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Abstract—In this paper, we analyze the performance of a
wideband sum-of-cisoids (SOC) channel simulator w.r.t. the bit
error probability (BEP) of differential phase-shift keying (DPSK)
orthogonal frequency division multiplexing (OFDM) systems.
Analytical BEP expressions are derived for coherent and non-
coherent DPSK OFDM simulation systems in the presence of a
wideband SOC channel simulator. We also study the degradations
of the BEP introduced by an imperfect channel simulator.
Using the deviation of the BEP as an appropriate measure,
we evaluate the performance of three parameter computation
methods, known as the method of exact Doppler spread (MEDS),
the randomized MEDS (R-MEDS), and the Monte Carlo method
(MCM). For coherent DPSK OFDM systems, it turns out that
these three methods are equivalent. For noncoherent DPSK
OFDM systems, it is theoretically shown that both the MEDS
and the R-MEDS outperform the MCM. The correctness of all
theoretical results are validated by simulations.

I. INTRODUCTION

Rice’s sum-of-sinusoids (SOS) principle has been accepted
as a proper method for modeling mobile fading channels [1]-
[3]. By applying the SOS principle combined with the concept
of deterministic channel modeling [3], accurate and efficient
SOS channel simulators can be easily designed for all kinds
of channel models that can be derived from Gaussian random
processes. Such channel simulators have been commonly used
in system simulations due to their low realization expenditure.
In recent years, the performance analysis of SOS channel
simulators has been an important research subject. In [4], the
performance of narrowband SOS channel simulators w.r.t. the
BEP has been investigated.

The SOS method has been extensively employed in model-
ing flat fading channels [3], frequency-selective channels [3],
and even wideband multiple-input multiple-output channels
[5]. However, it has been shown in [6] that the SOS principle is
of advantage for developing mobile radio channels in isotropic
scattering environments, while in case of non-isotropic scat-
tering environments, the SOC method is more efficient. So far,
the performance of SOC channel simulators w.r.t. the BEP has
not been studied. The purpose of this paper is to fill this gap.

In this paper, we study the performance of a DPSK OFDM
system in the presence of a stochastic wideband SOC chan-
nel simulator w.r.t. the BEP of the simulation system. For
comparison, we present the BEP of a DPSK OFDM system
using a reference channel model, which is known as the
reference BEP. As a starting point, we study the probability

density functions (PDFs) of the absolute value of the time-
variant transfer function and the temporal-frequency correla-
tion function (CF) of both channel models. Next, we derive the
BEP expressions for the OFDM systems using coherent and
noncoherent DPSK schemes. For the coherent DPSK OFDM
system, we demonstrate that the BEP of the simulation system
approaches to the reference BEP if the number of cisoids in
the SOC channel simulator tends to infinity. Based on the
analytical BEP results, we discuss the deviation between the
reference BEP and the BEP of the simulation system. Then,
we compare the performance of three parameter computation
methods: the MEDS, the R-MEDS, and the MCM. We assume
isotropic scattering conditions here. However, it should be
mentioned that the obtained BEP expressions are general and
also applicable to non-isotropic scattering conditions.

The rest of this paper is organized as follows. In Section II,
we first give a brief review of the frequency-selective ref-
erence channel model and the corresponding SOC channel
simulator. Then, we study the statistical properties of both
channel models. Section III provides an analysis of the BEP
performance of coherent DPSK OFDM systems. In Section IV,
we concentrate on the noncoherent DPSK OFDM system
performance analysis. Finally, the conclusions are given in
Section VI.

II. FREQUENCY-SELECTIVE CHANNEL MODELS

In this section, a wide-sense stationary uncorrelated scatter-
ing (WSSUS) model [3], [7] is employed as an appropriate
frequency-selective reference channel from which the SOC
channel simulator is derived.

A. The Frequency-Selective Reference Channel Model

The time-variant transfer function of the wideband reference
channel model can be formulated as [3]
L
H(f' 1) = agpu(t)e 7217, (1)
=1
where £ denotes the number of discrete propagation paths. The
quantities a, and 7, describe the path gain and the propagation
delay of the /th discrete propagation path, respectively. The
symbol g (t) in (1) represents a complex random Gaussian
process. It is supposed that the constraint Zle a? =1 holds
to ensure that the average power of the channel model is
normalized to unity. We assume that the real and imaginary
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parts of p(t) in (1) are uncorrelated Gaussian processes with
zero-mean and the same variance 03 = 1/2.

Let rgu(v',7) = E{H*(f';t)H(f + v/,t + 7)} be
the temporal-frequency CF of H(f’,t). According to [8],
rgp(v',T) can be expressed in closed-form as

c
ra(v,T) = Z airueuz (T)eijzm)/nz
=1
where 7,,,,(7) denotes the temporal autocorrelation function
(ACF) of the Gaussian process fi¢(t). If we consider isotropic
scattering conditions, the temporal ACF can be written as

Thiopue (T) = 208 JO(QmeaxT)v (3)

where J(-) represents the zeroth-order Bessel function of the
first kind and fi,.x is the maximum Doppler frequency.

According to (1), the real part and the imaginary part of
H(f' t) are statistically independent Gaussian processes, each
having the variance o3. Let us denote the envelope of the time-
variant transfer function H (f’,t) at a specific carrier frequency
f'= flas ¢(t) = |H(f},t)|- The PDF of the envelope ((t)
can be described by the Rayleigh distribution [9]

7‘2

2

r 202
—€ 0,
90

r >0,
0, r < 0.

pe(r) = “)

B. Frequency-Selective SOC Channel Simulator

In this subsection, we design a frequency-selective channel
simulator by making use of the SOC principle.

In the reference model described by (1), we replace the
Gaussian processes g(t) by stochastic complex processes
fte(t) (¢ =1,2,...,L), which can be represented by a sum
of N, cisoids as follows [6]

Ny
fie(t) = Z cnyéej(%fn.zt—s-ﬂn,z)7
n=1
where ¢, ¢, fn ¢, and 0, ¢ represent the Doppler coefficient,
the Doppler frequency, and the Doppler phase of the ¢ th path,
respectively. According to (5), the real part and the imaginary
part of fi,(t) are correlated. However, such a correlation can
be neglected under isotropic scattering conditions [6].

The Doppler phases 6, , are independent and identically
distributed (i.i.d.) random variables, each having a uniform
distribution over [0,27). The Doppler coefficients ¢, and
the Doppler frequencies f,, , are constant, which can be deter-
mined in such a way that the statistical properties of ji,(t) are
as close as possible to those of the Gaussian random processes
we(t). In this paper, three parameter computation methods
will be applied for computing the primary model parameters.
Since most of the parameter design methods proposed for SOS
models cannot directly be adopted to the SOC model, they
need to be modified [10].

1) MEDS [11]: The parameters c,, and f,, can be
determined by the MEDS as follows

®)

Cn,t =00 1\%7 fn.[ :fmax sin {%(n - %):| . (6a,b)

2) R-MEDS: Performing the modification on the R-MEDS
[12] results in the following equations

Cn,y = 00 ]\/%a fn,l:fmax Cos %(n - i) + Qn |, (7a’b)

where the quantities «a, o are i.i.d. random variables with a
uniform distribution over (—53-, 73 |-

3) MCM [13]: The application of the MCM allows us to
compute the parameters ¢, ¢ and f, ¢ according to

Cn,t = 00 N%, Jre = fmax sin(2mu, ¢) , (8a,b)
where u,, ; are i.i.d. random variables uniformly distributed
over the interval (0, 1].

To guarantee the uncorrelated scattering (US) condition,
the processes fi¢(t) must be uncorrelated for different paths,
i.e., for different values of ¢. For the MEDS, the almost
uncorrelatedness of the processes fi¢(t) can be ensured by the
convention Ny = N + ¢ — 1, where N denotes the number
of cisoids used in the first process fi1(t). Since the Doppler
frequencies generated by the R-MEDS and the MCM are
random variables, the uncorrelatedness is guaranteed even by
using the same number of cisoids for different paths. In this
paper, we assume that the number of cisoids belonging to
different processes equals to N if the R-MEDS or the MCM
is applied.

Similar to (1), we can express the time-variant transfer
function H(f’,t) of the stochastic SOC channel simulator as

L
H(f' 1) =Y agiu(t)e 9277,

(=1
which can be interpreted as a family of sample functions
depending on the parameters 6,, 0. If all phases 8, , are fixed,
the stochastic process fig(t) in (5) becomes a deterministic
one. Hence, we obtain a single realization of o (f’,t), which

is also deterministic and can be used in simulations.

The mathematical description of the channel simulator al-
lows us to study the temporal-frequency CF of the channel
simulator. Due to the US condition, the temporal-frequency
CF fgp (', 7)=E{H*(f,t)H(f'+v',t+7)} is given by [3]

)

L
Fap(v',T) = Za?ﬁww (T)e_j%’”%,
{=1

2~ — 2 270 fr 0T :
where 7, (7) = 2 ¢€72™ 24T describes the temporal

ACF of the stochastic process fi¢(t) [6].
The PDF p¢(r) of the envelope ((t) =|H(fg,t)| can be
calculated similarly to [6]. According to Appendix A, we have

[ee]

polr) = e

0

(10)
fzvil ¢

L Ny
ITIT 7o@raccney) | Jo(2mry)ydy. (1)

{=1n=1

The envelope PDF p¢(r) of the reference channel model as
well as the envelope PDF p¢ () of the SOC channel simulator
designed by the MEDS with £ = 6 and N = 6 is depicted
in Fig. 1. A good correspondence between the envelope PDFs
of the reference model and that of the corresponding channel
simulator can be observed. This figure shows also the simu-

Authorized licensed use limited to: UNIVERSITY OF AGDER. Downloaded on February 3, 2010 at 08:06 from IEEE Xplore. Restrictions apply.



lation results of the PDF of ((t) =|H(f},t)| obtained from
the simulation of H (f’,t) given by (9) and averaging over 50
trials. Moreover, we prove in Appendix B that p¢ (1) — p¢(r)
for Ny, — oc.

III. PERFORMANCE OF THE SOC CHANNEL SIMULATOR
IN COHERENT DPSK OFDM SYSTEMS

Section III analyzes the performance of the wideband SOC
channel simulator in a coherent DPSK OFDM system.

For the reference channel model, it is shown in Section II
that the absolute value of the time-variant transfer function
follows the Rayleigh distribution. Therefore, the reference
BEP is given by [9]

1
p,

2(1+7)
where ¥, = 202 E}, /Ny is the average signal-to-noise ratio.

The BEP of the simulation system P, can be calculated by
the relation

12)

b= /Pb|r(7“)ﬁ<(7”)d7“, (13)
0
where 1 2m,
Pyjp(r) = 564 No, (14)

is the conditional BEP of the coherent DPSK system [9].

If we substitute (11) and (14) in (13), we obtain the
following analytical expression for the BEP of the DPSK
OFDM system using the SOC channel simulator

. 7T2 Doi 72,2 L Ny
P, = Eb/NO/e Bo/No lH 11 7o@raccney)| ydy. (15)

0 l=1n=1

The derivation of the BEP P, can be found in Appendix C.
Note that the BEP P, is independent of the Doppler frequen-
cies fn¢. The channel simulators designed with the MEDS,
the R-MEDS, and the MCM are equivalent w.r.t. the BEP,
since the Doppler coefficients ¢, ¢ calculated by these three
methods are the same.

The BEP P, computed according to (12) is presented in
Fig.2. This figure also illustrates the BEP performance of the
coherent DPSK OFDM system using different SOC channel
simulators designed with the MEDS, the R-MEDS, and the
MCM. The theoretical results are validated by simulations.

0.7 : : ;
—p¢(r) (Theory, eq. (4))
06r et Pe(r) (Theory, eq. (11))]]
05 e pc(r) (Simulation)
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Fig. 1. Probability density function p¢(r) of the absolute value of the time-
variant transfer function ¢(t) =|H(f},1)|.
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Fig. 2. Coherent DPSK OFDM system performance using the reference

model and the SOC channel simulators designed with the MEDS, the R-
MEDS, and the MCM.

In all simulations, we use the 6-path channel model with
the propagation delays 7, € {0, 100, 200, 300, 400, 500} s
(¢ =1,2,...,L). The powers assigned to the 6 different paths
equal to {0, —4, —8, —12, —16, —20} dB. We consider the
DPSK OFDM system consisting of K = 128 subcarriers with
a sampling duration of 7' = 100 us.

We also prove in Appendix C that B, — P, holds as Ny —
00. However, the deviation of the BEP between 15;, and P,
cannot be ignored if the number of cisoids is small. Here, we
introduce the relative error of the BEP ]51,

b, — P,

Py
to evaluate the BEP deviation in terms of NN.

The influence of the number of cisoids /N on the relative
error is illustrated in Fig. 3. From this figure, we can conclude
that the absolute value of the relative error |eggp| is less than
4.327% if N > 5.

(16)

EBEP =

IV. PERFORMANCE OF THE SOC CHANNEL SIMULATOR IN
NONCOHERENT DPSK OFDM SYSTEMS

According to [14, pp. 193], the BEP of noncoherent DPSK
in Rayleigh fading is given by

1 (T
O PELTICAR (17)

2 1+ =

Yo

where 7p,(T) denotes the value of the temporal ACF
Tan(T) = > yq @27 o, (T) of the channel impulse response
0 T T T

Relative error egpp (%)

4 5 10 15 20 25 30
Ey /Ny (dB)

Fig. 3. Evaluation of the relative error of the BEP e g p for the coherent
DPSK OFDM system for various values of the number of cisoids N.
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at 7 = T Different from [14], the channel response in this
paper is described by a time-variant transfer function. Thus, we
can express the BEP of a noncoherent DPSK OFDM system
by replacing 74, (T) in (17) with the temporal-frequency CF
rgg(v',7) atv' = fsand 7 =T, i.e.,

1 T
p=1 1_%
5,

Here f, = 1/(KT) is the subcarrier spacing. Substituting
ragg (v, T) given by (2) in (18), we have

(18)

L ) ,
203 Jo (27 fumaxT) > alei2mfeTe

1 =1
P==|1— (19)
2 1
1+ 'Yb

Assuming that the PDF p¢(r) is close to the PDF p¢(r) of
the reference channel model, the BEP of the simulation system
P, for the DPSK OFDM system employing the wideband SOC
channel simulator is similar to the expression in (18). We only
need to replace rg g (fs,T) in (18) by frm(v',7) at v’ = f;
and 7 =T [see eq.(10)]. Thus, we finally obtain

£ o omfort Y o ori T

—jenfar 527 f e
Z age ¢ Z Cn e€ '
=1 n=1

1—

(20)
14+ L
+ Yo

Using the relative error eggp in (16) as a criterion, we can
now evaluate the performance of the MEDS, the R-MEDS,
and the MCM. In this paper, the inequality f,, ;1" < 1 holds.
According to the approximation e* =~ 1+ x + 22/2(x <
1), the temporal ACF #,,,,(T) = >0, 2 eI can be
approximated as follows

Ny
Fugne (D) =Y €2 y[1+ 527 fn gT — 2 f i T)?]

n=1
2

~ X T ~
= Ppugpue (0) + 17001, (0) + TTWW (0). (21

Here, 7,,,,,(-) and 7,,,,(-) denote the derivative and the
second derivative of 7,,,,(-), respectively.

For the special case, where the power spectral density (PSD)
is symmetrical, the value for the imaginary part of 7,,,,(T)
is zero. Since the power constraint 7,,,,(0) = r,,,,(0) holds
for all the three methods mentioned above, we make a further

simplification concerning (21) [4]

T? .
’f’lbew (T) ~ fW#e (0) + 7&&#4 (0)
2

T° T2
= Ty, (0) + TTWW(O) - TABI@

T2
= Tuppe (T) - TAﬂZ (22)

In the preceding equation, AGy = #,,,,(0) — ;uuu (0) repre-
sents the model error of the SOC channel simulator. For the
Jakes PSD, we have 3y = —¥,,,(0) = (2700 fmax)?> for the

reference channel model and for ]\trhe SOC channel simulator,
we obtain 7,,, (0) = —(2m)? 35,2, (e e fne)-
By making use of (2), (10), and (22), we can rewrite the
temporal-frequency CF 7 (fs,T) in (10) as follows
T2 .
5 aZA\Bpe= 2 Fsme (23)
n=1
Putting (23) into (;O) and taking the relation (19) into consid-
eration, the BEP P, can be expressed in closed-form as

tau(fs,T) =~ rau(fs,T) —

P, =P, + AP, (24)
where
T\? £ o
<2> > a2 Beei2mfsme
AP, = =1 (25)
1+ 2
T

By making use of (25), we can express the relative error of
the BEP as follows
2 & I
- aZ\Bee I
=1

. (26)

EBEP =

Vb

Since the model error AGy = 0 if the MEDS is applied [3],
it follows that the relative error egpp = 0. Thus, we can say
that the SOC channel simulator designed with the MEDS is
equivalent to the reference channel model in terms of the BEP.
The analytical results for the BEP P, and Pb are depicted in
Fig. 4 for different maximum Doppler frequencies. This figure
also shows the relevant simulation results, which match the
analytical results very well. All parameters are identical to the
parameters used in Section III.

When designing the SOC channel simulator by the R-
MEDS, we find the expected value E {AS,} of the model er-
ror A3, equals to 0 and the variance Var {AB} is 37 /(4N?).
For the MCM, the model error A3, is approximately normally
distributed, i.e., AB, ~ N (0, 32/(2Ny)) [3]. The BEP perfor-
mances of the noncoherent DPSK OFDM system using the
channel simulator designed with the R-MEDS and the MCM
are shown in Fig.5 and Fig. 6 (4 realizations of the BEP b,
without averaging), respectively. For comparison, we replot in

L 3 ’
14 2 — 202 Jo(27 fmaxT) Y aZe=927fTe
=1

> Py (Theory, eq. (19))
<= P, (Theory, eq. (20))

e P, (Simulation)

>
b=
<10
e
o
-
o
—
S
510 F
=1
CQ Ve
b5,
1073 L I i ; fma.x . T = OOI‘
0 5 10 15 20 25 30
Ey /Ny (dB)

Fig. 4. Noncoherent DPSK OFDM system performance using the reference
model and the SOC channel simulator designed with the MEDS.
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these two figures the BEP P, computed according to (19).
From these figures, it can be seen that the single realization
of the BEP, denoted by ]51,, deviates from P, in a random
manner. The reason is that the R-MEDS and the MCM are typ-
ical stochastic parameter design methods. Different from the
MEDS, the discrete Doppler frequencies generated by these
two methods are random variables. It can be observed that
the BEP degrades if the maximum Doppler frequency frax
changes from 100 Hz to 500 Hz. The approximation P, ~ P
is good when using the R-MEDS. However, comparing Fig. 5
and Fig. 6, we find that the deviation between Pb and P, in
Fig. 6 is large and cannot be neglected. The reason for this
observation is that the variance of the model error using the
MCM is larger than that of using the R-MEDS. Therefore,
averaging over the BEP P, obtained from different realizations
is unavoidable if the MCM is used.

V. CONCLUSION

In this paper, the performance of the frequency-selective
reference channel model and the corresponding SOC channel
simulator have been analyzed w.r.t. the BEP of DPSK OFDM
systems. Analytical expressions for the BEP have been derived
for both the coherent and noncoherent DPSK OFDM systems.
From the derivations of the BEP, the relative error of the

BEP has been studied, which allows to reduce the channel
0

10" ¢
Py (Theory, eq. (19))

= ---- ]:3;, (Theory)
= * P, (Simulation)
Q -1
<10 ¢ :
2
o
—
a8,
—
3
5107
R~
aal

10_3 | | | | fmax:\r:OOl'\

0 5 10 15 20 25 30

Ey/No (dB)
Fig. 5. Noncoherent DPSK OFDM system performance using the reference
model and the SOC channel simulator designed with the R-MEDS (P:

realizations of 15b in (20)).
0

10 ¢
—— P, (Theory, eq. (19))
= - If‘b (Theory)
= ¢ P, (Simulation)
8 -
s 10 ¢ :
2
[
—
2,
S N e L
o
g107%
=
M
-3
10
0 0 15 20
Ey/No (dB)
Fig. 6. Noncoherent DPSK OFDM system performance using the refer-

ence model and the SOC channel simulator designed with the MCM (F:
realizations of P, in (20)).

realization expenditure to a lower bound without causing any
obvious BEP distortion. We have compared the best determin-
istic parameter design method (MEDS), the best stochastic one
(R-MEDS), and the MCM by employing the relative error of
the BEP as an appropriate criterion.

For coherent DPSK OFDM systems, it is shown by theory
and confirmed by simulations that the SOC channel simulators
designed by the MEDS, the R-MEDS, and the MCM are
equivalent w.r.t. the BEP performance. When the number of
cisoids tends to infinity, it has been proved that the BEP of the
simulation system in the presence of a wideband SOC channel
simulator converges to the reference BEP. The relative error of
the BEP can be neglected if the channel simulator is designed
using not less than 5 cisoids. For noncoherent DPSK OFDM
systems, a closed-form expression has been derived for the
relative error, which provides a powerful tool when discussing
the performance of different parameter computation methods.
From our results, we can conclude that the performance of
the MEDS and the R-MEDS is almost the same w.r.t. the
relative error of the BEP. However, both methods outperform
the MCM.

APPENDIX A
DERIVATION OF THE ENVELOPE PDF p(r)

This appendix is devoted to the derivation of the PDF of
the envelope ((t) =|H(f},t)|. Suppose that Hy ¢(f},t) and
FAIQ,@( f4,t) represent the real part and the imaginary part of
the £th component agfi(t)e~27fo7e of H(f}, t), respectively.
For fixed values of ¢t = t(, the joint characterlstlc function
\I/H1 JHy ,(V1,12) Of H, 2(f:t0) and H, 2(fb:to) can be ex-
pressed by the relation [6]

N,
\I/Hllezvz(l/l,I/g) = H J0(27ragcn,g\/1/12 + 1/5) (A.1)
n=1

We denote the real and imaginary parts of H(f’,¢) by
Hy(f',t) and Hy(f’,t), respectively. As mentioned before,
the Doppler phases 6,, are i.i.d. random variables, which
leads to the fact that the terms H;(f},to) = H;1(f},to) +
Hio(fh,to) + -+ Hir(f},to) are also iid. random vari-
ables (i = 1,2). Thus, the joint characteristic function
\PH1H2 (v1,v9) of Hl(fo,to) and Hg(fo, to) can be formulated
as the L-fold product of the joint characteristic functions
\I]Hl,IHQ,e (V17 1/2), i.e.,

Uy, (v1,0) = [ [ Jo@raccney/vZ+13).  (A2)
{=1n=1

Then, the joint PDF pp, r, (1, 72) is given by the inverse
Fourier transform of Wy, ,m, ,(v1,2) [15, eq.(3.397-1,2)]

[ee]

~ _ T i2m(vizi+vax
Dy H, (%1, Z2) = / U, 11, (01, v2)e? 2@ 4222) o)y
— 00
L N,

= 27(/ |;IT[ H Jo(zﬂaécn,éy)

{=1n=1

~Jo(2my\/2T + 22) y dy.

(A.3)
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The transformation of the Cartesian coordinates (1, z3) into
polar coordinates (r,6) with 27 = rcosf and z2 = rsinf
allows us to calculate the joint PDF p¢y (7, 0) of the envelope
C(t) = | H(f},t) | and the phase J(t) = arg{H(f},t)} as
follows

Deo(r,8) = r P, m, (rcosd,rsind) (A4)
XrL N 7

= 27rr/ H H Jo(2magen ey) | - Jo(2mry) y dy,
0 L{=1n=1 ]

for z > 0 and | § |< . Integrating the joint PDF p¢y(r,6)
over 6 results in

o0 r C NZ T
pe(r) = (27T)27’/ H I 7o2racc, zy) - Jo(2mry) y dy.
0 =1n=1
(A5)
APPENDIX B

PROOF OF p¢ (1) — p¢(r) HOLDS IF Ny — oo

In the following, we prove that the envelope PDF p¢(r)
of the SOC channel simulator converges to the Rayleigh
distribution as N, — oco. According to [3, p.335], we have

Ne
lim H Jo(2magcy 0y) =

Z—’OO

e 2(racooy)? (B.1)
By usmg the result in (B.1) and considering the relation
Z‘; L a7 =1, we obtain

£ N,

H H Jo(2mascn 0y) =€
{=1n=1
as Ny — oo. Thus, in the limit Ny — oo, the envelope PDF
Pe(r) in (A.5) tends to

L
—2(mo 2 a?
(mooy) 22::1 f_ 6*2(7"001/)2

(B.2)

pe(r) = (2m)%r / e=2(mY00)* . J(2mry) y dy
0
2
= %e 2"'o , >0, (B.3)
90

which is known as the Rayleigh distribution.
APPENDIX C .
DERIVATION OF THE BEP P,

Putting (11) and (14) into (13) results in the following
twofold integral for the BEP

oo 00
5 o2 _Tz%
P, =27 re o Jo(2mry)dr

L Ng
T I1 7o@raccn.) | ydy.
{=1n=1

The integral over r can be solved by using the relation [15,

eq. (6.631.4)]

(C.)

o0 7/12
/7“670”’2 Jo(Br)dr = 620; , Re{a}>0,0>0. (C2)
0

After some calculations, we finally obtain

® 2y2 L Ne

~ 7'(2
Py= —— By /NG 2 . .
b Eb/Noo/e v/No H H Jo(2magcn ey) | ydy. (C.3)

{=1n=1

Next, we prove that Pb — P, holds if Ny — oo. If we
substitute the result in (B.2) into the right-hand side of (B.3),
we obtain

> m [ —2( )?
P = E,/Ng TooY d
b Eb/NO/e v/Toe yay
0
1
T 2(1+ 202 &)
1
= — C4
20 +7,) €
as Ny — oo.
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