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Foreword 

We consider classification of lower-dimensional homogeneous spaces an immedi­
ate continuation and global version of classification results obtained by Sophus Lie. 
Two-dimensional homogeneous spaces were classified locally by Sophus Lie [L1] and 
globally by G.D. Mostow [M]. (See also our preprint [KTD], where the complete 
classification of two-dimensional homogeneous spaces, both locally and globally, is 
presented.) S. Lie also obtained some results in classification of three-dimensional 
homogeneous spaces and described all subalgebras in the Lie algebra g((3, C). A 
detailed account of these classifications can be found in [L2]. 

The problem of finding the complete description of three- and four-dimensional 
homogeneous spaces as pairs, (group, subgroup) or even (algebra, subalgebra), is 
extremely important and rich in applications, but it is a very difficult one: "The 
description of arbitrary transitive actions on manifolds M, where dim lid ~ 3, 
presently seems to be unattainable."([GO], p. 232) 

Minimal transitive actions, that is, those. that have no proper transitive sub­
groups, on three-dimensional manifolds were classified in [G]. The problem of local 
classification of three- and four-dimensional homogeneous spaces was chosen by one 
of the authors, B. Komrakov, as the topic of Dr. Sci. thesis for A. Tchourioumov, 
the other author. (Some of the results can be found in [Tch].) 

An important subclass in all homogeneous spaces is formed by isotropically­
faithful spaces. In particular, it contains all homogeneous spaces that admit an 
invariant affine connection. The present preprint gives the local classification of 
three-dimensional isotropically-faithful homogeneous spaces. 

In 1990, the International Sophus Lie Centre, jointly with the University of 
Belarus, organized an experimental group of 25 students majoring in mathematics 
and working in accordance with a special syllabus oriented to modern differential­
geometric methods in the study of nonlinear differential equations. The following 
idea arose: to split up the classification problem mentioned above into smaller 
parts and give each part to a student; in the process of learning new material, the 
student will then try to apply his newly acquired knowledge to this problem as an 
illustration. 

Suppose, for example, that the student is learning about differential equations; 
he then writes out trajectories of one-parameter subgroups on the specific manifold 
that he has been given. Studying differential geometry, he computes invariant affine 
connections, metrics, curvature tensors, geodesics, etc., with special emphasis on 
his example, and so on. 

In their first year, the students all took an advanced course in Lie algebras and 
the main part of the work on all these "smaller parts" was completed by 12 students. 
We had no time to give our students an introductory course in cohomologies of Lie 
algebras, and although their computation constitutes a considerable part of the 
work, we do not use this language. 

This work was started in Tartu University, Estonia (August 1991), continued at 
the Institute of Astrophysics and Atmosphere Physics in Toravere, Estonia (Decem­
ber 1991 to March 1992), then at the "Bears' Lakes" Space Center of the Special 
Research Bureau of Moscow Power Engineering Institute (August 1993), and fin­
ished at the University of Oslo and the Center for Advanced Study (SHS) at the 



Norwegian Academy of Science and Letters. (Naturally, most of the time from Au­
gust 1991 to November 1993 was spent in Minsk, Belarus.) The story of this work 
was rich in experiences and events only indirectly connected with mathematics, 
something we will not here dwell on at length. We would, however, like to express 
our gratitude to those who directly or indirectly made it possible for us to complete 
this work. 

In the future, we are going to proceed with the study of geometry of three-
dimensional homogeneous spaces in the following directions: 

description of invariant affine connections on three-dimensional homogeneous 
spaces together with their curvature and torsion tensors, holonomy groups, 
geodesics, etc.; 

- description of invariant tensor geometric structures and their properties; 
- global classification of three-dimensional isotropically-faithful homogeneous 

spaces and description of inclusions among the corresponding transformation 
groups; 
description of differential invariants for the homogeneous spaces to be found 
and of the corresponding invariant differential equations; 

- description of discrete subgroups in transformation groups together with 
description of the corresponding topological factor spaces. 



Introduction 

It is known that the problem of classification of homogeneous spaces ( G, M) is 
equivalent to the classification (up to equivalence) of pairs of Lie groups ( G, G) such 
that G C G. Two pairs (G1, G1) and (G2, G2) are said to be equivalent if there 
exists an isomorphism of Lie groups 1r: G 1 -+ G2 such that 1r( G I) = G2. 

By linearization, the problem can be reduced to the problem of classification of 
pairs of Lie algebras (g, g) viewed up to equivalence of pairs. The structure of all 
pairs of Lie groups ( G, G) corresponding to a given pair of Lie algebras (g, g) was 
described in [M]. In the study of homogeneous spaces it is important to consider 
not the group G itself, but its image in Diff(M). In other words, it is sufficient to 
consider only the effective action of the group G on the manifold M. In terms of 
pairs (g, g), this condition is equivalent to the condition for g to contain no proper 
ideals of g. In this case we say that the pair (g, g) is effective. 

In the present work we classify all isotropically-faithful pairs (g, g) of codimen­
sion 3. 

Definition. A pair (g, g) is said to be isoiropically-faiihful if the natural 
g-module g / g is faithful. 

We say that a homogeneous space ( G, M) is isotropically-faithful if so is the 
corresponding pair (g, g). From geometrical point of view it means that the natural 
action of the stabilizer Gx of an arbitrary point x EM on TxM has discrete kernel. 

We divide the solution of our problem into the following parts: 

(1) We classify (up to isomorphism) all faithful three-dimensional g-modules U. 
This is equivalent to classifying all subalgebras of g((3, JR.) viewed up to 
conjugation. 

(2) For each g-module U obtained in (1) we classify (up to equivalence) all 
pairs (g, g) such that the g-modules g/g and U are isomorphic. 

In Chapter I we give basic definitions and introduce the notation to be employed. 
Here we also solve part (1) of the problem by classifying subalgebras in g((3, JR.). 

In Chapter II we develop methods for constructing pairs (g, g) given a three­
dimensional faithful g-module U. This involves computation of the first cohomol­
ogy space of g with values in the natural module .C(U, g). A series of techniques 
described in Chapter II allows, in some cases, to simplify the computation consid­
erably. 

Finally, Chapter III gives the classification of three-dimensional isotropically­
faithful pairs itself. 
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3. Three-dimensional case 

Proposition 3.1. Any pair (g, g) of type 3.1 is trivial. 

[' l el e2 e3 ul u2 U3 

el 0 0 0 Ul 0 0 
e2 0 0 0 0 u2 0 
e3 0 0 0 0 0 U3 
Ul -ul 0 0 0 0 0 
U2 0 -u2 0 0 0 0 
U3 0 0 -U3 0 0 0 

Proof. Consider x E g such that 

x= 0 ~ D 
Note that xu = idu. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial. 

And this proves the Proposition. 

Proposition 3.2. Any pair (g, g) of type 3.2 is trivial. 

[ ,] el e2 e3 ul U2 U3 

el 0 0 0 -u2 'Ul 0 
e2 0 0 0 Ul U2 0 
e3 0 0 0 0 0 U3 
ul u2 -ul 0 0 0 0 
'U2 -ul -1!,2 0 0 0 0 
U3 0 0 -U3 0 0 0 

Proof. Consider x E g such that 

n 0 

~l x= 1 
{\ 

\0 u 1; 

Note that xu= idu. Then, by Proposition 13, Chapter II, the pair (g,g) is trivial. 
And this proves the Proposition. 

Proposition 3.3. Any pair (g, g) of type 3.3 is equivalent to one and only one 
of the following pairs: 

1. 
[ ,] el e2 e3 Ul U2 U3 

el 0 2e2 -2e3 U} -U2 0 
e2 -2e2 0 ed- 0 ul 0 
e3 2e3 -el u2 0 0 
ul -ul 0 -u2 0 0 0 
u2 ud -ul 0 0 0 0 
U3 0 0 0 0 0 

2. 
[ 'l el e2 e3 ul u2 U3 

el 0 2e2 -2e3 Ul -uz 0 
e2 -2e2 0 ed 0 ul 0 
e3 2e3 -el U2 0 0 
ul -ul 0 -u2 0 U3 0 
u2 ud -ul 0 -U3 0 0 
u3 0 0 0 0 0 



162 III. THE CLASSIFICATION OF PAIRS 

3. 
[ ' l el ez e3 UI Uz U3 

el 0 2ez -2e3 Ul -uz 0 
ez -2ez 0 ed 0 Ul 0 
e3 2e3 -el Uz 0 0 
ul -ul 0 -uz 0 0 Ul 
Uz Uz -ul 0 0 0 uz 
U3 0 0 0 -ul -uz 0 

Proof. Let E = { e1, e2, e3} be a basis of g, where 

e, = G 0 

D· ez= 0 1 

~), G 
0 

D -1 0 e3 = 0 
0 0 0 

Then 

0 0 

~). A(e2 ) = ( ~2 0 D, A(e3 ) = G -1 

~). A(e!) = 2 0 0 
0 -2 0 0 

and for x E g the matrix B(x) is identified with x. 
By f) denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­

tor e1. 

Lemma. Any virtual structure q on generalized module 3.3 is trivial. 

Proof. Note that g is a semisimple Lie algebra. By Proposition 12, Chapter II, 
without loss of generality it can be assumed that q(g) = {0}. 

Let (ij, g) be a pair of type 3.3. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by the trivial virtual structure. Then 

[e1, ez] = 2ez, 

[e1, e3] = -2e3, 

[e1, u1] = u1, 

[el,uz]=-uz, 

[e1, u3] = 0, 

[e2, e3] = e1, 

[ez, u1] = 0, 

[ez, uz] = u1, 

[ez, u3] = 0, 

[e3, u1] = Uz, 

[e3,u2] = 0, 

[e3,u3] = 0. 

Since the virtual structure q is primary, we have 

where 

-( -l)(r-,) - 1lJ) g 'J - ~uz, 

g(o)((J) = Re1 EB JR;,u3, _g(l)((J) = JR;,u1, 

_g(z)((J) = IR;,ez. 
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[u1, u2] = a1e1 + a3u3, 

[u1,u3] = f3luh 

[u2, u3] = 12u2. 

Using the Jacobi identity we see that the pair (g, g) has the form: 

[ ' l el e2 e3 Ul u2 U3 

el 0 2e2 -2e3 Ul -u2 0 
e2 -2e2 0 (f 0 ul 0 
e3 2e3 -el u2 0 0 
ul -ul 0 -u2 0 0:3U3 /2U1 
u2 u2 -ul 0 -0:3U3 0 /2U2 
U3 0 0 0 -12u1 -12u2 0 ' 

where the coefficients 0:3 and /2 satisfy the equation 0:312 = 0. 
Consider the following cases: 
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1°. a 3 = 12 = 0. Then the pair (g,g) is equivalent to the trivial pair (91,g1). 
2°. a 3 =f. 0, 12 = 0. Then the pair (g, g) is equivalent to the pair (g2, g2) by 

means of the mapping 1r : 92 --+ 9, where 

7r(ei) = ei, i = 1,2,3, 

1r(u1) = u1, 

1r( u2) = u2, 

1 
1r( u3) = -u3. 

0:3 

3°. 0:3 = 0, 12 =f. 0. Then the pair (9, g) is equivalent to the pair (£13, g3 ) by 
means of the mapping 1r: 93 --+ 9, where 

7r(ei) = ei, i = 1,2,3 

1r(u1)=u1, 

1r( u2) = u2, 

1r( u3) = 12u3. 

Now it remains to show that the pairs determinited in the Proposition are not 
equivalent to each other. 

Since dim 'Dg1 =f. dim 'D92, we see that the pairs (91, g1) and (92, g2) are not 
equivalent. 

Since dim 'Dg3 =f. dim 'Dg1, we conclude that the pairs (g3, g3) and (fh, g1) are 
not equivalent. 

Since Z92 = !R.u3 and Z93 = 0, we conclude that the pairs (93, g3) and (92, g2) 
are not equivalent. 
The proof of the Proposition is complete. 
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Proposition 3.4. Any pair (g, g) of type 3.4 is equivalent to one and only one 
of the following pairs: 

1. 
[ ' l el e2 e3 ul U2 U3 

el 0 ea -e3 ul 0 -U3 
e2 -e2 ea 0 Ul ~ e3 e3 -el u2 U3 
ul -ul 0 -u2 0 0 0 
u2 0 -Ul -u3 0 0 0 
U3 U3 -U2 0 0 0 0 

2. 
[,] e1 e2 e3 Ul U2 U3 

el 0 ea -e3 ul 0 -U3 
e2 -e2 ea 0 Ul U2 
e3 e3 -el u2 U3 0 
U1 -ul 0 -U2 0 ea -el 
U2 0 -Ul -U3 -e2 -e3 
U3 U3 -u2 0 el e3 0 

3. 
[ ' l el e2 e3 ul u2 u3 

el 0 ea -e3 ul 0 -U3 
e2 -e2 ea 0 ul ~ e3 e3 -el U2 U3 
ul -Ul 0 -u2 0 -e2 el 
71,2 0 -ul -u3 e2 0 ea 
U3 U3 -u2 0 -el -e3 

Proof. Let E = { e1, e2, e3} be a basis of g, where 

0 0 

~J cl D· 0 0 

D el = 0 e2 = 0 0 e3 = 0 
0 0 0 1 

Then 

G 
0 

~} ( ~1 
0 

~) A(e3 ) = C -1 

~). A(e!) = 1 A(e2) = 0 0 
0 -1 0 0 

and for x E g the matrix B(x) is identified with x. 
By (J denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­

tor e1 . 

Lemma. Any virtual structure q on generalized module 3.4 is trivial. 

Proof. Note that g is a semisimple Lie algebra. By Proposition 12, Charter II, 
without loss of generality it can be assumed that q(g) = {0}. This completes the 
proof of the Lemma. 

Let (g, g) be a pair of type 3.4. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by the trivial virtual structure. 

Since the mapping q : g --t C(U, g) is primary, we have 



3. THREE-DIMENSIONAL CASE 

(Proposition 10, Charter II). Thus 

and 

[u1, u2] E 9( 1 )(~), 

[u1, u3] E g(o)(~), 

[u2,u3] E g(-l)(~), 

[u1, uz] = azez + a1 u1, 

[u1, u3] = b1e1 + (32u2, 

[u2, u3] = c3e3 + 13u3. 

Using the Jacobi identity we see that the pair (g,g) has the form: 

[ ' l el ez e3 U1 uz U3 

el 0 ed -e3 Ul 0 -U3 
ez -ez ed 0 ul ucf 
e3 e3 -el U2 U3 
ul -ul 0 -uz 0 a2e2 + a1u1 -a2e1 + a1 uz 
U2 0 -ul -U3 -a2e2 - 0:1 u1 0 -a2e3 + 0:1 u3 
U3 U3 -u2 0 aze1 - a1 u2 a2e3 - 0:1 u3 0 

2 

Put p = a2 + : 1 . Consider the following cases: 

1°. p = 0. 
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Then the pair (g, g) is equivalent to the trivial pair (£h, gi) by means of the 
mapping 7T : Q2 -+ g, where 

2°.p>O. 

7r(ei) = ei, i = 1,2,3, 
0:1 

1r( u1) = u1 - Te2, 

0:1 
1r(uz) = uz +Tel, 

0:1 
1r( u3) = u3 + Te3. 

Then the pair (g,g) is equivalent to the pair (gz,gz) by means of the mapping 
7T : £12 -+ g, where 

1r( ei) = ei, i = 1, 2, 3, 
0:1 

1r( u1) = ( u1 - Tez)/ yip, 
0:1 

1r( uz) = ( uz + Tel)/ yip, 
0:1 

1r( u3) = ( U3 + Te3)/ yip. 
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3 °. p < 0. Then the pair (9, g) is equivalent to the pair (93, 93) by means of the 
mapping 1r : £13 ---t 9, where 

1r(ei) = ei, i = 1,2,3, 
0:1 

1r(u1) = -p(u1- 2ez)/yCf;, 
0:1 

7r(uz) = (uz + Tei)jyCp, 

1r(u3) = (u3 + o: 1 e3)jv=Jj. 
2 

It remains to show that the pairs (91,gi), (£h,gz), and (93,93) are not equivalent 
to each other. Indeed, since dim t(91) -=f. dim t(9z) and dim t(9I) -=f. dim t(93 ), we 
see that the pair (£h, 91) is not equivalent to the pairs (9z, 92) and (93, 93 ). 

Since 93 is a simple Lie algebra (93 ~ .s((2, C)JE.) and the Lie algebra 9z is not 
simple (9z "'.s((2,JR) X .s((2,JR)), we see that the pairs (gz,gz) and (93,93) are not 
equivalent. 

This completes the proof of the Proposition. 

Proposition 3.5. Any pair (9, g) of type 3.5 is equivalent to one and only one 
of the following pairs: 

1. 
[ 'l 

2. 
[ ,] 

3. 
[ ,] 

Proof. 
Let £ = { e1 , e2 , e3 } be basis of g, where 

0 
0 
0 

-u3 0 u1 
-Uz U1 0 

0 -u3 uz 
0 0 0 
0 0 0 
0 0 0 

Uz 
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Lemma. Any virtual structure q on generalized module 3.5 is trivial. 

Proof. Note that g is a semisimple Lie algebra. By Proposition 12, Chapter II, 
without loss of generality it can be assumed that q(g) = {0}. 

Let (g, g) be a pair of type 3.5. Then it can be assumed that the corresponding 
virtual pair (g, g) is trivial. Then 

Put 

[e1, e2] = e3, 

[e1, e3] = -e2, [e2, e3] = e1, 

[e1,u1] = -u3, [e1,u2] = 0, 

[e2, u 1] = -u2, [e2, u 2] = u 1, 

[e3, u1] = 0, [e3, u2] = -u3, 

[e1, u3] = u1, 

[e2, u3] = 0, 

[e3, u3] = u2. 

[u1,u2] = a1e1 + a2e2 + a3e3 + a1u1 + a2u2 + a3u3, 

[u1, u3] = b1e1 + b2e2 + b3e3 + /31 u1 + f32u2 + /33u3, 

[u2, u3] = c1e1 + c2e2 + c3e3 + (1U1 + (2U2 + (3U3. 

Using the Jacobi identity we see that the pair (g,g) has the form: 

el e2 e3 ul U2 

el 0 ea -e2 -U3 0 
e2 -e3 (J -u2 ul 
e3 e2 -el 0 -u3 

U3 

ul 
0 

U2 
ul U3 u2 0 0 a2e2 + a3u3 a2e1 - a3u2 

0 0 u2 -Ul U3 
U3 -ul 0 -u2 

Put 

Consider the following cases: 

1 o. 4a2 = a5. 

-a2e2 - a3u3 a2e3 + a3u1 
a3u2 - a2e1 -a2e3 - a3u1 0 

Then the pair (.9, g) is equivalent to the trivial pair (.91 , g1 ) by means of the 
mapping 1r : g1 -+ g, where 

7r(ei) = ei, i = 1,2,3, 

1 
1r( u1) = u1 + 2a3e3, 

1 
1r(u2) = u2- 2a3e1, 

1 
1r(u3) = u3 + 2a3e2. 
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2°. 4a2 > a~. Then the pair (g, g) is equivalent to the pair 0,)2, 92) by means of 
the mapping 1r : ~b ---+ g, where 

3°. 4a2 <a~. 

7r(ei) = ei, i = 1,2,3, 

1 
1r(u1) = p(u1 + 2a3e3), 

1 
1r(u2) = p(u2- 2a3e!), 

1 
1r(u3) = p(u3 + 2a3e2). 

Then the pair (9, g) is equivalent to the pair (93, 93) by means of the mapping 
7r : 93 ---+ 9, where 

1r(ei) = ei, i = 1,2,3, 

1 
1r(u1) = p(u1 + 2a3e3), 

1 
1r(u2) = p(u2- 2a3e1), 

1r(u3) = p(u3 + ~a3e2). 

Now it remains to show that the pairs determined in the Proposition are not 
equivalent to each other. 

Since t(9!) # {0} and t(92) = t(93) = {0}, we see that no one of the pairs 3.5.2 
and 3.5.3 is equivalent to the pair 3.5.1. 

Note that the Lie algebra 92 is simple (92 "'.s[(2, C)JE.) and the Lie algebra 93 is 
not simple (93 "' .su(2) x su(2)). It follows that the pairs 3.5.2 and 3.5.3 are not 
equivalent. 

This completes the proof of the Proposition. 

Proposition 3.6. Any pair (9, g) of type 3.6 is equivalent to one and only one 
of the following pairs: 

1. 
[ ,] el e2 e3 'U} 'U2 'U3 

el 0 0 ed 0 0 'U} 
e2 0 0 0 'U2 0 
e3 -el 0 0 0 0 'U3 
'U} 0 0 0 0 0 0 
'U2 0 -'U2 0 0 0 0 
'U3 -'Ul 0 -'U3 0 0 0 

2. 
[ ,] el e2 e3 'U} 'U2 'U3 

el 0 0 ed ed 0 'U} 
e2 0 0 'U2 0 
e3 -el 0 0 0 0 'U3 
'U} -el 0 0 0 0 'U3 
'U2 0 -u2 0 0 0 0 
'U3 -'Ul 0 -'U3 -'U3 0 0 
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Proof Let £ = { e1, e2, e3} be a basis of g, where 

(
0 0 1) (0 0 0) e1 = 0 0 0 , e2 = 0 1 0 , 
0 0 0 0 0 0 

Then 

(0 0 1) 
A(el) = 0 0 0 , 

0 0 0 
(

0 0 0) 
A(e2) = 0 0 0 , 

0 0 0 
(-1 0 0) 

A(e3) = 0 0 0 , 
0 0 0 

and for x E g the matrix B( x) is identified with x. 
By ~ denote the nilpotent subalgebra of the Lie algebra g, spanned by e2 and e3 . 

Lemma. Any virtual structure q on generalized module 3. 6 is equivalent to one 
of the following: 

(
p 0 0) 

c1 ( ei) = 0 0 0 ' 
0 0 0 

Proof. Let q be a virtual structure on the generalized module 3.6. Without loss 
of generality it can be assumed that q is primary. Since 

g(o,- 1 )(~) ::=> IR.e1, g(o,o)(f)) ::=> IR.e2 ffi IR.e3, 

U(O,O)(f)) ::) JR.u1, U(l,O)(f)) ::) JR.u2, U(0,1) ::) JR.u3, 

we have 

Let us check condition (6), Chapter II, for x, y E £. 

We have 

0 0 ) ( c~ 1 0 0) ( 0 00 = 0 00-0 
0 0 0 0 0 0 

0 0) (0 0 0 - 0 
0 0 0 
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( 
ci 1 0 0 ) ( 0 0 0 ) + 0 0 0 + 0 0 c~ 3 
0 0 0 0 0 c§3 

and c~ 1 = c~ 1 = 0. So, any virtual structure q on generalized module 3.6 has the 
form: 

Put 

Now put C1 (x) = C(x) + A(x)H- HB(x). Then 

0 0) 
0 0 ' 
0 0 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
This completes the proof of the Lemma. 

Let (g, g) be a pair of type 3.6. Then it can be assumed that the virtual pair 
(g, g) is determined by one of the virtual structures determined in the Lemma. 
Then 

[el,ez]=O, 

[e1,e3]=e1, [ez,e3]=0, 

[e1, -u1] = pe1, [ez, u1] = 0, [e3, u1] = 0, 

[e1, uz] = 0, [ez, uz] = uz, [e3, uz] = 0, 

[e1, u3] = u1, [ez, u3] = 0, [e3, -u3] = u3. 

Since the virtual structure q is primary, we have 

Thus 

and 

g(O,-l)((J) :J !Re1, g(o,o)(f)) :J Rez ffi Re3 ffi Ru1, 

g(l,O)((J) :J Ruz, g(O,l) :J Ru3, 

[u1, uz] = O:zUz, 

[u1, u3] = (33u3, 

[uz, u3] = 0. 
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Checking the Jacobi identity, we obtain 0:2 = 0 and /33 = p. It follows that the pair 
(g, g) has the form 

[ ' l el e2 e3 UI u2 U3 

el 0 0 el pe1 0 UI 
e2 0 0 0 0 u2 0 
e3 -el 0 0 0 0 U3 
UI -bel 0 0 0 0 pu3 
u2 -u2 0 0 0 0 
U3 -ul 0 -U3 -pu3 0 0 . 

Consider the following cases: 

1°. p = 0. Then the pair (g, g) is equivalent to the trivial pair (g1, 91 ). 
2°. p -f. 0. Then the pair (g,g) is equivalent to the pair (g2 ,g2 ) by means of the 

mapping 1r : g2 -> g, where 

7r(ei) = ei, i = 1,2,3, 

1r( u1) = pu1, 

1r( u2) = u2, 

1r(u3)=pu3. 

Since dim 'D2 g1 = 1 and dim D2 92 = 3, we see that the pairs (£h, 91) and (g2, 92) 
are not equivalent. 

This proves the Proposition. 

Proposition 3.7. Any pair (g,g) of type 3. 7 is trivial. 

[ ' l el e2 e3 ul u2 U3 

el 0 (r 0 UI A.u2 0 
e2 -e2 ecf 0 0 UI 

0 0 A 

e3 -e2 u U3 
UI -ul 0 0 0 0 0 
u2 -A.u2 0 0 0 0 0 
U3 0 -ul -U3 0 0 0 

Proof. Let E = { e1, e2, e3} be a basis of g, where 

e1 = G 0 

~)' e, = G 0 

~) (~ 
0 

D A. 0 e3 = 0 
0 0 0 

Then 

A(e1) = G 0 

~). A(e,) = (~I 
0 

D· (~ 
0 

~) 1 0 A(e3) = -1 
0 0 0 

and for x E g the matrix B( x) is identified with x. 
By f) denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­

tors e1, e3. 
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Lemma. Any virtual structure q on generalized module 3. 7 is equivalent to one 
of the following: 

a) >. = 0 

Cl(el) = G ~ ~). Cl(e,) = G ~ D ' c,(e,) = G ~ n; 
b).\#0 

Proof. Let q be a virtual structure on generalized module 3. 7. By Proposition 9, 
Chapter II, without loss of generality it can be assumed that q is primary. Then 

Consider the following cases: 
1°. >. = 0. Then 

(0 p 0) 
C(ei) = 0 0 0 , 

0 q 0 
(

0 0 0) 
C( ez) = 0 t 0 , 

0 0 0 

Checking condition (6), Chapter II, for (e1,e2) and (e2,e3), we obtain p 
q, s = r. Put 

H=(~ ~ ~), 
\0 0 0 

and C1(x) = C(x) + A(x)H- HB(x). Then 

(0 p 0) 
cl ( el) = 0 0 0 ' 

0 p 0 

2°. Then>.# 0. C(e1) = C(ez) = C(e3) = 0. 
And this completes the proof of the Lemma. 

Consider the following cases: 1 o. >. = 0. Then 

[e1, e2] = ez, 

[e1, e3] = 0, 

[e1, u1] = u1, 

[e1, uz] = p(e1 + e3), 

[e1, u3] = 0, 

[ez,e3] = ez, 

[ez, u1] = 0, 

[ez,uz] = 0, 

[ez, u3] = 0, 

[e3, u1] = 0, 

[e3,u2] = s(e1 + e3), 

[e3,u3] = u3. 



Note that 

and 
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g(o,o)([J) =:> !R.e1 EEl !R.e3 EEl !R.uz, g(1,-1)([J) = lRez, 

g(l,o)([J) =:> !R.ub g(0,1)([J) = !R.u3, 

[u1, uz] = o:u1, 

[u1, u3] = 0, 

[uz, u3] = f3u3. 
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CheckingtheJacobiidentityforthetriples(ei,Uj,uk), i = 1,2,3, 1 ~j < k ~ 3, 
and (u1,u2 ,u3), we obtain that the pair (g,g) has the form: 

[ ,] e1 ez e3 U} Uz U3 

e1 0 (f 0 U1 0 0 
ez -ez ea 0 0 U1 
e3 0 -ez 0 0 U3 
U1 -U1 0 0 0 O:U1 0 
uz 0 0 0 -O:U} 0 -O:U3 
U3 0 -u1 -U3 0 O:U3 0 . 

Then the pair (g, g) is equivalent to the trivial pair (£h, 91) by means of the mapping 
1r : fJ1 -----+ g, where 

and the pair (g, g) is trivial. 

1r(ei) = ei, i = 1,2,3, 

1r(u1) = u1, 

7r(uz) = Uz + o:(e1 + e3), 

1r( u3) = u3. 

[u1, uz] = 0, 

[u1, u3] = 0, 

[uz, u3] = 0, 

The proof of the Proposition is complete. 

Proposition 3.8. Any pair (g, g) of type 3.8 is equivalent to one and only one 
of the following pairs: 

1. 
[ ,] e1 ez e3 U1 Uz U3 

e1 0 0 (1-11)e3 U1 0 f1U3 
ez 0 0 -Ae3 0 Uz Au3 
e3 (!1- 1)e3 Ae3 0 0 0 U1 
U1 -u1 0 0 0 0 0 
Uz 0 -uz 0 0 0 0 
U3 -f1U3 -Au3 -Ul 0 0 0 
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2. ,\ = f-l = 0 

[ ' l e1 e2 e3 'U1 'U2 'UJ 

el 0 0 e3 'U1 0 0 
e2 0 0 0 0 'U2 0 
e3 -e3 0 0 0 0 'U1 
'U1 -'U1 0 0 0 0 e3 
'U2 0 -'U2 0 0 0 0 
'UJ 0 0 -'U1 -e3 0 0 

3. ,\ = f-l = 0 

[ ' l e1 e2 e3 'Ul 'U2 'UJ 

e1 0 0 
ea 'U1 0 0 

e2 0 0 0 'U2 0 
e3 -e3 0 0 0 0 'U1 
'U1 -'U1 0 0 0 0 -e3 
'U2 0 -'U2 0 0 0 0 
'UJ 0 0 -'U1 e3 0 0 

4. ,\ = f-l = 1 

[ ' J e1 e2 e3 'U1 'U2 'U3 

e1 0 0 0 'U1 0 'U3 
e2 0 0 -e3 0 'U2 'U3 
e3 0 e3 0 0 2e2 - e1 'U1 
'U1 -'U1 0 0 0 'U3 0 
'U2 0 -'U2 e1 - 2e2 -'U3 0 0 
'U3 -'U3 -'U3 -'Ul 0 0 0 

5. ,\-0 f-l-1 - ' -2 

[ ' J e1 e2 e3 'U1 'U2 U3 

0 0 1 0 1 e1 2e3 'U1 e3 + 2u3 
ez 0 0 0 0 Uz (3e3 

1 0 0 0 0 U1 e3 -2e3 
U1 -y;1 0 0 0 0 0 
Uz u -'U2 0 0 0 0 

1 
-(3e3 -u1 0 0 0 'U3 -e3- 2u3 

6. ,\ = 0, f-l = ~ 

[ ' J el ez e3 'Ul Uz U3 

e1 0 0 1 U1 0 1 -e3 2'U3 
ez 0 0 20 0 Uz e3 
e3 1 0 0 0 0 U1 - 2 e3 
'U1 -'U1 0 0 0 0 0 
Uz 0 -'U2 0 0 0 0 
U3 

1 -e3 -ul 0 0 0 -2U3 

7. ,\ = 1' f-l = -1 

[ ' J el ez e3 'U1 Uz 'U3 

e1 0 0 2e3 U1 0 -U3 
ez 0 0 -e3 0 Uz 'U3 
e3 -2e3 

ea 
0 0 0 'U1 

u1 -u1 0 0 0 Uz 
uz 0 -u2 0 0 0 0 
U3 U3 -'U3 -11,1 -u2 0 0 
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8. ,\ = -1, 1-l = 0 

[' l e1 e2 e3 U1 U2 U3 

e1 0 0 e3 U1 0 0 
e2 0 0 ea 0 (f -U3 
e3 -e3 -e3 0 u1 
U1 -u1 0 0 0 e3 0 
U2 0 -u2 0 -e3 0 2e2 - e1 
U3 0 U3 -ul 0 e1 - 2e2 0 

9. >-=-~J-L=~ 

[' l el e2 e3 U1 U2 U3 

el 0 0 1 0 l.u3 -e3 u1 

e2 0 0 t 0 u2 
21 

2e3 -2U3 
e3 

1 1 0 0 0 -2e3 --e3 U1 
U1 -u1 0 0 0 0 0 
U2 0 -u2 0 0 0 e3 
U3 1 1 -u1 0 -e3 0 -2U3 2U3 

Proof. Let £ = { e1, e2, e3} be basis of g, where 

e1 = 0 0 D, ez= 0 0 n, 0 0 

D· 0 1 e3 = 0 
0 0 0 

Then 

(~ 0 0 l, (0 0 

~ l' A(e3 ) = ( ~ 0 

~~' A(ei) = 0 0 A( e2) = l 0 0 0 

\0 0 1-J-L) \0 0 ->.) J-L-1 0 0} 

and for x E g the matrix B( x) is identified with x. 

By ~ denote the nilpotent subalgebra of the Lie algebra g spanned by the vectors 
e1 and e2. 

Lemma. Any virtual structure q on generalized module 3.8 is equivalent to one 
of the following: 

a) 1-l = 1, ,\ = -1 

C(e1) = 0 0 

D C(e,) = 0 0 

D· 0 0 C(e3) = 0; 
p q 

b)J-L=2,>.=0 

C(e,) = G 0 

~) C(e1) = C(e2) = 0, 0 
0 
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c) 11 =A= 0 

C(e!) = G 0 -p) 
C(ez) = 0 0 -r) 0 q ' 0 s ' C(e3) = 0; 

0 0 0 0 

d)J.L=A=1 

C(e,) = C(c,) = 0, C(e,) = G ~ n ; 
(0 0 0) 

C(e1) = 0 0 0 , 
0 0 p 

f) (.A,J.L) ~ {(-1,1),(0,2),(0,0),(1,1),(0,~)} 

C(ei) = 0, i = 1,2,3. 

Proof. Let q be a virtual structure on generalized module 3.8. Without loss of 
generality it can be assumed that q is primary. 

For example, suppose 11 = 1,).. = -1. Since 

we have 

g(O,O)(~) = IR.e1 EEJIR.e2, U(0,- 1 )(~) = IR.u1, 

g(O,l)(~) = IR.e3, U(0,1)(~) = IR.u2, 

u(l,- 1 )(~) = IR.u3, 

C(cz) = (~ 
For a virtual structure defined by matrices C( ei), i = 1, 2, 3, condition (6), Chap­
ter II, is satisfied. 

Similarly we obtain the other results of the Lemma. 

Let (g, g) be a pair of type 3.8. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. 

Since the virtual structure q is primary, we have 

(Proposition 10, Chapter II). Consider the following cases: 
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1°. p, = 1, A = -1. Then 

Since 

we have: 

[e1, e2] = 0, 

[e1, e3] = 0, [e2, e3] = e3, 

[e1, u1] = u1, [e2, u1] = 0, [e3, u1] = 0, 

[e1, u2] = pe3, [e2, u2] = qe3 + u2, [e3, u2] = 0, 

[e1, u3] = u3, [e2, u3] = -u3, [e3, u3] = u1. 

g(o,o)(~) = !Re1 EB !Re2, g(I,o)(f)) = !Ru1, 

g(O,I)(f)) = !Re3 EB !Ru2, g(l,-l)(f)) = IRu3, 

[u1, u2] = 0, 

[u1, u3] = 0, 

[u2, u3] =/I u1. 

Using the Jacobi identity we see that the pair (g, g) has the form: 

el e2 e3 UI U2 U3 

el 0 0 0 UI 0 U3 
e2 0 0 

ea 
0 U2 -u3 

e3 0 -e3 0 0 UI 
Ul -UI 0 0 0 0 0 
U2 0 -u2 0 0 0 /lUI 
U3 -U3 U3 -UI 0 -/lUI 0 
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Then the pair (g, g) is equivalent to the pair (fii, g1) by means of the mapping 
1r : g1 --+ g, where 

~f~-)-~- ;_1 '1 ') 
"\. cz - Cz, " - , L-' v, 

1r( u1) = u1, 

1r( u2) = u2 - /1 e3, 

1r( u3) = u3. 

2°. p, = 2, A = 0. Using the Jacobi identity we see that the pair (g, g) is equivalent 
to the trivial pair (g1, g1 ). 

3°. p, = A= 0. Using the Jacobi identity we see that the pair (g, g) has the form: 

e1 e2 e3 U1 u2 U3 

el 0 0 e3 U1 0 0 
e2 0 0 0 0 u2 0 
e3 -e3 0 0 0 0 UI 
UI -ul 0 0 0 0 b3e3+/J1 UI 
U2 0 -u2 0 0 0 /2U2 
U3 0 0 -u1 -b3e3-f31 u1 -12u2 0 

Put 
1 

for 
1 2 

a= 

vlb3 + tNI 
b3 =1- - 4/31 . 
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Consider the following cases: 

3.1°. b3 + ~,Bi = 0. Then the pair (9,g) is equivalent to the trivial pair (£h,gi) 
by means of the mapping 7r : £h ---+ 9, where 

7r(ei) = ei, i = 1,2,3, 
1 

1r(u1) = u1- 2,81e3, 

1r( u2) = u2, 

1 
1r(u3) = u3 + 2JJ1e1 + 12e2. 

3.2°. b3 + ~;Ji > 0. Then the pair (9,g) is equivalent to the pair (92,92) by 
means of the mapping 1r : 92 ---+ 9, where 

7r(ei) = ei, i = 1,2,3, 
a 

1r(ui) = au1- 2,81e3, 

1r( u2) = u2, 
a 

7r(u3) = au3 + 2;Jlel + ar2e2. 

3.3°. b3 + ~,Bf < 0. Then the pair (9,g) is equivalent to the pair (93,g3) by 
means of the mapping 1r : 93 ---+ 9, where 

7r(ei) = ei, i = 1,2,3, 
a 

1r(u1) = au1- 2;J1e3, 

1r( u2) = u2, 
a 

7r(u3) = au3 + 2;Jlel + ar2e2. 

4 °. 11 = A = 1. Using the Jacobi identity we see that the pair (9, g) has the form: 

el e2 e3 UI U2 U3 
el 0 0 0 UI 0 U3 
e2 0 0 -e3 0 U2 U3 
e3 0 e3 0 0 /3 ( 2 e2-e 1) UI 

UI -ul 0 0 0 /3U3 0 
U2 0 -u2 /3 ( e1-2e2) -13U3 0 0 
U3 -U3 -U3 -ul 0 0 0 

Consider the following cases: 

4.1 o. 13 = 0. Then the pair (9, g) is trivial. 
4.2°. 13 #- 0. Then the pair (g, g) is equivalent to the pair (94, g4) by means of 

the mapping 1r : 94 ---+ 9, where 

1r( ei) = ei, i = 1, 2, 3, 

1r( ul) = u1, 

1 
1r( u2) = -u2, 

'/'3 
1r( u3) = U3. 
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5°. f-L = ~'A= 0. Using the Jacobi identity we see that the pair (g,g) has the 
form: 

el e2 e3 Ul U2 U3 

0 0 1 0 1 el -e3 Ul pe3+ 2u3 
e2 0 0 20 0 U2 qe3 
e3 1 0 0 0 0 Ul - 2e3 
Ul -ul 0 0 0 0 0 
U2 0 -u2 0 0 0 0 
U3 1 -qe3 -ul 0 0 0 -pe3- 2u3 

Consider the following cases: 

5.1 o. p = q = 0. Then the pair (g, g) is trivial. 

5.2°. p = 0, q #- 0. Then the pair (g,g) is equivalent to the pair (g6 ,g6 ) by 
means of the mapping 1r : g6 -t g, where 

7r(ei) = ei, i = 1,2,3, 

1 
1r(u1) = -u1, 

q 

1r( u2) = u2, 

1 
1r( u3) = -u3. 

q 

5.3°. p #- 0. Then the pair (g, g) is equivalent to the pair (g5 , g5 ) by means of 
the mapping 1r : 9s -t g, where 

1r(ei) = ei, i = 1,2,3, 

. 1 
7r( U1) = -Ul, 

p 

1r( u2) = u2, 

1 
1r( U3) = -U3. 

p 

6°. (A,f-L) ~ {(-1,1),(0,2),(0,0),(1,1),(0,!)}. 
6.1°. A= 1, f-L = -1. Using the Jacobi identity we see that the pair (g,g) has 

the form: 
el e2 e3 ul u2 U3 

el 0 0 2e3 Ul 0 -U3 
e2 0 0 -e3 0 u2 U3 
e3 -2e3 e3 0 0 0 U1 
u1 -ul 0 0 0 0 f32u2 
U2 0 -u2 0 0 0 0 
U3 U3 -u3 -u1 -(32u2 0 0 

Consider the following cases: 

6.1.1 °. (32 = 0. Then the pair (g, g) is trivial. 
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6.1.2°. (32 # 0. Then the pair (9, g) is equivalent to the pair (97, 97) by means 
of the mapping rr : 97 ---+ g, where 

rr(ei) = ei, i = 1,2,3, 

1 
rr( u 1) = (32 u1, 

rr( u2) = u2, 

1 
rr( u3) = (32 u3. 

6.2° . .\ = -1, 1-" = 0. Using the Jacobi identity we see that the pair (g,g) has 
the form: 

e1 e2 e3 U1 U2 U3 

e1 0 0 e3 u1 0 0 
e2 0 0 ea 0 U2 -U3 
e3 -e3 -e3 0 0 u1 
U1 -u1 0 0 0 a3e3 0 
U2 0 -u2 0 -a3e3 0 a3(2e2-el) 

0 a3(e1-2e2) 0 U3 0 U3 -u1 

Consider the following cases: 

6.2.1 o. a3 = 0. Then the pair (g, g) is trivial. 

6.2.2°. a3 # 0. Then the pair (g,g) is equivalent to the pair (98,g8) by means 
of the mapping rr : .9s ---+ g, where 

rr(ei) = ei, i = 1, 2, 3, 

' ' 1 
rr( u1) = -u1, 

a3 

rr( u2) = u2, 

1 
rr( u3) = -u3. 

a3 

6.3° . .\ = -~, 1-" =~·Using the Jacobi identity we see that the pair (g,g) has 
the form: 

e1 e2 e3 U1 U2 U3 

e1 0 0 1 u1 0 1 -e3 -u3 

e2 0 0 r 0 U2 
21 

2e3 -2U3 

e3 1 1 0 0 0 -2e3 --e3 U1 
U} -u1 0 0 0 0 0 
U2 0 -u2 0 0 0 c3e3 
U3 1 1 -u1 0 -c3e3 0 -2U3 2U3 

Consider the following cases: 

6.3.1 o. c3 = 0. Then the pair (g, g) is trivial. 



3. THREE-DIMENSIONAL CASE 181 

6.3.2°. c3 =f. 0. Then the pair (g, g) is equivalent to the pair (99 , g9 ) by means 
of the mapping 1r : fig --+ g, where 

1r(ei) = ei, i = 1,2,3, 

1 
1r(u1) = -u1, 

C3 

1r( u2) = u2, 

1 
1r( u3) = -u3. 

C3 

6.4°. (A,fl) tJ. {(1,-1),(-1,0),(-~,~)}. Using the Jacobi identity we see that 
the pair (9, g) is equivalent to the trivial pair (91 , gl). 

Now it remains to show that the pairs determined in the Proposition are not 
equivalent to each other. 

Consider the homomorphisms 

fi : 9i --+ 9((3, R) (i = 1, 2, 3), 

where fi(x) is the matrix of the mapping adv9i x in the basis e3 ,u1 ,u2 ,x E 9i· 
Since the subalgebras fi(9i) ( i = 1, 2, 3), are not conjugate to each other, we 

conclude that the pairs (91,91), (92,92), and (£h,g3) are not equivalent. Similarly 
we can prove that no one of the pairs 3.8.5 and 3.8.6 is equivalent to the pair 3.8.1. 

Since dim 'D94 =f. dim 'D91, we see that the pairs (94, 94) and (91, 9I) are not 
equivalent. 

Consider the algebras 

and the homomorphisms 

fi : Qi --+ 9((3, R) (i = 5, 6), 

where fi(x) is the matrix of the mapping advgi x in the basis { e3 + Ru1 , u2 + 
Ru1, U3 + Ru1}, x E Qi· 

Since the subalgebras fs(fJs) and f6(Q6) are not conjugate, we conclude that the 
pairs (9s, g5) and (96, 96) are not equivalent. 

Consider the pairs (95, g5) and (.9~, 9~) with parameters (3 and (3' respectively. 
It is possible to show that these pairs are not equivalent, whenever (3 =f. (3'. 

Since dim 'D2 97 =f. dim 'D2 91, we see that the pairs (97, 97) and (91, 91) are not 
equivalent. Since dim 'D9s =f. dim 'D91, we see that the pairs (9s, 9s) and (91, 91) 
are not equivalent. Similarly, since dim 1)2 99 =f. dim 1)2 £h, the pairs (99 , g9 ) and 
(91, 9I) are not equivalent. 

This completes the proof of the Proposition. 
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Proposition 3.9. Any pair (g, g) of type 3.9 is trivial. 

[ ' l el ez e3 ul Uz U3 

el 0 0 0 UI Uz U3 
ez 0 0 0 0 UI U2 
e3 0 0 0 0 0 UI 
ul -ul 0 0 0 0 0 
U2 -uz -ul 0 0 0 0 
U3 -u3 -uz -ul 0 0 0 

Proof. Consider x E g such that 

Note that xu = idu. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial. 
This proves the Proposition. 

Proposition 3.10. Any pair (g,g) of type 3.10 is trivial. 

[ ' l el ez e3 UI U2 U3 

el 0 0 e3 UI 0 .\uz 
ez 0 0 -e3 0 (f Uz + U3 
e3 -e3 ea 0 0 UI 
UI -ul 0 0 0 0 
uz 0 -u2 0 0 0 0 
U3 -.\uz -Uz- U3 -ul 0 0 0 

Proof. Consider x E g such that 

x= (~ 0 

~) 1 
,o 0 1, 

Note that xu = idu. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial. 

Proposition 3.1L Any pair (g, g) of type 3.11 is trivial. 

[ ' l el ez e3 UI Uz U3 

el 0 0 ed UI 0 Uz 
e2 0 0 0 uz U3 
e3 -el 0 0 0 0 U1 
UI -Ul 0 0 0 0 0 
Uz 0 -uz 0 0 0 0 
U3 -uz -U3 -ul 0 0 0 

Proof. Consider x E g such that 

Note that xu = idu +l?, where cp is a nilpotent endomorphism. Then, by Proposi­
tion 13, Chapter II, the pair (g, g) is trivial. 
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Proposition 3.12. Any pair (g, g) of type 3.12 is equivalent to one and only 
one of the following pairs: 

1. 
[' l el e2 e3 UI U2 U3 

el 0 -e2 -e3 0 0 U3 
e2 e2 0 0 0 0 U2 
e3 e3 0 0 0 0 UI 
ul 0 0 0 0 0 0 
U2 0 0 0 0 0 0 
U3 -U3 -u2 -Ul 0 0 0 

2. 
[ ,] el e2 e3 ul U2 U3 

el 0 -e2 -e3 0 0 U3 
e2 e2 0 0 e3 2e2 U2 
e3 ea 0 0 0 e3 ul 
UI -e3 0 0 -ul 0 
U2 0 -2e2 -e3 UI 0 2u3 
U3 -U3 -u2 -ul 0 -2u3 0 

Proof. Let £ = { e1, e2, e3} be a basis of g, where 

(
0 0 0) 

e1 = 0 0 0 , 
0 0 1 

(
0 0 0) 

e2 = 0 0 1 , 
0 0 0 

Then 

A(e1) ~ 0 0 
-1 
0 

0 ) (0 0 0) (0 0 , A( e2) = 1 0 0 , A( e3) = 0 
-1 0 0 0 1 

and for x E g the matrix B(x) is identified with x. 
By f) denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­

tor e1. 

Lemma. Any virtual structure q on generalized module 3.12 is equivalent to 
one of the following: 

Proof. Let q be a virtual structure on generalized module 3.12. Without loss of 
generality it can be assumed that q is primary. Since 

where 
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we have 

c~~ 
1 

~), C(ez) = ( el1 

0 el,) C12 
C(e1)= 0 2 

0 ' C22 
0 2 0 c31 c32 

C(e,) = ( c~1 0 el,) 3 0 . C22 
3 0 c31 c32 

Since for any virtual structure q condition (6), Chapter II, must be satisfied, after 
direct calculation we obtain: 

(ell 
0 ej,) 

C(e1)=0, C(e2) = 2 
0 ' C22 

2 0 c31 c32 

(ell 
0 cl,) 

C( e3) = 2 + 3 0 . C21 c13 
2 2 0 c31 C31 - C13 

Put 

H= n, -t ~) 
and C1 (x) = C(x)- A(x)H + HB(x) for x E g. Then 

By corollary 3, Chapter II, the virtual structures C and C1 are equivalent. 
This completes the proof of the Lemma. 

Let (g, g) be a pair of type 3.12. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Then 

[e1,e2]=-e2 

[e1,e3]=-e3 [e2,e3]=0 

[e1, u1] = 0 [e2, u1] = P1 e2 + P2e3 [e3, u1] = pse2 + p5e3 

[e1, u2] = 0 [e2, u2] = p3e2 + p4e3 [e3, u2] = p1e2 + p2e3 

[e1,u3] = U3 [e2,u3] = u2 [e3,u3] = u1 

Since the virtual structure q is primary, we have 

where 



Therefore 
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[u1,u2] = a1e1 +a1u1 +azuz, 

[u1, u3] = f33u3, 

[u2, u3] = {3U3. 

Using the Jacobi identity we see that the pair (g, g) has the form 

[ ,] el e2 e3 U} U2 

el 0 -e2 -e3 0 0 
e2 e2 0 0 P1e2+P2e3 2p2e2 
e3 e3 0 0 2p1e3 P1e2+p2e3 
UI 0 -p1e2-p2e3 -2p1e3 0 -p2u1 +PIU2 
u2 0 -2p2e2 -p1e2 -p2e3 P2UI-PIU2 0 
U3 -u3 -u2 -ui -2pi U3 -2p2u3 

Consider the following cases: 
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U3 

U3 
U2 
U} 

2piu3 
2p2u3 

0 

1°. PI = p2 = 0. Then the pair (g, g) is equivalent to the trivial pair (gi, gi). 
2°. PI f. 0, P2 = 0. Then the pair (g,g) is equivalent to the pair (g2,92) by 

means of the mapping 1r : Q2 -t g, where 

1r( ei) = ei, 

1r(e2) = e3, 

1r( e3) = e2, 

1r( ui) = PI u2, 

1r(u2) = Piui, 

7r( U3) = PI U3. 

3°. PI = 0, P2 f. 0. Then the pair (g,9) is equivalent to the pair (g2,92) by 
means of the mapping 1r : .92 -t g, where 

1r(ei) = ei, i = 1,2,3, 

1r(uj)=p2uj, j=1,2,3. 

4°. PI f. 0, P2 f. 0. Then the pair (g,9) is equivalent to the pair (g2,92) by 
means of the mapping 1r : Q2 -t 9, where 

1r( e1) = e1, 

1r( e2) = e2, 

1r( e3) = PI e2 + e3, 

1r( ui) = P2u1 + P1P2u2, 

1r(u2) = P2u2, 

1r(u3) = P2U3. 

Since Z (gi) = lRui + lRu2 and Z (g2) = 0, we see that the pairs (g2, 92) and (gi, 9I) 
are not equivalent. 

This completes the proof of the Proposition. 
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Proposition 3.13. Any pair (jj, g) of type 3.13 is equivalent to one and only 
one of the following pairs: 

1. 
[' l el ez e3 Ul Uz U3 

el 0 (A- p)ez (1 - f.l )e3 Ul Au2 f.LU3 
ez ~f.l- A~ez 0 0 0 0 uz 
e3 f.l- 1 e3 0 0 0 0 Ul 
ul -ul 0 0 0 0 0 
Uz -Auz 0 0 0 0 0 
U3 -pu3 -uz -ul 0 0 0 

2. A = 1 - 2p, 0 ~ f.l < 1 

[,] el ez e3 Ul Uz U3 

e1 0 (1 - 3p )ez (1 -p)e3 Ul (1-2p)uz f.LU3 
ez (3~t-1)ez 0 0 0 0 uz 
e3 (f.l - 1 )e3 0 0 0 0 ul 
U1 -ul 0 0 0 0 0 
Uz (2p - 1 )uz 0 0 0 0 e3 
U3 -pu3 -uz -ul 0 -e3 0 

3. A = 1 - p, 0 ~ f.l < 2 

[ ,] e1 ez e3 Ul Uz U3 

el 0 (1 - 2p )ez (1- p)e3 Ul (1-p)uz flU3 
ez (2p - 1 )ez 0 0 0 0 Uz 
e3 (p - 1 )e3 0 0 0 0 Ul 
Ul 

(f.l =J.)uz 
0 0 0 0 0 

uz 0 0 0 0 Ul 
U3 - f.LU3 -uz -ul 0 -ul 0 

4. A = 1 + 2f.l, -1 < f.l < 0 

[ ,] el ez e3 Ul Uz U3 

el 0 (1 + f.l )ez (1 - f.l )e3 Ul (1 + 2p )uz f.LU3 
e2 -(p + l)e2 0 fl fl fl uz v v v 

e3 (f.l - 1 )e3 0 0 0 0 Ul 
Ul -ul 0 0 0 0 ez 
uz -(2p + 1 )uz 0 0 0 0 0 
U3 -pu3 -uz -ul -e2 0 0 

5. A = 1 + p, -2 < f.l < 0 

[ 'l el e2 e3 ul uz U3 

el 0 ez (1 - f.l )e3 ul (1 + f.l )uz f.LU3 
e2 -ez 0 0 0 0 Uz 
e3 (f.l - 1 )e3 0 0 0 0 ul 
Ul -ul 0 0 0 0 u2 
Uz -(p + 1 )u2 0 0 0 0 0 
U3 -pu3 -uz -ul -U2 0 0 

6. A= 0 
[ ,] el ez e3 Ul U2 U3 

el 0 - ~tez (1-p)e3 ul 0 f.LU3 
ez pez 0 0 e3 2ez uz 
e3 (f.l - 1 )e3 0 0 0 e3 Ul 
ul -ul -e3 0 0 -ul 0 
Uz 0 -2ez -e3 Ul 0 2u3 
U3 -f-LU3 -u2 -Ul 0 -2u3 0 
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[ ' l 

8. 1-l = 0 

[ ' l 

9. 1-l = 0 

[ ' l 

10. 1-l = 0 

11. ~-L=O 

12. 1-l = 0 

[ 'l 

0 
-..\ez 
-e3 
-ul 

-..\uz 
0 

0 
-..\ez 
-e3 
-ul 

-..\uz 
0 

[ ' l 

[ ' l 

0 
-~-Lez 

(1-l - 1 )e3 
-ul 

-2~-Luz 
-ez - /-LU3 

0 
-..\ez 
-e3 
-ul 

-..\uz 
0 

0 
-..\ez 
-e3 
-ul 

-..\uz 
0 

0 
-..\ez 
-e3 
-ul 

-..\uz 
0 

2!-luz 
0 
0 
0 
0 
0 

0 
o:uz + f3ez 

ul 
e3 

f3uz- o:ez 
0 , o:>O 

0 
O:Uz + f3ez 

UI 
-e3 

f3uz - o:ez 
0 0: > 0 

0 
Uz + o:ez 

UI 
-e3 
f3uz 

0 

..\uz 0 
0 Uz + o:ez 
0 u1 
0 0 
0 o:uz - ez 

ez - o:uz 0 , o: ~ 0 

187 
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13. f-1 = 0 

[ ' l el e2 e3 Ul U2 U3 

el 0 ..\e2 e3 Ul ..\u2 0 
e2 -..\e2 0 0 0 0 u2 + e2 
e3 -e3 0 0 0 0 Ul 
ul -ul 0 0 0 0 0 
U2 -..\u2 0 0 0 0 CYU2 
U3 0 -u2- e2 -ul 0 -CYU2 0 ' 

-1 :S; CY :S; 1 

14. p-l - 2 

[ ' l el e2 e3 U1 u2 U3 

e1 0 ( ,\ - ! )e2 
1 
2e3 Ul ..\u2 

1 
e3 + 2u3 

e2 (l- ..\)e2 0 0 0 0 u2 

e3 
2 1 

0 0 0 0 ul -2e3 
U1 -ul 0 0 0 0 0 
u2 -.Aut 0 0 0 0 0 
U3 -e3- 2u3 -u2 -ul 0 0 0 

15. ,\ = t' f-1 = ~ 

[ ' l el e2 e3 Ul U2 U3 

el 0 ea 2e3 3ul 2u2 e2 + u3 
e2 -e2 0 0 0 U2 
e3 -2e3 0 0 0 0 Ul 
Ul -3ul 0 0 0 0 0 
u2 -2u2 0 0 0 0 Ul 
U3 -e2- u3 -u2 -ul 0 -ul 0 

16. ..\=0 p=l 
' 2 

[ ' l el e2 e3 ul U2 U3 

el 0 -A'2 e3 2ul 0 e3 + u3 
e2 e2 0 () 0 u2 v v 
e3 -e3 0 0 0 0 ul 
u1 -2ul 0 0 0 0 0 
u2 0 0 0 0 0 ed 
U3 -e3- u3 -u2 -ul 0 -e3 

17. ,\ = !, f-1 = i 
[ ' l el e2 e3 Ul U2 U3 

el 0 ea 3e3 4ul 2u2 e2 + u3 
e2 -e2 0 0 0 u2 
e3 -3e3 0 0 0 0 ul 
ul -4ul 0 0 0 0 0 
U2 -2u2 0 0 0 0 ed 
U3 -e2- u3 -u2 -ul 0 -e3 

18. ,\-1 p-l - ' -2 

[ ' l el e2 e3 Ul U2 U3 

el 0 ea ea 2ul 2u2 e2 + e3 + u3 
e2 -e2 0 0 u2 
e3 -e3 0 0 0 0 Ul 
ul -2ul 0 0 0 0 0 
u2 -2u2 0 0 0 0 0 
U3 -e2- e3- u3 -u2 -u1 0 0 0 
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19. A=~' 1L = ~ 

[ ,] el ez ea 'lh uz ua 

el 0 0 ea 2ul Uz e3 + u 3 
ez 0 0 0 0 Uz 
e3 -e3 0 0 0 0 UI 
ul -2ul 0 0 0 0 0 
Uz -uz 0 0 0 0 UI 
UJ -e3 - u 3 -uz -UI 0 -ul 0 

20. A = 0, 1L = 0 

[' l el ez e3 ul uz UJ 

el 0 0 e3 ul 0 ez 
ez 0 0 0 0 0 auz + f3ez 
e3 -e3 0 0 0 0 UI 
UI -ul 0 0 0 0 e3 
uz 0 0 0 0 0 f3uz- aez 
ua -ez -auz- f3ez -ul -e3 aez- f3uz 0 a>O 

21. A = 0, 1L = 0 

[ 'l el ez e3 Ul Uz UJ 

el 0 0 e3 Ul 0 ez 
ez 0 0 0 0 0 auz + f3ez 
ea -e3 0 0 0 0 UI 
ul -ul 0 0 0 0 -e3 
uz 0 0 0 0 0 f3uz- aez 
UJ -ez -auz- f3ez -ul e3 aez- f3uz 0 a>O 

22. A= 0, fL = 0 

[' l el ez e3 UI Uz ua 

el 0 0 (j ul 0 ez 
ez 0 0 0 0 u2 + aez 
ea -ea 0 0 0 0 UI 
UI -ul 0 0 0 0 e3 
Uz 0 0 0 0 0 f3uz 
UJ -ez -u2 - o:e2 -ul -e3 -f3uz 0 

23. A = 0, fL = 0 

[ ,] el ez e3 UI uz UJ 

el 0 0 ea ul 0 ez 
ez 0 0 0 0 Uz + aez 
ea -e3 0 0 0 0 ul 
UI -ul 0 0 0 0 -e3 
uz 0 0 0 0 0 f3uz 
UJ -ez -uz- aez -ul e3 -f3uz 0 

24. A= 0, 1L = 0 

[ ,] el ez e3 UI Uz UJ 

el 0 0 e3 UI 0 ez 
ez 0 0 0 0 0 u2 + ae2 
e3 -e3 0 0 0 0 ul 
Ul -ul 0 0 0 0 0 
Uz 0 0 0 0 0 auz- ez 
U3 -ez -ae2 - u 2 -ul 0 ez- auz 0 ' a~O 
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25. ,\ = 0, 1-L = 0 

[ 'l el ez e3 UI uz U3 

el 0 0 e3 UI 0 ez 
ez 0 0 0 0 0 Uz + ez 
e3 -e3 0 0 0 0 UI 
UI -ul 0 0 0 0 0 
uz 0 0 0 0 0 auz 
U3 -ez -uz- ez -ul 0 -auz 0 

' 
-1 ~ 0: ~ 1 

26. ,\ = 1, 1-L = 0 

[ ,] el ez e3 ul uz U3 

el 0 ea e3 UI Uz 0 
ez -ez 0 0 0 uz 
e3 -e3 0 0 0 0 UI 
UI -Ul 0 0 0 0 ez + o:e3 
uz -uz 0 0 0 0 (3e3 + u1 
U3 0 -uz -Ul -ez- o:e3 -u1- (3e3 0 

27. ,\ = 1, p = 0 

[ ,] el ez e3 UI Uz U3 

el 0 ea e3 UI Uz 0 
ez -ez 0 0 0 uz 
e3 -e3 0 0 0 0 ul 
UI -ul 0 0 0 0 o:e3 
Uz -uz 0 0 0 0 ez b ul 
U3 0 -uz -ul -o:e3 -ez- u1 

28. ,\ = 1, p = 0 

[ ,] el ez e3 UI Uz U3 

el 0 ea e3 ul Uz 0 
ez -ez 0 0 0 uz 

" 0 0 0 e3 -e3 u UI 
UI -ul 0 0 0 0 o:e3 
Uz -uz 0 0 0 0 -ez + u1 
U3 0 -uz -ul -o:e3 ez- ul 0 

29. ,\ = 1, 1-L = 0 

[' l el ez e3 UI Uz U3 

el 0 ea e3 UI uz 0 
ez -ez 0 0 0 Uz 
e3 -e3 0 0 0 0 UI 
UI -ul 0 0 0 0 e3 
Uz -uz 0 0 0 0 UI 
U3 0 -uz -ul -e3 -ul 0 

30. ,\ = 1, 1-L = 0 

[' l el ez e3 UI Uz U3 

el 0 (J e3 ul Uz 0 
ez -ez 0 0 0 uz 
e3 -e3 0 0 0 0 UI 
U1 -ul 0 0 0 0 -e3 
uz -uz 0 0 0 0 ul 
U3 0 -uz -ul e3 -ul 0 
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31. A = 1, 11 = 0 

[ 'l el e2 e3 UI U2 U3 

e1 0 e~ e3 UI u2 0 
e2 -e2 0 0 0 u2 
e3 -e3 0 0 0 0 ul 
Ul -ul 0 0 0 0 o:e3 
U2 -u2 0 0 0 0 o:e2 + e3 + u1 
U3 0 -u2 -ul -o:e3 -o:e2 - e3 - u1 0 

32. A = 1, 11 = 0 

[' l el e2 e3 Ul U2 U3 

el 0 e~ e3 Ul U2 0 
e2 -e2 0 0 0 U2 
e3 -e3 0 0 0 0 UI 
ul -ul 0 0 0 0 ul + o:e3 
u2 -u2 0 0 0 0 e3 + (3e2 
U3 0 -u2 -ul -O:e3 - UI -e3 - (3e2 0 

33. A = 1, 11 = 0 

[ ,] el e2 e3 Ul U2 U3 

el 0 e~ e3 Ul u2 0 
e2 -e2 0 0 0 U2 
e3 -e3 0 0 0 0 Ul 
ul -ul 0 0 0 0 u1 + e2 + o:e3 
u2 -u2 0 0 0 0 re3 + (3e2 
U3 0 -U2 -ul -e2 - o:e3 - u1 -1e3- (3e2 0 

34. A = 1, 11 = 0 

[ 'l el e2 e3 UI U2 U3 

el 0 e~ e3 ul u2 0 
e2 -e2 0 0 0 U2 
e3 -e3 0 0 (\ (\ 

'UI u u 
ul -Ul 0 0 0 0 re2 +o:e3 -u2 
U2 -u2 0 0 0 0 o:e2 + (3e3 +u1 
U3 0 -U2 -UI -1e2- o:e3 + u2 -o:e2- (3e3 -u1 0 ' l/31 ~ lrl 

35. A = 1, 11 = 0 

[ 'l el e2 e3 Ul U2 U3 

0 e~ e3 UI U2 0 
-e2 0 0 0 u2 
-e3 0 0 0 0 UI 
-ul 0 0 0 0 e3 
-u2 0 0 0 0 e2 6 e3 

0 -u2 -ul -e3 -e2 - e3 

36. A = 1, 11 = 0 

[ 'l el e2 e3 ul U2 U3 

0 e~ e3 UI u2 0 
-e2 0 0 0 u2 
-e3 0 0 0 0 ul 
-ul 0 0 0 0 -e3 
-u2 0 0 0 0 -e2 + e3 

0 -u2 -ul e3 e2- e3 0 
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37. A= 1, p, = 0 

[ ,] el e2 e3 ul U2 U3 

el 0 ea e3 UI u2 0 
e2 -e2 0 0 0 u2 
e3 -e3 0 0 0 0 UI 
UI -ul 0 0 0 0 e2 + ae3 
u2 -u2 0 0 0 0 ae2- e3 
U3 0 -uz -ul -ez- ae3 -ae2 + e3 0 ' a~O 

38. A= 1, p, = 0 

[ ,] el ez e3 ul U2 U3 

el 0 ea ea UI u2 0 
e2 -e2 0 0 Uz 
e3 -e3 0 0 0 0 UI 
UI -ul 0 0 0 0 0 
Uz -u2 0 0 0 0 ea U3 0 -u2 -ul 0 -e3 

Proof. Let E = {e1, e2, e3} be a basis of g, where 

e1 = G 0 n e, = G 0 

~), 0 0 

D A 0 e3 = 0 
0 0 0 

Then 

and for x E g the matrix B ( x) is identified with x. 

Lemma 1. Any virtual structure q on generalized module 3.13 is equivalent to 
one of the following: 

a)A=p,=O 

up 0 

i} Cl(ez) = (~ 0 n, C1(e3) = G 0 

~} C1(ei) = 0 s 0 
0 0 r 

b) A = 0, p, = ~ 

c 0 0) C,(e2 ) = ( ~ 
0 n C2(e3 ) = ( ~ 

0 D; C2(e1)= 0 0 0, r 0 
0 0 p 0 q 

c) A= O,p, =tf. {0, ~} 
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d) ). - .!. II.- 0 - 2''-

e) f.L = O,). ~ {0, ~} 

Cs(e,) = UP + ~) , C5 (e2 ) = C5 (c3 ) = 0; 

j) ). = 1, f.L = ~ 

C1o( el) = G ~ ~), C1o( c,) = C10(c3 ) = 0; 

k) f.L = 1,). ~ {0, ~' 1} 
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C13(ei) = 0, i = 1,2,3. 

Proof. Put 

Now put 

and C'(x) = C(x) + A(x)H- HB(x) for x E g. Then 

C'(e,) = ( cl1 

1 

1 ) c 2 n, e12 e13 ell e12 
1 e~3 , C'(e2)= e~ 1 2 e22 e22 
1 2 

e31 e32 e33 e31 e32 

(' 
3 cl,) en el2 

C'(e3) = e~ 1 3 0 . e22 
3 0 e31 e32 

By corollary 2, Chapter II, the virtual structures C and C' are equivalent. 
Let us check condition (6), Chapter II. Direct calculation shows that 

C'(ei)= ( ~ 1 
(1-l - 1 )e13 

where 
(2,\ - 11 )ei2 = 0, 

(1-l - 1 )ei2 = 0, 

Ae~1 = 0, 

Ae~2 = 0, 

(1 - 2-\)e~2 = 0. 

a) Suppose ,\ = 11 = 0. From (*) it follows that 

(*) 



Put 
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(
0 0 

H1 = 0 0 
0 0 

and C1 (x) = C'(x) + A(x)H1- H1B(x) for x E g. Then 

C1(e,) = (_~!, ~ ~~:) , C,(e,) = ( l ci, D , CI(e,) = G J D 
b) Suppose A~ {0, !,}, J-L = 0. From(*) it follows that 

2 2 2 2 0 c12 = c32 = c22 = c31 = . 

Put 

Hs=(~ ~ -*~j,), 
0 0 -c33 

and C5 (x) = C'(x) + A(x)Hs- HsB(x) for x E g. Then 

0 cb) 
-AcL 0 , Cs(e2) = Cs(e3) = 0. 

0 0 

In a similar way we obtain the other results of the Lemma. 
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Let (g, g) be a pair of type 3.13. Then it can be assumed that the corresponding 
virtual pair (g, g) has the form determined in Lemma 1. Put 

[1t1, u 2] = a1e1 + a2e2 + a 3e3 + a1 u 1 + a 2u2 + a 3u 3, 

[u1, u3] = b1e1 + b2e2 + b3e3 + /31 u1 + f32u2 + /33u3, 

[u2, u3] = c1e1 + c2e2 + c3e3 + 11 u1 + [2U2 + [3U3. 

Consider the following cases: 

1°. Suppose 1-L = 0, A ~ {0,! }. Then 

[e1, e2] = Ae2, 

[e1, e3] = e3, 

[e1, u1] = -pe3 + u1, 

[e1, u2] = -Ape2 + Au2, 

1.1o.A-j.l. 

[e2,u1] = 0, 

[e2,u2] = 0, 

[e2, u3] = u2, 

[e3, u1] = 0, 

[e3, u2] = 0, 

[e3,u3]=u1. 

Using the Jacobi identity we see that the pair (g, g) has the form: 

[' l e1 e2 e3 U1 u2 

e1 0 Ae2 e3 U1 AU2 
e2 -Ae2 0 0 0 0 
e3 -e3 0 0 0 0 

U3 

0 
u2 
u1 

u1 -u1 0 0 0 0 b3e3 + fJ1 u1 
-Au2 0 u2 0 0 0 c2e2 + 12u2 

U3 0 -u2 -ul -b3e3- /31 u1 -c2e2 -12u2 0 
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Let W = V(g). Note that W is a commutative subalgebra of the Lie alge­
bra g and the matrices of the endomorphisms adw e1 and adw( -u 3 ) in the basis 
{e3,u1,e2,u2} have the form: 

0 
1 
0 
0 

0 
0 
,\ 

0 

adw(-u,) = G 0 
0 
0 
1 
!)=(~ ~)· 
/2 

It is clear that there is a one-to-one correspondence between the set of pairs (9, g) 
and the set of pairs of matrices (X, Y), where X, Y E g((2, IR). 

Lemma 2. Suppose (91 , g1 ) and (g2 , g2 ) are the pairs corresponding to pairs 
of matrices (X1,Y1) and (X2,Y2) respectively. The pairs (9\g1) and (g2,g2) are 
equivalent if and only if there exist 

such that 

x1 = BAX2A -l + TE, 

yl = BBY2B-1 +ATE. 

Proof. Suppose f : 92 --+ 91 is a mapping and the matrix of f in the basis 
{el,e3,u1,e2,u2,u3} has the form: 

(~ 0 0 0 0 ~) 0 0 

0 
A 

0 0 0 
0 0 0 0 

0 0 0 
B 

0 
0 0 0 0 0 e 

where the matrices A, B and the numbers T, e satisfy the conditions of the Lemma. 
Then the mapping f establishes the equivalence of the pairs (91 , g1 ) and (92 , g2 ). 

Conversely, suppose the pairs (91, g1) and (92, g2) are equivalent, and f : 92 --+ 91 

is the mapping establishing the equivalence. Let W1 = 'D(91 ) and W2 = 'D(92 ). 

It is clear that f(W2 ) = W1 and !(92 ) = 91 . Then the matrix off in the basis 
{el,e3,ul,e2,u2,u3} has the form: 

an 0 0 0 0 a16 

a21 a24 a25 a26 

0 
A 

0 a35 a35 

a41 a42 a43 a45 

0 0 
B 

a 53 as6 

0 0 0 0 0 a66 
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where 

It is clear that 

This implies flw2 o adw2 e1 = adw2 e1 o flw2 • Therefore the matrix off has the 
form: 

an 0 0 0 0 a16 

a21 0 0 a26 

0 
A 

0 0 a35 

a41 0 0 a45 

0 0 0 
B 

as6 

0 0 0 0 0 a66 

Then 

This implies 

X1 = a55AX2A - 1 - a16E, 

Y1 = a55BY2B-1 - a16>-.E. 

The proof of Lemma 2 is complete. 

Up to transformations determined in Lemma 2, any pair 

y _ (0 C2 \ 

- \1 /2) 

is equivalent to one and only one of the following pairs: 
1.1.10. 

The corresponding pair is (9s, 9s). 
1.1.20. 

The corresponding pair is (g9 , 99 ). 

1.1.30. 

The corresponding pair is (91o, 91o ). 
1.1.40. 
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The corresponding pair is (.9n, 911). 
Ll.5°. 

The corresponding pair is (912, 912 ). 
1.1.60. 

The corresponding pair is (913, 913). 
1.1. 70. 

The corresponding pair is (£h, gi). 

1.20. ,\ = 1. 

Using the Jacoby identity we see that the pair (9, g) has the form: 

el e2 e3 Ul u2 U3 

el 0 
ea e3 Ul ucf 0 

e2 -e2 0 0 U2 
e3 -e3 0 0 0 0 11 Ul -ul 0 0 0 0 
U2 -u2 0 0 0 0 c 
U3 0 -u2 -ul -B -C 0 ' 

where 

B = b2e2 + b3e3 + f3Iul + fJ2u2, 

C = c2e2 + c3e3 + 'YIUl + 12u2. 

Let W = 'D(g). Note that W is a commutative subalgebra of the Lie alge­
bra g and the matrices of the endomorphisms adw e1 and adw( -u3 ) in the basis 
{ e3, u1, e2, u2} have the form: 

(
1 0 0 0) 0 1 0 0 

ad w e1 = 0 0 1 0 , 

0 0 0 1 

~~) = ( 0 X). 
11 E Y 
/2 

It is clear that there is a one-to-one correspondence between the set of pairs (g, g) 
and the set of pairs of matrices (X, Y), where X, Y E g((2, Ill). 

Lemma 3. Suppose (g1 , g 1 ) and (g2 , g 2 ) are the pairs corresponding to pairs 
of matrices (X1, Y1) and (X2, Y2) respectively. The pairs (9\g1) and (g2,g2) are 
equivalent if and only if there exist 

A E GL(2, Ill), 8 E Ill*, T E Ill, 



such that 

3. THREE-DIMENSIONAL CASE 

X1 =A( -r2 E + 82 X2 + BrY2)A - 1, 

Y1 = BAY2 A - 1 - p,E. 

Proof. The proof is similar to that of Lemma 2. 
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Up to transformations determined in Lemma 3, any pair of matrices (X, Y) is 
equivalent to one and only one of the following pairs: 

1.2.1°. 

The corresponding pair is (£h, 93). 
1.2.2°. 

The corresponding pair is (1126, 926 ). 
1.2.3°. 

The corresponding pair is (1127, 927 ). 
1.2.4 0. 

The corresponding pair is (1128, 928). 
1.2.5°. 

rr1 o\ ro 1\l 
t\o o)'\o o)]· 

The corresponding pair is (1129, 929). 
1.2.6°. 

The corresponding pair is (113o, 93o). 
1.2.7°. 

The corresponding pair is (1131 , 931). 
1.2.8°. 

The corresponding pair is (1132, 932). 
1.2.9°. 
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The corresponding pair is (fj33, 933 ). 
1.2.10°. 

The corresponding pair is (fj34, 934). 
1.2.11°. 

The corresponding pair is (fhs, 935). 
1.2.12°. 

The corresponding pair is (lJ36, 936 ). 
1.2.13°. 

The corresponding pair is (fJ3 7, 93 7). 
1.2.14°. 

The corresponding pair is (fJ2, 92). 
1.2.15°. 

The corresponding pair is (fJI, gl). 

2°. Suppose ,\ = 11 = ~. Then 

[e1, e2] = 0, 

1 
[e1, e3] = 2e3, 

[el,u1]=u1, [e2,u1]=0, [e3,u1]=0, 

1 
[e1,u2] = 2u2, [e2,u2] = qe3, [e3,u2] = 0, 

1 
[e1,u3]=pe3+2u3, [e2,u3]=u2, [e3,u3]=u1. 

Using the Jacobi identity we see that the pair (fJ, g) has the form: 

[ 'J el e2 e3 Ul U2 U3 

0 0 1 1 1 el -e3 U} -u2 pe3+ 2u3 
e2 0 0 20 0 20 

U2 

e3 1 0 0 0 0 -2e3 UI 

UI -ul 0 0 0 0 0 
u2 

1 0 0 0 0 --u2 'Yl u1 
U3 

2 1 
-u2 0 0 -pe3- 2u3 -ul -{lUI 
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2.1°. 11 = p = 0. Then the pair (g,g) is trivial. 
2.2°. /1P #- 0. Then the pair (g, g) is equivalent to the pair (919, £119) by means 

of the mapping 1r : 919 -+ g, where 

1r( ei) = 2e1, 

2p 
7r(ez) = -ez, 

/1 

1r( e3) = e3, 

1r( ui) = 2pu1, 

2p 
7r(uz) = -uz, 

/1 
1r( u3) = u3. 

2.3°. 11 = 0, p #- 0. Then the pair (g,g) is equivalent to the pair (914,£114) by 
means of the mapping 7r : 914 -+ 9, where 

7r(ei) = ei, i = 1,2,3, 

1 . 
1r(uj) = -uj, J = 1,2,3. 

p 

2.4°. 1 1 #- 0, p = 0. Then the pair (9,g) is equivalent to the pair (93 ,g3 ) by 
means of the mapping 7r: ih -+ g, where 

1r(ei) = ei, i = 1,2,3, 

1 . 
1r(uj) = -uj, J = 1,2,3. 

/1 

T+;""'oss;hletosho'"tl-..,J.+l-.,-,r.al·rs(n g-) fr:._ ,.,_\ f-,;;,_ g--) andfr:._ g _\~-e 
.LU W p HJ VV UUU UUv !-' Vll 1 ) \l:JJd:jJ)l \l:Jl4l 14 ) ~ \l:JHJ 1 19) GJ. 

not equivalent to each other. 
In a similar way we obtain the other results of the Proposition. 

Proposition 3.14. Any pair (g, g) of type 3.14 is equivalent to one and only 
one of the following pairs: 

1. 
[ 'J e1 ez e3 U1 Uz U3 

e1 0 -(1 + J-L)ez (1- f.L)e3 U1 -uz f.LU3 
ez p + f-l ~e2 0 0 0 0 Uz 
e3 f-L- 1 e3 0 0 0 0 U1 
u1 -u1 0 0 0 0 0 
Uz uz 0 0 0 0 0 
U3 -f.LU3 -uz -u1 0 0 0 

2. f-L = 1 
[ ,] e1 ez e3 u1 Uz U3 

el 0 -2ez 0 u1 -uz U3 
ez 2ez 0 0 0 0 Uz 
e3 0 0 0 0 0 u1 
U1 -u1 0 0 0 0 0 
Uz Uz 0 0 0 0 ecf U3 -U3 -u2 -u1 0 -e3 
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3. 11 = 2 

[ ' l el e2 e3 U1 u2 U3 

e1 0 -3e2 -e3 UI -u2 2u3 
e2 3e2 0 0 0 0 u2 
e3 e3 0 0 0 0 UI 
U1 -u1 0 0 0 0 0 
U2 U2 0 0 0 0 UI 
U3 -2u3 -u2 -ui 0 -U1 0 

4. 11 = ~ 

[ ' l e1 e2 e3 U1 U2 U3 

0 3 1 1 
e1 -2e2 2e3 U1 -u2 2u3 + e3 

e2 
3 0 0 0 0 u2 -e2 

e3 
21 

0 0 0 0 -2e3 'U1 

U1 -U1 0 0 0 0 0 
U2 U2 0 0 0 0 0 
U3 

1 -u2 -U1 0 0 0 -2u3- e3 

5. 11 = 0 
[ ' l e1 e2 e3 UI U2 U3 

el 0 -e2 e3 UI -u2 0 
e2 e2 0 0 0 0 U2 
e3 -e3 0 0 0 0 UI 
U1 -U1 0 0 0 0 0 
u2 u2 0 0 0 0 (f U3 0 -u2 -U1 0 -u2 

6. 11 = 0 

[ ' l e1 e2 e3 UI U2 U3 

e1 0 -e2 e3 U1 -u2 0 
e2 e2 0 0 0 0 U2 
e3 -e3 0 0 0 0 U1 
U1 -u1 0 0 0 0 0 
u2 (f 0 0 0 0 e2 + au2 
U3 -u2 -U1 0 -e2 - au2 0 ' o:~O 

7. 11 = 0 

[ ' l e1 e2 e3 U1 u2 U3 

e1 0 -e2 ea U1 -u2 0 
e2 e2 0 0 0 U2 
e3 -e3 0 0 0 0 U1 
U1 -U1 0 0 0 0 0 
U2 u2 0 0 0 0 -e2 6 o:u2 
U3 0 -u2 -u1 0 e2- au2 ' a~O 

8. 11 = 0 

[ ' l e1 e2 e3 U1 u2 U3 

el 0 -e2 e3 U1 -U2 0 
e2 ez 0 0 0 0 u 2 + cxe2 
e3 -e3 0 0 0 0 u1 
U1 -U1 0 0 0 0 e3 
Uz Uz 0 0 0 0 f3uz 
U3 0 -uz -ul 0 e2 - au 2 0 , 0<(3-a:::;;2 
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9. fJ = 0 

[ ' l el e2 e3 ul u2 U3 

e1 0 -e2 e3 UI -U2 0 
e2 e2 0 0 0 0 f3u2 + ae2 
e3 -e3 0 0 0 0 ul 
ul -ul 0 0 0 0 e3 
U2 U2 0 0 0 0 au2 - f3e2 

U3 0 -ae2 - f3u2 -ul -e3 f3e2 - au2 0 '(Y ~ 0, f3>0 

10. fJ = 0 

[ ' l el e2 e3 UI U2 U3 

el 0 -e2 e3 UI -u2 0 
e2 e2 0 0 0 0 f3u2 + ae2 
e3 -e3 0 0 0 0 UI 
ul -ul 0 0 0 0 -e3 
u2 U2 0 0 0 0 
U3 0 -ae2 - f3u2 -ul e3 f3e2 - au2 

au2 - f3e2 
0 '(Y ~ 0, 0<f3:s;1 

Proof. Let £ = { e1, e2, e3} be a basis of g, where 

(
0 0 0) 

e2 = 0 0 1 , 
0 0 0 

Then 

A(e1 ) ~ 0 0 ) ( 0 0 0) ( 0 0 , A( e2) = 1 + p, 0 0 , A( e3) = 0 
1-p, 0 0 0 p,-1 

and for x E g the matrix B ( x) is identified with x. 
By ~ denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­

tor e1. 

Lemma. Any virtual structure q on generalized module 3.14 is equivalent to 
one of the following: 

a) p, = 0 

up 0 

~), C(e2) = C(e3) = 0, C(e1)= p p E IR; 
0 

b) p = ~ 

C(e1 ) ~ G 0 

D· C(e2) = C(e3) = 0, 0 p E IR; 
0 

c) p, rf_ {0, ~} 
C(ei) = 0, i = 1, 2, 3. 
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Proof. Let q be a virtual structure on the generalized module 2.19. Without loss 
of generality it can be assumed that q is primary. Since 

g(o) (~) = !Re1, u(l)((J) 2 !Rub 

gC-~t-l)(fJ) 21Re2, uC~t)((J) 2 !Ru3, 

g(l-~t)((J) 2 !Re3, uC-l)((J) = !Ru2, 

we have 

U, 0 c:,) (' 0 cl} en 
C(ei) = 1 

0 ' C(e2) = ~ 0 e22 
1 1 0 e32 e33 e33 

c 3 

0 ) 
en el2 

C(e3) = ~ 0 0 . 
0 e~3 

If f1 = 0, then 

C(e,) = ( ~ 0 1) (' 0 ci3 ) , C(e3 ) = G 
3 

0 ) 
el3 ell el2 

1 
~ , C( e2) = ~ 0 0 0 . e22 

e31 0 0 0 e~3 

Put 

H= ( ~' 
0 

D 2 -e23 
-e33 0 

and C1(x) = C(x)- A(x)H + HB(x). By corollary 2, Chapter II, the virtual 
structures c and cl are equivalent. 

Since for any virtual structure q condition (6), Chapter II, must be satisfied, 
after direct calculation we obtain: 

Similarly we obtain the other results of the Lemma. 

Let (g,g) be a pair of type 3.14. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. 

Since the virtual structure q is primary, we have 

Thus 



where 

Therefore 

3. THREE-DIMENSIONAL CASE 

-( -1-J.L)(") - l1J) g 'J - !Th.e2' 

g(l-J.L)((J) = lR.e3, 

g(o)(~) = lRe1, 

g(l)(f)) = lRu1, 

g(-l)(f)) = lRu2, 

gJ.L((J) = lRu3. 

[u1, u2] E g(o), 

[u1, u3] E g(l+J.L), 

[u2, u3] E g(J.L-l). 

Consider the following cases: 

1 o • ;;, = 0. Then 

and 

[e1, e2] = -(1 + ;;,)e2, 

[e1, e3] = (1- ;;,)e3, 

[e1,u1] = u1 + pe3, [e2,u1] = 0, [e3,u1] = 0, 

[e1,u2] = -u2 + pe2, [e2,u2] = 0, [e3,u2] = 0, 

[e1,u3] =pel, [e2,u3] = u2, [e3,u3] = u1. 

[u1, u2] = a1 e1 + a3u3, 

[u1, u3] = b3e3 + f3I u1, 

[u2,u3] = c2e2 +'Y2u2. 

Using the Jacobi identity we see that the pair (g,g) has the form 

[' l el e2 e3 UI U2 

el 0 -e2 e3 ul -u2 
e2 e2 0 0 0 0 

0 0 0 0 

U3 

0 
U2 

e3 -e3 ul 
UI -ul 0 0 0 0 b3e3 + f31u1 

0 0 0 0 U2 U2 ')"2U2 + c2e2 
u3 0 -u2 -ul -b3e3 - f3I UI -c2e2 - 'Y2u2 0 

Consider the following cases: 

1.1°. b3 + ~~ = 0. 
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1.1.1 °. c2 - f\'Y2 - ~~ = 0 and ')"2 + ~1 = 0. Then the pair (g,g) is equivalent 
to the trivial pair (91, gi). 

1.1.2°. c2 - f3~-y2 - ~~ = 0 and ')"2 + ~1 i= 0. Then the pair (g, g) is equivalent 
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to the pair (9s, gs) by means of the mapping 1r: 9s --> 9, where 

1r( ei) = e1, 

f3I 
1r(e2) = (12 + 2)e2, 

f3I 
1r(e3) = (r2 + 2)e3, 

f3I ) (31 
1r(u1) = (12 + 2 2e3 + u1, 

f3I f3I 
1r(u2) = -(r2 + 2)2e2 +u2, 

f3I f3I f3I 
1r(u3) = (12 + 2 )u3- (12 + 2 )2e1. 

1.1.3°. c2 - f\12 - ~; > 0. Then the pair (9,g) is equivalent to the pair (96,.96) 
by means of the mapping 7r : 96 --> g, where 

1.1.4°. c2 - f\12 - ~t < 0. Then the pair (g,g) is equivalent to the pair (97,97) 
by means of the mapping 7r : .97 --> g, where 
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1.2°. (33 + (Jf/4 > 0 and 1i + 4c2 > 0. 
Then the pair (g, g) is equivalent to the pair (98 d.l8) by means of the mapping 

1r : 98 -+ g, where 
1r( el) = e1, 

1r(e2)=.\e2, 

1r(e3)=.\e3, 

.\(31 
1r(u1) = 2e3 + u1, 

1r(u2) = .\(~ + Jc2 + ~ e2 + u2, 
1r(u3) = .\-1(u3 + pe1), 

where .\ = V (33 + ~f, p = - >.~1. 
1.3°. (33 + ~{ > 0 and 1i + 4c2 < 0. 

Then the pair (9, g) is equivalent to the pair (99 , g9 ) by means of the mapping 
7r : 99 -+ 9, where 

1r( el) = e1, 

.\ 
1r( e2) = T/2, 

1r( e3) = .\e3, 

.\(31 
1r(u!) = 2e3 + u1, 

.\/2 
1r( u2) = 2be2 + u2, 

1r(u3) = .\-1(u3 + pe1), 

h , • 1(3 + fit >.!11 b '. I "~~ w ere A = V 3 4, p = --2-, = A V -c2 - 4. 

1.4°. (33 + ~i < 0 and 1i + 4c2 < 0. 
Then the pair (g, g) is equivalent to the pair (91o, 9lo) by means of the mapping 

7r : £l1o -+ 9, where 
1r( ei) = e1, 

.\ 
1r(e2) = be2, 
1r( e3) = .\e3, 

.\;31 
1r(u!) = 2e3 + u1, 

.\/2 
1r(u2) = 2be2 + u2, 
1r(u3) = .\-1(u3 +pel), 

where .\ = V (33 + fi} , p = - >.~1 , b = .\ V -c2 - 1. 
Note that two pairs (9~, g~) and (g~, g~) corresponding, respectively, to the values 

a and -a of the parameter are equivalent by means of the following mapping 
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1r( el) = e1, 

1r(e2) = -e2, 

1r( e3) = -e3, 

1r(u1)=u1 

1r( u2) = u2 

1r(u3)=-u3. 

So, it can be assumed that a ~ 0. Similarly, we obtain additional conditions on 
parameters in the pairs 3.14.7, ... , 3.14.10. 

Consider the homomorphisms fi: 9i-+ g((4,IR), i = 1,5, ... ,10, where fi(x) 
is the matrix of the mapping advg; x in the basis {e2,e3,u1,u2} of 'D9i, x E 9i· 
Since the subalgebras fi(fJi), i = 1, 5, ... , 10 are not conjugate, we conclude that 
the pairs (9i, 9i), i = 1, 5, ... , 10 are not equivalent to each other. 

2°. f1 = 1. Then 

and 

[e1,e2] = -2e2, 

[e1, e3] = 0, 

[el,u1]=u1, 

[e1, u2] = -u2, 

[e1, u3] = u3, 

[e2, e3] = 0, 

[e2, u1] = 0, 

[e2, u2] = 0, 

[e2, u3] = u2, 

[e3, u1] = 0, 

[e3, u2] = 0, 

[e3, u3] = u1. 

[u1, u2] = a1e1 + a3e3, 

[u1, u3] = 0, 

[u2, u3] = c1e1 + c3e3. 

Using the Jacobi identity we see that the pair (g,g) has the form 

[,] e1 e2 e3 u1 u2 U3 

el 0 -2e2 0 UI -u2 U3 
e2 2e2 0 0 0 0 U2 
e3 0 0 0 0 0 ul 
ul -ul 0 0 0 0 0 
U2 U2 0 0 0 0 b3e3 
U3 -U3 -u2 -ul 0 -b3e3 0 

2.1°. b3 = 0. 
Then the pair (9, g) is equivalent to the trivial pair (91 , fh ). 
2.2°. b3 # 0. 

Then the pair (9, g) is equivalent to the pair (92 , g2 ) by means of the mapping 
1r : 92 -+ 9, where 

1r(ei)=e1, 

1r( e2) = b3 e2, 

1r( e3) = e3, 

1r(ui)=u1, 

1r(u2) = b3u2, 

1r(u3) = u3. 



3°. fJ = 2. Then 

and 

3. THREE-DIMENSIONAL CASE 

[e1,e2] = -3e2 

[e1,e3] = -e3 [e2,e3] = 0 

[e1,u1] = u1 [e2,u1] = 0 [e3,u1] = 0 

[e1,u2] = -u2 [e2,u2] = 0 [e3,u2] = 0 

[e1, u3] = 2u3 [e2, u3] = u2 [e3, u3] = u1 

[u1, u2] = a1e1, 

[u1, u3] = 0, 

[u2, u3] = a1 u1. 

Using the Jacobi identity we see that the pair (g,g) has the form 

[ ,] e1 e2 e3 u1 U2 U3 

e1 0 -3e2 -e3 Ul -u2 2u3 
e2 3e2 0 0 0 0 U2 
e3 e3 0 0 0 0 U1 
u1 -ul 0 0 0 0 0 
U2 U2 0 0 0 0 abu1. 
U3 -2u3 -U2 -u1 0 -a1ul 

3.1°.a1=0. 
Then the pair (g, g) is equivalent to the trivial pair (g1 , g1 ). 

3.2°. a1 -1- 0. 
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Then the pair (g, g) is equivalent to the pair (93, g3) by means of the mapping 
7r : g3 -+ g, where 

and 

""'(o ·) - o. ; - 1 2 3 
ll vz - vz' (t - ..L' ' ' 

1r(uj)=a1uj, }=1,2,3. 

3 
[e1, e2] = -2e2, 

1 
[e1, e3] = 2e3, [e2, e3] = 0, 

[e1,u1] = u1, [e2,u1] = 0, [e3,u1] = 0, 

[e1, u2] = -u2, [e2, u2] = 0, [e3, u2] = 0, 

1 
[e1,u3] = 2u3 + pe3, [e2,u3] = u2, [e3,u3] = U1, 

[u1, u2] = a1e1, 

[u1, u3] = 0, 

[u2, u3] = 0. 
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Using the Jacobi identity we see that the pair (g,g) has the form: 

[ ' l el e2 ea Ul U2 ua 

el 0 a -2e2 1 
2ea ul -u2 

1 2ua +pea 
a 0 0 0 0 e2 -e2 

ea 
21 

0 0 0 0 -2ea 
U! -:-Ul 0 0 0 0 
U2 U2 0 0 0 0 

1 
-u2 -ul 0 0 ua -2ua- pea 

4.1°.0!1=0. 
Then the pair (g, g) is equivalent to the trivial pair (g1, £11 ). 
4.2°. Oil -1- 0. 

U2 

U! 

0 
0 
0 

Then the pair (g, g) is equivalent to the pair (g4, g4) by means of the mapping 
7f : g4 -+ g, where 

1r(e1)=eb 

1r(e2) = e2, 

7r(ea) = p-1ea, 

1r(u1) = p-1u1, 

1r( u2) = u2, 

1r( ua) = ua. 

Consider the homomorphisms fi : fli -+ g((3,IR), i = 1,4, where fi(x) is the 
matrix of the mapping advg; x in the basis { e2, ea, u1, u2, ua} of fli, x E fli. Since 
the subalgebras fi(gi), i = 1, 4, are not conjugate, we conclude that the pairs 
(gi,gi), i = 1,4, are not equivalent. 

5°. f-l ~ {0, 1, 2, ~ }. 
Then the pair (g, g) is trivial. 
The proof of the Proposition is complete. 

Proposition 3.15. Any pair (g, g) of type 3.15 is equivalent to one and only 
one of the following pairs: 

1. 

[,] el e2 ea ul u2 ua 

el 0 ea + Ae2 Aea- e2 AU! - U2 U! + AU2 0 
e2 -e3- Ae2 0 0 0 0 U2 
e3 e2- Aea 0 0 0 0 U! 
ul u2- Au1 0 0 0 0 0 
U2 -ul- AU2 0 0 0 0 0 
ua 0 -u2 -ul 0 0 0 

2. 

[ ' l el e2 e3 Ul u2 U3 

el 0 e3 + Ae2 Aea- e2 Au1- u2 u1 + AU2 0 
e2 -e3- Ae2 0 0 0 0 U2 
e3 e2- Ae3 0 0 0 0 Ul 
ul U2- AUl 0 0 0 0 ea 
U2 -ul- AU2 0 0 0 0 

ea U3 0 -u2 -ul -e3 -e2 



3. 

4. 

[ ' l 

5. 

[ ' l 

6. 

[ ' l 

[ ' l 
0 

-e3 - Ae2 
e2- Ae3 
U2- AU! 
-u1- AU2 

0 

0 
-e3- Ae2 
e2- Ae3 
U2 -AU! 
-u1- AU2 

0 

0 
-e3- Ae2 
e2- Ae3 
u2- Au 1 

-u1- AU2 
0 

3. THREE-DIMENSIONAL CASE 

0 
u2 
Ul 

e2 + ae3 
ae2 - e3 

0 

0 
u2 
ul 

-e2 + ae3 
ae2 + e3 

0 

u1+Au2 0 
0 u2 

211 

0 
-e3-Ae2 
e2 -Ae3 
u2 -Au1 

-u1 -Au2 
0 

0 U1 
0 ae2 + jJe3 +u1 
0 /Je2-ae3+u2 

-;Je2 +ae3 -u2 0 

Proof. Let£= {e1, e2, e3} be a basis of g, where 

Then 

A(e!) = ( 0~ 0 
A 
1 

1 
A 
0 

0 ) ( 0 0 0) ( 0 -1 , A( e2) = -A 0 0 , A( e3) = -1 
A -1 0 0 -A 

and for x E g the matrix B( x) is identified with x. 

0 0) 
0 0 ' 
0 0 

By f) denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­
tor e1. 

Consider the complex generalized module (gc, uc). Put 

ei = ei 1291, i = 1,2,3, and Uj = Uj 1291, j = 1,2,3. 

Then E = { el' e2' f3} is a basis of gC. The vector space uc can be identified with 
C3 , and { u1 , u2 , u3 } is a standard basis of uc. 
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Lemma. Any virtual structure q on generalized module 3.15 is equivalent to 
one of the following: 

0 
-Ap 
-p 

Proof. Suppose q is a virtual structure on the generalized module (g, U). By 
Proposition 15, Chapter II, without loss of generality it can be assumed that qrc is 
a primary virtual structure on (grc, urc) (with respect to f)rc). We have 

Then 

Therefore, 

(grc)(o)(f)rc) = Ce1, (Urc)(o)(f)rc) = Cu3, 

(grc)(,\-i)(f)rc) = C(ez + ie3), (Urc)(,\-i)(f)rc) = C(uz + iu1), 

(grc)(-\+i)(f)rc) = C(e3 + iez), (Urc)(-\+i)([Jrc) = C(u1 + iuz). 

qrc( e1 )( u3) E Ce1, 

qrc( ez + ie3 )( u3) E C(ez+ie3), 

qrc(e3 +iez)(u3) E C(e3 + iez), 

qrc( e1 )( ilz + iu1) E C(ez + ie3), 

qrc( ez + ie3 )( uz + iu1) = 0, 

qrc( e3 + iez )( uz + iu1) E C(e!), 

qrc(e1)(u1 + iuz) E C(e3 + iez), 

qrcCez + ie3)(ih + iiiz) E Ce1, 

qrc(e3 + iez)(u1 + iih) = 0. 

qrc(e!)(ui) E Cez + Ce3 qrc(ez)(ui) E Ce1 qrc(e3)(ui) E Ce1 

qrc(e1)(uz) E Cez + Ce3 qrc(ez)(uz) E Ce1 qrc(e3)(uz) E Ce1 

qrc(ei)(u3) E Ce1 qrc(ez)(ih) E Cez + Ce3 {(e3)(u3) E Cez + Ce3 

Since the matrices of the mappings q( ehi) and qrc( ei), i = 1, 2, 3, coincide, we obtain 

C(e1)= (ell 0 cl,) (' 
2 ci} ell e12 

1 
0 ' C(ez) = ~ 0 ezz 

1 0 0 e31 e32 e33 

(' 
3 en ell e12 

C(e3)= ~ 0 
0 e33 



3. THREE-DIMENSIONAL CASE 213 

Put 

and C1(x) = C(x) + A(x)H- HB(x) for x E g. Then 

C1 ( e1) = ( c~1 
0 c),) (' 

2 n eu el2 
1 

0 ' C1(e2)= ~ 0 e22 
1 0 0 e31 e32 

c 3 n ell e12 
C1(e3) = ~ 0 

0 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
Since for any virtual structure q condition (6), Chapter II, must be satisfied, 

after direct calculation we obtain: 

This completes the proof of the Lemma. 

Let (g, g) be a pair of type 3.15. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Then 

[e1, e2J = e3 + A.e2, 

[e1,e3] = A.e3- e2, 

[e1,u1] = pe1- A.pe3 + A.u1- u2, [e2,u1] = 0, [e3,u1] = 0, 

[e1,u2] = -A.pe2- pe3 + u1 + A.u2, [e2,u2] = 0, [e3,u2] = 0, 

[e1, u3] = pe1, [e2, u3] = u2, [e3, u3] = u1. 

Since qrc is a primary virtual structure on the generalized module (gc, urc), we 
have 

(gcy-"(~c) = (gcy-"(~c) x (Ucy-"(~c) for all a E (~c)* 

(Proposition 10, Chapter II). Thus 

Therefore, 
[u2 + iu1, u3] E C(e2 + ie3) EB C(u2 + iu1), 

[u1 + iu2, u3] E C(e3 + ie2) EB C(u1 + iu2), 

[u2 + ifi1, fi1 + iu2] E Ce1 EB Cu3, 
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[u1, uz] = a1e1 + a3u3, 

[u1,u3] = bzez + b3e3 + fJ1u1 + f3zuz, 

[uz, u3] = czez + c3e3 + /1 u1 + /zUz. 

Using the Jacobi identity we see that the pair (g,g) has the form: 

e1 0 
ez -e3 - Aez 
e3 ez - .A.e3 
u1 uz - .A.u1 
Uz -u1- .A.uz 
U3 0 

e3 + Aez .A.e3 - ez .A.u1 - Uz u1 + AUz 0 
0 0 0 0 u2 
0 0 0 0 u; 
0 0 0 0 A 
0 0 0 0 B 

-uz -ul -A -B 0 

where A= bzez + b3e3 + fJ1 u1 + f3zuz, B = b3e2- bze3- f3zul + fJ1 Uz. 
The mapping 1r : g' -+ g such that 

n(ei) = ei, i = 1,2,3, 

f3z f3z 
n(ui) = 2e2- 2Ae3 + u1, 

f3z f3z 
n(uz) = -2Aez- 2e3 + uz, 

f3z 
n( u3) = 2e1 + u3, 

establishes the equivalence of pairs (g, g) and (g', g'), where the latter has the form: 

el ez e3 Ul uz U3 

el 0 e3 + Aez .A.e3 - ez .A.u1- Uz u1 + .A.uz 0 
ez -e3 -_Aez 0 0 0 0 uz 
e3 ez- ,\e3 0 0 0 0 A Ul Uz- .A.u1 0 0 0 0 
Uz -u1- AUz 0 0 0 0 B 
U3 0 -uz -ul -A -B 0, 

Consider the following cases: 

1°. k3 =/- 0. 
Then the pair (g', g') is equivalent to the pair (g6 , g6 ) by means of the mapping 

1r : Q5 -+ g', where 
n(ei) = ei, i = 1,2,3, 

1r( Uj) = k3Uj, J = 1, 2, 3. 
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2°.k3=0. 
2.1°. k1 < 0. Then the pair (g', g') is equivalent to the pair (9s dJs) by means of 

the mapping 1r : .9s ----+ g', where 

7r(ei) = ei, i = 1,2,3, 

1r(uj) = Ff;uj, j = 1,2,3. 

2.2°. k1 > 0. Then the mapping 7r : Q4 ----+ g' such that 

7r(ei) = ei, i = 1,2,3, 

7r(uj)=Jk;uj, j=1,2,3, 

establishes the equivalence of pairs (g', g') and (g4, f14 ). 
2.3°. kl = 0. 

2.3.1. 0 k2 < 0. Then the pair (g',g') is equivalent to the pair (g3 ,g3 ) by means 
of the mapping 7r : g3 ----+ g', where 

7r(ei) = ei, i = 1,2,3, 

1r(uj) = Ff;uj, j = 1,2,3. 

2.3.2°. k2 > 0. Then the mapping 7r : fi2 ----+ g' such that 

7r(ei) = ei, i = 1, 2, 3, 

1r( Uj) = vfk;uj, j = 1, 2, 3, 

establishes the equivalence of pairs (g', g') and (g2, f12). 
2.3.3°. k2 = 0. Then the pair (g, g) is equivalent to the trivial pair (g1, gl). 

Now it remains to show that the pairs determined in hte Proposition are not 
equivalent to each other. 

Consider the homomorphisms fi : fli----+ g((4, IR), i = 1, ... , 6, where fi(x) is the 
matrix of the mapping ad Vg; x in the basis { e2, e3, u 1, u2} of 'Dfii, x E fli. 

Since the subalgebras fi(fli), i = 1, ... , 6, are not conjugate, we conclude that 
the pairs (fii, fli), i = 1, ... , 6, are not equivalent. 

This proves the Proposition. 

Proposition 3.16. Any pair (g, g) of type 3.16 is trivial pair. 

[ ,] el e2 e3 U} u2 U3 

el 0 (A-!-l)e2 + e3 (A-11)e3- e2 AU}- U2 AU2 + U} /-LU3 
e2 ~1-l- A~e2 - e3 0 0 0 0 U2 
e3 1-l- A e3 + e2 0 0 0 0 U} 
UI u~- Au1 0 0 0 0 0 
u2 - u2 - u1 0 0 0 0 0 
U3 -/-LU3 -u2 -UI 0 0 0 

Proof. Let £ = { e1, e2, e3} be a basis of g, where 

Ej = cl 1 

~} G 
0 

D G 
0 

D A e2 = 0 e3 = 0 
0 0 0 
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Then 

A(e1 ) = 0 -1 0 ) 
A-J-l ' 

0 0) 
0 0 ' 
0 0 

and for x E g the matrix B ( x) is identified with x 0 

By f) denote the nilpotent subalgebra of the Lie algebra spanned by the vector e1 • 

Consider the complex generalized module (gc, uc). Put 

Then £ = { e1 , e2 , e3 } is a basis of gc 0 The vector space uc can be identified with 
C3 , and { ih, u2 , u3 } is the standard basis of uc. 

Lemma. Any virtual pair (g, g) of type 3.16 is trivial. 

Proof. Suppose (g, g) is a virtual pair defined by a virtual structure qo By Propo­
sition 15, Charter II, without loss of generality it can be assumed that qiC is a 
primary virtual structure on the generalized module (giC, uc) (with respect to f)IC)o 
Since 

we have 

(gc)(o)(f)c) = Cel, 

(gc)<>--JL-i)(fJc) = C(e2 + ie3), 

(gc)<>--JL+i)(fJc) = C(e2- ie3), 

(Uc)<>-+i)(fJc) = C(u1 + iu2), 

(Uc)<>--i)(fJc) = C(u1- iu2), 

(UIC)(JL) (f) !C) = Cu3, 

qc(ei)(u1 + iu2) = o, 
qc(ei)(ih- iu2) = o, 
qc( ei)( u3) = o, 
qc(e2 + ie3)(u1 + iu2) E (gc)<2>--tt)(f)c), 

qc(e2 + ie3)(u1- iu2) = o, 
qc(e2 + ie3)(u3) = o, 
qc(e2- ie3)(u1 + iu2) = o, 
qc(e2- ie3)(u1- iu2) E (gc)<2>--tt)(fJc), 

qc(e2- ie3)(u3) = o. 
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qc(e1)(u1) = qc(ei)(uz) 

=qc(e1)(u3) = qc(ez)(u3) 

=qc(e3)(u3) = o, 
qc( ez )( u1) = -qc( e3 )( uz ), 

qc(ez)(uz) = l(e3)(ui), 

qc(ez)(ui) E Ce1, 

qc(ez)(uz) E Ce1. 
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Since the matrices of the mappings q(ei) and qc(ei), 1:::;; i:::;; 3, coincide, we obtain 

(0 0 0) 
C(e1)= 0 0 0 , C( ez) = 0 0 0 , (

cl Cz 0) 
(

cz -c1 0) 
C( ec) = 0 0 0 . 

0 0 0 0 0 0 0 0 0 

Checking condition (6), Charter II, for ez and e3, we obtain c2 = c1 = 0. This 
completes the proof of the Lemma. 

Thus it can be assumed that the virtual structure q determining the virtual pair 
(g, g) is the zero mapping of g into £(U, g). Then 

[e1, ez] = (,\ -J-L)ez + e3, 

[e1, e3] = (,\- J-L)e3- ez, [ez, e3] = 0, 

[e1, u1] = AU1- uz, 

[e1, uz] = u1 + Auz, 

[e1, u3] = J-lU3, 

[ez,ul]=O, [e3,u1]=0, 

[ez,uz] = 0, [e3,uz] = 0, 

[ez,u3]=uz, [e3,u3]=u1. 

Since qc is a primary virtual structure on the generalized module (gc, uc), we 
have 

(gC)(a)(fJC) = (gC)(a)(fJC) X (UC)(a)(f)c), for all a E (fJC)* 

(Proposition 10, Charter II). Thus, 

Therefore, 

(gc)(o)(f)c) = Cel, 

(gc)(>--tt-i)(~c) = C(ez + ie3), 

(gc)(>--tt+i)(~c) = C(ez- ie3), 

(gC)(>.+i)(f)c) = C( u1 + iuz), 

(gc)(>.-i)(f)c) = C(u1- iuz), 

(gC)(tt) (f) c) = C( u3 ), 

[u1 + iuz, u3] E (gc)(>-+tt+i)(f)c), 

[u1- iuz, u3] E (gc)(>-+tt-i)(fJc), 
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[ih + iuz, u3) = [u1, u3) + i[uz, u3) = o, 
[u1- iuz, u3) = [u1, u3)- i[uz, u3) = o, 
[u1 + iuz, u1- iuz] = -2i[ul, uz] E Ce1 + Cu3. 

Hence, 
[u1, u3) = 0, 

[uz,u3) = 0, 

[u1, u 2 ) = a1e1 + a3u3. 

Using the Jacobi identity we obtain a1 = 0:3 = 0. Thus the pair (g,g) is trivial. 

Proposition 3.17. Any pair (g, g) of type 3.17 is trivial. 

[ ,] el ez e3 ul Uz U3 

e1 0 0 e3 UI Au1 + Uz 0 
ez 0 0 -e3 0 U} U3 
e3 -e3 e3 0 0 0 ul 
ul -ul 0 0 0 0 0 
uz -,\ub- Uz -ul 0 0 0 0 
u3 -U3 -ul 0 0 0 

Proof. Consider x E g such that 

x= 0 ,\+1 n 1 
0 

Note that xu = idu +cp, where cp is a nilpotent endomorphism. Then, by Proposi­
tion 13, Chapter II, the pair (g, g) is trivial. 

Proposition 3.18. Any pair (g, g) of type 3.18 is trivial. 

['] el ez e3 UI Uz U3 

e1 0 0 e3 Ul U1 + Uz 0 
ez 0 0 -e3 0 0 U3 
e3 -e3 ea 0 0 0 ul 
UI -ul 0 0 0 0 
uz -ul- Uz 0 0 0 0 0 
U3 0 -U3 -ul 0 0 0 

Proof. Consider x E g such that 

0 1 n x= 1 
0 

Note that xu = idu +cp, where cp is a nilpotent endomorphism. Then, by Proposi­
tion 13, Chapter II, the pair (g, g) is trivial. 
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Proposition 3.19. Any pair (g, g) of type 3.19 is equivalent to one and only 
one of the following pairs: 

1. 

[ 'l el ez e3 UI Uz U3 

el 0 -ez -Ae3 0 Uz Au3 
ez ez 0 0 0 UI 0 
e3 Ae3 0 0 0 0 UI 
UI 0 0 0 0 0 0 
Uz -uz -ul 0 0 0 0 
U3 -Au3 0 -ul 0 0 0 

2. 

[ ' l el ez e3 UI Uz U3 

el 0 -ez -Ae3 0 Uz Au3 
ez ez 0 0 ez UI 0 
e3 Ae3 0 0 0 0 UI- el 
UI 0 -ez 0 0 uz 0 
uz -uz -ul 0 -uz 0 0 
u3 -Au3 0 el- UI 0 0 0 

3. A= 0 

[' l el ez e3 UI Uz U3 

el 0 -e'2 0 0 uz ea ez ea 0~ 0 0 UI 
e3 0 0 0 0 UI 
UI 0 0 0 0 0 0 
Uz -uz -ul 0 0 0 0 
U3 -e3 0 -ul 0 0 0 

4. A= 0 

[,] el ez e3 ul Uz U3 

el 0 -ez 0 0 Uz 0 
ez ea 0 0 0 Ul 0 
e3 0 0 0 0 UI te3 
Ul 0 0 0 0 0 
Uz -uz -ul 0 0 0 0 
U3 0 0 -ul -e3 0 0 0 

5. A= 0 
[ ,] el ez e3 ul Uz U3 

el 0 -ez 0 0 uz e3 
ez ea 0 0 0 UI 0 
e3 0 0 0 0 ul te3 
UI 0 0 0 0 0 
Uz -uz -ul 0 0 0 0 
U3 -e3 0 -ul-e3 0 0 0 

6. A= 0 
[ ,] el ez e3 U1 Uz U3 

el 0 -ez 0 0 Uz el -ul 
ez ea 0 0 ea ul 0 
e3 0 0 0 ul -el 
UI 0 -ez 0 0 Uz 0 
Uz -uz -ul 0 -uz 0 0 
U3 ul -el 0 el -ul 0 0 0 
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7. ,\ = 0 

[' l el e2 e3 Ul U2 U3 

el 0 -e2 0 0 U2 0 
e2 (r 0 0 0 Ul 0 
e3 0 0 0 0 u 1 +ae3 
Ul 0 0 0 0 0 Ul 
u2 -u2 -ul 0 0 0 U2 
U3 0 0 -u1 -ae3 -ul -u2 0 

8. ,\ = 0 

[ ,] el e2 e3 Ul U2 U3 

el 0 -e2 0 0 U2 ea 
e2 e~ 0 0 0 ul 
e3 0 0 0 0 u1 +ae3 
Ul 0 0 0 0 0 U1 
U2 -u2 -ul 0 0 0 U2 
U3 -e3 0 -ul -o:e3 -ul -u2 0 

9. ,\ = 0 

[ ,] el e2 e3 Ul u2 U3 

el 0 -e2 0 0 u2 e3 
e2 e~ 0 0 e~ ul 0 
e3 0 0 0 u 1-eb+ae3 
Ul 0 -e2 0 0 u2 
U2 -u2 -ul 0 -u2 0 0 
U3 -e3 0 e1-u1-ae3 0 0 0 

10. ,\ = 0 

[ ,] el e2 e3 Ul u2 U3 

el 0 -e2 " 0 'U2 -e3 u 
e2 e~ 0 0 e~ ul 0 
e3 0 0 0 u 1-eb+ae3 
ul 0 -e2 0 0 u2 
U2 -u2 -ul 0 -u2 0 0 
U3 e3 0 e1-u1-ae3 0 0 0 

11. ,\ = 1 
[' l el e2 e3 ul U2 U3 

el 0 -e2 -e3 0 U2 U3 
e2 e2 0 0 e3 ul el 
e3 e3 0 0 0 0 Ul 
Ul 0 -e3 0 0 0 (f U2 -u2 -ul 0 0 0 
U3 -u3 -el -ul -u2 0 0 

12. ,\ = 1 

[ 'l el e2 e3 ul u2 u3 

el 0 -e2 -e3 0 U2 U3 
e2 e2 0 0 e3 Ul el 
e3 ea 0 0 -e2 -el Ul 
ul -e3 e2 0 -U3 u2 
u2 -u2 -ul el u3 0 0 
u3 -U3 -el -ul -u2 0 0 



13. A= -1 

[ 'l 

14. A= -1 

15. A= -1 

[ ' l 

16. A=-~ 

17. A= ~ 
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[ ,] 

[ ' l 

0 
e2 

-e3 
0 

-e3 -u2 
u3-e2 

0 
e2 

-e3 
0 

-e3-u2 
-e2+u3 

[ 'l 

e3 0 
0 0 
0 0 
0 0 
0 0 

-ul 0 

0 
0 
0 
0 
0 
0 

-e3 0 
0 0 
0 0 
0 0 
0 0 

-ul 0 

Proof. Let £ = { e1, e2, e3} be a basis of g, where 

Then 

A( ei) = ( 0~ 0 
-1 
0 

0 
1 
0 

~ ) ' 
-A 

(
0 0 

A( e2) = 1 0 
0 0 

and for x E g the matrix B ( x) is identified with x. 
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A(e,) = G ~ ~) 
By ~ denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­

tor e1. 
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Lemma. 
(i) Suppose A -/= 1. Then any virtual structure q on generalized module 3.19 is 
equivalent to one of the following: 

a) A tt {0, ~' -1} 

C1 (e2 ) = G 0 n, C1 (c3 ) = 0 0 -p) 
C1(el) = 0, 0 0 0 0 

' 
0 0 0 

b) A= 0 

C,(el) = (~ 
0 n, c,(e,) = G 0 

~). C2 (e3 ) = 0 0 -p) 
0 0 0 0 . 

' 
0 0 0 q 

c) A- l - 2 

c,(e,) = G 0 D, c,(e,) = 0 0 -p) 
C3(el) = 0, 0 0 0 0 

' 
0 0 0 

d) A= -1 

(
0 0 0) C4(ei)= 0 0 r , 
0 0 0 

(0 0 0) 
C4(ez)= p 0 0 , 

0 q 0 

( ii) Suppose A = 1. Then any virtual structure q on generalized module 3019 is 
equivalent to one and only one of the following: 

a) 
Cs( ei) = 0, i = 1, 2, 3; 

b) 

c,(e,) = ( ~1 0 

~). c,(e,) = 0 0 

~). C6(el) = 0, 0 0 
0 0 

c) 

c,(e,) = 0 0 D, c,(e,) = ( ~1 
-1 n C7(el) = 0, 0 0 

0 0 

d) 

C,(ez) = G 0 

~). C8 (e3 ) = (~ 
0 

D Cs(el)=O, 0 0 
0 0 
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Proof. Let q be a virtual structure on generalized module 3.19. Without loss of 
generality it can be assumed that q is primary. Since 

g(o)(f)) :::> Re1, U(o)(f)) :::> Ru1, 

g(-l)(f)) :::> Re2 , U(l)(f)) :::> Ruz, 

gC ->-.)(()) :::> llle3, uC>-.)((J) :::> lllu3, 

we have 

c 0 
1 ) C(e,) = (cl1 

2 

2 ) (' 
3 ci,) ell e13 elz e13 ell elz 

C(e1)= ? 0 e~3 , 0 e~ 3 , C(e3)= e~ 1 3 0 . ez2 
1 2 0 3 

e31 e32 e33 e31 e32 e33 e31 e33 

Put 

(";, 0 -cj,) 
H= 0 0 0 ' 

2 0 0 e32 

and C'(x) = C(x) + A(x)H- HB(x) for x E g. Then 

0 ei3) 
0 0 ' 
0 e~ 3 

Since for any virtual structure q condition (6), Charter II, must be satisfied, after 
direct calculation we obtain: 

C'( e1l = ( ~ 
\ I \0 

where 

Consider the following cases: 

0 ei3) 
0 ~ , C'( e3) = 
0 e33 

(1- >..)d2 = 0, 

(1 - >..)e~ 1 = 0, 

,\e~ 3 = 0, 

(1- ,\)ei3 = 0, 

(1 - ,\)e~ 1 = 0, 

>..ei3 = e~l' 
e3 _ e3 

21 - 121 

(2,\- 1)d3 = 0, 
ez _ e2 
13--21' 

a) ,\ ¢:_ {0, -1, ~ }. Since q is primary, we obtain 

(*) 
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From (*) it follows that c~ 3 = -c§1. 
b) A = 0. Since q is primary, we obtain 

1 1 2 2 2 3 3 0 C32 = C23 = C31 = C13 = C33 = C21 = C12 = · 

From (*) it follows that c~3 = -c§1. 
c) A = ~. Since q is primary, we obtain 

1 1 1 2 2 3 3 3 0 C32 = C23 = C33 = c31 = C13 = C33 = C21 = C12 = · 

From (*) it follows that c~ 3 = -c§1. 
d) A = -1. Since q is primary, we obtain 

1 2 2 2 3 3 3 0 C33 = C31 = C13 = C33 = C21 = C12 = C33 = · 

From (*) it follows that c~ 3 = -c§1. 
e) A = 1. Since q is primary, we obtain 

1 1 1 2 3 0 c32 = C23 = C33 = C33 = C33 = · 

From (*) it follows that ci3 = c~ 1 , c~ 2 = c~ 1 , and c~ 3 = -c§1. Thus 

C'(et)=O, 
0 ci3) 
0 0 ' 
0 0 

By Proposition 7, Charter II, virtual structures C' and C" are equivalent if and 
only if there exist P E Aut(g) and H E Mahx3(1R) such that 

C"(x) = FC'(tp-1(x))P-1 - A(x)H + HB(x) for all x E g, 

where tp = tp(P), and F is the matrix of tp. 
Direct calculations show that the virtual structure q is equivalent to one and 

only one of the virtual structures C5 , C6 , C1, C8 . 

The proof of the Lemma is complete. 

Let (g, g) be a pair of type 3.19. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Since the virtual structure q is primary, we have 

(Proposition 10, Chapter II). 
Consider the following cases: 
1 o • A rt { 0, ~ , -1, 1}. Then 

[e1, e2] = -e2, 

[e1, e3] = -Ae3, [e2, e3] = 0, 

[e1,u1] = 0, [e2,u1] =pe2, [e3,u1] = 0, 

[e1,u2]=u2, [e2,u2]=u1, [e3,u2]=0, 

[e1, u3] = AU3, [e2, u3] = 0, [e3, u3] = u1- pe1. 



Since 

we have 

and 
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_g(l)(~) = Iftu2, 

_gP·)(~) = !ftu3, 

[u1, u2] E _g(I)((J), 

[u1, u3] E _g(A)(~), 

[u2, u3] E _g(l+-\)(~), 

[ui, u2] = a2u2, 

[ui, u3] = {33u3, 

[u2, u3] = c3e3. 

Using the Jacobi identity we see that the pair (g,g) has the form: 

[ ' l el e2 e3 UI u2 U3 

el 0 -e2 -.\e3 0 u2 .\u3 
e2 e2 0 0 pe2 ul 0 
e3 .\e3 0 0 0 0 UI -pel 
ul 0 -pe2 0 0 pu2 0 
u2 -u2 -ul 0 -pu2 0 c3e3 
U3 -.\u3 0 pel -ul 0 -c3e3 0 

where c3(1 + 2.\) = 0, and pc3 = 0. 

1.1°. c3 = p = 0. Then the pair (g, g) is trivial. 
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1.2°. c3 = 0, p f. 0. Then the pair (g, g) is equivalent to the pair (.92, g2) by 
means of the mapping 1r : g2 -t g such that 

1r(ei) = ei, i = 1, 2, 3, 

7r(uj)=~uj, j=1,2,3. 
p 

1.3°. c3 f. 0, .\ = -~, p = 0. Then the pair (g,g) is equivalent to the pair 
(.916, g16) by means of the mapping 7r : .916 -t g such that 

1r(ei) = 2e1, 1r(u1) = c3u1, 

1r(e2) = c3e2, 1r(u2) = u2, 

1r(e3) = c3e3, 1r(u3) = U3. 

Since dim Vg1 f. dim Vg2, we see that the pairs (.91, gl) and (.92, 92) are not 
equivalent. For.\-~ we have dim-:Dg2 =J. dim-:Dg16 , and dimV2g1 f. dimV2g16 . 
This implies that the pair (.916, 916) is not equivalent to the pairs (.91, g1) and (.92, g2) 
for .\ = -~. 
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Since 

we have 

and 

III. THE CLASSIFICATION OF PAIRS 

[e1,e2]=-e2, 

1 
[e1,e3] = -2e3, [e2,e3] = 0, 

[e1,u1]=0, [e2,u1]=pe2, [e3,u1]=0, 

[e1,u2J=u2, [e2,u2]=u1, [e3,u2]=0, 

1 
[e1,u3] = 2u3, [e2,u3] = qe3, [e3,u3] = u1- pe1. 

9( 0)(()) = !Re1 EB !Ru1, 

9(-l)([J) = !Re2, 

9(-1/2)(()) = !Re3, 

9(1)(()) = !Ru2, 

9(1/2)(()) = !Ru3, 

[u1, u2] E 9(1)(()), 

[u1, u3] E 9(1/2)(()), 

[u2, u3] E 9(3/2)([)), 

[ur, u 2] = a2u2, 

[u1, u3] = (33u3, 

[u2, u3] = 0. 

Using the Jacobi identity we see that the pair (9, g) has the form: 

[ 'l el e2 e3 U} u2 U3 

el 0 -e2 1 0 U2 1 --e3 -zu3 
e2 e2 0 0 pe2 Ul qe3 
e3 1 0 0 0 0 u 1 -pe1 -e3 
Ul 20 -pe2 0 0 pu2 0 
U2 -u2 -ul 0 -pu2 0 0 

1 -qe3 pe1 -u1 0 0 0 U3 --zu3 

where pq = 0. 

2.1 o. q = p = 0. Then the pair (9, g) is trivial. 
2.2°. p =f. 0. The pair (9,g) is equivalent to the pair (92,g2) by means of the 

mapping 1r : 92 --t 9 such that 

?r(ei) = ei, i = 1,2,3, 

1r(uj) = ~Uj,j = 1,2,3. 
p 



3. THREE-DIMENSIONAL CASE 227 

2.3°. q #- 0. The pair (g, g) is equivalent to the pair (g17, 917) by means of the 
mapping 1r : £117 --+ g such that 

7r(ei) = ei, i = 1,2,3, 

1r(uj) = ~uj, j = 1,2,3. 
q 

Since dim 'D£11 #- dim 'D£!2, dim Dgz #- dim Dg17, and dim 'D2 £11 #- dim 'D2 fl17, we 
see that the pairs (.91, £11) , (£h, 92) and (.917, 917) are not equivalent to each other. 

In a similar way we obtain the other results of the Proposition. 

Proposition 3.20. Any pair (g, g) of type 3.20 is equivalent to one and only 
one of the following pairs: 

1. 

[ ' l 

2. ,\ = 0, f-L > 0 

[,] 

3. ,\ ( 0, f-L = 0 

4. ,\ < l 
3 

[ ' l 

[ ' l 

0 
(,\- 1)ez 
(tL - 1 )e3 

-u1 
-Auz 
-f.LU3 

0 
-ez 

(tL - 1 )e3 
-u1 

0 
-fJU3 

0 
( ,\ - 1 )ez 

-e3 
-u1 

-,\uz 
0 

(1 - A.)ez 
0 
0 
0 

-u1 
0 

(1- A)ez 
0 
0 
0 

-u1 
0 

(1 - A)ez 
0 
0 
0 

-ul 
0 

u1 
0 
0 
0 
0 
0 

Uz U3 

Auz f-LU3 

U1 0 
0 U1 

0 0 
0 0 
0 0 

U1 0 f-LU3 
0 U1 0 
0 0 U1 

0 U1 0 
-u1 0 -u3 

0 U3 0 

e3 u1 Auz 0 
0 0 
0 0 
0 0 
0 0 

u1 0 
0 u1 
0 u1 
0 uz 

-ul -u1 -uz 0 

2,\e3 u1 
0 0 
0 0 
0 0 
0 0 

-u1 0 

Auz (1-2A)u3 
U1 0 
0 u1 
0 0 
0 ez 

-ez 0 
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5. ,\ = 1 - 2f-l, f-l ~ t 

[' l e1 e2 e3 U1 U2 U3 

e1 0 2f-le2 (1 - f-l )e3 U1 (1 - 2f-l )u2 f-lU3 
e2 -2f-le2 0 0 0 U1 0 
e3 (f-l - 1 )e3 0 0 0 0 U1 
U1 -U1 0 0 0 0 0 
U2 (2f-l - 1 )u2 -u1 0 0 0 e3 
U3 -f-lU3 0 -u1 0 -e3 0 

6. A=l f-L=1 2' 

[' l e1 e2 e3 u1 u2 U3 

0 1 0 1 
e1 2e2 u1 e2 + 2u2 U3 

1 0 0 0 u1 0 e2 --e2 

e3 0 0 0 0 ea U1 
U1 -u1 0 0 0 0 

1 0 0 0 u2 -e2- 2u2 -U1 -e2 

U3 -U3 0 -u1 0 0 0 

7. ,\ = 0' f-l = 1 

[' l e1 e2 e3 u1 u2 U3 

e1 0 ea 0 u1 e3 e2 + u3 
e2 -e2 0 0 U1 0 
e3 0 0 0 0 e3 u1 
U1 -u1 0 0 0 U1 0 
u2 -e3 -u1 -e3 -u1 0 ae2 
U3 -e2- u3 0 -u1 0 -ae2 0 

8 . .\ 1 2 . = 3; fl = 3 

[ 'l e1 e2 e3 U1 u2 U3 

0 2 1 1 2 
e1 3e2 3e3 Ul e3 + 3u2 e2 + 3u3 

e2 
2 0 0 0 u1 0 --e2 

e3 
f 0 0 0 -3e3 e2 U1 

U1 -u1 0 0 0 0 0 
U2 1 

-u1 -e2 0 0 0 -e3- ~u2 

U3 -e2- 3u3 0 -u1 0 0 0 

9. ,\ = ~' f-l = ~ 

[ 'l e1 e2 e3 U1 u2 U3 

0 1 1 1 1 
e1 2e2 2e3 U1 e2 + 2u2 e3 + 2u3 

e2 
1 0 0 0 0 --e2 u1 

e3 
I 0 0 0 0 -2e3 U1 

U1 -u1 0 0 0 0 0 
U2 1 0 0 0 0 -e2- -u2 -u1 

U3 
I 0 -u1 0 0 0 -e3- 2u3 



10. A= 0, 11 = ~ 

[ 'l 
0 

11. A= 0, 11 = 0 

[ ' l 

12. A = 0, 11 = 0 

[ ' ] 

13. A = 0, 11 = 0 

[ ' l 

14. A = 0, 11 = 0 

[ ' l 

15. A = 0, 11 = 0 

[ ' l 

3. THREE-DIMENSIONAL CASE 

uz 

0 

u1 0 
0 U1 

8 ecr 
0 0 

Ul Uz 

Ul 
0 
0 
0 

-ez 
0 

Uz 

0 

Uz 

0 
U1 

-ez 
3 3 2ez-e3-2u1 

0 

1 
e3 + 2u3 

0 
ul 

0 
o:e3 - u3 

0 

1 1 3 -2e1-2uz-2u3 

229 
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16. ,\ = i, f.l = ~ 

[ ' ] e1 e2 e3 U1 u2 U3 

0 3 1 1 1 e1 4e2 ze3 u1 4u2 e3 + zU3 
e2 3 0 0 0 u1 0 --e2 

e3 i 0 0 0 0 U1 - 2 e3 
u1 -u1 0 0 0 0 0 
u2 1 -u1 0 0 0 e2 --u2 

U3 
4 1 

0 -u1 0 -e2 0 -e3- zU3 

17. ,\-0 r-l - ' - 2 

[ ' l e1 e2 e3 U1 u2 U3 

0 1 0 1 e1 e2 -e3 U1 e3 + zU3 
e2 -e2 0 20 0 u1 0 
e3 1 0 0 0 0 U1 - 2 e3 
U1 -u1 0 0 0 0 0 
u2 0 -u1 0 0 0 e3 
U3 1 0 -u1 0 -e3 0 -e3- zU3 

18. ,\ 1 1 < Z' f..l = 2 

[ ' l e1 e2 e3 u1 u2 U3 

0 (1 - ,\)e2 1 AU2 1 e1 ze3 U1 e3 + zU3 
e2 (,\- 1)e2 0 0 0 U1 0 
e3 1 0 0 0 0 u1 - 2 e3 
U1 -u1 0 0 0 0 0 
u2 -,\ui -u1 0 0 0 0 
U3 -e3- zU3 0 -u1 0 0 0 

19. A=~,f.l~~ 

[ ' ] e1 e2 e3 u1 u2 U3 

0 1 (1- fL)e3 1 el ze2 u1 e2 + zU2 fLU3 

e2 1 0 0 0 u1 0 - 2 e2 
e3 (r- 1)e3 0 0 0 0 u1 
U1 -u1 0 0 0 0 0 
u2 

1 -ul 0 0 0 0 -e2- zU2 
U3 - {lU3 0 -u1 0 0 0 

20. ,\ ~ 0, p = 0 

[ ' l e1 e2 e3 u1 u2 U3 

e1 0 (1- ,\)e2 e3 U1 Au2 0 
e2 (,\ -1)e2 0 0 0 u1 e2 
e3 -e3 0 0 0 0 u1 
U1 -U1 0 0 0 0 au1 
u2 -Au2 -u1 0 0 0 (a- 1)u2 
U3 0 -e2 -ul -au1 (1- a)u2 0 
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21. ,\ = 0, J-l > 0 

[,] e1 e2 e3 U1 u2 U3 

e1 0 e2 (1 - J-l )e3 U1 0 J-lU3 
e2 -e2 0 0 0 U1 0 
e3 (J-L - 1 )e3 0 0 0 e3 u1 
U1 -u1 0 0 0 (1- a)u1 0 
U2 0 -ul -e3 (a -1)ul 0 au3 
U3 -J-LU3 0 -u1 0 -au3 0 

22. ,\-0 1-l-l - ' -2 

[ ,] e1 e2 e3 u1 u2 u3 

e1 0 e2 1 u1 0 1 -e3 -u3 
e2 -e2 0 20 0 U1 20 

1 0 0 0 e3 u1 e3 -2e3 
u1 -u1 0 0 0 2u1 0 
u2 0 -u1 -e3 -2u1 0 e3- U3 

1 0 0 -e3 + u3 0 U3 -2u3 -u1 

23. ,\ = 0, J-l = 1 

[ ,] e1 e2 e3 U1 U2 U3 

e1 0 e~ 0 U1 0 U3 
e2 -e2 0 0 UI 0 
e3 0 0 0 0 e3 UI 
U1 -ul 0 0 0 ul 0 
U2 0 -ul -e3 -ul 0 e~ U3 -U3 0 -ul 0 -e2 

24. ,\ = 0, J-l = 0 

[ ,] e1 e2 e3 Ul U2 U3 

el 0 e~ ea ul 0 0 
e2 -e2 0 U1 e3 
e3 -e3 () 0 0 0 'Ul v 

u1 -ul 0 0 0 0 U1 
u2 0 -ul 0 0 0 (f U3 0 -e3 -ul -u1 -u2 

25. ,\ = 2J-L, J-l ~ 0 

[ 'l el e2 e3 u1 1L2 U3 

el 0 (1 - 2J-L )e2 (1 - J-l )e3 Ul 2fJU2 fJU3 
e2 (2J-L - 1 )e2 0 0 0 u1 e3 
e3 (~t-l)e3 0 0 0 0 u1 
1L1 -u1 0 0 0 0 0 
1L2 - 2J-LU2 -ul 0 0 0 0 
ua -J-LU3 -e3 -ul 0 0 0 

26. ,\ > 0, J-l = 2,\ 

[ ,] el e2 ea ul 1L2 U3 

el 0 (1 - .A)e2 (1 - 2..\)ea Ul Au2 2.Au3 
e2 (.A- 1)e2 0 0 0 u1 0 
ea (2,\ - 1 )ea 0 0 0 e2 Ul 
1L1 -ul 0 0 0 0 0 
1L2 -.Au2 -ul -e2 0 0 0 
ua -2.Au3 0 -ul 0 0 0 



232 III. THE CLASSIFICATION OF PAIRS 

27. A= l, 1-l = ~ 

[ ' l el e2 e3 UI u2 U3 

0 4 3 1 2 el 5e2 5e3 UI 5U2 5U3 
e2 4 0 0 0 ul 0 --ez 
e3 ~ 0 0 0 e2 UI -5e3 
ul -ul 0 0 0 0 0 
u2 1 -ul -ez 0 0 e3 -5u2 
U3 2 -5U3 0 -ul 0 -e3 0 

28. A = 1 - J-t, ~-t ~ ~ 

[ ' l el e2 e3 ul uz U3 

el 0 ~-te2 (1-~-t)e3 ul e3 + (1-~-t)u2 e2 + pu3 
0 0 0 e2 -~-tez U1 0 

e3 (p- 1)e3 0 0 0 0 ul 
UI -ul 0 0 0 0 0 
u2 -e3 + (p- 1)uz -u1 0 0 0 0 
U3 -e2- pu3 0 -ul 0 0 0 

29. A= 0, ~-t = 1 

[ ' l el e2 e3 ul Uz U3 

el 0 ea 0 ul e3 ez t U3 
e2 -ez 0 0 UI 
e3 0 0 0 0 0 ul 
UI -ul 0 0 0 0 0 
Uz -e3 -ul 0 0 0 ea U3 -ez- u3 0 -ul 0 -ez 

Proof. 
Le+ £ - { "'· "' Pn} hP l.a_,;, of n w"here I.J - "--'l, ........ z, ........ .j ,._,......., ._. ................. .v' ........ 

e1 ~ G 0 D, cl ~), G 
0 

D A ez = 0 0 e3 = 0 
0 0 0 0 

Then 

A(e!) ~ C 0 0 ) ( 0 0 0) ( 0 0 

~). 1-A 0 , A( e2) = A -1 0 0 , A( e3) = ~-t-1 0 
0 1-~-t 0 0 0 0 0 

and for x E g the matrix B(x) is identified with x. 
By f) denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­

tor e1 . 

Lemma. Any virtual structure (g, g) on generalized module 3.20 is equivalent 
to one of the following: 

a)pf-~, Af-~, ~-tf-0, Af-0, Af-2~-t, pf-2;\, ~-t+Af-1, pf-A+1 

C(ei) = 0, i = 1,2,3; 
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d) 1-l = 0' ,\ < 0 

C(e1 ) = 0, C(ez) = G ~ D , C(e,) = 0; 

e)>.=O, J-L>O, J-L~{~, 1} 

C(e,) = C(e,) = 0, C(es) = G ~ n ; 
f) ,\ = 2J-L, 1-l < 0 

C(e,)=O, C(ez)= 0 ~ ~). C(e,)=O; 

C(c1)=C(ez)=0, C(e3 )= (~ ~ ~} 

i)J-L=>-+1, >.~{-2, -1,-~, 0, ~' 1} 
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j) A= ~' p = 1 

C(e1) = 0 0 D, C(e,) = 0 0 n; p C(e2) = 0, q 
0 0 

k)A=0,p=1 

C(e1) = (~ 0 

~), C(e3 ) = ( ~s 
s n; 0 C(e2) = 0, 0 

q r 

l) A = t, f-l = ~ 

C(e1) = 0 0 D, C(e,)= (~ 0 n; 0 C(e2) = 0, r 
q 0 

m)A=~,f-L=~ 

C(e1) = 0 0 D, p C(e2) = C(e3) = 0; 
s 

n)A=i,p=~ 

C(e1) = n 0 

~)' C(e,) = (~ 0 

~} 0 C(e2) = 0, q 
\0 0 PI \0 0 

o)A=O,f-L=~ 

C(e1) = ( ~ 
0 n, C(e,) = 0 0 0; 0 C(e2) = 0, 0 
0 q 

p) A= 0, p = 0 

C(e,) = 0 0 D, C(e,) = 0 0 

~} C(el)=O, p r 
0 0 

q) A= -2, p = -1 

C(e,) = (~ 0 

D C(e,) = ( + q 

~} C(el) = 0, 0 0 
0 0 
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r)A.=-l,fL=O 

C(et) = 0, C(e,) = 0 ~ ~), C(e,) = ( + ~ D; 
s)A.=-l. 

2' 
IL-l. - 2 

C(e,) = 0 0 n, 0 
0 

t)A.=~, 3 
fL=2 

C(e1) = (~ 0 

~), p 
0 

u)A.=l, fL=2 

/O q 0) 
C(e1 ) = C(e2 ) = 0, C(e3 ) = ~ ~ ~ ~ . 

Proof. Put 
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Let q be a virtual structure on generalized module 3.20. Without loss of generality 
it can be assumed that q is primary. 

Since 
g(O)(~) 2 !R.el, u(l)(~) 2 Rul, 

g(l->-)((J) 2 Re2, U(>-)((J) 2 Ru2, 

g(l-JL)([J) 2 Re3, U(IL)([J) 2 Ru3, 

we have 

c~l 
3 cl} C12 

C( e3) = 3 
C21 C22 

0 3 
c32 C33 

Put 

H = (cl, 0 

~), 0 
c32 0 
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and C'(x) = C(x) + A(x)H- HB(x) for x E g. Then 

C'(c1) = ( c~1 
1 

1 ) (' 0 
2 ) 

e12 el3 ell e13 
1 

e~3 ' C'(e2)= ~ 2 
e~3 ' e22 e22 

1 0 e31 e32 e33 e31 e33 

(' 
3 

0 ) 
ell e12 

C'(e3) = e~1 3 0 . e22 
3 e~3 e32 

By corollary 2, Chapter II, the virtual structures C and C' are equivalent. 
Since for any virtual structure q condition (6), Chapter II, must be satisfied, 

after direct calculation we obtain: 

C'(ei) = G 
where the set of coefficients efj satisfies the following system: 

(2tt- >.)e~ 3 = 0, 

(tt - 2). )e~ 2 = 0, 

(1- 1-l + >.)e~ 2 = 0, 

(1- tt + >.)e~ 1 = 0, 

(). - 1 )e~ 2 = e~ 1 , 

>.e~2 = (1- >.)ei2, 

tte~3 = (1- >.)ei3, 

>-d2 = (1 - 1-l )ci2' 
3 /1 \ 1 \ fle33 = \ - /-l )e13 · 

For example, consider the following cases: 
a) {l, >. ~ { 0, ~}, >. =/= 2tt, {l =/= 2)., tt + ). =/= 1, tt =/= A + 1. 
From the system it follows that e~ 3 = e~2 = e~ 2 = d1 = 0. Put 

and C1(x) = C'(x) + A(x)H1- H1B(x) for x E g. Then 

m) A=~' 1-l = ~· 
From the system it follows that e~ 3 = d2 = d2 = e~ 1 = 0. Put 
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and C13(x) = C'(x) + A(x)H13- H13B(x) for x E g. Then 

p) ,\ = 0, f.1, = 0. 
From the system it follows that ci2 = ci3 = cf2 = c~ 1 = 0. Put 

and C16 (x) = C'(x) + A(x)H16- H16B(x) for x E g. Then 

In a similar way we obtain the other results of the Lemma. 

0 
3 

C22 
0 
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Let (g, g) be a pair of type 3.20. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Consider the following cases: 

1°. The virtual structure q is trivial. Then 

[e1, e2] = (1- A)e2, 

[e1, e3] = (1- tJ)e3, [e2, e3] = 0, 

[e1,u1] = u1, 

[e1, u2] = Au2, 

[e1, u3] = f.l,U3, 

r 1 O le2, UIJ = ' 
[e2, u2] = u1, 

[e2, u3] = 0, 

[e3, u2] = 0, 

[e3, u3] = u1. 

Since the virtual structure q is primary, we have 

[u1,u2] = a1e1 + a2e2 + a3e3 + a1u1 + a3u3, 

[u1,u3] = b1e1 + b2e2 + b3e3 +,81u1 + ,82u2, 

[u2,u3] = c1e1 +c2e2 +c3e3 +r1u1 +12u2 +r3U3. 

Using the Jacobi identity we see that the pair (g, g) has the form: 

[ ' l el e2 e3 Ul U2 

el 0 (1- A)e2 (1-tJ)e3 Ul Au2 
e2 ~,\ -l~e2 0 0 0 ul 
e3 f.1, -1 e3 0 0 0 0 
Ul -ul 0 0 0 001U1 
u2 -Au2 -ul 0 -alul 0 
u3 -f.l,U3 0 -Ul -,81 U1 -A 

U3 

f.l,U3 

0 
ul 

,81u1 
A 
0 
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where the set of coefficients satisfies the following system: 

.\a1 = 0, 

/1/31 = 0, 

(1- 2.\- 11)c2 = 0, 

(1- A- 2f-l)C3 = 0. 

1.1°. c2 = c3 = a1 = /31 = 0. Then the pair (g, g) is trivial. 
1.2°. A = 0, C2 = C3 = /31 = 0, <Y1 =/=- 0. 

The pair (9, g) is equivalent to the pair (92, g2) by means of the mapping 1r: 92 --+ 

g, where 

1r( e1) = e1, 1r( u!) = u1, 

1 
1r(e2) = -e2, 1r(u2) = a1u2, 

IY1 

1r(e3) = e3, 1r(u3) = U3. 

1.3°. f1 = 0, C2 = C3 = <Y1 = 0, /31 =/=- 0. 
Then the mapping 1r: 93 --+ g such that 

1r( e!) = e1, 1r( u!) = u1, 

1r(e2)=e2, 1r(u2)=u2, 

1 
1r(e3)= j31 e3, 1r(u3)=f31u3, 

establishes the equivalence of the pairs (g,g) and (93 ,g3 ). 

1.4°. f1 = 1- 2_\, C3 = <Y1 = /31 = 0, C2 =/=- 0. 
The pair (9, g) is equivalent to the pair (94, g4) by means of the mapping 1r: 94 --+ 

9, where 

1r( e!) = e1, 

1r( e2) = e2, 

1r(u!)=u1, 

1r(u2)=u2, 

1.5°. A= 1- 2f-l, C2 = <Y1 = /31 = 0, C3 =/=- 0. 
Then the mapping 1r : 9s --+ 9 such that 

1r( e!) = e1, 1r( u!) = u1, 

1 
1r(e2) = -e2, 1r(u2) = c3u2, 

C3 

1r(e3)=e3, 1r(u3)=u3, 
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establishes the equivalence of the pairs (g,g) and (g5 ,gs). 

1.6°. A = 0, 11 = 1, C3 = (31 = 0, 0:1 =I= 0. 
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The pair (g, g) is equivalent to the pair Oh, 92) (J.L = 1) by means oft he mapping 
7f : Q2 -+ g, where 

1r(ei) = e1,1r(u1) = u1, 

1 C2 
1r(e2) = -e2,1r(u2) = -e3 + o:1u2, 

0:1 0:1 
c2 

1r( e3) = e3,1r( u3) = 2e2 + U3. 
0:1 

0 1 1. 7 . A = 0, 11 = 2, c2 = (31 = 0, 0:1 =/= 0. 
Then the mapping 7f : g2 -+ g such that 

1r( ei) = e1, 1r( ui) = u1 , 

1 
1r( e2) = -e2,1r( u2) = 0:1 u2, 

0:1 
C3 

1r(e3) = e3,1r(u3) =- e2 + U3. 
0:1 

establishes the equivalence of the pairs (g, g) and (g2, 92) (11 = } ). 

1.8°. A = 0, 11 = 0, C2 = C3 = 0, 0:1 =I= 0. 
The pair (g,g) is equivalent to the pair (g3,g3) (A= 0) by means of the mapping 

7r : Q3 -+ g, where 

7r( ei) = e1, 1r( u1) = u1, 

!31 1 
1r(e2) = --e2 + -e3, 1r(u2) = o:1u3, 

0:1 0:1 

1r(e3) = e2, 1r(u3) = u2 + (31u3. 

1.9°. A=~' J.L = ~' 0:} = !31 = 0, C2 =I= 0. 
Then the mapping 7r : g5 -+ g such that 

establishes the equivalence of the pairs (g, g) and (gs, 9s) (J.L = ~ ). 
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2°. ,\ = ~, fl, = ~. Then 

1 
[e1, ez] = 2ez, 

1 
[e1, e3] = 2e3, 

[e1,u1] = U1, [ez,u1] = 0, [e3,u1] = 0, 

1 
[e1,u2] =pez+se3+2uz, [ez,uz] = u1, [e3,u2] = 0, 

1 
[e1,u3] = rez+qe3+2u3, [ez,u3] = 0, [e3,u3] = u1. 

Since the virtual structure q is primary, we have 

where 

Therefore 

g = g(o)((J) EB :g(1/2)((J) EB :g(l)((J), 

[u1, uz] = 0, 

[u1, u3] = 0, 

[uz, u3] = /1 u1. 

Using the Jacobi identity we see that the pair (g,g) has the form: 

[ ,] e1 ez e3 u1 uz U3 

e1 0 1 
2e2 

1 
2e3 U1 1 pez +re3 + zU2 1 rez +qe3 + zU3 

ez 1 0 0 0 -ez 
e3 I 0 0 0 ze3 
ul -ul 0 (\ 0 v 

1 -u1 0 0 Uz -pez- re3- -uz 
I 0 -ul 0 U3 -rez- qe3- zU3 

Then the mapping 1r : g' ----+ g such that 

7r(ei) = ei, i = 1, 2, 3, 

1r(ut)=u1, 

7r(uz)=uz, 

1r(u3) = -11e2 + u3, 

U1 0 
0 UI 
0 0 
0 /lUI 

-11U1 0 

establishes the equivalence of the pairs (g, g) and (g', g'), where the latter has the 
form: 

[,] el ez e3 ul Uz U3 

0 1 1 1 1 e1 2e2 ze3 ul pez +re3 + 2u2 rez +qe3 + zU3 
1 0 0 0 ul 0 ez -ez 

e3 I 0 0 0 0 ul ze3 
Ul -ul 0 0 0 0 0 

1 0 0 0 0 Uz -pez -re3- -uz -ul r 0 -ul 0 0 0 U3 -rez- qe3- zU3 
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Now we determine the group of all transformations of mappings q. Let 

C(e1) = 0 0 

D· p C(e2) = C(e3) = 0, 
r 

and 

C'(el)= 0 0 

~). p' C'(e2) = C'(e3) = 0. 
r' q' 

Put 

Q = (~ :), and Q' = ( ~; r') I . q 

The virtual structures C and C' are equivalent if and only if there exist matrices 
P E A(g) and HE Mat3x3(IR) such that 

C'(x) = FC(c.p-1(x))P-1 - A(x)H + HB(x) for all x E g, 

where c.p(x) = PxP-1 , and F is the matrix of the mapping c.p. Direct calculation 
shows that the virtual structures C and C' are equivalent if and only if there exist 
a number a#- 0 and a matrix A E GL(2, IR) such that the following condition holds: 

' a t 
Q =(detA)2AQA. 

Using this condition, we see that any virtual structure on generalized module 3.20 
(A = 11 = ~) is equivalent to one and only one of the following: 

a) 
r:1r p" 1 = n i = 1.? ~-- \-"! -, -, -, -, 

b) 

G 
0 

D C 2(e1) = 1 C2(e2) = C 2(e3) = 0; 
0 

c) 

G 
0 

D· C 3( ei) = 0 C3(e2) = C3(e3) = 0; 
1 

d) 

C1 (e1 ) = (~ 
0 n 1 C4 (e2) = C4 (e3) = 0. 
0 

Note that the virtual structure C 1 was already considered in case 1 o, and the 
virtual structures C 2 and C3 are special cases of the virtual structures in the case 
A = ~ and A+ 11 = 1, respectively. 

For the virtual structure C4 we obtain the pair UJ9, fig). 



242 III. THE CLASSIFICATION OF PAIRS 

3° . ..\. = 0, t-t = 0. Then 

C(ez) = 0 0 n, C(e3 ) = 0 0 

D· C(e1)=0, p r 
0 0 

Put 

C'(e,) = 0 0 

~), C'(e,) = 0 0 

~)-C'(ei)=O, p' r' 
0 q' 0 s' 

The virtual structures C and C' are equivalent if and only if there exist matrices 
P E A(g) and HE Mat3x3(JR) such that 

C'(x) = FC(cp-1 (x))P-1 - A(x)H + HB(x) for all x E g, 

where cp(x) = PxP- 1 , and F is the matrix of the mapping cp. Direct calculation 
shows that the virtual structures C and C' are equivalent if and only if there exist 
numbers a, b, c, d, g such that .6. = ad- be =f. 0, g =f. 0, and the following conditions 
hold: 

p' = g~ [a2 (dp- cr) + b2 (dq- cs)- 2ac( -bp + ar)- 2bd( -bq +as)], 

q1 = g~ [c2(dp- cr) + d2 (dq- cs)], 

r 1 = 9~[a2 (-bp+ar)+b2 (-bq+as)], 

s' = g~ [c2 ( -bp + ar) + d2 ( -bq +as)- 2ac(dp- cr)- 2bd(dq- cs)]. 

Using these conditions, we see that any virtual structure on generalized module 3.20 
(..\. = t-t = 0) is equivalent to one and only one of the following: 

a) 
C1(ei) = 0, i = 1,2,3; 

b) 

C2(e,) = 0 0 D; C2(e1) = C2(e2) = 0, 1 
0 

c) 

C3 (e3 ) = ( ~ 
0 

~} C3(ei) = C3(e2) = 0, 0 
0 

d) 

C4(e,)= (~ 0 

~} C4 (e1) = C4 (e2) = 0, 1 
0 
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e) 

C5 (e1 ) = C5 (e2 ) = 0, C5 (c3 ) = G ~1 D. 
Note that the virtual structure C 1 was considered in case 1°, and the virtual struc­
tures C 2 and C 3 are special cases of the virtual structures in the cases >.. = 2f.l and 
f.l = 0, respectively. 

For the virtual structures C 4 and C 5 we obtain the following nonequivalent pairs: 

(9n,9n), (912,912), (913,913), (914,914), (91s,91s). 
In a similar way we obtain the other results of the Proposition. 

Proposition 3.21. Any pair (9, g) of type 4.21 is equivalent to one and only 
one of the following pairs: 

1. 

[,] e1 ez e3 u1 Uz U3 

e1 0 ->..ez - e3 ->..e3 + ez 0 >..uz- u3 Uz + Au3 
ez Aez + e3 0 0 0 Ul 0 
e3 >..e3 - ez 0 0 0 0 u1 
U1 0 0 0 0 0 0 
uz u3- >..uz -u1 0 0 0 0 
U3 -uz- >..u3 0 -U1 0 0 0 

2. 

[' l e1 ez e3 u1 Uz U3 

e1 0 ->..ez - e3 ->..e3 + ez 0 Auz- u3 Uz + Au3 
ez Aez + e3 0 ez - >..e3 0 U1 -e1 
e3 >..e3 - ez 0 0 Aez + e3 e1 U1 
U1 0 -ez + Ae3 -e3 - >..e2 0 Uz + Au3 u3- >..u2 
Uz u3- Auz -u1 -e1 -uz- Au3 0 0 
U3 -uz- Au3 e1 -u1 Auz- u3 0 0 

3. >.. = 0 
[ ' ] el ez e3 u1 Uz U3 

e1 0 -e3 +ez 0 -U3 Uz t e3 
ez e3 0 0 0 U1 
e3 -ez 0 0 0 0 U1 
U1 0 0 0 0 0 0 
Uz U3 -u1 0 0 0 0 
U3 -e3- Uz 0 -ul 0 0 0 

4. >.. = 0 

[' l e1 ez e3 U1 uz U3 

e1 0 -e3 +ez 0 -U3 Uz + e3 
e2 e3 0 0 0 U1 0 
e3 -e2 0 0 0 0 ul 
U1 0 0 0 0 ea e3 
Uz U3 -u1 0 -ez ed U3 -e3- Uz 0 -u1 -e3 -e1 

5. >.. = 0 
[ 'l e1 ez e3 u1 uz U3 

e1 0 -e3 +ez 0 -U3 u2 + e3 
ez e3 0 0 0 ul 0 
e3 -ez 0 0 0 0 U1 
U1 0 0 0 0 -e2 -e3 
u2 U3 -u1 0 ez 0 -e1 
U3 -e3- Uz 0 -ul e3 el 0 
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6. A= 0 
[ ' l el ez e3 UI uz U3 

el 0 -e3 +ez 0 -U3 (f ez e3 0 0 0 U} 
e3 -ez 0 0 0 0 U} 
U} 0 0 0 0 ea e3 
Uz U3 -Ul 0 -ez ed U3 -uz 0 -ul -e3 -el 

7. A= 0 
[ ' l el ez e3 ul Uz U3 

el 0 -e3 +ez 0 -u3 (f ez e3 0 0 0 Ul 
e3 -ez 0 0 0 0 U} 
U} 0 0 0 0 -ez -e3 
uz U3 -ul 0 ez 0 -el 
U3 -uz 0 -ul e3 el 0 

Proof. Let E = { e1, ez, e3} be a basis of g, where 

co n c 1 0) G 
0 

~) e1 = 0 A ez = 0 0 0 , e3 = 0 
0 -1 0 0 0 0 

Then 

A(e1 ) = 0 0 

~)' c 0 0) A(e3 ) = ( ~1 
0 n -A A(e2 ) = A 0 0 , 0 

-1 -A 0 0 0 0 

and for x E g the matrix B( x) is identified with x. 
By f:J denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­

tor e1 . Consider the complex generalized module (gc, uc). Put 

ei = ei ® 1, i = 1,2,3, and Uj = Uj ® 1, j = 1,2,3. 

Then£= {e1, e2 , e3} is a basis of gc. The vector space uc can be identified with 
C3, and { u1, u2 , u3} is a standard basis of uc. 

Lemma. Any virtual structure on the generalized module (g, U) of type 3.21 is 
equivalent to one of the following virtual structure: 

a) 

C, (e2 ) = ( ~ 0 -p) 
C1(e,) = G p 

~} C1(e1) = 0, 0 0 ' 0 
-Ap 0 0 0 

b) A= 0 

c,(e1 ) = (~ 
0 

~). C2(e2 ) = G 0 -p) 
G 

p 

D' 0 0 0 ' Cz(e3)= 0 
q 0 0 0 
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Proof. Suppose (g, g) is a virtual pair defined by a virtual structure q. By Propo­
sition 15, Chapter II, without loss of generality it can be assumed that qrc is a 
primary virtual structure on the generalized module (grc, urc) (with respect to ~rc). 
Then 

g ( 0) ( (J rc) = Ce 1 , 

g(->-+i)(~rc) = C(e2 + ie3), 

g(->--i)(fJrc) = C(e2- ie3), 

(Urc)(o) ((Jrc) = Cih, 

(Urc)(>-+i)(~rc) = c ( u2 + iu3), 

(Urc)(>--i)(~rc) = C(u2- iu3). 

Suppose .\ =/=- 0. Then we have 

Therefore 

qrc(e1)(ui) 

qrc ( e2 + ie3 )( ui) 

qrc(e1)(u2 + iu3) 

E C, 

E C(e2 + ie3), 

= 0, 

qrc (e2 + ie3)(u2 + iu3) = o, 
qrc (e1)(u2- iu3) = o, 
qrc (e2 + ie3 )(u2- iu3) E c, 
qrc(e2-ie3)(ui) E C(e2-ie3), 

qrc (e2- ie3)(u2 + iu3) E Ce1, 

qrc (e2- ie3)(u2- iu3) = o. 

qrc ( ei)( ui) E Ce1, 

qrc (ei)(u2) = qrc (ei)(u3) = o, 
qrc (e2)(ui) E Ce2 + Ce3, 

qrc (e3)(ui) E Ce2 + Ce3, 

qrc(e2)(u2) E Ce1, 

qrc(e2)(u3) E Ce1, 

qrc(e2)(u2) = qrc(e3)(u3), 

qrc (e2)(u3) = -qrc (e3)(u2). 

Since the matrices of the mappings q(ei) and qrc (ei), i = 1, 2, 3, concide, we obtain 

Checking condition (6), Chapter II, for x, y E £, we obtain 
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Finally, put C1 = C. In a similar way we obtain the result for .A= 0. 

Let (g, g) be a pair of type 3.21. Then it can be assumed that the virtual pair 
(g, g) is determined by one of the virtual pairs determined in the Lemma: 

Consider the following cases. 

[e1, e2] = -.Ae2 - e3, 

[e1, e3] = ez- .Ae3, 

[e1, u1] = 0, 

[e1, uz] = .Auz- u3, 

[e1, u3] = Uz + .Au3, 

[ez,e3] = 0, 

[ez, u1] = pez + p.Ae3, 

[ez, uz] = u1, 

[ez, u3] = -pe1, 

[e3, u1] = p.Aez + pe3, 

[e3, uz] = pe1, 

[e3, u3] = u1. 

Since qrc is a primary virtual structure on the generalized module (grc, urc), we have 

(Proposition 10, Chapter II). Thus 

9 ( o) (f) rc) = Ce 1 , 

g(-.\+i)(f)rc) = C(ez + ie3), 

:g(->.-i)(f)rc) = C(ez- ie3), 

(grc)(o) (f) c) = Cih, 

(grc)(>-+i)(f)rc) = C ( ilz + iu3), 

(grc)(>.-i)(f)rc) = C(ilz- iu3). 

Therefore 

and 

[u1,il2 + iu3] E C(uz + iu3), 

[u1,ilz- iu3] E C(uz- iu3), 

[ilz + iu3, ilz- iu3] = -2i[ilz, u3] = o, 

[u1, uz] = O:zUz + a3u3, 

[u1, u3] = f3zuz + j33u3, 

[uz, u3] = 0. 

Using the Jacobi identity we see that the pair (g, g) has the form: 

[ 'l el ez e3 Ul Uz U3 

el 0 -.Aez - e3 -.Ae3 + ez 0 .Auz - u3 Uz + .Au3 
ez .Aez + e3 0 0 pez - p.Ae3 u1 -pel 
e3 .Ae3 - ez 0 0 p.Aez + pe3 pel u1 
Ul 0 -pez + p.Ae3 -pe3 - p.Aez 0 puz + p.Au3 pu3 - p.Auz 
Uz u3 - .Auz -ul -pel puz + p.Au3 0 0 
U3 -uz- .Au3 pel -u1 p.Auz - pu3 0 0 

1.1 o. p = 0. Then the pair (g, g) is trivial. 
1.2°. p ::/:- 0. Then the pair (g, g) is equivalent to the pair (92 , gz) by means of 

the mapping 1r : 9z -+ g, such that 

7r(ei) = ei, i = 1,2,3, 

1 
7r(uj)=-Uj, j=1,2,3. 

p 
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2°. Now suppose,\= 0. Then 

[e1, ez] = -e3, 

[e1, e3] = ez, [ez, e3] = 0, 

[e1,u1] =0, [ez,ul] =pez, 

[e1, uz] = qe3 - u3, [ez, uz] = u1, 

[e1, u3] = u 2 + re3, [ez, u3] = -pe1, 

[e3,u1] = pe3, 

[e3,u2] =pel, 

[e3, u3] = u1. 
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Since qrc is a primary virtual structure on the generalized module (gc, uc), we 
have 

Therefore 

(gc)(o)(~c) = Ce1 + Cfi1, 

(gc)(i)(~c) = C(e2 + ie3) + C(fiz + ifi3), 

(gc)(-i)(~c) = C(fi2 - ifi3) + C(ez- ie3). 

[u1, uz] = azez + a3e3 + O:zUz + o:3u3, 

[u1, u3] = bzez + b3e3 + f3zuz + f33u3, 

[uz,u3] = clel +rlul. 

2.1°. p =j:. 0. Using the Jacobi identity we see that the pair (g,g) has the form: 

[ 'l Uz 

e1 0 -e3 eA! 
ez e3 0 U pez 
e3 -ez 0 0 pe3 
u1 0 -pez -pe3 0 

0 

Uz U3 -u1 -pe1 puz 
u3 -uz pel -u1 -pu3 

The pair (g, g) is equivalent to the pair (g2, g2) by means of the mapping 7!' 
9z ----t g, such that 

2.2°. p = 0. 

[' l 
el 
ez 
e3 
Ul 
Uz 
U3 

7!'(ei) = ei, i = 1,2,3, 

1!'(uj)=~uj, j=1,2,3. 
p 

Using the Jacobi identity we see that the pair (g,g) has the form: 

el ez e3 ul Uz U3 

0 -e3 (r 0 -U3 u2+re3 
e3 0 0 Ul 0 

-ez 0 0 0 0 ul 
0 0 0 0 azez aze3 

U3 -ul 0 -azez 0 aze1 +11u1 
-re3 -uz 0 -ul -aze3 -azel -11 u1 0 

2.2.1 o. a2 = r = 0. Then the pair (g, g) is equivalent to the trivial pair (g1, gi) 
by means of the mapping 7!' : g ----t £h , such that 

7!'(ei) = ei, i = 1,2,3, 

1!'(u1) = u1, 
/1 

7!'(uz) = uz- 2e3, 

/1 
7!'( u3) = u3 - 2ez. 
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2.2.2°. a2 = 0, r -=f=. 0. Then the pair (9, g) is equivalent to the pair (93, 93) by 
means of the mapping 7T : 93 --+ 9, such that 

2.2.3°. a2 > 0, r -=f=. 0. Then the pair (9, g) is equivalent to the pair (94, 94) by 
means of the mapping 1r : 94 --+ 9, such that 

2.2.4 o. a2 < 0, r -=f=. 0. We see that the pair (9, g) is equivalent to the pair 
(- \ 
95' 95 )" 

2.2.5°. a2 > 0, r = 0. Then the pair (9,g) is equivalent to the pair (96,96) by 
means of the mapping 1r : 96 --+ 9, such that 

2.2.6°. a 2 < 0, r = 0. We see that the pair (9, g) is equivalent to the pair 
(97,97). 

It remains to show that the pairs determined in the Proposition are not equivalent 
to each other. Note that 

a) dim[D92,92]-=f=. dim[D9i,9i], where i E {1,3,4,5,6, 7}; 



3. THREE-DIMENSIONAL CASE 249 

b) no one of the virtual pairs (£h, gi), (.96, 96), Cih, 97) is isomorphic to any of 
the virtual pairs (.93,93), (.g4,g4), (.9sdJs); 

c) dim Dg1 -f. dim 'D96, dim D91 -f. dim 'D97; 

d) any Levi subalgebra of 96 is isomorphic to s((2, JR) and any Levi subalgebra 
of 97 is isomorphic to su(2); 

e) dim 'D93 -f. dim 'D94, dim 'D£13 -f. dim 'D9s; 

f) any Levi subalgebra of 94 is isomorphic to s[(2, JR) and any Levi subalgebra of 
g5 is isomorphic to su(2). 

It follows that the pairs (9i, 9i), i = 1, ... , 7, are not equivalent to each other. 

Proposition 3.22. Any pair (9, g) of type 3.22 is equivalent to one and only 
one of the following pairs: 

1. 

[' l el ez e3 

el 0 (>. -J-L)ez- e3 ez + (>.- J-L)e3 
ez ~I'- Ar2 + e3 0 0 
e3 J-l - >. e3 - ez 0 0 
UI - UI 0 0 
Uz U3 - J-LUz -ul 0 
U3 -Uz - J-LU3 0 -ul 

2. ). = 2J-L, J-L>O 

[ 'l el ez e3 UI 

el 0 J-Lez - e3 ez + J-Le3 2/):Ul 
ez -J-Lez + e3 0 0 0 
e3 -J-Le3 - ez 0 0 0 
UI -2J-LU1 0 0 0 
Uz U3 - J-LUz -ul 0 0 
U3 -uz - J-LU3 - e3 0 -ul 0 

Proof. Let E = { e1, ez, e3} be a basis of g, where 

Then 

0 

1-l 
-1 

0) (0 1 0) 1 , ez = 0 0 0 , 
1-l 0 0 0 

and for x E g the matrix B(x) is identified with x. 

ul uz U3 

Au1 J-LUz - U3 Uz + J-lU3 

0 UI 0 
0 0 UI 

0 0 0 
0 0 0 
0 0 0 

Uz U3 

J-lUz - U3 uz + J-LU3 + e3 
UI 0 
0 ul 
0 0 
0 0 
0 0 

Lemma. Any virtual structure q on the generalized module 3.22 is equivalent 
to one of the following: 
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C1(ei) = 0, i = 1,2,3; 

b) A= 211 

C,(ei) = G ~ D, C2(e2 ) = C2 (e3 ) = 0. 

Proof. Put 

Consider the following cases: 
1 o. A # 211. Put 

H = ( ~~~ ~~~ ~~:) ' 
h31 h32 h33 

where H satisfies the condition A(el)H- HB(el) + C(e1 ) = 0, 

-tLhl2 + h13 
(A- 2tL)h22 + h32 + h23 
(A- 2tL)h32- h22 + h33 

Note that the solution of this equation exists since all elements of matrix A( e1 )H­
H B( ei) are linearly independent. 

Put C1(x) = C(x) + A(x)H- HB(x). 
By corollary 3, Chapter II, the virtual structures defined by mappings C and C1 

are equivalent. Then C1 ( e1 ) = 0 and put 

Let us check condition (6), Chapter II, for x, y E £. 

We have 

0 
(A- tL)c~2 + C~2 
-c~2 +(A -11)c~2 
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We obtain the following equations: 

(1) 

(2) 

(2) 

(3) 

(4) 

(4) 

(3) 

(4) 

(4) 

C1([e1, e3]) = A(e!)C1(e3)- C1(e3)B(e!)- A(e3)C1(e!) + C1(e!)B(e3) 

We have 

0 
(A.- f.L )c~z + c~z 
-c~2 + (A. - J.L )c~ 2 

We obtain the following equations: 

(1) 

(2) 

(2) 

(3) 

(4) 

(4) 

(3) 

(4) 

(4) 

The matrix of the system of the equations marked by (1) has the form 

251 
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therefore ci 1 = c{ 1 = 0. 
The matrix of the system of the equations marked by (2) and (3) has the form 

( ~1 
-1 
0 

1 
). 

0 
-1 

1 
0 
). 

-1 

If >. =/= 0, this matrix is non-degenerate. Therefore ci2 = c{2 = ci3 = c~ 3 = 0 and 
C2 - c3 - c2 - c3 - 0 21 - 21 - 31 - 31 - . 

The matrix of the system of equations marked by ( 4) has the form 

1-l -1 -1 0 -1 0 0 0 
1 1-l 0 -1 0 -1 0 0 
1 0 1-l -1 0 0 -1 0 
0 1 1 1-l 0 0 0 -1 
1 0 0 0 1-l -1 -1 0 
0 1 0 0 1 1-l 0 -1 
0 0 1 0 1 0 fk -1 
0 0 0 1 0 1 1 fk 

This matrix is non-degenerate for all fk E R Therefore c§2 
2- 3- 2- 3 -0 C32 - C32 - C33 - C33 - · 

Thus, C1(e1) = C1(e2) = C1(e3) = 0. 

2°. >. = 2fk. Put 

where H satisfies the condition 

- c3 - c2 - c3 - 22 - 23 - 23 

(
0 0 0) 

A(ei)H-HB(ei)+C(e1)= 0 0 0 , 
0 p q 

-fJ,hl2 + h13 

h32 + h23 
-h22 + h33 

(
0 0 

= 0 0 
0 c~ 2 - c~ 3 

Put C2(x) = C(x) + A(x)H- HB(x). 

0 ) 0 . 
1 2 

c33 - Czz 

By corollary 3, Chapter II, the virtual structures defined by mappings C and C2 

are equivalent. Then 
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and put 

Note that 
A(ei)C2(ei) = C2(e1)B(ei) = 0, i = 2, 3. 

Therefore, as in the previous case, C2(e2) = C2(e3) = 0. 
This completes the proof of the Lemma. 

Consider the following cases: 

1 o. >.. =f. 2f-L. Then 

Put 

[e1, e2] = (>..- f-L)e2- e3 

[e1, e3] = e2 + (>..- f-L)e3 [e2, e3] = 0 

[e1,u1]=A.u1 [e2,u1]=0 [e3,u1]=0 

[e1,u2] = f-LU2- u3 [e2,u2] = u1 [e3,u2] = 0 

[e1,u3] = u2 + f-LU3 [e2,u3] = 0 [e3,u3] = u1 

[u1, u2] = a1e1 + a2e2 + a3e3 + a1u1 + a2u2 + a3u3, 

[u1, u3] = b1e1 + b2e2 + b3e3 + fJ1 u1 + f32u2 + /33u3, 

[u2, u3] = c1e1 + c2e2 + c3e3 + /1 u1 + 12u2 + /3U3. 

Using the Jacobi identity we see that the pair (g,g) is trivial. 

2°. >.. = 2f-L. Then 

Put 

[e1, e2] = f-Le2- e3 

[e1, e3] = e2 + f-Le3 

[e1, u1] = 2f-LUI 

[e1, uz] = f-LU2- u3 + pe3 

[e1, u3] = u2 + f-LU3 + qe3 

[e2,e3] = 0 

[e2, u1] = 0 

[e2, u2] = u1 

[e2, u3] = 0 

[e3,u1] = 0 

[e3,u2] = 0 

[e3,u3] = u1 

[ul, u2] = a1el + a2e2 + a3e3 + alul + a2u2 + a3u3, 

[u1, u3] = b1e1 + b2e2 + b3e3 + /31 u1 + f32u2 + /33u3, 

[u2, u3] = c1e1 + c2e2 + c3e3 + /1 u1 + 12u2 + /3U3. 

Using the Jacobi identity we see that the pair (g, g) has the form: 

[ 'l e1 e2 e3 U1 u2 

253 

U3 

e1 0 f-Le2 - e3 e2 + f-Le3 2fl:U1 f-LU2 - U3 U2 + f-LU3 + qe3 
0 0 0 0 e2 -f-Le2 + e3 U1 

e3 - f-Le3 - e2 0 0 0 0 U1 
U1 -2f-LU1 0 0 0 0 0 
U2 U3 - f-LU2 -u1 0 0 0 0 
U3 -u2 - f-LU3 - qe3 0 -ul 0 0 0 

Consider the following cases: 
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2.1°. q = 0. Then the pair (9,g) is equivalent to the trivial pair (fh,gl). 
2.2°. q #- 0. Then the pair (9,g) is equivalent to the pair (92,92) by means of 

the mapping 11 : 92 -+ 9, where 

11( ei) = e1, 

11(e2)=qe2, 

11(e3)=qe3, 

11( ul) = qu1, 

11(u2)=u2, 

11( u3) = u3. 

Now it remains to show that the pairs determined in the Proposition are not 
equivalent to each other. 

Consider the homomorphisms fi : 9i -+ g[(5,IR), i = 1,2, where fi(x) is the 
matrix of the linear mapping advg; x. Since the subalgebras JI(gl) and ]2(g2) of 
the Lie algebra g((5, IR) are not conjugate, we conclude that the pairs (91 ,gi) and 
(92, 92) are not equivalent. 

Proposition 3.23. Any pair (9, g) of type 3.23 is equivalent to one and only 
one of the following pairs: 

1. 

[ ' l 

2. ,\ = ~ 

3. ,\ = ~ 

0 
(A - 1 )e2 
2(,\- 1)e3 

-ul 
. -Au~ 
(1- 2A)u3 

[ ' l 

[ ' l 

(1- A)e2 
0 
0 
0 

-ul 
-u2 

2(1 - A)e3 
0 
0 
0 
0 

-ul 

4 
5e3 ul 

0 0 
0 0 
0 0 
0 0 

-ul 0 

e3 ul 

0 0 
0 0 
0 0 
0 0 

-u1 0 

Ul 

0 
0 
0 
0 
0 

~u2 0 
ul u2 
0 U1 
0 0 
0 e2 

-e2 0 



4. A=~ 
[ 'l 

5. A=~ 

[ 'l 

6. A=~ 

[' l 

7. A= 0 

[' l 

3. THREE-DIMENSIONAL CASE 

uz 
1 2e2 e3 u 1 0 
0 0 0 
0 0 0 
0 0 0 

-u1 0 0 
-uz -u1 0 

u1 ~uz 0 
0 
0 
0 
0 

Ul Uz 

0 U1 
0 U1 

0 aez + Uz 
-ae2 - u 2 0 

Uz 

1 1 
4ez 2 e3 u1 

0 0 0 
0 0 0 
0 0 0 

-u1 0 0 
-uz -u1 0 

2e3 u1 0 
0 -e3 u1- 2ez 
0 0 -e3 
0 0 U1 
e3 -u1 0 

-u1 0 2u3 

Proof. Let £ = { e1, ez, e3} be a basis of g, where 

Then 

0 
1-A 

0 

0 ) 0 ' 
2- 2A 

(0 1 0) 
ez = 0 0 1 , 

0 0 0 

0 ) ( 0 0 0) ( 0 0 , A( ez) = A -1 0 0 , A( e3) = 0 
2-2A 0 0 0 2A-2 

and for x E g the matrix B( x) is identified with x. 
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0 0) 
0 0 ' 
0 0 

By (J denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­
tor e1. 



256 III. THE CLASSIFICATION OF PAIRS 

Lemma. Any virtual structure q on generalized module 3.23 is equivalent to 
one of the following: 

a)A~{O,~,f} 
C1(ei)=O, i = 1, 2, 3; 

b) A- }. -4 

0 

C,(ei) = (~ 0 D, C2(e2) = C2(e3) = 0; 
0 

c) A= 0 

C3 (e,) = G 0 

~). C3 (e3 ) = G 0 n; C3( ei) = 0, q 0 
0 p 

d) A=~ 

Proof. Let q be a virtual structure on generalized module 3.23. Without loss of 
generality it can be assumed that q is primary. Since 

g(l->-)(~) :::> Re2, U(l)(~) :::> Ru1, 

g(o)(f)) :::> Re1, u(>-)(f)) :::> Ru2, 

g(2- 2>.)(f)) :::> Re3, U(2>--1)(f)) :::> Ru3, 

we have: 

C(e!) = ( c~1 
1 

1 ) (' 0 
2 ) 

e12 e13 ell e13 
1 

c~3 ' C( e2) = ~ 2 e~3 , e22 e22 
1 2 e31 e32 e33 e31 e32 C33 

(' 
3 

cj,) ell e12 
C(e3)= e~1 0 

3 e32 e33 

Checking condition (6), Chapter II, obtain: 
a) A#- ~ 

( 0 
Aei3 

1 ) 
e13 

C(ei) = Ae~3 1 e~3 , e22 
(2A - 1 )e52 (3A- 2)e~ 3 e33 

C(e,) = G 0 
2 ) 

e13 
(1 - A)ei3 + e~3 ,\-1 1 1 1 

1-2>. e13 ~ 1-2>. e22 ' 
2 e32 e33 
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Put 

and C1 (x) = C(x) + A(x)H- HB(x). Then 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
b) ,\ = ~- Then 

Put 
0 

2 1( 3 2) C23 - 2 C33 - c32 
0 

3 2 ) c,, ~ c,, 

and C1(x) = C(x) + A(x)H- HB(x). Then 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
c) ,\ = i· Then 

(
0 0 0 \ 

C(e1)= 0 0 0 )' 
0 0 d3 

Now we can put C2 = C. 
d) ,\ = 0. Then 
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( cl 2 ~ 2cl3 

0 cl,) 
C(c3 ) = (~ 

0 ci} C(el)=O, C(e2) = 2 
0 ' 0 C22 

0 0 3 c32 

Put 

c~, 
2 

~) 
cl3 

H= 0 
0 

and C3(x) = C(x) + A(x)H- HB(x). Then 

C(e,) = G 
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By corollary 2, Chapter II, the virtual structures C and C3 are equivalent. 
e) ,\ = ~. Then 

C(e,) = G 0 

c~} co 0 ) 0 0 
0 C( e2) = 0 0 0 ' C( e3) = 0 
0 0 0 c53 0 

Put 

0 0 

~) H= 0 
2 C33 

and C4 (x) = C(x) + A(x)H- HB(x). Then 

By corollary 2, Chapter II, the virtual structures C and C4 are equivalent. 
This completes the proof of the Lemma. 

D· 

Let (9, g) be a pair of type 3.23. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Consider the following cases: 

1 o . ,\ ~ { 0, ~ , i } . Then 

[e1,e2] = (1- -\)e2, 

[e1, e3] = (2- 2-\)e3, [e2, e3] = 0, 

[e1, u1] = u1, [e2, u1] = 0, 

[e1,u2] = .\u2, [e2,u2] = u1, 

[e1,u3] = (2,\ -1)u3, [e2,u3] = u2, 

Since the virtual structure q is primary, we have 

(Proposition 10, Chapter II). Thus 

[e3, u1] = 0, 

[e3, u2] = 0, 

[e3, u3] = u1. 

9(1--A)(~) ::) lRe2, 9(0)(~) ::) JRe11 

9(2-2-A)(~) ::) JRe3, 9(1)(~) ::) JRu1, 

9(-A)(~) ::) lRu2, 9( 2 -A- 1 )(~) ::) lRu3, 

[ub u2] E g(l+-A)(~), 

[u1, u3] E 9( 2 -A)(~), 

[u2, u3] E 9( 3 -A- 1 )(~), 



and 
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[u1,u2] = a1e1 +a3e3 +a3u3 

[u1,u3] = b2e2 + b3e3 + f31u1 

[u2, u3] = c1e1 + c2e2 + c3e3 + 12u2. 

Using the Jacobi identity we see that the pair (.9, g) has the form: 

A#~ el e2 e3 u1 u2 U3 

e1 0 (1 - A)e2 2(1 - A)e3 U1 AU2 (2A-1)u3 
e2 (A- 1)e2 0 0 0 U1 u2 
e3 2(A- 1)e3 0 0 0 0 ul 
u1 -u1 0 0 0 0 0 
u2 -Au) -u1 0 0 0 c3e3 
U3 (1- 2A U3 -u2 -u1 0 -c3e3 0 

where c3(A- ~) = 0, or 

A-l - 2 e1 e2 e3 u1 u2 U3 

0 1 e3 u1 1 0 e1 2e2 2U2 
1 0 0 0 u1 e2 -2e2 u2 

e3 -e3 0 0 0 0 U1 
U1 -u1 0 0 0 0 f31u1 
U2 1 -u1 0 0 0 c2e2 + (31 u2 --u2 
U3 n -u2 -u1 -(31 U1 -c2e2 - (31 u2 0 

Consider the following cases: 
1.1°.A#~ 

1.1.1 °. c3 = 0. Then the pair (iJ,g) is trivial. 
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1.1.2°. A= ~' c3 # 0. Then the pair (iJ,g) is equivalent to the pair (.92,g2) by 
means of the mapping 1r : .92 -t g, where 

1.2°. A=~· 
1.2.1 o. (31 = 0, c2 = 0. Then the pair (g,g) is trivial. 
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1.2.2°. f3I = 0, cz =/= 0. Then the pair (g, g) is equivalent to the pair (gi, f!i), 
where i = 3 or i = 4, by means of the mapping 1r: lJi -+ g, where 

(if c2 > 0 then i = 3, if Cz < 0 then i = 4). 
1.2.3°. f3I =/= 0. Then the pair (g,g) is equivalent to the pair (g5,gs) by means 

of the mapping 1r : 9s -+ g, where 

7r(ei) = ei, i = 1,2,3, 

1 . 
1r(uj) = {3

1 
Uj, J = 1,2,3. 

1 
[e1, ez] = 4ez, 

1 
[ei, e3] = 2e3, 

[e1,u1] = u1, [ez,ui] = 0, [e3,u1] = 0, 

3 
[ei,uz] = 4uz, [ez,uz] = u1, [e3,uz] = 0, 

1 
[e1, u3] = 2u3 + pe3, [ez, u3] = Uz, [e3, u3] = u1. 

Since the virtual structure q is primary, we have 

g(l/4)(f)) = lRez, g(o)(f)) = lRe1, 

g(1)((J) = lRu1, 9(3/4 )(()) = lRuz, 

g(l/Z)(l)) = lRu3 EB lRe3, 

[u1, u3] E gC 3/2)((J), 

[uz, u3] E gC 5/4)(l)), 

[u1, u 3] = 0, 

[uz, u3] = 0. 

Using the Jacobi identity we see that the pair (g,g) has the form: 

[ ,] el ez e3 'UI uz 'U3 

0 1 1 3 1 el 4e2 2e3 'UI 4'U2 2u3 + pe3 
ez 1 0 0 0 --ez 'Ul Uz 

e3 i 0 0 0 0 -2e3 'Ul 
'UI -'Ul 0 0 0 0 0 
Uz 

3 -ul 0 0 0 0 --uz 

'U3 
1 4 

-uz -'Ul 0 0 0 -2u3- pe3 
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2.1°. p = 0. Then the pair (9,g) is trivial. 
2.2°. p # 0. Then the pair (g,g) is equivalent to the pair (96 ,g6) by means of 

the mapping 7f : 96 ---* 9, where 

3°. ). = 0. Then 

[e1, e2] = e2, 

[e1, e3] = 2e3, 

7r(ei) = ei, i = 1,2,3, 

1 
7r(uj)=-uj, j=1,2,3. 

p 

[e1, u1] = u1, [e2, u1] = pe3, 

[e1,u2] = 0, [e2,u2] = u1 +qe2, 

[e1,u3] = -u3, [e2,u3] = u2, 

[e3, u1] = 0, 

[e3, u2] = pe3, 

[e3, u3] = u1. 

Since the virtual structure q is primary, we have 

9(1)(()) = !Re2 EB !Ru1, g(o)((J) = !Re1 EB !Ru2, 

9(2)(()) = !Re3, 9(-I)((J) = !Ru3, 

[u1, u3] E 9( 0)(()), 

[u2, u3] E g(-l)((J), 

[u1, u3] = b1e1 + (32u2, 

[u2, u3] = (3U3. 

Using the Jacobi identity we see that the pair (9,g) has the form: 

[ ,] el e2 e3 Ul u2 U3 

el 0 ea 2e3 U} 0 -u3 
e2 -e2 0 pe3 u1 + 2pe2 u2 
e3 -2e3 0 0 0 pe3 Ul 
ul -ul -pe3 0 0 -pu1 0 
u2 0 -UI- 2pe2 -pe3 PUI 0 2pu3 
U3 U3 -u2 -ul 0 -2pu3 0 

3.1°. p = 0. Then the pair (9,g) is trivial. 
3.2°. p # 0. Then the pair (9,g) is equivalent to the pair (97 ,97) by means of 

the mapping 7f : 97 ---* 9, where 

1r( ei) = e1, 

1r(e2) = pe2, 

1r( ui) = u1, 

1 
1r(u2) = -u2, 

p 

1 
1r(u3) = -zu3. 

p 
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1 
[e1, e2] = 3e2, 

2 
[e1, e3] = 3e3, 

[e1,u1] = u1, [e2,u1] = 0, [e3,u1] = 0, 

2 
[e1, u2] = 3u2, [e2, u2] = u1, [e3, u2] = 0, 

1 
[e1,u3] = 3u3 + pe2, [e2,u3] = u2, [e3,u3] = u1. 

Since the virtual structure q is primary, we have 

9(1/3)(()) = ~e2 EB ~u3, 9(0)(()) = ~e1, 

g(2/ 3)((J) = ~e3 EB ~u2, 9(1)(()) = ~u1, 

[u1, u2] E 9(5 / 3)(()), and [u1, u2] = 0, 

[u1, u3] E 9(4/ 3)(()), [u1, u3] = 0, 

Using the Jacobi identity we see that the pair (g, g) has the form: 

[ ' l e1 e2 e3 U1 u2 U3 

el 0 1 2 2 1 
3e2 3e3 ul 3U2 3U3 

e2 1 0 0 0 u1 --e2 u2 

e3 ~ 0 0 0 0 ul -3e3 
Ul -u1 0 0 0 0 0 
u2 

2 
-u1 0 0 0 --u2 "Yl U1 

U3 ~ 
-u2 -u1 0 -11U1 0 -3U3 

Then the pair (g,g) is equivalent to the trivial pair (91 ,£11) by means of the 
mapping 1r : 91 ---+ g, where 

7r(ei) = ei, i = 1,2,3, 

1r(u1)=u1, 

1r( u2) = u2, 

1r(u3) = u3 +11e2. 

Now it remains to show that the pairs determined in the Proposition are not 
equivalent to each other. 

Since dim 'D2 91 =f. dim 'D2 £12, we see that the pairs (g1, £11) and (92, £12) are not 
equivalent. 
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Let A = i. Consider the homomorphisms 

fi : 9i -t 9((5, R), i = 1, 6, 

where fi(x) is the matrix of the mapping adlvgix in basis {e2,e3,ul,uz,u3} of 
'Djk Since the subalgebras fi(9i), i = 1, 6, are not conjugated, we conclude that 
the pairs (91, 91) and (96, 96) are not equivalent. 

Since dim 'D2 91 '1- dim 'D2 g7, we see that the pairs (91, 91) and (97, 97) are not 
equivalent. 

Let A = ~. Consider the homomorphisms 

fi: .9i -t 9((4,R), i = 1,3,4,5, 

where fi(x) is the matrix of the mapping adlvgix in basis {e2,e3,u1,u2} of fk 
Since the sub algebras fi (gi) are not conjugated, we conclude that the pairs (fh, 91), 
(g3, 93), (94, 94), (gs, .9s) are not equivalent to each other. 

Thus the proof of the Proposition is complete. 

Proposition 3.24. Any pair (g,g) is equivalent to one and only one of the 
following pairs: 

1. 
[,] e1 e2 e3 u1 U2 U3 

el 0 -e2 -2e3 0 U2 2u3 
ez e2 0 0 0 UI Uz 
e3 2e3 0 0 0 0 UI 
U1 0 0 0 0 0 0 
uz -uz -ul 0 0 0 0 
U3 -2u3 -uz -U1 0 0 0 

2. 
r .l el e2 e3 UI 1l2 U3 L; J 

el 0 -ez -2e3 0 U2 2u3 
e2 e2 0 0 0 u1 u2 
e3 2e3 0 0 0 ea e1 + u1 
UI 0 0 0 0 0 
uz -uz -ul -ez 0 0 0 
U3 -2u3 -uz -el- UI 0 0 0 

Proof. Let £ = { e1, ez, e3} be a basis of 9, where 

e1 = (~ 
0 

~). e, = 0 1 

D· G 
0 

~). 1 0 e3 = 0 
0 0 0 

Then 

(~ 
0 

~J A(e,) = C 0 

D· A(e3 ) = G 0 

D A(el) = -1 0 0 
0 0 0 

and for x E 9 the matrix B( x) is identified with x. 
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Lemma. Any virtual structure q on the generalized module 3.24 is equivalent 
to one of the following: 

(
0 0 

C(e2) = p 0 
0 0 

C(e3 ) = 0 0 
p+r 

0 

Proof. Put C(ei) = (c;k)1~j,k~3, 1:::; i:::; 3. Let us check conditions (6), Chap­
ter II. Direct calculation shows that 

2 
cl2 

CI cl 21 - 12 
1 1 
z-c31 

C(e3) = ( ~ 
-2ci2 

Put 

and C1(x) = C(x) + A(x)H- HB(x) for x E g. Then 

0 
3 + 2 c13 C21 

0 

0 
0 
0 

3 2 ) C13 - C12 
0 . 
0 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
This completes the proof of the Lemma. 

Let (g,g) be a pair of type 3.24. Then it can be assumed that corresponding 
virtual pair (g,g) is defined by the virtual structure determined in the Lemma. 
Then 

[e1, e2] = -e2, 

[e1, e3] = -2e3, 

[e1, u1] = 0, 

[e1, u2] = u2, 

[e1, u3] = 2u3, 

[e2, e3] = 0, 

[e2, u1] = pe2, 

[e2, u2] = u1, 

[e2,u3] = u2, 

[e3, u1] = 0, 

[e3, u2] = (p + r)e2, 

[e3, u3] = re1 + UJ. 
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[u1,u2] = a1e1 + a2e2 + a3e3 + o:1u1 + o:2u2 + o:3u3, 

[ub u3] = b1e1 + b2e2 + b3e3 + f31 u1 + f32u2 + f33u3, 

[u2, u3] = c1e1 + c2e2 + c3e3 + {1 u1 + [2U2 + {3U3. 

Using the Jacobi identity we see that the pair (9,.9) has the form: 

[ ' l e1 e2 e3 U1 U2 U3 

e1 0 -e2 -2e3 0 u2 2u3 
e2 e2 0 0 0 u1 u2 
e3 2e3 0 0 0 re2 re1 + u1 
U1 0 0 0 0 0 0 
u2 -u2 -ul -re2 0 0 0 
U3 -2u3 -u2 -re1 - u1 0 0 0 

Consider the following cases: 

1 o. r = 0. 
Then the pair (9,.9) is equivalent to the trivial pair (91 ,91 ). 
2°. r ::f. 0. 
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Then the pair (9,g) is equivalent to the pair (92,£12) by means of the mapping 
1r : 9 ----7 f.b, where 

1r(ei) = ei, i = 1,2,3, 

1r( ui) = ~ui, i = 1, 2, 3. 
r 

Since dim D£h ::/- dim D92, we see that the pairs (91 ,£11) and (92 ,g2) are not 
equivalent. 

This proves the Proposition. 

Proposition 3.25. Any pair (9, g) of type is equivalent to one and only one of 
the following pairs: 

1. 
[ ,] el e2 e3 UI U2 U3 

el 0 0 (Y 0 UI 0 
e2 0 0 0 0 ul 
e3 ea 0 0 0 0 u2 
u1 0 0 0 0 0 
u2 -u1 0 0 0 0 0 
U3 0 -u1 -u2 0 0 0 

2. 
[' l el e2 e3 UI u2 U3 

e1 0 0 ea 0 UI 0 
e2 0 0 0 0 U1 
e3 ea 0 0 0 0 u2 
u1 0 0 0 0 0 
U2 -u1 0 0 0 0 ea U3 0 -u1 -u2 0 -e2 

3. 
[ 'l e1 e2 e3 u1 u2 U3 

el 0 0 ea 0 U1 0 
e2 0 0 0 0 ul 
e3 ea 0 0 0 0 U2 
U1 0 0 0 0 e2 
U2 -u1 0 0 0 0 ed U3 0 -u1 -uz -e2 -e3 
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4. 
[ ,] el ez e3 'Ul uz U3 

el 0 0 (Y 0 'Ul 0 
ez 0 0 0 0 'Ul 
e3 e~ 0 0 0 0 Uz 
'Ul 0 0 0 0 ez 
Uz -ul 0 0 0 0 ez + e3 
U3 0 -ul -uz -ez -ez- e3 0 

5. 
[ 'l el ez e3 'Ul Uz U3 

el 0 0 e~ 0 'Ul 0 
ez 0 0 0 0 'Ul 
e3 e~ 0 0 0 0 Uz 
ul 0 0 0 0 -ez 
Uz -ul 0 0 0 0 -e3 
U3 0 -ul -uz ez e3 0 

6. 
[' l el ez e3 'Ul uz U3 

el 0 0 e~ 0 ul 0 
ez 0 0 0 0 Ul 
e3 (Y 0 0 0 0 Uz 
Ul 0 0 0 0 -ez 
Uz -ul 0 0 0 0 ez - e3 
U3 0 -ul -uz ez -ez + e3 0 

7. 
[ ,] el ez e3 ul Uz U3 

el 0 0 e~ 0 ul 0 
ez 0 0 0 0 UI 
e3 e~ 0 0 0 0 Uz 
ul 0 0 0 0 aez + u1 
Uz -ul 0 0 0 0 ae3 + Uz 
U3 0 -ul -uz -aez- u1 -ae3- Uz 0 

8. 

f l el e2 e3 ul 'U2 U3 L 'J 

el 0 0 e~ 0 'Ul 0 
ez 0 0 0 0 UI 
e3 e~ 0 0 0 0 Uz 
UI 0 0 0 0 aez + ul 
Uz -ul 0 0 0 0 ez + ae3 + Uz 
U3 0 -ul -Uz -ae2 - u1 -e2 - ae3 - uz 0 

9. 
[' l el ez e3 'Ul Uz U3 

el 0 0 (Y 0 'Ul e3 
ez 0 0 0 0 ul 
e3 e~ 0 0 0 0 Uz 
ul 0 0 0 0 0 
Uz -ul 0 0 0 0 0 
U3 -e3 -Ul -uz 0 0 0 

10. 
[' l el ez e3 'Ul uz U3 

el 0 0 e~ 0 'Ul e3 
ez 0 0 0 0 'Ul 
e3 e~ 0 0 0 0 (f ul 0 0 0 0 
Uz -ul 0 0 0 0 ea 
U3 -e3 -ul -uz 0 -ez 
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11. 
[' l el e2 e3 ul u2 U3 

e1 0 0 err 0 UI e3 
e2 0 0 0 0 UI 
e3 (f 0 0 0 0 U2 
UI 0 0 0 0 e2 
U2 -ul 0 0 0 0 e3 
U3 -e3 -ul -u2 -e2 -e3 0 

12. 
[ ,] el e2 e3 UI u2 U3 

el 0 0 err 0 UI e3 
e2 0 0 0 0 UI 
e3 err 0 0 0 0 U2 
UI 0 0 0 0 e2 
u2 -ul 0 0 0 0 e2 t e3 
U3 -e3 -ul -u2 -e2 -e2- e3 

13. 
[ 'l el e2 e3 UI U2 U3 

el 0 0 ea 0 ul e3 
e2 0 0 0 0 UI 
e3 err 0 0 0 0 U2 
UI 0 0 0 0 -e2 
U2 -ul 0 0 0 0 -e3 
U3 -e3 -ul -u2 e2 e3 0 

14. 
[' l el e2 e3 UI U2 u3 

el 0 0 ea 0 UI e3 
e2 0 0 0 0 ul 
e3 ea 0 0 0 0 u2 
UI 0 0 0 0 -e2 
u2 -ul 0 0 0 0 e2- e3 
U3 -e3 -Ul -u2 e2 -e2 + e3 0 

15. 
[ ,] el e2 e3 UI U2 U3 

el 0 0 ea 0 UI e3 
e2 0 0 0 0 ul 
e3 -e2 0 0 0 0 U2 
UI 0 0 0 0 0 ae2 + u1 
U2 -ul 0 0 0 0 ae3 + u2 
U3 -e3 -ul -U2 -ae2- u1 -ae3- u2 0 

16. 

[ 'l el e2 e3 UI u2 U3 

el 0 0 ea 0 UI e3 
e2 0 0 0 0 U1 
e3 -e2 0 0 0 0 U2 
UI 0 0 0 0 0 ae2 + u1 
U2 -ul 0 0 0 0 e2 + ae3 + u2 
U3 -e3 -ul -u2 -o:e2- U1 -e2 - o:e3 - u2 0 

17. 
[ ,] el e2 e3 UI U2 U3 

el 0 0 ea 0 UI 0 
e2 0 0 0 0 UI 
e3 ea 0 0 0 ed (f ul 0 0 0 
u2 -ul 0 -el 0 0 0 
U3 0 -ul -u2 0 0 0 
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18. 
[' l el e2 e3 U} u2 U3 

el 0 0 ea 0 U} 0 
e2 0 0 0 0 U} 
e3 ea 0 0 0 (j u2 
U} 0 0 0 0 
U2 -UI 0 -el 0 0 ea 
U3 0 -ul -u2 0 -e2 

19. 
[ ,] el e2 e3 U} U2 U3 

el 0 0 (Y 0 U} 0 
e2 0 0 0 0 U} 
e3 (f 0 0 0 ea U2 
U} 0 0 0 e2 
U2 -ul 0 -el 0 0 ea 
U3 0 -UI -u2 -e2 -e3 

20. 
[ ,] el e2 e3 U} u2 U3 

el 0 0 ea 0 U} 0 
e2 0 0 0 0 U} 
e3 (f 0 0 0 ea U2 
U} 0 0 0 e2 
U2 -ul 0 -el 0 0 e2 + e3 
U3 0 -UI -u2 -e2 -e2- e3 0 

21. 
[' l el e2 e3 U} u2 U3 

el 0 0 ea 0 UI 0 
e2 0 0 0 0 U} 
e3 ea 0 0 0 (j u2 
Ul 0 0 0 -e2 
u2 -UI 0 -el 0 0 -e3 
U3 0 -ui -u2 e2 e3 0 

22. 
[' l el e2 e3 ul U2 U3 

el () () 

ea 0 U} 0 u u 
e2 0 0 0 0 U} 
e3 ea 0 0 0 ed u2 
U} 0 0 0 -e2 
U2 -ul 0 -el 0 0 e2 - e3 
U3 0 -Ul -u2 e2 -e2 + e3 0 

23. 

[ ,] el ez e3 U} u2 U3 

el 0 0 ea 0 U} e1 + e3 
e2 0 0 0 0 Ul 
e3 ez 0 0 0 0 -e3 + Uz 
Ul 0 0 0 0 0 ae2+(l+,B)u1 
U2 -Ul 0 0 0 0 ae3 +,8u2 
U3 -el- e3 -ul e3-u2 -aez-(l+,B)ul -ae3- ,8u2 0 

24. 

[ 'l el e2 e3 UI u2 U3 

el 0 0 ea 0 Ul e1 + e3 
e2 0 0 0 0 Ul 
e3 e2 0 0 0 0 -c, +~ 
ul 0 0 0 0 0 aez +(1+ u 1 
U2 -ul 0 0 0 0 e2+ae3+ u2 
U3 -e1-e3 -u1 e3-u2 -ae2-(l+,B)u1 -ez- ae3- ,8u2 0 
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25. 

[' l el e2 e3 'UI 'U2 'U3 

el 0 0 e~ 0 'UI el 
e2 0 0 0 0 'Ul 
e3 e2 0 0 0 0 -e( + u2 
'U! 0 0 0 0 0 be2 + 1 + {3)u1 
'U2 -'Ul 0 0 0 0 ae3 + {3u2 
'U3 -e3 -u1 e3-u2 -ae2-(1+{3)u1 ---ae3- {3u2 0 

26. 

[ ,] el e2 e3 'Ul 'U2 'U3 

el 0 0 (f 0 'Ul el 
e2 0 0 0 0 'Ul 
e3 e2 0 0 0 0 -e( + u2 
'Ul 0 0 0 0 0 be2 + 1 + {3)u1 
1l2 -'Ul 0 0 0 0 e2 +ae3 + {3u2 
'U3 -e3 -'Ul e3- u2 -ae2- (1 + {3)u1 -e2- ae3- {3u2 0 

27. 

[ ,] el e2 e3 'Ul 'U2 'U3 

el 0 0 e~ 0 u, el 
e2 0 0 0 o- 'Ul 
e3 e~ 0 0 0 ed -e3 + u2 
'Ul 0 0 0 ae2 + 3ul 
'U2 -'Ul 0 -el 0 0 ae3 + 2u2 
'U3 -el -'Ul e3 - u2 -ae2- 3ul -ae3 - 2u2 0 

28. 

[ ,] el e2 e3 'Ul 'U2 'U3 

el 0 0 e?. 0 'U1 el 
e2 0 0 cr 0 0~ 'Ul 
e3 e~ 0 0 0 ed -e3 + u2 
'Ul 0 0 0 ae2 + 3u2. 
'U2 -'Ul 0 -el 0 0 e2 + ae3 + u2 
'U3 -el -'Ul e3 - u2 -ae2- 3ul -e2 - ae3 - 2u2 0 

29. 

[ ,] el e2 e3 'UI 'U2 'U3 

el 0 0 e~ 0 'Ud el 
e2 0 0 0 'UI 
e3 ea 0 0 0 ed -e3 + u2 
'Ul 0 0 0 ae2 + 3ul 
'U2 -'Ul 0 -el 0 0 -e2 + ae3 + 2u2 
'U3 -el -'Ul e3 - u2 -ae2- 3ul e2 - ae3 - 2u2 0 

30. 
[) l el e2 e3 'Ul 'U2 'U3 

el 0 0 ea 0 'UI 0 
e2 0 0 0 e2 'UI 
e3 e~ 0 0 e~ 2e3 'U2 
'Ul 0 -e2 -'Ul 0 
'U2 -'Ul -e2 -2e3 'Ul 0 2u3 
'U3 0 -'Ul -'U2 0 -2u3 0 
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31. 
[' l el e2 e3 ul U2 U3 

el 0 0 err 0 UI 0 
e2 0 0 0 e2 UI 
e3 err 0 0 (Y e1 + 2e3 u2 
UI 0 -ez -Ul 0 
U2 -ul -e2 -e1 - 2e3 ul 0 2u3 
U3 0 -ul -u2 0 -2u3 0 

Proof. Let £ = { e1, e2, e3} be a basis of g, where 

e, = 0 1 

~)' e, = 0 0 

D· (~ 
0 

D 0 0 e3 = 0 
0 0 0 

Then 

A(e1 ) = G 0 

D· A(e2 ) = G 0 

D· A(e3 ) = ( ~1 
0 

D· 0 0 0 
0 0 0 

and for x E g the matrix B(x) is identified with x. 

Lemma. Any virtual structure q on generalized module 3.25 is equivalent to 
one of the following: 

C(ei) = (~ ~ ~) , 
0 0 r 

(
0 0 0) 

C(e2) = 0 s 0 , 
0 0 0 

(
0 t 

C(e3) = s k 
0 2s 

~). 
-p 

Proof. Put 
C(ei) = (c~k)I~j,k~3, i = 1,2,3. 

Since for any virtual structure q condition (6), Chapter II, must be satisfied, after 
direct calculation we obtain: 

Put 

and C1 (x) = C(x) + A(x)H- HB(x) for x E g. Then 



3. THREE-DIMENSIONAL CASE 

By corollary 3, Chapter II, the virtual structures C and C1 are equivalent. 
This completes the proof of the Lemma. 
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Let (g, g) be a pair of type 3.25. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Then 

Put 

[e1, e2] = 0, 

[e1,e3] = e2, [e2,e3] = 0, 

[e1,u1] = 0, [e2,u1] = 0, 

[e1,u2J=u1, [e2,u2]=se2, 

[e1, u3] = pe1 +re3, [e2, u3] = u1, 

[e3,u1] = se2, 

[e3, u2] = te1 +ke2+2se3, 

[e3, u3] = -pe3 +u2. 

[u1, u2] = a1 e1 + a2e2 + a3e3 + a1 u1 + a2u2 + a3u3, 

[u1,u3] = b1e1 + b2e2 + b3e3 + /hu1 + fJ2u2 + f33u3, 

[u2, U3] = C1e1 + C2e2 + C3e3 + /'lUl + /'2U2 + /'3U3. 

Using the Jacobi identity we see that the pair (g,g) has the form: 

el 
e2 
e3 
UI 
u2 
U3 

where 

el e2 e3 UI U2 U3 

0 0 cr 0 ul pe1+re3 
0 0 0 se1. UI 

-e2 0 0 se2 te1+ se3 -pe3+u2 
0 0 -se2 0 12se2-su1 A 

-1[,1 -se.2 -te1-2se3 12se2+su1 0 B 
-pe1-re3 -ul pe3-u2 -A -B 0 

A= (rt + 2sp)ei + b2e2 + (r2 + p)u1, 

B = r1se1 + c2e2 + b2e3 + r1U1 + 12u2 + 2su3, 

12t- 2pt = o, 
212s - 2sp- tr = 0, 

rs = 0, 

s(tr + 2sp) = 0, 

12sp + 2ri s - 3sb2 = o, 
rt + 212s + 4sp = 0. 

The rest of the proof is similar to that of Proposition 2.13. 
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Proposition 3.26. Any pair (fi, g) of type 3.26 is equivalent to one and only 
one of the following pairs: 

1. 
[ ,] el e2 e3 UI U2 U3 

el 0 e1 + e3 0 0 UI 0 
e2 -e1 - e3 0 -e3 0 (f U2 + U3 
e3 0 e3 0 0 UI 
UI 0 0 0 0 0 0 
u2 -ul -u2 0 0 0 0 
U3 0 -u2- u3 -ul 0 0 0 

2. 
[' l el e2 e3 ul U2 U3 

el 0 e1 + e3 0 e3 Ul e2 
e2 -el - e3 0 -e3 0 (f u2 + u3 
e3 0 e3 0 0 UI 
UI -e3 0 0 0 0 U2 
U2 -ul -u2 0 0 0 0 
U3 -e2 -u2- u3 -ul -u2 0 0 

Proof. Let£= {e1, e2, e3} be a basis of g, where 

G 
1 n e, = (~ 

0 

~). 0 0 n el = 0 1 e3 = 0 
0 0 0 

Then 

A(e1 ) = G ~ ~) A( e2) = (
-1 0 0 ) 

~1 ~ ~1 A(e3 ) = G 
and for x E g the matrix B( x) is identified with x. 

Lemma. Any virtual structure q on the generalized module 3.24 is equivalent 
to one of the following: 

(
0 0 0) cl ( ei) = 0 0 p ' 
p 0 0 

Proof. Put C( ei) = ( c~k)I~j,k~3, 1 ~ i ~ 3. Let us check condition (2), Chap­
ter II. Direct calculation shows that 

C(ei) = 
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Put 

and C1 (x) = C(x) + A(x)H- HB(x) for x E g. Then 

0 
0 
0 

By corollary 2, Chapter II, the virtual structure C and C1 are equivalent. 
This completes the proof of the Lemma. 
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Let (g,g) be a pair of type 3.26. Then it can be assumed that the corresponding 
virtual pair (g,g) is defined by the virtual structure determined in the Lemma. 
Then 

Put 

[e1, ez] = e1 + ez, 

[e1, e3] = 0, 

[e1, u1] = pe3, 

[er, Uz] = u 1 , 

[e1, u3] = pez, 

[ez, e3] = -e3, 

[ez, u1] = 0, 

[ez, uz] = uz, 

[ez, u3] = Uz + u3, 

[e3, u1] = 0, 

[e3,uz] = 0, 

[e3, u3] = u1. 

[u1, uz] = a1 e1 + azez + a3e3 + a1 u1 + ctzUz + a3u3, 

[u1, u3] = b1e1 + bzez + b3e3 + fJ1 u1 + f3zuz + (33u3, 

[uz, u3] = c1e1 + czez + c3e3 + /1u1 + /zUz + /3U3. 

Using the Jacobi identity we see that the pair (g ,g) has the form: 

[' l el ez e3 U} uz U3 

el 0 e1 + e3 0 pe3 Ul pez 
ez -el- e3 0 -e3 0 Uz Uz + U3 
e3 0 ea 0 0 0 U} 
U} -pe3 0 0 0 puz 
uz -ul -uz 0 0 0 0 
U3 -pez -Uz- U3 -ul -puz 0 0 

Consider the following cases: 

1°. p = 0. 
Then the pair (g,g) is equivalent to the trivial pair(gr,g1 ). 
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2°. p -1- 0. 
Then the pair (9,g) is equivalent to the pair (£b,£J2) by means of the mapping 

7T: 9 ___. 92, where 

7r(ei) = ei, i = 1,2,3, 

1r(ui) = ~ui, i = 1,2,3. 
p 

Since dim D£h -1- dim 'D£12 we see that the pairs (fh ,91) and (92 ,g2) are not 
equivalent. This proves the Proposition. 

Proposition 3.27. Any pair (9, g) of type is equivalent to one and only one of 
the following pairs: 

1. 

[ ,] el e2 e3 Ul U2 U3 

el 0 e3-(1-A)e1 0 0 Ul 0 
e2 (1-A)el-e3 0 (1- A)e3 Ul AU2 u2+Au3 

e3 0 (A-1)e3 0 0 0 Ul 

ul 0 -ul 0 0 0 0 
U2 -ul -Au~ 0 0 0 0 
U3 0 -u2- u3 -ul 0 0 0 

2. A=l 3 

[' l el e2 e3 ul U2 U3 

el 0 2 0 0 0 e3- 3e1 Ul 
2 0 2 1 1 e2 3e1- e3 3e3 U1 3U2 u2+3u3 

e3 0 2 0 0 0 -3e3 U1 

U1 0 -u1 0 0 0 0 
U2 -UI 

1 0 0 0 --u2 e3 
0 

3 1 
0 0 U3 -U2- 3U3 -ul -e3 

3. A= 0 

[ 'l el e2 e3 U1 U2 U3 

e1 0 e3 - e1 0 0 Ul e3 
e2 el- e3 0 e3 ud 

0 U2 
e3 0 -e3 0 0 U1 
U1 0 -ul 0 0 0 0 
U2 -ul 0 0 0 0 0 
U3 -e3 -u2 -ul 0 0 0 

4. A= 0 
[ ,] el e2 e3 Ul U2 U3 

el 0 e3 - el 0 0 UI pe3 
e2 el- e3 0 e3 Ul 0 U2 
e3 0 -e3 0 0 0 UI 
UI 0 -ul 0 0 0 UI 
U2 -ul 0 0 0 0 (f U3 -pe3 -u2 -ul -ul -u2 
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5. A=~ 

[' l el e2 e3 UI u2 U3 

0 1 0 0 0 el e3- 2e1 U1 
1 0 1 1 1 

e2 2 e1- e3 2e3 U1 e1 + 2u2 u2+ 2u3 
0 1 0 0 0 u1 e3 -2e3 

U1 0 -u\ 0 0 0 0 
U2 -u1 -e1- -u2 0 0 0 0 

0 1 -u1 0 0 0 U3 -u2- 2u3 

Proof. Let A = 1. Consider x E g such that 

Note that xu = idu +<p, where <pis nilpotent endomorphism. Then by statement 13, 
Chapter II, the pair (g, g) is equivalent to the trivial pair (91, 91) for A = 1. 

In the sequel we assume that A -::f. 1. 
Let£= {e1, e2, e3} be a basis of g, where 

cl D· co e1 = 0 0 e2 = 0 A 
0 0 0 0 

Then c A-1 0) c-A 0 A(e!) = 0 0 0 , A( e2) = 0 0 
0 1 0 -1 0 

o' to 0 

D· ~), c, = ( ~ 0 
0 

~ ) , A( e3 ) = ( ~ 0 
0 

1-A 0 A-1 

and for x E g the matrix B( x) is identified with x. 

D· 
Lemma. Any virtual structure q on the generalized module 3.27 is equivalent 

to one of the following: 
a) A= 0 

b) A=~ 

Proof. Put 
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Consider the following cases: 

1°. ). = 0. 
Since for any virtual structure q condition (6), Chapter II, must be satisfied, 

after direct calculation we obtain: 

( 1 

1 cl,) 
C(e2 ) = ( cl, 

2 
ell e12 e12 

C(e1)= 0
1 

1 
0 ' 0 ell 

1 1 1 2 2 
-ell e32 C33 C12- e23 e32 

C(e3 ) = ( ~ 0 
1 2 ) C12 - e23 

0 1 
ell . 

2 
e33 + eb + e~2 ell e23 

Put 

('' 2 
2 2 ) e12 -e23 -e12 -e13 -e12 

H = -eil 
2 1 

e23 e13 

eb+e33 
2 2 2 2 2 2 

-e32-e12 -e32- 2e12- e13- e33 

and C1(x) = C(x) + A(x)H- HB(x) for x E g. Then 

C1(e,) = 0 0 
0 
0 

0 ) 0 ' 
1 1 

C23 + e13 

2 ) 
e13 

e~3 , 

e33 

By corollary 3, Chapter II, the virtual structures C and C1 are equivalent. 

20. ). = ~. 
Since for any virtual structure q condition (6), Chapter II, must be satisfied, 

after direct calculation we obtain: 

Put 

H= 

0 
0 
2 

e22 

Now put C2(x) = C(x) + A(x)H- HB(x) for x E g. Then 

By corollary 3, Chapter II, the virtual structures C and C2 are equivalent. 
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3°. A~ {0, ~' 1}. 
Direct calculation shows that 

( 
Aci2- (1- A)c~2 

C( e2) = c~2 
1 1 2.\-1 2 

c12 + Ac32 + -.>--c22 

Put 

1 1-.\ 2 
c12-Tc22 

1 2 
2.>--1 C12 

1 (2 1 2) 
2.\-1 c13 + 1-2.\ cl2 

H= 1 
C22 

1 2 
-xc22 

1 1 
1-.>- c13 

1 + 1 2 C32 XC22 1 (2 1 2) 
2.\-1 c32 + 1-2.\ cl2 1 ( 2 1 ( 2 2 )) 2.>--1 C33 + 1-2.\ c13 + C32 

and C3 (x) = C(x) + A(x)H- HB(x) for x E g. Then 

By corollary 3, Chapter II, the virtual structures C and C3 are equivalent. 
This completes the proof of the Lemma. 
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Let (g, g) be a pair of type 3.27. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. 

Put 
[u1, u 2] = a 1e1 + a2e2 + a 3e3 + a 1 u1 + a2u2 + o:3u3, 

[u1, u3] = b1e1 + b2e2 + b3e3 + f3I u1 + f32u2 + /33u3, 

[u2,u3] = c1e1 +c2e2 +c3e3 +-y1u1 +-y2u2 +-y3u3. 

Consider the following cases: 

1 o. A = 0. Then 

[ el' e2] = e3 - el' 

[e1,e3] = 0, [e2,e3] = e3, 

[e1,u1] = 0, [e2,u1] = ub [e3,u1] = 0, 

[e1,u2] = u1, [e2,u2] = 0, [e3,u2] = 0, 

[e1,u3]=pe3, [e2,u3]=u2, [e3,u3]=u1. 
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Using the Jacobi identity we see that the pair (9,g) has the form: 

[ ,] el ez e3 ul Uz U3 

el 0 e3 - el 0 0 UI pe3 
ez el- e3 0 e3 UI 0 Uz 
e3 0 e3 0 0 0 UI 
UI 0 -ul 0 0 0 (31 u1 
Uz -ul 0 0 0 0 /31u2 
U3 -pe3 -uz -ul -/31 U1 -/31 uz 0 

1.1°. /31 = 0. 
1.1.1 °. p = 0. Then the pair (9,.9) is trivial. 
1.1.2°. p =f. 0. Then the pair (9,.9) is equivalent to the pair (93 ,.93) by means 

of the mapping 7f : 9 ---+ 93, where 

1 . 
1r(uj) = -uj, J = 1,2,3. 

p 

Since the virtual structure (fh, fh) is trivial, and the virtual structure (93, .93) is not 
trivial, we see that the pairs (£h, fh) and (£13, 93) are not equivalent. 

1.2°. /31 =f. 0. 
Then the pair (9,9) is equivalent to the pair (94,94) by means of the mapping 

7f : 9 ---+ 94, where 
7r(ei) = ei, i = 1,2,3, 

1r(uj) = ~ 1 uj, j = 1,2,3. 

It is possible to show that the pairs (g4, .94) with different values of parameter pare 
not equivalent. 

2°. _\ = ~- Then 

1 
[e1,e2] = ea-2e1, 

[e1, ea] = 0, 

[e1,u1] = 0, [ez,ul] = u1, [e3,u1] = 0, 

1 
[e1,u2] = u1, [ez,uz] = re1 + 2uz, [ea,uz] = 0, 

1 
[e1, ua] = 0, [ez, ua] = se1 + Uz + 2ua, [ea, ua] = u1. 

Using the Jacobi identity we see that the pair (9, 9) has the form: 

[ ' ] el ez ea UI Uz ua 

el 0 1 0 0 0 ea- 2e1 UI 
1 0 1 1 1 ez 2el -ea 2e3 UI re1 +2u2 uz+2ua 

ea 0 1 0 0 0 -2ea UI 
UI 0 -ul 0 0 0 0 
uz -ul 1 0 0 0 -re1- -uz /lUI 
ua 0 

( 
-ul 0 0 -u2- 2ua -/lUI 
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2.1°. r = 0. 

Then the pair (g,g) is equivalent to the trivial pair (gl,fh) with A=~-

2.20. r # 0. 
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Then the pair (g, 9) is equivalent to the pair (g5, 95) by means of the mapping 
1r : g ---* g5, where 

1r(ei) = ei, i = 1,2,3, 

1 
1r( ui) = -u1, 

r 

/1 1 
1r(u2) = --e3 + -u2, 

2 r 
/1 1 

1r( u3) = -e1 + -u3. 
2 r 

Since the virtual structure (g1 , 91 ) is trivial, and the virtual structure (g5 , 95 ) is not 
trivial, we see that the pairs (£h, 91) and (95, 95) are not equivalent. 

3°. A~ {0,~,1}. 

[e1,e2] = e3-(1-A)e1, 

[e1,e3] = 0, [e2, e3] = (1-A)e3, 

[e1, u1] = 0, 

[e1,u2]=u1, 

[e2,u1]=u1, 

[e2,u2] = Au2, 

[e1, u3] = 0, [e2, u3] = u2 + AU3, 

[e3, u1] = 0, 

[e3, u2] = 0, 

[e3, u3] = u1. 

Using the Jacobi identity we see that the pair (g,9) is equivalent to the trivial 
pair (91, 91 ). 

3.2°. A=~-

Using the Jacobi identity we see that the pair (g,9) has the form: 

[ ,] e1 e2 e3 U1 u2 U3 

e1 0 2 0 0 u1 0 e3- 3e1 
2 0 2 1 1 

e2 3e1 -e3 3e3 U1 3U2 u2+3u3 
e3 0 2 0 0 0 -3e3 U1 

U1 0 -u1 0 0 0 0 
U2 -u1 

1 0 0 0 --u2 c3e3 
U3 0 

3 1 
-u1 0 -c3e3 0 -u2- 3u3 

3.2.1°. c3 = 0. Then the pair (g,9) is trivial. 

3.2.2°. c3 # 0. Then the pair (g,g) is equivalent to the pair (92,92) by means 
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of the mapping 1r : 9 -+ 92, where 

1 
1r( ei) = -e1, 

C3 

1r( e2) = e2, 

1 
1r(e3) = -e3, 

C3 

1 
1r(u1) = 2u1, 

c3 

1 
1r( u2) = -u2, 

C3 

1 
1r(u3) = -u3. 

C3 

Since dim 'D2 91 # dim 'D2 92 we see that the pairs (91, Q1) and (92, 92) are not 
equivalent. 

Let >. = 0. Consider the homomorphisms fi: 9i -+ g[(3, ~), i = 1, 3, 4; where 
fi ( x) is the matrix of the mapping adg; x, x E 9i, in the basis { e1, e3, u1, uJ}. Since 
the subalgebras fi(9i), i = 1, 3, 4, are not conjugate, we see that the pairs (9i, Qi) 
for i = 1, 3, 4, are not equivalent to each other. 

Similarly, we prove that the pairs (91, Q1) (for >. = 1/2) and (95, g5) are not 
equivalent. 

This completes the proof of the Proposition. 

Proposition 3.28. Any pair (9, g) of type 3.28 is equivalent to one and only 
one of the following pairs: 

1. 
[ ,] e1 e2 e3 U1 

el 0 e3 - e2 -e3 0 
e2 e2 - e3 0 0 0 
e3 e3 0 0 0 
U1 0 0 0 0 
U2 -u1 0 0 0 
U3 -u3 -u2 -u1 0 

2. 
[ ,] e1 e2 e3 u1 

e1 0 e3 - e2 -e3 0 
e2 e2 - e3 0 0 e3 
e3 (f 0 0 0 
U1 -e3 0 0 
U2 -u1 -2e3 e3 Ul 
U3 -U3 -2e1- u2 -U1 0 

Proof. Let £ = { e1, e2, e3} be a basis of g, where 

1 0) 
0 0 ' 
0 1 

U2 U3 

U1 U3 
0 u2 
0 Ul 
0 0 
0 0 
0 0 

u2 U3 

U1 
2e3 

U3 
2e1 + u2 

-e3 U1 
-u1 0 

0 0 
0 0 



Then 

A(e1 ) ~ G 0 
-1 
1 
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and for x E g the matrix B ( x) is identified with x. 
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Lemma. Any virtual structure q on generalized module 3.28 is equivalent to 
one of the following: 

C(ei) = 0, 

Proof. 

2p) 
0 ' 
0 

0 
0 
-p 

Put C(ei) = (c;kh~j,k~3, i = 1,2,3. Since for any virtual structure q condi­
tion (2), Chapter II, must be satisfied, after direct calculation we obtain: 

Put 

and C1(x) = C(x) + A(x)H- HB(x) for x E g. Then 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
This completes the proof of the Lemma. 
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Let (g, g) be a pair of type 3.28. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Then 

Put 

[e1,e2] = e3- e2, 

[e1, e3] = -e3, 

[e1, u1] = 0, 

[e1,u2]=u1, 

[e1,u3]=u3, 

[e2,e3] = 0, 

[e2,u1] =pe3, [e3,u1] = 0, 

[e2, u2] = re3, [e3, u2] = -pe3, 

[e2, u3] = 2pel + u2, [e3, u3] = u1. 

[u1, u2] = a1e1 + a2e2 + a3e3 + 0:1 u1 + a2u2 + a3u3, 

[u1,u3] = b1e1 + b2e2 + b3e3 + (31u1 + (32u2 + (33u3, 

[u2, u3] = c1e1 + c2e2 + c3e3 + /IUI + 12u2 + /3U3. 

Using the Jacobi identity we see that the pair (g,g) has the form: 

[ ,] el e2 e3 UI u2 U3 

0 0 el e3- e2 -e3 Ul U3 
e2 e2- e3 0 0 pe3 2pe3 2pel + u2 

0 0 0 e3 e3 -pe3 
ul 0 -~e3 0 0 -pu1 
u2 -ul - pe3 pe3 pu1 0 
U3 -u3 -2pel- u2 -ul 0 0 

Consider the following cases: 

1°. p = 0. 
Then the pair (g,g) is equivalent to the trivial pair (g1,g1). 
2°.p#0. 

ul 
0 
0 
0 

Then the pair (g,g) is equivalent to the pair (£b,g2) by means of the mapping 
1r : g ----* £12, where 

1r( ei) = ei, i = 1, 2, 3, 

1r( ui) = !ui, i = 1, 2, 3. 
p 

Since dim D 2 £h # dim D2 92, we see that the pairs (91, 91) and (92, g2) are not 
equivalent. 

This proves the Proposition. 

Proposition 3.29. Any pair (9, g) of type 3.29 is equivalent to one and only 
one of the following pairs: 

1. 

[ ,] el e2 e3 ul u2 U3 

el 0 (1- f-L )e2 e2 + (1- f-L)e3 Ul u1 + u2 f-LU3 

e2 (!-L - 1 )e2 0 0 0 0 UI 
e3 (!-L- 1)e3- e2 0 0 0 0 U2 
ul -Ul 0 0 0 0 0 
U2 -ul- u2 0 0 0 0 0 
U3 -f-LU3 -ul -U2 0 0 0 
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2. 1-l = 0 

[ ,] el e2 e3 U} u2 U3 

el 0 err e2 + e3 U} U1 + U2 0 
e2 -e2 0 0 0 UI 
e3 -e3 - e2 0 0 0 0 u2 
U} -ul 0 0 0 0 0 
u2 -ul- u2 0 0 0 0 ea 
U3 0 -u1 -u2 0 -e2 

3. p = 0 

[ ,] el e2 e3 U} u2 U3 

el 0 ea e2 + e3 U} u 1 + u 2 0 
e2 -e2 0 0 0 UJ 
e3 -e3- e2 0 0 0 0 u2 
ul ~ul 0 0 0 0 0 
u2 -ul- u2 0 0 0 0 -e2 
U3 0 -ul -u2 0 e2 0 

4. 1-l = 0 

[ ,] el e2 e3 UJ u2 U3 

el 0 ea e2 + e3 UJ U1 + U2 0 
e2 -e2 0 0 0 U} 
e3 ~e3- e2 0 0 0 0 u2 
U} -ul 0 0 0 0 0 
u2 -ul- u2 0 0 0 0 u 1 + ae2 
U3 0 -ul -u2 0 -u1- ae2 0 

5. p = 0 

[ 'l e1 e2 e3 U} u2 u3 

el 0 ea e2 t e3 U} U1 + U2 0 
e2 -e2 0 0 U} 
e3 -e3 - e2 0 0 0 0 u2 
U1 -U1 0 0 0 0 -e2 

A 0 0 0 ae2 - e3 + j3u1 ·u2 -ul- u2 u 
U3 0 -U1 -u2 e2 -ae2 + e3 - (3u1 0 ,(3~0 

6. 1-l = 0 

[,] e1 e2 e3 U} u2 U3 

el 0 ea e2 + e3 U1 U1 + U2 0 
e2 -e2 0 0 0 U1 
e3 -e3- e2 0 0 0 0 u2 
U1 -U1 0 0 0 0 e2 
u2 -u1 - u 2 0 0 0 0 ae2 + e3 + (3u1 
u3 0 -U1 -u2 -e2 -ae2 - e3 - (3u1 0 ,(3~0 

7. /J-1 -2 

[ 'l e1 e2 e3 U1 u2 U3 

0 1 1 
U1 + U2 

1 
e1 ze2 e2 + ze3 U1 zU3 + e3 

e2 
1 0 0 0 0 --e2 Ul 

e3 
1 2 

0 0 0 0 -ze3 - e2 u2 

U1 -U1 0 0 0 0 0 
u2 -u1 - u 2 0 0 0 0 0 
u3 

1 
-ul 0 0 0 -zu3- e3 -u2 



284 III. THE CLASSIFICATION OF PAIRS 

Proof. Let £ = { e1, e2, e3} be a basis of g, where 

(
1 1 0) (0 0 1) e1 = 0 1 0 , e2 = 0 0 0 , 
00~-t 000 

Then 

A(e1 )= 0 0 
1-t-t 

0 

0 ) ( 0 0 0) ( 0 1 , A( e2) = t-t- 1 0 0 , A( e3) = -1 
1-t-t 0 0 0 t-t-1 

and for x E g the matrix B ( x) is identified with x. 

Lemma. Any virtual structure q on the generalized module 3.29 is equivalent 
to one of the following: 

a) 1-l = 0 

b)t-t=~ 

c) 1-l tf_ {0, ~}. 

Proof. Put 

0 
0 

-p 

C(ei) = (c~kh~j,k~3, 1:::; i:::; 3. 

Checking condition (6), Chapter II, we obtain: 
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Let f.-l = 0. Then put 

and C1 = C(x) + A(x)H- HB(x). We obtain 

0 
0 
0 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
Similarly we obtain the other results of the Lemma. 
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Let (g, g) be a pair of type 3.29. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Consider the following cases: 

1°. f.-l = 0. Then 

Now put 

[e1,e2]=e2, 

[ e1, e3] = e2 + e3, 

[e1,u1] = u1- pe2, [e2,u1] = 0, [e3,u1] = 0, 

[e1, u2] = u1 + u2- pe3, [e2, u2] = 0, [e3, u2] = 0, 

[e1,u3]=pe1, [e2,u3]=u1, [e3,u3]=u2-pe3. 

[u1, u2] = a1 e1 + a2e2 + a3e3 + 0:1 u1 + o:2u2 + o:3u3, 

[u1,u3] = b1e1 + b2e2 + b3e3 + fJ1u1 + fJ2u2 + (33u3, 

[u2, u3] = c1e1 + c2e2 + c3e3 + 'Yl u1 + 12u2 + j3U3. 

Using the Jacobi identity we see that the pair (g,g) has the form 

[' l e1 e2 e3 U1 U2 U3 

e1 0 ea e2 + e3 U1 u1 + u2 0 
e2 -e2 0 0 0 U1 
e3 -e3 - e2 0 0 0 0 11 U1 -u1 0 0 0 0 
U2 -u1- u2 0 0 0 0 c 
U3 0 -u1 -u2 -B -C 0, 

where B = b2e2 + fJ1u1, C = c2e2 + b3e3 + 11u1 + fJ1u2. 
The mapping 1r: g' --7 g, where 

) (31 
1r( U1 = U1 + 2e2, 

(31 
1r(u2) = u2 + 2(e2 + e3), 

(31 
1r(u3) = U3- 2e1, 
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establishes the equivalence of the pairs (g', g') and (9, g), where 9' has the form: 

[ 'l e1 e2 e3 U1 U2 U3 

e1 0 ea e2 + e3 u1 U1 + U2 0 
e2 -e2 0 0 0 u1 
e3 -e3- e2 0 0 0 0 U2 

0 0 0 0 U1 -u1 b2e2 
u2 -u1- u2 0 0 0 0 /"1 u1 + c2e2 + b2 e3 

-e3 - f3u1 - ae2 U3 0 -u1 

Consider the following cases: 
1.1°. b2 = 0. 

1.1.1°. /"1 = 0. 

-u2 -e2 0 

1.1.1.1°. c2 = 0. Then the pair (9,g) is equivalent to the trivial pair (91,91). 
1.1.1.2°. c2 =/= 0. Then the pair (9,g) is equivalent to the pair (92,92) or 

(93, 93) by means of the mapping 7r : 92 ---t 9, if c2 > 0, or 7r : £h ---t 9, if c2 < 0, 
where 

1.1.2°. /"1 =f. 0. 
Then the pair (9, g) is equivalent to the pair (94, 94) by means of the mapping 

7r : 94 ---t 9, where 
7r(ei) = ei, i = 1,2,3, 

7r(uj) = /"IUj, j = 1,2,3. 

1.2°. b2 =f. 0. Then the pair (9,g) is equivalent to the pair (9s,9s) or (96,96) by 
means of the mapping 7r : 9s ---t 9, if b2 > 0, or 7r : 96 ---+ 9, if b2 < 0, where 

Consider the homomorphisms fi : 9i ---+ gr( 4, JR.), i = 1, ... , 6, where fi(x) is the 
matrix of the mapping advg; x in the basis { e2, e3, u1, u2} of D9i, x E 9i. Since 
the subalgebras fi(9i), i = 1, ... , 6, are not conjugate, we conclude that the pairs 
(9i, 9i), i = 1, ... , 6, are not equivalent. 

2°. 11 = ~. Then 

1 
[e1, e2] = 2e2, 

1 
[e1, e3] = e2 + 2e3, [e2, e3] = 0, 

[e1, u1] = u1, [e2, u1] = 0, [e3, u1] = 0, 

[e1, u2] = u1 + u2, [e2, u2] = 0, [e3, u2] = 0, 

1 
[e1, u3] = 2u3 + pe3, [e2, u3] = u1, [e3, u3] = u2, 
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[ub uz] = alel + azez + a3e3 + OLI ul + OLz'Uz + OL3u3, 

[u1, u3] = b1 e1 + bzez + b3e3 + /31 u1 + f3zuz + /33u3, 

[uz,u3] = c1e1 +czez +c3e3 +11u1 +!z'Uz +/3'U3. 

Using the Jacobi identity we see that the pair (g,g) has the form 
Consider the following cases: 
2.1°. p = 0. Then the pair (9, g) is equivalent to the trivial pair (91, g1 ). 
2.2°. p # 0. 
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Then the pair (9, g) is equivalent to the pair (97, g7) by means of the mapping 
1r: £h ----* 9, where 

7r(ei) = ei, i = 1,2,3 

1r ( u j ) = pu j , j = 1 , 2, 3. 

Consider the homomorphisms fi: fii----* g((4,R), i = 1, 7, where fi(x) is the matrix 
of the mapping advg;X in the basis {ez,e3,u1,u2} of 'D9i, x E 9i· Since the 
subalgebras fi(9i), i = 1, 7 are not conjugate, we conclude that the pairs (9i, gi), i = 
1, 7 are not equivalent. 

Put 

1 
[e1, ez] = 2e2, 

1 
[e1, e3] = ez + 2e3, [ez, e3] = 0, 

[e1,u1] = u1, 

[e1, uz] = u1 + Uz, 

1 
[e1, u3] = 2u3, 

[ez,u1]=0, 

[ez,uz] = 0, 

re "' 1 .. l z, '-"3j = 'U1, 

[ e3, u1] = 0, 

[e3,uz]=O, 

[u1, uz] = a1e1 + a2e2 + a3e3 + a1 u1 + azUz + a3u3, 

[u1, u3] = b1e1 + b2e2 + b3e3 + !31 u1 + f3zuz + f33u3, 

[uz, u3] = c1 e1 + Czez + c3e3 + /1 u1 + /z'Uz + /3'U3. 

Using the Jacobi identity we see that the pair (9,g) is trivial. 
This completes the proof of the Proposition. 

Proposition 3.30. Any pair (9, g) of type 3.30 is trivial. 

[ ,] e1 ez e3 'Ul Uz 'U3 

el 0 -e3 0 'U1 Uz Uz + u3 
ez e3 0 0 0 'U1 Uz 
e3 0 0 0 0 0 'Ul 
'Ul -'U1 0 0 0 0 0 
Uz -uz -'U1 0 0 0 0 
'U3 -uz- u3 -uz -'U1 0 0 0 
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Proof. Consider x E g such that 

Note that xu = idu +cp, where tp is a nilpotent endomorphism. Then, by Proposi­
tion 13, Chapter II, the pair (.9, g) is trivial. 

Proposition 3.30. Any pair (.9, g) of type 3.30 is trivial. 

[ ' l el e2 e3 Ul U2 U3 

el 0 0 0 ul (f U3 
e2 0 0 e3 U} -U3 
e3 0 -e3 0 0 Ul (f Ul -ul -ul 0 0 0 
U2 -u2 0 -ul 0 0 0 
U3 -u3 -u3 -u2 0 0 0 

Proof. Consider x E g such that 

G 
0 n X= 1 
0 

Note that xu = idu. Then, by Proposition 13, Chapter II, the pair (.9, g) is trivial. 
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