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Foreword

We consider classification of lower-dimensional homogeneous spaces an immedi-
ate continuation and global version of classification results obtained by Sophus Lie.
Two-dimensional homogeneous spaces were classified locally by Sophus Lie [L1] and
globally by G.D. Mostow [M]. (See also our preprint [KTD], where the complete
classification of two-dimensional homogeneous spaces, both locally and globally, is
presented.) S. Lie also obtained some results in classification of three-dimensional
homogeneous spaces and described all subalgebras in the Lie algebra gl(3,C). A
detailed account of these classifications can be found in [L2].

The problem of finding the complete description of three- and four-dimensional
homogeneous spaces as pairs, (group, subgroup) or even (algebra, subalgebra), is
extremely important and rich in applications, but it is a very difficult one: “The
description of arbitrary transitive actions on manifolds M, where dim M > 3,
presently seems to be unattainable.”([GO], p. 232)

Minimal transitive actions, that is, those that have no proper transitive sub-
groups, on three-dimensional manifolds were classified in [G]. The problem of local
classification of three- and four-dimensional homogeneous spaces was chosen by one
of the authors, B. Komrakov, as the topic of Dr. Sci. thesis for A. Tchourioumov,
the other author. (Some of the results can be found in [Tch].)

An important subclass in all homogeneous spaces is formed by isotropically-
faithful spaces. In particular, it contains all homogeneous spaces that admit an
invariant affine connection. The present preprint gives the local classification of
three-dimensional isotropically-faithful homogeneous spaces.

In 1990, the International Sophus Lie Centre, jointly with the University of
Belarus, organized an experimental group of 25 students majoring in mathematics
and working in accordance with a special syllabus oriented to modern differential-
geometric methods in the study of nonlinear differential equations. The following
idea arose: to split up the classification problem mentioned above into smaller
parts and give each part to a student; in the process of learning new material, the
student will then try to apply his newly acquired knowledge to this problem as an
illustration.

Suppose, for example, that the student is learning about differential equations;
he then writes out trajectories of one-parameter subgroups on the specific manifold
that he has been given. Studying differential geometry, he computes invariant affine
connections, metrics, curvature tensors, geodesics, etc., with special emphasis on
his example, and so on.

In their first year, the students all took an advanced course in Lie algebras and
the main part of the work on all these “smaller parts” was completed by 12 students.
We had no time to give our students an introductory course in cohomologies of Lie
algebras, and although their computation constitutes a considerable part of the
work, we do not use this language.

This work was started in Tartu University, Estonia (August 1991), continued at
the Institute of Astrophysics and Atmosphere Physics in Toravere, Estonia (Decem-
ber 1991 to March 1992), then at the “Bears’ Lakes” Space Center of the Special
Research Bureau of Moscow Power Engineering Institute (August 1993), and fin-
ished at the University of Oslo and the Center for Advanced Study (SHS) at the



Norwegian Academy of Science and Letters. (Naturally, most of the time from Au-
gust 1991 to November 1993 was spent in Minsk, Belarus.) The story of this work
was rich in experiences and events only indirectly connected with mathematics,
something we will not here dwell on at length. We would, however, like to express
our gratitude to those who directly or indirectly made it possible for us to complete
this work.

In the future, we are going to proceed with the study of geometry of three-
dimensional homogeneous spaces in the following directions:

— description of invariant affine connections on three-dimensional homogeneous
spaces together with their curvature and torsion tensors, holonomy groups,
geodesics, etc.;

— description of invariant tensor geometric structures and their properties;

— global classification of three-dimensional isotropically-faithful homogeneous
spaces and description of inclusions among the ¢orresponding transformation
groups;

— description of differential invariants for the homogeneous spaces to be found
and of the corresponding invariant differential equations;

— description of discrete subgroups in transformation groups together with
description of the corresponding topological factor spaces.



Introduction

It is known that the problem of classification of homogeneous spaces (G, M) is
equivalent to the classification (up to equivalence) of pairs of Lie groups (G, G) such
that G C G. Two pairs (G1,G1) and (G2, G2) are said to be equivalent if there
exists an isomorphism of Lie groups 7: G; — G5 such that m(G1) = Gs.

By linearization, the problem can be reduced to the problem of classification of
pairs of Lie algebras (g, g) viewed up to equivalence of pairs. The structure of all
pairs of Lie groups (G, G) corresponding to a given pair of Lie algebras (g, g) was
described in [M]. In the study of homogeneous spaces it is important to consider
not the group G itself, but its image in Diff(M). In other words, it is sufficient to
consider only the effective action of the group G on the manifold M. In terms of
pairs (g, g), this condition is equivalent to the condition for g to contain no proper
ideals of g. In this case we say that the pair (g,g) is effective.

In the present work we classify all isotropically—faithful pairs (g, g) of codimen-
sion 3.

Definition. A pair (g,g) is said to be usotropically-fasthful if the natural
g-module g/g is faithful.

We say that a homogeneous space (G, M) is isotropically-faithful if so is the
corresponding pair (g, g). From geometrical point of view it means that the natural
action of the stabilizer G, of an arbitrary point # € M on T, M has discrete kernel.

We divide the solution of our problem into the following parts:

(1) We classify (up to isomorphism) all faithful three-dimensional g-modules U.
This is equivalent to classifying all subalgebras of gl(3,R) viewed up to
conjugation.

(2) For each g-module U obtained in (1) we classify (up to equivalence) all
pairs (@, g) such that the g-modules g/g and U are isomorphic.

In Chapter I we give basic definitions and introduce the notation to be employed.

Here we also solve part (1) of the problem by classifying subalgebras in gl(3,R).

In Chapter II we develop methods for constructing pairs (g, g) given a three-
dimensional faithful g-module U. This involves computation of the first cohomol-
ogy space of g with values in the natural module £(U,g). A series of techniques
described in Chapter II allows, in some cases, to simplify the computation consid-
erably.

Finally, Chapter III gives the classification of three-dimensional isotropically-
faithful pairs itself.
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3. Three-dimensional case

Proposition 3.1. Any pair (g,g) of type 3.1 is trivial.

[,] €1 €2 €3 Uy U2 Ug
€1 0 0 0 wuwu 0 0
€9 0 0 0 0 U2 0
€3 0 0 0 0 0 us
(751 —U1 0 0 0 0 0
Ug 0 —uy O 0 0 0
Uug 0 0 —-u 0 0 O

Note that zyy = idy. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial.
And this proves the Proposition.

Proposition 3.2. Any pair (g,g) of type 3.2 is trivial.

[7] €1 €2 €3 Ui Uz U3
€1 0 0 0 —Ug2 U1 0
€9 0 0 0 u; ug O
es 0 0 0 0 0 ug
Uy s  —Uj 0 0 0 0
Us —uU;  —Ug 0 0 0 O
Uug 0 0 —usg 0 0 0

Proof. Consider z € g such that

1 00
=101 0].
0 0

X

\ 1

Note that 2y = idy. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial.

And this proves the Proposition.
Proposition 3.3. Any pair (g,g) of type 3.3 is equivalent to one and only one

of the following pairs:
1.

[,] er ez € u; Uy ug
e 0 2e —2e3 uUy; —Uu 0
e; —2e9 02 e 3 O1 u12 0
€3 2e3 —eq 01 us 0 0
A e N
U U —u

us ¢ 0o 0 0 0 0

2.

[a] €1 €2 €3 U1 U9y us
e 0 2e —2e U —u 0
e; —2e9 2 e s 01 u12 0
€3 283 —€1 d U9 0 0
Uy —U3 0 —Usg 0 Uus 0
Uo U —uy 0 —us 0 0
us ¢ 0 0 0 0 0
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3.
[,] €1 €2 €3 U1 U2 usg
€1 0 262 -—263 U1 —U3 0
I —2e9 0 e 0 Uy 0
€3 263 —€] d U9 0 0
Uy —Uy 0 —Usg 0 0 Uy
Ug Ug —Uq 0 0 0 U
us 0 0 0 — Ui — U9 0

Proof. Let € = {ey,ea,e3} be a basis of g, where

1 0 0 010 0 0 O
e1r=(10 =1 0}, e=({0 0 0], es=|1 0 O
0O 0 O 0 0O 0 0 0
Then
0 0 O 0 0 1 0 -1 0
Ale)=10 2 0 |, A(e2)=(-2 0 0}, A(es)=|0 0 0},
0 0 -2 0 0 O 2 0 0

and for z € g the matrix B(z) is identified with z.

By b denote the nilpotent subalgebra of the Lie algebra g spanned by the vec-
tor ey.

Lemma. Any virtual structure q on generalized module 3.3 is trivial.

Proof. Note that g is a semisimple Lie algebra. By Proposition 12, Chapter II,
without loss of generality it can be assumed that ¢(g) = {0}.

Let (g,g) be a pair of type 3.3. Then it can be assumed that the corresponding
virtual pair (g, g) is defined by the trivial virtual structure. Then

[e1, e2] = 2eq,

[e1,e3] = —2e3, [ea,e3] = €1

le1, u1] = ua, lez, u1] = 0 les, u1] = ug,
le1,uz] = —ug2, [e2,u2] =u1, [es,u2] =0,
[e1,u3z] =0, [e2,uz] =0, [es,u3]=0

Since the virtual structure ¢ is primary, we have

a=a"2Mmea Vb ea 0 ea b)) ea®®),
where
§72(h) = Res, 3V (h) = Ru,

g9(h) = Rey ®Ruz, gV (h) = Ruy,
ﬁ(z)(b) = Res,.



3. THREE-DIMENSIONAL CASE 163

Therefore,

[ul,uz] = ajeq + a3zusg,
[u1,us] = Brua,

[uz,ua] = Y2U2.

Using the Jacobi identity we see that the pair (g, g) has the form:

[,] €1 €2 €3 Uy U2 us
€1 0 262 —263 Uy —U9 0
es —2es 0 e 0 Uy

€3 Jes. —e1 0 u 0 0
Uy —Uy 0 —U2 (f a3us Y2 U1
U9 U2 —Uy 0 —QO3uU3 0 Y2Uu2
U3 0 0 0 —Y2u1  —72U3 0,

where the coeflicients a3 and 7, satisfy the equation agvy, = 0.
Consider the following cases:

1°. a3 = 42 = 0. Then the pair (g, g) is equivalent to the trivial pair (g1,81).
2°. a3 # 0, 72 = 0. Then the pair (g,g) is equivalent to the pair (g2,g2) by
means of the mapping 7 : g2 — @, where

m(e;)) =ei, 1=1,2,3,

7r(u1) = Uj,
m(uz) = ug,
1

m(usg) = a—au;;.

3°. a3 = 0, 72 # 0. Then the pair (g,g) is equivalent to the pair (gs,gs) by
means of the mapping 7 : g3 — @, where

m(e;) =€, 1=1,2,3
m(u1) = uy,
7T(’LL2) = Usg,

m(ug) = Yaus.

Now it remains to show that the pairs determinited in the Proposition are not
equivalent to each other.

Since dimDg; # dimDg,, we see that the pairs (g;,91) and (g2,92) are not
equivalent.

Since dim Dgz # dim Dg;, we conclude that the pairs (g3, gs) and (g1,9;1) are
not equivalent.

Since Zgy = Rus and Zgs = 0, we conclude that the pairs (g3, gs) and (g2,92)
are not equivalent.
The proof of the Proposition is complete.
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Proposition 3.4. Any pair (§,g) of type 3.4 is equivalent to one and only one
of the following pairs:

1.
[,] €1 €2 €3 Ur U2 us
€1 0 6& —e3 Ui 0 —Uus
€9 —eg 601 0 wuy u02
€3 €3 —e1 Ug U3
Uy —Uq 0 —uqy 0 O 0
U9 0 —U1 —Uus 0 0 0
Uus Uus —U9g 0 0 0
2.
[,] €1 €2 €3 up Uz Ug
e1 0 % —e3 Uy 0 —ug
€2 —€9 66 0 Ui u(f
€3 €3 —€1 U2 us
Ui —U1 0 —U9 0 6@ —€1
%) 0 —U1 —Uuz —€3 —E€g3
us3 uz  —Usg 0 er e3 0
3.
[,] €1 €2 €3 Uy U2 us
e1 0 e(f —e3 U 0 —1Us
€9 —€9 6d U1y U9y
€3 €3 —€1 U2 Uus
U1 —U1 0 —U2 0 —€9 €1
Ug 0 —u; —Uu3z € 0 e
0
Us Us — U9 0 —€1 —E€3

Proof. Let €& = {e1,ea,e3} be a basis of g, where

1 0 0 0 1 0 0 0 O
€1 = 0 0 0 3 €y = 0 0 1 y €3 = 1 0 O
0 0 -1 0 0 O 0 1 0
Then
0 0 O 0 0 1 0 -1 0
A(el) = 0 1 0 5 A(ez) = -1 0 0 y A(eg) = 0 0 0 ,
0 0 -1 0 0 0 1 0 0

and for « € g the matrix B(z) is identified with z.
By b denote the nilpotent subalgebra of the Lie algebra g spanned by the vec-
tor eq.

Lemma. Any virtual structure ¢ on generalized module 3.4 is trivial.

Proof. Note that g is a semisimple Lie algebra. By Proposition 12, Charter II,
without loss of generality it can be assumed that ¢(g) = {0}. This completes the
proof of the Lemma.

Let (g, g) be a pair of type 3.4. Then it can be assumed that the corresponding
virtual pair (g, g) is defined by the trivial virtual structure.
Since the mapping ¢ : g — L(U, g) is primary, we have

g%(h) = g%(h) x U%(h) for all @ € h*
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(Proposition 10, Charter II). Thus

3©(h) = Re; @ Ruz, §V(h) = Res @ Ruy, g7 V(h) = Res @ Rus,

[u1,us] € g(),
[u1,us] € g ©(h),
[uz,us] € g1 (h),

and

[uy,u2] = azes + ayuq,
[u1,us] = biex + Baug,

[ug,us] = cses + ysus.

Using the Jacobi identity we see that the pair (g, g) has the form:

[,] €1 €2 €3 U1 U2 us

e1 0 e —eg3 U1 0 —ug

€9 —é9 (? e 0 Uy U

es ed —e 01 Ug Us 02

(75} — U1 0 —U2 0 ageg + Uy —asey + 01U9
U9 0 —UuU; —U3 —02€3 — QAU —ages3 + a1 us
us us —U9 0 ag€1 — G1UQ Gag2€3 — (X1U3 0

2
Put p=as + —Oi—l. Consider the following cases:

1°.p=0.
Then the pair (g,g) is equivalent to the trivial pair (g1,81) by means of the
mapping 7 : gz — @, where

m(ei) = e, 1=1,2,3,
o

m(u1) = ug — 762,
o

() =z + 2o
o

TI'(U3) = ugz + -éleg.

2°.p>0.
Then the pair (g,g) is equivalent to the pair (g2, g2) by means of the mapping
7 :gs — @, where
77(61') = €4, 1= 1a2737
aq
m(u1) = (ur = Se2)/ VP,
m(uz) = (uz + S-e1)/ v/,

m(us) = (us + Ses)/VP.
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3°. p < 0. Then the pair (g, g) is equivalent to the pair (g3, gs) by means of the

mapping 7 : g3 — @, where
m(e;) =€, 1 =1,2,3,
m(ur) = —p(us = Grea)/VP,
m(uz) = (uz + S-e1)/v/=P,
w(uz) = (us + 5-ea)/V/=P.

It remains to show that the pairs (g1,91), (82, 92), and (g3, g3 ) are not equivalent
to each other. Indeed, since dimt(g;) # dimv(g2) and dimt(g;) # dimv(gs), we
see that the pair (g1,g1) is not equivalent to the pairs (gz, g2) and (g3, g3).

Since g3 is a simple Lie algebra (gs & sl(2,C)gr) and the Lie algebra gs is not
simple (go = sl(2,R) x 5[(2,R)), we see that the pairs (g2,g2) and (gs,gs) are not
equivalent.

This completes the proof of the Proposition.

Proposition 3.5. Any pair (g,9) of type 3.5 is equivalent to one and only one
of the following pairs:

1.
[a] €1 €2 €3 Uy U2 Us
e 0 e —ey —U 0 U
e; —e3 03 e ? —ug U1 ()1
€3 e —ep 0 0 —uz up
(31 uz U2 0 0 0 0
U2 0 —U1 Uus 0 0 0
us —u 0" —uq 0 0 0
2.
[a] €1 €2 €3 Uq U9 U3
e1 0 e —ey —U 0 uy
e; —€s3 03 € ? —U; U1 0
€3 €9 —ey d —Uuz U3
u1 ug U 0 0 e €1
Ug 0 —Uu1 U3 —e€g 6 e
us —Uq 0 —uy —ep —es (?
3.
[,] e1 e e3 uyp Uy U3
€1 0 e3 —ey —uz 0 Uy
€2 —eés3 € —Usg Uy 0
€3 €9 —€1 d —Usg U9
Uy us3 Ug 0 0 —ey  —e3
U9 —u; Uusg ) —€3
Uus —U1 —U2 €1 €3 O
Proof.
Let € = {e1, €2, €3} be basis of g, where
0 0 1 0 1 0 0 0 O
e1 = 0 0 0}, e=|-1 00 es=(0 0 1
-1 0 0 0 0 O 0 -1 0
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Lemma. Any virtual structure ¢ on generalized module 3.5 is trivial.

Proof. Note that g is a semisimple Lie algebra. By Proposition 12, Chapter II,
without loss of generality it can be assumed that ¢(g) = {0}.

Let (g,g) be a pair of type 3.5. Then it can be assumed that the corresponding
virtual pair (g, g) is trivial. Then

[61762] = €3,

[61,63] = —e€2, [62, 63] = €1,

ler,u1] = —us, [e1,uz] =0, ler, us] = ui,
[62,U1] = —Uzg, [ez,uz] = Ui, [62,U3] =0,

[es,u1] =0, [es, u2] = —us, [es,us] = usg

Put
[ur,us] = are; + azes + ages + aquy + aguz + asus,
[u1,us] = brey + boes + byes + Sruy + Paus + Psus,

[ug,us] = c1e1 + coez + cses + y1u1 + Y2us + Ysus.

Using the Jacobi identity we see that the pair (g, g) has the form:

€1 €2 €3 U1 U2 us3
e1 0 e(jq —eq —ug 0 u
€9 —E€3 66 —U2 U1 01
€3 €2 —€1 0 —Uus U2
Ug U3 Ug 0 0 agey + QgUsz  age;] — Q3o
U2 0 —Uq U3 —(dg2€3 — Q3U3 0 ases + aguy
Us —Uy 0 —U  Q3Ug — dge;  —a9€3 — Q3U]
Put
1 1
p= —————— whenever ay # —a’.
a2 — 303 :

Consider the following cases:

1°. 4ay = a?. ‘
Then the pair (g,g) is equivalent to the trivial pair (g1,g1) by means of the
mapping 7 : g3 — @, where

m(ei) =eq, 1 =1,2,3,

1
m(u1) = ug + 504363,

1
m(ug) = ug — Fosel,

1
m(uz) = us + o€,
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2°. 4ay > a2. Then the pair (g, g) is equivalent to the pair (g2, g2) by means of
the mapping 7 : g2 — @, where

m(ei) =ei, 1 =1,2,3,
1

m(u1) = p(uy + 5(1363)7
1

m(ug) = p(ug — 501361),

1
7'('(?.[,3) - p(U3 + '2-01362).

3°. daq < Oé%.
Then the pair (g, g) is equivalent to the pair (g3, gs) by means of the mapping
7 : @3 — g, where
m(ei) = e 1=1,2,3,

1
m(uy) = p(ur + 5&363),

1

m(uz) = p(uz — aze),
1

7T(’LL3) = p(u3 + 50[362).

Now it remains to show that the pairs determined in the Proposition are not
equivalent to each other.

Since t(g1) # {0} and v(g2) = (gs) = {0}, we see that no one of the pairs 3.5.2
and 3.5.3 is equivalent to the pair 3.5.1.

Note that the Lie algebra g is simple (g2 = s((2, C)r) and the Lie algebra gs is
not simple (gs = su(2) x su(2)). It follows that the pairs 3.5.2 and 3.5.3 are not
equivalent.

This completes the proof of the Proposition.

Proposition 3.6. Any pair (g,g) of type 3.6 is equivalent to one and only one
of the following pairs:

1.
[ »] €1 €2 €3 U1 Uy U3
e 0 0 e 0 0 wu
e 0 0 0 0 wu 0
es —eq 0 0 0 0 |us
Uy 0 0 0 0 0 0
Ug 0 —Us 0 0 0 O
us —U1 0 —Uus 0 0 0

2.
[ a] €1 €2 €3 U1 Uy  Ug
e 0 0 e e 0 u
e 0 0 0 0 w 0
€3 —eq 0 0 0 0 Uus
uq —eq 0 0 0 0 wus
Ugy 0 —Ug 0 0 0 0
us —U1 0 —Uus —Us 0 0
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Proof. Let £ = {e1,e2,e3} be a basis of g, where
0 0 1 0 00 0 0 0
ei=(0 0 0], ea=[0 1 0], es={0 0 0].
0 0 O 0 0 0 0 0 1
Then
0 0 1 0 00 -1 0 0
A(el) = 0 0 O , A(62) = 0 0 O y A(63> = 0 0 0 )
0 0O 0 0 O 0 0 0

and for z € g the matrix B(z) is identified with z.
By b denote the nilpotent subalgebra of the Lie algebra g, spanned by e; and e3.

Lemma. Any virtual structure ¢ on generalized module 3.6 is equivalent to one

of the following:
01(61) == <

Proof. Let g be a virtual structure on the generalized module 3.6. Without loss
of generality it can be assumed that ¢ is primary. Since

oo
o O O
o O O

) 5 01(62)201(63)20.

g @ V() D Rer, g ®Y(h) D Rey @ Res,

U®O) > Ruy, ULY(h) D Ruy, UOY 5 Rug,

we have

ey 0 0 0 0 0 0
C(€1> = 0 0 6%3 y 0(62) = c%l 00 , C(Cg) — 031
0 O C%3 c%l 0 0 c%l

Let us check condition (6), Chapter II, for z,y € €.

(e BN e B @)
OO O
SNS————"

C(le1, e2]) = A(e1)C(e2) — C(e2)B(e1) — A(e2)C(er) + C(e1)B(ez)
We have

000 ¢z 0 0 00 0
000f=(0 00])-[00 ¢
000 0 0 0 0 0

and c¢%, = 2, = 0.
C(le1, e3]) = A(e1)C(es) — C(es)B(e1) — A(es)C(ex) + C(e1)B(es)

00 ¢, 00 00 0
0 0 & |=|0 o0 1o 0 & |+
0

0
0 0 ciy 0 0 00 o,
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¢y 00 00 0
+10 0oo0)+[0 0
0 0 0 0 0 cly

and ¢3; = ¢3; = 0. So, any virtual structure ¢ on generalized module 3.6 has the
form:

c;; 0 O
Cle1)=| 0 0 i3], C(e2)=0C(e3)=0.
0 0 ci,
Put
0 00
H=1|dd; 0 0
ca3 0 0

Now put Cy(z) = C(z) + A(z)H — HB(z). Then

cli+els 00
Ci(er) = 0 0 0], Ci(e2)=Ci(es) =0.
0 0 0

By corollary 2, Chapter II, the virtual structures C' and C; are equivalent.
This completes the proof of the Lemma.

Let (g,g) be a pair of type 3.6. Then it can be assumed that the virtual pair
(g,9) is determined by one of the virtual structures determined in the Lemma.

Then

Since the virtual structure ¢ is primary, we have

§°(h) = g°(h) x U*(h) for all a € .

Thus

g 70(h) DO Rer, §@V(h) O Rey & Res & Ruy,
g (h) D Ruz, g™ O Rug,

and
[Ul,uz] = QaU2,

[ula ’LL3] = 63“37

[u2, U,3] =0.
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Checking the Jacobi identity, we obtain ay = 0 and f3 = p. It follows that the pair
(g, 9) has the form

[a] €1 €2 €3 Ui Uz U3
€1 0 0 €1 pe1 0 Ui
(& Ug

2 0 0 0 0 0
es —eq 0 0 0 0 ug
Uy —861 0 0 0 0 pus
U2 —U2 0 0 0 0
us —uq 0 —uz —pug 0 0.

Consider the following cases:
1°. p = 0. Then the pair (g, g) is equivalent to the trivial pair (g1, g1).
2°. p # 0. Then the pair (g, g) is equivalent to the pair (gz2,g82) by means of the
mapping 7 : go — @, where
m(ei) =ei, 1=1,2,3,
m(u1) = pus,
m(ug) = uz,
m(us) = pus.
Since dimD?g; = 1 and dim D%, = 3, we see that the pairs (g1, 91) and (g2, 92)

are not equivalent.
This proves the Proposition.

Proposition 3.7. Any pair (g,g) of type 3.7 is trivial.

[7] €1 €2 €3 Uy Uz  Ug
€1 0 € 0 U1 )\Ug 0
€2 —€2 (? € 0 0 (/5]
€3 0 —€9 (? 0 O us
(31 —U1q 0 0 0 0 0
Ug —Aug 0 0 0 0 0
Uus 0 —U1 —us 0 0 0

1 00 0 0 1 0 00
€1 = 0 XN O 5 €y = 0 0 0 5 €3 = 0 0 0
0 0 0 0 0 0 0 0 1
Then
0 00 0 00 0 0 O
Ale1)=(0 1 0}, A(eq)=|-1 0 1], A(es)=(0 -1 0
0 00 0 0 0 0 0 O

and for z € g the matrix B(z) is identified with z.
By b denote the nilpotent subalgebra of the Lie algebra g spanned by the vec-

tors ey, e3.
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Lemma. Any virtual structure q on generalized module 3.7 is equivalent to one
of the following:

a)A=0
0 p O 0 0 O 0 s 0
01(61) = 0 0 0 s 01(62) = 0 0O 5 01(63) = 0 0 O 3
0 p O 0 0 O 0 s O
b) A0

Co(es) =0, i=1,23.

Proof. Let g be a virtual structure on generalized module 3.7. By Proposition 9,
Chapter II, without loss of generality it can be assumed that ¢ is primary. Then

g(0,0)(h) O Rep @ Reg, 9(1’_1)(f)) = Rey,

Consider the following cases:

ULO0) D Ruy, UM(h) D Rug, UOY(h) = Rus.
1°. A=0. Then

Cler) = ( ), Cles) = ( )

Checking condition (6), Chapter II, for (ej,ez) and (ez,e3), we obtain p =

g, s=r.Put
0 t 0
H=10 0 0},
\o 0 0
and Cy(z) = C(z) + A(z)H — HB(z). Then

0 p O
01(61) = (0 0 0) , Cl(eg) =0, 01(63) = (

o O O
o O O
OO O
O =+ O
o O O
o O O
=S O ®
o O o

p
0
q

o O O
w O O
o O O

) |

0 p O

2°. Then A #0. C(e1) = C(ez2) = C(e3) = 0.
And this completes the proof of the Lemma.

Consider the following cases: 1°. A = 0. Then

[61, 62] = €2,
le1,e3] =0,
[61, ul] = U1, ) {63,11,1] = 07

[
[e2,u1] =0

le1,ua] = pler +e3), [e2,uz] =0, [es,ua] = s(e1 + e3),
[e2,u3] =0

[61, U3] = 0,
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Note that

g(o’o)(f)) D Rey ® Res @ Rug, g(l’_l)(f)) = Reg,
g (h) D Ruy, g®(h) = Rus,

and

[ur,uz] = auy,
[ul,U3] = 0,

[uz,us] = Bus.

Checking the Jacobi identity for the triples (e;, uj,ur), ¢ =1,2,3,1 <3 < k < 3,
and (u1,us,us), we obtain that the pair (g, g) has the form:

[7] €1 €2 €3 Ui U2 us
e1 0 e 0 Uy 0 0
€2 —E€9 (f e 0 0 U1
€3 0 —E€9 (? 0 0 us
U1 — U1 0 0 0 auq 0
Ug 0 0 0 —au; 0 —aus
U3 —uy  —us 0 aug

Then the pair (g, g) is equivalent to the trivial pair (g1, g1) by means of the mapping
7@ — @, where
m(ei) =e;, 1 =1,2,3,

m(u1) = u1,
m(ug) = ugy + aler + e3),

7T(U,3) = Uus.

2°. A # 0. Then

and the pair (g, g) is trivial.
The proof of the Proposition is complete.

Proposition 3.8. Any pair (g,g) of type 3.8 is equivalent to one and only one
of the following pairs:

1.
[,] €1 €2 €3 Uy U2 ug
e1 0 0 (1—pes w1 0 pug
€2 0 0 —AE€E3 0 U2 )\u;;
es (p—1)es  Aes 0 0 0 wu
(3} —u1 0 0 0 0
Uy 0 —Usg 0 0 0
Us —pug —A\us —Uy 0 0 0
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2 A=u=0
[a] €1 €2 es U1 U2 U3
e 0 0 e u 0 O
e 0 0 0 0 wu 0
€3 —€3 0 0 0 0 Ui
Uy —Uq 0 0 0 0 e3
U9 0 —Uo 0 0 0 0
us 0 0 —U1 —E€3 0 0
3 A=p=0
[7] €1 €2 €3 up Uz  Usg
e 0 0 e u 0 0
e 0 0 O 0 w 0
€3 —€g3 0 0 0 0 U1
Uy —Ui 0 0 0 0 —€3
U2 0 —U2 0 0 0 0
us 0 0 —Uu3; €3 0 0
4 A=p=1
[a] €1 €2 €3 Ui U2 us
e 0 0 0 U 0 u
e; 0 0 —e3 01 Us ug
€3 0 €3 0 0 262 — €1 U1l
U1 —Uux 0 0 0 Us 0
Us 0 —Ug e} —2ey; —Us 0 0
us —Us —Uus —Ui O 0 0
5A=0,p=3
[7] €1 €2 €3 Uiy U2 Us
€1 0 0 %63 Uq 0 es + %’LLg
€9 0 0 0 0 ug fBes
€3 —%63 0 0 0 0 U1
Ui —U1 0 0 0 0 0
Ug 0 —Usg 0 0 O 0
U3 —e3 — %U3 —PBes —u; 0 0 0
6. A\=0,p= %
[7] €1 €2 €3 Uy U U3
€1 0 0 %63 Ui 0 %u?,
€2 0 0 0 0 U9 €3
€3 —%63 0 0 0 0 u
U1 —U1 0 0 0 0 0
Ug 0 —Uo 0 0 O 0
u3 —%Ug —e3 —u; 0 0 O
TA=1p=-1
[a] €1 €2 es U3 Uy U3
e 0 0 2e u 0 -—u
e; 0 0 —e?; 01 Ug U33
es —2e3 e 0 0 0 Uy
Uy —uq O3 0 0 0 Uo
U9 0 —U9 0 0 0 0
us Uus —uz —Uz —U2 0 0
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[a] €1 €2 €3 Ui U2 us
€1 0 0 €3 U1 0 0
es 0 0 e 0 U —u3
€3 —E€3 —€3 d; 0 02 Uy
Uy —Uq 0 0 0 es 0
U2 0 —U3 0 —€3 0 262 — €1
U3 0 uz  —u 0 e —2e
1
[,] €1 €2 €3 Ui U2 us
el 0 0 %63 uUq 0 %u:;
e 0 0 ses 0wy —%US
€3 —2e3 —1es 0 0 O Uy
wi | —w 0 0 0 0 0
U9 0 —U2 0 0 0 €3
U3 —-%U3 %U3 —u; 0 —e3 0

Proof. Let € = {ey,eq,e3} be basis of g, where

0 N
€1 = 0 9 €y =
w
Then

0 0 0 O 0
A(el): ( 0 ) y A(ez) = (0 0 0 \, A(eg): 0

1—u \0 0 =&/ p—1
and for & € g the matrix B(z) is identified with z.
By b denote the nilpotent subalgebra of the Lie algebra g spanned by the vectors
e; and es.

o O =
o O O

o O O
o O O
o OO
o o o

Lemma. Any virtual structure ¢ on generalized module 3.8 is equivalent to one
of the following:
a) p=1,A=-1

0 00 0 00
Clea)={0 0 0}, C(e2)=|0 0 0}, C(e3)=0;
0 p O 0 ¢ 0
b)) p=2,A=0

Cle1) =C(e2) =0, C(es) =

o 3
o o o
o oo
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c)p=A=0
0 0 —p 0 0 —r
Cle1)=|0 0 ¢ |, Clea)=10 0 s |, C(es)=0;
p 0 O r 0 0
dp=r=1
0 p O
C(er1) =C(e2) =0, C(es)=|0 ¢ 0];
0 0 0
e)pu=12,1=0

0 0 0 0 O
0 0], C(ez)={0 0 0], C(es)=0;
0 p 0 0 ¢

) (A p) ¢ {(-1,1),(0,2),(0,0),(1,1), (0, %)}
Cle;)=0, 1=1,2,3.
Proof. Let ¢ be a virtual structure on generalized module 3.8. Without loss of

generality it can be assumed that ¢ is primary.
For example, suppose p = 1, A\ = —1. Since

g(o’o)(b) = Re; @ Reg, U(O)_l)(b) = Ruy,
9(0,1)(b) = Re?n U(O’l)(b) = Ru?a
U(l’nl)(b) = Rus,

we have

0
0

2
C39

0 0 O
Cle;)=10 0 O) , Clex) = , C(e3)=0.
0 0

o O O
o O O

For a virtual structure defined by matrices C(e;), ¢ = 1,2,3, condition (6), Chap-
ter 11, is satisfied.
Similarly we obtain the other results of the Lemma.

Let (g,g) be a pair of type 3.8. Then it can be assumed that the corresponding
virtual pair (g,g) is defined by one of the virtual structures determined in the
Lemma.

Since the virtual structure ¢ is primary, we have

g%(h) = g*(h) x U%(h) for all a € h*

(Proposition 10, Chapter II). Consider the following cases:



1°.p=1, A

Since

we have:
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= —1. Then
[61, 62] =0,
[617 63] =0 [625 63] = €3,
[61”“'1] = Ui, [62,“]] = 0) [63,U1] = O?
[617 Uz] = pesg, [627 uz] = ges + U2, [637 u2] = 0)

[61,U3] = us, [62, U3] = —us,
7°9(h) = Res @ Rey,
d®V(h) = Res @ Rug,

[u13u2] = 07
[u1,u3] =0,

[z, us] = y1u1.

[63, U3] = Uq.

g(l,O)(h) = Rula
g1 (h) = Rus,

Using the Jacobi identity we see that the pair (g,g) has the form:

€1 €2 €3 U1 U2 us
el 0 0 0 Uq 0 U3
e 0 0 e 0 Uo —us
€3 0 —€3 O3 0 0 Uq
U1 —U1 0 0 0 0 0
U2 0 —Ug 0 0 0 Y1U1
us —Uus Uus — U 0 —Y1U1 0

Then the pair (g, g) is equivalent to the pair (g;,g1) by means of the mapping
T : g1 — g, where

m(u1) = uy,
m(ug) = ug — Y1e€s,
m(us) = us

2°. =2, A = 0. Using the Jacobi identity we see that the pair (g, g) is equivalent
to the trivial pair (g1, g1).
3°. p = A =0. Using the Jacobi identity we see that the pair (g, g) has the form:

€1 €2 €3 Ui U2 us
e1 0 0 es3 U 0 0
€9 0 0 0 0 U2 0
es —e3 0 0 0 Uy
U1 —U1 0 0 0 0 6363+ﬁ1ul
U9 0 —U? 0 0 0 Y2U2
us3 0 0 —uy —bzes—PBiur —yau2

Put

R
lbs + %ﬁ%'

1
for bg # —Zﬂf
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Consider the following cases:

3.1°. b3 + 17 = 0. Then the pair (g, g) is equivalent to the trivial pair (g1,g1)
by means of the mapping 7 : g; — @, where

m(ei) =€, 1 =1,2,3,
1
7r(u1) =Uu — 5/3163,
m(ug) = uz,
1
m(us) = uz + §ﬂ161 + Y2€2.

3.2°. by + ;7 > 0. Then the pair (g,g) is equivalent to the pair (g2,g2) by
means of the mapping 7 : g2 — @, where

m(e;) =ei, 1 =1,2,3,

a
m(uy) = auy — §ﬁ163,
71'(’(12) = U2,

a
n(ug) = aus + §ﬁ161 + ayzeq.

3.3°. by + ;87 < 0. Then the pair (g,g) is equivalent to the pair (g3, gs) by
means of the mapping 7 : g3 — @, where

m(e;) =ei, 1 =1,2,3,

7T(U1) =auy — %5163,

m(ug) = ug,

m(us) = aus + %ﬁm + ayzez.

4°. p = X\ = 1. Using the Jacobi identity we see that the pair (g, g) has the form:

€1 €2 €3 Ul U2 Us
€ 0 0 0 U 0 u
e; 0 0 —eg3 ()1 Ug ug
es3 0 e3 0 0 v3(2e2—e1) ug
U1 —Ui 0 0 0 Y3us 0
U9 0 —U9 ’)’3(61—262) —Y3Uus 0 0
Uus —UuUz —Us —U1 0 0 0

Consider the following cases:

4.1°. v3 = 0. Then the pair (g, g) is trivial.
4.2°. 43 # 0. Then the pair (g, g) is equivalent to the pair (g4, gs) by means of
the mapping 7 : g4 — @, where

m(e;) =ei, 1 =1,2,3,
m(u1) = uy,
1
m(ug) = —uo,
(uz2) v
m(uz) = us.
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5°. p = 3, A = 0. Using the Jacobi identity we see that the pair (g, g) has the
form:
e1 €2 €3 Uy U2 us
e1 0 0 %63 u; 0 p63+%U3
e 0 0 0 0 wuy ges
€3 —%63 0 0 0 0 U1
U1 —Ux 0 0 0 0 0
Us 0 —Ug 0 0 0 0
U3 —peg—%ug —qes —u; 0 O 0

Consider the following cases:
5.1°. p = ¢ = 0. Then the pair (g, g) is trivial.

5.2°. p =0, g # 0. Then the pair (g,g) is equivalent to the pair (gs,g6) by
means of the mapping 7 : g — @, where

7'('(61) = €4, 1= 1,2, 3,
1

m(u1) = —uy,
q

m(ug) = ug,

1
TF(U3) = EU3.

5.3°. p # 0. Then the pair (g, g) is equivalent to the pair (gs,gs) by means of
the mapping 7 : g5 — @, where

71'(6,') = €4, = 1,2,3,
m(uy) = —uq,
p

W(UZ) = U2,

1
m(uz) = Z—)Ug.

6°. (A, p) ¢ {(=1,1),(0,2),(0,0),(1,1),(0, ;)}-
6.1°. A = 1, p = —1. Using the Jacobi identity we see that the pair (g, g) has
the form:

€1 €2 €3 U1 Uz us
€1 0 0 263 U1 0 —Uus
€2 0 0 —€3 0 U2 Us
es3 —2e3  e3 0 0 0 Uy
Uy —U1 0 0 0 0 ﬁzuz
U 0 —ug 0 0 0 0
Uus us —Uus —Uuj —ﬁz’dz 0 0

Consider the following cases:

6.1.1°. B = 0. Then the pair (g, g) is trivial.
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6.1.2°. B2 # 0. Then the pair (g, g) is equivalent to the pair (g7, g7) by means
of the mapping 7 : g7 — @, where

m(e;) =€ 1 =1,2,3,

m(uy) = %ul,

7r(u2) = Uz,
1

m(usg) = Eug.

6.2°. A = —1, p = 0. Using the Jacobi identity we see that the pair (g,g) has
the form:

€1 €9 €3 U1 U2 us
el 0 0 es uy 0 0
€2 0 0 e 0 Ug —Us
€3 —€3 —E€g3 d{ 0 0 Uy
Uy —Uuq 0 0 0 azes
U2 0 —U3 0 —Aages 0 as (262—61)
us 0 us —U1 0 a3(61-—2€2) 0

Consider the following cases:

6.2.1°. ag = 0. Then the pair (g, g) is trivial.
6.2.2°. ag # 0. Then the pair (g, g) is equivalent to the pair (gs, gs) by means
of the mapping 7 : gs — @, where

n(e;)) =ei, 1 =1,2,3,

m(uy) = Eul,
7T(’LL2) = U2,

1
m(ug) = gu:;.

6.3°. A = —1, pu = 3. Using the Jacobi identity we see that the pair (g, g) has
the form:

€1 €2 €3 Ui U2 Uus
€1 0 0 %63 Uy 0 %ug
€9 0 0 563 0 Ug —%u;;
€3 —-%63 —163 0 0 0 Uy
wy | —uy 00 0 0 0
Ugy 9 TU2 0 0 0 c3es
Uus —EUJ3 §U3 —U1 0 —C3€3 0

Consider the following cases:

" 6.3.1°. ¢3 = 0. Then the pair (g, g) is trivial.
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6.3.2°. ¢3 # 0. Then the pair (g, g) is equivalent to the pair (go, g9) by means
of the mapping 7 : g9 — @, where

m(e;) =ei, 1 =1,2,3,

1
7r(u1) = —Uui,
C3
7(u2) = ug,
1
7T(U3) = C—U3.
3

6.4°. (A, p) ¢ {(1,-1),(=1,0),(=3,3)}. Using the Jacobi identity we see that
the pair (g, g) is equivalent to the trivial pair (g1,81).

Now it remains to show that the pairs determined in the Proposition are not
equivalent to each other.

Consider the homomorphisms

where f;(z) is the matrix of the mapping adpg;  in the basis e3,u1,uz,z € gi.
Since the subalgebras f;(g;) (z = 1,2,3), are not conjugate to each other, we

conclude that the pairs (g1,1), (82,92), and (@3, g3) are not equivalent. Similarly

we can prove that no one of the pairs 3.8.5 and 3.8.6 is equivalent to the pair 3.8.1.

Since dimDgy # dimDg;, we see that the pairs (g4,04) and (g1,81) are not
equivalent.

Consider the algebras
gs = 85/D%@s, @6 = ds/D" s,
and the homomorphisms
fi: 8i — gl(3,R) (i = 5,6),

where fi(z) is the matrix of the mapping adpj,  in the basis {es + Ruy,uy +
Ruqy,ug + Rul}, T € g;.

Since the subalgebras f5(gs) and fg(gs) are not conjugate, we conclude that the
pairs (@5, 95) and (g6, gs) are not equivalent.

Consider the pairs (gs,95) and (g5, g5) with parameters 3 and (' respectively.
It is possible to show that these pairs are not equivalent, whenever 3 # j'.

Since dim D?gy # dim D%g;, we see that the pairs (g7,g7) and (@1,9:) are not
equivalent. Since dimDgs # dim Dg;, we see that the pairs (gs,gs) and (g1,91)
are not equivalent. Similarly, since dimD?gy # dim D?g;, the pairs (gg,g9) and
(g1,91) are not equivalent.

This completes the proof of the Proposition.
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Proposition 3.9.

I1I.

THE CLASSIFICATION OF PAIRS

Any pair (g,9) of type 3.9 is trivial.

Proof. Consider z € g such that

[a] €1 €2 €3 Uy U2 Uug
e 0 0 0 up Up U
e 0 0 0 0 wu wu
es 0 0 0 0 0 wu
U1 —Ui 0 0 0 0 0
Usy —Uy  —Up 0 0 0 O
us3 —u3 —uys —u; 0 O O

1 00

z=10 1 0

0 0 1

Note that zy = idy. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial.
This proves the Proposition.

Proposition 3.10. Any pair (g,g) of type 3.10 is trivial.

[’] €1 €2 €3 Uy U2 us
e 0 0 e U 0 Au
e; 0 0 —23 ()1 Uy  Ug —|-2u3
es —e3 e 0 02 Uq
w | —u ] 0 0 0 0
Uz —Ug 0 0 0 0
us _)\UZ —Ug — Uz —Uj 0 0 0
Proof. Consider z € g such that
1 00
z=10 1 0
0 0 1

Note that 2y = idy. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial.

Proposition 3.11. Any pair (g,g) of type 3.11 is trivial.

Proof. Consider = € g such that

[)] €1 €2 €3 U1 Uz U
e 0 0 e U 0 wu
e 0 0 0 0 wu wu
€3 —e€1 0 0 0 0 (751
Uy —U1 0 0 0 0
Ug 0 —Ug 0 0 0 0
Uus —U9 —uz —Uz 0 0 0

1 0 0

zxr=10 1 1

0 0 1

Note that zy = idy +¢, where ¢ is a nilpotent endomorphism. Then, by Proposi-
tion 13, Chapter II, the pair (g, g) is trivial.
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Proposition 3.12. Any pair (g,g) of type 3.12 is equivalent to one and only
one of the following pairs:

1.
[a] €1 €2 €3 U1 Uy U3
e 0 —e —e 0 0 u
e | e 00 00 0 0w
€3 €3 0 0 0 0 wu
Uy 0 0 0 0 0 O
Ug 0 0 0 0 0 0
us —uz —Uz —Up 0 0 0
2.
[7] €1 €2 €3 (751 U9 Uusg
e 0 —e — 0 0
e; € 02 063 ez  2ep Zg
€3 e 0 0 0 €3 U3
U1q 6 —E€g3 0 0 —U1 0
U9 0 —262 —€3 U3 0 2U3
U3 —u3 —ug —u; 0 —2uz O

Proof. Let €& = {ey,e2,e3} be a basis of g, where

0 0 0 0 0 O 0 0 1
e1r=(0 0 0}, e=]10 0 1], es=10 0 0}.
0 0 1 0 0 O 0 0 O

Then
0 0 0 0 00 0 0 O
Aler)={0 =1 0 |, Afez)=|1 0 0, A(es)=(0 0 0],
0 0 -1 0 0 O 1 0 0

and for z € g the matrix B(z) is identified with z.
By b denote the nilpotent subalgebra of the Lie algebra g spanned by the vec-
tor eq.

Lemma. Any virtual structure q on generalized module 3.12 is equivalent to
one of the following:

0 0 O 0O 0 O
C(e1)=0, Clea)=|p1 ps 0], Cles)=|ps m O
p2 ps O pe p2 0

Proof. Let ¢ be a virtual structure on generalized module 3.12. Without loss of
generality it can be assumed that ¢ is primary. Since

g=a""0)oa ) oa),

where

gV() =Re; ®Rez,  §O(h) = Rey & Ruy @ Rua,  § () = Rug,
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we have
ci; ¢y 0O 0 0 ¢
Cles)=1 0 0 0], Clea)=|¢c% ¢, 0 ],
0 0 O 2, 2, 0
0 0 o
Cles) = 3 ¢ 0

3 3
c3; ¢35 0

Since for any virtual structure ¢ condition (6), Chapter II, must be satisfied, after
direct calculation we obtain:

0 0 2
Cler)=0, Clea)=|{c3 ¢ 0 |,

2 2
c3; c32 0

3
0 L, s
C(es) = Cgl c%1+c%3 0
c3; ¢33 —cj3 O

Put ; )
ciz —c¢i3 0
H=1| 0 0 0
0 0 0

and Cy(z) = C(z) — A(z)H + HB(z) for z € g. Then

0 0 O 0 0 O
Ci(e1) =0, Clea)=|c3; 3, 0], Cles)=|¢c3 ¢35 O
C%l cgz 0 c%l Cgl 0

By corollary 3, Chapter II, the virtual structures C' and C; are equivalent.
This completes the proof of the Lemma.

Let (g, g) be a pair of type 3.12. Then it can be assumed that the corresponding
virtual pair (g,g) is defined by one of the virtual structures determined in the
Lemma. Then

[61,62] = —€2

[e1,e3] = —e3  [e2,e3] =0

le1,u1] =0 le2,u1] = pres +paes  [es,u1] = pses + pees
le1,u2] =0 le2,us] = pses + paes  [es,uz] = prea + paes
ler,us] =uz  [ez,uz] = up 3, u3] = uy

Since the virtual structure ¢ is primary, we have

g=a""0)aa ") og?),

where

g7V (h) =Rez ®Res, 3% (h) = Rey ® Ruy @ Ruz, g (h) = Rus.
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Therefore

[u1,u2] = arer + ayus + agus,

[u1,U3] = 53U3,

[u2, Us] = 7Y3us.

Using the Jacobi identity we see that the pair (g, g) has the form

[ a] €1 €2 €3 Uq U9 U3
€1 0 —E€9 —e€3 0 0 Uus
€9 €2 0 0 P1€2 +p263 2p262 U2
€3 €3 0 0 2p;e3 p1eatpaes uy
U1 0  —piea—paes —2p1e3 0 —paur+prug  2prus
U 0 —2pse; —p1€a—p2e3  Paul—piUa PaU3
us —us —U2 —U —4p1us —2pausg

Consider the following cases:

1°. py = ps = 0. Then the pair (g, g) is equivalent to the trivial pair (g1, g1).
2°. p1 # 0, p2 = 0. Then the pair (g,g) is equivalent to the pair (gz,g2) by
means of the mapping 7 : go — g, where

m(e1) = eq,
7'('(62) = €3,
m(es) = ez,

m(u1) = p1ruz,
ﬂ-(UZ) = p1U1,
T('(Ug) = p1usg.
3°. p1 =0, p2 # 0. Then the pair (g,g) is equivalent to the pair (g2,g2) by
means of the mapping 7 : g — g, where
m(ei) =€, 1 =1,2,3,
m(uj) = pouj, j =1,2,3.

4°, p; # 0, pa # 0. Then the pair (g,g) is equivalent to the pair (g2,g2) by
means of the mapping 7 : g2 — g, where

m(e1) = e1,

m(e2) = e,

m(es) = pres + €3,
m(u1) = pau1 + p1p2ua,
m(u2) = paua,

m(u3) = paus

Since Z(g1) = Ruy + Ruy and Z(g;) = 0, we see that the pairs (g2, g2) and (g1,91)
are not equivalent.
This completes the proof of the Proposition.



186 III. THE CLASSIFICATION OF PAIRS

Proposition 3.13. Any pair (g,9g) of type 3.13 is equivalent to one and only
one of the following pairs:

1.
[,] €1 €2 €3 Uy U2 us
el 0 (A—pea (1—p)es wur Aug  pus
€9 M — €2 -0 0 0 0 U9
€3 M — 1 €3 0 0 0 0 U1
U1 —Uul 0 0 0 0 0
Ug —A\ug 0 0 0 0 0
ug —pus —Ug —ug 0 0 0
2 A=1-2u4,0< <1
[,] €1 €2 €3 1751 Ug Uug
€1 0 (1—3u)ea (1—ples ur (1 —2p)uy pus
e (Bp — 1)esy 0 0 0 Uy
[o%:3 (,u — 1)63 0 0 0 0 Ul
U1 —U1 0 0 0 0 0
(%) (2,LL — ].)uz 0 0 0 0 €3
us —Hus3 —U32 —U1 0 —E€3 0
3A=1—-p, 0 u<?2
[7] €1 €2 €3 U1 U2 U3
el 0 (1—2p)ea (1—ples uy (1 —pug pus
e (2p — 1)eg 0 0 0 0 Ug
€3 (,u - 1)63 0 0 0 0 Ui
Uy —u 0 0 0 0 0
Uy (p— 1)uqg 0 0 0 0 Uy
Uus —Hus — U9 —U1 0 —Ux 0
4 A=142u,-1<pu<0
[a] €1 €2 es Uy Ug Uus
e1 0 (T4 pez (L—ples ur  (142p)us  pus
e —(p+ ey 0 0 0 Uz
es (p—1)es 0 0 0 0 uq
(5] —U1q 0 0 0 0 €9
Uz —(2p 4+ 1)ug 0 0 0 0 0
us —Hus —U9 —U1 —€9 0 0
SA=14+pu -2<pu<0
[a] €1 €2 €3 Uy U9 Usg
e1 0 e2 (L—ples wur (L4 p)us pus
€9 —E€2 0 0 0 U2
e3 (p—1)es 0 0 0 0 U
U1 —Ujq 0 0 0 0 Ug
Ug —(p+luy 0 0 0 0 0
us — U3 —Ug —Uuq —Ug 0 0
6. A=0
[a] €1 €2 €3 Uy Ug U3
e1 0 —pey (L—pes uy 0  pus
€9 €2 0 0 es 2e Uz
€3 (p—1es 0 0 0 €3 Uy
Ui —U1 —E€3 0 0 —U1 0
Ug 0 —2es —e3 U 0 2us
U3 —pus —Ug —Uuq 0 —2us 0
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TA=2p, -5 <p< 3

[’] €1 €2 €3 (751 U usg
e1 0 pea (1 —ples ur 2pus ez + pug
e — e 0 0 0 Ug
es3 (p—1)es 0 0 0 0 Uy
Uy —U1 0 0 0 0 0
U9 —2/“1,2 0 0 0 0 0
U3 —eg — U3 —U2 —Uq 0 0 0
8. =20
[:] €1 €2 €3 Ui U2 us
e 0 Ae e u Au 0
e; —Aeg 02 09’ 01 02 auy + Bes
es —es3 0 0 0 Uy
Uy —uq 0 0 0 0 €3
Uy — o 0 0 0 0 Bug — aes
us 0 —0uy — ,662 —U1 —e3 ey — ﬂU2 0 , o> 0
9. n=
[a] €1 €2 €3 Ui U2 us3
e 0 e e U Au 0
e; —esy 02 03 01 02 aus + Pesy
€3 —E€3 0 0 0 (/5]
Uy —uy 0 0 0 —e3
Ug —Aug 0 0 0 0 Bug — aey
us 0 —aug — fBes —up ez aey — Pus , a>0
10. p=
[,] €1 €2 €3 Ui U2 us
el 0 Aeg es Ui Aug 0
e —Aea 0 0 0 0 Ug + aes
€3 —€3 0 0 0 Ul
U1 —U1 0 0 0 0 €3
U9 —>\u2 0 0 0 0 ﬁuz
us 0 —Ug —aey —uy; —ez —[usg 0
11. =0
[7] €1 €2 €3 Ui U2 us
€1 0 )\62 €3 Uy /\’U,z 0
€2 —\es 0 0 ug + aes
€3 —E€3 0 0 Ul
U1 —Ux 0 0 0 0 —€3
U9y —)\uz 0 0 0 0 ﬂuz
us 0 —Ug — ey —Ujx €3 —/BUQ 0
12. p=
[a] €1 €2 €3 Uy U2 us
e 0 Ae e u Au 0
e; — ey O2 6’ O1 O2 Ug + aey
€3 —E€3 0 0 0 0 Uy
Uy —U7 0 0 0 0 0
Us —Auo 0 0 0 0 aug — e
Uus 0 —Ugy — ey —Ujy 0 €9 — QU2 , O 2 0
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el es es Uq U2 us3
Aeo €3 Ul AUg 0
—)ea 0 0 0 0 Uz + €2
—es 0 0 0 0 Uy
—uy 0 0 0 0 0
—A\ug 0 0 0 0 aus
0 —uUg —ey —u; 0 —aug , —1<a<
e1 es €3 Uy U2 us
0 ()\ - %)62 %63 U1 )\’U,z €3 + %u;;
(% — ey 0 0 0 0 Ug
—%63 O 0 0 0 U1
—Uq 0 0 0 0 0
—/\u% 0 0 0 0 0
—€3 — 5’&3 —U3 —Ui 0 0 0
1
3
€1 €2 €3 U1 Uz Uus
0 e 2e 3u;  2u es + u
e (f 3 01 02 2u2 3
—2€e3 0 0 0 0 Uy
—3uq 0 0 0 0 0
—2usg 0 0 0 0 Uy
—€g — U3 —U2 —Uj 0 — Ui 0
p=3
€1 €o €3 Ul U2 Us
0 —e e 2u 0 e3 +u
& 0> ¢ 0t 0 Cup
—e3 0 0 0 0 Uuq
—2uq 0 0 0 0 0
0 0 0 0 0 e
—€3 — U3z —Uy —Ujp 0 —€3 03
17. A = %, n= ;11_
e1 €2 €3 U1 uz us
0 e 3es 4ui; 2ug ey tu
e ¢ 00 o' 00 Tup
—3e3 0 0 0 0 Uy
—4uy 0 0 0 0 0
—2uqg 0 0 0 0 e
—€2 — U3 —U2 —Uj 0 —E€3 03
p=73
€1 €2 €3 U1 ug us3
0 e e 2u; 2us ey te3tu
—es ¢ o o o T4
—e3 0 0 0 0 Uq
—2uq 0 0 0 0 0
—2usg 0 0 0 0 0
—€g — €3 — U3 —Ug —Ujp 0 0 0
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[7] €1 €2 €3 Ui U9 U3
e 0 0 e 2u U es +u
e 0 0 0 0 0 Cup’
es —e3 0 0 0 0 Uy
(751 —2U1 0 0 0 0
U9 —U3 0 0 0 0 Ui
us —eg3 —uz —up —u; 0 —uy 0
200 A=0,p=0
[,] €1 €2 €3 Uy Uz usg
e 0 0 e u 0 e
e 0 0 0 0 0 aus 1+ Bes
€3 —€3 0 0 0 0 Ul
Uy —Ujq 0 0 0 0 €3
Ug 0 0 0 0 0 Bug — aey
U3 —ey —aug — ey —u; —ez wey — Pug , a>0
21. A=0,p=0
[7] €1 €2 €3 Ui U2 Uus
e 0 0 e U 0 e
e; 0 0 6 01 0 Qs —I% Besy
€3 —E€3 0 0 0 0 Uy
Uq —U3 0 0 0 0 —€3
Ug 0 0 0 0 0 Bug — ey
U3 —ey —aug — ey —u; ez wey — Pus 0 , a>0
2. A =0,p=0
[,] el €2 e Ul U ug
e 0 0 e u 0 e
e; 0 0 O3 01 0 Ug +2a62
€3 —€3 0 0 0 0 Uq
Uy —U1 0 0 0 0 €3
Ug 0 0 0 0 0 Ug
us —ey —Ug —aey —u; —e3 —fus 0
2. A=0,p=0
[;] €1 €2 €3 Ui U2 us3
e 0 0 e U 0 e
eé 0 0 6 01 0 Ug —|—2an
€3 —€3 0 0 0 0 Uy
Uy —Uuy 0 0 0 0 —e3
Ug 0 0 0 0 0 Busg
us —€9 —Ug — €y —Uj €3 —ﬂU2 0
24 A=0,p=0
[,] €1 €2 €3 Uy Uz us3
e 0 0 e U 0 e
e; 0 0 (? O1 0 Ug +2a62
€3 —E€3 0 0 0 0 Uy
Uy —u 0 0 0 0 0
Uo 0 0 0 0 0 Qug — €eg
us —ey —aey—uy —u; 0 eg—aug , az=0
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[7] €1 €2 €3 Ui U2 us3
e 0 0 e U 0 e
e 0 0 0 0 0 uste
€3 —E€3 0 0 0 0 Uq
U1 — Ui 0 0 0 0
Ug 0 0 0 0 0 aus
us —ey —uz—ex —u; 0 —aup 0 , -1<ax<
26. A =1,u=0
[,] €1 €2 €3 Ui U2 Uus
e 0 e e U U 0
eé —eo 0] GQ’ 0 0 ()
€3 —€3 0 0 0 0 Ui
Uy —u 0 0 0 0 ey + aes
Ug —ug 0 0 0 0 Bes + uy
Uus 0 —Ug —U1 —€g — O€e3 —Uy — ﬂ63 0
27. A =1, =0
[,] €1 €2 €3 Uy (%) Uus
el 0 e es Uy Ugy 0
€9 —e 6 0 0 0 Uz
es3 —e€3 0 0 0 0 2!
Uy —uy 0 0 0 0 aeg
U9 —U2 0 0 0 0 €2 ~8u1
us3 0 —Ug —U; —Qe3 —eg — Ug
28. A=1,p=0
[7] €1 €2 €3 U Ug Uus
e 0 e e U u 0
e; —eo (f 03 01 02 U
€3 —e3 0 0 0 0 Uy
U1 —Uq 0 0 0 0 aesg
Uy — U2 0 0 0 0 —€g + Uy
us 0 —Ug —U1 —Q0e3 €2 — U] 0
2. A =1, pu=
[a] €1 €2 es Ui Ug U3
e 0 e e u u 0
e; —eo (? 09' 01 02 U
€3 —€3 0 0 0 0 Uy
Uy —Uy 0 0 0 0 es3
Ug —ugy 0 0 0 0 u
us 0 —Ug —U1 —E€3 —U1 0
30 A=1,u=0
[a] €1 () €3 U1l Ug U3
e 0 e e u u 0
e; —eq (f 03 01 02 Ug
€3 —€3 0 0 0 0 U1
Uy —Ui 0 0 0 0 —E€3
U9 —U2 0 0 0 0 Uy
u3 0" —uy —u; ey —u; O




3. A=1,4=0

3. THREE-DIMENSIONAL CASE

191

[,] €1 €2 es 231 U3 us
e 0 e e u u 0
e; —€2 (f 03 01 02 U9
e3 —e3 0 0 0 0 Uy
Uy —uy 0 0 0 0 wes
U2 —U9 0 0 0 0 aeg + €3 + Ui
us 0 —Ug —U] —Qe3 —aey— ez — Uj 0
2. =1 u=0
[,] €1 €2 €3 U1 U9 us
e 0 e e u U 0
e; —eg (f 6 01 f Ug
€3 —€3 0 0 0 0 Uy
Ui —U1 0 0 0 0 u; + aes
U2 —Ug 0 0 0 0 es + Be2
U3 0 —ug —u; -—aez—1u; —e3z— Peg 0
33. A =1, p4=0
[,] e1 e2 €3 U1 U u3
e1 0 e e Uy U9 0
€9 —E€9 ('f 6 0 0 U
€3 —E€3 0 0 0 0 Ui
U1 —U1 0 0 0 0 u1 + e2 + (674
Uo —Us 0 0 0 0 ves + Pes
U3 0 —ug —u; —eg —aez—u; —yez— feg 0
4. A=1,u=0
[,] €1 €2 €3 251 Ug Uusz
e 0 e e u u 0
e; —eo (f (? 01 02 Ug
e3 | —e3 O 0 0 0 uy
up | —up O 0 0 0 vea+aez—usg
g |—uy 0 0 0 0 aey+fFes+uq
us | 0 —ug —u; —yes—aeztuy —aey—Pes—ug 0 , 18] < 1y
35 A=1p4=0
[7] €1 €2 €3 Uy U9 Ug
e1 0 e es Uy Ug 0
€9 —€9 (f 0 0 0 (%)
€3 —€3 0 0 0 0 Uy
Uy —uq 0 0 0 0 es
U2 — U9 0 0 0 0 €9 + €3
Uus 0 —Ug2 —U; —€3 —€2 —E3 0
36. \=1,p=
[7] €1 €2 €3 Ui U2 us
e 0 e e u u 0
e;l), —eg ¢ ¢ 0 ] U
€3 —E€3 0 0 0 0 U1
Ul —Uq 0 0 0 0 —€3
U9 —uy 0 0 0 0 —ez + €3
us 0 —Ug —U; e3 €9 —e3
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37 A=1,u=0
[,] eg ey e3 uy U u3
e 0 e e U U 0
e; —es 0] 0 0 0 U2
€3 —E€3 0 0 0 0 Ui
Uy —u; 0 0 0 0 e2 + aeg
Ug —ug 0 0 0 0 aez — €3
Uus 0 —Uy —U] —e9 — ez —aey+ es ,az0
38.A=1,u=0
[7] €1 €2 €3 Uy Uz U3
e1 0 e e u;  ug 0
€2 —e9 (? di 0 0 U2
€3 —es3 0 0 0 0 Al
Uy —uq 0 0 0 0 0
Us —1Uy 0 0 0 0 e
us 0 —U3z — U1 0 —E€g3 6

1 0 0 0 0 O 0 0
er=10 X 0}, e=10 0 1), es=|0 0
0 0 u 0 0 0 0 0

0 0 0 0 0 0 0 0
0 A= 0 |, A(ea)=| pu=2 0 0], A(es)=| 0 ©
0 0 1-p 0 0 0 p—1 0

and for z € g the matrix B(z) is identified with z.

o O O

)

Lemma 1. Any virtual structure q on generalized module 3.13 is equivalent to
one of the following:

a)A=p=0
0 0 p 0 0 0 0 0 0
01(61) = 0 0 q y 01(62) = 0 s O N 01(63) = 0 0 O )
-p 0 O r 0 0 0 r O
HA=0,p=1
0 0 O 0 00 0 0 0
Caler)=10 0 0], Calea)=|0 r 0], Ca(es)=|0 0 0]);
0 0 p g 0 0 0 g O
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dA=1u=0

0 0 »p 0 0 O
Ciler) = 0 —%p 0], Cule2)=1(0 0 0]}, Ca(es) =0;
-p 0 O 0 ¢ O

&) u="0,1¢{0,1)
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0 p O
08(61) = 08(63) = 0, 08(62) = 0 0 O N
\0 q 0

1) A= %7/‘%{07%7%71}

0 00
Coler) = Co(es) =0, Colea)=[0 0 0];
0 p O

o

0 00
Cio(er)=1| 0 p |, Ciole2) = Cio(es) =0;
0 0 ¢

k)/'L:17>‘¢{07%’1}

o

0 0 O
Cii(er) =10 0], Cii(ez)=Cii(es) =0;
0 0 p
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DA=2pp¢ {0, 5}

012(61) = R C12(€2) = 012(63) = 0;

o O O
o O O
o o

m) A, u ¢ {0, 5}, A # 2u

Cw(ei) = 0, 1= 1,2,3.

Proof. Put
1 =1,2,3.

Now put
cjy cjg 0
H=\|c3 ¢ 0],
c53 €33 0

and C'(z) = C(z) + A(z)H — HB(z) for z € g. Then

1 1 2 2
, DB e (2 F
C(el): Ca1 €33 €33 | 0(62): c3 ¢ 0],

1 1 1 2 2
C3; C32 C33 cz; ¢35 0

3 3 3
’ 01131 ‘3%2 C13
C'(es) = | 3 ¢y 0

3 3
c3; ¢33 0

By corollary 2, Chapter II, the virtual structures C and C' are equivalent.
Let us check condition (6), Chapter II. Direct calculation shows that

0 0 cly 0 ¢ 0
C'(er) = 0 (p—=Neiz ez |, Cllea)=| 0 3, 0],
(u— 1)013 0 C:lss c%l ng 0
0 0 O
Cl(eg) = 0 0 0 ,
0 Cgl 0
where )
( (2A = p)ef, =0,
(:u - 1)6%2 = Oa
A3, =0,
A3, =0,
. (1- 2)\)c§2 =0.

a) Suppose A = g = 0. From (*) it follows that

2 _ 2 _
cly = C39 = 0.
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Put
00 0
H=[00 0 ,
and C1(z) = C'(z) + A(z)H, — H1B(z) for z € g. Then
0 0 cly 0 0 O 0 0 0
Cl(el) = 0 0 6%3 y Cl(ez) = 0 C%z 0 y 01(63) - 0 0 0
—cj; 0 0 2, 0 0 0 ¢2, 0

b) Suppose A ¢ {0,%,}, p =0. From (*) it follows that

2 _ 2 _ 2 2 _
€1y = €39 = Chy = ¢33 = 0.

Put
0 0 0
Hs=[0 0 —3%cis |,
and Cs(z) = C'(z) + A(z)Hs — Hs B(z) for z € g. Then
0 0 cls
C5(61) = 0 —)\613 0 , C5(62) = C5(63) = 0.

In a similar way we obtain the other results of the Lemma.

Let (g, g) be a pair of type 3.13. Then it can be assumed that the corresponding
virtual pair (g, g) has the form determined in Lemma 1. Put

[u1,uz] = arer + azes + ages + ajuy + aguy + azus,

[u1,us] = brer + baea + bzes + Bruy + Paus + Psus,

[ug, u3] = cre1 + czea + czes + y1ur + yauz + y3us.
Consider the following cases:

1°. Suppose =0, ¢ {0, 2}. Then

[613 62] - )‘627
[e1, €3] = es, e, e3] =0,
[e1,u1] = —pes + uy, [ez,u1] =0, [es,u1] =0,
[e1,u2] = —Apea + Aug, [ez,u2] =0, [es,uz] =0,
le1,us] = pey, le2,us] = u2, [es,us] = us.
1.1°. A # 1.
Using the Jacobi identity we see that the pair (g, g) has the form:
[a] €1 €2 €3 Ui U2z us
e 0 e e U Au 0
eé — ey 02 03 O1 02 U
€3 —€3 0 0 0 0 U7
U1 — U7 0 0 0 0 b363 + ﬂlul
Ug —Aug 0 0 0 Caey + Yoo
u3 0 —ug —u; —bzez — PBrur —crez — YUy 0
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Let W = D(g). Note that W is a commutative subalgebra of the Lie alge-
bra g and the matrices of the endomorphisms adw e; and adw(—us) in the basis
{e3,u1, €9, us} have the form:

1000 0 b 0 0
(o 10 0 ot o0 _(x 0
adwer=14 o y o] 2dwlw)=14 o ¢ _<0 Y)'
00 0 X\ 0 0 1 7

It is clear that there is a one-to-one correspondence between the set of pairs (g, g)
and the set of pairs of matrices (X,Y"), where X,Y € gl(2,R).

Lemma 2. Suppose (g',g') and (g%,9?) are the pairs corresponding to pairs
of matrices (X1,Y1) and (X,,Y3) respectively. The pairs (g',g') and (g?,¢%) are
equivalent if and only if there exist

St

X, =0AX, A7+ 7E,
Y; = 6BY>,B™! + \rE.

ac;é()}, 0 € R* 7eR,

such that

Proof. Suppose f : g2 — g' is a mapping and the matrix of f in the basis
{e1,e3,uy, e2,uz,uz} has the form:

0 0

o O O
o O O

A

oo O o O+
o O O
o O O
O OO O

0 0

where the matrices A, B and the numbers 7, 8 satisfy the conditions of the Lemma.
Then the mapping f establishes the equivalence of the pairs (g*, g') and (g2, g?).
Conversely, suppose the pairs (g', g') and (g2, g?) are equivalent, and f : g2 — g
is the mapping establishing the equivalence. Let W; = D(g') and W, = D(g?).
It is clear that f(W) = W; and f(g?) = g'. Then the matrix of f in the basis

{e1,e3,u1,e2,uz,us} has the form:

aji 0 0 0 0 (051

a21 az4 Q25 Q26
0 A 0 ass ase

ag1 Q42 Q43 age |’
0 0 ass3 B asg

0 0 0 0 0 aes
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weet o)

adw, f(e1) = flw, o adw, e1 0 f|w, = adw, 1.

where

ac # O} , ai1,ags € R*.

It is clear that

This implies f|w, o adw, e1 = adw, €1 o f|w,. Therefore the matrix of f has the

form:
ail 0 0 0 O aig

azq 0 0 ase
0 A 0 0 a3
as; 0 0 a6
0 0 O B asg
0 0 0 0 O age

Then

adw, f(—us) = aes flw, 0 adw,(—us) o f 1 |Wa — axe flw, 0 adw, 1 0 f'|w,.
This implies
X; = as AX2A™" — ayE,
Yl = aesBY2B_1 — alGAE.

The proof of Lemma 2 is complete.

Up to transformations determined in Lemma 2, any pair

(1) v-00)

1s equivalent to one and only one of the following pairs:

B () N0 A

The corresponding pair is (gs, gs )

1.1.2°. {(? _01><§ _;)}, a> 0.

The corresponding pair is (gg, g9)-

(0 0.5 9))

The corresponding pair is (@10, g10)-

()60
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The corresponding pair is (g11,911)-

1.1.5°.
0 0 a -1
15 0)-(5 ) ezo

The corresponding pair is (@12, g12)-

1.1.6°.
0 0 10
(G 0)G O wer

The corresponding pair is (@13, g13)-

(0.0 0)

The corresponding pair is (g1, 81)-

1.2°. A =1.
Using the Jacoby identity we see that the pair (g, g) has the form:

€1 €2 €3 Ui (%) us
e1 0 e es Uy Ug 0
€9 —€2 (f 0 0 0 U2
€3 —E€3 0 0 0 0 u
wp | —uy 0O 0 0O 0 B
Ug —U2 0 0 0 0 C
us 0 —uy —-u; —-B —-C 0,

where

B = byep + bses + Brug + Paug,
C = coeg + cze3 + y1u1 + Yyauz.

Let W = D(g). Note that W is a commutative subalgebra of the Lie alge-
bra g and the matrices of the endomorphisms adw e; and adw(—u3) in the basis

{e3,u1,e2,us} have the form:

1000 0 0 by cs
_ 0 1 0 O _ 0 0 bz Co _
adwer=14 o 1 o awlw)=|7 ¢ 5 _<
0 0 0 1 01 B2 7

It is clear that there is a one-to-one correspondence between the set of pairs (g, g)

and the set of pairs of matrices (X,Y), where X, Y € gl(2,R).

Lemma 3. Suppose (g',g') and (g?,g?) are the pairs corresponding to pairs
of matrices (X1,Y1) and (X2,Y2) respectively. The pairs (g',g') and (g%, g%) are

equivalent if and only if there exist

A € GL(2,R), 0 €eR* 7€eR,
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such that
X, =A(-T’E+6*X, +67Y2)A ™,

Y: = 0AY, A — LE.

Proof. The proof is similar to that of Lemma 2.

Up to transformations determined in Lemma 3, any pair of matrices (X,Y") is
equivalent to one and only one of the following pairs:

(G960}

The corresponding pair is (g3, g3 )-

((9)-( )

The corresponding pair is (@26, 926 )-

(5900}

The corresponding pair is (@27, g27)-

1.2.40. {(g _01><8 (1))}

The corresponding pair is (ga2s, @28 )-

1.2.5°.
(6

The corresponding pair is (@29, g29 ).

(9.6 0)

The corresponding pair is (@30, g30)-

(G660}

The corresponding pair is (g31,831)-

(53¢ )

The corresponding pair is (@32, gs2)-

(3360}
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The corresponding pair is (@33, g33)-

1.2.10°. {(: 5)(_01 é)}

The corresponding pair is (gs4, g34)-

()0

The corresponding pair is (gss, gs5)-

G e

The corresponding pair is (gss, g36)-

()6

The corresponding pair is (@37, gs7)-

(500

The corresponding pair is (g2, d2).

(50 o)

The corresponding pair is (g1,81)-
2°. Suppose A = p = % Then

[e1,e2] = 0,
1

[61, 63] = '2—63, [62, 63] == 0,

[el,ul] = U1, [62, ul] = 0, [eg,ul] = 0,
1

[61,U2] = 5’“27 [62)u2} = gceg, [63,’&2] = 07

1
[e1,us] = pes + §u3> le2,us] = uz, [es,us] = uy.

Using the Jacobi identity we see that the pair (g, g) has the form:

[,] €1 €2 €3 Ui Ug U3

€1 0 0 %63 Uy %UZ p63+%U3
€ 0 0 0 0 0 Ug

€3 —’;—63 0 0 0 0 U1

Uq —u 0 0 0 0 0

Ug —%uz 0 0 0 0 Y1U1
us |—pes—jzuz —upz —u; 0 —yu 0
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2.1°. 41 = p = 0. Then the pair (g, g) is trivial.
2.2°. y1p # 0. Then the pair (g, g) is equivalent to the pair (g19, g19) by means
of the mapping 7 : g19 — @, where

7!'(61) :261,
2p
m(ey) = —ea,
(e2) o
m(es3) = es,
7(u1) = 2puy,
2p

m(ug) = —ug,
7
7((11,3) = Uus.

2.3°. 41 =0, p # 0. Then the pair (g, g) is equivalent to the pair (g14,g14) by
means of the mapping 7 : g14 — @, where

m(e;) =ei, 1 =1,2,3,
1 :
m(u;) = Z—)u]-, 7 =1,2,3.
2.4°. 41 # 0, p = 0. Then the pair (g,g) is equivalent to the pair (gs,g3) by
means of the mapping 7 : gz — @, where
m(e;) =ei, 1 =1,2,3,
1
m(u;) = —uj, j=1,2,3.
gs!
It is possible to show that the pairs (g1,981), (83,83), (814, 814), and (g19,g19) are

not equivalent to each other.
In a similar way we obtain the other results of the Proposition.

Proposition 3.14. Any pair (g,g) of type 3.14 is equivalent to one and only
one of the following pairs:

1.
[7] €1 €2 €3 U1 U2 U3
e1 0 —(1+p)ex (1—ples ur —uz pus
€2 14 p)es 0 0 0 0 U
es w—1)es 0 0 0 0 uUj
(/5] —U1 0 0 0 0 0
U9 U9 0 0 0 0 0
us —Hus —U2 —U1 0 0 0
2. p=1
[,] €1 €2 €3 (73] Uy U3
e 0 —2e 0 Uy —Ug U
e2 | 2 0. 0 0 0 u
€3 0 0 0 0 Uy
Uq —U1 0 0 0 0 0
U () 0 0 0 e
Us —Uus —U9 —U1 0 —€3 03
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3. p=2
[7] €1 €2 €3 (75} Ug usg
e 0 —3es —e3 uy; —uUs 2u
e2 | 32 0. 000 0° ‘up
€3 es 0 0 0 0 uy
(V5] —U1 0 0 0 0 0
U U2 0 0 0 0 Uy
us —2u3 — U9 —U1 0 —Ui 0
4. p= %
[,] €1 €2 €3 U] Ug U3
e1 0 —%62 %63 Uy —Ug %ug + e3
€2 %62 0 0 0 0 U2
€3 —%63 0 0 0 0 Uy
Ui —Uu1 0 0 0 0 0
U9 (7% 0 0 0 0 0
us -%U3 — €3 —U2 —U1l 0 0 0
5. p=0
[,] €1 €2 €3 Ui U2 us3
e 0 —e e Uy —u 0
e; es 0° 0 0 0 Ug
€3 —E€3 0 0 0 0 Uq
U1 —U1 0 0 0 0 0
Ug U 0 0 0 0 U
us 02 —U3 —Ui 0 —U3 02
6. =20
[a] €1 €2 €3 U1 U2 us
e 0 —e e U —u 0
e; es 0° 0 0 0° U
€3 —€3 0 0 0 0 Uy
S e R T R L
U u e au
ug O2 —uy —u; 0 —ey— aug ? 0 2, a>0
7. pu=
[a] €1 €2 €3 Ui U9 us
e 0 —e e u —u 0
e; € 02 6 01 0 ? Ug
€3 —€3 0 0 0 0 Uq
S I R B R !
U u —e ou
u§ O2 —uy —u; 0 ey —auy 2 ?)_ 2, az0
8 n=0
[] e1 e ez U Up us
e 0 —e e u —u 0
e; e 0 2 0% 01 0 2 Ug + aeg
€3 —€3 0 0 0 0 U1
U1 —Ui 0 0 0 0 €3
Us Us 0 0 0 0 Bus
us 0 —uy -u 0 ey — aus 0 ,0<fB—-a<?2
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9. u=
[a] €1 €2 €3 Uy U2 us
€1 0 ) es Uy —Uq 0
e e 0 0 0 0 Bus + aes
€3 —E€3 0 0 0 (751
U1 —U1 0 0 0 0 €3
Uy Us 0 0 0 0 aug — feg
us 0 —aey — fus —uy —ez [Pey — aug ,az20, >0
10. p=20
[7] €1 €2 €3 U1 U usg
€1 0 —e9 es Uy —Ug 0
€2 €2 0 0 0 0 Bus + aey
€3 —€s3 0 0 0 0 U1
U1 —Uuy 0 0 0 0 —es3
Us Usg 0 0 0 0 aug — fPey
us 0 —aey — Pus —uy; ez [ey — aug 0 ,a>20,0<p<K1

Proof. Let € = {e1,e2,e3} be a basis of g, where
1 0 O 0 0 O 0 0 1
ei=[0 =1 0], ea={0 0 1), es=[0 0 0
0 0 u 0 0 O 0 0 O
Then
0 0 0 0 0 O 0 0 0
Aler)=10 =1—p 0 |, A(e2)=14p 0 0}, A(es)={ 0O 0 0],
0 0 1—p 0 0 0 p—1 0 0

and for z € g the matrix B(z) is identified with z.
By b denote the nilpotent subalgebra of the Lie algebra g spanned by the vec-
tor e;.

Lemma. Any virtual structure q on generalized module 3.14 is equivalent to
one of the following:

a) p=10
0 0 »p
Cle2) =C(e3)=0, Cler)=| 0 p 0], peR;
-p 0 0
b) =13
0 00
Cles) = Cles) =0, Cle)=[0 0 0, pek:
0 0 p
c) n 0,3}
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Proof. Let ¢ be a virtual structure on the generalized module 2.19. Without loss
of generality it can be assumed that ¢ is primary. Since

a9 (h) = Rey, UD(h) 2 Ruy,
ag=* (k) D Rey, UW(h) D Rus,
9(1_u)(f)) 2 Res, U(_l)(b) = Ruy,

we have
0 0 ¢, 0 0
Cler) = 0 ) 0], Cle)= 0 0 ¢, ],
C%& C%z 01133 0 0 c§3
c?l ¢, 0
Cles) = 0 0 0
0 0 c§3
If p =0, then
0 0 ¢ ci; 0 O 0 c¢j O
Cles)=| 0 ¢y 0 |, Clea)=] 0 0 2 ],C(es)=|0 0 0
e, 0 0 0 0 O 0 0 ¢

0 0 O
H - 0 _‘C%E} 0

and Cy(z) = C(z) — A(z)H + HB(z). By corollary 2, Chapter II, the virtual
structures C' and C; are equivalent.
Since for any virtual structure ¢ condition (6), Chapter II, must be satisfied,
after direct calculation we obtain:
0
0(62)20(63):0, 0(61)2 0 , peR.

o O
oo

—-p
Similarly we obtain the other results of the Lemma.

Let (g, g) be a pair of type 3.14. Then it can be assumed that the corresponding
virtual pair (g,g) is defined by one of the virtual structures determined in the
Lemma.

Since the virtual structure ¢ is primary, we have

g%(h) =g%(h) x U%(h) for all a € h*.

Thus

g=a"""m e PHed”mea ) eV H) e g m)
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where
§1M() =Rez, g™ (h) = Rug,
g " (h) =Res, gV (h) = Ruy,
39(h) = Rey, g"(h) = Rus.
Therefore
[u1,uz] € §,
[ul Ug] € g( +P')
[U2 US] c g(ﬂ' 1)
Consider the following cases:
p = 0. Then
le1, e2] = —(1 + pes,
ler,e3] = (1 —p)es,  [ez,e3] =0,
[61, U] = U1 +P637 [62,U1] = 07 [e3au1] = 0;

] =
le1, ug] = —uz + pea, [ea,uz] =0, [e3,us] =0,
[61,’663] per, [62,U3] = U2, [63,113] = Up.

and
[u1,us] = are1 + agus,
[u1,us] = bses + Bruq,

[uz,us] = caeq + vaus.

Using the Jacobi identity we see that the pair (g, g) has the form

[,] €1 €2 €3 131 Ug U3

e 0 —e e U —u 0

6; €2 2 6) 01 0 2 Ug

€3 —€g3 0 0 0 0 U1

U1 —U1 0 0 0 0 5363 + ﬂlul
U2 U2 0 0 0 Y2U2 + coe9
u3 0 —uy —u; —bzes —PBiur —caex — Youz

Consider the following cases:
1.1°. by + B2 = 0.

1.1.1° ¢ — 512& — Tf =0 and 79 + ﬂl = 0. Then the pair (g, g) is equivalent

to the trivial pair (g1, d1)-

1.1.2° ¢ — ﬂgi — ﬁTf =0 and v, + % # 0. Then the pair (g, g) is equivalent
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to the pair (g5, g5) by means of the mapping 7:gs — g, where
m(e1) = e1,
m(e2) = (o + D)o,
ﬂw:m+ém,
m(u1) = (712 5 )——63 +u1,

m(uz2) = —(72 + )*‘62 + ug,

B ﬂl

m(uz) = (v2 + 7)@03 (72 + 5)5e

1.1.3° ¢co— ﬁ—lzﬁ - %12 > 0. Then the pair (g, g) is equivalent to the pair (gs, g¢)

by means of the mapping 7 : g — g, where

m(e1) = e1,
m(ez) = \/Cz - &27-2- - %12-62,
m(es) = \/Cz - 51272 /84_%63,

)= +yfer = B2 BB
m(ug) = ug + \/02 _ ﬂ1272 %ii_l ’
w(us) = \/62 N ﬁlz’rz B %_w

2
1.1.4°. ¢o— % - i—l < 0. Then the pair (g, g) is equivalent to the pair (g7, g7)

by means of the mapping 7 : g7 — g, where

m(e1) = e1,

m(es) = \/—cz + ﬂ1272 il ez,
e = yf—cr + 222 1 B,
mm=m+¢ﬂ+m%+%%

W(us)z\/~02+@+ﬂ—l u3.
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1.2°. B3+ f?/4 > 0 and 73 + 4cy > 0.
Then the pair (g, g) is equivalent to the pair (gs,gs) by means of the mapping

7 :@s — @, Where

m(e1) = ex,
71'(62) = /\62,
m(es) = Aes,
A
m(uy) = %63 + uq,

where A\ = \/534-%%’ HZ—%.

1.3°. B3 + %12 > 0 and 72 + 4cy < 0.
Then the pair (g, g) is equivalent to the pair (g9, g9) by means of the mapping
T : g9 — @, where

A
m(uy) = %63 + uq,

A
m(ug) = %62 + uo,
m(ug) = A7 (us + peq),

Where/\zy/ﬂ3+%12,p=—5§—1,b=)\ —02—1—%.

2
1.4°. By + 2L <0 and 43 4 4¢; < 0.
Then the pair (g, g) is equivalent to the pair (g10,810) by means of the mapping
7 @10 — @, Where

m(e1) = e1,
A

m(ez) = 362,

m(es) = Aes,
A

() = 2les +un,
A

m(ug) = %62 + uo,

m(us) = A7 (uz + per),

where A\ = ﬂg-&—%f,/j:-——%l—,b:/\\/_cZ_%%_
Note that two pairs (gg, g5 ) and (g4, g¢ ) corresponding, respectively, to the values
a and —a of the parameter are equivalent by means of the following mapping
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m(e1) = e,
m(eg) = —eq,
m(es) = —es,
m(u1) = us
m(ug) = ug
m(us) = —us.

So, it can be assumed that o > 0. Similarly, we obtain additional conditions on

parameters in the pairs 3.14.7, ...

, 3.14.10.

Consider the homomorphisms f; : g — gl(4,R), ¢ = 1,5,...,10, where f;(z)
is the matrix of the mapping adpg,  in the basis {es, e3,u1,u2} of Dg;, z € g;.
Since the subalgebras f;(g:), 7 = 1,5,...,10 are not conjugate, we conclude that
the pairs (gi,9i), ¢ = 1,5,...,10 are not equivalent to each other.

2°. u=1. Then
[e1, e2] = —2eq,
[e1,e3] =0, [e2, €3] = 0,
le1,u1] = uy, [e2,u1] =0, [e3,u1] =0,
le1,u2] = —ug, [ez,uz] =0, [es,uz] =0,
[e1, us] = us, le2, us3] = ua, [es,ug] =u;
and
[u1,ug] = aje; + azes,
[u17u3] =0,

[ug, us] = cre1 + cses.

Using the Jacobi identity we see that the pair (g, g) has the form

2.1°. b3 =0.

[,] €1 €2 €3 U1 U2 us
€1 0 —262 0 Uq —U3 Us
€9 262 0 0 0 0 U9
es 0 0 0 0 0 uy
(5] —U1 0 0 0 0 0
Ug U9 0 0 0 0 1)363
Us —Uusg —U2 —Ux 0 —1)363 0

Then the pair (g, g) is equivalent to the trivial pair (g1, g1).

2.2°. by # 0.

Then the pair (g,g) is equivalent to the pair (g2, g2) by means of the mapping
T : gy — @, where
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3°. u =2. Then
[61, 62] = —362
[e1,e3] = —es  [ea,e3] =0
ler,ur] =u1  [ez,u1] =0 [e3,ua] =0
le1,ua) = —ua  [ez,ug] =0 [es,uz] =0
le1,us] = 2us  [ea,us] =us [es,us] =uy
and

[u11u2] = aieéy,
[u’la U3] = 07

[ug,u3] = ajus.

Using the Jacobi identity we see that the pair (g, g) has the form

[a] €1 €2 €3 U1 U2 U3
e 0 —3e; — u —U 2u
e2 | 8¢ 00 0 0 P
€3 €3 0 0 U1
Uy —Uy 0 0 0 0 0
U2 U 0 0 0 0 U
us —2U3 —U9 —Uu 0 —Q1Uy ]0 .
3.1°. aq = 0.
Then the pair (g, g) is equivalent to the trivial pair (g1, 91).
3.2°. (051 7& 0.

Then the pair (g, g) is equivalent to the pair (gs,gs) by means of the mapping

7 : @3 — @, where
n(ei) =€, 1 =1,2,3,

7r(u]-) = Qa1uy, ] = 1,2,3.

4°. = 3. Then

3
[61,62] = —562,
1
[e1,e3] = 563, [e2,e3] =0,
[el7u1] = Ui, {623’“1] = 07 [63,U1] = 03
[61,u2] = —u2, [62, U,z] = 0, [63,U2] = O,

1
le1, us] = 5us + pes, le2,us] = uz, [es,us] = u,

and
[uhuz] =aeéy,

[uy,u3] =0,

[U2,U3] = 0



210 III. THE CLASSIFICATION OF PAIRS

Using the Jacobi identity we see that the pair (g, g) has the form:

[a] €1 €2 es Ul Ug U3
e1 0 —%62 %63 U —ug %Us + pes
€9 %62 0 0 0 0 Ug
€3 —%63 0 0 0 0 U1
Uy —Uuj 0 0 0 0 0
U Uz 0 0 0 0 0
U3 —%u;; —pes —us —u; O 0 0
4.1°. a; = 0.
Then the pair (g, g) is equivalent to the trivial pair (gi,81).
4.2°. ay # 0.

Then the pair (g, g) is equivalent to the pair (g4,94) by means of the mapping
7 : g4 — @, where

Consider the homomorphisms f; : g — gl(3,R), : = 1,4, where f;(z) is the
matrix of the mapping adpg,z in the basis {ez, e3,u1,u2,us} of g;, € g;. Since
the subalgebras fi(gi), ¢« = 1,4, are not conjugate, we conclude that the pairs
(gi,8i), ¢ = 1,4, are not equivalent.

5°.u ¢ {0,1,2,1}.
Then the pair (g, g) is trivial.
The proof of the Proposition is complete.

Proposition 3.15. Any pair (g,g) of type 3.15 is equivalent to one and only
one of the following pairs:

1.
[,] €1 €2 €3 U1 Uz us
e1 0 es+ Aex Aeg—ey Aup —wuz up+Auz 0
€9 —€3 — )\62 0 0 0 0 U2
€3 €y — )\63 0 0 0 0 U1
Uy Uz — )\ul 0 0 0 0 0
U9 — Uy — )\U2 0 0 0 0 0
us 0 —U2 —U1 0 0 0

2.
[a] €1 €2 €3 Uq U9 Uz
e1 0 es +Aea Ae3 —ex Aup —ug up+Aug 0
€9 —e3 — Aey 0 0 0 0 Ug
€3 €2 — )\63 0 0 0 0 U1
Uy Ug — )\ul 0 0 0 0 €3
U2 —uy — A\ug 0 0 0 0 e
Us 0 — U3 —U1 —€3 —€2 (?
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3.
[7] e1 €2 €3 (23] U9 U3
el 0 e3+Aea Aeg —ey Auj —up uip+Aug O
€2 —€3 — )\62 0 0 0 0 U2
es €g — A\e3 0 0 0 0 Uy
Uy Uy — AUy 0 0 0 0 —eg3
U2 —Uuy — /\’U,2 0 0 0 0 —€9
us 0 —Ug —U1 €3 €9 0
4,
[,] €1 €2 €3 Uy Uz Uus
e 0 €3+ Aea Aesg —e Aup — u up + Au 0
e2 | —es—Xey 0 0 Tt g P TR,
€3 €y — )\63 0 0 0 0 Uy
Ui U2 — )\ul 0 0 0 0 e2 + aes
U2 —UuUy — )\u2 0 0 0 0 Qeg — €3
U3 0 —Ug —uq —ey — ez —aeg + €3
5.
[,] €1 €2 €3 Ui U2 us
e1 0 €3+ ey Aes —ex Auyp —ug  up + Aug 0
€9 —€3 — )\62 0 0 0 0 U9
€3 €9 — )\63 0 0 0 0 U1
Uy Ug — Auq 0 0 0 0 —eg + aes
Uy —U1 — AUg 0 0 0 0 aey + e3
us 0 —U2 —U1 €9 — (O€Eg3 —0Eg — €3 0
6.
[>] €1 €2 €3 231 Ug U3
€1 0 €3 —}-)\62 )\63—62 >\U1—U2 (73] —I—)\UQ 0
€2 —63—)\62 0 0 0 0 U2
€3 €3 — \es 0 0 0 0 Ui
Uy Uy — AU 0 0 0 0 aeqs+ ez +uy
Ug — U1 —Aug 0 0 0 0 Bes —aes+us
u3 0 —Us —uy —aey—fez—u; —feytaez—uy

Proof. Let € = {e1, ez, e3} be a basis of g, where

A1 0 0 0 0 0 0 1
er= -1 X 0], e=10 0 1], es=[0 0 0
0 0 0 0 0 O 0 0 0
Then
0 0 O 0 0 0 0 0 O
Aler)=10 X =11, Ale2)=| -2 0 0], A(es)=| -1 0 0},
0 1 A -1 0 0 -2 00

and for # € g the matrix B(z) is identified with z.

By b denote the nilpotent subalgebra of the Lie algebra g spanned by the vec-
tor eq.

Consider the complex generalized module (g&, U®). Put

éi :6,'@1, i=1a2’3a and QAj‘]:u]@)]" ]=1’2’3

Then £ = {&;, &, &3} is a basis of gC. The vector space UC can be identified with
C?, and {iy, @iy, U3} is a standard basis of UC.
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Lemma. Any virtual structure q on generalized module 3.15 is equivalent to
one of the following:

0 0 p
C(el) = p —Ap 0|, 0(62) = 0(63) =0, peR.
—Ap —-p O

Proof. Suppose ¢ is a virtual structure on the generalized module (g,U). By
Proposition 15, Chapter II, without loss of generality it can be assumed that ¢ is
a primary virtual structure on (g&, U®) (with respect to h*). We have

(69 (h°) = Cey, (UE)O(5%) = Cas,
(6937 (0%) = C& +iea), (UO)AI(H) = Clian + i),
(@)MI(5°) = C(es +iés),  (UT)PMI(HS) = C(iiy + idia).

Then
¢ (&)(i3) e Cé,
gC(&; +1¢3)(ii3) € C(&y +1ié3),
qC (&5 +1&;)(iis) € C(&; + iéy),
¢C (&) (tig +itiy) € C(& +ié3),
¢S (82 +1&) (i + 1) =0,
q“(&s +i&)(t2 + i) € C(&),
g (&1)(iy + itip) € C(é3 +iéy),
qC(&; +1é35)(1y + ity) € Céy,
¢S (&3 + &) (1 + itiy) = 0.
Therefore,
qC(é1)(ii1) € Céy + Céz  ¢%(&2)(1iy) € Cé, ¢(&3)(t1) € C&
qC(1)(iiy) € Céy 4+ Cés  q%(&)(iy) € C& ¢%(83)(tiz) € C&
¢ (é1)(ti3) € Cé; ¢ (&)(ii3) € Céy + Cé3  ¢%(é3)(1i3) € Céy + Cés

Since the matrices of the mappings ¢(eh;) and ¢%(e;), i = 1,2, 3, coincide, we obtain

0 0 ¢ ciy ¢ 0
Cle)=|cy ¢ 0], Cleag)=| 0 0 o33 ],
3 ¢y 0 0 0 s
cii ¢l 0
Cles)=| 0 0 ¢
0 0 ¢
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0 0 O
H=|cs ¢35 0/,
i3 ¢33 O
and Ci(z) = C(z) 4+ A(z)H — HB(z) for € g. Then
0 0 cis ¢l cf |
01(61) = c%l 6%2 0 ) 01(62) = 0 0 )
cdy oy, 0 0 0
¢t i O
Ci(es)=| O 0 0].
0 0 0

By corollary 2, Chapter II, the virtual structures C' and C; are equivalent.
Since for any virtual structure ¢ condition (6), Chapter II, must be satisfied,
after direct calculation we obtain:

o O O

0 0 C%s
Ci(er) = cls —Acls 0 |, Ci(es) =Ci(es) =0.
—Acjz —c3 0

This completes the proof of the Lemma.

Let (g,g) be a pair of type 3.15. Then it can be assumed that the corresponding
virtual pair (g,g) is defined by one of the virtual structures determined in the
Lemma. Then

[e1,e2] = e3 + Aeg,

[e1,e3] = ez — ea,

le1,u1] = per — Apes + Aug — ug,
le1, ug] = —Apez — pes + u1 + Aug,

[61, U3] = peéi,

Since ¢* is a primary virtual structure on the generalized module (g€, U®), we
have

(@)*(6%) = (@9)*(0°) x (U")*(h°) for all a € (h©)*
(Proposition 10, Chapter II). Thus

@)P(HC) = C(&; + i&2) ® Cliay + iiiz).
Therefore,

[az + Z'ﬂl, 17,3] € C(éz + ’Lé3) o) C(’&z + ’L"&l),

[Uy + tg, Us) € C(€5 +i€2) ® C(uy + 1u2),

[Gg 41U, Uy + 1Uy] € Cé; & Cis,
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and
[u1,uz] = are1 + asus,
[u1,us] = baes + bges + Brus + Bauz,
[uz,us] = coes + czez + y1u1 + Y2u2.

Using the Jacobi identity we see that the pair (g, g) has the form:

€1 €2 €3 U1 U2 us
e1 0 e3 + Aeg Aes —eg Auyp —ug ug + Aug 0
€2 | —€3 — )\62 0 0 U2
€3 €y — )\63 0 0 0 0 u
Ui Ug — )\’U,l 0 0 0 0 1&
U2 | —U1 — )\’U,z 0 0 0 0 B
Uus 0 —U2 —Uq —A -B 0

where A = byeg + bzes + Biuy + Bauz, B = bzey — boes — Bouy + Brua.
The mapping 7 : g’ — g such that

m(e;) =ei, 1 =1,2,3,

m(uy) = %2‘62 - %‘A@s + u1,
m(ug) = —%/\62 — @2263 + ug,
m(us) = %61 + us,

establishes the equivalence of pairs (g, @) and (g',g'), where the latter has the form:

€1 €9 €3 U1 U2 Uus
€1 0 es+Aes ez —ex Auyp—ug up+Auy O
€9 —e3 — Aeg 0 0 0 U
es es — Aes 0 0 0 0 u
Uy Ug — AU 0 0 0 0 fi
Uz —Uu; — )\UQ 0 O O 0 B
Uus 0 —U3 —U1 —A -B 0 5

where A = kieq + koesz + ksuy, B = koeg — kies + ksuo,

by = ﬂlzﬂz b,

ko = be — B2(A% +1) B B1 B2 A
2 = b3 1 5
ks = Ba X + 1.

Consider the following cases:

1°. ks # 0.
Then the pair (g',g') is equivalent to the pair (gg, g¢) by means of the mapping
7T : g — @, where

m(ei) =ei, 1=1,2,3,
m(uj) = ksuj, 3 =1,2,3.
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2°. k3 = 0.
2.1°. k1 < 0. Then the pair (g, g') is equivalent to the pair (gs, gs) by means of
the mapping 7 : g5 — @', where

n(ei) =€, 1=1,2,3,

(uj) = v/~kiuj, j =1,2,3.
2.2°. k1 > 0. Then the mapping 7 : g4 — @' such that

m(e;) =ei, 1=1,2,3,

m(uj) = Vhug, §=1,2,3,

establishes the equivalence of pairs (g',¢') and (g4, 94).
2.3%. k1 = 0.
2.3.1.° k3 < 0. Then the pair (g', g') is equivalent to the pair (g3, gs) by means
of the mapping 7 : g3 — @', where

m(ei) =€, 1=1,2,3,
m(uj) = /~kauj, j =1,2,3.
2.3.2°. ky > 0. Then the mapping 7 : go — @' such that
m(e;) =ei, 1 =1,2,3,
m(u;) = Vhkouj, j=1,2,3,

establishes the equivalence of pairs (g, g') and (g2,92)-
2.3.3°. k3 = 0. Then the pair (g, g) is equivalent to the trivial pair (g1, g1).

Now it remains to show that the pairs determined in hte Proposition are not
equivalent to each other.

Consider the homomorphisms f; : g; — gl(4,R), ¢ = 1,...,6, where f;(z) is the
matrix of the mapping adpg, = in the basis {ez, e3,u1,u2} of Dg;, ¢ € g;.
Since the subalgebras fi(gi), ¢ = 1,...,6, are not conjugate, we conclude that

the pairs (8i,9:), ¢ = 1,...,6, are not equivalent.
This proves the Proposition.

Proposition 3.16. Any pair (g,g) of type 3.16 is trivial pair.

[,] el €2 es (1 U ug
el 0 (A—p)ea +es (A—ples —ea Aug —up Aug+uy  pus
€2 M — A €2 — €3 0 0 0 0 U2
es p— Aeg + eg 0 0 0 0 Uy
Uy Uy — AU 0 0 0 0 0
Ug — AUy — Uq 0 0 0 0 0
us — U3 —Ug —Uq 0 0 0

Proof. Let £ = {eq,e2,e3} be a basis of g, where

A1 0 0 00 0 0 1
egr=|—-1 X 0], e={0 0 1}, es=}10 0 0
0 0 u 0 0 O 0 0 O
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Then
0 0 0 0 0 0
Aler) =0 A=p =1 |, Alea)=|A—p 0 0],
0 1 A—p -1 0 0
0 0 0
A(eg)z 1 0 0 5
p—XA 0 0

and for z € g the matrix B(z) is identified with z.
By b denote the nilpotent subalgebra of the Lie algebra spanned by the vector e;.
Consider the complex generalized module (g€, UT). Put

éi=e®1,1<i<3, anddj=u;®1, 1<) <3.

Then € = {é;,¢,,é3} is a basis of g€. The vector space U can be identified with
C?, and {@y, tig, i3} is the standard basis of UC.

Lemma. Any virtual pair (g,g) of type 3.16 is trivial.

Proof. Suppose (g, g) is a virtual pair defined by a virtual structure g. By Propo-
sition 15, Charter II, without loss of generality it can be assumed that ¢ is a
primary virtual structure on the generalized module (g&, U®) (with respect to §©).
Since

@) = céy,

(@) (h) = C(ér + iés),
(g5) A (HC) = C(&; — ié3),
(USYM*I(H) = Ci + iiia),
(USYPXI(h) = C(i — iiia),
(UM (H°) = Cils,

we have

qc(51)(ﬁ1 + 1tip) = 0,

¢ (&) (1 — itiy) = 0,

¢“(&1)(iis) =0,

¢C(&2 + i€3) (11 + itia) € (g°) P (HC),
¢ (&5 + i€3)(tiy — itiy) = 0,

q%(éy +i&3)(113) = 0,

qC(&y — ié3)(tiq + itig) = 0,

g (2 — i&s)(ila — ilia) € (8°) A (H),
¢ (&5 — iés)(iis) = 0.
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Therefore,

(1) = —q“(és)(ii2),
g% (é2)(ti2) = ¢“(&3)(in),

Since the matrices of the mappings g(e;) and ¢%(é;), 1 < i < 3, coincide, we obtain

0 0 O ci ¢ 0 2 —c1 0
Cles3)=(0 0 0], C(e2)={0 0 0}, C(ee)=10 0 0].
0 0 O 0 0 O 0 0 O

Checking condition (6), Charter II, for e; and e3, we obtain ¢, = ¢; = 0. This
completes the proof of the Lemma.

Thus it can be assumed that the virtual structure ¢ determining the virtual pair
(g,9) is the zero mapping of g into L(U, g). Then

= A\uy — ug, le2,u1] =0, [es,u1] =0,
e1,uUz| = uy + )\Uz, [62,?1,2] = O> [63,U2] = 0’
€1, U,g] = pus, [62, u3] = U2, [63,U3] = U1

Since ¢C is a primary virtual structure on the generalized module (g%, U®), we
have

@)1 = @) 1) x (U)X (H), for all a € (h)*
(Proposition 10, Charter II). Thus,

@) (h%) = Cey,

@) (h%) = C(é, +iés),
@) A4 = C(eg — ics),
@)MI(H%) = Cli +iiia),
@) A2 (h) = Cliiy — iiip),
@)™ (p°) = C(is),

Therefore, '
[ﬁl + iﬂz,ﬁ;;] € (gc)(A-HH_z)(bC)?

[i1 — i, 45 € (8°) M7 (5°),
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and ) i

[y + ifig, U3] = [ti1, Us] + 1[d, 3] = 0,

[th — tlg, Us) = [U1, Us) — t[la, Us] =0,

[y + diig, @y — é1i) = —2i]iy, @] € C&y + Ciis.
Hence,

[Ul, Ug] = 0,
[’U,z, U3] = O,

[uy,us] = ajer + agus.
Using the Jacobi identity we obtain a; = ag = 0. Thus the pair (g, g) is trivial.

Proposition 3.17. Any pair (g, qg) of type 3.17 is trivial.

[,] €1 €2 €3 U1 U2 U3
el 0 0 es u; Aui+us 0
€2 0 0 —€3 0 Uy us
€3 —€3 €3 0 0 0 Uy
Uy —Uq 0 0 0 0
Us —Au; —ug  —uy 0 0 0 0
us 0 —uy —u; 0 0 0

Proof. Consider z € g such that

A+1

+
1
0

8

Il
oo
- oo

Note that zy = idy +¢, where ¢ is a nilpotent endomorphism. Then, by Proposi-
tion 13, Chapter II, the pair (g, g) is trivial.

)

Proposition 3.18. Any pair (g,9) of type 3.18 is trivial.

(] e1 ez ez U up U
€1 0 0 €3 Ui Ui+ uo 0
€2 0 0 —€3 0 0 Us
€3 —e€3 € 0 0 0 U1y
U1 —U1 03 0 0 0 0
Usg —uy —ug 0 0 0 0 0
us 0 —u3 —u; 0 0 0

Note that zy = idy +¢, where ¢ is a nilpotent endomorphism. Then, by Proposi-
tion 13, Chapter II, the pair (g, g) is trivial.
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Proposition 3.19. Any pair (g,g) of type 3.19 is equivalent to one and only
one of the following pairs:

1.
[7] €1 €2 es U1 Uy Uy
€1 0 —€2 —-}\63 0 U2 >\U3
€2 €2 0 wup 0
€3 )\83 0 0 0 0 U1
Uq 0 0 0 0 0
U2 —U9 —U1 0 0 0 0
us —\us 0 —u; 0 O 0
2.
[,] €1 €2 €3 U1 Ug ug
€1 0 —€3 —)\63 0 U9 /\Ug
€9 €2 0 €9 Ui 0
e3 Aes 0 0 0 0 wui—e
U1 0 —€9 0 0 Uz
U9 —U2 —U1 0 —U2 0 0
Uus —>\’LL3 0 €1 — Uq O 0 0
3.A=0
[a] €1 €2 €3 Uy Uz U3
e 0 —e 0 0 wug e
e; e 02 0 0 u? 0?.
e ¢ 0 0 0 0 wu
U 0 0 0 0 0 O
U9 —Ug —U1 O 0 0 0
us —E€3 0 —U1 0 0 0
4. X=0
[,] €1 €2 €3 {731 Ug U3
e 0 —e 0 0 u 0
N S A A
€
i 0 R
U2 — U2 —Uq 0 0 0 0
us 0 0 —U]1—E€s3 0 0 0
5. 2=0
[7] €1 €2 €3 Uy Usg Uusg
e 0 —e 0 0 u e
clg &8 0 w0
e u e
uy 0 0 0 0 o Mg
U2 —U9 —Uy 0 0 0 0
us —€3 0 —U1—E€3 0 0 0
6. \=0
[7] €1 €2 €3 U1 U2 U3
e 0 —e 0 0 —
e; e 02 0 e Z? “ 0u1
€3 6 0 0 (f 0 Uy —ex
(751 0 —€2 0 0 U 0
Uz —U2 —Uq 0 —uqg 0 0
us Uy —ey 0 €1 —Uq 0 0 0
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7.A=0

8. A=0

9. 2=0

10. A=0

11. A =1

2. x=1

I1I.
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{a] €1 €2 €3 Uy U9 usg
e 0 —e 0 0 U 0
e2 e 0 0 0 u 0
€3 (f 0 0 0 0  ui+taes
U 0 0 0 0 0 Uy
U9 —Ug —Uj 0 0 0 U2
U3 0 —Uj—aeg —u;  —Usy 0
[7] €1 €2 €3 Ui U2 Uus
e 0 —e 0 0 U e
e; e 02 0 0 ui (f
es 02 0 0 0 0 u1+aes
Uq 0 0 0 0 0 Uq
U9 —Ug2 —Ujp 0 0 0 U
U3 —e3 0 —Uy—oaez —uU;  —Us 0
[,] €1 €9 €3 (/5] Ug us
e 0 —e 0 0 U e
e% e 02 0 e u% O3
es (f 0 0 (f 0 wuj—ejtaes
Up 0 —eq 0 0 uq ]O
U2 —Ug —U3 0 —U2 0 0
U3 —e3 0 e;—u;—aes O 0 0
[] €1 €2 €3 up U2 us3
e 0 —e 0 0 wu —e
eé e 02 0 e uf (3:3
e3 (f 0 0 (f ui—ejtaes
Ui 0 —e 0 0 Ug b
(%) —Ug —Up 0 —U2 0 0
us €3 0 €1—U1— QE3 0 0 0
[a] €1 ) €3 Uy Uy U3
€1 0 —e9 —€3 0 Uz Usg
€2 es 0 0 es Uy eg
es es 0 0 0 0 wup
Uy 0 —es 0 0 0 wu
U2 —Ug2 —Ujp 0 0 0 02
U3 —uz —ey; —u; -—ug 0 O
[a] €1 €2 €3 U1 U9 U3
e 0 —eqg —e 0 U U
e; e 02 03 es uzl) ef
€3 e 0 0 —e9  —e1  Up
Ui 03 —€3 €9 0 —Uuz Ug
U2 —Ug2 —U1 €1 Us 0 0
Uus —Uusz —e€i —U; —U2 0 0
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13. A=-1
[a] €1 €2 €3 Ui U2 U3
e 0 —e e 0 wugtes ey—u
e; €9 02 03 0 2u1 3 20 ’
es3 —e3 0 0 0 0 U
it 0 0 0 0 0 0
U2 —ez3—Uy —Ui 0 0 0 0
us Uz —eg 0 —U1 0 0 0
14. A=-1
[a] €1 €2 €3 U1 U9 uUsg
e 0 —e e 0 U —1u
e; es 0. 0 0 U? 0
es —e3 0 0 0 0 U1
Uy 0 0 0 0 € €2
Ug —Uy —Uq 0 —eg3 (53 e
us us 0 —U1 —€9 —€1 01
15 A =-1
[a] €1 €2 €3 Uy U2 U3
e 0 —e e 0 estus exa—u
e; e 02 03 0 3u1 27
e3 —e3 0 0 0 Uy
U1 0 0 0 0 €3 €2
U2 —€3—1Ug —Up 0 —€3 0 €
Usg —eg+us 0 —UuU; —eg —eq 01
16. A= —1
[7] €1 €2 €3 U1 U us
e 0 —2e e 0 2uy -—u
&2 % 0. 0 0 u. 0
€3 —€3 0 0 0 0 Uq
Uy 0 0 0 0 0 0
Ug —2uq  —uj 0 0 0 es
U3 U3 0 —u; 0 —es 0
17 X=3
[,] €1 €2 €3 Uy U2 U3
e 0 —2e9 —e 0 2us wu
e; 2eq 2 03 0 u12 eg
es3 es3 0 0 0 u
U1 0 0 0 0 0 0
U —2us —u3; 0 0 0 O
us —Uus —€3 —U1 0 0 0
Proof. Let € = {e1,e2,e3} be a basis of g, where
0 0 O 01 0 0 0 1
€1 = 01 0 , €2 = 0 0 O , €3 = 0 0 O
0 0 A 0 00 0 0 O
Then
0 0 0 0 0 O 0 0 O
A(el) = 0 -1 0 5 A(ez) = 1 0 0 5 A(e?,) = 0 0 O s
0 0 =X 0 0 O A0 O

and for z € g the matrix B(z) is identified with .
By b denote the nilpotent subalgebra of the Lie algebra g spanned by the vec-

tor eq.
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Lemma.
(z) Suppose X # 1. Then any virtual structure q on generalized module 3.19 is
equivalent to one of the following:

a) A ¢ {0’ %7_1}

000 00 —p
01(61) = 0, 01(62) = P 0 0 3 01(63) = 0 0 0 H
0 0 0 0 0 O

)A=3
00 0 00 —p
03(61)'—‘0, 03(62): p 0 O y 03(63): 0 O 0 )
00 ¢ 00 0
d)yA=-1

0 0 O 0 0 O 0 0 —p
Ca(er) =10 0 r |, Cale2a)=1p 0 0], Cules)=|0 0 0 |;
0 0 0 0 g 0 0 0 0

(it) Suppose A = 1. Then any virtual structure q on generalized module 3.19 is
equivalent to one and only one of the following:

a)
Cs(ei) =0, 1=1,2,3;
b)
0 0 O 0 0 O
Coler) =0, Co(ez)=| -1 0 0], Co(es)=|0 0 0;
0 0 O 0 0 1
c)
0 0 1 0 -1 0
07(61) = 0, 07(62) = 0 0 0 N 07(63) = -1 0 0 3
1 00 0 0 0
d)
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Proof. Let ¢ be a virtual structure on generalized module 3.19. Without loss of
generality it can be assumed that ¢ is primary. Since

9(0)(b) ) Rela
g7 (h) D Rey,
g(_A)(b) o R63,

U©(h) > Ruy,
UM (h) D Ruy,
UN(h) D Rus,

we have
0}1 0 C%s 0 C?z 0%3 C:ﬂ C?z C?a
C(el) = 0 0 C%s ) 0(62) = C%l 0 C%a ) 0(63) = C%l ng 0
1 1 1 2 2 2 3 3
€31 C32 C33 C3y C33 C33 c33 0 cg
Put ) ,
¢z 0 —cyy
H = 0 O 0 ,
2, 0 0
and C'(z) = C(z) + A(z)H — HB(z) for € g. Then
/ 0%1 0 Ci:; . 0 0 C%a , C?l C%z Ci’s
C'les)=| 0 0 c33),C'(e2)=1|c3; 0 0 |,C'es)=|¢c3 ¢S, 0
C%l C:I).2 01113 C%l 0 ¢35 Cgl 0 033

Since for any virtual structure g condition (6), Charter II, must be satisfied, after
direct calculation we obtain:

0 0 O 0 O 033\ 0 &, o2
C'les)=10 0 ¢y |,C'(ea)=1¢c3, 0 0 |,C'(es)=1{c3, 0 0 |,
0 c3p c33 i 0 iy 0 0 c3
where
(1 - A)C?Z = 03
(1 - )‘)cgl =0,
Acs, =0,
(1 - A)C%B =0,
1 Q=X =0, (*)
Acty = Gy
ch1 = i,
(2)\ - 1)033 = Oa
cfs = —c3;.
Consider the following cases:
a) A ¢ {0,—1,3}. Since g is primary, we obtain
€33 = Cp3 = C33 = €3y = Cly = €5y = ¢y = ¢f = ¢33 = 0.
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From (*) it follows that ¢}; = —c2;.

b) A = 0. Since ¢ is primary, we obtain

i 1 _ 2 _ 2 _ 2 _ 3 _ 3 _
€39 = €33 = C3; = Cig = C33 = €31 = €15 = 0.

From (*) it follows that ¢3; = —c2;.
c) A= % Since ¢ is primary, we obtain

1 _ 1 _ 1 _ .2 _ .2 _ 3 _ 3 _ 3 _
C3y = Cg3 = C33 = C33 = €3 = C33 = Cg1 = € = 0.
From (*) it follows that c¢}; = —c3;.
d) A = —1. Since ¢ is primary, we obtain

1 _ 2 _ 2 _ 2 _ 3 _ 3 _ 3 _
€33 = €31 = Cig = C33 = Cg1 = €y = €33 = 0.

From (*) it follows that ¢}, = —c3;.
e) A = 1. Since ¢ is primary, we obtain

i 1 _ 1 _ 2 _ 3 _
€33 = €33 = C33 = C33 = ¢33 = 0.

From (*) it follows that ¢, = c2;, ¢}, = ¢3;, and ¢}, = —c3;. Thus
0 0 ciy 0 cfy —c3
C'(e1)=0, C'lea)=1|c3; 0 0], Clles)=1¢c}, O 0
2.0 0 0 0 0

By Proposition 7, Charter II, virtual structures C' and C" are equivalent if and
only if there exist P € Aut(g) and H € Matz3(R) such that

C"(z) = FC'(¢™*(z))P™* — A(z)H + HB(z) for all z € g,

where ¢ = ¢(P), and F' is the matrix of ¢.

Direct calculations show that the virtual structure ¢ is equivalent to one and
only one of the virtual structures Cs, Cs, C7, Cs.

The proof of the Lemma is complete.

Let (g, g) be a pair of type 3.19. Then it can be assumed that the corresponding
virtual pair (g,g) is defined by one of the virtual structures determined in the
Lemma. Since the virtual structure ¢ is primary, we have

g%(h) = g%(h) x U%(h) for all o € h*

(Proposition 10, Chapter II).
Consider the following cases:
1°. A ¢ {0,%,-1,1}. Then

392

[e1, ea] = —e,

le1,e3] = —Nes, [e2,e3] =0,

le1,u1] =0, [e2,u1] = pea, [es,u1] =0,
le1, ug] = ug, le2, ug] =u1, [es,uz] =0,
ler,us] = Aus,  [ea,us] =0, [es,us] = us — pey.
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Since
39(h) = Res @ Ruy,
g(—l)(b) = ReZa g(l)(b) = RU2,
gV (h) = Res, §M(h) = Rus,
we have
[u1, us) € gV(b),
[u1,u3) € gV (),
[uz,us) € g TY(B),
and

[ul,uz] = O U3,
(w1, us] = Baus,
['LL2, ’M3] = C3€3.

Using the Jacobi identity we see that the pair (g, g) has the form:

[ ,] €1 €2 €3 U1 Uz us

€1 0 —e9 —\es 0 U9 Aus

€2 €2 0 pe2 Uy

€3 /\63 0 0 0 0 U1 —pex
Uq 0 —pes 0 0 PUa 0

Uo —Ug —Uq 0 —pu2 0 czes
Uus —Aug 0 pe; —uj 0 —c3€3 ,

where c3(1 + 2X) = 0, and pcs = 0.

1.1°. ¢ = p = 0. Then the pair (g, g) is trivial.
1.2°. ¢3 = 0, p # 0. Then the pair (g,g) is equivalent to the pair (g2, g92) by
means of the mapping 7 : go — @ such that

7r(e,~) = €4, 1= 1,2,3,

1 .
m(uj) = Eu]', 7 =1,2,3.

1.3% ¢c3 # 0, A = —%, p = 0. Then the pair (g,g) is equivalent to the pair
(@16, 916) by means of the mapping 7 : g1 — @ such that

ﬂ'(el) = 261, 7T(U1) = C3Uy,
ﬂ'(ez) = C3€3, ﬂ(uZ)ZUQ,

m(e3) = cses, m(uz) = us.

Since dimDg; # dimDg,, we see that the pairs (g1,¢1) and (g2,82) are not
equivalent. For \ — % we have dim Dgy # dim Dgyg, and dimD?g; # dim D?gye.
This implies that the pair (g16, g16) is not equivalent to the pairs (g1, g1) and (g2, g2)
for A = —1.

2
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2°. A = % Then

le1,e2] = —eg,
1
le1,e3] = —5¢8 ez, €3] =0,
[61,U1] = 01 [62,U1] = pey, [63,’LL1] = 0)
[61,u2] = U2, [62,U2] = Ui, [63,U2] = 0,
1
[61,163] = 5“3, [ez,us] = ges, [63,U3] = u3 — peyx.
Since
39(h) = Res ® Ruy,
a7Y(h) = Res, g™ (h) = Ruy,
g7/ (h) =Res,  §/V(h) = Rus,
we have
[u1,uz) € g™ (b),
[u1, us] € gd*/2(h),
[us, us) € 3@/ (),
and

[’Ml,uz] = OUs,
[u1,us] = Bsus,

[Uz, Us] =0.

Using the Jacobi identity we see that the pair (g, g) has the form:

[,] €1 €2 €3 U1 U2 us

€1 0 —€2 —5€3 0 U2 %u;:,

es €es 0 6 pes Uy ges

es %63 0 0 0 0 wui—pe;
U 0 —pes 0 0 pU 0

U9 —U9 —Ux 0 —puU2 0 0

u3 —sus —ges pey—u; 0 0 0o ,

where pg = 0.

2.1°. ¢ = p = 0. Then the pair (g, g) is trivial.
2.2°. p # 0. The pair (g, g) is equivalent to the pair (g2, g2) by means of the
mapping 7 : g2 — g such that

71'(62') = €4, 1= 1,2,3,

1
m(uj;) = I;Uj’j =1,2,3.
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mapping 7 : @17 — @ such that

Since dim Dg; # dim Dg,, dimDgy # dimDgy7, and dimD?g; # dim D?gy7, we
see that the pairs (g1,81) , (g2,92) and (g17,g17) are not equivalent to each other.

71'(6,') = €;, 1= 1,2,3,

1 .
m(uj) = ;J—uj, g =1,2,3.

In a similar way we obtain the other results of the Proposition.

Proposition 3.20. Any pair (g,g) of type 3.20 is equivalent to one and only

one of the following pairs:

1.
[a] €1 €2 €3 Uy U2 usg
e1 0 (1—=XNez2 (1—ples ur Aug pus
€9 A — 1 €9 0 0 0 U1 0
€3 H— 1)es 0 0 0 0 Uy
Uy —U1 0 0 0 0 0
(') ——)\u2 —U1 O 0 O 0
us —pus 0 —Uq 0 0 0
2. 2=0,p>0
[7] €1 €2 €3 Ui U2 us
e1 0 € 1—pes wy 0 pus
€2 —€9 0 0 ) 0 U1 0
€3 (p—1)es 0 0 0 0 w
Uy —U 0 0 0  u 0
U9 0 —Uq 0 —U1 0 —Us
ugz —pug 0 —uq 0 U3 0
3.A<0,u=0
[a] €1 €2 es Uy Uy U3
€1 0 (1 - )\)62 €3 U1 )\UZ 0
€2 ()\ — 1)62 0 0 0 U 0
€3 —€3 0 0 0 0 U1
U1 —uy 0 0 0 0w
U9 —\ug —u 0 0 0 uy
u3 0 0 —uy —uy —up 0
4 A< g
[7] €1 €2 €3 Ui U2 us3
€1 0 (1 - )\)62 2)\63 U1 )\U,Z (1 - 2)\)11,3
€9 (/\ — 1)62 0 0 0 U1 0
€3 —2\es 0 0 0 0 Uy
U1 —U1 0 0 0 0 0
U9 —A\u —U1 0 0 0 €9
us (2)\ -1 Uus 0 — Uy 0 —E€9 0
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5. A:1—2,u,,u>%
[7] €1 €2 €3 {751 U9 Usg
el 0 2ues (1—p)es up (1 —2p)ug  pus
€2 —2ues 0 0 0 Uy 0
€3 (u—1)es 0 0 0 0 uUq
U1 —U1 0 0 0 0 0
U2 (2# - 1)'11,2 —Ui 0 0 0 €3
Uus —Hus 0 —U1 0 —E€g3 0
6. =%, p=1
[7] €1 €2 €3 U1 U U3
€1 0 %62 0 Uy ez + %UZ Uus
€2 —Le, 0 0 0 Uy 0
e 0 0 0 0 e ur
s —u 0O 0 0 ] 0
Us —eq — %Ug —u; —eq 0 0 0
us —Uus 0 —U1 0 0 0
7. A0=0,p=1
[,] €1 €2 €3 U1 U3 us
e 0 e 0 u e es +u
e —es ¢ 0 0 u 20"
e3 0 0 0 0 €3 Uy
Uy —uy 0 0 0 161 0
u —e —u; —e3 —Uu ae
ug —eq = Uz 0 ! —ui 0 ! —aeg 02
8 A= %, o= %
[,] e1 ez ez U Ug us
2 1 1 2
el 0 €2 ges Ui €3+ 3uz ez + 3us
€9 —%ez 0 0 0 Uy 0
€3 —3€3 0 0 0 e Uy
U1 —U1 0 0 0 0 0
U2 —€3 — %1@ —U1 —E€2 0 0 0
us —€g — U3 0 —U1 0 0 0
9. \=5,p= %
[7] €1 €2 €3 Uy U9 Usg
el 0 %62 Tes uir ex+3uz ez + jus
€2 —%62 0 0 0 U1 0
€3 —563 0 0 0 0 Uy
Uy —Uq 0 0 0 0 0
Ugy —eg — %uz —uq 0 0 0 0
Uus —€3 — 5’&3 0 —U3y 0 0 0
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[,] €1 €2 €3 731 Ug us
el 0 € %63 Uq 0 es + %ug
€2 —E€2 0 0 0 Uy 0
€3 —%63 0 0 0 €3 Uq
U1 — U7 0 0 0 2u1 0
U9 0 —Ui —€3 —2U1 0 OE3z — U3
us —e3 — %u;; 0 —Ui 0 —ae3 + usg 0
1. A=0, u =0
[7] €1 €2 €3 Ur U2 us
e 0 e e u 0 0
6; —€9 (f (? 01 Uq 0
es3 —e3 0 0 0 e e3 ‘5 Uy
U1 —Uq 0 0 0 —€2
Ug 0 —U1 —e9 e 0 0
us 0 0 —€3 — Uy 6 0
12 2=0,p=0
[7] €1 €2 €3 Uy U2 us
e 0 e e u 0 0
6; —€2 (% d; 01 U1 0
€3 —€3 0 0 0 € es + uq
U1 —Uq 0 0 0 02 —Uq
Ug 0 —U1 —€ég 0 0 —U3
us 0 0 —€3 — U1 U1 U9 0
13. A=0,u=0
[a] €1 €2 €3 U1 U9 uUsg
e 0 e e U 0 0
6; —€9 dz (? 01 (5} 0
€3 —e3 0 0 0 —ep e3 ‘5“1
Uy —U3 0 0 0 e
U2 0 — U1y €9 —€2 (f 0
us 0 0 —e3 — U] 0 0 0
14. A=0,p=0
[,] €1 €2 €3 Ui U2 us
e 0 e e U 0 0
es | —es O 0 0 w 0
€3 —€3 0 0 0 —e€g €3 + uy
Uq —U1 0 0 0 0 —Uq
Ug 0 —Uq €2 0 0 —Uu2
U3 0 0 —e3 — U1 Up U9 0
15, A=0, =0
[,] €1 €2 €3 251 U9 UuUg
e 0 e e U 0 0
&5 | —es O 0 0 w1 0
es —e3 0 0 0 —eg es+u
Uy —u; 0 0 0 %62—63—%’&1 —%624'5”1
U2 0 —u €2 —%62+63+%u1 0 %el-l—%uz-l—%us
us 0 0 —€3— U1 '12-62—%u1 —%61—%u2—%U3 0
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16. A = i, w= %
[,] €1 €2 €3 Uy Uz us
3 1 1 1
€1 0 262 563 U1 Zu2 es3 + §U3
es —3ey 0 0 0 u 0
€3 —5€3 0 0 0 0 U1
Uy —Uuy 0 0 0 0 0
U9 —%’LQ —U1 0 0 0 €2
us —€3 — %u;:, 0 —Ux 0 —€9 0
17 A=0, p = %
[,] €1 €2 €3 Uy U2 us
€1 0 €2 %63 U1 0 es + U3
€2 —eq 0 0 0 wu 0
€3 —%63 0 0 0 0 U1
U1 —U1 0 0 0 0 0
Us 0 —u; 0 0 0 €3
U3 —e3 — %—u:; 0 —u; 0 —e3 0
18 A< 3, p=1%
[7] €1 €2 e3 U1l U2 U3
€1 0 (1 — /\)62 %63 Uy )\Ug €3 + %u;;
€2 ()\ — 1)62 0 0 0 uUq 0
€3 —%63 0 0 0 0 Uy
Uy —Uy 0 0 0 0 0
Uy .\ —Uq 0 0 0 0
us —€3 — 5’&3 0 —U1 0 0 0
19. \=4,pn23
[a] €1 €2 €3 U1 U9 U3
e1 0 %62 (1—p)es uy e+ %uz pus
€2 —%62 0 0 0 U1 0
es (p—1es 0 0 0 0 Uy
(5] —Ux 0 0 0 0 0
U9 —€2 — 5U2 —Up 0 0 0 0
us3 —Hus3 0 —Uuq 0 0 0
20. A<0,u=0
[,] €1 €2 €3 Ui U2 us3
e1 0 (1—XNez2 e3 Uy Aug 0
€9 ()\ - 1)62 0 0 0 Uy €2
€3 —E€3 0 0 0 0 Uy
Uy —U1 0 0 0 0 (e 475]
Uo — g —Uuy 0 0 0 (o — 1)uz
U3 0 —e9 —u; —auy (1—a)ug 0
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22.

23.

24.

25.

26.
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A=0,p>0
[7] €2 Uus us
e e 0 U
6; 02 U1 M03
es3 (p—1)es 0 €3 Uq
Uy —uy 0 (1—a)u; O
Ug —U Juq 0 ous
U3 —pu3 0 —oug 0
A=0,p=3
[7] €2 U2 us
e1 €9 0 %ug
€2 0 U1 0
es 0 es Uy
(751 0 2’LL1 0
Uy —uy 0 €3 — U3
us 0 —E€3 + us 0
A=0,p=1
€1 U9 us
O 0 Uus
—e9 Uy 0
0 €3 Ul
—Uy Uy 0
0 0 e
—Uus —€9 (?
A=0,p=0
€1 Uz us3
0 0 0
—e U e
—e§ 0 0 u.31
— Uy 0 0 U1
0 0 0 U
0 u —Ug 02
A=2p, p <
[3] U51 U9 us
e (1—2u)ey up  2uus  pus
€2 (2,LL - 1)62 0 0 Uy €3
€3 ( - 1)63 0 0 Uy
Uy 0 0 0
Ug 0 0 0
us3 0 0 0
A>0, p =2\
[7] Uy %) us
€1 (1 - 2/\)63 U1 /\u2 2)\’&3
€ (A —=1)eg 0 0
€3 (2)\ - 1)63 0 €9 Uy
Uq 0 0 0
Ug 0 0 0
U3 0 0 0
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1 2
[,] e1 ez ez ur Uz ug
4 3 1 2
e 0 ez ey Ul Fuz FUu3
€2 —éez 0 0 0 U1 0
€3 —geg 0 0 0 €9 (751
Uy — 0 0 0 0 0
U9 —g’dz —U1 —€9 0 0 €3
Uus —gu;), 0 —UuUy 0 —€s3 0

1
28 AN=1—p,p=3

[7] €1 €2 €3 U1 U9 Usg
e 0 pea (1—ples uy es+(1—plus ez + pus
€2 — e 0 0 0 Uy 0
es3 (p—1es 0 0 0 0 Uy
U1 — Uy 0 0 0 0 0
(%)) _—E3 + (,LL - 1)u2 —U1 0 0 0 0
U3 —ey — pUg 0 —uq 0 0 0
29. A=0,pu=1
[7] €1 €2 €3 Uq Ug usg
0 0 U
e A A B R R
€3 0 0 0 0 0 U1
(751 —U1 0 0 0 0 0
Uz —e€3 —Uq 0 0 0 [
us —€9 — U3 0 —Uuy 0 —€9 (?
Proof.
Let &€ = {e1, e3,e3} be basis of g, where
1 0 0 0 1 0 0 0 1
e = 0 A 0 , €y = 0 0O 5 €3 = 0 0 O
0 0 pu 0 0 0 0 0 O
Then
0 0 0 0 0 0 0 0 0
A(61)= 0 1=\ 0 y A(62)= A—=1 0 0 y A(C3)= /L—]. 0 0 N
0 0 1—p 0 0 0 0 00

and for z € g the matrix B(z) is identified with z.
By b denote the nilpotent subalgebra of the Lie algebra g spanned by the vec-
tor eq.

Lemma. Any virtual structure (g, g) on generalized module 3.20 is equivalent
to one of the following:

a),u#%, )\#%, ,Uz?éO, >\7é0’ A#zuvﬂ#2)‘v /"+)\7élv ;u#)"i_l
Cle;) =0, 1=1,2,3;
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000
Cler) = (0 p 0>, Clez) = C(es) = 0;
0

0 0
d)yp=0,2<0
0 0O
Cle1)=0, Cle2)=|0 0 p|, Cles)=0;
0 00
6))\:0,M>0,ﬂ¢{%, 1}
0 00
Cle1) =C(e2) =0, Cles)={0 0 0 [;
0 p O

f)A=2u, p<0

o O O
o O O

0(61)20, C(ez)z (

O O

) , Cl(es) =0

0
p) , C(e2) =C(e3) =0;
0

g p=2X\ >0, A ¢ {7, 3, 1}

0
Cle1) =C(e2) =0, Cles) = (8

o O
o o o

h))‘+F‘=1’N>%aN¢{§7 1}

C(e1) = (

Dp=A+1, A¢{-2 -1,-1,0, 3, 1}

o o O
K OO

0 p 0
C(e1) =Cl(e2) =0, Cles) = (p()\—l) 0 0) ;
0 0 0
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0 0 0 0 00
C(61)= 0 0 O y 0(62)20, 0(63)2 0 q 0 N
\0 0 »p \0 0 0
0)A=0, p=3

o

0 0 O 0 0 0
0(61) = 0 0 , 0(62) = 0, 0(63) = 0 00 5
0 0 p 0 ¢ O

p)A=0, p=0

0 0 O 0 0 0
Cle1)=0, C(e2)=1{0 p 0}, C(es)=|0 r 0];
0 0 g 0 0 s

0 0 0 0 ¢
Cle1)=0, C(ea)=10 0 0}, Cles)=| -3¢ 0
0 0 p 0
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0 ¢
C(e1) = C(e2) =0, C(es)=(0 p
0 0

Proof. Put
C(ez) =

(cj'k)1<j,k<3 )

i =1,2,3.

o

[es RS

oK

235

Let ¢ be a virtual structure on generalized module 3.20. Without loss of generality

it can be assumed that ¢ is primary.
Since

9(0)(b) _D_ Relv
g(l_x)(h) _:2 R627
g7 (h) 2 Res,

we have
1 1
T
Cler) = 0%1 C§2 0%3 )
€31 C39 C33
3
C7(63) =1 ¢
0
Put
0
_ 3
H = cj5

UM (h) 2 Ruy,
UM (h) 2 Ruy,
UM (h) O Rus,

2
C11 (2)
2 2
C31 C39
c%z 0
3 3
C32 C33
0 0
0 0],
0 0

C13
Ca3
C33
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and C'(z) = C(z) + A(z)H — HB(z) for z € g. Then

1 1 2 2
, O e 1 DRV S

C'(er) = 0%1 C%z 0%3 , Clex) = (2) €9 Cgs )
C31 C33 C33 cz; 0 33

¢y ¢l 0
C'les) =| ¢35 3 O
0 3y ¢33
By corollary 2, Chapter II, the virtual structures C and C' are equivalent.

Since for any virtual structure ¢ condition (6), Chapter II, must be satisfied,
after direct calculation we obtain:

I AN N AN
0 ¢33 c33 0 0 c3 0 ¢35 c33

where the set of coefficients cf’-

; satisfies the following system:

(- (2p =) =0,
(1 —2X)c3, =0,
(1= p+ Nty =0,
(1= p+XN)e3; =0,
(A = 1)e1p = ¢4y,
)‘C%Z =(1- )‘)0}2’
peyy = (1= Negy,
A3y = (1= p)ety,
(

=(1- N)Cis-

For example, consider the following cases:

a) p A E{0, 51, A F 20, p#F 2\ p+ A F L pF AL

From the system it follows that c2; = ¢3, = ¢}, = ¢3;, = 0. Put

1.1 1.1
0 €12 s
_ 1.1 11
Hi=|0 535 xy=1s |

1

1 1 1
0 Ap—1632  2,-1¢33

and Cy(z) = C'(z) + A(z)Hy — H1B(z) for z € g. Then
Ci(ei) =0, i=1,2,3.

m)A=3, p=1.

From the system it follows that ¢2; = ¢3, = 3, = 3, = 0. Put

0 2cl, 2ci,
H13 = 0 0 0 3
0 0 0
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and Cy3(z) = C'(z) + A(z)Hy3 — H13B(z) for = € g. Then
0 O 0
013(61) = 0 6%2 6%3 , 613(62) = 013(63) = 0.

1 1
0 ¢35 c33

p) A=0, p=0.
From the system it follows that cl, = cl; = ¢3, = ¢3; = 0. Put
0 ¢l i
Hig= |0 —c3 _Cés )

1 1
0 —c3p —c35

and Cig(z) = C'(z) + A(z)H16 — H16B(z) for z € g. Then

0 O 0 0 O 0
016(61) = 0, 016(62) = 0 C%z 0 y 016(63) = 0 632 0
0 0 ¢ 0 0 ¢

In a similar way we obtain the other results of the Lemma.

Let (g,g) be a pair of type 3.20. Then it can be assumed that the corresponding
virtual pair (g,g) is defined by one of the virtual structures determined in the
Lemma. Consider the following cases:

1°. The virtual structure ¢ is trivial. Then

[e1, €2]

[e1,es] = (1 — p)es, [e2,e3] =0,

le1, ua] = uq, le2,u1] =0, [es,u1] =0,
[e1, ua] = Aug, [e2,uz] = uy, [es,uz2] =0,
le1,us] = pus, [e2,us] =0, [es,u3] =uy

Since the virtual structure ¢ is primary, we have

[u1,uz] = are; + azes + azes + ajuy + asus,
[u1,u3] = breg + baeg + bzes + Bruy + Pausg,

[uz,us] = c1e1 + caez + czes +y1us + Y2uz + y3us.

Using the Jacobi identity we see that the pair (g, g) has the form:

(] e1 es e3 Uy uz  u3
e1 0 (I1—=XNez (1—p)es U1 Aug  pug
€9 EA -1 €9 0 0 0 Uy 0
es w—1es 0 0 0 0 Uy
Uiy —U1 0 0 0 aq1Uq ﬂlul
Ug —Aug —u 0 -0 U A
Uus —pus 0 —Uui —,Blul —A 0
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A = coeq + c3e3 + ,81U2 — ajusg,
where the set of coeflicients satisfies the following system:

)\Oél = 0,
:uﬂl = 07
(1=2X—p)er =0,
(I1-X—2p)cg =0.
1.1°. ¢g = ¢3 = ay = B = 0. Then the pair (g, g) is trivial.
1.20.)\:0, Cz—'——‘CgZﬂ] :0, al#O.

The pair (g, g) is equivalent to the pair (g2, g2) by means of the mapping 7: gy —
g, where

m(e1) = ey, m(u1) = uy,
1

m(ez) = —eq, w(u2) = ajue,
aq

7((63)—_—63, 71'(%3):21,3.

1.3°. ,u:O, Cyp = C3 = (X1 =0, ﬁl 750
Then the mapping 7: g3 — @ such that

71'(61):61, 7r(ul):‘ula
7T(€2)=€2, 7r(u2)=u2,
m(es) = El—es, m(ug) = Prus,

establishes the equivalence of the pairs (g,g) and (g3, g3).

1.40./1,21—2)\, C3 = 0 Zﬂl =0, 62750.

The pair (g, g) is equivalent to the pair (g4, g4) by means of the mapping 7: g4 —
g, where

ﬂ-(el) = €1, ”T(ul) = U,

71'(62) = €2, 77(”2) = Uz,
1

m(e3) = —es, m(ug) = cous.
2

1.5°. A =1-2u, eca =a; =p1 =0, c3 #0.
Then the mapping 7 : g5 — @ such that

7T(61)=61, 77(“1)=u1,

1
m(ez) = E‘;CQ, 7(ug) = csug,

m(e3) = es, m(us) = us,
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establishes the equivalence of the pairs (g, g) and (gs,8s).
1.6°. /\ZO, /121, 632,31:0, (63} #0

The pair (g, g) is equivalent to the pair (g2,g2) (# = 1) by means of the mapping
T : g2 — @, where

71'(61) = ey,m(u1) = uq,

1 c
m(ez) = a—162,7T(U2) = a—2163 + aqug,

c
m(es) = eg,m(uz) = a—2262 + us.
1

1.7°A=0, p=1%, co=p1 =0, a1 #0.
Then the mapping 7 : g2 — @ such that

m(er) = er,m(uy) = uy,

1

7T(62) = —0:1'62,”(?12) = 1U2,

c
m(es) = e3,m(ug) = —5162 + us.

establishes the equivalence of the pairs (g,g) and (§2,82) (1 = 1).
1.8°.A=0, u=0, ca=¢c3 =0, ay #0.

The pair (g, g) is equivalent to the pair (gs,gs) (A = 0) by means of the mapping
7 : g3 — @, where

m(e1) = eq, m(u1) = u1,

1
m(ez) = —5—162 + Pl m(u2) = ajus,
7T(63)=62, W(U3)=u2—|—,6’1u;3.

1.9° =1, p=1%, a1 =1 =0, c3 #0.
Then the mapping 7 : g5 — @ such that

m(e1) = ey, m(u1) = uq,
1
m(ez) = cseq + et m(uz) = caus,
2
m(e3) = —coeq, m(us) = — U2 + csus,
2

establishes the equivalence of the pairs (g,g) and (gs,95) (¢ = 3).
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2°. A = %, w= % Then

1
le1, e2] = 562,
1
[61,63] = —<€3, [62,63] = 0,
2
le1, u1] = uy, [ez,u1] =0, [es,u1] =0,
1
le1, ug] = P62+863+§u27 le2, uz] = u1, [33,U2] =0,
1
le1, us] = reg +qe3+§u3, [e2,us] =0, [es,us] =us.

Since the virtual structure ¢ is primary, we have

=320 a3 (n) ea™ ),

where
§(h) = Rey, g (h) = Ruy,
/2 (h) = Rey @ Res @ Ruy @ Rus.
Therefore
[u, uz] =0,
[u1,us] =0,

[uz,us] = 71U1.

Using the Jacobi identity we see that the pair (g, g) has the form:

[a] €1 €2 €3 251 U9 U3
e1 0 Teo Tes  uy pes+rest+jus reztges+ius
€2 l62 0 0 0 U1 0

es S€s 0 0 0 0 Uuq

U1 —uy 0 0 0 0 0

Uo —pez—r63—1u2 —uq 0 0 0 Y1uq

Uus —rez—q63—§u3 0 —Uq 0 —Y1U1 0

Then the mapping 7 : g — @ such that
m(e;) =ei, 1=1,2,3,

m(ur) = uq,
W(Ug) = U2z,
m(ug) = —y1e2 + us,

establishes the equivalence of the pairs (g, g) and (g, g'), where the latter has the
form:

[7] €1 €2 €3 Uy U2 us
e1 0 ze2 Tes  up petrest+ius reztges+iug
€2 e 0 0 0 Uy 0
€3 %63 0 0 0 0 U1
U1 —Uq 0 0 0 0 0
Uo —p62—?"63—lU2 —Uy 0 0 0 0
us —rez—qeg—iu?, 0 —Uz 0 0 0
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Now we determine the group of all transformations of mappings q. Let

0 00
0(61) = 0 p r y 0(62) = 0(63) = 0,
0 r ¢
and
0 0 O
C'le)=10 p r' |, C'(ea) =C'(e3) =0.
0 r ¢
Put

o=(2 1) wa @=(% 1)

The virtual structures C and C' are equivalent if and only if there exist matrices

P € A(g) and H € Matsy3(R) such that
C'(z) = FC(p ™ Y2))P™" — A(z)H + HB(z) forall ze€g,

where ¢(z) = PzP~1, and F is the matrix of the mapping ¢. Direct calculation
shows that the virtual structures C' and C' are equivalent if and only if there exist
anumber a # 0 and a matrix A € GL(2,R) such that the following condition holds:

a

Q=

(det A)2 AQ4"

Using this condition, we see that any virtual structure on generalized module 3.20
(A = pu = 1) is equivalent to one and only one of the following;

a)

Clle;) =0, i=1,23;
b)
0 0 0
02(61): 0 1 0 y 02(62)202(63)20;
00 0
c)
00 0
Cile) =10 0 1], C3ex)=C%es)=0;
010
d)
000
CHe)=|0 1 0], C*e2)=C%es)=0.
0 0 1

Note that the virtual structure C! was already considered in case 1°, and the
virtual structures C% and C? are special cases of the virtual structures in the case

A= % and A\ 4+ p = 1, respectively.

For the virtual structure C* we obtain the pair (g, go).
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3°. A =0, p=0. Then

0 0 0 0 0
Cle1)=0, C(e2)=|0 p 0], C(es)=|0 r
00 ¢ 0 0

0 0 0 0 O
p 0], Clles)=|0 r 0].
0 ¢ 0 0 &

The virtual structures C' and C' are equivalent if and only if there exist matrices
P € A(g) and H € Matsxs(R) such that

Put

o O O

C'(e;)=0, C'(e2)= (

C'(z) = FC(¢ Y z))P™' — A(z)H + HB(z) forall z € g,

where p(z) = PzP~! and F is the matrix of the mapping (. Direct calculation
shows that the virtual structures C and C' are equivalent if and only if there exist
numbers a, b, ¢, d, g such that A = ad —be # 0, g # 0, and the following conditions
hold:

p = g%[az(dp —cr) + b*(dg — ¢s) — 2ac(—bp + ar) — 2bd(—bq + as))],

b Lora. 207

¢ = ol dp - er) + (g = )]

b Lo 2/

= S bt ar) 4 B (b + )

s = g—lA-—[cz(—bp + ar) 4+ d*(—bq + as) — 2ac(dp — cr) — 2bd(dgq — cs)).

Using these conditions, we see that any virtual structure on generalized module 3.20
(A = pu =0) is equivalent to one and only one of the following:

a)
Clle;) =0, i=1,2,3;
b)
000
C?%(e1) =C%ez) =0, C%*e3)=10 1 0};
000
c)
000
C*e1) =C3(ea) =0, C3es)=|0 0 0];
00 1
d)

o
o
o

04(61) = 04(62) = 0, 04(63) = 0

—
o
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0 0 O
C%(e1) = C%(eq) =0, C%(e3)=| 0 -1 0
0 0 1

Note that the virtual structure C! was considered in case 1°, and the virtual struc-
tures C? and C? are special cases of the virtual structures in the cases A = 2y and
u = 0, respectively.

For the virtual structures C* and C® we obtain the following nonequivalent pairs:

(811, 011), (812, 812), (813,813), (G14,014), (815, 915)-
In a similar way we obtain the other results of the Proposition.

Proposition 3.21. Any pair (g,g) of type 4.21 is equivalent to one and only
one of the following pairs:

1.
[’] €1 €2 €3 Uq U2 ug
€1 0 —)\62 — €3 —-)\63 + €2 0 }\UQ — U3 Uy + )\Ug
€9 Aeg + e3 0 0 0 U1 0
€3 )\63 — €2 0 0 0 0 Uq
uq 0 0 0 0 0 0
U9 ug — /\U2 —U1 0 0 0 0
U3 —Uy — AU3 0 —uy 0 0 0
2.
[,] €1 €2 €3 U1 U2 us
e1 0 —Xeg —e3  —Aeg + ea 0 Aug —uz  ug + Aus
€9 )\62 + e3 0 €y — )\63 0 Uy —€]
€3 )\63 — €9 0 0 )\62 -+ €3 €1 (751
U1 0 —eq + )\63 —€3 — )\62 0 Ug + >\U3 ug — )\Ug
Us uz — A\ug —uy —eq —Ug — Aus 0
Uus —Ug — >\U3 €1 —U1 )\Ug — Uusg 0 0
3. A=0
[7] €1 €2 €3 Uq Ug Usg
e 0 —e3 e 0 —ug wus+te
e; es 03 O2 0 u13 2 3 ’
€3 —€2 0 0 0 0 Uq
Uy 0 0 0 0 0 0
U2 u3 —u; 0 0 0 0
us —€3 — U2 0 —U1 0 0 0
4. A=0
[’] €1 €2 €3 Uq Ug Uug
e 0 —e3 +e 0 —ug uz+te
e 3 00 00 0 w0
€3 —E€9 0 0 0 0 U1
Uq 0 0 0 0 e es
Ug UuUsg —Uq 0 —eg @ e
us —€3 — U 0 —Uu1 —€3 —€1 01
5. A=0
[,] €1 €2 €3 U1 U2 U3
e 0 —e3 e 0 —us uz+e
e €3 0" 0" 0 w0
e3 —€e9 0 0 0 0 U
Uy 0 0 0 0 —€2 —€3
U9 Usg —Uq 0 €9 0 —€1
us —e3 — Uo 0 —u; ez € 0
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6. A=0
[>] €1 €2 €3 Uy Ug U3
e 0 —e3 +e 0 —uz u
e; es3 03 02 0 u13 02
€3 —€9 0 0 0 0 Uq
U1 0 0 0 0 € €3
U2 ug —u31 0 —em ¢ e
us —U2 —Ui —E€3 —e1 01
7.A0=0
[a] €1 €2 €3 Uy U9 U3
0 — + 0 -
& | e 0 00 0 wu @
€3 —e2 0 0 0 31
U1 0 0 0 0 —€2 —€3
Us ug —u3 0 e 0 —e
Uus —U2 0 —U1 €3 e1 0
Proof. Let € = {e1, ez, e3} be a basis of g, where
0 0 O 0 1 0 0 0 1
er=10 X 1], e=[10 0 0}, es=|0 0 0
0 -1 A 0 0 0 0 0 O
Then
0 0 0 0 0 0 0 0 0
A(el) = 0 =X 1 , A(ez) - A0 O , A(63) = -1 0 0 ,
0 -1 =X 0 00 A 0 O

and for z € g the matrix B(z) is identified with z.
By b denote the nilpotent subalgebra of the Lie algebra g spanned by the vec-
tor e;. Consider the complex generalized module (g©, U®). Put

Gi=e;®1,i=1,23, and 4j=u;®1, j=1,2,3.

Then £ = {é1,€2,3} is a basis of g€. The vector space UC can be identified with
C?, and {iiy, 19,73} is a standard basis of UC.

Lemma. Any virtual structure on the generalized module (g,U) of type 3.21 is
equivalent to one of the following virtual structure:

a)
0 0 -p 0 p O
01(61) = 0, 01(62) = p 0 0 N 01(63) = Ap 0 0 5
—Ap 0 O p 0 O
b)) A=0
0 0O 0 0 —p 0 p O
Caler)={0 0 0}, Colez)=|p 0 0 |, Ca(es)=|0 0 0
0 g r 0 0 O p 0 0
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Proof. Suppose (g, @) is a virtual pair defined by a virtual structure ¢. By Propo-
sition 15, Chapter II, without loss of generality it can be assumed that ¢* is a
primary virtual structure on the generalized module (g&, U®) (with respect to h°).

Then o
9(0)(b ) = Céla

g M I(HC) = C (& +iés),
g (%) = C(& —idy),
Suppose X # 0. Then we have

(U () = C,
(UE)PHI(HC) = C (tiy + itis),
(UOPD(H) = C (i — diis).

g (&1)(ia) € C,
g€ (2 + ié3) (i) € C(& +iés),
¢ (é1)(iiz + itis) =0,
¢ (&5 +i&3)(tig + 1ti3) = 0,
g% (1) (tig — 1ti3) =0,
¢ (65 +63)(ila —iti3) € C,
¢ (&2 — ié3) (i) € C(& — i),
g% (&2 —ié3)(tip +1ti3) € Céy,
¢ (€2 — &) (g — iti3) = 0.
Therefore
¢" (&1)(i) € Céy,
¢° (&1)(ii2) = ¢% (&1)(ii3) = 0,
¢% (&) (ii1) € Céy + Cés,
¢ (&)(1iy) € Céy + Cés,
¢ (&;)(ii2) € Céy,
¢ (&2)(1i3) € Céy,
g (E2)(ii2) = ¢ (&5)(il3),

¢ (82)(iis) = —q" (&3 )(ila).

Since the matrices of the mappings ¢(e;) and ¢© (&;), 7 = 1,2, 3, concide, we obtain

0 0 0 cfy cf 0 ¢z iy
0(61) = 0 0 N 0(62) = C%l 0 0 s 0(63) = Cgl 0 0
0 0 O ¢, 0 0 g, 0 0

Checking condition (6), Chapter II, for z,y € £, we obtain

1

2

2

_ 3
Cg1 = C31 =

_ 2 _
c11 = ¢j2 =0,

2
—€135

3 _ 2
—C31 = €31 = —Acy;.
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Finally, put Cy = C. In a similar way we obtain the result for A = 0.

Let (g,g) be a pair of type 3.21. Then it can be assumed that the virtual pair
(g,9) is determined by one of the virtual pairs determined in the Lemma:
Consider the following cases.

1°. A # 0. Then
le1,e2] = —Aeg — es,
le1,e3] = e2 — Xes,  [ea,e3] =0,
le1, u1] = le2,u1] = pes + pAes, [es,u1] = pleg + pes,
[61,u2] = >\u2 — us, [62,U2] = Ui, [63,U2] = p€1,
[e1,u3] = ua + Aus, [ez,us] = —peq, les, us] = ug.

Since ¢€ is a primary virtual structure on the generalized module (g(c, U®), we have
@)*(6%) = (g9)*(h°) x (U)*(H°) for all a € (h©)*
(Proposition 10, Chapter II). Thus
8" (h°) = Céy, @)% = Ca,
MO0 =C (& +igs),  (@)MI(O%) = Clas +1t),
§ (%) = Clea —i&s), (@)V(0°) = Clar — itia).

Therefore

[t1, g + vus] € C (g + tls),

[y, Up — tti3] € C(Ug — tlg),

[Ug + tlg, Uy — tlUs] = —2¢[Us, 3] = 0,
and

[u1,u2] = agus + agus,
[u1, us] = Pauz + Baus,
[UQ,U;;] = 0.

Using the Jacobi identity we see that the pair (g, g) has the form:

[,] €1 €2 €3 Ui U2 us

e1 0 —Xeg — €3 —Xes + e 0 Aug —ug  uUg + Aug
€9 )\62 + e3 0 0 pegx — p/\ €3 Uy —pex

e3 | Aes — es 0 0 ples + pes pey Uy

U1 0 —pes + pAes —pes — plesy 0 pug + pAuz pug — pAug
Ug | Uz — Aug —u —pey pus + pAug 0 0

uz | —ug — Aug pey —uy pAug — pug 0 0

1.1°. p = 0. Then the pair (g, g) is trivial.
1.2°. p # 0. Then the pair (g, g) is equivalent to the pair (g2,g82) by means of
the mapping 7 : g2 — @, such that

m(e;) =ei, 1 =1,2,3,

1 .
m(uj) = Euj, Jj=1,2,3.
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2°. Now suppose A = 0. Then

[61,62] = —¢€3,

[e1,e3] = ez [e2,e3] =0,

[er,u1] =0, lea,u1] = pea,  [es, u1] = pes,
[61, U2] = g€3 — U, [62,U2] = Uz, [es,uz] = pé1,
[e1,us] = ug +res, [e2,us] = —per, [es,us]=u.

Since ¢* is a primary virtual structure on the generalized module (g€, U®), we
have

@) (h°) = Cé; + Ciiy,

@)D (HC) = C (63 +iés) + Cliiy + iiis),

@)D (HC) = C (s — iiis) + C (&2 — iés).
Therefore

[ui,us] = ages + ases + azug + asus,
[u1,us] = byeg + bzes + Baug + Paus,
[ug,us] = cre1 + y1uz.

2.1°. p # 0. Using the Jacobi identity we see that the pair (g, g) has the form:

[ ,] €1 €2 €3 Uy Uz us
€1 0 —E€3 6(% 0 —Us3 U9
€2 €3 pe2 Ui —peé1
€3 —e 0 0 pes Pe1 U1
(1 0 —pex —pes 0  pus pus
Ug U3 —u; —pei  Ppus 0 0
U3 —Ug  pey —u1  —pus 0 0

The pair (g,g) is equivalent to the pair (g2,g2) by means of the mapping 7 :
g2 — @, such that

/

71'(6,') = €;, 1= 1,2,3,
1 .

m(u;) = —uj, j=1,2,3.
p

2.2°. p = 0. Using the Jacobi identity we see that the pair (g, g) has the form:

[7] €1 €2 €3 U1 U2 u3

e1 0 —e3 € 0 —us3 Ug+res
e es (% 0 U 0

e3 —e9 0 0 0 0 (3

Ui 0 0 0 0 (05X ases

Uz u3 —u; 0 —age azer+y1u1
Usg —TE€z — U2 0 —U1 —Aages —ag2€1—Y1U1

2.2.1°. ag = r = 0. Then the pair (g, g) is equivalent to the trivial pair (g1,91)
by means of the mapping 7 : g — g1, such that

m(ei) = e, 1 =1,2,3,
7r(u1) = Uy,

m(ug) = ug — :)%63,

m(ug) = uz — 11—62.

2
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2.2.2°. ay; = 0, r # 0. Then the pair (g, g) is equivalent to the pair (gs,gs) by
means of the mapping 7 : g3 — @, such that
m(ei) =ei, 1 =1,2,3,
1

7r(u1) = ;ul,
1

7r(u2) = ;(Uz - %63),
1

7T(U3) = ;(’LL;J, — 121—62).

2.2.3°. ay > 0, 7 # 0. Then the pair (g, g) is equivalent to the pair (g4, 94) by
means of the mapping 7 : g4 — @, such that

(o) = er,
m(e2) = 7
e =
() =~
rliz) = =l = es),
w(us) = = (s — Gea)

2.24° ay < 0, 7 # 0. We see that the pair (g,g) is equivalent to the pair
(85, 95)-

2.2.5°. az > 0, r = 0. Then the pair (g, g) is equivalent to the pair (g¢,g¢) by
means of the mapping 7 : g¢ — @, such that

m(e) = e, 1 =1,2,3,

1
m(u1) = \/—a_zul’

1 Y1
7r(u2) = _”—az (Uz - 563),

1 71
7T(’LL3) = -\/T_z_(u;; — '—2—62).

2.2.6°. az < 0, r = 0. We see that the pair (g,g) is equivalent to the pair
(ﬁ77g7)'

It remains to show that the pairs determined in the Proposition are not equivalent
to each other. Note that

a) dim[Dgs, g2] # dim[Dg;, §;], where i € {1,3,4,5,6,7};
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b) no one of the virtual pairs (g1,91), (86,86), (g7,97) is isomorphic to any of
the virtual pairs (@3, 93), (94,84), (85, 95);

¢) dimDg; # dim Dge, dim Dgy # dim Dgr;

d) any Levi subalgebra of gg is isomorphic to s[(2,R) and any Levi subalgebra
of g7 is isomorphic to su(2);

e) dim Dgs # dim Dgy, dim Dgs # dim Dgs;

f) any Levi subalgebra of g4 is isomorphic to 5{(2,R) and any Levi subalgebra of

gs 1is isomorphic to su(2).
It follows that the pairs (g;,8i), ¢ = 1,...,7, are not equivalent to each other.

Proposition 3.22. Any pair (g,g) of type 3.22 is equivalent to one and only
one of the following pairs:

1.
[,] €1 €2 €3 Ui U2z us
e1 0 (A—p)ez —es ea+(AN—p)es Auy  pug —uz  uz + pus
€9 U — Aeg + e3 0 0 0 Uy 0
es U — Aeg — e 0 0 0 0 U
Uy —Auy 0 0 0 0 0
Us ug — [uz —Uy 0 0 0 0
U3 —Ugy — QU3 0 —uy 0 0 0

2. 0=2u, p>0

[,] €1 €2 €3 Ui U2 us
el 0 pey —e3 ey + pes 2uuy  pup —uz Uz + pus + e
€2 —Her + e3 0 0 0 Uy ILLO
es —jes — ey 0 0 0 0 Uy
Uy —2puq 0 0 0 0 0
Uo ug — QU2 —Uy 0 0 0 0
us —Ug — HU3 — €3 0 —Ul 0 0 0

Proof. Let € = {e1,€e2,e3} be a basis of g, where

A0 0 010 0 01
es=|0 p 1), e=|0 0 0], e={0 00
0 -1 pu 0 00 0 00
Then
0 0 0 0 00 0 0 0
Aler) =10 A—p 1 |, A(e2)=|p—XA 0 0}, A(es)=| -1 0 0],
0 -1 A—p 1 00 p—A 0 0

and for z € g the matrix B(z) is identified with z.

Lemma. Any virtual structure q on the generalized module 3.22 is equivalent
to one of the following:
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a) A # 24
Ci(e;) =0, 1=1,2,3;
b) A =2u
0 0 O
02(61) = 0 0 O s C2(62) = C2(63) = 0.
0 p ¢
Proof. Put
0%1 C%z 0%3
Cle1) = C%l C%z 0%3

C31 €39 C33

Consider the following cases:
1°. X # 2u. Put
hi1 hiz his
H=| ha1 haa has
hs1  hsa  hss
where H satisfies the condition A(e;)H — HB(e1) + C(ey) = 0,

Y

—Ah1y —phiz + his —hig — phs
—phay + hzr (A —2p)hag + ka2 + has (A —2u)hos + hoa — has | +
—ha1 — phsr (A —2p)hsy — hag + has (A — 2p)hss — hag — hao

cly cdy s 0 0 0
+|ch ciy s ]=10 0 0}.
cél céz c§3 0 0 O

Note that the solution of this equation exists since all elements of matrix A(e;)H —
HB(ey) are linearly independent.

Put Ci(z) = C(z) + A(z)H — HB(z).
By corollary 3, Chapter II, the virtual structures defined by mappings C and C
are equivalent. Then Cj(e;) = 0 and put

Ci(ei) = (chpigihgs, 1 =2,3.
Let us check condition (6), Chapter II, for z,y € £.
Ci([er; e2]) = A(e1)Ci(e2) — Ci(e2)B(er) — A(e2)Ci(e1) + Ci(er)B(e2)
We have

0 0 0
()‘2— N)C%I + Cg% (>‘2— ,U)ng + C%g (>‘2— P‘)Cgs + C%g
—co+(A—p)esy —czo+ (A —p)ezy —ciz + (A — p)ess

2 2 2 2 2
)‘C%l IR C + M

- )‘cgl Ncgz - Cgs 032 + ,ucgs =
AC3;  pC3y — €33 Ciq + fiC33
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2 2 2 3 3 3
=(A—u) 051 032 Cgs - C§1 ng Cgs
€31 €32 C33 C31 €32 C33

We obtain the following equations:

(A = N)Cgl =c} (1)
A2, — 2y =3, (2)
Acl; +cly = iy (2)
Ay — c3p = c5 (3)
{C3y — €3y — €33 = ¢35 (4)
pic3s + c3y — ¢33 = ¢35 (4)
Acqy +¢5y = €3y (3)
HCFo + iy — €y = €35 (4)
\ pcls + ¢33 + 5y = ¢33 (4)

Ci([ex, e3]) = A(e1)Ci(es) — Ci(es)B(er) — A(es)Ci(e1) + Ci(e1)B(es)
We have
0 0 0

(/\3_ N)c§1 + Cgé (As_ N)ng + 032 (A — ﬂ)cgs + 033 -
—Cy + ()‘ —p)ey; —Cy + (A — N)ng —c§3 + (>‘ - N)Cgs

Acty  pely — iy ely + pcl;

Ay peyy — €3 Copt pchy | =

Ac3;  pcly — ey 3y 4 pcls

3 3 2 2
( 11 0%2 Cés (%1 0%2 ‘753
=(A—p) Cz1 Cp Cp3 | + | €31 €3y 33
3 3 2 2 2
\ C31 C32 C33 €33 C3p C33

We obtain the following equations:

—
~—

3 _ 2
(A= pery = —ciy
3 3 _ 2

Acip + €13 = ¢z

N DN
~—

—/\Ci'3 - Ci’z = C%s
“'/\031 + Cgl = ¢}
§ —Hchy + 3y + 35 = 5y
‘-#033 - ng + C§3 = C%a
_Acgl - C%l = C§1
—Mcgz - 032 + 633 = ng

3 3 3 _ 3
—jC33 — Cp3 — C3p = C33 (4)

A~ N N N N N AN N
W B W
— — '

N
p—

The matrix of the system of the equations marked by (1) has the form

A—p =1\,
1 A—p )’
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therefore c2, = ¢3; = 0.
The matrix of the system of the equations marked by (2) and (3) has the form

A 1 1 0
-1 X 0 1
-1 0 X 1
0 -1 -1 X

: e 2 _ 3 .2 _ 3 _
If2 A # ?E), thls2 matr;x is non-degenerate. Therefore ¢, = ¢}, = ¢i3 = ¢j3 = 0 and
g1 = €1 = €3y = ¢3; = 0.

The matrix of the system of equations marked by (4) has the form

(=l =10 =10 00y
1 o 0 -1 0 -1 0 0
1 0 p -1 0 0 -1 0
o 1 1 x 0 0 0 -1
1 0 0 0 p -1 -1 0
0o 1 0 0 1 u 0 -1
o0 1 0 1 0 p -1
\o 0 0 1 0 1 1 4/

This maatrix izs non;degenerate for all 4 € R. Therefore c2, = ¢3, = c%; = 3, =
2 _ 3 _ .2 _ .3
C3y = C3p = Cj3 = €33 = 0.

Thus, Cl(el) - 01(62) = 01(63) = 0.

2°. X =2p. Put
hi1 hiz  has
H=| ha1 hoa ho |,
hs1  h3z  has

where H satisfies the condition

0 0 O
A(er)H — HB(ey) + Cle)= [ 0 0 0],
0 p ¢
—2phi —phiz + his  —hia — phis 0%1 0%2 0}3
—pho1 + hs1 hsa + has haa — h33 + e ¢ ci3 | =
—hgoy — phs1  —hog + hgs  —has — haa c31 C3p  C3g
0 0 0
=10 0 0

1 1 1 2
0 ¢33 —cy3 c33 —Chy

Put Cy(z) = C(z) + A(z)H — HB(z).
By corollary 3, Chapter II, the virtual structures defined by mappings C and Cj
are equivalent. Then

02(61) =

o O O
B8 o o
v O O
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and put ‘
Caled) = (Ci)igjhgs,  ©=2,3.
Note that
A(ei)02(el) = CZ(el)B(ei) = 01 1= 273
Therefore, as in the previous case, Cs(e3) = Ca2(es) = 0.
This completes the proof of the Lemma.
Consider the following cases:
1°. XA # 2u. Then
[er,e2] = (A —p)ea —e3
[e1,e3] = ea + (A —ples  [ez,e3] =0
[61,u1] = )\ [ez,ul] =0 [63,U1] =0
le1, ug] = pug — us lez, ug) = uy  [es,uz] =
le1,us] = ua + pus le2,us) =0 [es,uz] = us
Put
[u1,ug] = are1 + azes + ases + ayuy + asus + asus,
[u1,us] = bre; + boeg + bzes + Pruy + Pauz + PBaus,
[ug,us] = c1e1 + caeq + czes + y1ur + yauz + Y3us.
Using the Jacobi identity we see that the pair (g, g) is trivial.
2°. A = 2u. Then
le1, e2] = pez — e3
le1,e3] = ea + pes [e2,e3] =0
[61,U1] = 2puy [62>u1] =0 [63>u1] =0
ler, u2] = pus —us +pes  [ea,ug] =u1  [es,ug] =0
ler, us) = ug + puz +ges  [ez,uz] =0 [es,us) = uy
Put
[u1,uz] = are1 + ages + ases + ajus + asus + agus,
[u1,us] = brey + baeg + bzes + Brus + Pauz + Paus,
[ug, us] = cieq + caea + czes + y1ur + Yousg + y3us.
Using the Jacobi identity we see that the pair (g, g) has the form:
[7] €1 €2 €3 Ui U2
e 0 eg —e3 €9+ ues 2uu Uy — U3 Uy + puz + ge
6; —pes + €3 /lzo 3 20M3 %1 M2u1 3 2 #03 qes
€3 —peg — ez 0 0 0 0
U1 -—2/1?.&1 0 0 0 0
U2 — Hu2 —uy 0 0 0
us ——uz — ,uu3 — qes 0 —Uq 0 0

Consider the following cases:
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2.1°. ¢ = 0. Then the pair (g, g) is equivalent to the trivial pair (gi,g1).
2.2°. ¢ # 0. Then the pair (g, g) is equivalent to the pair (g2,g2) by means of
the mapping 7 : go — @, where ’

n(er) = ey,
m(e2) = gea,
m(e3) = ges,
m(u1) = qui,
m(uz) = uz,
m(us) = us.

Now it remains to show that the pairs determined in the Proposition are not
equivalent to each other.

Consider the homomorphisms f; : g; — gl(5,R), ¢ = 1,2, where fi(z) is the
matrix of the linear mapping adpg; z. Since the subalgebras fi(g1) and fa(g2) of
the Lie algebra gl(5, R) are not conjugate, we conclude that the pairs (g1,91) and
(g2,82) are not equivalent.

Proposition 3.23. Any pair (g,9) of type 3.23 is equivalent to one and only
one of the following pairs:

1.
] el €2 es ur Uy u3
€1 0 (]_ - )\)62 2(1 - /\)63 U1 )\U2 (2/\ - 1)U3
€2 ()\ — 1)62 0 0 0 U1 U9
IR R S B
u —Uu
us | —Au —u 0 0 0 0
us (1 — 2 us —Uu3 —Uu1 0 0 0
2.x=%
5
[,] €1 €2 €3 U1 U2 us
€1 0 %62 ié‘@g Uy %UQ %u;;
e2 | —%2¢a 0 0 0 u ou
€3 —%63 0 0 0 0 U1
Uy —Uui 0 0 0 0 0
U9 —--;—’U,Z —U3 0 0 0 €3
Uus —'g’u,g —Ug —Ujx 0 —E€3 0
3A=1
[7] €1 €2 €3 Uy Ug U3
el 0 %62 es U1 %Uz 0
€2 ——%62 0 0 0 wup ug
€3 —E€s3 0 0 0 0 U1
(5] — Ui 0 0 0 0 0
U9 —lu2 —Ui 0 0 0 €2
Uus %) —U3g —U1 0 —€9 0
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4. x=1
[7] €1 €2 €3 U Uz Uus
el 0 %62 es uir zuz 0
€2 —-'12-62 0 0 0 Ui U2
€3 —€3 0 0 0 0 U1
Uy —Uq 0 0 0 0 0
Ug —Lyy —uy 0 0 0 —eg
us %) —ug —u; O €9 0
5.0=1
[7] €1 €2 €3 51 U9 U3
€1 O %62 €3 Ui %UZ 0
€2 ——%—62 0 0 0 U1 Uz
€3 —e3 0 0 0 0 Ui
Uy —Ui 0 0 0 0 Uy
Us T — 0 0 0 ey + Ug
U3 %) —Uy —U] —U] —Qey — Uy 0
6. A=23
[,] €1 €2 €3 U U2 us
e1 0 ;1-62 ';-63 Uy %uz %ue, + e3
€9 —%62 0 0 0 U1 U2
€3 —5€3 0 0 0 0 Uy
U1y —U1 0 0 0 0 0
Uz —%’U,z —U1 0 0 0 0
us —%’LL;; — €3 —Ug —U1 0 0 0
7.A0=0
[7] €1 €2 €3 U1 Ug U3
e1 0 e 2es U 0 —ug
€9 —E€9 (f —€3 Uy — 262 (7%
€3 —263 0 0 0 —€3 Ul
U1 —U1 €3 0 0 Ui 0
Uo 0 —ui +2e2 e3 —uj 0 —2u3
us us —U2 —U1 0 2us
Proof. Let £ = {e1,eq,e3} be a basis of g, where
1 0 0 0 1 0 0 0 1
er=10 A 0 , e2=10 0 1}, e=|10 0 0
0 0 2—-2AX 0 0 O 0 0 O
Then
0 0 0 0 0 0 0 0 0
A(e)= |0 1-=A 0 , Alea)=|A=1 0 0], A(es) = 0 0 0],
0 0 2-2A 0 0 0 2A—-2 0 0

and for ¢ € g the matrix B(z) is identified with z.
By b denote the nilpotent subalgebra of the Lie algebra g spanned by the vec-
tor e;.
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Lemma. Any virtual structure ¢ on generalized module 3.23 is equivalent to
one of the following:

a) A ¢ {0,3, %
Ci(e) =0, i=1,2,3;

0
09}, Cz(ez) = 02(63) = 0;
p

0 0 O
04(62) = C4(63) = 0, 04(61) = 0 0 p .
0 0 O

Proof. Let ¢ be a virtual structure on generalized module 3.23. Without loss of
generality it can be assumed that ¢ is primary. Since

g™ N(H) D Rea,  UD(h) D Ruy,
g9(h) D Rey, UM (h) D Ruy,
g® 7V (h) D Res, UPD(h) D Rug,

we have:
1 1 2 2
(1) C%z 0%3 €11 (2) C%s
C(el) =lcy ¢ c3 ], Cle)= 0 ¢392 ¢33 |,
1 1 1 2 2 2
C31 C32 C33 €313 C33 C3g

3 3
0%1 €12 2
0(33) =1cx 0 ¢y

3 3
0 3, c33

Checking condition (6), Chapter II, obtain:
DA%}
0 Acl, Cls
Cle1) = Ac3s 2 €23 |>
(2A —1)ef, (BA—2)c3; ci

0 0 c§3
_ 2 3 A=l 1 _ 1 .1
Cle2)=|0 (1=Aeiz+c3 795x¢13— =2 | »
2 2
0 C39 C33
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0 0 0
0(63) = 0 0 C§3 .
0 (2\ - 2)0%3 3A2§c%3 + ng

2 1 1

0 Ci3 2—1C13

— 3 1 1 _1 1
H=|c3 3577 3x=3¢3

2 2 11
C39 C33 10—3C33

and Cy(z) = C(z) + A(z)H — HB(z). Then

Put

Cy(e) =0, i=1,23.

By corollary 2, Chapter II, the virtual structures C' and C are equivalent.
b) A = 3. Then

and Cy(z) = C(z) + A(z)H — HB(z). Then
Ci(es) =0, i=1,2,3.

By corollary 2, Chapter II, the virtual structures C and C; are equivalent.
¢) A =3. Then

Cley) = (

Now we can put Cy =

d) A =0. Then

2
13
0(61) = 0, 0(62) = 0 C%Q 0 y 0(63) =

Put

o O O
O O O

0
0 ) C(ez) = C(e3) = 0.

1
C3

and C3(z) = C(z) + A(z)H — HB(z). Then

0 0 0 0 0 0
03(61) = 0, 0(62) = 0 C%Z 0 y 0(63) = 0 0 0



258 III. THE CLASSIFICATION OF PAIRS

By corollary 2, Chapter II, the virtual structures C' and C3 are equivalent.
e) A= 2. Then

0 0 0 0 0 O 0 0 O
Cle1)=(0 0 ci3 |, Clea)=10 0 0 ], C(es)=|0 0 0
0 0 O 0 0 & 0 0 0
Put
0 0 O
H={10 0 0
0 c2, 0

and Cy(z) = C(z) + A(z)H — HB(z). Then

0 0 O
Caler) =10 0 ¢33 |, Culez)=Cules)=
0 0 O

By corollary 2, Chapter II, the virtual structures C' and Cy are equivalent.
This completes the proof of the Lemma.

Let (g, g) be a pair of type 3.23. Then it can be assumed that the corresponding
virtual pair (g, g) is defined by one of the virtual structures determined in the

Lemma. Consider the following cases:

A¢{0,3,4} Then

le1, e2] = (1 = Aez,

le1, 63] = (2 - 2/\)63, [62, 63] =0,

[617u1] = Uiy, [62>u1] =0, [e37u1] =0,

[61,’(1,2] = }‘U‘?, [627 2] = Ui, [63,U2] = 0’
| =

[61,U,3] = (2)\ — 1)U3, [62,U3 Ua, [63,’(13] = Uuz.

Since the virtual structure ¢ is primary, we have
g%(h) =g%(h) x U%(h) for all a € h*

(Proposition 10, Chapter II). Thus

g V() DRez,  §V(h) D Re,
g*7(h) D Res, gV (h) D Ruy,
M) DRuz, g I(h) O Rus,
[uq,u2] € 9(1+)\)(b)
[ug, us) € §°N(h)
[ua,us] € g**71(p),

)

Y
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and

[u1,us] = are1 + azes + asus
[u1,us] = baeg + bzes + frug

[uz,us] = creq + caea + czez + Yous.

Using the Jacobi identity we see that the pair (g, g) has the form:

A # % e1 e es3 Uy Ug u3z
€1 0 (1 — /\)62 2(1 - )\)63 U1 /\U2 (2)\ — ].)’u,g
€2 ()\ - 1)62 0 0 0 Ul U2
€3 2()\ — 1)63 0 0 0 0 Ui
Ui —Uuy 0 0 0 0 0
U —Au —U1 0 0 0 C3€3
U3 (1 —2X\)us —Ug —uq 0 —cses 0 ,
where c3(A — 2) =0, or
A= % e1 e e3 Uy U us
e1 0 %62 es uq %U2 0
€2 -—%62 0 0 0 Ui U2
€3 —E€3 0 0 0 0 U1
U1 —U1 0 0 0 0 ﬂlul
U —sug —uy 0 0 0 coez + Pruz
u3 b —upy —u1 —fiur  —caeg — Prug 0

Consider the following cases:
IBANPEE
1.1.1°. ¢3 = 0. Then the pair (g,g) is trivial.
1.1.2°. A =2, c3 # 0. Then the pair (g,g) is equivalent to the pair (g2,g2) by
means of the mapping 7 : go — g, where

m(e1) = ey,
1
7'('(62) = \3/c_3_62,
1
71'(63) = ——E¢€3,
3/.2
V Cs
1
W(Ul) = —=Uui,
3 C§
1
ﬂ”(UQ) = gUg,
1
m(ug) = — = 3.
]

1.2°. A= 1.
1.2.1°. B4 =0, c2 = 0. Then the pair (g,g) is trivial.
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1.2.2°. 1 =0, cg # 0. Then the pair (g, g) is equivalent to the pair (g;,9:),
where 1 = 3 or ¢ = 4, by means of the mapping 7 : g; — g, where
7T(6]') = €y, ] = 1,2,3,
1

)=

(if cg > 0 then ¢ = 3, if ¢3 < 0 then : = 4).
1.2.3°. 1 # 0. Then the pair (g,g) is equivalent to the pair (gs,g5) by means
of the mapping 7 : g5 — @, where

m(e;) =ei, 1 =1,2,3,

up, k=1,2,3.

1
m(uj) = Eub j=1,2,3.

2°. A =2. Then

1

le1, e2] = 162
1

le1,e3] = ¢ le2,e3] =0,

le1,u1] = u, le2,u1] =0, [es,u1] =0,
3

[61711'2] - Zu% [62,U2] = Ui, [63,’[/,2] = Oa
1

[61,’&3} = 5“3 +p€3, [62,1{,3] = Uy, [63,U3] = ui.

Since the virtual structure ¢ is primary, we have

§Y() = Rez, 3°(h) = Rey,
gV =Ruy, 3@/ (h) = Ruy,

5(1/2)([)) = Rusz @ Res,
[ula UZ] S g(7/4)(h)7 a’nd [ula u2] = 0)

[u1,us] € g3/ (), [ug,us] =0,
[uz,us) € g%/ (p), [ug,u3] = 0.

Using the Jacobi identity we see that the pair (g, g) has the form:

[a] €1 €2 €3 up U2 us
e1 0 ey les wuy 3us tus+
4 263 U1 Uz U3 T Pes
€9 —%62 0 0 0 Uy U9
€3 —563 0 0 0 0 U1
U1 —Uur 0 0 0 0 0
U9 —%UQ —U1 0 0 0 0
Us '—%u;; — pes —Ug —Ujx 0 0 0
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2.1°. p=0. Then the pair (g,g) is trivial.
2.2°. p # 0. Then the pair (g,g) is equivalent to the pair (g¢,86) by means of
the mapping 7 : g¢ — @, where

m(ei) =€ 1 =1,2,3,

1
m(uj) = I—)u]-, j=1,2,3.

3°. A=0. Then
le1, 2] = ea,
[e1,e3] = 2e3,  [e2,e3] =0,
ler,ui] = u1,  [es,u1] = pes, les,u1] =0,
le1,usg] = le2,u2] = u1 + gez, [e3, ua] = pes,
le1,us] = —uz, [e2,us] = ug, [es, us] = u;.

Since the virtual structure ¢ is primary, we have

gV () = Res ® Ruy, §O(h) = Rey @ Rug,
3@ (h) = Res, (b)) = Rus,

[ug,uq] € ﬁ(l)(b), and  [up,uz] = azep + ayuy,
[uy,usg] € ﬁ(o)(f)), [u1,us] = brey + Pauq,
[ug,us] € ﬁ(ﬂ)(b)a [ug, us] = ysus.

Using the Jacobi identity we see that the pair (g, g) has the form:

(] e1 e es U Ug us
€1 0 e 263 U1l 0 —us
es —e9 (? 0 pes ui + 2pey  us
es —2e3 0 0 0 pes U
Uy —uq —peg 0 0 —puy

U 0 —uy — 2pe;  —pez  puy 0 2pus
Us Uus —U2 —Uq —QPU3 0

3.1°. p=0. Then the pair (g,g) is trivial.
3.2°. p # 0. Then the pair (g,9) is equivalent to the pair (g7,g7) by means of
the mapping 7 : g7 — @, where

71'(61):61, ﬂ(ul):ul,
1

7T(€2) = pez, Tf(uz) = ;U%
1

m(e3) = pPes, w(uz) = pu;;.
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4°. A\ = % Then

1

[61»62] = '?;62>
2

[61,63] = 563, [62,63] =0,

ler,u1] = uq, le2,u1] =0, [es,u1] =0,
2

[61,U2] = guz, [62,u2] = Uy, [63,u2] =0,

1
[e1,us] = -us + pez, [e2,us] =uq2, [es,us] = u;.

3

Since the virtual structure ¢ is primary, we have

§1/9(h) = Re; ®Rus, §°(h) = Rey,
§%/)(h) = Res ® Ruy, §1(h) = Ruy,

[ui,uz] € §(5/3)(f)), and [ug,ug] =0,
[u1>u3] € g(4/3)(b)7 [UI, ’U,3] = 07
[ug, us] € _(1)(()), [ug, us] = y1u1.

Using the Jacobi identity we see that the pair (g, g) has the form:

[,] €1 €2 €3 U1 U2 us
1 2 2 1
el O 3€2 €3 Ul FU2 FU3
€2 —§62 0 0 0 U1 U9
es —3e3 0 0 0 0 Uy
Ul — U1 0 0 0 0 0
U9 —%’LLQ —U1 0 0 0 Y1U1
us —zuz —uz —u; 0 —yu 0

Then the pair (g,g) is equivalent to the trivial pair (g;,9:1) by means of the
mapping 7 : g — g, where
m(ei) =€, 1 =1,2,3,
m(uy) = uq,
m(uz) = uz,
m(ug) = ug + y1€9.

Now it remains to show that the pairs determined in the Proposition are not
equivalent to each other.

Since dim D?g; # dim D*gs, we see that the pairs (g1,91) and (g2, g2) are not
equivalent.
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Let A = 4§. Consider the homomorphisms
.fi i g[(57R)7 1= 1,6,

where f;(z) is the matrix of the mapping ad|pg,z in basis {eq, es,u1,uz,uz} of
Dg;. Since the subalgebras f;(g;), ¢ = 1,6, are not conjugated, we conclude that
the pairs (g1, 91) and (86, 6) are not equivalent.

Since dim D%g; # dim D?gy, we see that the pairs (g;,g1) and (g7, g7) are not
equivalent.

Let A = % Consider the homomorphisms

fi gz _)g[(47R)a 1= 17374753

where f;(z) is the matrix of the mapping ad|pgz in basis {es,e3,u1,uz} of gi.
Since the subalgebras f;(g;) are not conjugated, we conclude that the pairs (g1,81),
(93,93), (04,04), (85,05) are not equivalent to each other.

Thus the proof of the Proposition is complete.

Proposition 3.24. Any pair (g,9) is equivalent to one and only one of the
following pairs:

1.
[a] €1 €2 es Uy Uz U3
e1 0 —eq —2e3 0 wuy 2usg
e €9 0 ur
€3 2¢e3 0 0 0 0 wup
Uy 0 0 0 0 0 0
Ug —U9 —U1q 0 0 0 0
us —2uz3 —uy —u; 0 O 0
2.
[,] €1 €2 €3 Uy U2 Usg
el 0 —e9 —2es3 0 wug 2ug
e | 2% 0 0 0w
€ e €a €1+ u
uy 0’ 0 0 0o ¢ 0
U9 —U3 —U1 —€9 0 0 0
Uus —2u3 —Ug —€; —Uj 0 0 0
Proof. Let € = {e1,e2,€e3} be a basis of g, where
0 0 O 0 1 0 0 0 1
€1 = 0 1 0 5 €y = 0 0 1 , €3 = 0 0 O
0 0 2 0 0 O 0 0 O
Then
0 0 0 0 0 O 0 0 O
Ale) =10 =1 0 |}, A(e2)=1|1 0 0}, A(es)=|0 0 0],
0 0 =2 0 0 O 2 0 0

and for z € g the matrix B(z) is identified with .
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Lemma. Any virtual structure ¢ on the generalized module 3.24 is equivalent
to one of the following:

0 0 O 0 0 r
C(e1)=0, Clea)=|p 0 0}, C(es)=|0 p+r 0
0 0 O 0 0 0

Proof. Put C(e;) = (c;k)lgj,kgg, 1 <7 < 3. Let us check conditions (6), Chap-
ter II. Direct calculation shows that

0 C%z 013 0 C%z C%z
Cler) = C%l 0%2 C%s , Cle2) = 631 0%1_0%2 %(052_0%2) )
31 C3p Ci 0 %Cél %02132
0 0 c§3
C(es) = 0 Ci’s + C%l C%l
_20%2 —0%2 %Cél - 0}3
Put
s ci %0}3
H= C%1 %052 %C%s
%‘3%1 %Céz %Cés

and Ci(z) = C(z) + A(z)H — HB(z) for = € g. Then

0 0 0
01(61):0, 01(62)2(0314-6%2 0 0],
. 0 00
0 0 3y — ¢y
01(63): 0 C§3+C%1 0
0 0 0

By corollary 2, Chapter II, the virtual structures C and C; are equivalent.
This completes the proof of the Lemma.

Let (g,9) be a pair of type 3.24. Then it can be assumed that corresponding
virtual pair (g,9) is defined by the virtual structure determined in the Lemma.
Then

[61>62] = —€3,
[61, 63] = —263, [62,63] = 0,
le1,u1] =0, le2,u1] = pea, les,u1] =0,

]
[e1, uz] = ug, le2,ua] = w1, [es,u] = (p+ r)es,
]

le1, us] = 2us, [e2,us] = ug, [es,us] =res +uy.
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Put
[u1,ug] = aje1r + agzeq + azes + aquy + aguz + asus,
[ui,us] = bre; + baeg + bzes + Brur + Pauz + Bsus,
[ug, us] = cier + caea + czez + y1u1 + Y2uz + Y3us.

Using the Jacobi identity we see that the pair (g,g) has the form:

[a] €1 €2 €3 Ui U9 Uus
e 0 —e —2e 0 wu 2u
eé 262 82 8 s 8 u? u_g
e e res, e U
w 0> 0 0 0o o g
Ug —Uy —Uj —7res 0 0 0
us —2u3 —uy -—-re;—u; O 0 0

Consider the following cases:
1°.r =0.
Then the pair (g,9) is equivalent to the trivial pair (g1,g1).
2°.r #0.
Then the pair (g,g) is equivalent to the pair (g2,92) by means of the mapping

7@ — g, Where
m(ei) =€, 1 =1,2,3,

1
m(u;) = ~uiy i1 =1,2,3.

Since dimDg; # dim Dg,, we see that the pairs (g;,91) and (g2,g2) are not
equivalent.

This proves the Proposition.

Proposition 3.25. Any pair (g,g) of type is equivalent to one and only one of

the following pairs:
1.

[,] el €2 €3 Uy Uz U3
e 0 0 e 0 u 0
e 0 0 G 0 0 wu
e3 e 0 0 0 0 ‘us
w ¢ 0 0 0 0 0
Uy —U1 0 0 0 0 0
Us 0 —UuUry —U 0 0 0
2.
] el €2 €3 U1 Uy Uug
e 0 0 e 0 wu 0
e 0 0 G 0 0 wu
€3 e 0 0 0 0 ug
wy G o 0 0 0 0
Ug —uy 0 0 0 0 e
Us 0 —Uuy —UuU 0 —€9 (%
3.
[,] er ey € up Uz U3
e 0 0 e 0 U 0
e 0 0 G 0 0 wu
€3 e 0 0 0 0 U2
u G 0 0 0 0 e
Ug —Uq 0 0 0 0 e
us 0 —U1 —Ug —E€9 —€3 6
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10.

II1.

THE CLASSIFICATION OF PAIRS

[,] €1 €2 €3 Ui U2 us
e 0 0 e 0 U 0
% o 0 G 0 0 w1
es e 0 0 0 0 Us
s G o 0 0 0 es
Uy —uy 0 0 0 0 ey + €3
Us 0 —U1 —Uy —€3 —E€2 — €3
[,] €1 €3 Uy U2 us
e 0 e 0 wu 0
e; 0 (? 0 01 U1
es e 0 0 0 u
Ui (f 0 0 0 —€2
U9 —U1 0 0 0 —€3
us 0 —Uyp —Uy €z €3 0
[,] €1 €2 ] Uy Uy Uus
e 0 0 e 0 u 0
e O 0 0 0 0 "
es e 0 0 0 0 Us
u G 0 0 0 0 —e
Uy —U1 0 0 0 0 €g — €3
U3 0 —u7 —Ugy ey —eg+es 0
[7] €1 €2 €3 (751 U9 U3
e 0 0 e 0 u 0
e o 0 ¢ 0 0 "
€3 (& 0 0 0 0 U2
Uy (f 0 0 0 0 aes + uq
Ug —U1 0 0 0 0 aez 4 ug
U3 0 —U1 —Uy —Qey — U] —Qe3z — Uy 0
0] €1 €2 €3 (751 Uy U3
e 0 0 e 0 u 0
e 0 0 ¢ 0 0 "
es e 0 0 0 0 Ug
Uy (? 0 0 0 0 aeq + uq
U2 —U1 0 0 0 0 €9 + aes + U2
Uus 0 —U1 —Ug —Q&eyg— U} —€g — ez — UQ 0
[] e1 €2 e3 Uy Uz Us
e 0 0 e 0 wuy e
e O 0 ¢ 0 0 u
e3 e 0 0 0 0 ‘us
U G 0 0 0 0 O
Usy —uq 0 0 0 0 O
us —e3 —uUy —Uu 0 0 O
(] €1 €2 €3 U1 U2 U3
e 0 0 e 0 wu e
22 T A
e e u
us G o 0o 0 0 ¢
Uo —uy 0 0 0 0 e
U3 —e3 —u; —us 0 —ey (?
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12.

13.

14.

15.

16.

17.

3. THREE-DIMENSIONAL CASE

[,] €1 2 €3 Ui Uz us3
e 0 0 e 0 U e
e; 0 0 (f 0 01 ui
es e 0 0 0 0 Ug
oy G 0 0 0 0 e
U9 —U3 0 0 0 0 €3
us —E€3 —U1 —Ug —e3 —E€3 0
[;] €1 €2 €3 51 Ug U3
e 0 0 e 0 U e
e O 0 ¢ 0 0 g
€3 e 0 0 0 0 Ug
u G o 0 0 0 €s
Ug —Uq 0 0 0 0 €9 6— es
Uus —E€3 —UuU3 —Uy —€3 —€z2 — €3
[a] €1 €2 €3 uy U2 us
e 0 0 e 0 u e
e 0O 0 ¢ 0 0 wu
es e 0 0 0 O Ug
w G 0 0 0 0 —e
U9 —U1 0 0 0 0 —E€3
us —€3 —U — U9 €2 €3 0
[,] €1 €2 €3 U1 U2 us
e 0 0 e 0 U e
& O 0 G 0 0 e
es e 0 0 0 0 Uo
w G 0 0 0 0 —é
U9 —U1 0 0 0 0 €g — €3
Us —e3 —U1 —Uz €y —eg -+ ez 0
[,] €1 €2 €3 Ui Uz us
e 0 0 e 0 u e
& 0 0 @ 0 0 w
€3 —€9 0 0 0 0 U9
uq 0 0 0 0 0 aeg + Uy
Ug —Uy 0 0 0 0 aes + ug
us —e3 —U; —Up —Qeg — U] —Oez — Uy 0
[a] €1 €2 €3 131 Ug U3
e 0 0 e 0 U e
&3 0 0 @ 0 0 i
€3 —€2 0 0 0 0 U9
Uy 0 0 0 0 0 aes + uy
Ug ~uq 0 0 0 0 es + aes + us
U3 —e3 —Uj] —Us —QEy — U] —€3 — ez — Uy 0
[,] €1 €2 €3 Uy Uz Uug
e 0 0 ea 0 wu 0
e 00 g 0 0 u
e e er U
w G o o0 0 0 ¢
U2 —U1 0 —€1 0 0 0
us 0 —Uy —U2 0 0 0

267
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18.

19.

20.

21.

22.

23.

24.

III. THE CLASSIFICATION OF PAIRS
[7] €1 €2 es Uy Uy  Ug
e 0 0 e 0 u 0
es 00 (g 0 0
e e e u
ur G o o0 0 0 ¢
Ug —Uq 0 —e; 0 0 e
ug 0 —u; —us 0 —eg (f
[,] €1 €2 €3 Ui U2 us
e 0 0 e 0 u 0
& 00 82 0 0w
e e e U
ut ¢ 0 0 0 0 e
U2 —U1 0 —eq 0 0 e
us 0 —U1 —Ug —€2 —eE3 (j3
[’] €1 €2 €3 U U9 Us
e 0 0 e 0 U 0
e 0o 0 4 0 0 w1
es3 e 0 0 0 e Ug
(5] 02 0 0 0 01 €2
U9 —Uy 0 —€] 0 0 eo + e3
us 0 —U; —Ug —€ —€g —E€3
[a] €1 €2 €3 Uy Uz U3
e 0 0 e 0 wu 0
e 00 82 0 0w
e e e u
us G 0 0 0 0 —é
U —u; 0 —e1 0 0 —e3
u3 0 —u; —uz e e O
[7] €1 €2 €3 751 (%) U3
e 0 0 e 0 U 0
e 00 g 0 0 "
e e e u
ut ¢ 0 0 0 0 2,
U9 —U1q 0 —€1 0 0 €y — €3
Us 0 —U1 —U9 €9 —€9 -+ €3 0
[’] €1 €2 €3 (751 ug Uus
e 0 0 e 0 U e1+e
2] 0 0 ¢ 0 0 Yy
€3 €9 0 0 0 0 —€3 -+ U2
uy 0 0 0 0 0 aes+(1+ Puy
ug | —uy 0 0 0 0 aes+ Pug
ug |—e1—e3 —uy e3—ug —aeg—(1+Pu; —aez—Pusg 0
L] eo e2 es uy Uy u3
e 0 0 e 0 u e;1 +e
el 0 0 @ 0 0 Yup
es €9 0 0 0 0 —e3 +u
w| 0 0 0 0 0 a62+(1+gu1
Ug | —uy 0 0 0 0 estaez+fus
U3 [—€1—€e3z —U3 €3 — U9 —-OlCz—(l-*—ﬁ)Ul —ez—aeg—ﬁug




3. THREE-DIMENSIONAL CASE 269

25.
[a] €1 €2 €3 Uy U2 Uug
e1 | 0 0 e 0 u e
20 0 G 0 0 1
e3 |ea 0 0 0 0 —e3 + us
w0 0 0 0 0 bes+(1+ B
ug |—up 0 0 0 0 aez+ Pug
ug |—es —uy eg—ug —aea—(1+LPu; —aez—Pus 0
26.
[,] €1 €2 €3 Ui U2 us
e1 | 0 0 e 0 U e
2|0 0 0 0 0} u
e3|ea O 0 0 0 —e3 + Uy
|0 0 0 0 0 bea + (1 + B)us
U2 U7 0 0 0 0 €2 -|-0(63 -|—ﬁUQ
ug |—ez —uy e3—uz —aea—(L+Pu; —ea—aez—Luz 0
27.
[,] €1 €2 €3 Uy uUg Uus
e 0 0 e 0 U e
e 0O 0 0] 0 0 U1
es e 0 0 0 e —e3 + Uz
Uy 02 0 0 0 (} aey + 3uq
Us —uq 0 —e1 0 0 aes + 2uq
Us —e; —U; e3 — Uy —aey — 33Uy —aeg — 2Ug 0
28.
[7] €1 €2 €3 31 U2 us
e 0 0 e 0 u e
e 00 (g 0 ] ui
e e e —e u
ui (? 0 0 0 01 CM€23+ 3u2 ,
U2 —U1 0 —€1 0 0 €9 + (0743 + é’MQ
U3 —e; —U; €3 — Uy —aeg —3U; —ey — ez — Uy 0
29.
[>] €1 €2 €3 ul. Ug U3
e 0 0 e 0 U e
€2 00 82 0 0 uilr
€ e e —e3 +u
ui (f 0 0 0 d a623-|~ 3u21
Ug —uq 0 —e1 0 0 —eq + aeg + 2ug
U3 —e1 —Up €3 —1Uy —«ey —3Uu; €y — aez — Uy 0
30.
[a] €1 €9 €3 U1 U2 U3
e 0 0 e 0 u 0
e; 0 8 82 0 621 Uq
e e e € u
ui (? 0 —e9 02 —u31 O2
U2 —U1 —€9 —263 Uq 0 2U3
U3 0 —u; —uy 0 —2u3 0
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31.
[7] €1 €2 €3 U1 Ug U3
e 0 0 e 0 U 0
e | 0 0 ¢ 0 e
€3 e 0 0 e e1+2e3 Uz
U (f 0 —ey (? —Uu 0
U9 —U1 —€9 —e1 — 263 Uq 0 2u3
Us 0" —ui —Ug 0 —2ug
Proof. Let € = {ey,ea,e3} be a basis of g, where
0 10 0 0 1 0 0 O
e1r=10 0 0}, e=10 0 0], es=(0 0 1
0 0 0 0 0 O 0 0 0

0 0 0 0O 0 O
0 1], A(ea)={0 0 0], A(es)=|-1 0
0 0 0 0 O 0 O

and for z € g the matrix B(z) is identified with z.

Lemma. Any virtual structure ¢ on generalized module 3.25 is equivalent to

one of the following:
0 0 p 0 ¢t 0
0(61) = 0 0 O y 0(62) = , 0(63) = S k 0 .
0 0 r 2s —p
Clei) = (p)igyesss =1,2,3.

o O O
o »w O
o O O
(en]

Proof. Put

Since for any virtual structure ¢ condition (6), Chapter II, must be satisfied, after
direct calculation we obtain:

0 ¢y o 0 0 cp
Clea)=|eyn e |, Cle)=|0 c3 35 |,

0 —c3 cis 0 0 —cj

0 C?z C:fa
Cles)= | chy+cip 3y c3s
0 25%2 ‘3%3 - 013 - 052
Put

c1g cl3 0

H = 053 033 0 )
_C%1 C%:& - C%z —053

and Cy(z) = C(z) + A(z)H — HB(z) for z € g. Then

0 0 0 0 0
01(61)2 0 0 0 N 01(62)2 0 Ca9 0 y
0 0 cy 0 0 0
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3
o G, D
C1(63) = | C2 (o2 _2013 01
0 2¢39 —C13

By corollary 3, Chapter II, the virtual structures C' and C; are equivalent.
This completes the proof of the Lemma.

Let (g, g) be a pair of type 3.25. Then it can be assumed that the corresponding

virtual pair (g,g) is defined by one of the virtual structures determined in the
Lemma. Then

[e1, e2] =0,

[e1, e3] = ez, [e2,e3] =0,

[e1,u1] =0, [e2,u1] =0, [es, u1] = sea,

[e1, uz] = uq, [e2,u2] = sea, [es,us] =te;+kea+2ses,
le1,us] = per+res, [ez,us] =u1, [es,us] = —pe3+us.

[ui,uz] = aje; + azes + azes + ayug + agug + asus,
[uy,us] = brey + baea + byes + Brus + Bauz + Psus,

[uz,us] = c1eq + caeq + cses + y1us + Y2us + y3us.

Using the Jacobi identity we see that the pair (g,g) has the form:

€1 €2 €3 U1 U2 us
e1 0 0 e 0 Uy peitres
e2| 0 0 ] 0 se w1
es —e9 0 0 Sé9 te1+2ses —pestus
Uy 0 0 —seg 0 —Y2S€9—SU1 A
Uo —u;  —sey —tej—2seg yosegtsug B
ug | —pe;—res —uj pes—usz — —-B 0

where

A= (rt +2sp)er + baez + (y2 + p)us,

B = vyi1se1 + c2e2 + baes + yiur + yous + 2sus,
Y2t — 2pt =0,

2798 —2sp —tr =0,

rs =0,

s(tr + 2sp) =0,

Y23p + 2725 — 3sby = 0,

rt + 27y2s + 4sp = 0.

The rest of the proof is similar to that of Proposition 2.13.
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Proposition 3.26. Any pair (g,g) of type 3.26 is equivalent to one and only
one of the following pairs:

1.
[7] €1 €2 €3 Uy U2 usg
€1 e1 + e3 0 0 Uy 0
€2 —€1 — €3 0 —€3 0 U ug + usg
€3 €3 0 02 Ui
U1y 0 0 0 0 0 0
U2 —U1 — U9 0 0 0 0
Uus 0 —Ug — U3 —Uj 0 0 0
2.
[a] €1 €2 es Uy U2 Uus
€1 0 e1 +e3 0 es Uy €2
€ —e1 — €3 0 —e3 0 Us  Ug + us
€3 0 €3 0 0 7 U1
U1 —€3 0 0 0 0 U2
Ug —u1 —Usg 0 0 0 0
us —E€9 —Ug2 — U3 —U1 —UQ 0 0
Proof. Let € = {ey, ea,e3} be a basis of g, where
0 1 0 0 0 O 0 0 1
€1 = 0 0 O , €2 = 0 1 1 , €3 = 0 0 O
0 0 O 0 0 1 0 0 0
Then
0 1 0 -1 0 0 0 0 O
A(@l) = 0 0 O N A(ez) = 0 0 0 A(eg) = 0 0 O ;
0 1 0 -1 0 -1 0 1 0

and for z € g the matrix B(z) is identified with z.

Lemma. Any virtual structure q on the generalized module 3.24 is equivalent
to one of the following:

C’l(el) = s 01(62) = 01(63) =0.

h— o O
o O O
o o©

Proof. Put C(e;) = (cjk)lgj,kgg, 1 €7 < 3. Let us check condition (2), Chap-
ter II. Direct calculation shows that

1 1 1
11 Cl% C%S
C(el) = 0 —Cj1 C23 |

1 1 1
ci1tca3  C3p  C3
2 2
‘I 2 ‘12 1 2 6%3 1
C(e2) = ) 02 . 11 ; €12 €11 — Céz —C3 |
32 + 2¢7; — ¢g9 €3 €33
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2
0 0 ciy
Cles) = 0 0 —cly
1 1 2 1 1 2 1
€11 €12 — €1 C3p —Cip it
Put
2 1.2 102 _ 1.2
11 212 2(013 2C12
_ 1 2 1 1

2 1 1 1,2 12y 172 _ .2 o2 12
¢y —clp+ ey g(csy —5¢fy)  g(ely — iz —c35) + 533

and Cq(z) = C(z) + A(z)H — HB(z) for z € g. Then

0 0 O
01(61) = 0 0 6%3 ) 01(62) = 01(63) = 0.
cis 0 0

By corollary 2, Chapter II, the virtual structure C' and C; are equivalent.
This completes the proof of the Lemma.

Let (g,g) be a pair of type 3.26. Then it can be assumed that the corresponding
virtual pair (g,g) is defined by the virtual structure determined in the Lemma.

Then

[e1, e2] = e1 + €2,

le1,e3] =0, [e2, e3] = —es,

[e1, u1] = pes, [eg,u1] =0, [es,u1] = 0,
[61,U2] = U1, [62,U2] = U2, [e3,u2] =0,
[e1,us] = pea, [e2,us] = uz +us, [es,us] = us.

Put

[u1,us] = arer + azez + azes + ayu; + azuz + asus,
[ui,us] = byey + baea + bzes + Bruy + Pauz + Paus,

[ug, us] = c1e1 + caea + cses + y1u1 + Y2uz + Y3us.

Using the Jacobi identity we see that the pair (g,g) has the form:

[7] €1 €2 €3 U1 U2 us

€1 0 er + €3 0 pes Uy pe2
€9 —€1 — €3 0 —€3 0 Uz U2 + us
€3 0 e 0 0 0 Uy
Uy —pes (55 0 0 0 pU2
U9 —Ux —U9g 0 0 0 0

U3 —pes —ug —ug —uy3 —puy 0 0

Consider the following cases:

1°.p=0.
Then the pair (g,g) is equivalent to the trivial pair(g,g1).
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2°. p #0.
Then the pair (g,g) is equivalent to the pair (g2,92) by means of the mapping

g — g, where
m(e;) =€, ¢ =1,2,3,

Uq, 1= 1,2,3.

1
W(“i)Z;

Since dimDg; # dimDgy we see that the pairs (g1,g1) and (g2,92) are not
equivalent. This proves the Proposition.

Proposition 3.27. Any pair (g,g) of type is equivalent to one and only one of
the following pairs:

1.
[a] €1 €2 €3 U U9 Uusg
€1 0 €3 —(1—)\)61 0 0 (73] 0
€9 (1—)\)61 — €3 0 (].—)\)63 Uq /\U2 U2-|-)\’U,3
es3 0 A—1es 0 0 0 U1
U1 0 —U1 0 0 0 0
U9 —uy —A\u 0 0 0 0
us 0 —Ug — AU3Z —U1 0 0 0
2. A=%
[a] €1 €2 €3 Uy U2 us
€1 0 €3 —%61 0 0 Uy 0
€9 %61-—63 0 %63 Uy %ug Uz—f—%u?,
€3 0 —2¢4 0 0 0 Uy
Uq 0 —Uq 0 0 0 0
U2 —Uy —%UZ 0 0 0 €3
Us 0 —Ug9— %w, —U1 0 —€3 0
3. A=0
[a] €1 €2 €3 Uy Uz U3
el 0 egs—e 0 0 w3 e3
€2 €1 —e3 0 e U 0 ug
€3 0 —e€3 6 01 0 Uy
U1 0 —Uq 0 0 0 0
U2 —Ui 0 0 0 0 0
Uus —€3 —Ug —U1 0 0 0
4. A=0
[’] €1 €2 €3 U1 U9 Uus
e1 0 e3 —e; 0 0 up - pes
€ e1 — e3 0 €3 Uq Ug
€3 0 —E€3 0 0 U1
Uy 0 —U1 0 0 U1
U —ug 0 0 0 u
Us —pes — U2 —U3 —U; —U2 &
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1
[a] €1 €2 €3 U1 U2 U3
e1 0 63—%61 0 0 Uq 0
€2 %61—63 0 %63 Uy 61+%u2 Uz-l-%us
€3 0 —%63 O 0 O (751
Uy 0 —U 0 0 0 0
U2 —Ux —€1 —5U2 0 0 0 0
us 0 —u2-~2-u3 —U1 0 0 0

Proof. Let A = 1. Consider z € g such that

1 00
z=10 1 1}.
0 0 1

Note that zyy = idy 4+, where ¢ is nilpotent endomorphism. Then by statement 13,
Chapter II, the pair (g, g) is equivalent to the trivial pair (gi,g:) for A = 1.

In the sequel we assume that A # 1.

Let £ = {e1,e2,e3} be a basis of g, where

0 1 0 1 0 0 0 0 1
er=10 0 0], ea=[0 X 1], es=[0 0 0
0 00 0 0 X 0 0O
Then
0 A\=1 0 1-A 0 O 0 0 O
A(el) = 0 0 0 N A(ez) - 0 0 0 y A(63) - 0 0 0 ,
0 1 0 -1 0 1-AX 0 A—=1 0

and for z € g the matrix B(z) is identified with z.

Lemma. Any virtual structure ¢ on the generalized module 3.27 is equivalent
to one of the following:

a)A=0
0 0 O
01(61) = 0 0 O y 01(62) = 01(63) - 0;
0 0 p
by A =1

Ca(e1) = Ca(e3)0, Caez) =

o O O
O O 3
OO ®»

) A¢{0,3,1}
03(61) = C3(62) =0= 03(62) = 0.

Proof. Put |
Cle;) = (C}khg]’,kgs, 1 =1,2,3.
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Consider the following cases:

1°. A =0.
Since for any virtual structure ¢ condition (6), Chapter II, must be satisfied,

after direct calculation we obtain:

1 1 1 2 2
€11 Ci2 Ci3 (1) Ci2 Ci3
_ 1 _ 2
C(el) = 0 c; 0 ) 0(62) = 1 0 ¢35 |,
1 1 1 1 2 2 2
—Ci1 €32 C33 Cipg —C23 C32 C33
1 2
Cla)={ 0 0 o |
€y C3 Cy3t Ci3+C3
Put 1 2 2 2 2
612_1‘323 _‘2312 _0131_012
H= —C11 Ca3 €13

1,2 2" 2 2 2" 2 9
C39FCh3 —C3p—Cly —C35—2Cip—Ci3—C33

and Ci(z) = C(z) + A(x)H — HB(z) for ¢ € g. Then
0 0 0
01(61)2 0 0 0 ) 01(62)201(63) = 0.
0 0

¢z + 0%3
By corollary 3, Chapter II, the virtual structures C' and C; are equivalent.
2°. A= 1.
Since for any virtual structure ¢ condition (6), Chapter II, must be satisfied,

after direct calculation we obtain:

%052 C%z 613 %(6%2 - '3%2) C%z C?s A
Cler) = 0 C%z 0 ) , Cle2) = C%z ng 26%2 + C%a) )
_0%2 C%z “2013 0%2 + %céz ng c§3
0 0 0}2 - cgz
0(63) = 0 0 C%Z
%C%z c%z 20%2 + C%z + C}Is
Put
‘ng - 012 c§2 cgs —a
H = €32 23, 2cis
cip +2c2, a b

Now put Cy(z) = C(z) + A(z)H — HB(z) for z € g. Then
0 cfy cfs—chy

02(61) = 02(63), 02(62) = 0 0 0
0 0 0

By corollary 3, Chapter II, the virtual structures C' and Cy are equivalent.
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3°. 2 ¢ {0,211}

190
Direct calculation shows that

(1—)‘)052 C%z 0{3

1
Cler) = 0 Ca2 ) 0 E
1
—C39 C32  31Ci3
1 1 2 2
/\612—(1_/\)‘322 052 Lo 013>\ .
1
0(62) = Ca9 €y XCatixCis )
1 1, 2)1 2 2 2
Cla T Az + 5 Chy  Cay €33
1 A1 2
_ 1
1 12X 2 2 i 1
(1_)‘)022 Cr2  xCaptCzpteys
Put
1 122 1.2 1 /.2 12
Cla— "% €22 221 €12 221 (613‘*'1_2)\012)
_ 1 1.2 11
H = Cao X €22 17— Ci3

Ayt 3 pa(cd + 5xcl) (3 + x(cls+¢3,))

and C3(z) = C(z) + A(z)H — HB(z) for ¢ € g. Then
C3(€1) = Cg(ez) = 03(63) = 0.

By corollary 3, Chapter II, the virtual structures C' and Cj are equivalent.
This completes the proof of the Lemma.

Let (g, g) be a pair of type 3.27. Then it can be assumed that the corresponding
virtual pair (g,g) is defined by one of the virtual structures determined in the
Lemma.

Put
[u1,us] = are; + azes + ages + ayus + azus + azus,

[u1,us] = brey + baeg + bzes + Brus + Bauz + Psus,

[uz,us] = creq + caea + czez + y1u1 + Y2uz + Y3 us.
Consider the following cases:

1°. A = 0. Then

[61,62] = €3 — €1,

[61’63] = 07 [62, 63] = €3,
le1,u1] =0, lea, u1] = uq, [es,u1] =0,
[61,’“2] = Ui, [CQ,UQ] = 0, [63,U2] = 0,

[e1,us] = pes, le2,us] = ug, [es,us] = uy.
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Using the Jacobi identity we see that the pair (g, g) has the form:

[a] €1 €2 €3 Ui Ug U3

€1 0 e3 —e1 0 0 Uj bes
€9 €1 — €3 0 €3 Uy 0 U2

€3 0 €3 0 0 0 U1

(5] 0 —U3 0 0 0 /Blul
U2 —U1 0 0 0 0 61”2
us —pes —U2 —uy —piur —Prug

1.1°. B, = 0.

1.1.1°. p = 0. Then the pair (g, g) is trivial.
1.1.2°. p # 0. Then the pair (g, g) is equivalent to the pair (g3, g3) by means
of the mapping 7 : g — g3, where

m(ei) =€ 1 =1,2,3,
1
m(u;) = Z—)’u]‘, j=1,2,3.

Since the virtual structure (g1, g1 ) is trivial, and the virtual structure (g3, gs) is not
trivial, we see that the pairs (g1, 91) and (@3, gs) are not equivalent.

1.2°. B; #0.
Then the pair (g, g) is equivalent to the pair (g4,84) by means of the mapping

7@ — g4, Where
m(e;) =e€;, t=1,2,3,

1
m(u;) = -BIUj, j=1,2,3.

It is possible to show that the pairs (g4, 84) with different values of parameter p are
not equivalent.

2°. A = % Then

fer,ea] = ea—
1,€2] = €3 2613
1
[e1,e3] =0, le2,e3] = 53
[61,’&1] = 0, [62,11,1] = Ui, [63,’(1,1] = 0,
1
[61, U2] = U1, [62,U2] =re; + 5“2) [63,u2] = 07
1
le1,us] =0, [ea,us] = sex +uz + sus, [es,us] = us.

2
Using the Jacobi identity we see that the pair (g, g) has the form:

[7] €1 €2 €3 U1 U2 us
€1 0 63-—-%61 0 0 U1 0
1 1 1 1
€9 561—63 0 563 U1 ’I"61+§’U,2 ’u,2+§U3
es 0 —2e3 0 0 0 uy
Uy 0 —u1 0 0 0 0
U2 —Uq —Teé1— 35Uy 0 0 0 YiUi
Ug 0 —ug—sug —u; 0 —Y1U1 0
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Then the pair (g, g) is equivalent to the trivial pair (g;,g1) with A = %

2.2°. r 0.

Then the pair (g, g) is equivalent to the pair (gs,gs) by means of the mapping

7@ — g5, where

m(ei) =€, 1 =1,2,3,

1

W(ul) = ;:'U:l,

m(ug) =

1

— €3 + ~us,
r

1
W(U3) = 121—61 + ";’U,g.

Since the virtual structure (@i, g1) is trivial, and the virtual structure (gs, gs) is not
trivial, we see that the pairs (g1,91) and (gs,gs) are not equivalent.

3°. A ¢ {0, 1,1},

3.1°.

¢{0,3,3,1}

=0, [e2, e3] = 1—Nes,
0, le2, u1] = uy, les,ua] =0,
= uq, [e2, uz] = Aug, [es, uz] =0,
0, [ea,u3] = uz + Aus, [es,uz] = u;.

Using the Jacobi identity we see that the pair (g,g) is equivalent to the trivial

pair (g1,01)-
3.2°. A= 3.

Using the Jacobi identity we see that the pair (g, g) has the form:

[a] €1 €2 €3 U1q U9 Usg
€1 0 €3—3€1 0 0 (73] 0
€9 -3-61 — €3 0 %63 Uy %‘Uz ’sz-l-%u;;
€3 0 —2es 0 0 0 Uy
Uy 0 —Uq 0 0 0 0
Ug —uy —%Ug 0 0 0 c3es
Uus 0 —UQ—%Ug —U1 0 —C3€3 0
3.2.1°. ¢3 = 0. Then the pair (g, g) is trivial.
3.2.2°. ¢3 # 0. Then the pair (g, g) is equivalent to the pair (g2, 82) by means
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of the mapping 7 : g — g2, where

Since dim D?g; # dimD?g, we see that the pairs (g;,91) and (g2,92) are not

equivalent.

Let A = 0. Consider the homomorphisms f;:g; — gl(3,R), ¢ = 1,3,4; where
fi(z) is the matrix of the mapping adg, =, = € g;, in the basis {e1, e3, u1,u3}. Since
the subalgebras fi(g;), ¢ = 1,3,4, are not conjugate, we see that the pairs (g, g;)

m(er) = Elzel’
m(ez2) = eq,

m(es) = ieg,
m(uy) = Cl—gul,
m(ug) = éu%
m(ug) = cl—su;;.

for ¢ = 1, 3,4, are not equivalent to each other.

Similarly, we prove that the pairs (gi,81) (for A = 1/2) and (gs,95) are not

equivalent.

This completes the proof of the Proposition.

Proposition 3.28. Any pair (g,9) of type 3.28 is equivalent to one and only

one of the following pairs:

1.
[,] e1 e es Uy Uz Ug
e 0 e3 — ey —e 0 wui wu
e; ey — €3 ’ 0 2 03 0 01 ug
es €3 0 0 0 0 g
ug 0 0 0 0 0 O
Ug —uy 0 0 0 0 0
usg —Uus —Uy —-u; 0 0 O
2.
[,] €1 €2 €3 Ui U2 us
e 0 e3 — e —e 0 u u
e; €g — €3 ’ 0 2 03 es3 2613 2eq —13— Ug
€3 € 0 0 0 —e3 Uq
U1 (ji —E€3 0 0 —U1 0
U —u —2e3 es u; O 0
Us —Us —2e;1 —us —u; 0 0 0
Proof. Let £ = {e1,e2,e3} be a basis of g, where
0 10 0 0 O 0 0 1
e1;=10 0 0], e={0 0 1}, e=({0 0 0
0 0 1 0 0 O 0 0 0
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Then
0 O 0 0 0 0 0 0 O
A(e1) =10 -1 0 , Ale2) = 1 0 0], A(e3)=(0 0 0},
0 1 =1 -1 0 0 1 0 0

and for z € g the matrix B(z) is identified with =.

Lemma. Any virtual structure q¢ on generalized module 3.28 is equivalent to
one of the following:

00 2 0 0 0
0(61) = 0, 0(62) = 0 0 0 y C(eg) = 0 0 0
p r 0 0 —p O

Proof.
Put C(e;) = (cz‘k)1<j»k<3> ¢ = 1,2,3. Since for any virtual structure ¢ condi-
tion (2), Chapter II, must be satisfied, after direct calculation we obtain:

1 1
),
C(el): Ca1 Co2 Caz |

1 1 1
C31 C32 Cs3

2 1 2
01 (2) 2C§,1 - 21012 - 1022
0(62) = _212 ng . ‘izz - 0113 - 0211 ) )
€37 €33 €3tz tezp — 23 — o3y

0 0 cly \
Cles) = 0 0 ch .
—cly Gl tcla— 3y ey ey — cis/
Put
c1z _032 0}3
H = 21! c3s — ciq %c%3

1 1 1 1 1 1 1.1 1.1
C31 +Ca1  C39+ Cop + 39 — 2¢y 7C23 T 5C33

and Cq(z) = C(z) + A(x)H — HB(z) for z € g. Then

0 0 2(c§ —ciy)
01(61) = O, 01(62) = 0 0 0 5
31—y €y + 3 0
0 0 0
01(63) = 0 0 0
0 —(c5 — Ciz) 0

By corollary 2, Chapter II, the virtual structures C and C; are equivalent.
This completes the proof of the Lemma.
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Let (@,9) be a pair of type 3.28. Then it can be assumed that the corresponding

virtual pair (g,g) is defined by one of the virtual structures determined in the
Lemma. Then

[61,62] = €3 — €2,

[e1, €3] = —es, [e2,e3] =0,

[617u1] = 07 [62 ] bes, [63,’111] = 0)

[61,”2] = Ui, [62),“ ] =res, [63,’(,[,2] = —pes,
[

[el,us] = us, 62,U3] = 2pe1 + uz, [es,us] = ux.

Put
[u1,uz] = are; + azes + ages + ajur + aug + azus,

[uy,ug] = brey + baeg + bzes + Brur + Bauz + Paus,

[uz,us] = cre; + caeg + cses + y1ur + Ya2uz + Ysus.

Using the Jacobi identity we see that the pair (g, g) has the form:

[,] €1 €2 €3 Ui U2 us
€1 0 €3 — €2 —E€3 0 U1 Us
€9 e — €3 0 0 pes  2pes  2pej + uz
es e3 0 0 0 —pes U
Uy 0 —pes 0 0 —pu; 0
Uz —uy —2Zpes pes  puy 0 0
U3 —u3 —2pe; —ug —uy; O 0 0

Consider the following cases:

1°. p=0.

Then the pair (g, g) is equivalent to the trivial pair (g1, g;).

2°. p#0.

Then the pair (g, g) is equivalent to the pair (g2, g2) by means of the mapping

7 : g — @2, where
m(ei) =€, 0 =1,2,3,

1
m(ui) = —u;, 1 =1,2,3.
b

Since dim D%g; # dim D?g,, we see that the pairs (g1,91) and (g2,02) are not
equivalent.
This proves the Proposition.

Proposition 3.29. Any pair (g,g) of type 3.29 is equivalent to one and only
one of the following pairs:

1.
[,] €1 €2 €3 U1 U2 us
e1 0 (1—plez e+ (1—p)es uy ug+us pus
€9 (/,L - 1)62 0 0 0 0 U1
€3 (,U, - )63 — €9 0 0 0 0 U
uq —uq 0 0 0 0 0
U9 —Uyp — U 0 0 0 0 0
U3 —[us —uq —Ug 0 0 0
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2. u=0
[a] €1 €2 €3 Uy U2 U3
e 0 e es +e3 up Ul Fu 0
6; —E€9 & 2 0 ’ 01 ! 0 2 Ui
€3 —€3 — €3 0 0 0 U2
(73] —Ul 0 0 0 0 0
Uz —U3 — Ug 0 0 0 0 e
Uus 0 —U1 —U2 0 —E€9 (f
3. p=20
[7] €1 €2 €3 Uy U2 Uus
e 0 e e +es uy uptu 0
e —es G 20 0 0 % w
€3 —E€3 — €2 0 0 0 0 U2
Ui —Ux 0 0 0 0 0
U2 —Up — U 0 0 0 0 —e€9
us 0 —U1 —U9 0 €9 0
4. p=20
[,] €1 €2 €3 U1 Ug U3
e 0 e es +e3 u U U 0
e; —eg Ur) 2 0 : 01 ! 6_ 2 Uy
€3 —e3 — €9 0 0 0 0 Us
Uy —Uy 0 0 0 0 0
Ug —Uyp — U9 0 0 0 0 Uy + aegy
us 0 —U —U2 0 —Up — ey 0
5. 4=0
[7] €1 €2 €3 Uq U9 Uus
e 0 e es+e3 u uy +u 0
e; —e9 (f 2 0 ’ 01 ! 0 2 Uy
es —e3 — €3 8 8 8 8 U2
U —u —e
u; —U1 -—IU2 0 0 0 0 ey — 632+ /37,1,1
us3 0 —uq —Uy es —aey + ez — Puy
6. o =20
[7] €1 €2 €3 Ui U2 us
e 0 e eq+e u Uy + u 0
62 —es ¢ ‘0 ° q Ly U1
es —e3 — €9 0 0 0 0 Ug
(73] —U1 0 0 0 0 €2
U9 —U1 — U2 0 0 0 0 aeg + e3 + ﬁul
Uus —Ul —U9 —€g —Q0Ey — €3 — ﬁul 0
7.ou = %
[a] €1 €2 €3 U1 U2 Ug
€1 0 %62 ez + 3€3 U1 U1+ ug %Us +e3
€9 —%ez 0 0 0 0 uq
€3 —-%63 —e 0 0 0 0 U2
U1 —U 0 0 0 0 0
U2 —U; — U2 0 0 0 0 0
Usg —E’U,g — €3 —U3 —U2 0 0 0

9
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Proof. Let £ = {e1,ez2,e3} be a basis of g, where

1 1 0 0 0 1 0 0 O
61:010,622000,632001
00 u 000 000

Then

0 0 0 0 0 0 0 0
A(el) = 0 1—-‘/1, 1 5 A(EQ) = ,u—l 0 0 ; A(eg) = -1 0
0 0 1—pu 0 0 0 p—1 0

and for z € g the matrix B(z) is identified with z.

o O O

)

Lemma. Any virtual structure ¢ on the generalized module 3.29 is equivalent
to one of the following:

a) p=0
0 0 p 0 0 O
Cles)=|-p 0 0], C(e2)=0, Clez)={0 0 0 };
0 —p O 0 0 —p
b) =3
0 0
Cle1)=10 0 0], C(e2)=C(e3)=0
0 0 p
) p {0, 5}
C(el):O7 1<Z<3
Proof. Put
Clei) = (cirhgipgs, 1<1<3
Checking condition (6), Chapter II, we obtain:
) ) ¢iy . ¢i2 ci3
Cer) = | pe3s — cis —2(1 — p)cis \ 32 R
HC33 c3s + pc3s + pcls — i — ficyy  C33
0 0 cil
Cle)=| (1 —=p)et; (1— u)(eiy —cir) C%s )
0 0 C33
0 0 clz = iy
Cles) = c1y ciy = €1y €33

(1—p)ery (A—p)ely —cly) 33+ pcys — cis — ciy
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Let 4 = 0. Then put

cip cip —ciy 0
H=| c3 c33 €33 — €33
¢35 33 — Ca —C33
and C1 = C(z) + A(z)H — HB(z). We obtain
0 0 ¢l 0 0 0
01(61) = —Ci3 0 0 5 01(62) = 0, 01(63) = 0 0 0
0 —ci; 0 0 0 —cl,

By corollary 2, Chapter II, the virtual structures C' and C; are equivalent.
Similarly we obtain the other results of the Lemma.

Let (g, g) be a pair of type 3.29. Then it can be assumed that the corresponding
virtual pair (g,g) is defined by one of the virtual structures determined in the
Lemma. Consider the following cases:

1°. 4 = 0. Then
[61,62] = €2,
[61’63] = ez + es, [62a63] :O,
le1,u1] = uy — pea, [e2,u1] =0, [es,u1] =0,
[€1>u2] = uy + ug — pes, [62,?12] =0, [63,u2] =0,
[e1, us] = pey, [e2,us] = u1, [es,us] = uz — pes.
Now put
[u1,us] = aje; + ases + ases + ajuy + asus + agus,

[u1,us] = brey + baeg + bses + Brus + Baus + Bsus,

[ug,us] = crey + caea + cseg + y1u1 + Yauz + y3us.

Using the Jacobi identity we see that the pair (g, g) has the form

{,] €1 €2 €3 U1 U2 us
e1 0 e ea+es u;r upduy 0

€2 —E€9 (f 0 0 0 U1
€3 —€3 — €2 0 0 0 0 u

" S 0 0 0 0 B
U2 —Uy — Uy 0 0 0 0 C
Uus 0 —Uy —U2 —-B —C 0 5

where B = byeg + frui, C = coeg + bses + yiug + frusa.
The mapping 7 : g’ — g, where

m(ei) =ei, 1=1,2,3,

m(u1) = ug + %1-627

. b1
m(ug) = ug + ?(62 + e3),
m(uz) = ug — ﬁlel,

2
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establishes the equivalence of the pairs (g',g') and (g, g), where g’ has the form:

[,] €1 €2 €3 U1 U2 Uus

e1 0 e ex +e3  up Uy + Usg 0

e2 —es 0] 0 0 0 "

€3 —€3 — €2 0 0 0 0 U2

U1 —Ux 0 0 0 0 b262

(%) —U1 — U2 0 0 0 0 Y1U1 + coe9 + b263
U3 0 —uq —Uy —ey —e3 — Puy — aey 0 .

Consider the following cases:
1.1°. b, = 0.

1.1.1° 41 = 0.

1.1.1.1°. ¢z = 0. Then the pair (g, g) is equivalent to the trivial pair (g1, g1).

1.1.1.2°. ¢ # 0. Then the pair (g,g) is equivalent to the pair (gz,g2) or
(93,03) by means of the mapping 7 : g2 — g, if c2 > 0, or 7 : g3 — g, if c2 < 0,
where

m(e;) =€, 0 =1,2,3,

m(u;) =/|caluj, J =1,2,3.

1.1.2°. 4, # 0.
Then the pair (g, g) is equivalent to the pair (g4,84) by means of the mapping
7 : g4 — @, where
m(ei) =ei, 1 =1,2,3,

7r(u]-) = 71Uy, j = 1,2,3.
1.2°. by # 0. Then the pair (g, g) is equivalent to the pair (gs,95) or (gs,86) by
means of the mapping 7 : g5 — @, if bo > 0, or 7: gg — @, if by < 0, where
m(e;) =e;, 1=1,2,3,

=7

m(uj) = /|b2lu;, J =1,2,3.

Consider the homomorphisms f; : g; — gl(4,R), ¢ = 1,...,6, where fi(z) is the
matrix of the mapping adpg, ¢ in the basis {es,es,u1,u2} of Dg;, z € g;. Since
the subalgebras fi(g;), ¢ = 1,...,6, are not conjugate, we conclude that the pairs
(9i,9i), t=1,...,6, are not equivalent.

2°. p= % Then

1
[61,62] = 562,
1
[61,63] =ez+ '2'63, [62,63] =0,
[e1, u1] = w1, [e2,u1] =0, [es,u1] =0,
[61,U2] = uy + Ug, [62,162] =0, [63,’&2] =0,
[e1,us] = sus + pes, [e2,us] = u1, [es,us] = uz,

2
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Put
[ui,us] = are; + azes + agzes + ayuy + aguz + asus,
[uy,us] = brey + baea + bzes + Brus + Paug + Paus,

[uz,us] = c1e1 + caea + cses + y1ur + Y2uz + Ysus.

Using the Jacobi identity we see that the pair (g, g) has the form
Consider the following cases:
2.1°. p=0. Then the pair (g, g) is equivalent to the trivial pair (gi,81).
2.2°. p#0.
Then the pair (g, g) is equivalent to the pair (g7,g7) by means of the mapping
7 @7 — @, where
Tr(ei) =ei, 1=1,2,3

m(uj) =pu;, 7 =1,2,3.

Consider the homomorphisms f; : g; — gl(4,R), 1 = 1,7, where f;(z) is the matrix
of the mapping adpg;  in the basis {es,es,ur,uz2} of Dg;, ¢ € g;. Since the
subalgebras f;(g;),? = 1,7 are not conjugate, we conclude that the pairs (g;,9:),: =
1,7 are not equivalent.

3°. 1 ¢ {0,%}. Then

1
[61,62] = 562,
1
[e1,e3] = ex + 563, [e2,e3] =0,
[e1, u1] = uq, [e2,u1] =0, [es,u1] =0,
le1, ug] = u1 +uz, [e2,u2] =0, [es,uz] =0,
1
le1, us] = 5”3, [62,U3] = uq, [63,"&'3] = U2.

Put
[u1,u2] = are1 + azes + ases + ajuy + agus + azus,

[u1,us] = biey + boes + bses + Brur + Bous + Bsus,

[ug, ug] = c1e1 + c2ez + cses + y1u1 + Y2uz + Yaus.

Using the Jacobi identity we see that the pair (g, g) is trivial.
This completes the proof of the Proposition.

Proposition 3.30. Any pair (g,g) of type 3.30 is trivial.

[,] e1 €2 €3 U1 U2 u3
€1 0 —E€3 0 Uy U U3 + us
€9 €3 0 0 0 U U2
€3 0 0 0 0 0 Uy
Uy —U1 0 0 0 0 0
U2 —U9 —U1 0 0 0 0
Us —Ug2 — U3 —Uy —U] 0 0 0
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Proof. Consider x € g such that

8
Il
o O
o = O
[

Note that zy = idy +, where ¢ is a nilpotent endomorphism. Then, by Proposi-
tion 13, Chapter II, the pair (g, g) is trivial.

Proposition 3.30. Any pair (g,g) of type 3.30 is trivial.

[7] €1 €2 €3 Ui U2 Uus
e1 0 0 0 U u usz
€2 0 0 €3 U1l 02 —Uus
es 0 —es3 0 0 wu wu
Ul —U; —Up 0 0 0 02
U9 —U»2 0 —Uji 0 0 0
U3 —ug —uz -—us 0 O 0

Proof. Consider z € g such that

Note that 2y = idy. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial.
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