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Introduction

Jordan algebras first appeared in a 1933 paper by P. Jordan on the foun-
dations of quantum mechanics. The classification of simple finite-dimensional
Jordan algebras over an algebraically closed field of characteristic different from
two was obtained by Albert, [1], in 1947 but a much easier proof of this clas-
sification was given in the 60’s, thanks to the discovery of the Tits-Kantor-
Koecher (TKX) construction, [10] [5] [7]. This is based on the observation that
ifg=9g_1PgoDg; is a Lie algebra with a short Z-grading and f lies in g;, then
the formula

aeb=la,f],b]

defines a structure of a Jordan algebra on g_;. This leads to a bijective corre-
spondence between simple unital Jordan algebras and simple Lie algebras with
an sly-triple {f, h,e} whose semisimple element h, with eigenvalues 0,—1,1,
defines a short grading of g.

Over the years the TKX construction has revealed more and more relevant,
due to its many generalizations.

The first natural generalization is to Jordan triple systems, whose algebraic
study was initiated by K. Meyberg in 1969. A Jordan triple system is a 3-algebra

whose product {-, -, -} satisfies the following identities:

{z,y,2} = {zy,2}
{u,v.{z,y,2}} = {w,v, 2}y, 2} = {2, {v, u, y}, 2} + [2, 9, [u, v, 2]

Another natural generalization is to superalgebras: using the TXX construc-
tion V. Kac, [1], obtained in 1977 the classification of simple finite-dimensional
Jordan superalgebras over a field of characteristic zero, from the classification
of simple finite-dimensional Lie superalgebras. More recently, the same ideas
were generalized by N. Cantarini and V. Kagc, [2], in order to establish the equi-
valence of the category of unital linearly compact Jordan superalgebras and the

category of linearly compact Lie superalgebras with a short subalgebra. This



equivalence lead to the classification of infinite-dimensional linearly compact
simple Jordan superalgebras.

At the same time, J. Palmkvist, [3] [9], studied how to extend the TKX
construction to the so-called Kantor triple systems. These are a class of triple
systems including Jordan triple systems. In this case a Z-graded Lie algebra of
length 5, g =g_2+g_1 + go + g1 + g2, is associated to a Kantor triple system.
This construction is undoubtedly more complicated, both from a conceptual
and a technical point of view. It is worth mentioning that in the latest years
triple systems have found several applications to different branches of physics,
in particular to 3-dimensional supersymmetric gauge theories. For this reason
the physicists community has shown great interest in these algebraic structures.

The thesis is divided into three chapters. In the first chapter the preliminary
material on Jordan and Z-graded Lie algebras is presented. The second chapter
is dedicated to the Tits-Kantor-Koecher construction which is described in all
details. In the third chapter the generalization of the TKX construction to triple
systems is given. Also in this case, all details are provided. In Chapter 3, some
examples are given, namely, the TXKX construction is described in the case of

g = sly, sly and sp, (with short gradings induced by slo-triples).



Introduzione

Le algebre di Jordan fanno la loro prima apparizione nel 1933 in un artico-
lo di P. Jordan sui fondamenti della meccanica quantistica. La classificazione
delle algebre di Jordan semplici finito dimensionali su un campo algebricamente
chiuso di caratteristica diversa da due viene ottenuta da Albert, [1], nel 1947
ma una dimostrazione meno complicata di questa classificazione viene data solo
negli anni sessanta grazie alla scoperta della costruzione di Tits-Kantor-Koecher
(TXXK), [10] [5] [7]-

Essa si basa sull’osservazione che se g = g_1 @ go @ g1 € un’algebra di Lie con

una Z-graduazione corta ed f appartiene a gq, allora il prodotto
aeb=la,f],0]

definisce una struttura di algebra di Jordan su g_;. Ne deriva una corrispon-
denza biunivoca tra algebre di Jordan semplici con unita e algebre di Lie con
una sly-tripla {f, h,e} il cui elemento semisemplice h, con autovalori 0, —1,1,
definisce una Z-graduazione corta su g.

Nel corso degli anni la costruzione TKX si e rivelata sempre pitu importante,
grazie alle sue molteplici generalizzazioni.

Una prima naturale generalizzazione ¢ ai Jordan triple systems, il cui studio
viene cominciato da K. Meyberg nel 1969. Un Jordan triple system & una

3-algebra il cui prodotto {-, -, - } soddisfa le seguenti relazioni:

{z,y,2} = {zy,2}
{u,v.{z,y,2}} = {w,v, 2}y, 2} = {2, {v, w, y}, 2} + [2, 9, [u, v, 2]

Un’altra generalizzazione ¢ alle superalgebre: usando la costruzione TJKXX V.
Kagc, [1], ottiene nel 1977 la classificazione delle superalgebre di Jordan semplici
finito dimensionali su un campo di caratteristica zero, tramite la classificazione
delle superalgebre di Lie semplici di dimensione finita. Di recente, generaliz-

zando la stessa idea N. Cantarini e V. Kagc, [2], dimostrano ’equivalenza tra la



categoria delle superalgebre di Jordan unitarie linearmente compatte e la catego-
ria delle superalgebre di Lie linearmente compatte con una Z-graduazione corta.
Grazie a questa equivalenza viene ottenuta la classificazione delle superalgebre
di Jordan semplici linearmente compatte infinito dimensionali.

Contemporaneamente, J. Palmkvist, [8] [9], estende la costruzione TKX ai
Kantor triple systems. Questi ultimi costituiscono una classe di triple systems
contenente i Jordan triple systems. In questo caso viene associata ad un Kantor
triple system un’algebra di Lie Z-graduata di lunghezza 5, g = g_2+g-1+go +
g1 + go. Nel caso dei Kantor triple systems la costruzione si rivela senza dubbio
pill complicata, sia concettualmente che tecnicamente.

Vale la pena di sottolineare che negli ultimi anni i triple systems hanno
trovato numerose applicazioni a branche diverse della fisica, in particolare alle
teorie di gauge tridimensionali supersimmetriche. Per questo motivo la comunita
fisica ha rivolto un grande interesse a queste stutture algebriche.

La tesi si divide in tre capitoli. Nel primo vengono introdotti definizioni ed
esempi di algebre di Jordan e di algebre di Lie Z-graduate. Il secondo capitolo
¢ dedicato alla costruzione di Tits-Kantor-Koecher descritta in ogni dettaglio.
Nel terzo capitolo la costruzione TJKX viene estesa ai triple systems. Anche in
questo caso vengono forniti tutti i dettagli. Inoltre, nel terzo capitolo vengono
trattati gli esempi g = sly, sly e sp, (con Z-graduazione corta indotta da una

slp-tripla).
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Chapter 1

Preliminary notions on

algebras

1.1 Jordan algebras and Lie algebras

In what follows we will denote by F the base field. We will always assume
charF = 0.

Definition 1.1 (Algebra). An algebra (A,- ) is an F-vector space A with a

product, i.e., a bilinear map
-t Ax A= A

We will say that A is associative if the product satisfies the following relation

(x-y)-z=x-(y-2) (L.1)

Definition 1.2 (Jordan algebra). A Jordan algebra is an algebra (A, - ) whose

product satisfies the following axioms:

TYy=y-x (commutativity) (12)

2

(x2-y) - z—2% (y-x)=0 (Jordan identity)

Definition 1.3 (Lie algebra). A Lie algebra is an algebra (A,[,] ) whose

product satisfies the following axioms:

[z,y] = —[y.7] (anticommutativity)

- , (1.3)
[z, [y, 2] + v, [z, 2]] + [z, [z, y]] =0 (Jacobi identity)

Example 1.1.1. Let (A, -) be an associative algebra.
Then:
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1. Preliminary notions

a) AT = (A,e), where zoy = %(x -y +y-x),is a Jordan algebra.
Indeed e is commutative and it satisfies the Jordan identity since - is

associative:
11 1
(P oy)er—a?elyon) = S (% gy a) wtu 5@ y+y o)
1 1 1
—5(332~§(x~y+y~x)+§(x~y+y~x)~a:2):

1

4
L 3 2 2 3
b) A= =(A,[, ]) where [z,y] = 1(z -y — y - z) is a Lie algebra.
The product [, ] is anti-commutative and satisfies the Jacobi identity.
Indeed:
1 1 1
[, [y, 2]] + [y, [z, 2]] + [2, [z, y]] = 5(335(3/2_3?/) - Q(yz_zy)x)_F

1 1 1 1, 1 1
+§(y'5(2'95*1"2)*5(2'37*30'2)@)*5(2‘§($'y*y'z)*§($'y*y'$)‘z) =

1

4
1
1
—|—Z(z-x-y—z~y~x—x~y~z—|—y-x-z):0

Definition 1.4 (gi(V)). Let (End(V), o ) be the associative algebra of en-
domorphisms of the vector space V', with product given by the composition of
endomorphisms. We set gl(V) = End(V)~, i.e. gl(V) is the Lie algebra ob-
tained from End(V) as shown in Example 1.1.1 (b. If the dimension of V is n
we will use gl,,(F) = gl(V).

Definition 1.5 (gi(V)T). Let (End(V), o) be the associative algebra of en-
domorphism of the vector space V. We define gl(V)™ = End(V)" to be the
Jordan algebra obtained from End(V') as shown in Example 1.1.1 (a. If the
dimension of V is n we will use gl,,(F)* = gl(V)™.

Definition 1.6 (Subalgebras, Ideals and Simple algebras). Let (A, - ) be an
algebra. A subalgebra B of A is a subspace of A which is closed under multipli-
cation, i.e. B-B C B. An ideal I of A is a subspace of A which is closed under
multiplication by A,ie. A-I CI,I1-A C 1. An algebra A is simple if it has no
proper ideal, i.e. the only ideals of A are 0 and A itself.
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Example 1.1.2 (sl(IF)). We denote by slz(F) the simple Lie subalgebra of
gly(F) given by the elements of trace 0.
Note that

slo(F) =< f,h,e >,

wheref:<00>,h:<1 0>,e:<01>.
1 0 0 -1 0 0
We have [e, f] = h, [h, f] = —=2f and [h,e] = 2e.

Example 1.1.3 (%8,,(8,F)). Let 5 be a non-degenerate symmetric bilinear form
on V and suppose dim(V) = n. We denote by B,,(3,F) the following, simple,
Jordan subalgebra of gl (F)™

B, (8,F)) = {a € gl,,(F)"|B(a(x),y) = B(z, aly)), Ya,y € V}.

Example 1.1.4 (Bz(0,F)). Let z = (z1,22)",y = (y1,y2)" € F? and o(z,y) =
x1Y2 + T2y1. Then
By(0,F)) =< F, Id, E >,

1 1
where F' = 00 , Id = 0 , e= 0 .
1 0 0 1 0 0
We have Ideld = Id, IdeE = E, IdeF = F, FeFE = %IdandEOE:FOF:O

Definition 1.7 (Morphism of algebras). A morphism of algebras
¢: (A ) = (4, ) is a linear map ¢ : A — A’ of vector spaces such that
d(z-y) = o(x) ' d(y). A bijective morphism is called an isomorphism.

In the case of unital algebras we will suppose that the morphism sends unit
to unit, i.e. ¢le) =¢'.
Definition 1.8 (Z-Graded algebra). An algebra (A, -) is called Z-graded if:

A= @Ai Ai-A; C Ay (1.4)
€L

with A; subspaces of A. We will say that a Z-graded algebra is shortly graded
if A; =0 Visuch that [i] > 1:

A=A 160494 (1.5)
We will say that a Z-graded algebra is 5-graded if A; =0 Vi such that |i| > 2:
A=A 0A 1 ©A DA @A (1.6)

Remark 1. If g is a simple graded Lie algebra we have [g_1, g1] = go-
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1. Preliminary notions

Definition 1.9 (Graded involution). Let g = €D,., g; be a Z-graded Lie alge-
bra. A graded involution 7 is an automorphism of g such that 7(7(g)) = g, Vg €

gand 7(g;) = g—;-
Definition 1.10. An sls-triple is an isomorphic copy of the Lie algebra sis.

Definition 1.11. Let g be a shortly graded Lie algebra. The grading is said to
be induced by an sla-triple {f, h, e} if

hgl=-9 <= g€g1, [hgl=0 <= gecgo, [hgl=9 < gen.

Definition 1.12 (Lie algebra module). Let (A, [, ]) be a Lie algebra and let V'
be a vector space. V is an A-module if there is a bilinear operation . : AXV —
V such that

[a,b].v = a.(bv) — b.(a.v) Va,be AveV.

Definition 1.13 (Submodule). A subspace W of an A-module V is an A —
submodule of V if Aw € W Yw € W. V is said irreducible if it has no proper

submodule.



Chapter 2

The Tits-Kantor-Koecher

construction

In this chapter we will show a way to ’embed’ a Jordan algebra into a Lie
algebra via the so-called Tits-Kantor-Koecher construction, [10], [5], [7].
We start from a Jordan algebra J in order to obtain a Lie algebra Lie(J) con-

taining J.

2.1 A construction of shortly graded Lie alge-

bras

In this section we will show how a triple of vector fields (h; a, b) can be turned
into a shortly graded Lie Algebra g=g_1 ® go D g1-

Let us consider a shortly-graded vector space a ® b & b where

(1) b is a Lie algebra ;

(2) a and b are h-modules;

(3) there exists a bilinear map O :a x b — b.
Definition 2.1. Let (h;a,b) be a triple of spaces satisfying (1), (2) and (3).
We define on £ = a @ h & b the following product: for z; = ay + hy + by,
o = az + ha + by € £ we set [x1,22] = a+ h+ b with

h = [hl,hg] + a100by — asldby; a = hy.as — ha.ay; b= hi.bs — ho.by; (2.1)

where [hy, ho] is the product of h. We will use the notation [, ] for both the
product in h and in £ since the restriction of the latter to h x b coincides with

the first.

13



14

2. The Tits-Kantor-Koecher construction

Remark 2. If h € b,a € a,b € b, we have [h,a] = —[a,h] = h.a, [h,b] =
—[b,h] = h.b and [a,b] = —[b,a] = adb, so that £ is anti-commutative. The

following inclusions follow from Definition 2.1
[b,6] € b; [b,a] S a5 [h,6] Cb; [a,a] = [b,b] =0; [a,b] =allbCh  (22)
Therefore (£,[, ]) is a shortly graded algebra.

Theorem 2.1.1. Let (h;a,b) satisfies conditions (1), (2) and (3). Then £ =
a®bh®b, as in Definition 2.1, is a Lie algebra if and only if the following
relations hold:

[h, a0b] = h.aTdb + aOh.b (2.3)

(a100b).as = (ax0b).aq, (aldby).be = (adbs).by (2.4)
for heb, a,ai,as € a and b,by,by € b.

Proof. By Remark 2 we know that (£,[,]) is anti-commutative. Therefore
we shall prove that the product [, | satisfies the Jacobi identity if and only if
relations (2.3) and (2.4) hold.

For this purpose we introduce the jacobian
J(w1, 9, 23) = [w1, [X2, T3]] + [T2, [T3, 21]] + [23, [21, T2]]

for x1,x9,z3 € L.
We have

J(z1, 21, 12) = [x1, [T1, T2]] + [71, [T2, T1]] + [22, [T1, 21]] =

= [z1, [z1, 22]] — [21, [21,22]] = 0,

and the same holds for J(x1,xz2,21) and J(zg,21,x1), thus J vanishes if two

arguments coincide. This imply, thanks to the linearity of the jacobian,
J(w1, 2, 23) + J(22,71,73) = J(21 + 22,72 + 71, 23) =0

therefore J is antisymmetric with respect to the first two variables and we can
show similarly that it is antisymmetric with respect to any two variables.
Now J(h,b,h) = 0 since b is a Lie algebra. Besides

J(h,a,a) = [b,[a,a]] + [a, [a, b]] + [a, [h, a]] = 0
since, by Remark 2, [h,a] C a and [a,a] = 0. In a similar way we obtain

J(h,b,6) = J(a,a,a) = J(b,b,b) = 0.
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For hi,hs € h,a € a, we have:
J(h1,ha,a) = hy.ha.a — ha.hy.a — [h1, ha].a = 0, since a and b are h-modules,
hence J(h,h,a) = 0 and similarly J(b,h,b) = 0. Now we note that for h € b,
aca beb
J(h, a,b) = [h, a0b] — aOh.b — h.aDb
J(ay,a2,b) = —(a20b).ay; + (a10b).az  J(b1,b2,a) = (albg).by — (aldby).bs.

Therefore J(£, £, £) = 0 if and only if (2.3) and (2.4) hold. O

Remark 3. Condition (2.3) is satisfied by every h € b if it is satisfied by a set

of Lie-generators of b.

2.1.1 Ideals of £
Let my (resp. mq, mp) be the projection of £ onto b (resp. a,b).

Proposition 2.1.2. Let 9 be an ideal of £. Then

M =7 IN D M D 7N

is an ideal of L.

Conversely, for any ideal Ho of b and h-submodules ag C a, by C b satisfying
hoa C ag, hob C by, apdb C by, aldby C by, (2.5)

Mo = ag D ho P by is an ideal of L.

Proof. Let M be an ideal of £. We have

[mym, h] = my[m, h] C Tym, (2.6)
[Tam, h] = ma[m, h] C Tqm, [mym, h] = m[m, h] C Tym '

for all m € M, h € h. Thus M is an ideal of h, and both 7,9 and mpIMN
are h-submodules.

Moreover, if m =h' +a’ +b € M, a € a and b € b, then
[m,a+b] = (a0b — a’0b) + h'.a+ h'.b.
As a consequence the following inclusions hold

(g D), 0] € 79N (7 IM), b] S mp M
(2.7)
[(ma), b] € mgIM [(meIM), a] S 7y M
This, together with (2.6), proves that 0 = 7, @ 7 © mM is an ideal
of £.
Conversely, if o, ag, bo satisfy relations (2.5), their direct sum is, by definition

of product on £, an ideal. O
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2. The Tits-Kantor-Koecher construction

Remark 4. If M is an ideal of £ we always have 901 C M.

Definition 2.2. Let 9 be an ideal of £. We say that 9 is split if
M =M = 7,M S 1M S 7M.

In what follows we will be interested in triples (h; a, b) satisfying, in addition

of properties (1),(2) and (3), some of the following conditions:

(i) 3ho € b such that hg.a = a, hg.b = —b and [hg,h] =0foralla € a, be b
and h € b;

(ii) the map O admits only trivial annihilators, i.e. if a0b = 0,Vb € b then
a =0 and if adb = 0,Va € a then b = 0;

(iii) h.a =0 or h.b = 0 for some h € b implies h = 0;
(iv) b is generated, as an algebra, by the subspace alJb.

Lemma 2.1.3. Let (h;a,b) be a triple satisfying condition (i). Then any ideal
of £ is split.

Proof. Let hg € b be an element as in (i) and let 9t be an ideal of £. For any
x=a+h+be M, we have [ho,x] = [ho,a] + [ho, h] + [ho,b] = a —b € M since
M is an ideal and [ho, z + a — b] = 2a € M, meaning that 7, C M. Applying
ho to z —a € M we get M C M so that we can conclude that 7myMT C M
too. This ends the proof because m = TN D T IM S M C M together with
Remark 4. O

Proposition 2.1.4. Let (h;a,b) be a triple satisfying conditions (i) and (i1). If

b is simple then £ is simple.

Proof. Let M # 0 be an ideal of £. By (ii) we must have w39t # 0. In fact,
suppose T = 0, then we should have, by (2.7), (79)06 C 7,9 = 0 but by
(ii) this would mean ;91 = 0 and similarly we would have 7,9t = 0 leading to
M = 0, a contradiction since I is different from O.

By hypothesis b is simple, so it must be 72t = h. From (2.7) we get h.a C 7,
and h.b C mp9M. Due to (i) there exists an element hg € h such that hg.a =
a, ho.b = —b and [ho, h] =0, hence h.a = a and h.b = b.

Summing up we have shown that 7,9 = a, 9 = b, 2N = b, hence, by
Lemma 2.1.3, 9M = M = £, ie. the only ideal of £ different from 0 is £
itself. O

We will now prove the main result about the ideals of £, namely:
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Theorem 2.1.5. Let (h;a,b) be a triple satisfying (i)-(iv). If a and b are

1rreducible h-modules then £ is simple.

Proof. Let 9t be an ideal of £. Then, by (2.6), 7,9 is an h-submodule of a so
it is either O or a.

Suppose 9 = 0. By (2.7) it must be (my2M).a = 0 hence, by condition (iii),
myM = 0. As we showed in the proof of Proposition 2.1.4, if condition (ii) is
satisfied then 7yt = 0 implies w9 = 7,9 = 0. This being the case, it would
be M = 0. In the same way 7 = 0 leads to 9t = 0.

We are left with the case 7,9 = a and 7,2 = b. Again from relation (2.7)
we have alJb C 7y hence, by (iv), we can conclude 739t = h since 7, is a
subalgebra of . This leads to 9 = £. O

2.2 The Tits-Kantor-Koecher construction

Let J be an algebra. For an element a € J we denote by L, the left multi-
plication by a.

Definition 2.3. Let J be a Jordan algebra. We will denote by h(J) the Lie
subalgebra of ¢l(J) generated by L, with a € J:

h(J) = L(J) + [LJ), L)+ -
Remark 5. Here we denote by L(J) the span of the L,’s with a € J. Note that
(aLq 4 BLy)(c) = Laa+ﬁb(c)'
Proposition 2.2.1. Let J be a unital Jordan algebra. Then
h(3) = LR) @ [LE3), LQ)]-

Proof. First we show that the sum L(J) + [L(J), L(J)] is direct.
Let T € L(J) N [L(J), L(J)]. Then T = L, = [Ly, L],
for some a,b,c € J. By applying T to the unit e of J, we obtain

T(e) = Ly(e) = [Lp, LeJ(e) = a=bc—cb=0, ie. T=0

In order to prove that every higher-order commutator of elements in L(J)

~

is a sum of elements of L(J) and [L(J), L(J)] we will show that if J is a Jordan
algebra then the following relations hold:

[La7 Lbc] + [Lb7 Lca] + [Lc; Lab] =0. (28)
In fact, if J satisfies 2.8, then J satisfies also equation

[[Las Lo, Lel = Lz, 1)) (2.9)
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2. The Tits-Kantor-Koecher construction

The left-hand side of equation (2.9) applied to an element d € J reads
a(b(cd)) — bla(ed)) — c(a(bd)) + c(b(ad)). (2.10)

Equation (2.8) is equivalent to:
a((be)d) = (be)(ad) — b((ac)d) + (ac)(bd) — c((ab)d) + (ab)(cd).  (2.11)

Thanks to commutativity, a((bc)d) = a(d(cb)), hence if we swap b and d in
(2.11) and insert the result in (2.10), we get:

(dc)(ab) — d((ac)b) + (ac)(bd) — c¢((ad)b) + (ad)(cb)—
—b(a(cd)) — c(a(bd)) + c(b(ad)) = (2.12)
= —b(a(cd)) — c(a(bd)) + (ad)(cb) + (ac)(bd) + (dc)(ab) — d((ac)d).

Once again, the first term of the right-hand side of equation (2.12) is the left-
hand side of equation (2.10) under the permutationa — b, b — ¢, ¢ — d, d — a,

hence

c((bd)a) — (bd)(ca) + d((bc)a) — (bc)(da)—
ad)(eb) + (ac)(bd) + (dc)(ab) — d((ac)b) = (2.13)
= (a(be))d — (b(ac))d = Liz, 1,)(c)(d)-

In order to prove equation (2.8) we linearize the Jordan identity.
Let a,b,c,d € J. Then, taking x = a+ b,y = d in the Jordan identity and using

the commutativity of the product, we get

0= (a+0b)((a+0b)*d)— (a+0b)*(a+0b)d) =
= a(a®d) + a(b*d) + 2a((ab)d) + b(a®d) + b(b*d) + 2b((ab)d)— (2.14)
—a?(ad) — b*(ad) — 2(ab)(ad) — a?(bd) — b?(bd) — 2(ab)(bd)

Setting z = a — b,y = d in the Jordan identity, we have

0= (a—b)((a — 2d) — (a — b*((a — b)d) =
= a(a®d) + a(b*d) — 2a((ab)d) — b(a?d) — b(b*d) + 2b((ab)d)— (2.15)
—a?(ad) — b*(ad) + 2(ab)(ad) + a?(bd) + b*(bd) — 2(ab)(bd)

Taking into account equations (2.14) and (2.15) we find

0 = 4a((ab)d) + 2b(a*d) — 4(ab)(ad) — 2a2(bd). (2.16)
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By taking a = a + ¢ and a = a — ¢ in (2.16) we have the two equations

0 =4(a+c)(((a+ c)b)d) + 2b((a + c)?d)—
—4((a+c)b)((a + c)d) — 2(a + ¢)*(bd) =
4( a((ab)d) + a((cb)d) + c((ab)d) + c((cb)d) )+
+2( b(a?d) + 2b((ac)d) + b(c*d) )—
—4( (ab)(ad) + (ab)(cd) + (cb)(ad) + (cb)(cd) )—
—2( a?(bd) + 2(ac)(bd) + c2(bd) )

0=4(a - )(((a - )b)d) + 2b((a — )2d) -

(2.17)

—4((a = c)b)((a — ¢)d) = 2(a — ¢)*(bd) =
= 4( a((ab)d) — a((cb)d) — ((ab)d) + c((cb)d) )+
+2( b(ad) — 2b((ac)d) + b(c2d) )—

( c)
—4( (ab)(ad) — (ab)(cd) — (cb)(ad) + (cb)(cd) )—
—2( a?(bd) — 2(ac)(bd) + c2(bd) )

Hence, subtracting the second equation from the first of (2.17),
0 = a((bc)d) — (be)(ad) + b((ac)d) — (ac)(bd) + c((ab)d) — (ab)(ed)  (2.18)

which is exactly equation (2.8) applied to the element d.
Summing up, equation (2.8) is satisfied, thus equation (2.9) is satisfied too.

Now, equation (2.9) implies that
[[L(3), L], L) € L(J)-
Due to the Jacobi identity we have

[[L(3), L)) [L(3), LN € [[[L(), LA)], L)L, L)) € [LE), LE)]-

By an analogous argument every higher-order commutator of elements of L(J)
is an element of either L(J) or [L(J), L(J)]. O

Thanks to Proposition 2.2.1 we can extend the identity map of L(J) to
antiautomorphism * : h(J) — h(J) by setting T* = —T for T € [L(J), L(J )]

We recall that an antiautomorphism of an algebra A is an automorphism A such

that ¢(zy) = ¢(y)o(z).

Definition 2.4. Let J be a Jordan algebra and let J be an isomorphic copy of
J. We define
Lie(3) =30 bQ) ®3J

where T € h(J) acts on a € J via T.a = T(a) and on a € J as T.a = —T*(a).

We also define the following map [ : J x J — h(J),

alb = 2(Lap + [La, Lb]). (2.19)
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Lemma 2.2.2. Let J be a Jordan algebra and let Lie(J) be as in Definition 2.4.
Then the algebra Lie(J) satisfies conditions (1),(2) and (3) of Section 2.1.

Moreover, Lie(J) is a Lie algebra.

Proof. Conditions (1) and (3) are obviously satisfied since §(J) is a Lie algebra

and the map [0 is bilinear. In order to show that J is an §(J)-module we compute
[La, Lb].c = La(LbC) - Lb(LaC) = La.(Lb.C) - La.(Lb.C),

similarly,
[La, L)€ = La(—Ly(c)) — Ly(—Lac) =
= La(LbC) - Lb(LaC) = La.(Lb.E) - La.(Lb.E),

and J is an h(J)-module too.
In order to prove the second part of the lemma we use Theorem 2.1.1. Indeed

h(3J) is a Lie algebra. We have:

.az = (a1b)as + a1(baz) — blaias)
1= (agb)al + a2<ba1 — b azal)

.52 = —(abl)bg + (L(blbg) — bl(abg)
B —(abg)bl + a(bgbl) — bg(ab1)

where we have exploited the fundamental fact that [L,, Lp]* = —[Lq, Lp]. Ap-

NI= NI= N D=

—~ o~ o~
Q
)
O]

plying the commutativity of J and reordering properly we see that conditions
(2.4) are satisfied by J.

Furthermore, condition (2.3) follows from (2.8) and (2.9) which are satisfied by
any Jordan algebra hence by J. Indeed:

2( [Lq, 006 — (Lo.b)0e — b(Lg.0) ) =

= [La, Lve) + [La, [L, Le]]—

—L((ab)c) — [Lab, Le]) + L(b(ac)) + [Lp, Lac] =
= [La, Lve] + [Lb, Lac] + [Le, Lab]+

+[La; [Lv, Lc]] = L([La, Ly).c) = 0.

This ends the proof. O

Proposition 2.2.3. Let J be a Jordan algebra with unit element e. Then con-
ditions (i)-(iv) of Section 2.1 are satisfied by Lie(J).

Proof. Condition (i) is satisfied with hg = L(e). Obviously L(e).a = a,
L(e).b=—band [L(e), T] =0, Va € J,b € J and T € h(J).

To prove (ii), suppose adb = 0, Va € J, then also e[db = 2L, = 0 hence b = 0.
Moreover aldb = 0, vbed implies a = 0.
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Condition (iii) is a consequence of the fact that each h € §(J) is a linear trans-
formation.
Finally, we have alJé = 2L, and the elements L,, with a € J, generate h(J),

hence (iv) is satisfied. O

Remark 6. For any subset m C J, (resp. m C J), m is an h(J)-submodule of J
if and only if m is an ideal of J, (resp. J).
Let m be an h(J)-submodule of J. Then we have T.m C m for all T € h(J),

thus, since the L,’s generate h(J), m is an ideal of J.

Theorem 2.2.4 (Tits-Kantor-Koecher construction). Let J be a unital Jordan

algebra. Lie(J) is simple if and only if § is simple.

Proof. Let J be simple. Thanks to Remark 6 this implies that J is
b(J)-irreducible and, by Proposition 2.2.3, we may apply Theorem 2.1.5. There-
fore Lie(J) is simple.

Conversely, let Lie(J) be simple. Suppose that there exists an ideal of J, m C J
such that m # 0,J. We define

Lie(m) =m® h(m) &m,
where h(m) is the ideal of h(J) generated by L(m),
h(m) = L(m) + [L(m), LJ)] + - .

We have m(1J C Lie(m) and JOOm C Lie(m), so that relations (2.5) are satisfied,
hence Lie(m) is an ideal of Lie(J).
Since m # 0,3, Lie(m) # 0, Lie(J) which is absurd. O

Remark 7. If J is a Jordan algebra with unit 1 then the grading of Lie(J) is
induced by the sl-triple given by < 1, Ly, 1 >.

An isomorphism between the Lie algebra < 1, L1, 1 > and sly(F) =< f, h,e >
is given by 6(1) = —f, ¢(L1) = 3h, (1) = —e.

Moreover [—Ly,z] = —x,[—L1,%] = % and [-L1,T] = 0 for z € Lie(J)_1,
T € Lie(3)o, Z € Lie(J)1-
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Chapter 3

Lie algebras and triple

systems

In this chapter we will extend the Tits-Kantor-Koecher construction to Jor-

dan triple systems and Kantor triple systems.

3.1 Triple Systems
Definition 3.1 (Triple system). A triple system is a vector space A together
with a triple product, i.e. a trilinear map
(«,+,'):AXxAxA— A
(z,y,2) = (zyz).

Definition 3.2. Let S be a triple system. We define, for every z,y € S, the
linear operator < z,y > : S — S by setting

<z,y > (2) = (zzy) — (yzx).

Definition 3.3. Let g be a Z-graded Lie algebra with graded involution 7. We
call (g_1,(, ,)), with product

(zyz) = [z, 7(y)], 2], (3.1)
the triple system derived from g.

Lemma 3.1.1. Let g be a Z-graded Lie algebra with graded involution T and
let (g—1,(, ,)) be the triple system derived from g. Then, for x,y,z € g_1, we

have:
<,y > (2) = [[z,y], 7(2)]. (3.2)

23
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Proof. Since [, | satisfies the Jacobi identity we have
<xz,y>(2) = [z, 7(2)],y] = [y, 7(2)], 2] = [z, 7(2)], 4] + [[7(2), 9], 2] =

= —ly, 2], 7(2)] = [z, y], 7(2)]
O

Definition 3.4 (Lie triple system). A Lie triple system is a triple system
(L,[,,]) satisfying the following properties:

[, y,2] = [y, z, 7] (Anticommutativity)

[z, y,2) + [y, 2, 2] + [z, 2,y] =0 (Generalized Jacobi identity) (3.3)
[uv v, [LC, Y, Z]] = Hu» v, :C], Y, ZH‘

+lz, [u,v,y], 2] + [, y, [u, v, 2]] (Principal identity.)

Definition 3.5 (Jordan triple system). A Jordan triple system is a triple system
(J,{,,}) whose triple product satisfies the following properties:

{z,y,2} = {z,y,2} (Commutativity)
{u,v,{z,y,2}} = {{w, v, 2},y, 23+ (3.4)
—{z,{v,u,y}, 2z} + {z,y,{u,v,2}} (Principal identity)

Definition 3.6 (Kantor triple system). A Kantor triple system is a triple sys-
tem (K, {,, }) whose triple product satisfies the following properties:

{u’ U, {x’ Y, Z}} = {{uv v, x}a Y, Z}+

7{1‘17 {Ua Uu, y}7 Z} + {:Ca Y, {’lL, v, Z}} (Principal ldentlty)

<< u,v > (x),y >=<{y,z,ul,v>— <{y,z,v},u> (Auxiliar identity)
(3.5)

Remark 8. By definition any Jordan triple system is a Kantor triple system

with trivial auxiliary identity.

Example 3.1.1. Let £ be a Lie algebra. Then £ endowed with triple product
defined by
[,y,2] = [[z,4], 2]
is a Lie triple system.
Indeed the anticommutativity and the generalized Jacobi identity are satisfied

since [, | is a Lie product. Moreover
[w, v, [2,y, 2]] = [ [u, ], [[z, 4], 2] | = —[[[z, 9], 2], [u, v]] =

= [l [w o]l [z, y]] + [[[uw, o], [2, 9]], 2] = [[2, 9], [[u, 0], 2]] = [[[2, 9], [u, 0]}, 2] =
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= [xa Y, [’LL,’U,ZH + [[[ya [uvvﬂvxL Z] + [[[[u,v],x],yL Z] =
= [ma Y, [U,U, Z” + [[mv [[u,v],y]], Z] + [[[[u,v],m],y}, Z] =
= [:&y, [u7v7z]] + [.T:, [u7v7y]vz] + [[%’U,LL‘],%Z].

Example 3.1.2. Let J be a Jordan algebra. Then L(J) =< Ls;a € J > is a
Lie triple system with triple product defined by [Lg, Ly, Le] = [[La, Lb), Le]-
This is a consequence of equation 2.9, which proves that L(J) is closed under

triple product, and Example 3.1.1.

Example 3.1.3. Let g be a shortly graded Lie algebra with graded involution
7. Then g_; with triple product

{z,y,2} = [[z,7(y)], 2]

is a Jordan triple system.

Since [, | is a Lie product and [g_1,g-1] = 0, we have

{$7Z7y} - {y,z,a:} =<z,z> (y) = [[1‘,2’],7’(y)] =0.

Furthermore
fu, g2} = [ a7 @) [ 7 @), 2] ] = — [ 7)), 2] o, 7(0)]] =
= [[27 [uv T(U)H? [.’E, T(y)H + [[[u7 T(”)]? [.’E, T(@/)H’ Z} =
= [[z,7W)], [[u, 7(©)], 2]] = [[lz, 7(y)], [u, T(v)]], 2] =

= {z.y, {u, v, 2}} + [[[7(¥), [u, 7()]], 2], 2] + [[[[w, T(v)], 2], 7(y)], 2] =
={z,y,{u,v,2}} = [[2, [[7(v),u], 7(W)]], 2] + [[[[w, 7(V)], 2], 7(9)], 2] =
= {zy, {uw,v,2}} = [fo,7([[v. 7], 9]}, 2] ) + [[[[uw. 7(v)], 2], 7(y)], 2] =
= {z,y. {u, v, 2}} + {2, {v,u, y}, 2} + {{u, v, 2}y, 2}
Example 3.1.4. Let g be a 5-graded Lie algebra with graded involution 7.
Then g_; with triple product
{5,9,2} = [[2,7(v)], 2

is a Kantor triple system.
From Example 3.1.3 we know that g_; satisfies the principal identity. Thus, we
just need to verify the auxiliary identity.

Thanks to Lemma 3.1.1, we have

<<w,v > (2),y >= [[[u, 0], 7(2)], 4] = =[[7(2), yl, [w, 0] = [ly, [u, v]], 7(2)].
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Since g is 5-graded we have [y, [u,v]] € g_3 = 0, hence

<< w0 > (2),y >=—[[7(2), ], [u, 0] = [[u,v], [(z), y]] =
= —llv, [r(2), 4]l u] = [l[7(2), y], ul, 0] = [[ly, 7(2)], ul, 0] = [[ly, 7()], 0], u] =
=<A{y,z,ul,v>— <{y,z,v},u>.
Remark 9. Let g be as in Example 3.1.3. We make g; a Jordan triple system
by setting
{z,y, 2} = [[x,7(y)], ],
for all x,y,z € g1. This Jordan triple system is related to the one defined on

g-1 by
{xayaz}r = T( {T(.r),T(y),T(Z)} )

3.1.1 Universal Lie algebras

Definition 3.7 (Operators of order p on U). Let U be a vector space and
let us consider a map f : U — U. We call the map f an operator of order
p > 1 whenever there exists a p-linear and symmetric map F : U? — U, i.e.

F(uy,ug, ..., up) = F(ug(1), Ug(2); - - - Ug(p)) for any permutation o, such that

If f is constant then it is said to be of order 0.
Let f be an operator of order p and g an operator of order q. We define f[dg
the operator of order p 4+ g — 1.

(fOg)(uw) = pF(g(u), u, ..., u) =
=F(g(u),u,...,u)+ Flu,g(uw),u,...,u)+ -+ Fu,...,u,g(u)) =
= (FOG)(u,...,u)

In the case f is of order 0 we have flg := 0.
We denote by Ty (U) the vector space of operators of order k+ 1 if k > —1 and
for k < —1 we set T, (U) = 0.

Definition 3.8 (Operators of order p on V & W). Let V,W be vector spaces

andlet f: VW — V@ W. We call the map f an operator of order p if:
there exists a map F = Fy + Fyy, with Fy : VPV @ WPW 5V a (p¥ + piy)-

linear map and Fyy : VoY o WPW — W a (p{¥ + pi¥)-linear map such that

Py 420, =p+1  and pl¥ +2plV =p+2.
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If f is constant then it is said to be of order —2.
Let f be an operator of order p and g an operator of order q. We define flg
the operator of order p + q.

(f89)(v,w) = (fOg)v (v, w) + (fOg)w (v, w),
(fOg)v (v, w) =
= Fy(gy(v),v,...,0,w,...,w) + Fy(v,gy(v),...,0,w,...,w) + -+
<ot Fy(v,u,..0,gv(0),w, .. w)+
+Fy(v,...,v,gw(w),w,...,w)+ Fy(v,...,v,w, gw(w),...,w)+---
Fy(v,...,v,w,w,...,gw(w)),
(fOg)w (v, w) =
= Fw(gv(v),v,...,v,w,...,w) + Fy(v,gv(v),...,v,w, ..., w) + -
-+ Fy(v,v,...,9v(v),w,...,w)+
+Fw (v, ... 0, 9w (w),w, ..., w) + Fw(v,...,v,w,gw(w),...,w) +---
Fy(v,...,v,w,w,...,gw(w)).

In the case f is constant we set flg := 0.
We denote by Ty (V, W) the vector space of operators of order k if k > —2. For
k < —2 we set T(V,W) = 0.

Definition 3.9 (Universal Lie algebra). Let U be a vector space. We define
the universal Lie algebra T'(U) of U the Z-graded Lie algebra

T() = P T(U)
k>—1
with product defined by
[f,9] = fBg — gOf.

Let V,W be a pair of vector spaces. We define the universal Lie algebra
T(V,W) of V.®W the Z-graded Lie algebra

T(V,W) = P Tu(V,W)
k>—2

with product
[f, 9] = fOg — ¢gO0f.
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Definition 3.10 (Realization of g). Let g be a Lie algebra and U, V,W vec-
tor spaces. A realization of g on U, respectively V & W, is a homomorphism
¢ :g— T(U), respectively ¢ : g — T(V,W).

Notice that if all elements are mapped to linear operators then ¢ is a represen-

tation of g.

More details about the construction of T'(V, W) can be found in [9].

3.2 The Meyberg Theorem

We shall now reverse the Tits-Kantor-Koecher construction we described in
Section 2.2.

Theorem 3.2.1 (Meyberg’s theorem). Let g be a shortly graded Lie algebra
with graded involution T and let w € g_1. Then g_1 with product defined by

Ty = {x’ w, Z/} = [[x7 T(w)]> y]
is a Jordan algebra. We shall denote this algebra by J.,(g).

Proof. Let x,y,z € g_1 and let f,g,h € g;. We define [z, g,y] = [[z, 9], y] € g-1
and [g,z,h] = [[g,z],h] € g1. Notice that whenever ¢ = 7(w) we have zy =

{xaw7y} = [$7g,y]
In Example 3.1.3 we showed that (g_1,{, , }) is a Jordan triple system, hence

vy = {z,w,y} = {y,w, v} = yzx.

Moreover, the product [, , ] satisfies the principal identity:
[l‘, fa [yvg, Z“ - [yaga [ZL’, f> Z]] = HCE, f7 y]aga Z] - [ya [faxvg]a Z]a (36)
[fu z, [97% h]] - [973/, [fwra h]] = Hfu 1’»9]72/, h] - [gv [J/', f7 y]7 h] (37)

If we take y = x, g = f in equation (3.6) and g = f, y = = in equation
(3.7), we get:

[z, f, 2], f, 2] = [z, [, 2, f], 2], (3.8)

Hf,:ﬂ,f],x,h]z[f,[[ﬁ,f,.r],h]. (39)

Now, if we exchange x, f and y, g in equation (3.6), we get

[yvgv [xva Z” - [xva [y»gaz]] = Hyvgvx]vaz} - [IE, [gvyvf]7z]' (310)

If we sum equations (3.6) and (3.10) we obtain:

0= ['vav [yvgaz“ - [yagv [m7f7Z” + [yag’ [1‘,]0,2’]] - [«f,f, [y,g,Z]] =

(3.11)
- Hiﬁ, fa y]agaz] - [ya [f71'>g]7z] + [[yagaz]afa Z] - [IL‘, [g7y7f]7z}
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Using equations (3.8) and (3.9), if we exchange g with [g,x,g] and take
f =g, y =z, equation (3.11) implies the following:

0= [[x,g,xL [gvx7g]7z] - [mv [971', [guxugH7Z]+
+llz, l9, %, 9], 2], 9,2 = [, [l9, %, 9], %, 9], 2] =

(3.12)
= [[z7g"r]7 [gv'rhg]?Z] + [[ZB, [g,x,g],x],g,z} - 2[555 [[g,x,g},x,g],z] =
= [[CL’,g,IE], [gax,g]v'z] + [Hxvgvxv]gax]vg’z} - Q[SU, [[gax,g}axvg]az]'
To summarize, we have:
20z, [lg, @, 9], 2, 9], 2] = [z, 9,2], [9, 2,9, 2] + [[[z, 9, %, 19,2, 9, 2] (3.13)

Next, we set = [y, g,y], f = g in equation (3.6) and equation (3.13), hence

2ly,9,91.9. 1y, 9, 2]] — 2[y, 9, [ly, 9, 4], 9, 2]] =
=2[[ly,9,9],9.9],9.2] = 2[y,[9. [y, 9, 9], 9], 2] =
=2([ly,9.9l. 9,91, 9,2 = v, 9, 9], 9,9, 9], 2] + [[[¥: 9, 9. 19, y]. 9. 2] =
=ly.9.9l.9.9].9.2] = ([, 9.9, 9, v, 9], 2].

(3.14)

By setting =y, f = g and replacing y with [y, g, y] in equation (3.6) we have

[yvga [[yvg»y]agvz” - [[yagvy]797 [y»gaz]] =

(3.15)
= [[[y7g7y]ag7y]ag7z] - [[yag7y]a [gay7g]7z]
Finally, taking the difference between equations (3.14) and (3.15)
3y, 9], 9.y, 9,21l = 3y, 9. [y, 9 4], 9. 2]] = 0. (3.16)
Since equation (3.16) yields for every y,z € g_1 and g € g1,
we obtain
y*(y2) = y(y*2).
O

Corollary 3.2.2. Let J be a Jordan algebra with unit e. Then 31 (Lie(J)) = 3.

Proof. Let J be a Jordan algebra with unit e. From Meyberg’s theorem we

already know that J = J1,(Lie(J)) as vector spaces.

Let z,y € J, denote by [, ] the product in Lie(J) defined in 2.4 and by {, } the
product in Ji1.(Lie(J)). Recall that Lie(J) has the graded involution given by
7(x) = Z. We have

1
[,

2,0} = [l2, 361, = (5008, 3] = [Lae + (Lo Ll 4] = Laly) = 2.
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Corollary 3.2.3. Let g be a simple shortly graded Lie algebras with grading
induced by an sly-triple {f,h,e}. Suppose that T is a graded involution of g.
Then g is isomorphic to Lie(J-(g)).

An isomorphism is given by

o | T(y) = y
¢ go |[z.7W)] — 2(Lay+ [Las Ly)) (3.17)
g1 x — x

Proof. Let g be a Lie algebra satisfying the hypotheses. Then J;(.)(g) =J is a

Jordan algebra with unit f. Indeed, if z € g_1, in J we have

vf = fr= [[fae]’x] = [[fveLx] :_[h’x] =,

due to Definition 1.11. Hence, we can apply the Tits-Kantor-Koecher construc-
tion to J.
Now we show that ¢ is a Lie algebra homomorphism. By Definition 2.4, we

have

P(lg-1,9-1]) = [6(g-1), #(g-1)] = 0, ¢([g1, ¢1]) = [¢(91), ¢(g1)] = 0
and, for any x,y € g_1,
[¢(z), o(T(y))] = [2,9] = 2(Lay + [La, Ly]) = o([z, 7(y)])-

Since g is simple, we have [g_1, g1] = go. We use this property in order to extend
¢ to the whole g. This extension is well defined. Indeed, let z,z’,y,7y" € g_1
and [x,y] = [2’,9']. Then, for any z € g_1, we have

[6([z, 7(W)]), 9(2)] = 2(Lay(2) + [La, Lyl (2))

[, 7(W)]), (2)] = 2(Lary (2) + [Lar, Ly ](2))

which implies

and, since [L, Ly](f) = [La, Ly |(f) = 0,
Lzy(f) =Ty = xly/ = Lz’y’(e)'

Thus, if [g, f] = [¢, f'] we have Lyy = Ly and, consequently, [Lg, L,] =
[Ly, Ly]. Using the Jacobi identity we obtain the remaining necessary relations.
This proves that ¢ is a homomorphism.

Since g is simple and ¢ # 0, ¢ is injective. Finally, in order to show that ¢
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is surjective, it is sufficient to show that ¢(go) = Lie(J)o. This follows from
the relation ¢([f, 7(x)]) = 2L, € Lie(J)o and the fact that the L,’s generate
Lie(J)o. This completes the proof. O

Remark 10. Let g be as in Corollary 3.2.3. Then ¢ sends {f, h, e}, the sly-triple
of g, to {f, Ly, f} the sly-triple of Lie(J,()(g)) which induces its grading.

Theorem 3.2.4. There is a bijective correspondence between isomorphism classes
of simple unital Jordan algebras and isomorphism classes of simple shortly
graded Lie algebras with grading induced by an slao-triple {f, h,e} and a graded

involution.

Proof. Let J be a simple Jordan algebra with unit 1. Then, by Theorem 2.2.4,
Lie(J) is simple. Moreover {1, L, 1} is an sly-triple in Lie(J) inducing its
grading.

Conversely, if g is a simple shortly graded Lie algebra with sly-triple {f, h, e},
Jy(g) is a unital Jordan algebra. Since, by Corollary 3.2.3, Lie(Js(g)) is simple
we have that J(g) is simple, due to Theorem 2.2.4. O

Example 3.2.1. Let g = sly(F) described in Example 1.1.2. We give g the
grading defined by

g=<f>P<h>B<e>=g_1DPg Dy

Notice that g has a graded involution 7 given by matrix transposition with
negative sign, 7(f) = —ft = —e, 7(h) = —h! = —h.
The algebra J_1 ((sl2(F)) is (< f >, ) with product

fof =156l fl = 5l s = .

This describes completely the algebra J_1 #(sl2(FF)) which is isomorphic to the
algebra gl ~ I described in Definition 1.5.

Example 3.2.2. Let g = sl3(F). We give g the grading defined by
g=<far,[2>® < f1,h1,ha,e1 > B < ez, €12 >,

where

f21 =

—_ O O
o O© O
o O O

o

[l
o O O
o O O

=

[l

o = O
o O© O
o o O
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1 0 0 0 0 O
hi=]1 0 -1 0 |,hae=]0 1 0 ;
0 0 0 0 0 -1
010 0 00 0 01
e = 0 0 O , g = 0 0 1 , €19 = 0 0 0 ,
0 0 O 0 0 O 0 0 O
is the standard basis of sl3(F). The graded involution is again 7(z) = —z'.

In this case we can construct the corresponding Jordan algebra through two

different, linearly independent, elements, fo and fo1.

e (f2): The algebra ;L%fz (sl3(F)) is (< fa1, fo >, -2 ) where the product -5

is given by

f2 -2 f2 = [[fo, %62]7f2] = %[—h%fz] =2fa,

f2 2 fa1 = [[fos 162]7f21] = s[—ha, fa1] = for,

2
fo1 -2 fo1 = [[fon, %62]7]”21] = %[*fl,le] =0.

1
2

e (f21): The algebra J_%f21(5[3(F)) is (< fa1, fo >, -21) and
f2 21 fa = [[fo, %612],]02] = %[_elafé] =0,
1

f2 21 fo1 = [[f2s %612],f21} = —[—e1, fa1] = fo,

2
fa1 -21 for = [[fo1, %612],f21] = %[—(fh + ha), f21] = 2fa1.

The two algebras just built are isomorphic. An isomorphism
633 p(515(F)) = 3_y p, (515 (F))

is given by ¢(f2) = fo1, ¢(f21) = f2. Note that these two algebras are not
simple. We have that, < fo > is an ideal of J_1, (sl3(IF)).

This does not contradict Theorem 3.2.4 since the grading of sls that we are
considering is not induced by an sly-triple. In fact, if we take h = %hl + %hg
we have [h, fo] = —fo and [h, fa1] = —f21 but there are no elements e, f with
e € g1 and f € g1 such that [e, f] = h.

Suppose such elements exist, then f = afs + bf21, e = cea + deys and

l[afs + bfar, ces + deia] =
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= aclfa, ea] + ad[fa, e1a] + bclfor, e2] + bd[for, e12] =
1. 2
= —( achy + adey + befy + bd(hy + ho) ) = §h1 + §h2,

which imply ad = 0 and bc = 0. If a = 0,b = 0 then we should have

1.2
~bd(hy + h2) = ghy + Shy

a contradiction. Similarly, the other cases lead to a contradiction. Thus such
elements e, f cannot exist.

Let us consider the algebra Jy(sl3(F)) with product -; where f is a generic
element of g_1, set f = Afa + pfo1 with A, u # 0.

Since [[x, 7(f)],y] is linear in f we have
fop fa=2Nfa, fory for = Ao +ufe, for-y for =2ufo.
Then < (ufa — Af21) > is a proper ideal of J¢(sl3(F)). We have
fo - (ufa = Mar) = 2Mpufo — N for — Afa = A(pfo — Afar)

for - (ufa — Mfo1) = Mufor + p2 fo — 20° for = —p(pfa — Afar)-

This computation shows that J(sl3(F)) is not simple for any f € g_1, according
to Theorem 3.2.4. This result is consistent with the fact that sl3 has no short

grading induced by an sly-triple (see, for example, [2]).

Example 3.2.3 (sl4(FF)). Let g = sly. We give g the following grading

< fa21, f32, fo1, fo > + < f1, f3, h1, ha, h3,e1,e3 > + < ez, €12, €23, €123 >

where
00 0 O 00 0 O 0 0 0 O
00 0 O 00 0 O 0 0 0 O

f321_ 00 0 0 ) f32_ 000 0 ) f21— 100 0 )
1 0 0 0 01 0 0 0 0 0 O
0 0 0 O 00 0 O 0 0 0 O
00 0 O 00 0 O 1 0 0 O

f3: y f2: ; flz 5

00 0 O 01 0 O 0 0 0O
0 0 1 0 00 0 O 0 0 0 O
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1 0 0 0 0 0 0 0 0 0 O
0 -1 0 O 0 1 0 0 00 O
hy = y ho = ; hg =
0 0 0 00 -1 0 0 01 0
0 0 0 00 0 O 0 0 0 -1
ei = ff , eij = f}; and e123 = fiy;. On g we take the graded involution given
by z — —at.

This grading of sly is induced by the sly-triple

1 1
{f=fs2+ for,h= §(h1 +2hy + h3),e = 5(612 + e23)}.

Let 3 =J5(9) = (< f, fs2 — fa1, fo, fa21 >, - ). We have that J is isomorphic to
gl3 introduced in Definition 1.5.
An isomorphism is given by ¢(f) = Id,

¢(f32—f21)=<(1) _01>7¢(f2)=<(1) 8>a¢(f321):<8 ;)

This comes directly from the multiplication rules in J, i.e.:

frv=v, (fsz—f21)'(f32—f21)=f>
_ fa=0, _ . =0,
(fs2 = fo1) - fo (fs2 = fo1) - fa21 (3.18)
fo-fa=0, f2 - fao1 = f,
f321 - f321 = 0.
Example 3.2.4 (sp,(F)). Let g = sp,. We give g the following grading
< p21,P22,P11 > + < hy,e12,e21, ho > + < i1, no, nyo >
where
0 0 0O 00 00O 0 0 0O
| 0000 1 0000 | 0000
P21 010 0 y P22 100 0 y P11 00 0 0 )
1 0 0 O 0 0 0O 01 00
1 0 0 O 01 0 O
00 0 O 00 0 O
hi = , €12 = )
0 0 -1 0 00 0 O
00 0 O 0 0 -1 0
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01 0 O 0 0 0 O
00 0 O 01 0 O
€21 = y he = ’
00 0 -1 0 0 0 O
00 0 O 0 0 0 -1
0 01 0 00 0 O 0 0 0 1
0 0 0 O 0 0 0 1 0 0 1 0
nip = y N22 = y N12 =
0 0 0 O 00 0 O 00 0 O
0 0 0 O 00 0 O 00 0 O

The map x — —=! is again a graded involution of g.

Let us take the elements h = %(hl +ha), f=po1, e= %nlz. Simple calculations
show that < f,h, e > is an sly-triple, hence the algebra J_;-1(c)(g) = J_1,,,(g)
is unital.

Let J=J_1 (g) = (< P21, P22,P11 >, - ) ‘We have

—3P21
pa1 - P21 = [[p21, 5112), p21] = —3[h1 + ha,pa1] = pn
P21 - P22 = —%Uh + ha, p22] = oo
P21 P11 = *%[}h + ha, p11] = pn

' ; (3.19)
P22 P22 = [[P22, 5112], P22] = —3[e12,p22] = 0
P22 - P11 = —%[6124)11] = %le
p11 - p11 = [[p11, %n12]ap11] = —%[821,]911] =0.

It is straight forward that po; is the unit of J.
According to Theorem 3.2.4 J is simple. In fact, suppose I # J is an ideal and
let I > v, v=apay + bpaz + cp11. Then

(((v-p22) - p22) - P11) = (((( @p21 + bpaz + cp11 ) - p22) - P22) - P11) =

1 1

1
= ((( ap22 + 501021 ) - p22) - D11) = ZCPQQ ‘P11 = §0p21 el

this implies ¢ = 0, otherwise we would have ps; € I and I = J which is absurd,
since we have set I # J. Thus v = apay + bpae. Then (v - pa3) - dp11 = bpay € 1

implies b = 0, and v = aps;. This leads to v = 0, which means that J is simple.

The Jordan algebra J_.-1(.)(g) is isomorphic to the algebra By (o, F) = B,

introduced in Example 1.1.4.
By =< Id,E,F >C glF.
An isomorphism is given by

¢(p21) = Id, ¢(p22) =E, ¢(p11) = F.
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3.3 Lie algebras and Jordan triple systems

Proposition 3.3.1. Let g be a shortly graded Lie algebra with graded involution
7. Then J(g) the triple system derived from g is a Jordan triple system.

Proof. The proof of this proposition is given by Example 3.1.3. O

Definition 3.11. Let ( J,(,,) ) be a Jordan triple system and let a,b € J.
We denote by u,, Sqp, Ug the operators of J defined by:

ua(z) = a,
Sap(z) = (abx), (3.20)
liq(z) = —% (zax)

Theorem 3.3.2. Let ( J,(,,) ) be a Jordan triple system. Then
Lie(J) =< ug > ® < Sgp > D < Uy >

with commutator defined as in Definition 3.9, is a shortly graded Lie subalgebra
of T(J).
We will call Lie(J) the Lie algebra associated to the Jordan triple system J.

Proof. In order to prove the theorem we need to show that [Lie(J);, Lie(J);] C
Lie(J)i4;. In particular, we will have that, for any a,b,c,d,z € J

[Saba Scd] = s(abc)d - Sc(dab)7 [Saba uc] = u(abc)7
[Sabyﬂ(:] = 7ﬁ(bac)a [Uaa{”b] = Sab, (321)

[ua, ub] = 07 [ﬂa, ’L~Lb] = 0

Let a,b,c,d,x € J. Then
[ta, up] = Uqg © Up — Up O Ug =0

since u, and wu, are both order 0 operators.
Moreover, since the principal identity is satisfied and the product is commutative

in the first and third variable, we have:
20y, Wp)(z) = AU, (i (2), ) — AUp(a(2), 2) =
axbx)ax) — ((zax)bx) = (za(zbr)) — (xb(xax)) =
zax)bx) — (z(axdb)x) — (zb(zaz)) = —(xz(azxd)z),
Atg, Up)(z) = 2[ig, U] — 2[Tp, U] =
= —(z(azxb)z) + —(z(bza)x) = 0;

[Sabs Seal (¥) = Sab(sca(2)) — sca(sab(7)) =
= (ab(cdx)) — (ed(abx)) = ((abc)dzx) — (c(bad)x) =

= S(abc)d(x) — Sc(dab) (T);
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[sab; ue](2) = sap(uc(r)) =

= (abc) = U(abc) (‘T)a

[Sab, Ue)(2) = Sap(Uc(w)) — 206(5ab(x)v$) =
= —1(ab(zcx)) + ((abz)cx) =
= —( %(ab(ajcx)) — %((abx)cx) — %(mc(abx)) )=

= —1(z(bac)z) = tpac;

[uavﬂ'b](x) = —2Ub(ua(x),x) =
= (abx) = sqp(x).
O

Corollary 3.3.3. Let g be a shortly graded simple Lie algebra with graded in-
volution T and let J = J(g) be the Jordan triple system derived from g.

Then g is isomorphic to Lie(J(g)). Moreover, an isomorphism is given by

g1 7(a) — Ug
o go |la,7(0)] —  [uq, W) (3.22)
g-1 a — Uq

fora,beg_1. Wecall p:g— T(g_1) the conformal realization of g on g_1.

Proof. The map ¢ is well defined. If [a, 7(b)] = [¢, 7(d)] then
(sab — s(cd))(x) = (abz) — (cdz) = [[a,7(b)], 2] = [[¢, 7(d)], =] =

= [([a,7(b)] = [¢, 7(d)]), 2] = 0.
Next, we show that the map ¢ is a homomorphism. Let a,b,c,d € g_;. Since

[a,b] =0 and [r(a), 7(b)] = 0 we just need to show

[la, 7(b)], c]) = [Sab, uc] = U(abc)s
¢([[a77(b)]77—(0)]) = [Sabaac} = _’a(bac)a (323)
(b([[aa T(b)]’ [C’ T(d)“) = S(abc)d — Sc(dab)-

The first equation follows directly from the fact that in Lie(J(g)) we have
[[a, T(b)], c] = (abe).
Furthermore, for the same reason,

¢([la, 7(0)], 7(c)]) = =o([[7(b), al, 7(e)]) = =d(7([[b; (a)], ¢])) = —tivac-

We are then left to prove the third relation: using the fact that [, ] is a Lie

product we obtain

¢([la, 7(0)); [e; 7(D)]]) = =o([le; 7(d)], ([a, 7(B)])]) =
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= o([[r(d), ([a, 7(®)])], ]) + ¢([[([a, 7(B)]), ¢], 7(d)]) =
= [uabe), ua] = ¢([e, 7([d; [7(a), bll]) =
= 8(abeyd — [te, (T ([[b, 7(a)], d])] =
= S(abc)d — Sc(dab)-

Thus ¢ is a homomorphism of Lie algebras. It must be injective since g is simple
and Ker(¢) # g is an ideal, thus it must be Ker(¢) = 0. Since Lie(J(g)) is

spanned by the operators g, Sap, Uq, ¢ is also surjective. O

3.4 Lie algebras and Kantor triple systems

Proposition 3.4.1. Let g be a 5-graded Lie algebra with graded involution 7.
Then K(g) the triple system derived from g is a Kantor triple system.

Proof. Example 3.1.4 shows that g_1, with the derived triple product, satisfies
both the identities of equation (3.6). O

Definition 3.12. Let ( K,(,, ) ) be a Kantor triple system, let
L = span{< u,v >, u,v € K} and let a,b € K. We define the following families
of operators of K & L:
kap(x +X) =2 <a,b>,
Ug(z+ X) = a+ < a,z >,
Sap(z + X) = (abx)— < a, X (b) >,
.24
do(z + X) = — L (vaz) — 1X(a)+ (3.24)
+3 < (wax),x > —3 < X(a),x >,
kap(z +X) = —L(z < a,b> (2)2) — LX(< a,b > (2)+
+5 < (z<ab>(2)2),2>+1 < X(a), X(b) >,
forx € K and X € L.

Theorem 3.4.2. Let ( K,(,,) ) be a Kantor triple system and let L =
span{< u,v >, u,v € K}. Then

Lie(K) =< kap > B < g > ® < Sqp > B < lliqg > ® < kgp >

with commutator defined as in Definition 3.9 is a 5-graded Lie subalgebra of
T(K,L).
We will call Lie(K) the Lie algebra associated to the Kantor triple system K.
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Proof. In order to prove the theorem we need to show that for any a, b, c,d,z €
K and X € L we have

(Kab, kea] = 0, [kab, uc] = 0,

(Kap, Ue) = Ucap>e, kb, ked] = S<abs(e)d — S<ab>(d)es

[Ua, up] = Kab, [Ua, Up] = Sab,

[tas ked] = —lice,d>(a):  [Sabs Fed] = ke dsb)as (3.25)
[Sab, Ue] = Uabe), [Sabs Scd] = S(abc)d — Sc(dab)

[Sab, Ue] = —T(pac), [Sabs Ked] = —k<c,a>(aybs

[y @6] = Kb [tia, ked] = [Kab, kea) = 0.

It is immediate, by Definition 3.9, that

[kaln kcd} =0

and

[kaln uc] =0

since kqp is constant, u. is constant with respect to K and the fact that kg
is L-valued.
Besides, it follows from the definition that:

[Kap, Ge)(z + X) =< a,b > (¢)+ << a,b > (¢),x >= ucgp>c(z + X),

[Ug, upl(x + X) =< a,b > — <ba>=2<a,b>=kg(z+ X)

and

[Sab, kcd](a: + X) =—<a,<cd> (b) >= k<c7d>(b)a(x + X)
Before we show the next identity, we first need to verify
<a,b>(<e,d>(x) =(<a,b>(c)dr) — (< a,b> (d)cx). (3.26)

Due to the principal identity, the auxiliar identity and the definition of <, >,

we have

<a,b>(<e,d>(x)—(<a,b>(c)dz)+ (< a,b> (d)ex) =

= (a(cxd)b) — (a(dzc)b) — (b(cxd)a) + (b(dzc)a)—
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—(<a,b> (c)dz) + (< a,b > (d)cx) =

=< (zca),b > (d)— < (xzda),b > (¢)— < (xzcb),a > (d)+ < (xzdb),a > (¢)+

+(xd < a,b> () — (ze < a,b> (d) — (< a,b> (¢)dz) + (< a,b> (d)czx) =

=< (xca),b > (d)— < (xcb),a > (d)— << a,b> (¢),z > (d)—
— < (xda),b > (¢)+ < (zdb),a > (c)+ << a,b > (d),z > (¢) = 0.

Thanks to equation (3.26), it is easy to calculate

[kaps keal(x + X) =< a,b> (< ¢, d > (z) )—
—<<a,b>(c),X(d) >—-< X(¢),<a,b>(d) >=
=(<ab>(c)dz)— < <a,b>(c),X(d) >—
—(<a,b>(d)cz )+ < <a,b>(d),X(c) >
= S<a,b>(c)d ~ S<a,b>(d)c-

Using the auxiliar identity, we get

[Sap, Ul (xz + X) = (abc)— < a,< ¢,z > (b) > — < ¢, (abx) >=
= (abe)+ << ¢,z > (b),a >=
= (abc)+ < (abc),x > — < (abzx),c > + < (abz),c >=
= U(abe) (T + X).

We have:
1

[ta, W] (z + X) =< a, —%(xbx) - QX(b) >+

1 1 1
+§(abm) + i(xba) + 5 <ar> (b)—
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1 1 1
5 < (abx),x > 5 < (zba), r > 6 < (xbx),a > +

1 1
+§ << a,z>(b),r> +§ < X(),a>=

1 1 1
= §(abx) + —(aba) + é(abm) — i(mba)—

o= NI

1 1
5 < (abx),x > ——= < (xba), z > 5 < (xbx),a > +

1 1 1 1
+§ << a,x>(b),z> +§ < X(b),a > —3 < a, (zbz) > —5 <a,X(b) >=

1
= (abx)—§ <a,X(b) >+

3 1 1 2
+6 << a,z>(b),z> 6 < (abx),x > 5 < (xba),x > +6 < (zbx),a >=

= Sap(x + X)+
3 1 1 2
+6 <<a,z>(b),r> 6 < (abx),z > 5 < (zba),z > +6 < (xbx),a >,
hence, we need to prove

3<<a,x > (b),z >=
az > (b), (3.27)
< (abz),z >+ < (zba),x > =2 < (xbx),a > .

Using the auxiliar identity we get

I<<a, x> (b),x >=2<<a,z>0b),z>+<<a,x>(b),r>=

=2 < (zba),x > =2 < (xbx),a > + < (abzx),x > — < (zba),r >=
=< (abzx),z > + < (zba),z > —2 < (zbx),a > .

Thus [ug, W) = Sab-
We have ) )
[ 1) X) = (ab( 5 (zex) — 2 X(c) )~

-< a,é < (zex),z > (b) — % < X(e),z > (b) >+
1 1 1
+§((abx)cx) + i(xc(abx)) —5<6 X (b) > (¢)—

1 1 1
6 < ((abx)cx),x > 5 < (zc(abzx)),x > 6 < (xzcx), (abz) > —

1 1
—5 << a, X (b) > (¢),z > t5 < X(c), (abx) >=
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= 2( —(ab(zcz)) + ((abz)cz) + (zc(abx)) )+
—2<a,X()>(c)— 3
(

—% < ((abz)cz),x > —¢ < (zc(abx)),z > —

1 (3.28)

—% < (zcx), (abz) > =} < a,< (zcx),z > (b) > +
+3 <a,< X(c),z > (b) > —
—1<<a,X(b) > (¢),z>+35 < X(c), (abx) > .

In order to show that equation (3.28) gives exactly —ipq. we calculate:

—<a,<u,v>(b)>(¢c) — (ab(<u,v>(c) )=
=<< u,v > (b),a > (c) — (ab(ucv)) + (ab(veu)) =
=< (abu),v > (¢)— < (abv),u > (¢) — (ab(ucv)) + (ab(vcu)) =
= ((abu)cv) — (ve(abu)) — ((abv)cu) 4+ (uc(abv)) — (ab(ucv)) + (ab(vew)) =
= —(ab(ucv)) + ((abu)cv) + (uc(abv))+
+(ab(veuw)) — ((abv)eu) — (ve(abu)) =
(u(bac)v) — (v(bac)u) =< u,v > (bac),

since X € L is a linear combination of the < u,v >’s, we have just proved
that

—%<a,X(b)>(c)—%

Besides we have

(abX (c)) = %X(bac); (3.20)

— < (zcx), (abz) > — < a,< (zcx),z > (b) >=
=<< (zcx),xz > (b),a > — < (zcx), (abx) >=
=< (ab(zex)),x > — < (abz), (xex) > — < (xcx), (abr) >=
=< (ab(zcx)),x >,
thus

1 1
5 < ((abx)cx),z > ~5 < (zc(abx)),x > —

1 1
—5 < (xzcx), (abz) > -5 <&< (xex),x > (b) >=

= f% < ((abx)cx),z > f% < (zc(abx)),x > +é < (ab(zcx)),x >=
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=-5< (z(bac)x), z >;
finally, we have

<a,< X(c),x > (b)>—<<a,X(b) > (c),z >+ < X(c), (abx) >=

=<a,< X(c), x> (b) > - << a,X(b) > (c),x > —

— < (abzx), X (c) > + < (abX (¢)),x > — < (abX (¢)),z >=

=<a,< X(c),x > (b) > — << a,X(b) > (c),z > —

— <<z, X(c) > (b),a>— < (abX(c)),x >=

—<<a,X(b)>(¢),z>—< (abX(c)),z >+

+ << X(¢),x > (b),a>+ <a,< X(c),z > (b) >=

=< (—<a,X(b)>(c)— (abX(c)) ),z >,
using equation (3.29) we get

<a, < X(c)yx>(b)>—<<a,X(b) > (c),z >+ < X(c), (abx) >=

=< X(bac),x > . (3.31)

If we use equations (3.29),(3.30) and (3.31) in equation (3.28) and apply the
principal identity to the first three terms of equation (3.28) we obtain

[Sab7 ac]

(x
§(x(bac)a:) + %X((bac)) - é < (z(bac)x),x > +% < X((bac)),x >=

+X)=(3.28) =

= _a(bac)-
Now we prove

(3.32)
We have

(3.30)

43
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+

+%(xa(mbx)) + —(zaX(b))—

71—12 < (zbz),z > (a) + 1 < X(b),z > (a)—

—1—12 < ((zbz)ax),z > —% < (X()ax),z > —

—1—12 < (za(zbx)),z > —% < (zaX (b)), x > —

—1—12 < (zax), (zbz) > —% < (zazx), X (b) > —

1 1
13 << (xbx),x > (a),z > t15 << X(b),z > (a),x >+
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j& < X(a), (zbz) > +i < X(a),X(b) > -

1 1
~71 ((xax)bx) — i (X (a)bx)—

—i(mb(mam)) - 1(be(a))—&—

4
1 1
15 < (zazx),z > (b) — 1< X(a),z > (b)+
+i<(( )bx), >+i<( X(a)bz),z > +
B rax)bx),z B a)bx),
1 1
+ﬁ (zb(zax)),z > +ﬁ < (xbX(a)),z > +
1 1
5 < (xbx), (zax) > +t5 < (xbzx), X (a) > +

+— << (zaz),z > (b),x > — _L << X(a),x > (b),z > —

12

1 < X(), (rar) > 1 < X(b), X(a) >=

< (X(b)ax),z > —35 < (vaX (D)),

—|—12 (X (a)bx),z > +12 (mbX(a)),

—1 < X(b), (zaz) > —35 < (waz), X(
+1 < X(a), (zbz) > +75 < (wbz), X (a

+4 << X(a),z> (b),z > —% << X(b),z > (a )a:>+

—~

+1 < X(a),X(b) > -1 < X(b),X(a)>.

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

In order to prove equation (3.32), we verify the two following identities,

which will be quite useful:

((zbx)azx) + 2(za(zbz)) — ((xax)bz) — 2(zb(zazx)) = (z < b,a > (x)z), (3.38)
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(<zyy > (b)az) — (< x,y > (a)bz) =

(3.39)
=(x<ab>(y)z)— (y <a,b>(x)z),

< <u,v>(a), <z,y>(b) >=
=<(xz <a,b>(yu),v>—<(y<a,b>(x)u),v>+ (3.40)
+<(y<ab>(z)u),v>—<(xr<ab>(y)v),u>,
for any u,v,z,y,z € K.

Using the principal identity, we obtain
((zbz)ax) + 2(za(xbx)) — ((xax)bz) — 2(xb(xzax)) =

= ((zbx)azx) + (za(zbz)) + (za(zbz))—

—((zax)bx) — (xb(xax)) — (xb(zaz)) =

= (xb(zaz)) + (z(bra)z) + (va(xbr))—

—(za(zbx)) — (z(axb)x) — (xb(zaz)) =

= (z(bza)x) — (z(axb)x) = (x < b,a > (z)x),
hence (3.38) holds.

By the same argument, we have

(< z,y > (b)az) — (< z,y > (a)bz) =

= ((zby)az) — ((ybx)az) — ((way)bz) + ((yaz)bz) =

and (3.39) holds too.

Due to 3.39 and the auxiliar identity, we have

< <u,v>(a), <zy>(b) >=



3.4 Lie algebras and Kantor triple systems

47

=< (<z,y>Dau),v >—-< (<z,y> (b)av),u >=
=< (z <a,b> Yu),v>—<(y<a,b>(x)u),v>+
+<(y<ab>(z)u),v>—<(z<ab>(y)v),u>.

If we use equation (3.38) in (3.33) we get

1 1 1
Z((a:bx)ax) + Z(ma(xbx)) -5 < (xbx),z > (a)—

1 1 1
—Z((xa:v)bx) - Z(mb(azaw)) + 3 < (zazx),z > (b) =

3 3 1 1
= ﬁ((xbx)ax) + E(xa(wbx)) - E((mbx)a:ﬂ) + E(xa(xbx))—

—%((max)bm) - %(mb(wax)) + %((mam)bx) — %(mb(xam)) =

= %( ((zbz)azx) + 2(za(xbx)) — ((xaz)bz) — 2(zb(zax)) ) =

1 1
= 6(17 <bya>(x)x) = —6(1: < a,b> (v)x),
which is exactly the first term of l;:ab.
Thanks to equation (3.29), we have
X (bzxa) = (X (b)ax) — (xaX (b)) — (xbX (a)),
thus, in (3.34), we get

< X0)2 > (a) + 3 (XO)az) + § (zaX ()~

— %( X (bza) — X (azb) ) = %X(< a,b> (x)),

the second term of k.

Due to equation (3.38) and the auxiliar identity, we have
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(3.35) = —% < ((zbx)ax),z > —1—12 < (za(xbr)),z > +

1 1
15 < ((zax)bz), x > t15 < (zb(zaz)),x > +

1 1
t15 < (zbx), (vazx) > t1g << (zax),z > (b),z > —
1<( ), (xbx) > 1<<(b)>() >=
3 < (zax), (zba 5 zbz),x > (a),x >=

1 1
=15 < ((zbr)ax),x > 5 < (xa(zbz)),x > +

1 1
+tg < ((zax)bz), x > t15 < (zb(zaz)),x > +
g < (aba), (02) > 55 < (b{(waw) o > 55 < (aba), (o) >
5 < (zbz), (zaz 5 < (#b((zax)), = 5 < (zbz), (zax

1 1 1
13 < (rax), (xbx) > 13 < (za(zbx)), x > +ﬁ < (zax), (zbzr) >=

= _E( < ((zbz)az),z > +2 < (za(zdbx)),x > )+

(< (@anbe), @ > +2 < (ab(rar)),a > ) =

1 < ( ((zbzx)azx) + 2(xza(xbx)) ),z > +

12
+T12 < ( ((xax)bzx) + 2(xb(zax)) ),z >=
1 1
=-13 <(x <bja>(x)x),r>= 0 <(z<a,b>(x)x),z >,

which equals the third summand of K-
Now, we prove that (3.36) = 0. We have

_% < (X(b)ax),x > —% < (an(b)),x > +

1 1
+ﬁ < (X(a)bx),z > —1—5 < (zbX(a)),xz >+

1 1
-1 < X(b), (zaz) > T < (zaz), X (b) > +

1 1
—1—1 < X(a), (zbx) > +ﬁ < (xbzx), X (a) >+

1 1
+E << X(a),x > (b),z > 13 << X(b),z > (a),x >=

- 711—2 < (X(b)ax),z > *11*2 < (zaX(0)),z > +
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_,_i < (X(a)bx),z > —|—i < (zbX(a)),z >+

12 12

1 < X(), (zar) >+ < X(B), (raz) > +
47 < X(a), (eba) > 1 < X(a), (abr) > +
+$<4Xmmmx>+%<xmxm»x>—
_%<Jx@mmx>+%<cmxw»x>=

= _é < (X(b)azx),z > +% < (X(a)bz), & >=

:—é<(X@M@—Lﬂ@MLx>.

Since (3.34) = —2X(< a,b > (z)), we obtain

(3.36) = —% < (X(b)az) — (X(a)bz), z >=

1 1
= —— —_— .
3 < 2X(<a,b>(aﬁ)),x >

If we suppose X =< u,v >, we get

1
3 <<uv> (<a,b>(x),z >=

1
=5 < (r <a,b>(v)u),v >—< (x<a,b>(x)v),w >,

which is exactly equation (3.40) with 2 = y, which implies

1
§<<u,v>(<a,b>(x)),x >=< <u,v>(a), <z,x> () >=0.

By linearity this leads to
< X(<a,b>(),z >=0

and, thereby, to (3.36) = 0.

Finally, we have that 3.37 is equal to the last term of Kap.
Thus, we have proved that [ug, up] = Kb

In order to obtain the remaining non zero commutators we just need to use
the already proved ones and the Jacobi identity.

We have

[Sab, Ked) = [Sab, [te, Uq)] = [[Ga, Sap), Ge) + [[Sabs Ue), Ua] =
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= [U(bad)» Ue) — [T(bac), Ud) = ff(bad)c - ];;(bac)d'

If we look at the first three terms of l%ab, by their multi-linearity, we obtain that
they depends linearly on < a,b >, actually this holds true also for the term
< X(a), X (b) >, hence also kqp depends linearly on < a,b >, in the sense that
kay = k(< a,b >). More generally, we have that < X(a),Y(b) > is a linear
function of < a,b >. Indeed if X =< u,v >, Y =< z,y >, by equation (3.40),
< X(a),Y(b) >= F(< a,b >), for some linear function F, hence, using the
bilinearity of <, >, it holds for any X,Y € L. Thus we have

E(bad)c - ];(bac)d = ‘I;:(< (bad)a c >) + I;(_ < (bac), d >) =
=k( < (bad),c > — < (bac),d > ) = k(< < ¢,d > (a),d >) = keeas(a)a-
Similarly, we get

[um kcd] = [uaa [’a(n ad]] = [[ﬂda U’a]7 a(/] + Huaa 7‘1(}]7 ad] =
= _[gadyac] + [gacaﬂld] = ﬂ/(dac) - a(cad) = _ﬂ/<c,d>(a)7

thanks to the linearly dependence of @, on a.

We also have

[Sab, Scd] = [Sabs [te, Ua]] = [[Ud, Sab]; Ue] + [[Sab, Uc], Ua] =
= [U(bad)» Ue] + [U(abe)], Ta] = S(abe)d — Se(bad)

Now, we are ready to show [kqp, @] = 0. We have

[[kaba f/«c]7 k;cy] = _[[ﬂa kwy]v kab] - [[kxya kabL ﬂc] =
= Hu<w,y> (C>7 I%ab] - [5<z,y>(a)b — S<z,y>(b)as ac] =
= _a<a,b>(<z,y>(c)) + ﬂ(b<m,y>(a)c) - a(a<x,y>(b)c =

= =y <a,b>(<z,y>(c))—(b<z,y>(a)c)+(a<z,y>(b)c )+

From the proof of equation (3.34) we have
X(< a,b> (c) = (X(a)bx) — (X (b)ax). (3.41)

Using (3.41) and (3.39) we get

(<a,b>(<zy>(0) - (b<zy>(a))+(a<zy>(b)ec)=

= (< a,b> (z)ye) — (< a,b > (y)zc) + (< a,b > (y)xe) — (< a,b > (z)ye) =0,
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hence [[kap, @ic], kay] = O.

We also have [[kqp, @e], u.] = 0. Indeed

H'Z;abvar:LUZ] = —[[tic, uz], ]Eab] — [[uzs %ab]vac} =
= [szca ]’%ab} + [a<a,b>(z)7 ac} = _];<a,b>(z)c + ]:;<a,b>(z)c =0.

Since [[kap, tc], kzy] = 0 we have

0= ([l%ab,ﬂC]Dkwfy)(x +X)= ([I;:ab,z]c])lm(x, cem2<al iy >)+

+([kab7ac})|x(x7 e 7'T72 < 55/7y >7X) + ([I’%abaﬂC])lx(ma e ,$7X,2 < 'Tlay >)7

if we take X =2 < 2/, y > we get

0 = ([kab, Ue]Tkay) (x + 2 < 2’y >) = 2[kap, te(z + 2 < 2’y >),

by linearity we get [kqp, i) (z + X) =0, Vz € K, X € L.

From [kqp, Uc] = 0, we get

(Kabs ked) = [kabs [ie, @a)] = [[Td, kap), @) + [Fap, @], @a] = 0.

This completes the proof. O

Remark 11. If K is the Kantor triple system derived from a simple 5-graded
Lie algebra g with involution 7 then K can be identified with g_; and L with

g_o via < u,v >= [u,v].

Corollary 3.4.3. Let g be a 5-graded simple Lie algebra with graded involution
T and let K = K(g) be the Kantor triple system derived from g.
Then g is isomorphic to Lie(K(g)). An isomorphism is given by

g2 | [r(a),7(®)] — l|da, @] = Fka
g1 7(a) — U
o: 9o [a, 7(D)] = [ug, @] = Sab (3.42)
g-1 a — Ugq
g o [a, b] = [ug,up] = kap

fora,beg_y. Wecalldp:g— T(g—1 ® g—2) the realization of g on g_1 ® g—_o2.

Proof. First of all we have to show that the map ¢ is well defined. To do
that, we just need to show sqp = Seq if [a,7(b)] = [¢,7(d)] and kap = keg if

[7(a), 7(0)] = [7(c), 7(d)]-
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Indeed, since, as seen in the proof of Theorem 3.4.2, kap = l~c<a’b> and since

[u,v] =< u,v > in g_o we get

whenever [r(a), 7(b)] = [7(c), 7(d)].

Furthermore, if we have [a, 7(b)] = [¢, 7(d)]

Sep(x + X) = (abz)— < a, X(b) >= [[a,7(b)], z]— < a, X (b) >=

= [[e,7(d)],2]— < a, X (b) > .

If we set X =< u,v >, then we have

<a,X(b) >=<a,<u,v> () >=—<<u,v>(b),a>=
= — < (abu),v > + < (abv),u >= — < (cdu),v > + < (edv),u >
which leads to squp = Scq- Thus ¢ is well defined.
The fact that ¢ is a isomorphism of Lie algebras follows from the Jacobi identity

and the fact that g is simple, all the details are similar to those given in the

proof of Theorem 3.3.3. O
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