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Mo#va#on	  understand	  and	  op5mise	  material	  durability	  	  	  

Mul5-‐scale	  Methods	  -‐	  two	  approaches	  compared	  

Industrial	  and	  Clinical	  Applica#ons	  

Outlook
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Challenges
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Wright	  Flyer	  	  

10:35am	  Dec	  17,	  1903
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Wilbur and Orville Wright, 1903



On	  Dec	  14	  Wilbur	  won	  
the	  coin	  toss,	  made	  the	  
first	  abempt	  and	  stalled	  

Orville	  made	  the	  first	  
flight	  on	  Dec.	  17	  

12	  seconds	  &	  120	  e
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Wilbur and Orville Wright, 1903



20,000	  years
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Aircraft safety



[1959-‐2001]	  1,307	  
commercial	  jet	  aircrae	  
losses

8

Worldwide statistics

Today:	  	  
1	  accident	  per	  
1,000,000	  
departures	  	  
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Accident rates and fatalities/year



10

Accident rates and fatalities/year
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Learning from intuition & theory 

Franklin Institute Science Museum. Wilbur Wright's handwriting
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teach?…



Increased	  prac5cal	  
understanding	  of	  
mechanics	  —	  in	  par5cular	  
fracture	  and	  fa5gue
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Learning from experience 

Aloha airlines accident - fatigue cracks at corners

Bird strikes

Novel convertible aircraft
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Learning from experiments

Replica of the 1901 Wright Wind Tunnel
(constructed with assistance from Orville 
Wright)

World’s largest wind tunnel (2014)



Introduc5on	  of	  
composite	  materials	  
have	  reduced	  the	  
weight	  of	  structures	  by	  
20%	  

Over	  1,000km	  saving	  
of	  8,660kg	  of	  fuel	    
[A340-‐300]
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New materials for more payload
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New kinds of experiments for new kinds of models

[Allix, Kerfriden, Gosselet 2010]
Discretise

0.125 mm
50 mm

100 plies

courtesy: EADS

Kerfriden, Allix, Gosselet, Bordas et al, 2009, 2010, 2011, 2012, 2013, 2014
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A bolted joint
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A bolted joint

0.125 mm

50 mm

100 plies

courtesy: EADS
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A bolted joint

0.125 mm

50 mm

100 plies

courtesy: EADS

• 5	  elements	  through	  the	  thickness	  of	  a	  ply	  =>	  0.025mm/element	  	  

• 50mm	  bolted	  joint	  area	  =>	  2,000	  elements	  

• 50mm	  x	  50mm	  x	  100	  plies	  =>	  	  2,000	  x	  2,000	  x	  (100	  x	  5)	  	  	  

=>	  2	  billion	  elements
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A380 giant 79.8m
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Large	  structures	  

whose	  behaviour	  is	  	  governed	  by	  
small-‐scale	  effects	  	  

=>	  intractable	  problem	  size
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How can the problem size 
be reduced but the 

accuracy controlled? 
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Challenge	  
•Reduce	  the	  problem	  size	  
•Preserve	  essen5al	  features

Physics	  based	  model	  
reduc#on	  a.k.a.	  Mul#scale	  
Methods

Algebraic	  based	  model	  
reduc#on	  a.k.a.	  Machine	  
Learning

Reduce	  computa#onal	  
expense	  

Control	  the	  error
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Challenge	  
•Reduce	  the	  problem	  size	  
•Preserve	  essen5al	  features

Physics	  based	  model	  
reduc#on	  a.k.a.	  Mul#scale	  
Methods

Algebraic	  based	  model	  
reduc#on	  a.k.a.	  Machine	  
Learning

Reduce	  computa#onal	  
expense	  

Control	  the	  error
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Physics-based  
model reduction methods 

multi-scale methods
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Full-scale

Homogenisa*on+

(Or+discrete+
model)+

PDE+with+
constant+coeff.+
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Full-scale

Homogenisa*on+

(Or+discrete+
model)+

PDE+with+
constant+coeff.+



33

Full-scale

Homogenisa*on+

(Or+discrete+
model)+

PDE+with+
constant+coeff.+
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Full-scale

Homogenisa*on+

(Or+discrete+
model)+

PDE+with+
constant+coeff.+
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Multi-scale methods 
Replace the 

heterogeneous fine-
scale model by an 

equivalent smoother 
model at the scale 

where the predictions 
are requiredHomogenisa*on+

(Or+discrete+
model)+

PDE+with+
constant+coeff.+
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Concurrent methods

Akbari,	  Kerfriden,	  Bordas,	  2014

Fine-scale zone  
exists concurrently 

to the coarse scale zone
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Concurrent methods

Akbari,	  Kerfriden,	  Bordas,	  2014

Fine-scale zone  
exists concurrently 

to the coarse scale zone

adaptive coarse-fine  
interface
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Concurrent methods

Molecular 
Dynamics

Continuum

Molecular 
Dynamics

Continuum
Continuum

Molecular 
Dynamics

Talebi,	  Ramaia,	  Rabczuk,	  Bordas,	  Kerfriden,	  2014

Coarse-graining

Molecular 
Dynamics



Hierarchical methods FE^2

39Akbari,	  Kerfriden,	  Bordas,	  2014

Solve a Finite 
Element Problem
at each material 

point of the coarse 
scale Finite Element 

Problem



Hierarchical methods FE^2

Loading

40

Feyel,	  Chaboche,	  2000	  -‐	  Akbari,	  Kerfriden,	  Bordas,	  2014

RVE 
Stress-Strain curve



Hierarchical methods FE^2

Loading

41

Feyel,	  Chaboche,	  2000	  -‐	  Akbari,	  Kerfriden,	  Bordas,	  2014

RVE 
Stress-Strain curve



Hierarchical methods FE^2

Loading
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Feyel,	  Chaboche,	  2000	  -‐	  Akbari,	  Kerfriden,	  Bordas,	  2014

RVE 
Stress-Strain curve



Hierarchical methods FE^2

Peak
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Feyel,	  Chaboche,	  2000	  -‐	  Akbari,	  Kerfriden,	  Bordas,	  2014

RVE 
Stress-Strain curve

Peak



Hierarchical methods FE^2

Unloading	    

44

RVE 
Stress-Strain curve

Tangent stiffness  
not positive definite



Hierarchical methods FE^2

Unloading	    
RVE	  does	  not	  exist
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Feyel,	  Chaboche,	  2000	  -‐	  Akbari,	  Kerfriden,	  Bordas,	  2014

RVE 
Stress-Strain curve

Loss of material stability
Localization 

Tangent stiffness  
not positive definite
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Hybrid methods

Akbari,	  Kerfriden,	  Bordas,	  2014
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Example
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Example
20-100 times fewer unknowns in 2D ~ 1000 times fewer in 3D



Results: uni-axial tension
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❖ Sizes are in mm



Results: uni-axial tension

50

❖ 100X (magnification of displacement)

von-Mises stress (Pa)



Results: uni-axial tension
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❖ 100X (magnification of displacement)

von-Mises stress (Pa)



Results: uni-axial tension
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❖ 100X (magnification of displacement)

von-Mises stress (Pa)



Results: uni-axial tension
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❖ 100X (magnification of displacement)

von-Mises stress (Pa)



Results: uni-axial tension
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❖ 100X (magnification of displacement)

von-Mises stress (Pa)



Adaptive multi-scale

55Feyel,	  Chaboche,	  2000	  -‐	  Akbari,	  Kerfriden,	  Bordas,	  2014

RVE 
Stress-Strain curve

Loss of material stability
Localization 

Semi-concurrent
FE^2

Analytical 
homogenisation

Switch to concurrent

Concurrent
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Open problem 
- model selection and error 
control 

Possible approach 
- machine learning and 
statistical inference, e.g. 
Bayesian statistics
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Open problem 
- statistical variability at the fine 
scale (geometry, material 
parameter) 

Possible approach 
- identification through small-
scale experiments (costly, difficult 
to characterize interfaces) 
- Monte Carlo 
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Open problem 
- material parameter 
identification at small 
scales 

Possible approach 
- small-scale experiments - 
costly
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Model reduction - physics-based (1)

Open	  problem:	  adap5ve	  error	  controlled	  algorithms	  for	  model	  and	  
discre5za5on	  error.	  Use	  the	  right	  model	  at	  the	  right	  place/5me.
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Challenge	  
•Reduce	  the	  problem	  size	  
•Preserve	  essen5al	  features

Physics	  based	  model	  
reduc#on	  a.k.a.	  Mul#scale	  
Methods

Algebraic	  based	  model	  
reduc#on	  a.k.a.	  Machine	  
Learning

Reduce	  computa#onal	  
expense	  

Control	  the	  error
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Algebraic model 
reduction methods 

Use	  precomputed	  solu5ons	  to	  accelerate	  online	  simula5ons



Example - parametric problems

Method	  of	  separated	  representa5on

62



Proper orthogonal decomposition (POD)

• P.	  Kerfriden,	  P.	  Gosselet,	  S.	  Adhikari,	  and	  S.	  Bordas.	  Bridging	  proper	  orthogonal	  decomposi-on	  methods	  and	  augmented	  Newton-‐Krylov	  algorithms:	  an	  
adap-ve	  model	  order	  reduc-on	  for	  highly	  nonlinear	  mechanical	  problems.	  Computer	  Methods	  in	  Applied	  Mechanics	  and	  Engineering,	  200(5-‐8):850-‐866,	  2011.
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This solution is not in 
the snapshot !



Illustration of the method of separated 
representation

64
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Illustration of the method of separated 
representation
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C

2 = (x� 500)3

↵1 = e�0.02 t

↵2
= cos(

p
t)

C

1 = sin(0.01x)



Illustration of the method of separated 
representation
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C

2 = (x� 500)3

↵1 = e�0.02 t

↵2
= cos(

p
t)

C

1 = sin(0.01x)

Very rich approximation!
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)� ū(x
i

, y

j

))2

Data compression: get the nose with the POD!
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Aim:	  accelerate	  the	  simula5on	  using	   
pre-‐computa5ons
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Lattice beam problem
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Lattice beam problem
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Compute	  solu5ons	  for	  several	  loading	  condi5ons
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Lattice beam problem
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Lattice beam problem
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Lattice beam problem
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Perform	  singular	  value	  decomposi5on	  -‐	  POD  
to	  obtain	  “most	  energe5c	  modes”



Reduced basis

• P.	  Kerfriden,	  P.	  Gosselet,	  S.	  Adhikari,	  and	  S.	  Bordas.	  Bridging	  proper	  orthogonal	  decomposi-on	  methods	  and	  augmented	  Newton-‐Krylov	  algorithms:	  an	  
adap-ve	  model	  order	  reduc-on	  for	  highly	  nonlinear	  mechanical	  problems.	  Computer	  Methods	  in	  Applied	  Mechanics	  and	  Engineering,	  200(5-‐8):850-‐866,	  2011.
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Reduced basis

• P.	  Kerfriden,	  P.	  Gosselet,	  S.	  Adhikari,	  and	  S.	  Bordas.	  Bridging	  proper	  orthogonal	  decomposi-on	  methods	  and	  augmented	  Newton-‐Krylov	  algorithms:	  an	  
adap-ve	  model	  order	  reduc-on	  for	  highly	  nonlinear	  mechanical	  problems.	  Computer	  Methods	  in	  Applied	  Mechanics	  and	  Engineering,	  200(5-‐8):850-‐866,	  2011. 76
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Beyond the elastic limit

• P.	  Kerfriden,	  P.	  Gosselet,	  S.	  Adhikari,	  and	  S.	  Bordas.	  Bridging	  proper	  orthogonal	  decomposi-on	  methods	  and	  augmented	  Newton-‐Krylov	  algorithms:	  an	  
adap-ve	  model	  order	  reduc-on	  for	  highly	  nonlinear	  mechanical	  problems.	  Computer	  Methods	  in	  Applied	  Mechanics	  and	  Engineering,	  200(5-‐8):850-‐866,	  2011.
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Beyond the elastic limit

• P.	  Kerfriden,	  P.	  Gosselet,	  S.	  Adhikari,	  and	  S.	  Bordas.	  Bridging	  proper	  orthogonal	  decomposi-on	  methods	  and	  augmented	  Newton-‐Krylov	  algorithms:	  an	  
adap-ve	  model	  order	  reduc-on	  for	  highly	  nonlinear	  mechanical	  problems.	  Computer	  Methods	  in	  Applied	  Mechanics	  and	  Engineering,	  200(5-‐8):850-‐866,	  2011.
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This solution is not in the snapshot !−5 0 5 10 15 20 25
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Parametric / stochastic multiscale fracture 
mechanics

81

➡ Direct numerical simulation: efficient preconditioner?

➡ Adaptive coupling?

First realisation Second realisation

Highly correlated solution fields

Localisation of fracture, uncorrelated
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Method of separated representation

• Search	  for	  the	  solu5on	  in	  space	  /	  5me	  /	  parameter	  in	  a	  product	  space:	  

• Op5mality	  of	  an	  expansion	  of	  order	  nc	  with	  respect	  to	  a	  par5cular	  metric	  defined	  on	  	  

➡ different	  metrics	  lead	  to	  different	  methods,	  which	  have	  their	  pro/cons	  

➡ Choice	  strongly	  dependent	  on	  the	  context	  
‣ Data	  compression:	  POD	  (Proper	  Orthogonal	  Decomposi5on)	  is	  a	  classical	  choice	  in	  

dimension	  2	  
‣ Data	  compression	  in	  many	  dimensions:	  mul#linear	  POD	  
‣ Solver	  in	  many	  dimensions	  without	  a	  priori	  knowledge	  of	  the	  solu5on:	  PGD	  
‣ Model	  order	  reduc5on:	  Snapshot	  POD,	  Snapshot	  PGD	  
‣ Ini5aliser,	  precondi5oners:	  low-‐order	  POD,	  low-‐order	  PGD,	  Snapshot	  POD
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Ū : Usep = Rn ⇥ T ⇥ P ! Rn

Ū(t, µ) =
nCX

i=1

Ci �i(t)�i(µ) ,

Ci 2 Rn

�i : T ! R, 8i 2 J1, nCK ,
�i : P ! R, 8i 2 J1, nCK ,

Usep
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a posteriori model order reduction. Idea: search for the solution as a linear 
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Reduced basis: family of representative solutions

C1

C2

C3

C =
�
U1 U2 ... UnC

�

(1)	  Solve	  FINE	  for	  n_S	  parameters	  (EXPENSIVE!)	  

S =
�
S1 S2 ... SnS

�

(3)	  Trunca5on	  

Solution
Coefficients

Family of  
representative solutions

Approximation of the 
solution in a space of 
small dimension (nc)

F
Int

(U) + F
Ext

= 0

Initial set of equations

(4)	  Galerkin	  orthogonality	  

S = U⌃VT =
nSX

k=1

⌃k Uk VkT

(⌃k)k2J1 nSKwhere                           in decreasing order

nS solutions, sorted by relevance

(2)	  Singular	  value	  decomposi5on	  
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Application to a parametric fracture problem
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Application to a parametric fracture problem
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‣ The	  POD	  solu5on	  is	  not	  
able	  to	  reproduce	  the	  
solu5on	  in	  the	  cracked	  
area	  

‣ Due	  to	  lack	  of	  correla5on	  
introduced	  by	  crack	  
growth	  

‣ Leads	  to	  a	  local	  
projec5on	  error
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Return of the monkey
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• What	  can	  we	  do	  to	  address	  this	  lack	  of	  separa5on	  of	  scales/
reducibility?	  

88



Model reduction in mechanics (non exhaustive)

• Model	  order	  reduc5on	  in	  a	  domain	  decomposi5on	  context	  
• Craig-‐Bampton	  [Craig	  and	  Bampton	  ’68,	  Rixen	  et	  al.	  ’04]	  

• LaTIn	  method	  /	  PGD	  [Ladevèze	  et	  al.	  ’03,	  Ladevèze	  et	  al.	  ’10]	  

• Par55oned	  Component	  Mode	  Synthesis	  [Park	  and	  Park	  ’04,	  Markovic	  and	  Ibrahimbegovic	  ’09]	  

• Par55oned	  POD	  [Kerfriden	  et	  al.	  ’11]	  

• Model	  order	  reduc5on	  of	  substructures	  not	  requiring	  a	  fine	  analysis	  a	  priori	  
• Modal	  trunca5on	  [Barbone	  et	  al.	  ’03,	  Rickelt	  and	  Reese	  ’04]	  

• POD	  [Rickelt	  and	  Reese	  ’06]	  

• Patches	  
• Finite	  element	  enrichment	  of	  PGD	  models	  by	  VMM	  [Ammar	  et	  al.	  ’11]	  

• XFEM	  discon5nui5es	  in	  soe	  5ssues	  [Niroomandi	  et	  al.	  ’11]	  

• Model	  order	  reduc5on	  for	  heterogeneous/nonlinear	  materials	  fracture	  
• A	  priori	  Hyperreduc5on	  for	  plas5city	  [Ryckelynck	  et	  al.	  ’08]	  and	  damage	  [Kerfriden	  et	  al.	  ’10]	  

• Adap5ve	  POD	  and	  morphing	  in	  the	  XFEM	  context	  [Galland	  et	  al.	  ’09]	  

• Reduced	  model	  mul5scale	  method	  [Yvonnet	  et	  al.	  ’07]	  

• LaTIn	  method	  [Ladevèze	  et	  al.	  ’03]	  
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How we got to this point...
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Data compression: fracture
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POD order 1

POD order 3

“Exact” solution

Snapshot POD (snapshot space is 
spanned by the ensemble of 
solutions at all time steps)



Partitioned POD/DDM
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Original domain

Domain Decomposition Method



Partitioned POD/DDM
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Original domain

Domain Decomposition Method



Partitioned POD/DDM
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Original domain

Domain Decomposition Method
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‣ Decompose	  
the	  
structure	  
into	  
subdomains	  

‣ Perform	  a	  
reduc5on	  in	  
the	  highly	  
correlated	  
region	  

‣ Couple	  the	  
reduced	  to	  
the	  non-‐
reduced	  
region	  by	  a	  
primal	  Schur	  
complement
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Choice of the reduced subdomains: local error estimation by 

• Reduced	  subspaces	  are	  independent	  and	  we	  assume	  a	  
snapshot	  is	  a	  priori	  available	  
‣ (1)	  Dimension	  of	  the	  local	  space	  for	  each	  subdomain?	  
‣ (2)	  Is	  a	  given	  subdomain	  is	  reducible?	  

• (1)	  and	  (2)	  will	  be	  treated	  by	  cross-‐valida5on	  (e.g.	  W.	  J.	  
Krzanowski.	  Cross-‐valida5on	  in	  principal	  component	  analysis.	  
Biometrics,	  43(3):575-‐584,	  1987.)	  
‣ Training	  set:	  snapshot	  
‣ Valida#on	  set:	  set	  of	  addi5onal	  finescale	  solu5ons	  
‣ Independent	  training/valida5on	  avoids	  overfi}ng	  	  
‣ Cross	  valida5on	  emulates	  independence.	  Error	  calculated	  

using	  the	  local	  reduced	  basis	  obtained	  by	  a	  snapshot	  POD	  
transform	  of	  all	  the	  available	  snapshot	  solu5ons	  except	  the	  
one	  corresponding	  to	  the	  value	  of	  the	  summa5on	  variable.	  

• NOTE:	  If	  the	  snapshot	  is	  not	  assumed	  a	  priori	  then	  
‣ Assess	  whether	  the	  snapshot	  contains	  sufficient	  informa5on,	  and	  

generate	  addi5onal,	  suitable,	  data	  if	  required	  
‣ Most	  analysis	  (mostly	  by	  sta5s5cians)	  assume	  the	  snapshot	  is	  

known	  a	  priori.	  Recent	  review:	  Hervé	  Abdi	  and	  Lynne	  J.	  Williams.	  
Principal	  component	  analysis.	  Wiley	  Interdisciplinary	  Reviews:	  
Computa5onal	  Sta5s5cs,	  2(4):433{459,	  2010.
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Order of the POD transforms
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System approximation

• Governing	  equa5ons	  

• Linearisa5on	  (or	  higher	  order	  Taylor)	  of	  the	  non-‐linear	  terms	  in	  the	  set	  of	  equa5ons	  
• Reduced	  linear	  operators	  computed	  “offline”	  once	  and	  for	  all	  

• Reused	  “online”	  in	  the	  Newton	  solver	  

• Usability	  of	  such	  techniques	  is	  “local”	  along	  the	  trajectory	  of	  the	  reduced	  state	  variables	  

• Evalua5on	  of	  the	  residual	  on	  reduced	  spa5al	  domains	  
• “Gappy”	  technique:	  nonlinear	  func5on	  reconstructed	  by	  interpola5on	  on	  another	  POD	  basis	  

• “Colloca5on”	  methods	  look	  for	  a	  solu5on	  which	  is	  op5mal	  with	  respect	  to	  a	  few	  equa5ons	  of	  the	  system	  (least	  squares	  or	  Galerkin	  frameworks	  can	  be	  used).	   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EXPENSIVE! REQUIRES 
INTEGRATION OVER THE WHOLE 

DOMAIN



Performance: load angle 40 | 27 - 121 nodes

• Rela5ve	  error
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Performance: load angle 40 | 27 - 256 nodes

• Rela5ve	  error
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40o 27o

• Rela5ve	  error



Performance: load angle 40 | 27 - 441 nodes

• Rela5ve	  error
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40o 27o



Performance: load angle 40 | 27 - 961 nodes

• Rela5ve	  error
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40o 27o

• Rela5ve	  error



Role of system approximation
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Conclusions and perspectives

• Domain	  coupling	  using	  the	  primal	  Schur-‐complement	  domain	  decomposi5on	  method.	  	  

• Local	  subproblems	  have	  been	  reduced	  by	  projec5on	  in	  low-‐dimensional	  subspaces	  obtained	  by	  the	  snapshot	  POD.	  	  

• This	  approach	  permits	  to	  flexibly	  reduce	  the	  computa5onal	  cost	  associated	  with	  highly	  nonlinear	  problems.	  In	  
par5cular:	  

• the	  local	  reduced	  spaces	  are	  generated	  independently,	  and	  have	  independent	  dimensions,	  which	  allows	  us	  to	  
focus	  the	  numerical	  effort	  where	  it	  is	  most	  needed.	  	  

• subdomains	  that	  are	  close	  to	  highly	  damaged	  zones	  need	  a	  richer	  model	  to	  account	  for	  the	  effect	  of	  topological	  
changes.	  The	  local	  POD	  transforms	  automa#cally	  generate	  local	  reduced	  spaces	  of	  larger	  dimension	  in	  these	  
zones.	  

• the	  domain	  decomposi5on	  framework	  enables	  us	  to	  switch	  from	  reduced	  local	  solvers	  to	  full	  local	  solvers	  in	  a	  
transparent	  manner.	  This	  is	  par5cularly	  useful	  for	  the	  subdomains	  that	  contain	  process	  zones,	  as	  a	  solu5on	  
obtained	  by	  projec5on	  would	  be	  more	  expensive	  than	  a	  direct	  solu5on	  for	  a	  desirable	  accuracy.	  

• the	  transi5on	  between	  ``offline''	  and	  ``online''	  computa5ons	  becomes	  flexible.	  The	  reduced	  models	  can	  be	  used	  
in	  the	  zones	  where	  the	  local	  reduced	  spaces	  converge	  quickly	  when	  enriching	  the	  snapshot	  space,	  while	  s5ll	  
compu5ng	  snapshots	  and	  refining	  the	  reduced	  models	  via	  a	  direct	  local	  solver	  in	  the	  remaining	  subdomains.
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Perspectives (1/2)

• Further	  work	  related	  to	  domain	  decomposi5on	  

• load	  balancing	  mismatch	  would	  occur	  when	  using	  such	  a	  strategy	  in	  parallel.	  CPUs	  which	  support	  
domains	  that	  are	  not	  reduced,	  or	  domains	  for	  which	  the	  corresponding	  subproblems	  need	  to	  be	  
projected	  in	  a	  space	  of	  rela5vely	  high	  dimension,	  would	  require	  to	  perform	  more	  opera5ons.	  The	  
domain	  par55oning	  itself	  should	  be	  performed	  jointly	  with	  the	  model	  reduc5on	  in	  order	  to	  distribute	  
the	  load	  evenly.	  

• the	  interface	  problem	  itself	  was	  not	  reduced	  here,	  to	  guarantee	  the	  interface	  kinema5c	  compa5bility.	  

• Subop5mal	  reduced	  order	  model.	  Would	  generate	  expensive	  communica5ons	  in	  parallel	  

• A	  reduc5on	  of	  the	  interface	  problem	  using	  the	  POD	  can	  be	  done	  but	  is	  neither	  elegant	  nor	  
easy	  

• Dual	  Schur-‐complement	  domain	  decomposi5on	  method	  would	  allow	  the	  kinema5c	  
approxima5on	  of	  the	  subproblems	  to	  include	  the	  interface.	  However,	  this	  would	  only	  deflect	  
the	  difficulty	  to	  the	  necessary	  reduc5on	  of	  the	  interface	  Lagrange	  mul5plier	  space.	  This	  issue	  
is	  our	  current	  direc5on	  of	  research.

104



Perspectives (2)

• Further	  work	  related	  to	  model	  reduc5on	  

• op#mal	  choice	  of	  the	  snapshot	  samples	  used	  to	  construct	  a	  posteriori	  reduced	  order	  models	  is	  a	  very	  ac5ve	  
research	  area	  

• We	  have	  used	  a	  cross	  valida5on	  technique.	  OK	  if	  sufficiently	  fine	  snapshot	  space.	  	  

• We	  cannot	  find	  zones	  of	  “non-‐smoothness”	  in	  the	  parameter	  space	  automa5cally.	  

• We	  used	  global	  Euclidian	  norms	  to	  evaluate	  the	  error.	  Needs	  refinement	  to	  tackle	  goals	  and	  quan55es	  of	  interest.	  	  

• Use	  model	  reduc5on	  to	  iden5fy	  “fracture	  zones”	  /	  localisa5on	  bands,	  etc.	  

105



50 100 150 200 250 300 350 400 450 500

50

100

150

200

250

300

350

400

450

106

Challenges	  
Reduce	  the	  problem	  size	  
Preserve	  essen5al	  features

Physics	  based	  model	  reduc#on	  
a.k.a.	  Mul#scale	  Methods

Algebraic	  based	  model	  
reduc#on	  a.k.a.	  Machine	  

Learning

Reduce	  computa#onal	  expense	  -‐	  Control	  the	  error

The	  problem	  is	  not	  reducible	  in	  
the	  fracture	  process	  zone

Adap#ve	  Domain	  
Decomposi#on	  Proper	  

Orthogonal	  Decomposi#on

Representa#ve	  volume	  
elements	  do	  not	  exist	  aSer	  the	  

onset	  of	  fracture

Adap#ve	  Mul#-‐scale	  
Methods:	  hierarchical	  -‐	  semi-‐

concurrent	  -‐	  concurrent
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Open problems 
- how to define the 
reduced area? 
- precomputation time 
(offline)  



108

Model reduction - algebraic

Open	  problem:	  algebraic	  model	  reduc5on	  for	  non-‐linear	  problems	  with	  
localisa5on	  -‐	  fracture,	  moving	  interfaces
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Future?
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Heterogeneous	  &	  mul5-‐
func5onal	  materials	  

Can	  we	  op5mise	  the	  
material	  microstructure	  
given	  macroscopic	  
objec5ve	  func5ons

111

Material complexity

Experiments	  required	  
to	  abain	  sufficient	  
confidence	  in	  their	  
behavior	  are	  
increasingly	  costly	  	  

0.125 mm

100 plies

courtesy: EADS



Factor-‐of-‐Safety	  or	  
probabilis5c	  based	  
methods	  cannot	  
handle	  unknown	  
unknowns
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Material complexity

0.125 mm

100 plies

courtesy: EADS

Lack	  of	  similitude	  
between	  tes5ng	  
(experimental)	  and	  
opera5ng	  condi5ons	  
—	  also	  encountered	  
in	  geophysics,	  
medicine…
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Challenges

0.125 mm

100 plies

courtesy: EADS

• Move	  away	  from	  heuris#cs	  and	  experience-‐
based	  engineering	  

• Develop	  fundamental	  understanding	  of	  
physical	  processes	  (degrada5on,	  …)



Actual	  aircraS
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Digital twin concept

Digital	  aircraS	  model	  

Cer5fica5on	  and	  
design	  methods

High	  fidelity	  modeling	  
and	  simula5on

Situa5on	  awarenessLife	  predic5on	  and	  
extension

Requires	  real-‐#me	  data	  
assimila#on,	  and	  model	  

update…
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Industrial and clinical applications



Industrial and clinical applications
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Alkali-silica reaction in concrete

Solder joint durability  
in the car industry

Turbine shape  
optimisation

Silicon wafer  
cutting
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Numerical	  Modeling	  of	  	  
SOI	  Wafer	  Spli}ng



Physical	  process

Manufacturing	  process:	  SmartCutTM	  
• H+	  ioniza5on	  of	  a	  thin	  surface	  of	  Si	  

• Bonding	  to	  a	  handle-‐wafer	  (s5ffener)	  

• High	  temperature	  thermal	  annealing	  

• Nuclea5on	  and	  growth	  of	  cavi5es	  filled	  with	  H2	  

• Pressure	  driven	  micro	  crack	  growth	  

• Coalescence	  and	  post-‐split	  fracture	  roughness

re
-‐u
se

A

B

A

A

B

B

B

A

A

A
concerned	  with

Si	  wafer



Model

Modeling	  cavi#es	  by	  zero	  thickness	  surfaces	  
• discon5nui5es	  in	  the	  displacement	  field	  
Linear	  elas#c	  fracture	  mechanics	  (LEFM)	  
• infinite	  stress	  at	  crack	  5p,	  i.e.	  singularity

sta5s5cally	  distributed	  
discon5nui5es

Cohesive	  interface	  with	  
varia5on	  in	  surface	  energy

fracture	  criterion	  at	  the	  
discon5nuity	  5p	  

discon5nuity	  subjected	  to	  
H2	  pressure



Discre#za#on:	  XFEM

Extended	  Finite	  Element	  Method	  (XFEM)	  
• Introduced	  by	  Ted	  Belytschko	  (1999)	  for	  elas5c	  problems

Fracture	  of	  “XFEM”	  using	  XFEM



Plate	  with	  300	  cracks	  -‐	  ver#cal	  extension	  BCs



Conclusions	  :	  (1)	  microstructures	  play	  a	  determining	  role	  on	  thermo-‐
mechanical	  fa5gue	  life;	  (2)	  Pb	  increases	  the	  life	  span	  (of	  the	  solder)	  

Solder	  joint	  durability	  -‐	  role	  of	  Pb
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Figure 4.14.: Accumulated creep strain distribution for a representative
temperature cycle of structure 1 in figure 4.11 before crack
initiation

This is a consequence of the stress singularity that forms there. Another

apparent feature that can be observed is that the distribution is discon-

tinuous along some of the grain boundaries. Displaying this discontinuity

numerically is only possible because the enrichment functions enable us to

model discontinuous strains and stresses along the grain boundaries.

Since we assume that the interface between the copper pad and the solder

cannot break, a boundary in the solder bulk fails first. The boundary is

enclosed by a green line in figure 4.14. The line marks the area AB used to

evaluate ϵavg,B in equation (4.6). The crack growth patterns in structure 1

at different stages of crack growth are shown in figure 4.15. The patterns

form a web-like structure like those seen in actual solder joints after thermal

cycling [64]. The main crack initiates in the upper left part of the joint and

propagates along the upper solder-copper interface.

We want to compare the crack growth in all structures with experimen-

tally determined crack growth published by Tunga [74]. The comparison is

shown in figure 4.16. For each cycle number in figure 4.16 at which the crack

length has been determined experimentally, twelve different joints were in-

0.1mm

Challenges	  
• microstructure/meshing	  -‐	  sta5s5cal	  variability	  
• robustness	  -‐>	  precondi5oning	  	  
• maintain	  accuracy	  

Advanced	  
discre#sa#on

Model	  
reduc#on Computa#onal	  

#me?	  

thesis Menk



Industrial	  applica5ons	  of	  isogeometric	  
analysis	  (IGA)
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CAD	  to	  Analysis

calculate

vM stress distribution

iterate

mesh 80%

20%



3

Isogeometric	  analysis	  (with	  BEM)

Approximate	   the	   unknown	   fields	   with	   the	   same	   basis	   	   	   func5ons	  
(	  NURBS,	  T-‐splines	  …	  )	  as	  that	  used	  to	  generate	  the	  CAD	  model	  

direct	  calcula#on

meshing

calcula#on

stress analysis•Exact	  geometry.	  
•High	  order	  con5nuity.	  
•hpk-‐refinement



PropellerPropeller:	  NURBS	  would	  require	  several	  patches	  -‐	  single	  patch	  T-‐splines

Isogeometric	  boundary	  element	  analysis	  using	  unstructured	  T-‐splines	  
MA	  Scob,	  RN	  Simpson,	  JA	  Evans,	  S	  Lipton,	  SPA	  Bordas,	  TJR	  Hughes,	  TW	  Sederberg	  
CMAME,	  2013.	  hbp://orbilu.uni.lu/handle/10993/11850	  

http://scholar.google.co.uk/citations?view_op=view_citation&hl=en&user=xhdGcjkAAAAJ&citation_for_view=xhdGcjkAAAAJ:WF5omc3nYNoC
http://orbilu.uni.lu/handle/10993/11850
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Shape and topology optimisation
Challenges	  for	  “conven#onal	  methods”	  

• 	  Inverse	  problem	  -‐	  ill	  posed	  
•Choice	  of	  the	  approxima5on	  space	  for	  the	  
boundary	  and	  the	  field	  approxima5on	  

•Evolving	  boundary	  (shape)	  
•Manual	  Redesign	  of	  the	  Topology:	  Smoothing	  
of	  the	  “op5mised”	  shape	  

Methods	  
• Isogeometric	  
•Boundary	  Elements	  
•Geometry-‐
independent	  field	  
approxima5on	  

Results	  
•Shape	  
op5misa5on	  
without	  meshing	  
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Shape and topology optimisation
Possible	  new	  approach	  

•start	  from	  an	  ini5al	  CAD	  
•use	  IGA	  to	  represent	  the	  surface	  
•op5mise	  
• the	  CAD	  is	  s5ll	  available	  and	  the	  piece	  can	  be	  
displayed	  and	  reworked	  if	  necessary	  (no	  
mesh).	  	  



Other applications
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Microstructurally faithful material modeling 

Biofilm growth
marching method  

seed point(s) - 
requires one 
single global 

Level Set representation of a surface defined by a parametric function

• In order to reproduce the geometry accurately, significant mesh refinement is typi-

cally needed;

• Because the whole boundary is defined using one single function, it is not straight-

forward to locate and separate different regions on ∂Ωh for attribution of appropriate

boundary conditions;

• To efficiently approximate a curved domain, one generates a discrete approxima-

tion of the scalar distance field φ by evaluating the function on a sufficiently fine

mesh, or by adaptive schemes like octree techniques to capture details of the domain

boundary ∂Ωh. However, linear interpolation of the mesh values to approximate the

boundary is insufficient for higher order analysis.

Figure 3: Approximation of an object with convex and concave boundaries with the

same background mesh, resulting from Boolean combinations of half-spaces defined using

analytically defined level set functions (8-planes and 3-cylinders). (a) The object is con-

structed by a single level set resultant from Boolean operations (one scalar distance value

is stored at each node). (b) shows the approximation by our new approach that preserves

sharp features (eleven scalar distance values are stored at each node).

In the following section, we present a new approach to represent arbitrary regions

using level set functions, which alleviates the pitfalls of the “single-level-set-description”.

11

Sing Multiple level sets

Advance by CRP Henri Tudor in 2011 
(Moumnassi et al, CMAME DOI: 

Implicit volume representations directly from CAD

Durability of concrete and aerospace structures
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Patient/plane-specific simulation
Prac#cal	  early-‐stage	  design	  simula#ons	  (interac#ve)

[Allix, Kerfriden, Gosselet 2010]
Discretise

0.125 mm

50 mm

100 plies

courtesy: EADS

‣Reduce the problem size while controlling the error (in QoI) when solving very 
large (multiscale) mechanics problems  

Discretise

Surgical	  simula#on	  
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Surgical simulation

SimLearning AssistancePlanning

PrecisionRealTcut  
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[Courtecuisse	  et	  al.,	  MICCAI,	  2013	  
and	  Medical	  Image	  Analysis,	  2014]	  

First	  implicit,	  interac#ve	  method	   
for	  cuang	  with	  contact	  

Abdominal	  minimally	  invasive	  
surgery	  simula#on	  (Inria,	  

Shacra)	  

Cataract	  Surgery	  



enriched  
zone

offline	  calcula5ons online	  calcula#ons

instrument	  ac5ons

generate	  par#cular	  solu#ons sort	  the	  
solu#ons	  
(surgeon)	  

pa5ent-‐specific	  
mapping

~10^3	  	  
snapshots

POD	  

O(10)	  fonc#ons

small	  
reduced	  
order	  space	  

Global	  POD	  
approxima5on

Local	  (FE)

Local	  (FE)

~10^6	  
snapshots

enrichment	  for	  5p	  of	  the	  
cut

r

u

compute	  asympto5c	  fields	  

local	  
representa5on
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… not exactly brain surgery

Courtecuisse,	  Kerfriden,	  Bordas…	  Medical	  Image	  Analysis	  2014



• Understanding	  and	  op#misa#on	  of	  fracture	  of	  
heterogeneous	  materials	  -‐	  including	  human	  #ssue	  :)	  	  

• mul5-‐scale	  methods	  are	  being	  developed	  

• these	  methods	  are	  expensive	  

• model	  selec5on	  remains	  an	  open	  problem	  

• variability	  of	  the	  material	  proper5es	  exacerbate	  these	  
difficul5es	  

• taking	  into	  account	  realis5c	  situa5ons	  remains	  elusive	  

• coupling	  with	  sensing	  systems	  may	  be	  the	  future

134

Outlook

… twinning



real-time simulations could help 
engineers gain insight into complex 

non-intuitive phenomena by 
allowing to probe, quickly, the 

parameter space and design space 
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Partners	  and	  Funding



Gracias por su atención 
Merci de votre attention 

Thank you for your attention 
Danke für Ihre Aufmerksamkeit  
Gracie per la vostra attenzione
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Increase	  product	  durability?

Virtual	  model  
of	  the	  device

Virtual	  tes5ng	  &	  Simula5on

Analysis  
of	  the	  results

product-‐specific
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Buy	  or	  sell?

Mathema5cal	  model	  +	  ini5al	  condi5ons

t

V(t)

Real-‐5me	  future	  op5on	  pricing

Iden5fy 
behaviour	  

market-‐specific
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Devise	  effec#ve	  deep	  brain	  s#mula#on	  
-‐ reach	  the	  target	  area	  
-‐ maintain	  contact	  with	  the	  electrode

Model	  of	  the	   
brain	  material

Predict	  electrode	  behaviour

Electrode	  separates 
from	  target

pa5ent-‐specific
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Luxembourg	  
Research	  Centres

SnT FSTC

UL	  Faculty	  Science	  
LCSB

Iden#fica#on	  of	  Phenomena

Model	  Genesis	  &	  Evolu#on

Model	  Proper#es

Model	  Analysis

Data	  Analysis	  (inc.	  Big	  Data)

Model	  Evalua#on	  &	  Comprehension

Industry

CRP	  Lippmann CRP	  Tudor

Industry
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Links to relevant publications



• The	  isogeometric	  BEM	  results	  were	  produced	  by	  Robert	  Simpson	  
in	  collabora5on	  with	  ICES	  in	  Texas,	  whose	  contribu5on	  is	  
gratefully	  acknowledged.	  
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