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I. Introduction.

In the last few years there has been an increasing interest among probabilists for
diffusions on fractals. Thanks to the efforts of Kusuoka [13], Goldstein [7], Barlow and
Perkins [6], Kigami [11] and others, we have today a fairly good understanding of Brownian
motion on the Sierpinski gasket, and this theory has been extended in various ways to cover
more general classes of finitely ramified fractals by Lindstrgm [16], Kigami [12], Kusuoka
[14], and - from a field theoretic point of view - Hattori, Hattori and Watanabe [8]. In
a series of papers [2], [3], [4], [5], Barlow and Bass have studied Brownian motion on the
simplest infinitely ramified fractal, the Sierpinski carpet. Since fractals can be considered
as models for porous media and semiconductors (among other things), there is an extensive
physics literature on diffusion on fractals; see Havlin and Ben-Avraham [9] for a survey.

In the present paper I shall restrict my attention to the Sierpinski gasket, but look
at a kind of problem that has not been considered in the litérature so far. The question
is simply: can Brownian motion penetrate the Sierpinski gasket; i.e. is there a natural,
continuous process which behaves like ordinary Brownian motion outside the gasket and
like fractal Brownian motion inside it? The interesting part, of course, is what happens
on the boundary where we have a delicate balance between excursions inside and outside
the gasket; since the time scaling is drastically different in the two sets, it is not at all
obvious how this balance can be achieved. In addition to its intrinsic appeal, the problem
may also be of some interest to applications; if, e.g., we model porous rock by fractals, our
processes will be useful in understanding the seismic properties of the rock.

As you can tell from the title of the paper, the answer to the question above is yes.
More surprising, perhaps, is the number of solutions; given a pair of positive functions
a, 3, where a is defined and harmonic (w.r.t. fractal Brownian motion) inside the gasket
and B is defined and harmonic outside the gasket, I shall construct a solution z(®#) of the
problem. The functions a and 8 will describe the density of the process in equilibrium,
and two solutions z(®#) and z(#) will be equal only if there is a constant k such that
o =ka and B’ = kB.

In addition to looking like Brownian motion both outside and inside the gasket, the
process z(®#) will in general have a highly nontrivial behaviour on the boundary between
the two sets; unless a and § are both constant, the process on the boundary will look
something like a Brownian motion run at infinite speed - although the average particle
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only spends time zero on the boundary, it still manages to get somewhere. As we shall
see, this extremely singular behaviour on the boundary is necessary to keep the process in
equilibrium.

To construct the processes z{®#) I shall use nonstandard analysis and random walks
with infinitesimal increments, but readers unfamiliar with nonstandard analysis should
not have any problems with the basic ideas of the paper as long as they are willing to
think about infinitely large and infinitely small numbers in an intuitive way. A few words
about notation and terminology may be useful: *R is the set of nonstandard real numbers
(basically R with infinitesimal and infinite elements added), and “internal” is a technical
condition on nonstandard sets and functions - in the present paper it will play a rdle
analogous to “measurable” in basic probability theory; it’s not a condition you offer much
thought, but your statements will be false if you omit it. Readers who want to know more
about the formal background for nonstandard probability theory, may try [1] and [15].

Acknowledgement: I'm grateful to Martin Barlow who told me about the problem and
encouraged me to work on it. I would also like to express my gratitude to the Taniguchi
Foundation for generous financial support, and to Professors N. Ikeda, S. Watanabe and
S. Kusuoka for an excellently organized conference.

II. Setting the stage.

The Sierpinski gasket is obtained by the following construction. Starting with the

a) b) c)

Figure [1.1

equilateral triangle in Figure II.1.a), we first remove the black triangle in the middle as
shown in b). This leaves us with three triangles similar two but smaller than the original
one, and repeating the procedure with each one of these, we get the figure in c). Again we
repeat the procedure with each of the nine triangles we now have etc. The set we get in
the limit is the Sierpinski gasket.

In this paper we shall consider a Sierpinski gasket with sides of length one sitting
in the middle of a larger triangle with sides of length four as shown in Figure I1.2. The
processes we shall construct will have behave like ordinary Brownian motion in the area
between the two triangles (with normal reflection at the outer boundary), and like fractal
Brownian motion inside the gasket. (The only reason for putting in the outer triangle is
to make some of the more technical arguments a little more transparent.) We shall not
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allow the process to enter the black triangles removed in the construction of the gasket.

Figure 11.2

(An alternative version of the problem would be to construct a process which enters these
areas and behaves like an ordinary Brownian motion inside them; this is actually a quite
interesting question from the point of view of singular perturbation of the Laplacian as
discussed in, e.g., chapter 6 of [1]. It can be solved by minor modifications of the methods
in this paper).

As already mentioned, we shall obtain our processes from nonstandard random walks
with infinitesimal increments. We begin by fixing an infinitely large, nonstandard integer
N (if you don’t like nonstandard analysis, just think of N as a big integer which will
eventually go to infinity), and divide the sides of the outer triangle into intervals of length
2~N. Connecting the division points by lines parallel to the sides of the triangle, we get
a triangular lattice. Finally, we carry out the first N steps in the construction of the
Sierpinski gasket (since the sides of the big triangle are four times those of the small
triangle, the pieces we remove in the construction fit in nicely with the lattice). Figure
I1.3 shows the situation for N = 2. |
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Our random walks will live on the set Sy of vertices that are left after these operations
(since we only remove the interior of the black triangles, the sites on their boundaries are
still there).




It is natural and convenient to write Sy as a disjoint union
Sy =Sy USg USy,

where the set Sziv consists of the interior sites strictly inside the bold triangle in Figure
I1.3; the set S%; consists of the exterior sites strictly outside the same triangle; and the set
S8 of boundary sites are the ones along the sides of this triangle. We shall also need the
“closures” )

Sy =S5 UsSy
and

Sy = 8% US%.

ITI. The interior process.

I shall construct the processes z(®# in stages. Let us first take a look at what happens
inside the Sierpinski gasket. If At =5~ and

T = {0, At, 2At,3At,---, },
we shall study the nearest neighbor random walk
XN OxT — §;V

with the following transition probabilities: If z and y are neighboring sites in ?}v and
Xy is at z at time ¢, then Xy will be at y at time ¢t + At with probability 1/4 (if z is
one of the three corners on the boundary, z has only two neighbors and the process will
remain at z with probability 1/2). It is well know that if we take the standard part of the
nonstandard process Xy, we get Brownian motion on the Sierpinski gasket; this is just
a nonstandard way of saying that the sequence {Xy}nen converges to Brownian motion
when N goes to infinity. Observe that Xy has time increments At = 5~V and space
increments Az = 27", and hence we get

Az = Atlog 2/log 5
instead of the usual
Az = At%;

Brownian motions on fractals run much faster than ordinary Brownian motion to compen-
sate for the fact that they live in labyrinths.

To be able to compute excursions from the boundary, we shall need to know a few
basic facts about X .

III.1 Lemma. Let gn be the probability that X started at A in Figure III.1 hits B
before it hits' the line segment CD. Then

3

3.1 = —
( ) dqN 13 — 10gy 1 )
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where gn -1 is the corresponding probability on Sy—_;.

Proof: Start the process at A and let it run until it hits one of the points E, F, G og H. If
it is stopped at either E or F', start it again and let it run until it hits either the point A
or the line segment CJ.

Figure I11.1

This distributes a mass of gn-1/2 at A and (1 — gv—-1)/2 along CJ. If the process was
first stopped at H or G, start it again and let it run until it hits A, B or K. A trivial
calculation shows that this distributes a mass of 3/20 at B and K and 1/5 at A. Because
of the symmetry of the problem we can consider A and K as the same state, and hence we
end up with a mass of (1—gn—1)/2 along CJ, a mass of gnv—1/2+1/5+3/20 = 452 47/20
at A, and a mass of 3/20 at B. Repeating the experiment with the particles now at A will
not change the ratio between the mass of B and the mass along CJ, and hence

o~ 3/20
l-gv (1—gn-1)/2

Solving this equation for gn, we get (3.1).

The function

3
flg) = 3-10¢

has a stable fixed point at ¢ = % and an unstable one at ¢ = 1. A trivial calculation shows

that ¢; = 1/3, and since f is a contraction on an interval containing (&, 1), we get:

ITI.2 Lemma. The sequence {g,} converges to 3/10 at a geometric rate. Moreover, there
are positive constants C, K € R such that

O(2)N < ﬁ 4 < K(—)V
100 — AT TT10

for all N.

Proof: That ¢, converges to & at a geometric rate follows immediately from the fixed
point theorem for contractions. Hence there are positive constants M and r,r < 1, such
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that 3
- | < n
|gn 0 < Mrm",

from which it follows that ¢,/(3/10) and (3/10)/gn are both less than 1 4+ M'r™ for some
constant M'. Thus it suffices to show that the products

N
[Ta+mrm
n=1

are bounded. But this is almost trivial since

logH(1+M' ")—Zlog(1+M' ")<ZM’ "< 1M_";

n=1 n=1

a

In Figure II1.2 the points Ag, A1, A2, A3,--- along the side of Sy have been chosen
such that |B — A,| = 27". Note that the triangle A, BCy, is a (scaled) copy of Sn—_n.

Figure |11.2

IT1.3 Proposition. The probability p, that X, starting at A, hits Ay before it hits the
line segment BC(C), is

(32) Pn = gNgN-1N—-2 """ gN—n+1-
There are positive, real constants C and K such that
3 3
. —\n < < —\n
Proof: Obviously, po = 1 and since

DPk+1 = N—kPk,
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(3.2) follows. The second formula (3.3) is an immediate consequence of (3.2) and Lemma
II1.2. .

a

The following simple corollary will not be used in the present paper, but it is of some
independent interest.

II1.4 Corollary: Assume that Figure III.2 shows the full Sierpinski gasket and not just
Sn. Then the probability that a Brownian path starting at A, will hit Ay before it hits
the line segment BCj is (3)".

For the final results of this section we return once again to Figure III.1. Starting a
particle at A and stopping it the first time it hits either B or the line segment CD, we
now want to know the stopping distribution; what is the probability that the particle is
stopped in B, in the interval C'J, and in the interval JD? (If the particle is stopped in the
common point J of the two intervals, we shall count it as belonging to CJ if it approaches
J through the triangle AACJ, and to JD if it approaches J through AK JD.) The results
will only be needed in one place in this paper, and may be skipped at the first reading.

III.5 Lemma. The hitting probabilities of the point B and the line segments C'J and
CD are, respectively,

3

3.4 .
(3:4) | PB = 13 10qn—1

20(1 — gn—-1)(8 — 5gn—-1)
(13 — 10gn—-1)(19 — 10gn 1)

(3.5) pcy =

_ 30(1 — gn-1)
(13 — 10gn-1)(19 — 10gN—-1)

(3.6) PJD

Proof: We have already established (3.4), and hence we know that

10(1 - qN._l)

3.7 =1-pp= .
3.7) pcs +pip PB = T3 T0am

To get a second equation, we copy the proof of Lemma II1.1; starting the process at A, we
first stop it when it hits one of the points E, F,G or H, then start it again and let it run
until it hits either the segment C'J or one of the points 4, K or B. According to the proof
of Lemma III.1, the particle will now be somewhere on the segment C'J with probability
: 1:723‘—’, it will be back at A with probability -q% + %, and it will be in K with probability
3/20. Since the situation is left-right symmetric, this means that

1—qn-1
2

gN-1
2
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Solving (3.7) and (3.8), we get (3.5) and (3.6).
|

Since qn tends to = as N goes to infinity, it is convenient to rewrite (3.4)-(3.6)

10
slightly. Introducing
3
'N = E — 4N,

we get
3
3.9 P A
( ) PB 10(1 + rN—-l)
91(1 + ry_1)(1 +1 Bry-1)
3.10 =
(3.10) peJ 1600s+rN_1X1-k8rN_1)
21(1
(3.11) oD = (1+%ry_1)

160(1 + TN._I)(I + 3"'N—1)
Since ry tends to zero at a geometric rate,

3 91 21
10'P¢7 7 160°P7P T 160

all at geometric rates. Again we get a corollary for Brownian motion which we shall not
need in this paper, but which is of some independent interest.

PB —

II1.6 Corollary: Assume that Figure III.1 shows the full Sierpinski gasket and not only
Sn. Start a Brownian motion at A and let it run until it hits either the point B or the
line segment C'D. Then the particle is stopped at B with proba.billty 3/10, in the segment
CJ with probability - 166 60 , and in the segment JD with probability -2 160

For the very last result in this section we first take a look at Figure III.3.

c

Figure I11.3




Let a,b and c be three real numbers. Assume that u : Sy — *R is defined as follows:
u(A) = a,u(B) = b,u(C) = c;u grows linearly on the line segment from A to B; and u is
harmonic outside AB U {C}. For each site i € AB, let N(¢) be the set of neighbors in the
interior of Sy.

II1.7 Proposition. There is a real constant C' (independent of a,b,c and N) such that

(3.12) 1> D () —u@®l) < C(g)NI(c —a)a+(c— b)Y

i€EAB JEN(i)

Remark: This formula is not as mysterious as it may seem at first glance; if we multiply
it by (%)N , the left-hand side becomes basically the Dirichlet form of our process applied
to the function u (since u is harmonic, there are no contributions from the interior). From
this point of view the proposition just tells us that a harmonic function with linear growth
along one of the edges, has finite Dirichlet integral. Since a fractal thinks that linear
functions are very irregular (remember that the only C'-functions in the domain of the
Laplacian are the constants), this is not at all obvious.

Proof of Proposition II1.7: This is one long, terrible, but totally elementary calculation.
For an integer n < N, let AB(™ be the sites on AB belonging to S,, and for i € AB(™,
let N(™(3) be its neighbors in the interior of S,. We want to compare the two sums

(3.13) Y > [ul) - u@()

i€AB(m) jEN(™)(4)

(3.14) > > [u() — u(@)u()

i€AB(n+1) jeN(n+1)(4)

where u is the function in the proposition.
Figure II1.4 shows the situation; j is a neighbor of i; and i2 in Sy, while in Sp4+1  J1
is a neighbor of ¢; and 3, and j; is a neighbor i3 and 5.

Figure I11.4

Hence the terms

[4(5) = w(i1)]u(ir) and [u(5) — u(iz)]u(i2)
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in formula (3.13), will in (3.14) be replaced by the terms

[u(i1) —uw(E)lu(i);  [u(51) — u(is)]u(is);
[u(a) = u(ia)lulia);  [u(js) — u(iz)]u(iz).

Since u is linear along the bottom line segment,

() = M)t i)

Using Lemma III.5 and the easy observation that the process started at j; will hit the
intervals ¢173 and 7372 in a uniform way, we can also compute u(j1):

u(j1) = —(1 + 4n)

3u(i1) + u(zg) u(?1) + 3u(zz) | 3 .
S (14 B) 2 (14 ),

160 4

where A,, B,,, C, converge to zero geometrically. Similarly,

(]2)_%_(1 n)3u(21)+u(z2) 160(1+A )u(il)'z3u(i2) +—1%(1+Cn)u(j).

We are now ready to compute the contribution to (3.14) from the points in Figure III.4:

[u(51) = u(En)lu(ia) + [u(ir) — u(ds)]u(is)+
+ [u(2) — u(za)]u(is) + [u(jz) — u(i2)lu(iz) =

RETCYERTCMPCCA RS 1ES

~ Su(i2)? — u(ia)u(ia) — u(ia)? =
1821;0(1 T Anu(in)? + 15248%(1 + Anyuinu(iz) + 1280(1 T AnJu(in)+
1280(1 + BuJu(in)? + 12218000 + BuJu(irJu(in) + moos (14 BaJu(ia)+
(L4 Cauliu(in) + (1 + Caduli)uliz) +
1280(1 + Bu(ia)? + 122;‘;(1 + BaJu(ia)uliz) + ogs(1 4 Ba)u(ia)?
1280(1 + AnJu(in)? + f;‘foa + Anuin)ule) + 35 1+ Anulin)?

+ %(1 + Cr)u(f)u(i) + 55(1 + Cn)u(j)u(i2)
— Su(ia)? ~ u(in)uin) - Su(in)? =
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= 201+ CI(() — u(ia))u(in) + (u() — u(iz) i)l

L6 oo, 332 116 . o
Tag0 (1) + Togguli)uiz) 1280“(’2) +
910 . 1002 910

+ Togg Ant(i1)” + Togq Anul(in)uliz) + Tog5
126 420 126
1280

—B,, (21)2 + ——=Bpu(t1)u(i2) + — 1280
3 ) .
+ ‘5 nu(zl)2 + B'Cnu(w)

1280
= 31+ CI(w() — u(in)u(in) + () = u(iz)u(i2))-
116 + 546A4,, + 210B,, . . .
- 1280 [u(zl) - u(zg)]2

where the last step uses that 160A + 160B + 35 C = 0. Summing over all triangles of
the form shown in Figure II1.4, we get

Yo Y kG —u@k(G) <

ieAB("+1) JEN(n+1)

< 5(1 +Ca) D Y [u() = w(@)u()
i€AB(™) jeN(®)
116 + 5464, + 2108,
1280 ’

nu(i2)2

nu(i2)2

— k2.9

where k is the slope of u along the bottom edge of the gasket. Since A, B, and C, tend
to zero at a geometric rate, there must be a real constant C such that

SN ) - u@)uG) <

ieAB(n) JEN(n)
<C0(z )" > () - u(@)u()
i€AB(%) ;eN(9)

= C(3)"(c~ a)a+ (e~ D),

and the proposition is proved.

IV. The exterior process.

Let us now describe a process
Yn:QxT — Sy
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which approximates reflected Brownian motion. Since the time increment At = 5% is
smaller than usual, we have to be a little careful with the transition probabilities, but if
we say that a particle which is at z at time ¢, will be at each one of z’s neighbors with
probability

(4.1) HOu

at t + At, and stay at z with the remaining probability, it is easy to check that we get the
right variance. Hence the standard part of Yy is reflected Brownian motion in the area
between the two triangles.

As with the interior process, we shall need to know a little about the escape probabil-
ities from the boundary. Given a positive integer k, let Ax be the collection of all points
z € S§ whose graph distance to the inner boundary S% is k (i.e. the shortest path from
z to S% has exactly k steps.) Figure IV.1 shows Az. Note that the (euclidean) distance
from a point in Ag to S is of order of magnitude & - 2=,

/\/\/\/\/\
AVAVAVAV.VAN A
NN NN NN\
/N \/\/\/\/\/\/\
NN/ N YN N/ NN\
AVAVAVAYA AVAVAVAVA
NN\ NN/ \/ \/\/\
/NN /TN \/\/\/\
NN NN\ NN N NN NN\
N/ \N/NNNN\N\NN NN\
IN/\/\/NZ\\N\ZN/N/\N/NI\/7\/\/\
N N\NNNNNNNNNNNNNN

Figure V.1

Define u(z) to be the probability that Yy starting at z will hit Ag before it hits S%.
IV.1 Lemma. Assume that z € A; for [ < k. Then

l

> -,

uk(z) > :
Proof: Define a function v by

v(z) = % ifr € Am.

It is easy to check that v is subharmonic with respect to Yu; in fact, v is harmonic at
T € A, unless z 1s a corner in A,.
Since ug is harmonic, v — uk is a subharmonic function which is zero on Ak, and hence
v — ur <0 inside Ag.
O
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V. The boundary process.

Fix a finite, internal function
a §§v — "R
which is harmonic in S% (with respect to Xx), and a finite, internal function
B:Sy— "Ry

which is harmonic in S§ (with respect to Yx). We want to construct a process Z on Sy
which behaves likes X n at interior points, like Yy at exterior points, and whose equilibrium
measure is given by a and 3. More precisely, since there are order of magnitude 3V points
in S% and 4" points in S, we shall let the equilibrium measure m have the form

. a(zx) . Si
5.1 _[av W =eSy
&) ™) {%‘;Z if z€S8%

(what m looks like on the boundary S% will be determined later). Note that since a and
B are harmonic functions, there will never be any problem in maintaining the equilibrium
at points in the interior of S% and S%;.

To define the transition probabilities of our process on the boundary, let us first assume
that z € S% and y € S§ are neighbors. If we were just dealing with the interior process

X~ and the distribution C'T(NQ, the mass passing from z to y would be

1a(z)

4 3N
To keep the equilibrium, we want the same mass transfer in the present setting, and hence
the transition probability p;, must satisfy

1a(z)
DrzyMmg = Z 3N )
i.e.
1l « :
(5.2) Pay = 3 3Nr(n():v) when z € S&,y € S§.

Similarly, if y € S§ is an exterior neighbor of z € .S'f’v, the mass transfer from z to y is

according to formula (4.1), and hence

)N IB(‘T)

p’”m’=§ 5/ 4N’
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l.e.

1_B(z)

b e
35Nm( ) when z € Sy,y € S§.

(5'3) Dzy =

It still remains to describe the transition probabilities between two neighboring points
z and y on the boundary S}’V, and here we need to be quite careful if m is going to be an
equilibrium measure. To see the problem, assume that we start our process Z with initial

distribution m and run it one step from 0 to At. Since a and f are harmonic functions,
we necessarily have

(5.4) P{Z(At) = z} = m(z)

forallz € S'fv U S%, but there is no reason why this formula should hold on the boundary;
all we can say is that since the mass of all non-boundary sites are preserved, the total
mass on the boundary must also be preserved. The question is whether we can use the
transition probabilities along the boundary to shift the mass around in such a way that
(5.4) also holds on the boundary. Of course, we have to do this in a reasonably controlled
manner if the resulting process is going to make sense. The following elementary lemma
will help us to get started:

V.1 Lemma. Let L be a positive integer and assume that f : N — R is periodic with
period L (i.e. f(k) = f(k + L) for all k). Then the inhomogeneous difference equation

(5.5) Tpt1 —2%n + Tp—1 = f(n) neN

has a solution with period L if and only if E f(3) = 0. When such a solution exists, we

i=1
can choose it such that
m—-1 k
(5.6) 0 < o < 4max| IDINi0]
," k=1 i=1
for all n.
Proof. The general solution of (5.5) is
D if n=0
C+D if n=

Tn = n—1

Z Ef(z)+Cn+D if n>1

1:=1

where C and D are arbitrary constants. Note that {z,} is periodic if and only if the
equations =9 = 2z, and z; = z1+; are both satisfied, i.e.

L-1 k

D= ZZf()+CL+D

=1 =1
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and
L &k
C+D=> > fi)+C(L+1)+D.
: k=1 i=1

From the first equation we get

u
-
""ML

and from the second

e

L &
kz_:; (3,

and these expressions are compatible if and only if E f@) =

i=1
To prove (5.6), first observe thar for n < L

n—-1 k n—-1 k
2o =D <D ) f6) +IZZJ‘(Z)I—
k=1 i=1 k=1 i=1
n—-1 k
<213 fG)l
k=1 =1

Hence if we choose D = 2 max| E Z f(?)|, formula (5.6) holds.
<L k=1 i=1
O

To apply the lemma to our problem, fix a site z € S;’V. At each moment, the total
mass leaving = for a neighboring point not on the boundary, is

1 o(z) 18
S i 5 1
yeSy yeSy

where the summation is only over neighbors. Similarly, the total mass arriving at = from
neighbors not on the boundary, is

la 1
> law, 5100
yESK yeSy

Hence the total gain of mass at = due to interaction with neighbors not on the boundary,
is

(5.7) 9(z) = Z ia(y);; o(z) n Z 1,3(1/)5 ﬂ(w)
y€Sy yEeSY
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As we have already observed, the total gain of mass on the boundary is zero, i.e.

(5.8) Z g(z) =0.

zES&

Let us try to compensate for the gain of mass received from neighbors not on the
boundary by giving away mass to neighbors on the boundary. Assume that site z gives
away mass 7, to each of its neighbors z' and z" on the boundary, and in return receives
Nz and ng» from each of them. Then if the mass at z is going to remain the same, we
need to have

(5.9) Nen — 20z + N = —g(2).

This is exactly the kind of difference equation we solved in the lemma, and due to (5.8)
we know that it has a periodic solution.

It should now be clear how to finish the construction of our process; we simply have to
choose the equilibrium measure m and the transitition probabilities between neighboring
boundary sites such that at each instant a mass 7, passes from z to each one of its
neighbors. For this to make sense we have to choose our solution 7 of (5.9) to be positive,
and m(z) has to be as least as large as 2n(z). We could be in trouble here; perhaps these
conditions force us to assign noninfinitesimal (or - even worse - infinite) measure to the
boundary S?v- Fortunately, this is not the case - at least not under the following, mild
continuity conditions:

V.2 Condition. (a) g is Lipschitz continuous; i.e. there is a real constant C such that
—e
16(z) — B(y)| < Clz —y| for all z,y € Sy.
(b) There exist positive, real constants K and e such that

|:27 _ yllog(5/3)/log 2
(log |35 )1+

(5.10) la(z) — a(y)] < K

for all boundary sites z,y € S&.

Remark: Barlow and Perkins [6, Theorem 5.22] have shown that functions in the domain
of the Laplacian on the Sierpinski gasket typically are Holder continuous with exponent
log(2)/log2. I do not know if they satisfy the slightly stronger condition (5.10), and for
that reason I have decided only to impose (5.10) on the boundary, although it is going to
cost us some extra work. As we shall see, the logarithmic correction is needed in the proof
of Proposition V.3.

Here is the result we are working towards:

V.3 Proposition. Assume that o and f satisfy condition V.2. Then (5.9) has a positive
and periodic solution n such that

. 2 N
(5.11) ;ggg,; n(z) < K(g) |
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for some K € R.

Remark: That n(z) is of order of magnitude (2)" means that we can choose m(z) to be
of the same order for z € S%. The total mass of the boundary S% is then of order 2V(2)V,
hence infinitesimal.

The first step on the way to Proposition V.3 will be to show that the condition
(5.10) on a’s behavior on the boundary, can be used to obtain some information about a’s
behavior near the boundary. Figure V.1 shows a piece of Sy’s boundary of length 2=".
Let B be the set of sites on the line segment between z; and zg. We want to estimate
la(z) — a(zT)| where z € B and 27 is the top vertex of the triangle.

T

Figure V.1

-n

'
N
4

V.3 Lemma. If « satisfies (5.10) there is a real constant C' (independent of n) such that
—(14+¢€) 3 n
(5.12) |a(z) — a(zr)] £ Cn (-5)

for all z € B.

Proof: Start the process in z7 and let it run until it hits S}’V. Ifye Ss’v, let m, be the
probability that the process is stopped at y. Since « is harmonic, a(zT) = Y a(y)ry, and
hence

a(z) —a(zr) = Y (a(z) — a(y))my.

yESY,

Let us try to estimate m, for a point y a given distance away from z. Figure V.2 shows
a bigger piece of the fractal where the triangle z7zrz7 in Figure V.1 now is the small
triangle in the lower left corner.

17




Figure V.2

-+
°n2

Assume that y belongs to the interval I a distance no more that 27 "*3 away. A path
stopping at y has to pass P before it hits the boundary, and according to Lemma III.2
the probability for this is bounded by a constant times (10 )2. Similarly, the probability
of stopping in an interval of length 2~"+¥~! no more than a distance 2~"** away from z,
is bounded by the same constant times (&)*~!. (I'm neglecting the possibility that the
path may stop in an interval on one of the other sides of the gasket, but this case can be
treated in an analogous way). Hence

Y la(e) —a(y)lry, <

yES)
2—-n+k|log( )/log2 3
Z Cl 2n—k|l+e (10) S
_(1+e)( )nz 2 k = <
=0 w)
1+e) 2-*
...( € ( )n Z 02_—1+€_ <
k—O ( +1)
_.(1+e)( )n 202(k+ 1)1+e2—k < Cs —(1+e)( )n
k=0

a

For the next lemma let us return for a moment to Figure V.1. Recall that the set of
all sites on the boundary between z1 and z g is called B. The set of all interior neighbors
of B is called N (we only include those nexghbors which belong to the triangle zpzrzT).
We want to estimate

o = a(:cL)+a(xR) + 3 a@) - al),

zEBy yEN
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where By = B\ {zL,zr} (we treat the endpomts z1, and zR separately as they have only
one neighbor each in N).

V.4 Lemma. Assume that o satisfies (5.10). There is a real number C' (independent of
n) such that

(5.13) |pn] < Cn‘“*"(%)”

Proof: Pick a point y € N, start the process in y and stop it when it hits either B or zp
(recall that z7 is the top vertex in Figure V.1). f z € BU{zT}, let my; be the probability
that the process is stopped at z. Since « is harmonic

(5.14) a(y) = Z a(z)mys + a(ZT)Tyzr.
zeB

The probability 7., of hitting z7 first is easily seen to be independent of y, and we shall
just denote it by 77. According to Proposition III.3,

3
(5.15) TT =qN—n*qN-n—1-"""" a1 < Cl(’l'é)N—n
If we sum (5.14) over all y € N, we get
(5.16) doaw)=) a@) Y 7y + 2N "rra(ar).

yEN z€B yEN

Using the symmetry of the situation, it is easy to check that > ., must be the same for

yEN
all z € By, and that
1
Z Tysr = Z Tyer = 5 Z Tyz
yeEN YyEN yEN
for = € By. Since
Z Z Tyz + 2Nty = 287,
z€B yeN
we get
Zwyz =1—mrforz € B.
yEN
and )
— 7rT
D My =D Tyza =
yEN yEN

Substituting this into (5.16), we get

Y aly) = (- )Y a(e) + XELEAED)) | ovonz o (ap),

2
yEN : zEBy
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and hence

Pn = WT(zéo[a(x) — a(zr)] + a(zr) ; a(zT) + a(zR) ; a(xT))

According to (5.15), 77 < C1()¥ ", and according to the preceding lemma

la(2) — a(zr)] < Con=0+I(3)"
for all z € B. Hence

3 -n -n - € 3 n -— € 3
'Pnl <C, _l_a)N oN-n Con a+ )(g) < Can Q+ )(E)N 0O

The last lemma we shall need is a slight variation on the previous one. The situation
in Figure V.3 is exactly like the one in Figure V.1 except that the triangle depicted is now
sitting in one of the corners of the gasket, and hence two of its edges now belong to the
boundary S%. Let B be the piece of the boundary between zy, and g, and let N be the
sites in the triangle z;zcz g bordering on B.

XL

Figure V.3

Define weight functions 4 : B —+N and v: N — N by

0 ifr=z¢

1/2 if z =z or £ = zg or z borders on z¢
p(z) =
1 otherwise

z) = {2 if z is the corner zp
1 otherwise

Note that

Z uz) = Z v(g) =2Vt 2

z€B zeEN
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V.5 Lemma Y, a(z)u(z) = > a(y)v(y).
z€B yEN

Proof: Pick a point y € N, start the process at y and let it run until it hits B. Let 7, be
the probability that the process is stopped at z. Since a is harmonic,

a(y) = Y ale)mys,

z€B

and summing over y, we get

(5.17) > ayr(y) =Y alz) Y myev(y)

yeEN z€B yEN

Exploiting the geometric structure of the fractal it is not hard to see that the total hitting

distribution z — ) my;¥(y) must be proportional to x, and since y and v have the same
yEN

total mass, this means that

,LL(:E) = z 7ry:l:V(y)’

yEN
and hence the lemma follows from (5.17).
O
We now have all the information we shall need:
Proof of Proposition V.3: Enumerate the sites on the boundary z1,z2,23, -, 3.2~

counter-clockwise starting at the midpoint of one of the sides (see Figure V.4). According
to Lemma V.1 and formula (5.7), we have to show that

n—1 k

ZZ Z 1 o(y) —a(ﬂ:z) 1 ﬂ(y) ﬂ(m )]

k=1 i=1 yeN(z;)

is bounded by a constant times (2)V. (In this formula N(z;) is the set of interior and
exterior neighbors of z;). The B-part is trivial; since § is Lipschitz-continuous

n—-1 k

IZZ Z Bly) — ﬂ(z,)|<

k=1 i=1 yeN(z;)
3.2N 3.2V

<Y T e o___<c'( 2y,

k=1 i=1

The a-part is much more subtle and we shall have to use our lemmas. We first note
that in order to estimate the sum

k
S Y (ay) - aof=)),

=1 y€N(z:)
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it is convenient to break the summation over i into parts, each part corresponding to a
triangle of the kind shown in figures V.1 and V.3. We want to choose each of these triangles
as large as possible. Figure V.4 shows the idea; in order to sum from zq to zx, we first
sum over Y, then over }_,, and so on.

The sum over each ) ; can be estimated using lemmas V.4 and V.5; a “round the corner”
summation like ), and ), on the figure will be free, while a “straight” summation like
Y 24 and Y5 will cost us Cn=(+9(2)N where 27 is the length of the segment we are
summing over. Since we shall only have to do that at most one “straight” summation of
a given length, the total cost is bounded by

il 3 3
-—(1+€) - N< 1= N
Z‘IC" GV <C(3)

o0
since the series 3. n~(179) converges.
n=1
The rest is easy; we simply note that

n—-1 k I(§_)N

ZZ 3 a(y) — a($:)<3 oNC(5)"

2
=3C'(z)"
k=1 i=1 yeN(z;)

and Proposition V.3 is proved.
a

It may be useful to sum up our ﬁndings in a theorem. To make the notation a little
more compact, let me write m(z) = O(( )¥) to say that there is a ﬁmte constant C

(independent of N) such that m(z) < C(2 )N for all N.
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V.6 Theorem: Let o and 8 be two finite, internal functions which are harmonic in S%
and S%, respectively, and which satisfy Condition V.2. Then there is a nearest neighbor
random walk Z on Sy whose invariant measure m(z) and transition probabilities p,,
satisfy the following requirements:

(a) m(z) = —%l when z € S¥
(b) m(z) = ﬂ(*‘) when z € S%
(c) m(z) = O( 2)N when = € S%

In the following we always assume that z and y are neighbors:

(d) pey =1 when z € S,

(e) pzy = %( )N when z € S§

(f) pey = O(%)N when z € SN,y € Sl.v
(8) Pzy = O( )N when z € SN,y € SN
(h) pzy = 0(1) when z € S,y € S%

Proof: The only parts we haven’t already checked are (f),(g) and (h). To prove (f), just
observe that since we need to have

and m(z) = O(2)" by (c), we must have p;y = O(2)". The same argument works for
(g); since
Nﬂ(x)

m(@)pey = 3(3)7 5

and m(z) = O(%)N, we get pry = O(%)N. Finally, to prove (h) just observe that

m(z)pzy = 1(),

and that according to Proposition V.3, n(z) = O(2)N. Since m(z) is also of order (2 W,
we get pzy = O(1).
O

As you will have observed, there are more than one process Z satisfying the theorem
above; if I have one such process, I can always get another one by multiplying the values
of m on S% by a constant factor larger than one, and then readjusting the transition prob-
abilities to maintain the equilibrium. These different nonstandard processes will probably
be indistinguishable from a standard point of view (in standard terms this corresponds to
slightly different random walks converging to the same limit process), and I shall just work
with any one of them. Unless otherwise specified, I shall always assume that the process
is started with the equilibrium distribution m, but normalized so that I have a probability
measure.
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VI. Continuity

So far our process Z (satisfying Theorem V.6) exists only as a nonstandard object, and
to show that it induces a reasonable standard process, we must prove that it is continuous
in the following nonstandard sense: A nonstandard process Z : @ x T — R? is S-continuous
if there is a set Qy C  of measure zero (w.r.t. to the natural Loeb measure on {2) such
that Z(w,t) = Z(w, s) whenever w ¢ € and s and ¢ are two infinitely close, finite elements
in T. Throughout this section I shall assume that Condition V.2 is satisfied.

We shall need a little more terminology from the nonstandard theory of processes.
Assume that X : @ x T — R is an internal process adapted to an internal filtration
{Fi}ter. I shall write AX(t) for the increment X (¢ + At) — X(¢), and I shall use the

summation convention
t
> X(s)=X(r)+ X(r+ At)+--- + X(t — At);

note that X(t) is not included in the sum. Define

[X](2) = Y _(AX(s))?

s=0

< X(t) >= zt: E(AX(s)?|F,)

=0

Our main tool will be the following theorem (Hoover and Perkins [10, Theorem 8.5]):
VI.1 Theorem. Let X be a locally square S-integrable F;- martingale. |

(a) X is S-continuous iff and only if [X] is.
(b) If all X’s increments AX(w,t) are infinitesimal, then X is S-continuous if and only
if <X > is.

(I have adapted - and weakened - the theorem for our purposes; see Hoover’s and Perkins’
paper for the full story).
Returning to our process Z, we first split it into three parts

Ze(t) =Y 1ss,(2(s)AZ(s)

$=0

ZM(t) =) 1s (Z(s))AZ(s)

Zi(t) =) 1s:,(2(s))AZ(s).

To show that the exterior process Z¢ is continuous is straightforward.
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VI.2 Lemma. Z°¢ is S-continuous.

Proof: Apply Theorem VI.1(b) to each component, and check that nothing wrong happens
at the boundary.

a

The boundary process Z° is more subtle and we shall need all our estimates from
previous sections.

VI.3 Lemma. Z% is S-continous.

Proof: Let us first replace Z° by a one-dimensional martingale M. If Pr is the projection
onto the triangle determined by S%;, let

AM(w,t) = €| Pr(AZ%(w,1))|

where € is +1 if AZ%w,t) is a step in the anti-clockwise direction, and —1 otherwise.
Clearly, Z® must be continuous if M is.

To show that M is a square integrable martmgale it suffices to show that E([M](t))
is finite. According to Theorem V.6 there will at any time be O( WV pa.rt1c1es on the
boundary and with probability O(1) they will each take a step of size 27*". Hence

BAM(?) = 0((27VY) - 0(5)Y = 0(5™),

and since 5~ = At, this means that there is a finite C such that
E[M(t)] < Ct.

Hence M is square integrable (note that the calculations above would break down if our
estimate for m(z),z € S%, were any bigger than O(%)N ; this is one of the reasons why we
had to be so careful in the previous section).

S-integrability ensures us that M is reasonably well behaved (see Chapter IV of [1] for
details), but it doesn’t give us continuity. However, by Theorem V1.1 it is enough to show
that [M] is S-continuous. Assume that it is not, then it is easy to check that there must
be a real, positive number € and an internal set ' C  with noninfinitesimal measure «
such that for each w € Q' there exist finite s,t € T, s & t, such that

(6.1) M](w,t) — [M](w,s) >e.

Since |[AM| < 9-N , this means that Z must have made at least e¢-4" visits to S?v between
s and t. Since s and t are infinitely close, M has not had time to make noninfinitesimal
excursions into S§ or S% in the mean time. So what we have to calculate is the proba-
bility that Z will make € -4~ consecutive visits to S% without starting a noninfinitesimal
excursion.

As a preliminary step, let us assume that Z(t) = z € S%, and let 4, B, and C be the
vertices of the miniature Sierpinski gasket of size 27"(n € N) that = belongs to (see Figure

VL1).
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Figure VI.1

B X C
—" — »

What is the probability that Z will immediately leave S and hit A before it hits S%?
Accordmg to Theorem V.1, the probability of going from z to one of its interior neighbors is
02 )™, and once that nelghbor is reached, the probability of hitting A before returning to
BC’ is O(& )N n (Proposmon II1.3). Hence the total probability of starting an “excursion
of size 2‘"” in the interior, is

ONO(g) " = 0[5
We have bounds below as well as above, and hence there are constants C and K such that
( )" 47N < p(z,27") < K( )“4‘”

where p(z,27") is the probability that a particle at z will immediately start an interior
excursion of size 27". (A simpler, but similar calculation using Lemma IV.1 shows that
the probability of starting an exterior excursion of size [ is O(I=14~"); we shall not need
this, but it is reassuring to see that the two probabilities are of the same order).

We are ready for the main argument. Let M be a (large) real number, and let
t1,t2,t3,t4, -+, tar.an be the M - 4N first times Z visits S}’V. Partition {t;,%2,%3,---} into
intervals I, I, - - - of size £ - 4N,

L = {t17t27' *e ’t‘-~4N}9I2 = {t‘-4N+17 tee )t2--‘4N}7 ce
(€ is as in formula (6.1); we can clearly choose it such that $ -4V is an integer) Note
that if there is a sequence of consecutive tis of length € -4~ where no excursion is started,
then there must be an interval I; where no excursion is started. The probability that no

excursion of size 27" is started in a given interval I; is clearly
(1= O(F )4 )" m em40CH.

Hence the probability that all the intervals I, I5,- - - contain an excursion of size 27" is

(1 _ e-%O({g,Q)")ZM/e,
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which we can get as close to 1 as we want by choosing n large enough.

This would close the argument if we only knew that the typical particle visits the
boundary S% at most O(4") times in any finite time interval. Again we get the information
we need from Theorem V.6; since O(%)N of the particles are at S% at any given time and
there are O(5") points in a finite time interval, only a neglegible number of particles can
make more than O(4%) visits to S% in finite time.

O

VI.4 Lemma. Z*is S-continuous.

Proof: Since Brownian motion on the Sierpinski gasket is continuous (more precisely: since
the nonstandard random walk inducing Brownian motion is S-continuous), Z* can only
fail to be S-continuous when it is infinitely close to the boundary. Indeed, it is easy to
see that if Z* is not S-continuous then there must be a set ©; C Q of noninfinitesimal
measure and an infinite integer k such that the following happens: For each w € €, there
1s a sequence

1 <tyg <tz <ty <tsg < -+ <ty

of elements in T such that Z(tn,) € S% for all m; Z(t) € Sk and d(Z(t),S%) < 32@2_" if
tom—1 < t < tam for some m;ty, — t; is infinitesimal but

|3 (Z(tam) = Z(tam-1)]

m=1

is not infinitesimal. Figure VI.2 shows what is going on; in each interval (t2m-1,%2m)
the process makes an excursion into one of the miniature gaskets Dy, Dy, D3,---. The
excursions add up to a noninfinitesimal passage in infinitesimal time. Note that we can
clearly assume that all the excursions are along the same edge of the gasket.

Since Z is not even a semimartingale, it’s difficult to estimate the excursions of Z
directly. The trick we shall use is basically to estimate u(Z) instead, where u is a suitable
harmonic function, but we have to be a little careful how we set things up.

\<2_k Figure VI.2

A B

Let u be the linear function on the line segment AB which is zero in A and one in B. At
the top vertex of one of the small gaskets D; let u have the average of the two values at
the other vertices (see Figure V1.3).
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u=(i-1/2)2*

Figure VI.3

u=(i-1)2* u=i2®

If D? is what remains of D; when we remove the bottom edge and the top vertex, we
now extend u to a harmonic function in D?. The process

U(t) = Y 1upp(Za)(w(Z(s + At)) — u(Z(s)))

=0

is clearly a martingale since u is harmonic in UD?, and by definition of u,

| D (Z(t2m) = Z(t2m—))l = | Y (Ult2m) = Ultam=1))| = [U(t2n = U(t)l.

m=1 m=1

Hence if we can show that u is S-continuous we shall have the contradiction we are working
toward. We shall, in fact, prove much more; not surprisingly it turns out that U is almost
constant.

To begin the calculations, note that

EIt)=> 3 Z[u(y)-u(z)]zp,y%%l

s=0z€uD? ¥

t 2%-1

(6.2) Slalloo - D5 Y D luly) — u(@)’pzy37

8=0 i1=0 ZED? ]

< |lafloo - t - 5 z—: >, Z[u(y)—u(w)]zpzy%(ﬁ—)
i=0 zeD; vy

The sum 57 35 Y [u(y) — u(2)]?pzy3™Y is just the Beurling-Deny expression for
z€D; yeD;
the Dirichlet form of X n restricted to D;, and it can be rewritten as

G Y T () - u(e)u@pey.

z€D; yeD;
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Since u is harmonic in D?, all the contributions from elements € D? vanish. In fact, so
does the contribution from the top vertex thanks to our choice of value for u. Hence the
expression reduces to

BN Y Yutw) - u(e)u(@)pe,

z€D; y

where _1_)_,; is the bottom edge of D;. According to Proposition IIL.7, this is less than
SO yN k(i = 2ya* — (= )27 — 1)2F 4 (- 2)2* — ia )iz
GO H((i = )27 — (= 10279 = )27+ + (G - 5)27* —i27R)iz ]
20Ok —k
= C(z)%¢™".
&)
Returning to (6.2), we see that

B(U)) € a2 )t - 47

= Cllallot(3)*

which is infinitesimal. Hence U(t) is infinitesimal almost everywhere, and the lemma
follows.

O

Combining the three lemmas above, we now have:

VI.5 Theorem. Z is S-continuous.

a

Any nonstandard, S-continuous process induces a continuous, standard process called
the standard part. If z is the standard part of Z, then z is clearly a continuous process
which behaves like fractal Brownian motion inside the Sierpinski gasket and like ordinary
Brownian motion outside. The equilibrium measure of z is given by the two harmonic
functions a and . More precisely, our results can be summed up as follows.

VI.6 Theorem. Let a and 3 be two real-valued functions defined on the outer boundary
of the Sierpinski gasket. Assume that g is Lipschitz continuous and that there are constants

K, e € R such that
!J: _ yllog(5/3)/1032

1 N1+
(log |75 )1+
for all z,y on the boundary. Then there is a continuous process z(= z(*#)) which behaves

like fractal Brownian motion inside the gasket and like ordinary Brownian motion outside
it, and whose equilibrium measure is @dy + #d\, where p is the Hausdorff measure on the

lo(z) —a(y)| < K

gasket, A is the Lebesgue measure on the complement of the gasket, @ is the harmonic.

extension (W.r.t. to fractal Brownian motion) of & to the gasket, and § is the harmonic
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extension of f outside the gasket. Particles starting outside the gasket will penetrate it
and vice versa.

a

Remark: The last statement in the theorem is obviously true (since Z is a nonstandard
Markov process), but quite clumsy. It would have been more satisfactory to say that z is
a strong Markov process, but I haven’t actually proved that, and the paper is already long
enough!

d

Let me end with a few words about possible future developments. An alternative
approach to the whole problem would be to use Dirichlet forms; this is probably difficult
in the general case where a and f are not constant (because z is then not symmetric), but
seems quite promising when a and 3 are constant - the problem is simply to make sense
out of the formal expression

afl(faf)""ﬂ{'.’(faf)

where &; is the Dirichlet form of fractal Brownian motion on the Sierpinski gasket and
&2 is the Dirichlet form of reflected Brownian motion in the complement of the gasket.
The main obstacle for this approach is probably that we today have very little positive
information about the domain of £;. One way to get more information is by extending
and systematizing the results from sections III and V of the present paper, and I hope to
return to that in the near future.
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