MATEMATISK SEMINAR Nr. 1.
UNIVERSITETET I OSLO January 1967.

RECURSIVE ORDINALS AND PROVABILITY

IN FIRST ORDER NUMBER_ THEORY.

By

Jens Erik Fenstad.



A relation R on a set E is called a well ordering

of E if R 1is a linear order of E such that every non-
empty subset X of E has a "first" element with respect to
R, 1i.e. there is an element X, € X such that xoRx for all
x € X. An equivalent form of the last condition is that |
every strictly descending chain in E with respect to R

is finite.

It is a basic fact of set theory that any two well
ordered systems <E,R> and <{F,S> either are order
isomorphic or one is order isomorphic to an initial segment
of the other. The set of natural numbers in the usual order-
ing is order isomorphic to an initial segment of any infinite
well ordered set.

Ordinals numbers are introduced as invariants of well

ordered sets. (One would like to define an ordinal number

as an equivalence class of well ordered systems, but this
leads to the usual difficulties in an axiomatic approach, so
that within most formal systems ordinals are defined througb
a certain choice of representatives, always in such a manner
that the natural numbers form an initial segment of the

ordinals. The method most often adopted is due to von Neumann.)

Well orderings and thus ordinals occur in several
connections within foundational studies. Gbdel's incomplete-

ness theorem for elementary formalized arithmetic shows that



the consistency of this system is not provable within the
system itself. On the other hand it was shown by G. Gentzen
that the consistency of elementary arithmetic is provable by
means of the method of transfinite induction up to the least
epsilon-number §& (i.e. the least solution of the ordinal
equation ¢S5 =ol). Transfinite induction up to any ordinal
ol< &, 1is provable within arithmetic, and it follows from
the result mention above that induction up to ¢, 1is not so
provable (see Schiitte [15] for an exposition of this theory).
(If o 1is a countable ordinal, then there exists a well
order R of the natural numbers N of type . Hence the
scheme of transfinite induction up to &% can be expressed

as an elementary number theoretic scheme and may as such be

provable.)

Godel's incompleteness theorem asserts that any
recursively enumerable extension of Peano arithmetic is
incomplete. In fact, we know from some work of Tarski that
number-theoretic truth is not arithmetically definable. It is,
however, hyperarithmetic.

In order to bridge the gap between Godel and Tarski
the idea of using "ordinal logics" was introduced by Turing
[19]. This idea was later elaborated by Feferman [2] who
(extending greatly the results of Turing) developed a theory
of "transfinite recursive progressions of axiomatic theories".
The basic idea is simple. Let A  be the system of Peano
arithmetic. From Godel we know that Con, (i.e. the number-

o
theoretic sentence which asserts the consistency of Ao) is




not provable within A . Add Con, to the axioms of A
o

to obtain a new system A;. In this system Cony is
o)

trivially provable, but, again from Godel, ConA1 is not
provable within A1. Thus by iterating the process we
obtain stronger and strecnger systems. We arrive at the
following scheme of definition. Letting Ao denote the

Peano axioms we define inductively for all ordinals less than

some fixed %\0:
L +1 :AdU{COnAM% ) d<9\0

and

K< K a limit number,

O’
There are at least two difficulties in this approach, one
rather immediate, one somewhat more subtle. To mention the
last problem first, it is not at all obvious how to choose
the statements ConA . In fact, Feferman has shown that
there are seemingly plausible sentences ConA such that ’
IAConA. In [1] he has analysed the situation and singled out
a class of statements suitable for expressing consistency.
(In the literature there has been much ambiguity on this
point.) We do not enter into details here, but advise the
reader that the point raised has caused seriour difficulties
and has necessitated a delicate analysis of the concepts
involved.

The first and rather obvious problem in constructing
the "progression" of theories concerns the use of ordinals.

We would like each A, to be a recursively enumerable set of



axioms. What segment of ordinals to choose and how to proveed
at limit numbers ? An analysis of the situation shows that
the class of recursive ordinals will recommend itself as the
proper segment, but in order to make the construction of the
various Ad‘s precise, we need an effective scheme of
notations for the recursive ordinals. Thus in the final
analysis we shall have a set O of notations for the
recursive ordinals and we shall have a recursive function

d — Ay, such that if d& 0, then Ay is a (recursively
enumerable) axiomatic system. Any system of notations is
non-unique, thus we do not obtain a well ordered sequence of
theories. (It has been shown by Feferman that Ad1 may

differ from A even if dy and d2 name the same ordinal.}

d
2
What we do obtain has been called by Feferman a transfinite

recursive progression of axiomatic theories.

The Riemann hypothesis is equivalent to a number-

theoretic statement of the form (¥Yx)R(x), where R is a
primitive recursive predicate [11]. A basic completeness
result on transfinite progressions due to Turing asserts that
each true statement of this form is provable at stage @ +1
in a progression starting from Peano arithmetic and based on
adding consistency.

We shall give the basic idea of the proof of the
Turing completeness result. Let P denote the system of
Peano arithmetic. Implicit in the second Gddel incompleteness
theorem is the fact that with any (sufficiently well behaved)
recursively enumerable consistent axiom system A, containing

Peano arithmetic, one can associate a Godel-sentence 1%



such that

Here Pr, is the formalized notion of provability, and :%
is the arithmetized version of »k. Thus, in a sense, gA

expresses its own unprovability. Further one may show that
Fp Cony ¢V, .

The second Godel incompleteness theorem is now a consequence

of the fact that Vv, is not provable in A.

Let (Vx)R(x) be a true statement, where R ' is a
primitive recursive predicate. R belongs to a formal system
of arithmetic) to this R there corresponds a relation

R defined in the set of natural numbers such that
ne R :iff F_R(N)s

n& R* iff F, R(W).

We shall define a certain ordinal notation of type W +1
using the recursive fixed-point theorem. This fixed point
theorem, which incorporates all kinds of recursion theorems,
asserts that if F 1is a recursive functional, then the

equation



has a recursive solution. Recursive functions can be replaced
by their Godel numbers, hence it follows from the fixed point

theorem that there exists a number e such that

(n, if (i)

Let d = 3:5°. We know that (Yx)R(x) 1is true, i.e.

(i)R*(i). This implies that {e}(no) =n, for all n,

which means that d 1is a ordinal notation and (d}l =W .
On the other hand, if we did not know that

(1)R*(i), then for some n, {e%(no) could be equal to

2d; let n' ke the least such number. From the definition

of the recursive progression we know that

thus A , = A, cA,. But A contains the sentence

Con, , therefore F, Vv, . What we have shown is:
A4 AgAg

1f (Ei) 7 R®(i), then N
d ~d

(Of course Ad would in this case be inconsistent.) The

basic point is now that the formalized version is provable in

Peano arithmetic, i.e. we may obtain

Fp(ﬂx)'\JR(x) —> PrAd(vd).



Again using a property of the Godel sentence and the fact
that F Y 4 We may coniclude that
A d Ad
2

-, d(Vx)R(X),
2

which is the Turing completeness result as l2dl =W+].

Hence either the Riemann hypothesis or its negation
is provable from some (recursively enumerable) axiomatic
system in the collection -{Ad; d denotes the ordinal w +1§.
The notion of proof is effeciive, may we now employ a
battalion of morons to settle the Riemann hypothesis ?
Unfortunately not : there is no effective procedure for
deciding whether a number d 1is a notation for the ordinal
W+1 or not. (This follows from the original Gddel in@omplete~
ness theorem, the undecideable statement is a true statement
of the form (Vx)R(x).)

The original completeness result has been extended
to a general completeness result for elementary arithmetic
by Feferman. (The progression is now based on a certain
formalized rule of complete induction.) In [4] we havé given
a more direct and simpler derivation of Feferman's complete-
ness result for elementary arithmetic. If d' denote§ the
successor of d, let Ad' consist of all sentence in Ad

together with all sentences of the form

(b‘X)PrAd(Cb(")E))'—> (Vx)(x),

where Pr, is the arithmetized provability predicate for
d



A We have to take the arithmetized version in order to

d* (
express the provability notion within the theory itself.)
The principle expresses that if ¢(E) is provable in Ad
for each numeral n, then (Vx)@(x) is provable at the
next stage.

Qur result is that every true statement of elementa:y

number theory is provable in the progression based on_the

above generating principle at a stage whose ordinal is less

than w? . Andnthe'bound do is the best possible.

Let @ be a sentence of arithmetic. It is immediate

that ¢ is provable from (V-j Ad’ where o 1is a
de 0jldlex
limit number, iff
o e U Ay
d € 03]d|<y

N for

Hence if d<<a9 sy and we can then assume that o =W
some natural number N, then ¢ is a true sentence of
number theory iff (Ed)[d & ON & $ eag]. It is shown in
[13] that the assertion dg qu is arithmetic, and as
¢ € Ad is recursively enumerable, this implies by the
above equivalence that number-theoretic truth is arithmeti-
cally definable. This contradicts Tarski's theorem and
shows that the bound mw is sharp.

Again, our result does not constitute any decision
method for number theoretic truth. It is in a sense a
"normal form" theorem, i.e. a reduction theorem for elementary

arithmetic. It asserts that every problem within elementary

number theory, say, any question about the solvability of




diophantine equations within the field of rationals, is
effectively reducible to a problem about notations for
ordinals less than ° . And this it seems to us is of some
conceptual interest in itself.

This report is concluded with two rather unrelated
notes on recursive ordinals.

Ordinals can either be introduced as invariants of
well ordered sets or as systems of notations. In note A we
show the equivalence of the two approaches to recursive
ordinals. This has previously been proved by W. Markwald
[14]. We present a new proof in the spirit of Kleene [9]-

Well orderings have so far been considered wrt
arbitrary descending chains. What happens if we require the
chains to be hyperarithmetic, arithmetic or recursive ? In

the last note we discuss this problem.
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A. RECURSIVE WELL ORDERINGS AND SYSTEMS OF NOTATIONS.

Let L be the set of all (gddel numbers of)
functions f : NXN — N such that f(x,y) = 0 is a linear
order of all x € N such that f(x,x) = 0. (f(x,x) = 0
means that x belongs to the field of the relation f.)

f is a well ordering of N if fé&€ L and if every
descending chain in (the domain of) f is finite, where by
a chain in f we wunderstand a number-theoretic function
X: N->N such that f£(«(x+1),i(x)) = 0 for all x ¢ N.
Let W denote the collection of all well orderings of N.
It is easily seen that an f € L belongs to W 1iff every
descending chain <« in f has a repeating element, i.e.
X(x+1) =a(x) for some number X.

For any f€ W we let |f| dende the order type of
£. An ordinal o is called recursive if A =| f| for some
f € W. There exists a least non-recursive ordinal, denote

this ordinal by ogf.

Following the exposition of Kleene [ 9] we introduce
a system of (non-unique) notations for a segment of the
ordinals. (This is the system S3 of Church-Kleene.) The
sequence < ng > defined by the recursion relations OO =1
and (n+1)o = 2 °, will name the initial segment of final

ordinals. According to the terminology of Kleene we say that

y defines Y recursively as a function of ng, if



P S

W

(Yn)[{y}(n,) is defined and =y 1; where {e} is the
récursive function with §Bdel number e: The set of
notations O and a partial erder ¥elatién a <{bb is

introduced by the feollowing induétive definition:

01s 1€ O,
02. If ye O, then 2Y¢ 0 and y 2,2
03 If esch y € 0 and Yy, <, V.4 for all n; and if

y defines vy recursively as a funetion of ngs

then 3:5Y€ 0 and yn<oé-5y for all ns

We now require that O and <, are the least sets such that
01-03 are satisfied and such that <, 1is transitive on 0.
For a development of the theory of O we refer the

reader to papetrs by Kleené and Speétor: In this note we shall
mention a few results for latei references Quite basic is
the existence of & primitive recutsive predicate V such
that if the set G(b) is defired as ag& G(b) iff
(Ix)V(a,byx)y then for any b & 0y ae G(b) iff a &Obs
The set © itself is only pa,rtially 6rdered ‘b"y < y but
any segment determlned by a k;é 0 19 llnearly ordered. Many
of the elementary propertles of ordlnal arlthmetlc calry
ovet to O‘ An addltlon of Ordlnal notatlons 1s defxnable,
and thls eperatlon may be extended by induction to a '
definition of finite suUms

| Through the following inductive definition O wil}

be mapped onto a segment of the (claséical) ordinals:
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P11 = 03

[2Y] {yl+1 for vy € 0,

[3.5Y]

limlyn| ’

where 3:5Y€ 0 and Y, = {y}(no). Each b € O represents
a countable ordinal |bj, and a < b implies |a] < |b].
Further for each & < |b}| there is an a € 0 such that

a < b and sh=|a|. Thus the set tala <~obE for b €O
is of order type |bl. The least ordinal not representable
by any b € O 1is called the Church-Kleene Wy .

THEOREM.  W73__eguals the Church-Kleene W,

That the Church-Kleene W, 1is £ m? is rather
easy to show (it follows from the result mentioned above
concerning the predicate V, details can be found in
Kleene [9].)

That every recursive well ordering of N has a
notation in O has been shown by Markwald [14] and Spector
(unpublished). We present a new and fairly simple proof
which depends on an analysis of the finite descending chains
belonging to an f & W.

We give some prepatory definitions: A sequence

s _+1 s1+1

number w 1is a number of the form w = 2 3 —

s +1

pnn . By (w); we understand s,, the t'th member of

the finite sequence w, and 1lh(w) = n+1 counts the total

number of members of w. The notions introduced are

recursive.
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w & Seq(f) iff (i) w 1is a sequence number
(possibly the empty sequence 1), (ii) each member (w)t of
w belongs to the field of f, (iii) w 1is descending in f.

The notion of securable . will be introduced in two

different ways:

A. w is securede iff w g Seq(f) and (w)t = (W)t+1
for some t < lh(w)-1.

w is securablef iff either w 1is securedf or
w € Seq(f) and every descending extension o of w

in f has a repeating element.

e say that w 1is immediately securedg if w is secdredf
and no proper segment of w 1is securedf. If w € Seq(f)

and is unsecuredf (i.e. not securedf), then w 1is a proper
descending chain in f. We are interested in definition A

simply because of the following result.

PROPOSITION. et f€ L, then f €W iff all

w € Seq(f) are securablec.

If f€ W, then either w 1is securedf and thus securablef,
or w € Seq(f) but is not securedg, which means that it

is a strictly descending chain in f. But any extension
of w in f is finite, which means that w 1is securable,
according to definition A. Conversely, if f 1is not a well
ordering, then the empty sequence 1 which surly belongs to
Seq(f) is not securable; according to A.

We recast definition A as an inductive definition
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(following an almost analogous proof of Kleene in [9]).

B. If w is securedf, then w is securablef. If
w € Seq(f) and w is not securedf, but for every
s such that w x 25" ¢ Seq(f) (here w % u
denotes the extension of w by u), w x 25t s

securablef, then w 1is securablef-
Plainly we need the following lemma.

PROPOSITION. w is securablef with respect to definition

A iff w is securablef with respect to

definition B.

If w is securablef wrt B, then either w 1is
s+1

securedc, hence securable, wrt A, or every w x 2
which belongs to Seq(f) is securablef wrt B, hence by
inductive assumption also wrt A, which means as every
extension =« of w in f has an initial scgment of the

form w x 2°71 ¢ Seq(f), that w itself is securableg

wrt A.
Conversely, if w € Seq(f) but is not securable

wrt B, then w cannot be securedf. Thus there is some

s +1
. : 0o . .
non-repeating extension w x 2 in f which is not

securablef. Repeating the argument we may further extend

so+1 s1+1
w to an unsecuredf of the form w % 2 ¥ 2 . Thus,

inductively, we are ahle (non-effectively) to find an

extension SEERRE of w in f without repeating



- 15 -

elements.

The set S(f) of all sequences w € Seq(f) which
are either unsecuredf or immediately securedf can be
given a well ordering if f &€ W. The well order is defined

as follows:

u<aw iff either u extends w or (u)t < (w)t
for the first member (u)t of u which differs

from the corresponding member of w.

PROPOSITION. If f € W, then S(f) is well ordered

by 4 .

If wy> Wo > Wy ee. is an infinite descending chain in
S(f), then each w, must be unsecured;, i.e. a strictly
descending chain in f. The "lower envelope" of WqsWoyeoe

produces an infinite descending chain in f. (The lower

envelope is the commen extension of all win such that
wing> win+1 (i.e. i 41 > 1) and such that every win

as a sequence is an initial segment of all wim for

im‘> in. The definition is best explained through a diagram.
And the existence of the "lower envelope" follows from the
definition of -« and from the fact that every initial
segment of N in the usual ordering is finite.)

The remainder of the proof will now be divided into
two parts. First the easy one, we show that the order type
of f 1is less than the order type of S(f). Next we will
construct an orderpreserving map of S(f) into O. In fact

we shall be able to bound the ordinal of S(f) by a
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notation in O. This will conclude the proof.

PROPOSITION. If f€ W, then Ifl £ Is(f)l.

The proof preceeds by induction on the order type of f.
Let f, be (the gddel number of) an initial segment of f,
i.e. ﬁd(x,y) =0 iff f(x,xo) =0 A f(y,xo) = 0Af(x,y) =0,
where x, 1is some fixed element in the field of f. Every
element w € S(ﬁx) is also an element of S(f), and as £y
is a restriction of f, the inclusion map is order
preserving. So, Ifl = sup(1£,] +1) £ sup((S(£f,)I+1) =Is(f)] .
In order to construct a map £ (f,w) with values

in O we need a last definition:

S(f,w) ='§w}, if w € 5S(f) and w is securedc.

S(f,w) = {w X U € S(f)%, if w is unsecuredg.

Note that S(f) = S(f,1), further that S(f,w) is the sum

+1
=)

of all sets -%w%,...,s(f,w * 2 yo+e« where

W ¥ 2s+1 € Seq(f). We shall use the recursion theorem to

define the map : so as to satisfy the following conditions

0 if wé'tSeq(f),
z(w,f) = 41 if w 1is securedy,

d
35 £yw if w € Seq(f) but is not securedf,

where df,w defines the finite sum ocr[(f,w * 2S+1) as

s<n

a function of n Here

o!
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Co(w)+ 1, if w £ Seq(f)

Wl(f,w) =

1 otherwise.

The details of the definition is as follows. Let

nat(b) = Wn, < b[b = n&]. Further define

1 1
G(nyaW,b){\:" gat(b)(téz(z,f,w * 2S+ ).4?(‘” * 25"' )

+(12q(w % 2°71))]+ 1),

where @(w) = 0 if wq-: Seq(f) and ¢(w) = 1 otherwise.
Choose a gddel number p of ©. Then the following

function is recursive

[0 if  wé Seq(f),

4Az,f,w) =71 3if w is securedg,
51(P’27f’W)

3.5 if w € Seq(f) but not

securedf.

Note that {S?(p,z,f,w)}(no) = %p}(z,f,w,n ) which equals

o
%E%(@2(z,f,w x.25+1)+o10) if wox 2S+1(; Seq(f) and equals
10 otherwise. Choose e by the recursion theorem so that

e defines 4) recursively. Then define E=={e% y l.es
{(f,w) = ¢(e,f,w), and one easily verifies that the

conditions on % stated above obtain.
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PROPOSITION. If f E W, then E(f,w) € 0 for all
w € Seq(f) and IS(f,w)l £ (f,w)l+1.

If wE Seq(f), then as shown above each w € Seq(f) is
securablec. Using definition B we prove that &(f,w) € O:

In the first case, if w is secureds, then g(f,w) = 0, € O.
If w 1is securablef but not securedf, then by induction
hypothesis each E(f,w x 2s+1) such that w x 2°%1 ¢ Seq(f),

belongs to 0. Then each Qm(f,w %* 2S+1)

belongs to 0, and
as the finite sums are strictly increasing in 0, it follows
that k£ (w,f) = 3.5 % e o,

The inequality is proved as follows: If w is
securedg, then S(f,w) = %w} and lg(f,w)\ = 0, hence the

estimate is correct.

It w is securablef but not securedf, then

(i) if w x 281 € Seq(f), then w x 25*1 € S(f) and by
induction hypothesis |S(f,w x 25+1)I £ |§(f,w % 2S+1)I+1 =
lqﬁf,w * 25+1)|;
(ii) if wx 2571 ¢ Seq(f), then [o(f,w x 2577) | = 1.

We noted above that S(f,w) 4is the sum of all sets
{wl,...,s(f,w % 2S+1),..., where w x 257 € Seq(f). Thus

Is(£,w) | = S Is(f,w x 2571 +1,

where s runs through the increasing sequence of natural
numbers such that w x 257 ¢ Seq(f). But by expanding the

sequence we obtain
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00
|S(£,w)| £ > lo(£5u x 2571 [ +1

= Ig(f)W)' +1,

as finite sums of notations are defined such as to be order-
preserving under the map b — |b|, for b € O.
In particular E(f31) € 0 and |[s(f)] =(§(f,1)]+1.

This, as noted above, concludes the proof.
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B. ON SOME SPECIAL TYPES OF RECURSIVE LINEAR ORDERINGS.

It is known from some work of Spector [16] that the
least ordinal not representable as a hyperarithmetic well
ordering of N 1is the Church-Kleene Wy Thus using hyper-
arithmetic relations instead of recursive ones do not give
us any larger ordinals. What happens if we use recursive
linear orderings which are well orderings with respect to
hyperarithmetic descending chains ? It would have been nice
if we got exactly the class of recursive well orderings, but
(as may be expected from the proof of the equivalence between
the definitions A and B of securablef presented in the
previous section) this is not so. The class of recursive well
orderings with respect to hyperarithmetic chains is strictly
larger than the class of recursive well orderings with
respect to arbitrary chains. However, an absoluteness
property similar to the one mentioned above might still be
true: Does it matter whether we use hyperarithmetic chains or
use only recursive descending chains ? Again, the answer is |
that it does, then are recursive linear orderings of N which
are well orderings with respect to arbitrary arithmetic
descending chains (hence, with respect to recursive ones)
which are not well orderings with respect to hyperarithmetic
chains.

In this section we present a uniform method for
answering the problems discussed above. Some of the results

we present are known, but some seems to be new (in particular



- 21 =

the existence of a well ordering with respect to arithmetic
descending chains which is not a well ordering with respect
to hyperarithmetic ones).

Let a £ b be the recursive enumerable relation
a<b iff (3Ix)V(a,b,x),

discussed in the previous section. As there let
C(b) = {ala<4 b%, and let C*(b) = C(Zb) = {a\a 4 b}, where
ad b iff a4 b va=Db. We recall a few properties:
(i) a < 1 never holds; (ii) If b % 0, then a< 20 iff
axX bs (iii) a < 3.5° iff (an)[fe}(no) is defined and a
g{el(n )]s (iv) If b€ 0, then a< b iff a < b.
Following the exposition of Feferman and Spector [3],
we introduce a certain set M by letting deé M iff
(i) C*(d) 1is linearly ordered by < ; (ii) any element a
of C*®(d) 1is either of the form a =1 or a = 2b, where
b+ 0, or a-=35% where {e}(n ) is defined for all n
and lellng) < $eb((n+1),).
Let qi,d =-{n[q(n) ¥ O%fﬂ c*(d), and consider the

o

predicate A(«(,d) defined by

Alayd) iff d € M A [Do(,d £ ,d - Hleast element of

D ,gq in the ordering <] .

The predicate A(«,d) will be used to introduce
three sets of notations and the evaluations of the resulting

predicates will give us all the results mentioned above.
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(1) de o0 iff (VYa)A(a,d).
(2) d €0 iff (du)[ eHA = Alx,d)].
(3) d g 0 iff (Yao) [ «€ARITH — A(«,d)].

Here HA is the collection of hyperarithmetic functions and
ARITH denotes the class of functions whose graph is
arithmetically definable. Obviously, 0 € 0® ¢ 0**. oOur
first purpose is to prove that all inclusions are proper.
Before doing this there is one detail to take care
of. O, the set of notations for recursive well orderings,
was introduced in section A. That the two versions of O are
the same needs a proof. (That d € O according to (1) above
implies that d 1is a Church-Kleene O 1is proved by
induction on C*(d) (note that d € C*(d)), using the fact
that d € M and that (Va)A(«,d) implies that C*(d) is
well ordered by < . The converse is rather immediate on

account of the minimality of O0.)

PROPOSITION. (i) O is a complete V1] set; (ii) 0* is a

OXX

complete > } sety (iii) is hyper-

arithmetic.

This proposition, whose proof will occupy the reminder of this
section, answers our questions. A complete T_Tl set 1is not
expressible in the dual form, hence O % O*, and as O Q.O*,
there is a dOGE 0*-0. Using the techniques of Kleene [9],

we may from this dO produce a recursive linear ordering of
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N which is a well ordering with respect to hyperarithmetic
chains, but not with respect to arbitrary chains. In the same
manner it follows that 0% is not hyperarithmetic, hence any

3. *x

determines a recursive linear ordering of N
which is a well ordering with respect to arithmetic (hence,
recursive) chains, but not with respect to hyperarithmetic
ones.

The proof of (i) was given by Kleene [ 9], and the
proof that 0% is 2::} follows from results in Kleene [10].
The completeness of 0* as a z::} predicate is a little
more involved. Gandy and Spector (independently) have shown
that every z::; predicate can be expressed in the form
(%ﬁ){cLe‘HA - (ax)S(d,&(x))] for a suitable (primitive)
recursive S. Every predicate of this form is a TT}
predicate relativized to HA, and 0% is 0 relativized to
HA. Hence the obvious thing to do is to try to relativize
the proo; (1) as given in Kleene [9]. Egl%&rman/

This we have been informed, was done som years agq{m
but his proof has remained unpublished. In 1966, without
knowing the previous work of Feferman, I indicated to him a
proof of the Zzzq-completeness of 0*. I then learned that
J. Harrison in his thesis [6] also had given a proof of this
very same result (as part of a more comprehensive investi-
gation into the set 0%). I realized that a detailed working
out of my proposal would produce a proof quite similar to the
one given by Harrison. Hence I did not pursue the matter any
further,

The success of the relativization depends upon the
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following "uniformization lemma" for |1-predicates, due in
substance to Kreisel [12]. For every P & TT} we can define
a Q¢ TT} such that Q(x,y) =2 P(x,y),

Qlx,y) A Qlx,z) = y =12z and (Jy)P(x,y)—=> (Fylalx,y).

In short, every TT} subset of NXN has a TT} Cross-
section.

Using this lemma we can prove the following induction
principle: Let X & N and <« a recursive relation in X
which is a w.o. wrt hyperarithmetic descending chains. Then
every non-empty TT} set of X has a least element wrt.
<1 . - For the proof assume the converse, i.e. let
ﬁ +rYE X, Y GTT%I As Y has no least element in the
ordering 4 , we have (Vx)[x €Y - (ay)[y EYANY <1x]].
Consider the predicate P(x,y) =« x€ YA yEYAyax. It
is l}, hence it has a T—f} cross-section Q E‘FT}. Q

produces an infinite hyperarithmetic descending chain in X,

viz. let d, be some fixed element in VY and define
b, = djy b .4 = the unique y such that Q(bn,y).

With this induction principle the adaphon of Kleene's
proof is fairly straight forward, but a complete version of
the proof would be rather long. The general induction
principle was formulated explicitly by Harrison [6], whereas
in my proposed version it was implicitlyinvolved at several
points.

It remains to show that 0** is hyperarithmetic. Our

proof is a Kleene-type evaluation: Consider for convenience

the predicate

(%) (3)[ o€ ARITH A A(etyd)],
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where A(d{,d) is any arithmetic predicate. Let Hy’ ye O,

a
H
sz(a) iff  (Ix)Ty Y(a,a,x); H3.5y(a) iff Hy(a)1((a)o),

if 3.5Y € 0 and Yo = {y% (no). It is known from work of

be the following hierarchy of predicates: H1(a) iff

Kleene [g] that any arithmetic predicate is recursive in
some H_ . Using this we may rewrite (%) as follows:
0

(J) [b(eARITH A Aloyd) ] . iff.

(3&)(3n)[( A is rec. in H ) A A(d,d)l . iff.
o

(3n)(ae)[(e is gnr. from H of a total function
o

o ) A Aldg,d)].

From the construction of the T-predicate it follows that if
(32)T1?P (eyx,2), then =z 1is unique. Using this (%) can be

rewritten in the two following equivalent forms.

H . H
(1) @R[ (H1)EOT, (i) (P{HIIT, °le,i,p(1)

= AL U (B(),a)4]
and
Hn Hn
(3) @n) @) (V) eI, °lesiyt) a APJNNIT,  °lesiypli))
A A U (BNl

(i) and (ii) together show that (%) is hyperarithmetic.




- 26 -

REFERENCES.

(1]

(2]

13]

(4]

L5]

(€]
[7]

(e]

FEFERMAN, S., Arithmetization of metamathematics in

a_general setting, Fund.Math., 49(1960), pp.35-92.

FEFERMAN, S., TIransfinite recursive progressions of

axiomatic theories, J.Symb.Logic, 27(1962), pp.259-

316.

FEFERMAN, S. and SPECTOR, C., Incompleteness along

paths in progressions of theories, J.Symb.Logic,

27(1962), pp.383-390.

FENSTAD, J.E., On_the completeness of some_ trans-

finite recursive progressions of axiomatic theories,

to appear.

GANDY, R., Proof of Mostowski's conjecture, Bull.

1'Academie Pol.des Sciences, 8(1960), pp.571-573.
HARRISON, J., Ph.D. Thesis, Stanford 1966.

KLEENE, S.C., Hierarchies of number-theoretic

predicates, Bull.Am.Math.Society, 61(1955),
pp.193-213.

KLEENE. S.C., Arithmetical predicates and function

quantifiers, Trans.Am.Math.Society, 79(1953),

pp.312-340.



- 27 -

[9]  KLEENE, S.C., On the forms of the predicates in the

theory of constructive ordinals (second paper),

Am.J.Math., 77(1955), pp.405-428.

[10] KLEENE,S.C., Quantification of number-theoretic
functions, Comp.Math., 14(1959), pp.23-40.

[11] KREISEL, G., Mathematical significance of

consistency proofs, J.Symb.Logic, 23(1958),

ppo155-182.

[12] KREISEL, G., The axiom of choice and the class of

hyperarithmetic functions, Indag.Math., 24(1962),
pp.307-319.

[1%] KREISEL, G., SHOENFIELD, J., WANG, H., Number-

theoretic concepts and recursive well-orderings,
Archiv fir Math., Logik und Grundlagenforschung,

5(1960), pp.42-64.

[14] MARKWALD, W., Zur theorie der konstruktiven Wohl-

ordnungen, Math.Annalen, 127(1954), pp.135-149.

[15] SCHUTTE, K., Beweistheorie, Springer-Verlag, Berlin,

1960,

[16] SPECTORy C., Recursive well-orderings, J.Symb.Logic,

20(1955), pp.151-163.

[1?] SPECTOR, C., Hyperarithmetical guantifiers,

Fund.Math., 48(1960), pp.313-320.




(18]

[191

- 28 -

TARSKI, A., Der Wahrheitsbegriff in den formali-

sierten Sprachen, Studia Philos., 1(1936),

pp0261 "405.

TURING, A.M., Systems of logic based on ordinals,

Proc.London Math.Society, 45(1939), pp.161-228.




