ B
V/1
I (")t )
an TNODN Al
71 1
A l} ?73 u,,2 AS U, 5 ;2 B.
A//2 u 772 . A2 u
> §p?
v A/2 f/2 Bl

(0.15)

A/l
wlou’t
A U' a’ A//
2
w2 ou’? voes gof'?
2
A (0.16)
where o is the following composition (associators of € omitted)
71 oV/l
A//l " Al
/ N(nl)l 1 \
A3 o A
V2

So each composition of the form iy I' depends only on the 2 choices [C(W) giving
diagram (Q.I4) for m = 1,2; in particular, it does not depend on choices [D{W).

Since each horizontal composition in any bicategory can be obtained as a suitable
combination of vertical compositions and compositions of the form Axi; and i, I,
then Propositions 0.2 [0.3] and prove immediately that horizontal compositions
in€ [W‘l] do not depend on choices [D{W). This together with Propositions [0.1]
and implies at once that:

Theorem 0.5. (the structure of ¥ [W’l]) Let us fix any pair (€, W) satisfy-

ing conditions (BE). Then the construction of € [W’l] depends only on choices
[CAW), i.e. different sets of choices DIW) (for choices [CKW) fized) give the same
bicategory of fractions, instead of only equivalent ones.

In particular, we get:

Corollary 0.6. Let us suppose that for each pair (f,v) with v in W as in (0.1
there is a unique choice of (A”,v', f',p) as in [CAW). Then the construction of
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€ [Wfl} does not depend on the aziom of choice. The same result holds if “unique
choice” above is replaced by “canonical choice”.

As a side result of the technical lemmas used in this paper, we will also prove the
following 2 useful statements.

Proposition 0.7. (comparison of 2-morphisms in % [W’l}) Let us fix any
pair (€, W) satisfying conditions (BE), any pair of objects A, B, any pair of mor-
phisms [ = (A", w™, f™): A = B for m = 1,2 and any pair of 2-morphisms
rtr2. il = iQ in e [W‘l}. Then there are an object A3, a pair of morphisms
v A3 5 A™ for m = 1,2, an invertible 2-morphism o : wlov!t = w?ov? and
a pair of 2-morphisms v*,v? : fl ovl = f2 o v?, such that w!' ov! belongs to W
and

Fm:[AB,Vl,VQ,a,’ym} for m=1,2 (0.17)

(in other terms, given any pair of 2-morphisms with the same source and target
in € [Wfl], they differ at most by one term). Moreover, given any pair of 2-
morphisms TV, T2 : f* = f? as in @I, the following facts are equivalent:
(i) ' =12
(ii) there are an object A* and a morphism z : A* — A3, such that (w'ov!) oz
belongs to W and v x4, = 2 % i,.

The description above simplifies considerably the comparison of 2-morphisms in
€ [W‘l}: just compare it with the original comparison in [Pr} § 2.3].

Proposition 0.8. (invertibility of 2-morphisms in ¢ [W‘l]) Let us fix any
pair (€, W) satisfying conditions (BE), any pair of morphisms (A™,w™, f™): A —
B in€ [Wfl} for m = 1,2 and any 2-morphism T : (A*, w!, f1) = (A%, w?, f2).
Then the following facts are equivalent:

(i) T is invertible in € [W—'];

(ii) T has a representative

Al
w! !
A ba 4 I8 B
2
W2 v f2
A (0.18)

such that 3 is invertible in € ;
(iii) given any representative [QIS)) for T', there are an object A* and a morphism
u: A* = A3, such that
o (wlovl)ou belongs to W,
e [ xiy is invertible in €.

Note that in ([@LIR) « is always invertible and w' o v! always belongs to W by de-
finition of 2-morphism in ¢ [W‘l}, see [Prl, § 2.3].

We are going to apply all the results mentioned so far in the next 2 papers of this
series, where we will investigate the problem of constructing pseudofunctors (and
equivalences) between right bicategories of fractions.
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1. NOTATIONS AND BASIC FACTS

We mainly refer to [L] and [PW] § 1] for a general overview on bicategories, pseu-
dofunctors (i.e. homomorphisms of bicategories), Lax natural transformations and
modifications. Given any bicategory %, we denote its objects by A, B, - - -, its mor-
phisms by f,g,--- and its 2-morphisms by «, 3, ---. Given any triple of morphisms
f:A—= B g:B—=C,h:C — Din ¥, we denote by 0, 4 ¢ the associator
ho(go f) = (hog)o f that is part of the structure of the bicategory €. We denote
by m¢ : foida = f and vy :idg of = f the right and left unitors for € relative to
any morphism f as above.

1.1. Morphisms and 2-morphisms in a bicategory of fractions. We recall
(see [Pr, § 2.2]) that the objects of € [W~!] are the same as those of €. A
morphism from A to B in € [W‘l] is any triple (A’,w, f), where A’ is an object
of €, w: A" — Ais an element of W and f : A’ — B is a morphism of €. Given
any pair of morphisms from A to B and from B to C' in ¥ [W‘l] as follows

f:

(ALA/LB) and g::(BLB/Lc)

(with both w and v in W), following [Pr} § 2.2] one has to use choices [Cf W) for
the pair (f, v) in order to get data as in ([L.2]) and then set go f := (A", wov', go f’).

Given any pair of objects A, B and any pair of morphisms (4™, w™, f™): A — B
for m = 1,2 in € [W‘l}, a 2-morphism from (A, wl, f1) to (42, w?, f?) is an
equivalence class of data (A43,v!,v?, a, B) in € as in (0I8)) such that w! ov! belongs
to W and such that « is invertible in € (in [Px} § 2.3] it is also required that w? o v?
belongs to W, but this follows from (BF%)). Any other set of data

Al
w! o A
A b a3 L p B
w? v f?
AZ

(such that w!ov’! belongs to W and o is invertible) represents the same 2-
morphism in ¢ [W™!] if and only if there is a set of data (A*,z,7',0',07) in

% as in the following diagram
Al
/1 1
=

A3 PR A4 7, A3,
0.2
<~
V,2 V2
A2

such that (w!ov!) oz belongs to W, o! and o2 are both invertible,
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(’L'W2 * 0‘2) O] 9;21V2 7 O] (a * ’LZ) O] Gwl,vl,z ® (’L'W1 * 0’1) =
= 971 2 g1 @ (CY/ * 'L'z’) @ HWI,V/I,Z/

w2,v

and

(’sz * 02) © 9]721v2 z © (ﬁ * Zz) © efl,vl,z O] (Zfl * 0‘1) =
= 9;21,V,2,Z, @ (ﬁ/ * 'L’Z’) @ Gfl,v/l,z/'
For symmetric reasons, in [Prl § 2.3] it is also required that (w!ov'*) oz’ belongs

to W, but this follows from (BFH)), using the invertible 2-morphism:

Wl ,V’l ,Z,

Owi vt , © (iW1 * 01) ©6 s (wlov) o = (whov!) oz,

so we will always omit this unnecessary technical condition. We denote by

{A?’,vl,VQ,a,B} : (Al,wl,fl) — (AQ,W2,f2) (1.1)
the class of any data as in (0I8). We will denote morphisms of ¢ [W™!] as
f>g,++- and 2-morphisms by I', A, - - - ; in particular 0%"W will denote any associa-

tor of € [W‘l]. Note that even if € is a 2-category, in general € [W_l] is only
a bicategory (with trivial right and left unitors, but non-trivial associators if the
choices in [(f W) are non-unique).

In the following pages we will often use this easy lemma (see the Appendix for a
proof).

Lemma 1.1. Let us fix any pair (¢, W) satisfying conditions (BE)). Let us fiz any
morphism w : B — A in W, any pair of morphisms f!, f? : C — B and any pair
of 2-morphisms 7,7 : f1 = f2, such that iy, xy = iy *y'. Then there are an object
D and a morphism u: D — C in W, such that v * iy = * 1y.

The next 2 lemmas prove that if conditions (BE]) hold, then conditions (BEJ),
(BEF4a) and (BEF4L) hold under less restrictive conditions on the morphism w (see
the Appendix for the proofs). To be more precise, instead of imposing that w
belongs to W, it is sufficient to impose that z o w belongs to W for some morphism

z in W (as a special case, one gets back again (BE3)), (BF4al) and (BE4h) when we
choose z as a 1-identity).

Lemma 1.2. Let us fix any pair (€, W) satisfying conditions (BE). Let us choose
any quadruple of objects A, B, B',C' and any quadruple of morphisms w : A — B,
z: B — B and f : C — B, such that both z and zow belong to W. Then there
are an object D, a morphism w' : D — C in W, a morphism f' : D — A and an
invertible 2-morphism o : fow' = wof’.

Lemma 1.3. Let us fix any pair (€, W) satisfying conditions (BE). Let us choose
any quadruple of objects A, A', B,C and any triple of morphisms w : B — A,
z: A= A, fl. f2:C — B, such that both z and zow belong to W. Moreover,
let us fix any 2-morphism o : wof' = wof2. Then there are an object D, a
morphism v : D — C in W and a 2-morphism B : f' ov = f2ov, such that
axiy =0y 2, 0O (iw*x ) O GV_V;IN. Moreover, if « is invertible, so is 3.
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2. THE ASSOCIATORS OF A BICATEGORY OF FRACTIONS

For simplicity of exposition, in this and in the next sections all the proof
will be given assuming all the time that % is a 2-category. The general
case when ¥ is a bicategory follows the same ideas, adding associators
and unitors whenever it is necessary and using the coherence conditions
on the bicategory ¥. You can have a glimpse of how to deal with the general
case by looking at the proofs of Lemmas [[.1], and in the Appendix.

In the initial part of this section we will give a proof of Proposition [I.J] Then we
will give some interesting corollaries of this result.

Proof of Proposition [0l Following [Prl, Appendix]|, one gets immediately a set of
data satisfying conditions (EI)) — (3], inducing the desired associator as in (0.9).
So in order to prove the claim, it is sufficient to prove that given any 2 different
sets of choices of data as in (ET) — (E3), the 2-morphism of ¢ [W~!] induced by
the first set of choices coincides with the 2-morphism induced by the second set of
choices. So let us fix any other set of data satisfying the same conditions, as follows:

e an object A%, a morphism U* : A% — A2 in W, a morphism i° : A* — A3 and

an invertible 2-morphism 7 : u! ou? ot* = w3 o’;
e an invertible 2-morphism & : f! ouZot* = v of2 0 0°, such that

iy ¥ W = (77 *iﬁs) ® (if *ﬁ) ® ((5_1 * 92 054); (2.1)
e an invertible 2-morphism 7 : l o U° = ¢! o f2 0 W, such that
. (5 . if20ﬁ5) ® (ig *a;) ® (0*1 * ¢ﬁ4). (2.2)

Then proving the claim is equivalent to proving that the class of (9] coincides
with the class of

Vin*xp D.

w 1,1
uou hog of

AP (2.3)

First of all, we use axiom (BF3) in order to get data as in the upper part of the
following diagram, with z' in W and « invertible:

Since u® belongs to W by hypothesis, then using (BF4a)) and (BF4h) there are an
object ZQ, a morphism z2 : A7 A" in W and an invertible 2-morphism

~5 ~1
e:u’ozlor? =T oz oz2,
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such that i,s * € coincides with the following composition:

This implies that

¥k ’L'Z1 0g2 = (iug * 5*1) ® (A'y' * ’L'—Z~1OZ2) ® (iul ou2 ¥ Q¥ iz2). (24)
So we get:

Ty ¥ | W k2,1 4,2 = (N*150410z2 O

@(if *’y*izlozz) © (5_1 *iu20u4ozloz2) 23

D (1) o) o750

& (ivovl of? * g—l) ® (n *iﬁsﬁloﬁ) ® (if *7*1'21022)@
@(6*1 * 9.0 oﬁ4o~z~1oz2) ® (ivanoUz * o izz) @

(ivovl of2 *571) © (iv * W *i—ilozz) © (ivoflouz * *Z‘ZQ) =

= iv * ((ivl of? * 5*1) ® (@ * i—ilozz) O) (iflouz * Qv ok iz2)), (25)
where (x) is given by applying the interchange law twice. Using Lemma [Tl and
([23), there are an object i and a morphism z° : A — A in W, such that

W igloy20y3 =

= (iv1 of2 * ek izg) ® (&VJ * 1 o0 oz3) O] (iflouz * QU k 1,2 oZS)- (2.6)
Then we get:

Tw X P *1y1 642043

@3), Z8) , . 1 P
= 5*’szouf’ozlozzoz3 © lgovliof2 ¥ € k1,3 O | g * W * 151052643 | O
. . 'y ®
Ol lgoflou2 ¥ A ¥ 1,26,3 | O |0~ *lydoylon2043 | =

. 1 . . . ~ .
('Lwoglofz % & *Zzs) ® (5 *Zfzoﬁf)o’ilozzozi’») © (zg * W ok ’LEIOZ2OZ3)®

1 - . . z2
@(o *154051022”3) © (zwol*a*zz2ozs) =

)

22 /. 1. . ~ . . .
= |lwoglofz ¥€ ~%12,3 | O (lw ¥ P*1315,24,3 ) O |lwol ¥ A F1,20,3 |,
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where () is given by the interchange law. So by Lemma[[T] there are an object at
and a morphism z* : A oA W, such that

P*lzloz2073 024 =

= (iglofz * (571 *iz3oz4)) O) (ﬁ*i'z”lozzoﬁoz“) © (il * (a *iz20z30z4))- (27)

Moreover, from (24) we have:

V¥l oz20z3 024 =

= (iuz * (5_1 *iz30z4)) © (?*Z‘Elozzoﬂoz‘l) © (iulou2 * (Oz *iz2ozgoz4))' (2.8)

Then using together identities ([Z7) and (Z.8]), the following diagram and the defini-

tion of 2-morphism in €' [W '] (see § L)), we get that the class of ([L9) coincides
with the class of [2.3).

A2

=

O

Remark 2.1. Apart from the procedure explained in [Pr, Appendix], when € is a
2-category a simple way for finding a tuple (A% u*,u® v, w,p) as in (E1) — (E3) is
given as follows (in the general case of a bicategory, simply add associators wherever

it is necessary). First of all, we use axiom (BE3)) in order to get data as in the upper
part of the following diagram, with @ in W and 7 invertible:

E

e
=

S

A2

3
1.2 3 A

u ou u”

Then we use (BE4a) and (BF4D) in order to get an object F', a morphism z : F — F
in W and an invertible 2-morphism @ : fl ou?ott oz = vl of2 o @ o z, such that
iy * w coincides with the following composition:

2 A1—>Bl

ﬁ4 \Lél v
: E
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Then we use again (BF4al) and (BF4H) in order to get an object A*, a morphism
r: A* - F in W and an invertible 2-morphism

p:lotftozor=g'ofPo@ozor,

such that iy * p coincides with the following composition:

T
LA

Then it suffices to define u* := T* o zor (this morphism belongs to W by (BF2)),
5._ 5

=T’ ozor, ¥ :=7 %0y and w := W * 4;.

Corollary 2.2. Let us fix any pair (€, W) satisfying conditions (BE)), any triple
of morphisms f,g,h as in (@Q3) and let us suppose that B = B', C = C’, v =idp
and w = id¢. Moreover, let us suppose that choices [AW) give data as in the upper
part of the following diagram, with u® in W and 1 invertible:

A3
u? 12
n
=
/
A f B idp oidp B. (29)
Then
ho (gof) _ (A (uoidys)oid 4/ W ho(gof) D),
ol (2.10)
o (o] 2
(ﬁog)Of:(A uou® A3 (hog)of D)
== (2.11)

and the associator ngz from (ZIQ) to ZII) is given by the class of the following
diagram:

A/
(uoidy/s)oid 4/ 5 ho(gof)
A e A3 B D,
id 4:
uou® A2 (hog)of?
A3

where
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-1 . . .
Q=T s ® (ﬁu *Zuz) ® ((TI'U *zidA,) *Zuz)

and

8= W@ig)ofz ® (ihog * (Ufz ® (vidB * ifz) @77)) ® 9,:olgﬁf7u3 ® (thgyf * iuz)

(for the notations concerning the associators O and the unitors we and ve, we refer
to §).

Remark 2.3. In particular, if 4 is a 2-category, then the associators f4 and the
unitors m, and v, are all trivial; moreover, idg oidg = idg. We recall that the fixed
choices [CfW) imposed by Pronk on any pair (f,v) assume a very simple form in
the case when either f or v are an identity (see [Pr, pag. 256]). So the quadruple
(43,43, f2,n) coincides with (A’,idas, f,if). So when ¢ is a 2-category, (Z10) and
[2I0) coincide and the associator above is the 2-identity of such morphism.

Proof of Corollary[Z2. As usual, for simplicity of exposition we give the proof only
in the special case when % is a 2-category. By the already mentioned [P1], pag. 256],
since both v and w are identities, one get that the 4 diagrams of (0.4]) (chosen from
left to right) assume this simple form:

C, A B B? = B.

w=id¢ f vovli=idg

Then identities (ZI0) and ZIT)) follow at once from (0H) and (@H). In order to
compute the associator, according to Proposition [ILI] we have to choose a set of
data as in (1) — (E3). For that, we choose:

o At:= A" ut:=idy, v’ :=idy and v := Tid 5

® w:i=iy;

® P i=1gf.
Then the claim follows. In the general case when % is a bicategory, the first diagram
above is given by
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and analogously for the second diagram and the third one. The fourth diagram
must be replaced by (23). The data of (1) — (E3) above have to be changed
according to this. O

3. VERTICAL COMPOSITIONS

Proof of Proposition [[.2. Following [P1], pag. 258], the composition I'> ® T'! has to
be computed as follows: firstly one has to fix data as in the upper part of the
following diagram, with t in W and p invertible:

Z4
t 7 P
=
AN - A2 - A2

these data are induced by choices [ W) and [D{W) similarly to the construction
given in the proof of Lemma (since both w? and w?ov? belong to W), but
we don’t need to describe how this is done explicitly. Then by [P1], T? © I'! is
represented by the following diagram:

(3.1)

So we need only to prove that [B.I]) and (ILI0) belong to the same equivalence class.
By hypothesis, I'! is a 2-morphism in ¢ [W '], hence w' o u® belongs to W so by
(BF5) applied to (a!)~! we get that w? oz belongs to W. Therefore, w? oz! ot
belongs to W. By (BF5) applied to iy2 * p !, this implies that w? o u? op belongs
to W. Moreover, by hypothesis I'? belongs to 4 [W '], so w? ou? belongs to W.
Therefore, we can apply Lemma for w :=P. So there are data as in the upper
part of the following diagram, with s in W and o invertible.

A5
s o S
/é\
! —4
Al A

We have already remarked that w?oz' belongs to W; moreover w? belongs to
W since iQ is a morphism in ¢ [W’l]. So by Lemma [[J for w := z!, there
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are an object A%, a morphism q : 45 — A% in W and an invertible 2-morphism
n:tosoq=tosoq,such that i, *n coincides with the following composition:

A4%A/1
/ \“ /’\

A5 —— 45 bo 4 — 2 2,

Z4 t

Therefore, p * i504 coincides with the following composition:

= .
e

1

Zl

7
fyl

tosoq

\A2

Then the class of ((.I0) coincides with the class of the following diagram

/ \
osoq

A |l a AS B,
\

2opo
osoq

A3 (3.2)

Al

where « is the following composition

tosoq

[ TS
S e

and E is the following composition:
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A5 kL an—
| e / \}l Bl\
s ——— 7t b7 g
\; o_\ /ll 3 /

A A T A

Then using the description of 2-morphisms in § [[L1] it is easy to see that the class
of (32)) (hence also the class of ([@I0)) coincides with the class of BI)). O

4. HORIZONTAL COMPOSITIONS WITH 1-MORPHISMS ON THE LEFT

Proof of Proposition [0.3. By [Pr, pagg. 259-261], one has to compute A * iy as
follows: -

(i) for each m = 1,2, we use choices [ W) in order to get data as in the upper
part of the following diagram, with z'™ in W and 5" invertible:

Z/m
Z’nl gm ?’nl
=
/ B3 .
A f B vT™ou™ ’

(i) for each m = 1,2, we use again choices [J W) in order to get data as in the
upper part of the following diagram, with W™ in W and " invertible:

—/'m

A
’'m Em E/'m.
=
A AT

w
—/m
A

zZm

(4.1)

(iii) we use a long procedure (that we don’t need to explain explicitly for the
purposes of this proof) in order to get for each m = 1,2 an object A™, a
morphism T : A™ — A"™ in W and an invertible 2-morphism

— — — -m —
A" fMoZMoT = u"of oW T oT",

such that the following composition

Z"L OWI m

N lem - — A/ f
/ o ve \
Am A 4 pm B
ryn\j/ m fm’ Bm/“/ "

coincides with
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foz™

W

vmoumof™

Am

(iv) we use choices K:I(W) in order to get data as in the upper part of the following
diagram, with §' in W and @ invertible (note that here w? 0z'?2 o T2 belongs to

W by (BE2) and (BFF) applied to (82)~! * ip):

A

= ol

i,

Al
wl ozl or! w? 0z’ ot?

(v) we use choices [D(W) in order to get an object A’, a morphism §° : A’ — A
in W and an invertible 2-morphism
T -1 =1 = -2 2 2 _
7 T oWl ot 05 08 — FoW2 0T 052 0,

such that i,1,,1 * 7 coincides with the following composition:

V \

Bl
st vl
/ ) (pH!
52 . v f
A —— A la A —— B;
w2
SX /U’ p2
B2
\ / \U/ a_l
1 B!
u (4.2)

(vi) then according to [Prl pagg. 259-261], one defines A x iy as the class of the
following diagram:

A/l
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where B/ is the following composition:

A/l
7/ ot \fl
) Al u 71 Bl gt
. ?low’lofl / \
Al VI 2 o B3 , e c
5208°% . / \ /gz
A? \ (72)1/ B?
52 532 12
A (4.4)

Now the claim of this proposition is equivalent to the claim that (.I3)) and (£3)
are in the same equivalence class for each set of choices (R — (E); we are going
to prove this in the next lines.

By hypothesis, w!,u'? and t! belong to W, hence also w! ou’' ot! belongs to W
by (BE2), so by (BEH) for (a’)~! we conclude that also w?ou?ot? belongs to
W. Moreover, w? belongs to W by hypothesis, so by Lemma, for w = u?ot?,
there are data as in the upper part of the following diagram, with q? in W and p!
invertible:

A4
1
q2 ,[Ll q
=
A/ A/2 A
Z'?ot2 052 05" u'?ot?

Then we use (BF4a)) and (BE4D) in order to get an object A%, a morphism ¢ :
A5 — A* in W and an invertible 2-morphism

p2:ulotloqlog® = 710l o5l 0B oo P,

such that i1 * u? coincides with the following composition:

§%0q

This implies that o' * ¢

3 coincides with the following composition:

qloq
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u'tott oq1 oq3

AS A/l

Jopt

4 2
A 12 542 6 ol A

°d (4.5)

u

So using again the description of 2-morphisms in § [T} the class of ([13) coincides
with the class of the following diagram

A” (4.6)

where E’ is the following composition:

Z'lottosto5%0q? 0 ¢° rt

AS A/l
~

4wt tl A" \ / \
s 5/ C

q A"

A4 A/2
7207205205 0q?

(4.7)

Lou! belongs to W; moreover

By hypothesis, A is 2-morphism in % [W‘l], S0 v
v! belongs to W because 21 is a morphism in € [W‘l}. So by Lemma there
are an object A%, a morphism q* : A — A® in W and an invertible 2-morphism

-1
e Fowlofost o oqlogdoqt = flotlogloqdoq?,

such that i1 * n' coincides with the following composition:
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?low/lofl
Al B — B3
510530q20q3 T ut
4 Ellof\ ‘U’ (’yl) ! fl \
A6 L, A5 [} (HQ)_ Al —— s gt

" (4.8)
This implies that the following composition
4 q* 45 7' ortostos%0q? 0 ¢° A
U ()™ d
tl Oql Oq3 u/1
A//l ll 01 Bl
f/l 111
B3
coincides with the following one:
7'tor! \
1
§10§30q2 o qs o q4 Low' Lot B

AG

Fltottoqloq®oq?

Therefore, using (1) we get that B iq+ coincides with the following composition:

7/10f11
6 stos%0q?0q® o q4 /‘U \
A
3 771 i —> B3
1
3oqt o
! ! t2 ‘U/ f/z \ /

7?02 05%05%0q?

(4.9)
We have already remarked that v ou! belongs to W; so by (BES) applied to a~*
we get that also v2 ou? belongs to W; moreover v belongs to W because QQ

a morphism in & [Wfl}. So by Lemma [[3] there are an object A, a morphism
q®: A7 — A% in W and an invertible 2-morphism

0 f’20t20qloq30q4oq52?2OW’Qof20520530q20q30q4oq5,
such that 7,2 * n? coincides with the following composition
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f/2

, ) A//2 BS ,

t“oq u

3. 4. 5 / \ u \
q oq oq

AT ———— 1 - A/2 B2.
=2
52 osoq\} / U v 5 /u’z
f ow'2 or? B

(4.10)
This implies that the following composition

Iz \
/

A//Z

q3oq4oq5 /

Z OI‘ Ob Ob Oq

/\

A?

coincides with the following one:

’20t20q oq oq oq

4n?

5§%05%0q 0q® 0q* 0’ Frow'2or? \

\

—12 =
z 201‘

Therefore, using (£9) we get that E’ * iqt o coincides with the following compo-

sition:
zllo/ \
A5 st O§30q2 o q3 Al
Frow'tor!
q* ] U 771 #lot!
— 5§
A6 q'oq®oqt A7 “ i B3
5 1 202
a ‘U n2 oW’Qor
7 A2
A §2o§3oq20q3oq4oq A
22 o072 /
(4.11)
Now we compute
Tyloqyl * (’172 O] ((5 * iql oqdoqt oqs) O) (7’]1 * iqs)). (4.12)

In order to do that:
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e we replace 7,1 * n' with diagram :
1% ul *7 g 5

e we replace iy1, 41 * § with diagram (0.12);
e we simplify o! (from ([£J)) with its inverse (from (1.12)).

So we get that (£I2) coincides with the following composition:

5 =1.58,+2 3 —1 _—1

A7 q4oq A5 § 0s’0oq“oq Al f ow' - oT B3
_ 7' or! 1N ut
O uuﬂ)l\ u(%)l\

q oq 1

A//

1

\ \

§205%0q2 oq® oqtoq® £2 ,U, o

\ /a

FPow 2012

A2

(4.13)
Now we replace iz * n? in [@I3) with diagram @I0) and we simplify o2 (from
#13)) with its inverse (from ([@I0)). So we get that [@I2) coincides with the
following composition:

A7
q4 ° qS
5 5los30q? 0 ¢® f ow’tor!
A
1
u
N g
l
1
b B

q* / \ I (Pl)_l \
/ \ / v /
sk / B3 /1 B

fow or?

B.

(4.14)
Now we replace o x iqi o4 in (@I4) with (@F5) and we simplify p* and p'. So
we get that ([@I4) (hence [@I2)) coincides with the composition of (£2) with the
2-identity of q2oq®oq*oq®: A7 — A’. In other terms, we have proved that
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. 2 . 1 . . — .
Tyl oyl * (77 ® (6*zq10qsoq4oqs) ® (77 *’qu)) = dyloyl * (n*zqzoqsoq4oqs)

Using Lemma [Tl we conclude that there are an object A% and a morphism q°
A% — A7 in W, such that

2 , 1, , — .
(7’] ®(6*lqloq3oq4oq5)®(n *qu))*’tqs =N*lg20qdoqioqdoqs-

By replacing this in (£I1)) and comparing with (£4]), we get that

5 . - .
ﬂ*lq4oq5oq6 = ﬂ *Zq20q3oq4oq5oq6'

This implies easily that the class of (L) (hence also the class of (I3 coincides
with the class of (@3], so we get the claim.

O

5. HORIZONTAL COMPOSITIONS WITH 1-MORPHISMS ON THE RIGHT
Proof of Proposition [0.4 According to [Px, pag. 259], in order to compute iy * I’
we have to proceed as follows:

(i) for each m = 1,2, we use choices [(W) in order to get data as in the upper
part of the following diagram, with @’ in W and ™ invertible

Z//m
=
A3 Am

m.
rm A ’

u

(ii) we use again choices [JJW) in order to get data as in the upper part of the
following diagram, with z! in W and 7® invertible:

—//

A

3
=
Z//l 43 12

ﬁ“l ﬁ//Z A

3|

)

(iii) we use choices[D(W) in order to get an object Z”/, a morphism { : A" A"
in W and a 2-morphism

—/ — —
6 :f/lovllOzlot:fIQOVIQOZQOt’

such that 7, * B/ coincides with the following composition:
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Al i B’
/ R& (,01)71
Z//1 ll (ﬁl)_l Al u
,,,t_,,/_gh‘g/ \‘B
AT — 4 3 A 4B ;
a” y 7 v2 A? u
k j I p?
A/2 B/
f (5.1)

(iv) then following [Pr], one defines i, * I' as the class of the following diagram

A/l

71
=/1_=1_T gof
V' oz ot

v'20z%0t

%

— —11 . -/

A A3 o A U ig * 153 C,
N 2

A” (5.2)

where @ is the following composition:

N
e

—//2

—//1

N

/2 7/2

So the claim is equivalent to proving that the class of (0.I6]) coincides with the class
of (52). In order to do that, we proceed as follows. By hypothesis, both u”! and
z! belong to W; so we use (BF2) and (BEF3)) in order to get data as in the upper
part of the following diagram, with r! in W and p! invertible:

A4
1 2
r 1 r

I
=

—/1 -
A3 A",

A —//1021 ot u//l o Zl

By hypothesis u’! belongs to W, so we use (BF4al) and (BE4h) in order to get an
object A%, a morphism 13 : A®> — A* in W and an invertible 2-morphism
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ol :71ozlotortor! = vtozlor?or?,

1

such that 7,1 * 0= coincides with the following composition:

7/1
N A/l

z'otor! \U« u’t
3 —IIN

A5r4>A4 A34>A1

Z\ VAL

A//l A/l

—//1

A\

This implies that the following composition

v'1oz'otor! or®

AN /
(5.3)
coincides with the following one:
Z'otort _/,1 u'l ov't
(5.4)

By construction, both ! and 7! belong to W, so using (BE2) and (BEH) (for
(M3)~1), we get that W% 0z% belongs to W. Moreover, by construction, t, r* and r?
belong to W. So using (IEIEI) and (BE3) we get data as in the upper part of the
following diagram, with r® in W and p? invertible:

AG
rS 2 1’4
o’
=
A A3 A5,
u//2 ° Z2 ° 1‘2 ° r3 ﬁ“20520501‘1 ° r3

By hypothesis, u’? belongs to W, so using (BF4a)) and (BE4h) we get an object
A", a morphism 1% : A7 — A% in W and an invertible 2-morphism

2 2

o2 :v?o0z%0r?0r30r’ 01’ = 72?072 otorlordortor,

such that i,2 * 02 coincides with the following composition:
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2
A//2 V—> A/Q

2
zZor?ordor 2\ —1 u
/ 4 () o2 \

AT —— AS o A3 — A2

_92 /
z2otor! o rgk« / U u’?

ZIIQ A 2

=/2
v

This implies that the following composition

A3

V4 0T20r30T

AG [ A//2

°] 4o’ \ /

A7

v'20z%0tor! orort or® (55)

coincides with the following one:

A4

3

SN

AS A// 112 2 A3
u 07z 2

5 2 v

. r ] U’ lu’ ﬁ//2 U, ﬁ2
AT —— A8 —— a" A2

z2otort ord ort u’? ov'? (56)
Then we get easily that the class of ([ILI6]) coincides with the class of the following
diagram:

A/l
/1
wlou't o1 gof
V'~ oz oto
ortorlor’or®
~ 3 =
A Va AT Vg% c,
v'20z2otor! o
3 _4_6
orlorfor
W2 ° u/2 gof/2

where E’ is the following composition:
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v'1ozlotor!

| Yot /
- ey
r%r‘ﬁ lla \ /

A?

v'20z%otort or® ortor®

and &' is the following composition:

=1_7..1
A4 z otor —n
—11
1 u
r? , I
r u//l OZl
/—\
A? A
u//z OZ2
5 2
r ‘U/ l’(‘ ﬁ”2
r 112
7 6 0
A A b 3 _ .4 A

Z2otort ordor

(here &’ is obtained using the identity of (B3] and (5.4]) and the identity of (5.5
and (5.6)). By construction, @'}, 7!, t, r! and 1® belong to W, so we use (BE2),
(BF4a) and (BEF4R) in order to get an object A%, a morphism 17 : A® — A7 in W

and an invertible 2-morphism
5.6 .7 467

E. I O0Or or =—r or or,

such that g oz1050p1 603 * € coincides with the following composition:

Z'otor! —m

/ \ u M o !
li n®

A5 A6 A3,

Therefore, we have that the following composition
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Z'otor!

—/11
A4 A//
=11
1 u
r® ) 4 op
r u//l ozl
/—\
Y
ll HZ w2 o2
ﬁuz
8 7 6 —112
A 7 A 6 A =2 T 1 .3 4 A
T r z“otor - oror (5 8)

coincides with the following one

—//1 —n

a
Tl g8 gpd o6 4T / \
AS tor  or“or*or’or _3
\_/,2/_,,2

(5.9)

So we get that the class of (5.7) (hence also the class of (0.I6])) coincides with the
class of the following diagram:

A/l

/1
gof
v'toz' otor! o
orfortorfor?

A8 bigxp c,
v 2oz otor o
orfortorfor”
2
A (5.10)
where 3 is the following composition
11 =1 T
A4 V' oz otor A/l
fll
3 U O'1
v/l ° Zl
s ——— V// / ’
A r?ord A Ur B B
rtorfor” o v'2 022
~Ur 5_1 r’or ll 0.2 f'2
A8 A7 A2
r’ v'2oz2otor! or® ortor®

Now using (0.I5) we get that i, B’ coincides with the following composition:
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A4 A/l

A8 A? — A/2 B’
r’ v'207%0tor! or® ort or® F?

(5.11)
Now in (BIT]) we replace (5.3) with (5.4) and (&0) with (@0); so we get that 4, x5’

coincides with the following composition:

/1

A/l

/ \
-
—11 z ot —//1

A

] \1/\

A5 = At A”

r%ﬂs%g_lwﬁ uMQ /2 \ /
A"

A8 AS

7 3 4

or z2otor! ordor
\ /U P

A/2 5 Bl

[e]

In the previous diagram we replace diagram (5.8)) with (5.9]). Therefore, we conclude
that i, * B’ coincides with 7, * B/ * 103 ordord oy (see (). So by Lemma [L]
there are an object A% and a morphism r® : A% — A% in W, such that

B/ * ps = BI * 9l 013 ord 016 017 018 -
So we conclude easily that the class of (L.I0) (hence also the class of (0.16)) coin-
cides with the class of (B.2). O

As an application of all the Propositions proved so far, we are giving the following
Corollary, that will be useful in the next paper of this series (JT1]). In that paper,
we will have to compare the compositions of 3 morphisms of the form (03]) with
the compositions of 3 morphisms of the following form
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uoidy/ foid 4/
J = (A A ).

g/ — (B VOidB/ B/ gOidB/ C)
D
(5.12)

In the special case when % is a 2-category we have that f = f* and so on, hence
ho(gof)=ho(g of)and (hog)o f=(h'og')o f. However, when ¢ is simply
a bicategory, in general the fixed choice in [(fW) for the pair (f,v) (see the first
diagram in (04) is different from the fixed choice for the pair (f oidas,voidp/),
and analogously for all the remaining choices needed to compose the morphisms
in (5I2). Therefore, we need a way to compare ho (go f) with A’ o (¢’ o f) and
analogously for the other pair of compositions. In order to do that, first of all we
compare separately f with f’ by defining an invertible 2-morphism x(f) : f = f
as the class of the following diagram: -

oy

woidgr hoid g/

h o= (C C’

3
!

A/

WOidA/

and analogously for x(g) and x(h). Then we have the following result.

Corollary 5.1. Let us fix any pair (¢, W) satisfying conditions (BE) and any set
. . . €W
of 6 morphisms as in (O3) and (BI2). Then the associator GQ@i tho(go f) =

(hog)o f coincides with the following composition:

(5.13)

This result is a direct application of Propositions [I.1] and [0.4l We refer to the
Appendix for a proof.

6. COMPARISON OF 2-MORPHISMS AND CONDITIONS FOR INVERTIBILITY IN A
BICATEGORY OF FRACTIONS

In this section we are going to prove Propositions [0.7] and [0.8 As in the previous
sections, we are going to write the statements of each result in the framework of
bicategories, but for simplicity of expositions we are going to give all the proofs
only in the special framework of 2-categories. The interested reader can easily fill
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the missing details when % is not a 2-category but simply a bicategory, by adding
associators and unitors wherever it is necessary.

Lemma 6.1. Let us fix any pair (¢, W) satisfying conditions (BE)) and any set of
data in € as follows

Al
wh ) "
A Ja 43 B,
2
W2 v f2
A (6.1)

with wh, w? and w'ov! in W and o invertible. Then for each 2-morphism

T (Al,wl,fl) — (AQ,WQ,fQ)

ne [Wfl} there are an object A*, a morphism z : A* — A% such that (w'ov!')oz
belongs to W, and a 2-morphism v : fl o (vioz) = f2 0 (v2oz) in €, such that

' w2 v2

= [A4 vioz,v2oz, 07} 20 (a*iz) ®9W1,V1,Z,'y]
We refer to the Appendix for the proof.
Lemma 6.2. Let us fix any pair (¢, W) satisfying conditions (BE)) and any set of

data in € as follows

with w' and w? in W. Then given any pair of 2-morphisms

rLT2 s (Al w! ) = (42w %)
in € [W‘l}, there are an object A3, a pair of morphisms v : A3 — A™ for
2,
f

(6.2)

m 1,2, an invertible 2-morphism « : w! ovl = w2 ov? and a pair of 2-morphisms
YEy2 s flovl = f2ov2, such that w' ov! belongs to W and
= {AB,Vl,VQ,oz,'ym} for m=12. (6.3)

In other terms, given any pair of 2-morphisms in ¢ [W’l] with the same source
and target, they differ at most by one term.

Proof. By definition of 2-morphism in % [Wfl}, there are data (A3, ¥',v% @,7)
such that

1_ [Zg,vl,v2,a,ﬂ, (6.4)
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with w! o¥! in W and @ invertible. Then we apply Lemma to the set of
data given by ([6.2) and (Zg,vl,#,a, I'?). So there are an object A3, a morphism
7 A3 — A° such that w!' ov' oz belongs to W, and a 2-morphism 7?2 : flovloz =
f?ov?0z, such that I'? = [A3,¥! 07, ¥2 0z, @ *i,,7?]. By definition of 2-morphism in
a bicategory of fractions and (6.4), we have easily I'" = [A3, !0z, V2 0z, a*i,, fy*zz} .

Then in order to conclude, it suffices to set v :=3v"™ oz for m = 1,2, a := @ * 1,
and v =7 i, O

By induction and using the same ideas, one can also prove easily that given finitely
many 2-morphisms I'',--- ,T™ in ¥ [W‘l], all defined between the same pair of
morphisms, there are data A3, v',v2 a, ', - , 4", such that w! o v! belongs to W,
«a is invertible and I'™ = [A3,v!, v, a,y™] for each m =1,--- | n.

Until now we have proved that any pair of 2-morphisms I'!, I'? between the same
pair of morphisms in ¢ [W~!] can be “reduced” to a common form (as in (6.3)),
where all data, except (possibly) one, coincide. The next lemma shows under which
condition on the remaining datum we have I't = I'2.

Lemma 6.3. Let us fix any pair (¢, W) satisfying conditions (BE)) and any set of
data in € as in (1), with w',w? and w' ovl in W and « invertible. Moreover,
let us fix any pair of 2-morphisms v*, % : fLovl = f2ov?; for each m = 1,2, let
us consider the 2-morphism in € [Wfl}

I .= A3,V1,V2,oz,'ym} : (Al,wl,fl) == (AQ,WQ,fQ).

Then the following facts are equivalent
(i) T =12
(ii) there are an object A* and a morphism z : A* — A3, such that (w!ov!) o
belongs to W and v x4, = 42 * i,.

Proof. Let us suppose that (i) holds. Then there is a set of data in € as in the
internal part of the following diagram:

/{\
\/

such that w!ov! or belongs to W, ¢! and o2 are invertible,

Q

BN

e

(iwz * 02) ©) (a * ir) ©) (iw1 * 01) = QU * by (6.5)

and

(ifz * 02) © (72 * ir) O] (z'fl * 01) =iy, (6.6)
Since both w! and w! ov! belong to W by hypothesis, then by Lemma there

. -2 . —2 —1 . . . .
are an object A”, a morphism p' : A~ — A in W and an invertible 2-morphism
o' :1'op! = rop!, such that i1 x5! = ol % iy
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Since w!ov! belongs to W, then by (BEH) applied a~! we get that also w?ov?

belongs to W; since also w? belongs to W by hypothesis, then by Lemma [[3] there
are an object A%, a morphism p? : A* — A% in W and an invertible 2-morphism
o2 :roptop? = r'op'op?, such that iy2 x 6% = 02 i1 ,p,2. Using (6.3), this
implies that:

(iw20v2 *52) ® (Oz*iroplopz) ® (iwlovl * oL *ip2) = Oz*Zr/Op op?

Using interchange law and the fact that « is invertible by hypothesis, the previous
identity implies that (52)_1 = o' % i,2. Then (G.0) implies that:

’y *Zr/op op2 —

— 2 2 . 1. . o
= (’sz*O‘ *Uplop2 ) (7 *Uroplop? ) @(Zfl * 0 *ZploPZ) =
= (if2ov2 *0 )@(72 roplopz)Q(iflovl *51*ip2) =
= (’szov2*0' )@(VQ*Zrop op2 )Q(iflovl*(&Q)il) =

:’y *ir’oplopZ' (67)

Then we set z := 1/ oplop? : A* — A3; by (BF2) and construction we have that
wlovlorop!op? belongs to W. So using (BEH) and i1 * ot * ipl o p2, We conclude
that also w! ov! oz belongs to W. Using (6.7)), we get that (ii) holds. Conversely,
if (ii) holds, then (i) is obviously satisfied using the definition of 2-morphism in

€ [W1. O
Combining Lemmas [6.2] and [6.3] we get Proposition [0.7]

Proof of Proposition[l.8 Let us assume (iii), so let us choose any representative
([@IR) for T and let us assume that there is a pair (4% u : A* — A3) such that
wlovlou belongs to W and f * 4, is invertible in €. By the description of 2-

morphisms in ¢ [W™!], we have

and the last term of such a tuple is invertible in % by hypothesis, so (ii) holds.

Now let us assume (ii), so let us assume that the tuple of data (I.I8)]) is such that S is
invertible in %. Since « is invertible in € by definition of 2-morphism in a bicategory
of fractions, then it makes sense to consider the 2-morphism [A3,vZ vl a~! B71]
in € [W’l]. Using Proposition [I.2] it is easy to see that this is an inverse for T,
o (i) holds.

Now let us prove that (i) implies (iii), so let us assume that T" is invertible and
let us fix any representative ((LI8) for it; by definition of 2-morphism in ¢ [W~!]

we have that « is invertible, so we can apply Lemma for the 2-morphism o~*

of ¢ and for the 2-morphism I'"' of ¥ [W~!]. So there are an object Zg, a

morphism t : a5 A3, such that w?ov?ot belongs to W, and a 2-morphism
~v:f2ov?ot = flovlot, such that I'"! is represented by the following diagram:
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Then we have

—3 9 2 . .
|:A ;viot, v Otvlw2ov20tvlf20v20t:| =

= Z‘(A27w21f2) = F@F_l (;) |:Zg,v20t,v20t,iw20v20t, (6 * ’Lt) @’y:|,

where (x) is obtained applying Proposition So by Lemma there are an
object A% and a morphism 1 : A% — Zg, such that w2 ov2otor belongs to W and

(ﬂ *itor) © (’y*ir) =1f25y20tor (6.8)

Analogously, we have:

13 1 1 : .

{A ,vootor,v Otora@wlovlotoralflovlotori| =
_ D er = [A% v otorvlotori Do (xi
_Z(Al,wl,fl)_ ol = , V2 OULOI, VOlOT, tywloylotory | Y * 2 © *or |-

So again by Lemma there are an object A* and a morphism s : A* — Z3, such
that w! ovl otoros belongs to W and

(’Y*iroS)G(ﬂ*itoros) :iflovlotorOS' (69)

Then (6.8) and (639]) prove that § % ity has an inverse in € given by v % i;o; in
order to conclude that (iii) holds, it suffices to define u:=toros: A* — A3. 0O

APPENDIX

Proof of Lemma L1l We set

ai=iy*x7: wofl = wofZ
Then condition (BE4a) is obviously satisfied by the set of data:
C, v:i=ide, pB:= 7r;21 OYO Ty flov= f%ov
(here w1 is the unitor f loide = f1, and analogously for 2). Since we have also
a =iy %7/, then (BF4a) is also satisfied by:
C, v:i=idg, B = 7T;21 Oy Onp flov= f?ov.

Then by (BF4d) there are an object D, a pair of morphisms u,u’ : D — C and an
invertible 2-morphism ( : idg ou = idg oW/, such that ide ou belongs to W and

02 iae © ((”;21 ©7© 7Tfl) * "u’) O b1 jacw © ("fl * C) =

= (ifz * C) © 05 1400 © ((75721 ©70 Wfl) * iu) © 01 idc,u-
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Using the coherence axioms on the bicategory ¢, this implies that v * iy = 7' * 7y.
Moreover, using v; ! : u = idc ou and (BFH), we get that u belongs to W. O

Proof of Lemmal[L2. We apply condition (BE3) to the pair of morphisms (z o f, zow),
so we get an object E, a morphism t : £ — C in W, a morphism g : ¥ — A and
an invertible 2-morphism 3 : (zof) ot = (zow) o g. Then we apply (BE4al) and
(BI4L) to the invertible 2-morphism

9;&,196569%“ : zo(f ot) = zo(wog).

So there are an object D, a morphismr : D — E in W and an invertible 2-morphism
v:(fot)or = (wog)or, such that

(kg © B g s = brwog ® (14 57) @0, Jor (6.10)

Then we set w' :=tor: D — C; this morphism belongs to W by construction and
(BE2). Moreover, we define f' :=gor: D — A and

a:=0." OY©@Ofp,: fow = wof.

w,g,r

Proof of Lemmall.3. We use (BE4a) on the 2-morphism

g © (i 0) @1 s (zow)o [ = (zow)o f2

Then there are an object E, a morphism t : £ — C in W and a 2-morphism
~v: flot= f2ot, such that

(9Z7W7f2 ® (iz * a) ® HZ_vajl) *ip = Op0w, 24 © (izow * 7) ® 9;01W,f17t.
This implies that

1, * (9W1f27t ® (iw * 7) ® 9;;%) =, * (a * it).
So by Lemma [[T] there are an object D and a morphism r : D — E in W, such
that:

(ewﬁt ® (iw *7) 00", t) iy = (a X it) * . (6.11)

Then we define v := tor : D — (' this morphism belongs to W by construction
and (BF2). Moreover, we set

B:= 9;21,t,r ® (fy * ir) O) FIre fl ov— f2 ov.

Then from (EII) we get easily that a xiy = Oy 2, © (iw * ) © 9v_vlfl - Moreover,
if o is invertible, then by (BE4R) so is «, hence so is 3. O

Proof of Corollary 5.1l For simplicity of exposition, let us suppose that %" has triv-
ial associators. If this is not the case, the proof follows the same lines, adding
associators wherever it is necessary. Let us denote as in (4] the fixed set of
choices [C( W) for the triple f, g, h, so that we have identities ([0.5)) and (0L6]). More-
over, let us suppose that the fixed choices[Cf W) give data as in the upper parts of
the following diagrams (starting from the ones on the left), with u!, u2, ¥! and u®
in W and 6, 7, £ and 7 invertible:
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a A
ot 5 7 7 - \
= =
A/ B/, —1 C Cl,
foid 4/ voidgs A goid g/ of woidgs
—2
. : ! / \
=
! (o4
B goid g/ C woidgr ’ foid 4/ v01dB/ ov?!
so that by [Pl § 2.2] one has
o (g/ . f’) _ (A uoid,s outod? ZQ hoidgs ol D),
o (6.12)

, , , uoid s 0w’
Kog)of =(A

hoidg/ oglof?

D).

(6.13)
Now using (B3] we get a set of data as in the upper part of the following diagram
with ! in W and ¢! invertible

Al
r 1 C 1 l‘2
=
A2 A/ —2

Using (BF4a) and (BE4R), there are an object A2, a morphism 13 : A2 — A in W
and an invertible 2-morphism

—1 .
el floworlor® T o or?or?,
such that i, x &' coincides with the following composition

AN

f
A2—— 4t | A §opt

\ / Foid 4 //
or U Vol B/

This implies that 6! % 4,2 5,1 0,8 coincides with the following composition

39
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EQ rlor® 42 flou? _ B v -
N\ y el / Km\
o wor® =4 . 3 B.
N ey \ V/
N T P 7y
ol ou? ! (6.14)

Now we use again (BF4a) and (BEZD) in order to get an object A3, a morphism
r*: A3 — A% in W and an invertible 2-morphism

3 3 4

e2:lortorort = lor?orfor?,
2

such that iy, x €° coincides with the following composition:

A2 : cr
-1
3 Al / Vo
r flou? g
A3—4>E2/ y et B’ Vot ¢
g
rS\ At Flou? goid g
\ &  weidg
r? ZQ C/ ‘U MTw

~

Therefore, o1 % 4,1 43 0,4 coincides with the following composition:

ou” or (6.15)

Now we use (BF3) in order to get data as in the upper part of the following diagram,
with r° in W and ¢? invertible:

g4
r5 CQ T6
=
A3 A

-3
A

Using (BFZa) and (BE4E), there are an object A%, a morphism 17 : A5 — A* in W
and an invertible 2-morphism

—2
3 vlioflorfor’ =vlof orfor’,

3

such that i, * £° coincides with the following composition:
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viof? B v
-1
; / \ v / \\
B Yot B.
foid 4/
\ / 7 4 voidBX/
B v
Vlofz v

Therefore, 1 * i;5 , 7 coincides with the following composition:

3

i — A - A L
\ b C/ N\
3\—1 N oid 4/
U’ (6 ) —3 . U/ ﬁ B
B I my /

viof?

A
AS
(6.16)

Now we use (BF3) in order to get data as in the upper part of the following diagram,
with 1 in W and ¢3 invertible:

gﬁ
rS Cd r9
=
A3 A A5,
ulou20r10r3or4 u30r50r7

Then we use (BF4a) and (BF4H) in order to get an object A7, a morphism r'° :
A" — A% in W and an invertible 2-morphism
—1 —2
et fomor?ortortortor® =slof orfor’orlor!, (6.17)

4

such that i, * £* coincides with the following composition:

A2
\rS
4 .8 _ 2 2 r

Al
utouZort 1 B ‘U 6 \
~ o C foid 4/ V‘m
A7 7 A6 ll CS A void
wdor® ‘U CZ /ﬁ‘3 //
~ Zg

9 6

r / r Vlof
I‘7
A? (6.18)

Now we use (BEZ@) and (BEZL) in order to get an object A%, a morphism r!! :
A% — A7 in W and an invertible 2-morphism
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7 9 1001,11

6or"ordor ,

1 52
i gtoffororor?ortlort! = glof or

such that i * €5 coincides with the following composition:

C/

fZOFSO/ ~U§ 1
g
vt
r?ortfortt 1 ~
A8 —— 45 || & I C.
\ / go1dB/
—o woidgss
2orSor © ll Tw
/
¢ w

gl

Therefore, & 2015 o 17 619 0 110 o 11 coincides with the following composition

201‘5 e} T

w \
E
\ WV
rf
rPort9ort! f2or® or”

Lastly, we use again (BF4a)) and (BF4h) in order to get an object A%, a morphism
: A* — A% in W and an invertible 2-morphism

(6.19)

7 9 1001,11 OI‘12

or’or ,

p: lortordorforfor®orttor? = glo f2or’or

such that iy * p coincides with the following composition:

lort or®or?

\ 5/
rordor

10

Sor
l 1 on2 ~U« o -1
2 w1l fro goid g/
— B C.
fror®or”or?ort®
P11
5)y—1
4 ()
12
A4 LN gg A5 C’
r?ort®ort? glofZor®or” w
(6.20)

Then we define the following set of morphisms and 2-morphisms

Yi=rlorPortorfortlortlor!?: A* — A2,
5 PorTordorforllor2: A% — A3,
5

u
u
= 43*ir100r110r12 culoufou! = wdou

Moreover, we define w : fl ou?ou* = vl of? o u® as the following composition
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~ 1or® .
A? A
r*or®ort? 3
) U’ JflouZ
1l —2_ 2 .3
P11 12 . f ou“or“or
4 i
At —————— A7 Ve B
Foflorbor?
9 _ .10 vios?
r’or _ U (63)71 ,
5 —
A rPor’ A
(6.21)

Clearly condition (1)) is satisfied by this set of data; we claim that also (E2]) and
(E3) hold. In order to prove (E2), we replace in ([@.7)) the definition of vy above and
the expressions for § =1 # 4,2 o110, and 7 * 4.5 o7 obtained in diagrams (6.14) and
(616). After simplifying some terms of the form 7y, we get that the composition
in (0.7) coincides with the following one:

Al
utou?or! v N3 6 \\
P10 011 o 12 3 Foid 4/ voidpgs
A4 L or er, A6 U ¢ Al
voidgs
b ¢ /,3 U7 / /
ZS

r / f» (€3) /

=
vliof2or®or”

(6.22)
Using (6I8) and ([621), we get that ([6.22) (hence (0.7)) coincides with iy * w.
This implies that (F2) holds. Now we prove (E3)), so in (0.8) we replace w with
@21, 0! i1 o3 0ps with (BIH), and & % i 2005 617 019 0 10 0,11 With ([EIT). After
simplifying 7, ! and €3, we get that the composition in (0.8) coincides with ([6.20),
hence with iy * p, hence (E3) holds. So using Proposition [T we conclude that the
associator @;i’r; is represented by the following diagram:

A2
1 2
uou ou - hol
rlor30r4orso
114 12
] 4
A I tuxy A
r50r7or( 01‘1
or
110113

A? (6.23)

Now we want to compute also the associator appearing in (5I3). For that, we
define the following set of data:

_ —2
Tt i=r?orfortorforforllor?: 44— A4 ,
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— —3
T :=1%0r"or?ortorttor!?: A4* — A7,
Ti=cetxipige: flowou = vl o flow.

Moreover, we define 7 : @' o i? = @ o @ as the following composition:

2or -
V U (Cl)fl Jﬁl
e : wlou?or! .
\ e _lﬁs
® A (6.24)

- —2
and p:loT = g' o f o as the following composition:

YO!’ OY

\

g of2<:>1r5 or’o
10 4 11

orfor §lof2

rPor’oror! (625)
Using interchange law, the definition of @ and (6.17]), we get

. —_ 1 . 4 .
tvoidp *W = (7TV *Zv 1572 Or60r7or901‘100[‘1101‘12)Q(ZV*E *'Lrllorw)@
G(ﬂ-v * l?loﬁ2orz or3ortor8orl0orll orlz) : (626)

Then we replace ([GI8) in ([G26) and we simplify the terms of the form 7. Using
©.24), we get that iyoiq,, * @ coincides with the following composition:

—_ B
\ w
4 4o
foid 4/
\ /ll TIA

- B
viof’ (6.27)

This proves that conditions (1)) and (E2) for the computation of the associator
@f g.f Are satisfied by the set of data

e \

At 9 T0,7,@, 5. (6.28)
Then we need only to prove that condition ([F3]) for the associator mentioned above

is satisfied by (G.28). In other terms, we have to prove that iy .iq,, * p coincides
with the following composition:
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|
Q

fou

6 * 1 ril oyl2

\U( .
35\
\ lL g woidgr

§1

|

(6.29)
Now by interchange law and (@.25]), we have

. _ 1 . 5 . .
twoidgr * P = ( *Zg of or60r7or9or100r110r12) © (ZW *e *Zrlz) © (ZW *p)Q
. oy—1 . .
O] 'Lw*(E) * 2086110 opll op12 | © Tw * Uor2 0130t 0r8orl0orll orl2 |-

Then we replace iy, * p above with diagram ([6.20) and we simplify £2, ¢® and all the
terms of the form my,. Then we get exactly diagram ([6.29), so (F3]) holds. Therefore,
by Proposition [T}, the associator @?’y PRt represented by the following diagram:

uoidy/ oulow? hoid g ol

A I tuoid, *7 A 4 Thoidg * P

uoid,s oW

hoidgs oglof’

A (6.30)

So until now we have computed the central term of diagram (5.13). Using Proposi-
tions [0.21and [0.4it is not difficult to prove that the 2-morphism x (k) * (x(g) * x(f))
appearing in (BI3)) is represented by the following diagram:

A2

uou ou hol
r10r30r40r80
QI‘lOOI'11 Or12

A § ot At Ch

uoid,s ou'ou? hoidgs ol

A (6.31)

3 4 8 10 11 12 /_\ /\
A4ror or~or -or - or Afl ll 1 1
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and B! is the following composition:

lort or®or? h
18010 o pll o 12 _ /_\ /\
2 —1
lor?or®or? hoidgr

Moreover, using again the same propositions, the composition (y(h)™! * X(g)fl) *
x(f)~! appearing in (5I3) is represented by the following diagram

3

. _ . 1 52
uoid,s ou 6 7 o hoidgs oglof
r or or- o

10 Orll Or12

AP (6.32)

Al A V@t AT bm 54
udor® u
and B2 is the following composition:
§lo?20r6 or’or?ort®or!? hoid o/
12 /\ /—\
At — I (! c’ I 7 D.

ApA___ v o dm
glofzor‘r’o1r7or901r10or11 h

Now we compute (BI3)): for that we use Proposition in order to compose

vertically (6:30), (631]) and (6.32). Using the definition of 7 in (6.24]) and that of 7 in
([6.25)), in such a composition we can simplify the terms of the form m,, 7y, (!, (2,2

and €°, hence we get exactly diagram (G.23]). So we conclude. O

Proof of Lemmal6. 1l Let us choose any representative of I' as follows

Al
w! ) f!
A bé ¢Cc In B,
w2 u 12
A2

with w! ou! in W and § invertible. Since w'! belongs to W by hypothesis, then by
Lemma [[.2 there are data as in the upper part of the following diagram, with t! in
W and o invertible:
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O/
tl o t2
=
A3 ——— Al ———C

Using (BEH) on a~!, we get that w? ov? belongs to W. By (BE2), this implies
that also w2 o vZ ot! belongs to W. Moreover, w? belongs to W by hypothesis. So
again by Lemma [[.2] there are data as in the upper part of the following diagram,
with s2 in W and ¢ invertible:

Cl/
/ , \
=
c’ A? c’.
u?ot? vZot!

Now we consider the following invertible 2-morphism:

o= (z'wZ w) o) ((5*it2052) ® (iwl *U*z) o) (a—1 *itlosz) :
w2ovZotlos? = w?ov2otlos!.

Since w2 ov2ot! belongs to W, then by (BF4a) and (BE4R) there are an object
A%, a morphism r : A* = C” in W and an invertible 2-morphism

v: sPor=slor,

such that (% i, = iy20y20¢1 ¥ . We set z :=tlos?or: A* — A3; this morphism
belongs to W by (BE2). By definition of y, this implies that

(iwz * (((b‘l *ir) ® (iVZOtl * y))) ® (a*iZ)G
@(iwl * (0’71 *is2or)) =0%02052 0r- (633)
Then we define:
Y= (if20v20t1 *V_l) ® (ifz *¢*Zr) ® (T]*it2oszor)®
@(if1 *J*is%r) cflovioz= ffov?oz.

This implies that:

(ifz * ((gb*l *ir) ® (ivzotl *V))) (OK70]
@(’L'fl*(O'_l*’L'S2or)) :n*it20520r. (634)

Lastly, we consider the following diagram
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Then using ([6.33), (634) and the previous diagram and comparing with § [T we
conclude that

= [C,u%u{&,n} = [A4,vloz,v202,a*iz,7]
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