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Abstract. The present paper is concerned with the dual space E;
consisting of all unitary equivalence classeg of continuous irredu-
cible unitary representations of separable [FC]™ groups (i.e. groups
with precompact conjugacy classes). The main purpose of the paper

is to extend certain results from the duality theory of abelian groups
and [Z] groups to the larger class of [FC]™ groups. In addition,
we deal briefly with square-integrability for representations of

[FC] groups. Most of Qur results are proved for type 1 groups.

Our key result is that € may be written as a disjoint union of
abelian topological T4 groupsg, which are all open in TG.
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Introduction, In f 23] we studied the charactor space X(G)

of locally compact groups G possessing precompact conjugacy classes
( [FC]“ groups), and we were able to extend wmuch of the classical

2)

using X(¢) as dual object 3). The present paper is concerned with

duality theory for abelian groups to this larger class of groups
the dual space a of all unitary equivalence classes of continuous
irreducible unitary Hilberb space representations of separable [FC]™

groups G , 6 is given the PFell topology, obtained from the hull

Rernel topology on the dual space (specter) of the group G%—algebra,
[4) .

For an arbitrary locally compact group ¢ insight in the struc-
ture of 8 often tells more about the group itself than the corre-
sponding knowledge of X(G)} . This is of course partly due to the
fact that the clements of G alvays separate the points of G, wnere-
as this property h) holds for X(G) if & € [SIN] but not generally.

Even in the case of a type I [FG‘]“ group the character space may con-
gtitute only a small part of the awal, For X(d) is then isomorphic to

the dual space (G/(‘})A of the [FG]’(‘) [SIN'] guotient group..@d/C ,
where € denotes the intersection of all closed invariant neighbornoods
of ein G , [:18] Theorem 5,12, We shall prove, e,g., that G is
connected if and only if @ is aperiodic (i,e., @ contains no non-

trivial compact subgroup)., For X(¢) this result can hold only when

- g

2) Such a pencralization was carried out in [g] for the class of
locally coempact proups (G such that O modulus its center is compact,

3) X(G) consists of the nonzero extreme points of the sel of all -
continuous positive definite G-invariant functions £ on G such thab
fle) € 1 ; and X(G) was provided with the topology of uniform con -
vergence on compacta,

4 )) ;f X € G, x# e, then there is a character A € X(d) such that
A (x 1.




G is replaced by G/C , see [23] (2.12).
On the other hand the character space X(G) is a locally compact
- P
Hausdorff space for G & [FC] P [’I@ , twhereas G need not even be

T, space (but a is always locally compact, f4] 3.3.8), In fact

a
a is T, iff G is typel iff 8 is Th (1.3 ), vhenever our _mcthod
of proof utilizes topological separation properties of T it is
therefore necessary (and sufficient) to assume that G is type I.

Under this hypothesis we can show that ’8 is locally Puclidean 4iff 1
G is compactly generated, and '8 is locally comnected iff G

possesses proverty (L). |

In addition to extending classical duality results like the ones

mentioned above, this paper also deals briefly with square-integrable
representations of [FCJ" grc;ups, and we provide simple nccessary
and sufficient conditions for L[] € é‘ to be square-integrable.

For convenience we shall list the classes of groups with which we

are dealing,

© [sii] - class of locally compact groups possessing a fundamental

system of invariant neichborhoods of e,

[76]™ - class of locally compact groups possessing precompact
conjugacy clasges,

EPL"'.]" - locally compact groups with procompact inner automorphism
group, One has [F1A]™ = [s1] n [¥c]™, see [10] .

[I-‘D]" - locally compact groups with precompact commutator group,

The following inclusions hold: [FI ¢ [ic]™ ama [1]7¢ [wc]”, f10],
0f, course, all the classes of groups listed above contain the abelian

groups and the compact groups,



It T is a witary representation of a closed subgroup H of
the locally compact group G we shall ].e"b it G denote the unitary
representation of & induced from T , If f is a representation
of G , P 1 w11l denote 1the representation of the subgroup I given
by restriction, f‘H(h) = Q(M), all h€H, Ilebt & and £ be
unitary representations of G, ‘e shall write O = /9 if they are
unitarily equivalent, If the tonological proups G and L are
isonorphic, we ghall use the notation G~ L,

12 mweler(a) ([4)18.5.1) we let [T] denote the
aquivalence clags of 7t  in T . For $€ Irr(d) we let [S]
be the image of S 4n ﬁ under the canonicel map- 7t b= [1T] . .
Finally, we let pP' denote the representation of ¢ given by
$f(x) = P (xN) whenever p is a2 representation of & factor

group G/N .
We would like to mention at this point that

E. Kaniuth recently obtained results related to the present
ones under somewhat different conditions on the gréups.
(Topology in Duals of  SIN -groups, Math. Z. 134 (1973)
67-80.)



l

1. Jrouns vith abelian aquotients, ILet G be a scporable locally

compact group of type I and suppose that N 1is a closed normal suo-
group of G such that G/N is abelian, Assume also that N is typel
and regularly cmbedded in G, In this sccetion we shall analyze the
dual of such groups. Ve shall assume the rcader is familiar with
Hackey's little group method, [1} and [17] . he main reason for
the above hypothesis on G is that [FC]~ groups, which are our main
concern in this paper, satisfies exact sequences of topological greoups
e=> P2 G- VxA=e, vhere P is noaximal periodic, 4 is
abelian, discrete, and aperiodic, and V is isomorphic to H' for
some n, ([1Q Theorem(3.16)).Some condition on G 1like type I =
5)

ness is necessary in the following result ~ 7/,

Fay
(1,2) Proposition. let G and N be as above, If [H]€ G

then the set ’éK N {[\ﬂ €C :\’N is quasi -equivalent to /T N }
3

equals [(o/WY'en].

s ~
Proof. Suppose [Y1¢ Gy s and let [p1€N be an element of the
3
-
G-orbit ©p in ¥ which is determined by T ( [1]) . Iet K(f) be
A
the stability group of § under Gis action on H by imner auto-
Y

norphisms, By the liackey theory there is a [G' le¢ I{(f) so that the

] hJ . G ] a -
induced representation & is equivalent to /T, Moreover,

5) Se:e also Theorem (13), (1) & (2) .



G nay be congtructed as follows: ‘'There is a mudtinlicr (O on
I((S))/N such that @  extends to an @ reprosentation of K(J:') . '
Let :?\. be any such extension of { ; then there exists an irreduc-
ible @ representation B of K(P)/N  such that £3'8 Fxe
Because of our hypothesis on G and ¥ all primary (O represent-
ations of K(f YU are type T C‘l?] Theorem 8,h), and it follous
from 77 Theorem(3.3) together with [3] Theorem(3.1) that all the
{rreducible W | representations of K(J))/N are on the form &KX  where X is some
character of K(y)/N . From this it follows that every [¥]€ ¢ %
is  induced from representations on the form X‘ ® fg IQ_? =X'es .
Cbserve now that
(x'se P x¥ et
rwhere % is any extension of the character x to G/N and 5(: !
denotes the 1ift of X to G, ( [7] 1emma L.2), This completes our

proof, 6)

The following result is well-known and will be helpful vhen coi-

bined with (1,1),

(1.2) Joma, Tet G be a separable locally compact group and let K

A ”
be a compact normal subgroup, Then Gn, K :{Dﬂé G:‘lS'K is quasi-equi-
4

valent to KK} is an open and closed subspace of g .

Fal Fa)
broof, If [MJEG let O be the G-orbit in K associated to [AJ;
”~
the map p:[rl™ B, G = ?{/G is continuous, [6] Lemma 3 (the

-~

N
orbit space 1/ dio piven the auotient topology induced from X)),

6} A different proof of (1.)) was pointed out to the author by J.Brezin,
Brezin's proof also uses the Mackey theory.




N A

Since K isg compact ¥ and K/G are discrcte, The resull now
follows from the facl that ’8 = p'l({ 0 }) 0.18,0

- n s K n . Sadte e

Iet & Dbe a docally compact senavable tye I group, and
swpose that K is a compagt normal subgroup of G such that G/X
i¢ abelian(72Let 7T € Irr(G) be fixed but arbitrary.
~ .
There i3 & natural ™ap I of G/X onto [a/k®T]
N
given by i3 [0'e ], ve lot M= [G/k o] and provide
N

¥g with the topology induced from G ., We may define a natural

groupstructure on M, by letting

[oc-'mt]*[p'mzj = [olplerml ,%,ﬁEG//\K.

It is easy to check that the product ¥ is well defined. lore-

N
over, G/K acts on M, as a locally compact Ilausdorf{ topological

T
transformation group, Indeed, +the map  (O¢, Eﬁ'@ T] ) [&'ﬁ‘@ Tl
from @( x My onto lip 1is continuwous, and the map

x> ([Lplen]— [o'p'en] ) is o homomorphism of ({/\I{

into the proun of honeomnrohisms of l-Im s, and the map

fe'enm] —> [ OQ,Q'@’EJ is a honeomorphism for each %Etﬁ .

Since g / G//\f( consists of one point, it is certainly T, and

it follows from J, Glirm ( [8] Theorem 1) that the map & * G(7) e ]
from (ﬁ( / 6(m) onto Ve is a homeomorphism, wuhere a(ry =

[ x € G//\K s OURTL =T} 35 the stability group of [/]. lHere the

type I.  hypothesis was necded. Since the uotient map G//?{ — (g\l% / G{ir)

is open, it follous that fr 1s open and Hn is Hausdorff, It also

N
(7) The following ar?%ents hold whenever [G/K®TT ] 48 closed
in @ dince [G/Xor] iz then lecally compact. We shall

only need to consider compact K .



follows that HMp is a topological group with the product 4
defined above, and M, may be identified with the quotient

e
group G/K / G{x) , Thus M

x is even T) by abelian theory [11]. we

have almost proved the following theorem.

(1,3) Theorem, let G be a separable locally compact group with

a compact normal subgroup K such that the qoutient G/K is abelian,
Then the following statements are equivalent,
(1) G is type I

(2) G, (= [¥leG . ¥

P A
equals [&/K®M]  foralr [N] €4,

¢ is quasi-equivalent to TL'K }

~ . .
(3) G is the disjoint wnion of locally compact abelian topological
N .ooaA
T), groups [¢/x ®M], which are open and closed in G,

(1) ﬁ is TLl .

Proof, There is little left to prove, (1) (2} ¢+ If G is type I

-~ A
then G, . eqals [G/K®TT for all (1€ G, by (1.1) .
H
(2)e= (3) follows from (1,1) and (1.2) +together with the arguments

above, (3)e=>(l1)e= (1) is obvious , 7,W,D,

lote: I7 G is a(separable) ["c] = group then G satisfies an
exact sequence of topological groups e — K—3 G Ly A—> & , vhere
K is compact, and' i = R' x D where D is a diserete [#C) ~ g'z'oup
[ . Ir ¢ iz type I, so is D and it can be shoun that the
commutator subgroup D' of D is finite ( S, Grosser and M. Moskowitz,
Representation theory of central topological groups, Theorem 5.l, TAMS

129 (1967) 301-390 ; and [18] Theorem 5,12 ). Hence, replacing K with



p“l(D') we may assume that A is abelian in the above sequence,

Conversely, if G dis on the form e =) K =) G =) A —) ¢ vwhere K
is compact and A is abelian, it follows easily that G is an [re]™
group, irom these remorlis 1% is clear that ‘Theovem {1.3) is a
theorem about [FC]™ groups.

In this connection we note that J. Liuklonen, Eﬁ6} Theoren 3,6,
proved that type I separable [FC] ~ groups have Hausdorff duals, Ve
feel that our proof of {his result 18 simpler than Liukkonens proof,
but more important, Theorem (1,3) reduces the study of & rfor type I
[FC] ~ groups to the study of abelian character groups. This will be
needed in the proofs of our subsequent results.,

The following refinement of Proposition (1.1) will also be useful.,

(1.1) Proposition. Let ¢ be a separable type I L] -~ group, and

let N Dbe a ¢losed normal subgroup of G such that G/N¥ 1s sbelian,

A
Assume N consists entirely of periodic elements, Then Gn N =
y

: ~~ A
{[¥)e € ¥y is Quasi-equivalent to ?T.H} equals [G/NQ?[ 1,211 [TIE€ G,

Proof. Let G' be the commubator subgroup of G. Since G is type I
¢ setisfies an exact sequence of topologicul groups e—PK=» = A—>e
where K is gompact and A 1s abelian. Hence G' is compact ,und we
nay let ' = K in the above sequence. lMoreover, N contains G' since

A A S -~
G/H is abelian, Hence Gy © Gp. = [G/K®T ], all (A]€ ¢, by
y H . . .

(1.1). Now N < P'= the (maximal) periodic subgroup of ¢ , and P is

the union of all its compuct G-invariant subgroups, so N also has

P
this property. Let [x®K )& (Y [¢/K ® L]. Then O, =1 for
' XKCH

all G-invariant compact K< N. Hence O{If= 1 and we have

~ e o
ﬁn 0 < Ne/E@T 1< [¢/3@T]. Clearly [G/NQE]C 67: R
) K ) ’




Yle turn now to the characterization of the connected components

N -
of G for type I [FC] groups,

(1.5) Pronosition, let G be a separable [#G] ™ group of type I.

A _
Then the comnected component by  of (el € G dis on the fomm

~ A
Gn,P = La/pen] wvhere P denotes the periodic subgroun of G,

A -~ —~ .
Proofs prom (1.4) G, = [G/P@r]. Also, [6/P®T] is
)
connected, Dbeing the continuous image of the connected group
N r ha o .
¢/P under the canonical map Ok Ta'eir [ {(G¢/P is con-

nected by abelien theory since G/P is apeviodie, [19] Corollary?

A B
to Theorem 2.5). Hence we have Grp < C;n- « 4s we saw in the
g
A
proof of (1.4) G, equels the intersection of all the open
]

A
and cloged . GTE,K , K a G-invariani and compact subgroup of P.

A
Thus Gpp o= Gp o Q.EeD.

2. Duality theory for [r"C] " groups, ‘e are now in a position to

nake an analysis, 1like we did for the character space JE(G) in (23],
of the dual space 8 of separable [{?C] ” groups., [First we observe
that 4f ¥ 1is a compact normal subgroup of G and [K] € /G\ , then
the restriction T g 18 equivalent to a direct sum m@ w whers

m is some (at most countable) cardinal number and the sum is taken



O

A A
over some G-orbit in K under the action of G on X by inner

automorphisms, Observe also that eiI,K congists of all elements
in G which lies over the same G-orbit as DE] » Using this

together with Theorem (1.3) and the fact that 6,[ = [(‘:’\R er]
for type I groups, we shall prove‘resul'ts analogous to the ones in

Section 2 and Section 3 of E233 « Ve shall also discuss square-

integrable representations and groups with compact duals.

(2,1) Propogition, Let & be a separable [FC] ™ group. Then the

following results hold,

:—l

A
(1) ¢ is connected iff G is aperiodic,

<>

(2) Let G be type L. Then G is totally disconneoted iff G is pericdic,
(3) If G is type I and the pericdic subgroup P is finitle

then ¢ has finitely mony connected components, If GE& [rTa]™

and /(; has finitely many connected components, then the

periodic subgroup P of @ is finite,
() Let G be type I, 8 is locally Duclidean iff G is

compactly generated,

Proof, (1) If 6\ is connected then the component 81 of the
trivial representation 1 constitutes all of ﬁ . Dut ‘Gq_ is easily
seen to eognal G//\P even in the non type I case, By the Gelfand-Railkov
theorem P = (e} and G is aperiodic. Conversely, if G is aperiodic
then G is abelian L1(Y . lence 8 is comnected by abelian theory,

(¢) Assume 8 is totally discomnected and let P be the periodic
subgroup of G, Then {3//\P = {21 is trivial, hence G = P, Conversely,
let G = P, Uith notation as in (1.2) En,]{ is open and closed in

G for any [7] € ? 5 and K compact , Since G =P is the union
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A A
of all compact normal subgrouns £ we hove N ¢ nx - GIC p = []I]
K ER )

(as in the proof of (1.4)).Hence 5%‘ [t] and & is totelly disconnected.
(3) et 0 be type I and suppose P is finite, Then there is only

a finite number of G-orbits in ?, and hence therc is only a finite

number of different connected components [G?i) ®mn] = 3 T,

Conversely, let G & [FIA] ~ and suppose that @ has only a finite
number of commected components 5;-5 + Then each t;;[ is open and

closed in 8. et #:[mJ ﬂ:# be the canonical map of (/}\ onto

X{a) ({1] 5.1 ana 5.8 ). # is an open and contimous map,

hence it maps the open (\Sn onto the conmected comvonent g/’c‘# of the
character IL'# in 3 () , Therefore X(G) has only a finite runber

of connected conponents, and it follous from [23] Proposition(2,10)

that the periodic subgroup P of G is finite.

(L) Let G be typel and fix a compact normal subgroup K of G such

that G/K is abelian, In view of Theorem (1,3) 8 is locally Fuclidean

Aff G//\K is locally Fuclidean, By abelian theory ([19] Corollary 1 to Thm.2.5.
the last assertion holds iff G/K is compactly generated, which is

equivalent to G be compactly generated. GQ.H.D. (8)

‘e say that G is an (1) group if every compact subsst F of G
is contoinnd in an onden eompactly ponoerated nommal gubgroup I of G

such +hat /4 is ancriodie EEO] R

(8) The author recently proved (3) without any typel or [FIA]™
assumbtion on the group (On the dual topology of [FC]~ groups,
forthcoming in Math, Scand.)
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(2,2) proposition, (1) Tet G € [¥¢] ™ be separable and type I.

N
Then G is locally connected if G is an (L) group.
(2) Let Gbe gn [Fo] © group, Then G is an (L) group

A
if G is locally connected,

Iroof, (1) Suppose G is an (L) group, Arguing as in the proof of
[23]  Proposition(3.h) (with B = (a) ) we see that the periodic
subgroup P is compact, If G is type I each connected component

o A A
Er is on the form [G/P@T] = § and is open and closed in G

T,P

since P is compact, (1,1) and (1.2). Also, the canonical map

(}//\P ] [671’ er] s open and continuous so that it suffices to

prove that 67} is locally comnected , Since our proposition holds

for abelian groups (K, Fan [5] ), ‘the problem is reduced to showing

that G/P = W ox A (where A is discrete abelian and aperiodic) is an

(1) group if G is an (L) group, and this vas proved in the last part

of [23] Proposition(3.3).

(2) Conversely, suppose G @ [FD]” and ¢ is locally connected. Let
C denote the intersection of all compact invariant neighborhcods
of e in &, It is easy to check that G is an (L) group whenever
¢/C is so (see [23],the proocf of Proposition (3.5)).

Let us show that G/C 1is an (L) group. Since ¢ is compuct
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P
G/C is naturally embedded in G as an open subspuoe, honco
G/C is locally connecled. Now G/C € [FIA]" 80 we nay apply
N
the open and oontinuous surjection # 1 G/¢ —> X(¢/C) (see
the proof of (2.1)). Thus 3€ (¢/C) is locally connected and it
follows from [23] Proposition(3.5) that G/C is an (L) group.

QoEoDoe

Tt has been lnown for suie time that an [FIA]™ group G is discrete
iff its character svace X(G) is compact ( [12] and 18] ). mn
easy consequence of this is that 0 is discrete if its dual f‘f is
compact, indeed, X(G) is a continuous image of 8 [18} ., 1t is
natural to ask if [FG] " groups having compact duals are discyrete. e
turn now to an exanple which shows that this fails alrcady for type I

groups,

{2,3) Exarple., Tet G be the semi direct product of the real lire R
D

and the intesers Z where 4 acts on R by ﬁ(n}}: = 2%, al1 n€ Z ,
x€ 2, let L be the subgroun of R congisting of the integers, L
is normal in G since f3 (n)k € L, all n€Z, k€L, Lt H=GL,
then H satisfies an exact sequence of topological groups
e—3T-H>Ha2->e , wvhere T denotes the circle group. Hence -H
is an fi"GJ ~ proup. Arpguing word by word as in [2] » the proof of
Theorem 1,7 , we see that 6 is compact, Hence ,P} is compact, being

A
homeomorphic to a closed subspace of G .



Finally, we turn to the question of square-integrabiliiy for
representations of [1¢] ~ groups, We say that U] € /L‘> is saquare-
integrable if all the coordinate functions x+— (/T(x)u, u) of @
are in ,(,2((}) 17,0, b, telt Haoy meagsuea on G, I G s awnlnodular
[n] is square-intograble ifi 7T  occurs in the left rerwlor rop-
resentation of G as a subrepresentation, [#] . It is known that

[re] -~ groups are unimodular,

(2.4) Teovem, Iet G be a separable and type I [Fc] ™ group,
and fix [] € 8 . Then the following three statements are equivalent,
| (1) [r] is square-integrable.
(2) There is acompact normal subgroup K of G such that G/K
is sbolian end L[G/x®7] = Crl,
(3) L] is open in 8 .

Tach of the above statements implies the following.

o~
(h) Co/percl = K] , where P is the periodic subgroup of G.

Proof, (1}= (2): ILet [TE]G@ be square-integrable, and let P be
an irreducible subrenresentation of T ¢ ¢ If G(Jo) is the stability
group of §  under G's action by inner auwbomorphisms, we know from
the Kackey theory that there is a multiplier W : G(f VK x G(j’ VE—=> T
such that ( extonds to an @ -representation j":}' of G(J)) 7] ;
noreover there ig an w"l representation &' of G\})) (wvhich is the
identity operator on X) such that 7T is induced from the ordinary
representation 33‘96“’ . et & be the representation of G{f))/li
given by 6! s aad set 5, = { T € (}(Jo) W () = Wir,x) ,

all v € G(S))} . e have 6 = Q@®Y!' yhere & is a charactor of

G(ja)/]{ and ¥ ig an W -1 representation of G(_]’)/Scu ( 3] meoren 3.1)




1y
(Revlace W by a sinilar multiplier, if necessary).
Hence G ' cquals X times the identity operator on Sy » Using [14]
Coroliary 11,). we scc thal 6 ' is a sguare-integrable w "k
. representation, and since G '(s) = Q(s)I on S, it is clear that
5,y 1s compact, &, 1is also normal in G, since G/Su, io
abelian, lioreover, the type [ hypothesis on G implies that W
is a type I multiplier. Hence G{P)/Su) nas the wnique irreducible
u)ml represcntation ¥ , [3] Theoren 3.3. Hence
(focnep =ge(xoy )iep ¥ foc " ,
for all characters f of G(f) vhich are one on 8. Using the
fact that (F@G“')G®Y = (F@(T'@X )G where X is any
character of G(j’) equal to 1 on X and % is any extension of
X to G ( 7] 1emma I.2),we now have
TOX (poc ! eX ) (F@G")GQ’ T,
for any character f of G which is 1 on §, (and X its westeictim to G(f)).
Hence [@W@; ] = [r] , and (2} follows,
(2)e=> (3): If Eé;?{ ®L] = L1 ror some compact X then Lx] is
~pen in 6\ by (1.1) and (2,2), (3l==>(1): If [X] is cpen in E'r\
tien LM] is square-integrable by 47 18,8,5 , since Vs ( CEJ)>O 5
vhere Vs denotes the Plancherel measure for G .(9)
(2)=> (4): Suppose there is a compact normal subgroup XK of G

FaN
such that G/K is abelian and [G/K®K) = [MJ, Then X< P end

we have

[Rle [Gror ]c [fxen] - []
(10)

P
so that [IT] = [G/P®IT]. 4.E.Do

(9) It 18 known that [FC]™ groups are amenable ([151]), i.e.

AA
i = G, . Thia fact wae needed at thig point to ensure that [JT}€ é\r‘

G, demotes the reduced dwal of G ({4 1]).



(10)

The author recently proved that a separable [?CJ_ group
possessing a square~integrable irreducible representation
is automatically typeI ( On the dual topology of [FC]~
groups, to appear in Math, Scand.).
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