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Accurate expression for the momentum transfer cross section for the attractive Yukawa potential

is proposed. This simple analytic expression agrees with the numerical results better than to

within 62% in the regime relevant for ion-particle collisions in complex (dusty) plasmas. VC 2014
AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4873380]

The problem of classical scattering in the Yukawa

(screened Coulomb) potential has been extensively investi-

gated, mostly in the context of transport properties of ionized

gases.1–3 More recently, this topic has experienced renewed

interest in view of its relevance to collisions between plasma

and massive charged particles and, in particular, to the ion

drag force in complex (dusty) plasmas.4–7

The attractive Yukawa potential can be written in the

form

UðrÞ ¼ �eðk=rÞexpð�r=kÞ; (1)

where e and k are the energy and (screening) length scales.

In the following, k is used as the unit of length. Scattering in

binary collisions can be conveniently characterized by the

dimensionless scattering parameter b¼ e/mv2, which meas-

ures the strength of the interaction potential compared to the

kinetic energy of colliding particles (here, m and v are the

reduced mass and relative velocity, respectively). It can be

easily shown that the functional dependence of the scattering

angle on the impact parameter v(q) is governed by the single

parameter b and, therefore, the transport cross sections are

functions of the scattering parameter b only (for point-like

particles).

Collisions in conventional electron-ion plasmas are nor-

mally characterized by quite small values of b. For the ther-

mal velocity, the scattering parameter b reduces to the

plasma parameter (also referred to as the Debye nonideality

parameter) b ¼ e2=Tk ¼ CD.8 In the weakly coupled (ideal)

plasma, where the binary collision approximation is mean-

ingful, the plasma parameter is very small CD� 1. The scat-

tering is mostly with small angles and the well known

standard Coulomb scattering theory can be used to evaluate

the transport cross sections.

In complex (dusty) plasmas, the situation can be quite

different due to high values of the particle charge. The typi-

cal values of the thermal scattering parameter for (attractive)

ion-particle interactions (b evaluated at an average kinetic

energy of the ions) for micron-size particles in typical gas

discharges are expected to lie in the range between ’1 and

’30.9 Higher values, up to b’ 70, have been reported in

experiments with big hollow microspheres of a diameter

’60 lm.10,11 For sub-micron grains, the values of b below

unity can also be realized. The purpose of this Brief Report

is to propose a simple expression for the momentum transfer

cross section in the attractive Yukawa potential, which is

accurate to within 62% in the wide range 0.1< b< 100, suf-

ficient for the majority of practical situations in complex

plasmas. This expression is superior to previous analytical

approximations suggested in the literature, which demon-

strate significant inaccuracies in the regime around b’ 10,

where the momentum transfer cross section exhibits a pro-

nounced non-monotonous behavior.

The dependence of the scattering angle v on the impact

parameter q and the resulting momentum transfer cross

section

rMT ¼ 2p
ð1

0

½1� cosvðqÞ�qdq (2)

have been evaluated numerically from the conventional

expressions12 in the very broad range of b between 0.01 and

106, much broader than published previously in Refs. 7 and

13. The results for the high-b regime (b � 1) have been

reported in Ref. 14. Here, the focus is on the intermediate

transitional regime 0.1<b< 100. The numerical results for

the momentum transfer cross section pertaining to the range

of b under consideration are shown in Fig. 1(a) (here and

throughout the paper, the cross section is given in units of

k2). A remarkable property of the dependence rMT (b) is the

non-monotonous behavior, with local maxima and minima,

occurring in the region around b’ 10. The physics behind

this behavior is the emergence of the barrier in the effective

potential energy of colliding particles at b � bcr ’ 13:2
(Refs. 5, 7, and 15). This barrier results in the divergence of

the scattering angle at a certain “transitional” impact param-

eter q* for b>bcr, which plays a crucial role for the analysis

of collisions and momentum transfer.7,13 The non-monotonic

behavior of rMT (b) is a consequence of the burification that

the scattering angle v(q) experiences on approaching bcr (see

for instance Fig. 16 from Ref. 15).

Several expressions have been suggested in the literature

to describe the dependence rMT (b) for the attractive

Yukawa potential in the considered range of b. These are

also plotted in Fig. 1. The dotted curve corresponds to
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Eq. (9) from Ref. 13, the dashed line shows the fit by Eq. (9)

from Ref. 16. Both are reasonably accurate for small and

large b, but can deviate from the numerical results by ’30%

in the intermediate regime 2 � b � bcr. Our main goal here

is to propose an expression that can describe the non-

monotonous behavior of rMT in the intermediate region

more accurately. It would be useful to briefly remind first the

main tendencies in the dependence rMT (b) in the low-b and

high-b regimes.

In the low-b regime (b� 1), the ordinary Coulomb scat-

tering theory is applicable. It assumes Coulomb potential

and uses cutoff for impact parameters larger than the Debye

length. This results in the momentum transfer cross section

rC ¼ 2pb2 lnð1þ 1=b2Þ ’ 4pb2 lnð1=bÞ. This expression is

correct only to the leading logarithmic term (the Coulomb

logarithm). The additional to lnð1=bÞ terms of order Oð1Þ
can be obtained using more accurate consideration.1,17,18 A

simple modification of the standard Coulomb scattering

theory has been proposed in Ref. 6 by re-defining the cutoff

length. The modified cross section is

r1ðbÞ ¼ 4pb2 lnð1þ 1=bÞ: (3)

It reduces to the expression from the standard Coulomb scat-

tering approach in the limit b� 1, but is applicable up to

b � Oð1Þ.
In the opposite high-b regime (b> bcr), the scattering

angle exhibits the following properties.7,13,14 For impact pa-

rameters below the transitional one, q*, scattering with large

angles (p< v<1) occurs. The scattering angle grows monot-

onically until it diverges at q¼q*, orbiting trajectories are

possible. For q> q*, the scattering angle decreases rapidly due

to exponential screening of the interaction potential.

Interestingly, the dependence v(q/q*) exhibits quasi-universal

behavior—it is practically independent of b.7,13 This implies

that in this high-b regime the cross section scales as rMT / q2
�.

Taking into account that q� / lnb,7,13 a simple two-term

expression has been proposed recently14

r2ðbÞ ¼ 1:63ln2bþ 10:61lnb: (4)

It agrees with the numerical results to within several percents

in the range from bcr to at least 106.

Following the strategy of Ref. 19, where accurate fits for

the transport cross sections for the Lennard-Jones potential

have been obtained, we use the scalings given by Eqs. (3)

and (4) as the basis in the low-b and high-b regimes, respec-

tively. These scalings are then multiplied by correction

functions f1(b) and f2(b), to reach better agreement with

the numerical results. The resulting expressions are then

matched at some intermediate point around b’ 10. The

low-b correction function has the form

f1ðbÞ ¼
X4

i¼0

cib
i: (5)

The appropriate coefficients are summarized in Table I. In

the high-b regime, it is sufficient to simply multiply r2 by a

constant coefficient (close to unity), so that f2(b)� 1.035.

The momentum transfer cross section is then

rMTðbÞ ¼
r1ðbÞf1ðbÞ; b < 11:871

r2ðbÞf2ðbÞ; b > 11:871:

(
(6)

The two branches are matched at b¼ 11.871, where rMT

’ r1f1 ’ r2f2 ’ 37:50. The solid curve in Fig. 1(a) plots the

fit by Eq. (6). The agreement with the numerical results is

excellent, relative deviations are well within 62%, as docu-

mented in Fig. 1(b). Note that since the momentum transfer

rate (needed for instance to calculate the ion drag force)

results from the integration of this cross section with the

velocity distribution function, it should be even more accu-

rate than this.

It should be noted that we have considered the case of

point-like particles interacting via the attractive Yukawa

potential. In the context of ion-particle collisions in complex

plasmas, the finite particle size can affect the magnitude of

the momentum transfer cross section. It is relatively straight-

forward to take this effect into account as has been discussed

in considerable detail previously.7,9,13 Therefore, we do not

elaborate on this here.

To summarize, a simple analytical expression for the

momentum transfer cross section for the attractive Yukawa

potential is derived. This expression demonstrates much bet-

ter accuracy, than those proposed previously. The accuracy

is more than sufficient taking into account possible devia-

tions from the Yukawa potential, the role of finite particle

size, ion-neutral collisions, and other effect which make real

complex plasmas different from the ideal model considered

in this work.

FIG. 1. (a) Reduced momentum transfer cross section, rMT, as a function of

the scattering parameter b. Symbols correspond to the numerical results.

The solid curve is the fit proposed in this paper. The dashed (dotted) curve is

the fit from Ref. 16 (Ref. 13). (b) Relative deviation of the present fit

[Eq. (6)] from the numerical data.

TABLE I. Fitting parameters entering Eq. (5).

c0 c1 c2 c3 c4

0.927956 0.17968 �0.09328 0.01063 �3.74479	 10�4
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