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Abstract
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nian-driven Volterra processes onto the space G* of Potthoff-Timpel distribu-
tions. Sufficient conditions for integrability of generalized processes are given,
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1 Introduction

Recently, Barndorf-Nielsen et al! (|2Q]_j) developed a theory of stochastic integration

with respect to volatility modulated Lévy-driven Volterra processes (VMLV), that
are stochastic integrals of the form

/0 Y()dX(£),  where  X(f) = /0 ot $)o(s) dL(s). (1.1)

Here, g is a deterministic kernel, ¢ is a stochastic process embodying the volatility
and L(t) is a Lévy process. When L(t) = B(t) is the standard Brownian motion,
the process X (t) is termed a volatility modulated Brownian-driven Volterra process
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(VMBYV), and this is the class of processes that we will concentrate our attention

on in this paper; so from now on we fix L = B in [Equation (1.1).

Barndorff-Nielsen et al) (2012) use methods of Malliavin calculus to validate the
following definition of the integral:

/ot /lC s) 6" B(s /DM t,s))o(s)ds, (1.2)

where

KVt = Y )l ) + [ () =Y () gl )

M B(s) denotes the Skorohod integral and DM is the Malliavin derivative. The
superscript M is used above to stress that the operators are defined in the Malliavin
calculus setting, but as we will show, the only difference between these operators and
the ones used in the forthcoming sections is the restriction of the domain. The only
results needed to establish the above definition are the Malliavin calculus versions
of the “fundamental theorem of calculus” and the “integration by parts formula.”

Before we begin the theoretical discussion, let us review some of the literature
that is closely related to the problems addressed in this paper. The results presented
in the following sections are extending the results from the already mentioned work
of Barndorff-Nielsen et all (2012) and those results are in turn generalizing (among
others) the results of |Alos et al. (2001); Decreusefond (2002, 2005). Note that the
operator /Cy(-) used by Barndorff-Nielsen et all (2012) is the same as the operator
used by |Alos et al. (2001), however the definition of the integral is different. The
latter authors keep only the first integral in the right-hand side of lEqua.IJ.o_u_(_]_.Z)]
thus making sure that the expectation of the integral is zero. The choice between
the two definitions should be based on modelling purposes, but one has to keep in
mind that requiring zero-expectation in the non-semimartingale setting might be
unreasonable.

It should be noted, that the VMLV processes are a superclass of the Lévy semis-
tationary processes (£LSS) and a subclass of ambit processes (more precisely, null-
spatial ambit processes). In order to obtain an LSS process from the general form
of VMLV process, we take g to be a shift-kernel, that is g(¢, s) = g(t—s). Examples
of such kernels include the Ornstein-Uhlenbeck kernel (g(u) = e, a>0) and a
function often used in turbulence (g(u) = u*~'e™** a > 0, > 1/2). On the other
hand, if g(¢, s) = c(H)(t—s)" 2 +c(H) (1 - H) fs (u s)A=32 (1 = (s/u)/?71) du,
where ¢(H) = (2HT(3/2 — H))"* (T(H +1/2)T'(2 — 2H))""/?, with H € (0,1) then

X(t):/o g(t,s)dB(s)

is the fractional Brownian motion with Hurst parameter H.

As pointed out by Barndorff-Nielsen et al. (2012) and illustrated above, the
class of VMLV processes is very flexible as it has already been applied in mod-
elling of a wide range of naturally occurring random phenomena. VMLV pro-
cesses have been studied in the context of financial data (Barndorff-Nielsen et all,
2013+, 2011 Veraart and Veraart, 2013-+) and in connection with turbulence
(Barndorff-Nielsen and Schmiegel, 2008, 2009).
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As mentioned in Barndorff-Nielsen et al. (2012), there are several properties of
the integral defined in IEQJ.].a.IJ.O_n_(_LZJ that one might find important in applications.
Firstly, the definition of the integral does not require adaptedness of the integrand.
Secondly, the kernel function ¢(¢, s) can have a singularity at ¢ = s (for example the
shift-kernel used in turbulence and presented above.) Finally, the integral allows
for integration with respect to non-semimartingales (as illustrated above by the
fractional Brownian motion.)

Our approach allows to treat less regular stochastic processes than the approach
of Barndorff-Nielsen et all (2012) because we are not limited to a subspace of square-
integrable random variables. The price we have to pay with the white noise approach
is that the integral might not be a square-integrable random variable. However, the
choice of the G* space as the domain of consideration has its advantages, as we can
approximate any random variable from G* by square-integrable random variables.
We discuss the properties of the spaces we work on in the forthcoming sections.

We consider the definition of the integral in E}mm&m_LLﬂ in the white noise
analysis setting. We concentrate mostly on the so-called Potthoff-Timpel space
G* and it is important to note here that this space is much larger than the
space of square-integrable random variables and thus our results extend those of
Barndorff-Nielsen et al) (2012) considerably. We review the relevant parts of white
noise analysis in [Section 4. In [Section 3 we show that the Malliavin derivative DM
can be generalized to an operator D;: G* — G* as can the Skorohod integral. More-
over, we obtain a version of the “fundamental theorem of calculus” and “integration
by parts formula” in the new setting, making it possible to retrace the steps taken
by Barndorff-Nielsen et al) (2012) in the heuristic derivation of the definition of the

VYMBY integral.

In MEE we first examine regularity of the operator K4(-) in the white noise
setting. Next, we consider the case without volatility modulation, that is 0 = 1. In
m we introduce the volatility modulation in two different situations. Namely,
we consider o to be a test stochastic process that multiplies the kernel function g. We
also study the VMLV processes in which volatility modulation is introduced through
the Wick product. This allows us to consider generalized stochastic processes as
the volatility. In the case that the volatility is a generalized process that is strongly
independent of KC,;(Y'), we show the equivalence of the definition of the integrals using
the Wick and pointwise products. In all three cases, we establish mild conditions
on the integrand that ensure the existence of the integral and obtain regularity
results. Inm we explore the properties of the integral and in[Section 1 we give
an example which cannot be treated with the methods of [Barndorff-Nielsen et al.
(2012).

2 A brief background on white noise analysis

In this section we present a brief background on Gaussian white noise analysis.
We will discuss only the relevant parts of this vast theory, and refer an interested
reader to standard books Hida et all (1993); [Holden et al| (2010); [Kuo (1996) and
references therein for a more complete discussion of this topic.

In order to simplify the exposition of what follows, we recall some standard
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notation that will be used throughout this paper. We denote by (-, ) and |-, an
inner product and a norm of a Hilbert space H, and by ~ the symmetrization of
functions or function spaces.

Let S(R) denote the Schwartz space of rapidly decreasing smooth functions and
S'(R) be its dual, that is the space of tempered distributions, and let (-,-) denote
the bilinear pairing between S&’'(R) and S(R). By the Bochner-Minlos theorem,
there exists a Gaussian measure p on S'(R) defined through

i(@,€) _ _slel,
""" du(r) = e ®), ¢ eSR).
S'(R)

From now on, we take (Q2, F, P) = (S'(R), B(S'(R)), u) as the underlying probabil-
ity space, where B(S'(R)) is the Borel o-field of subsets of S'(R).

Observe that we can reconstruct the spaces S(R) and S’(R) as nuclear spaces.
We recall this construction briefly, as a similar one will be used in the definition of
spaces of test and generalized random variables G, G*, (S) and (S)*. Start with a
family of seminorms [-[,, with p € R, defined by

fl, = (A flrewy:  f € LAR),
&

where A = —4 4 (1 + 2?) is a second order differential operator densely defined
on L*(R). We denote by S,(R) the space of those f € L*(R) that have finite ||,
norm. The Schwartz space of rapidly decreasing functions is the projective limit
of spaces {S,(R): p > 0} and the space of tempered distributions is its dual, or
the inductive limit of spaces {S_,(R): p > 0}. Note that we have the inclusions
S(R) C L*(R) C S'(R).

Let (L?) = L*(S'(R),u). By the Wiener—Ité6 decomposition theorem, for any
¢ € (L?) there exists a unique sequence of symmetric functions ™ € E\Q(IR”) such
that

o= (™), (2.1)

where I, is the n times iterated Wiener integral. Moreover, the (L?) norm of ¢ can

be expressed as
oo

2 n)|2
n=0
Let us remark, that we will keep the convention of naming the kernel functions of
the chaos expansion of ¢ by ™.

Next, we recall two types of spaces of test and generalized random variables.
The construction of these spaces follows the construction of the Schwartz spaces of
test and generalized functions. The first pair we discuss below are the Hida spaces.

For any ¢ € (L?) and p € R define the following norm

2 = n n)|2
”go”p = Z n"<A® )pgp( )‘LQ(R”)

n=0

and a corresponding space
(S)p = {p € (L) |lll,, < o0}.
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It is easy to show that for p > ¢ the following inclusion holds (S), C (S),. We
define the Hida space of test functions (S) as the projective limit of {(S),: p > 0}
and the Hida space of generalized functions as its dual (S)*. Note that (S)* can also
be defined as the inductive limit of the spaces {(S)_,: p > 0}. The bilinear pairing
between spaces (S)* and (S) is denoted by (-, -) and we have

p) = nl(@, o).
n=0

The second pair of function spaces are the spaces that were studied (among
others) by [Potthoff and Timpel (1995) and are denoted by G and G*. These spaces
are constructed through (L?) norms with exponential weights of the number operator
(sometimes also called Ornstein—Uhlenbeck operator). The number operator N can
be defined through its action on the chaos expansion. It multiplies the n-th chaos
by n, that is if o = Y07, L,(¢™), then Ny = > % nl,(p™).

For any A € R define the norm

oo

R P A N e o
n=0

and a corresponding space

Gr={p e (L%): [llly < oo}

The space of test random variables G is the projective limit of spaces {Gy: A > 0}
and the space of generalized random variables G* is its dual, or the inductive limit
of {G_x: A > 0}. As in the case of the Hida spaces, we denote the bilinear pairing
between G* and G by (-, -).

It is a well known fact (see e.g. [Kuad (1996); Potthoff and Timpel (1995)), that
we have the following proper inclusions

(S)cgcL?)cg c(s),
(S) C(8)p C (8)g C(L?) € (8)=g C (8)— C (S)7, 0<q<p,
GCG\CGy C(L?)) CG_yCG_yCG, 0< A<\
Note that, unlike with the space (S)*, truncation of an element of G* is always

n (L?). This happens because the kernel functions of G* are elements of L*(R"),
and so

N
Oy =Y L(®M) € (L?) (2.2)

n=0
because }(I) n ’LQ m) < 0 and a finite sum of such norms is finite, so ||®x|| ;2 < oc.
Thus we can approximate any G* random variable by (L?) random variables by

truncating the chaos expansion as in . This is not the case with the
Hida space &* because the kernels of Hida random varlables are elements of a much
larger Schwartz space S'(R) and might have infinite L?(RR) norms.



Remark 2.1. Note that if ¢ € (S), then [[p||, < oo for any p > 0 and if & € S,
then for some ¢ > 0 we have |[®[|_, < oco. In this case,

(@, )] < 12l llell,-

Similarly, if ¢ € G, then |¢||, < oo for any A > 0 and if & € G*, then for some
Ao > 0 we have [|®]|_, < oo. And again,

(@, o) < (15, Il

An important tool in white noise analysis is the S-transform which we define
below.

Definition 2.2. For any ® € (§)* and £ € S(R), we define the S-transform of ®

at £ as
S(@)(¢) = (@, 2Kl

Note that e821L2m € G* for any £ € S(R), so for any ® € G*, the func-
tion S® is everywhere defined on S(R) (see Potthoff and Timpel, 1995, Example
2.1).The importance of the S-transform is well illustrated by the fact that it is an
injective operator (see Hida et all (1993);Kuo (1996) for details.) Therefore we have
the following useful result.

Theorem 2.3. If &,V € (S)* and SO = SV then & = V.

Thus a generalized function can be uniquely determined by its S-transform.
Making use of this fact, we can define the Wick product ¢ of two distributions.

Definition 2.4. For ®, ¥ € (S)*, we define the Wick product of ® and ¥ as
Dol :=81(S5P-SV).

Alternatively, the Wick product can be expressed in terms of the chaos expansion

by
Dol = Z L (@MW Z[ (Z q><n—m>®\1/<m>> . (2.3)
n,m=0 m=0

The following is an important fact stating that all of the spaces considered in this
paper, namely G, G*, (S) and (S)* are closed under the Wick product.

Fact 2.5. If ®,¥ € G (or G*,(S),(S)*) then ® o ¥ € G (or G*,(S), (S)*, respec-
tively).

This is the advantage of using the Wick product instead of the pointwise prod-
uct, as the latter is usually not defined on spaces G* and (S)*. However, under
strong independence of ® and ¥, the Wick and pointwise products coincide (see e.g.

Benth and Potthoff (1996) for details.)

Definition 2.6. We say that ®, ¥ € G* are strongly independent if there are two
measurable subsets Iy, Iy of R such that Leb(Ip N Iy) = 0 and for all m,n € N we
have supp ®™ C (I3)" and supp U™ C (Iy)™.
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From [Benth and Potthoff (1996, Proposition 2) we know that strong indepen-
dence and regular independence of random variables are closely related. Namely,
if X,Y € (L?) are two independent random variables measurable with respect to
o{B(s): a < s < o0}, a € R, then Y has a version Y € (L?) such that Y and X are
strongly independent.

The next theorem states which products of generalized random variables are well-
defined. The first part (which is a standard result) deals with the product of gener-
alized and test random variables and the second part takes advantage of the strong
independence assumption. For the proof of the second part see Benth and Potthoff

(1996).

Theorem 2.7. 4. For ® € (§)* (or G*) and ¢ € (S) (or G) the product ¢ - ® is
well-defined through

(o @,0) = (D, p), for all i € (S) (or G respectively).

1. If & U € G* are strongly independent, then the product ® - ¥ is well-defined,
and
O UV=0>qoV,

Next, we state several results that are used to establish some norm estimates in
the following sections of this paper. First, we recall an estimate on the norm of a
product of two test random variables given in [Potthoff and Timpel (1995, Proposi-
tion 2.4).

Proposition 2.8. Let Ao := 1 In(2 + v/2) and assume that A > Xg and p,9 € G,.
Then, for allv > Ao, -1 € Gy_, and there is a constant C,, so that

le - 2llx—, < Collelilllly-

Using [Proposition 2,8, we can establish a norm estimate of a pointwise product
of generalized and test random variables.

Theorem 2.9. Let Ao == £ In(2 + v/2) and assume that X\ > \g Suppose that o € G

and ® € G_\,, C G*, where v > \. Then there is a constant C,, such that
[o-@_y < Col[@fl s, o]l

Proof. Consider, for any ¢ € G,

(o @, 0)| = (@, 4]
< ”Cb”f,\w”a el
< Gl lleliliells
Since the above holds for any ¢ € G, there is a constant dependent only on v such

that
o @[ < Cf|®f_y,,llofl

Hence the theorem holds. O



Next, we recall an estimate of the norm of a Wick product of two generalized
random variables from [Potthoff and Timpel (1995, Proposition 2.6).

Proposition 2.10. Let &,V € Gy, A € R. Let \g = A — L, and X' < X\y. Then
doW e Gy and
[@ oWl < Cxx (IR,

1
where Cyy = (2(A — ) — 1) 2eAN 1

Finally, let us review the Pettis-type integral in the white noise setting. Suppose
that (7,B,m) is a measure space and ®(t): T — (S)* is a generalized stochas-
tic process. We say that ® is Pettis-integrable if the following two conditions are
satisfied:

i. ® is weakly measurable, that is t — (®(¢), ¢) is a measurable function for all
v € (S);

ii. ® is weakly integrable, that is

/\ e)| dm < oo,

For a Pettis-integrable generalized process @, we define its Pettis integral fT O (t) dm

) ([otrano) = [ @0 im

Note that we can derive the chaos expansion of the Pettis white noise integral (see
Hida et al) (1993); Kuo (1996) for details), as

=),

where the integrals in the chaos expansion are understood as Pettis integrals on
the spaces S’'(R™) (see [Pettis, 1938). Note that the white noise Pettis integral is
defined for processes in the (S§*) space. However, due to the fact that (S) C G and
G* C (S8%), we say that a G*-valued process is Pettis-integrable if it is integrable
as an (S)*-valued process and the result of integration is a G* random variable.
Alternatively, we can restate the above definitions requiring that ®(¢) € G* and
pEeQg.

In what follows, the fact that Pettis integral and S-transform are interchangable
operations is important.

for all p € (S).

Proposition 2.11. For all ® € (S)* and £ € S(R),

s([eeras) @ = [ seeieas



3 Calculus in G* and (S)*

3.1 Stochastic differentiation

Before we present the definition of the stochastic derivative that we use in the
remainder of this paper, we motivate our choice by showing how it fits with other
definitions that can be found in Malliavin calculus and white noise analysis.

Let us first recall that the Malliavin derivative is defined on a subset of (L?),
namely

Dys = {(p c (L*): Zn~n!}g0(”)}i2(m) < oo} )

n=0

For ¢ € D, 5 we define the Malliavin derivative by its chaos expansion as
DM =2 nl,1(¢™ (1) (3.1)
n=0

Observe that D; 5 is chosen in such a way that DMy € (L?) whenever ¢ € D; 5.

In [Potthoff and Timpel (1995), the authors define an operator Dy, for any h €
L*(R) as the Gateaux derivative in direction h. It can be shown that Dj, can be
described in terms of its chaos expansion as

Dy = Zn[nﬂ ((h, SO(H))L%]R)) )
n=0
where (-, )2y is the L*(R) inner product, that is

(hy ™) p2gry (u" V) = / h(s)e™ (u™V s) ds, u™ b e R
R

Note that, since ™ can be assumed to be symmetric, it does not matter which of
the coordinates is chosen as s in the formula above.
For D, and D, to be equal, we need h to be a function satisfying

(hy ™) 2wy = ™ (-, 1), Vo™ e L2(RM).

But there is no h € L*(R) that satisfies the above condition. It is a well-known fact
though, that the Dirac delta — a generalized function on R — has this exact property.
We cannot formally take h(s) = d,(s), but we can do it informally to obtain

D(;tQO = Zn[nfl ((5157 Sp(n))LQ(IR))

n=0

= Z nIn—1(¢(n)('> t))
n=0

= DtQO

Note that for the above to hold, we need ™ (v~ .) € S(R) (with u»1 € R*1),
as the Dirac delta is a continuous linear operator on S(R). However, since S(R)
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is a dense subset of L?(R), the Dirac delta can be uniquely extended to a densely
defined, unbounded linear functional on L?*(R). As we will show later, Ds;,® € G*
for all & € G*.

In Benthl (1999), we encounter yet another differentiation operator. This time it
is defined on the Hida space (S)* as D® = & - W — & o W, where (with w € §'(R)
and f € S(R)) W(f)(w) = (w, f) is the coordinate process sometimes also called
a smoothed white noise. In this case, the operator D should be understood as a
functional on the product space S(R) x (§), with its action given by

DO(f,0) = (©-W = 2o W)(f, ) = (®-W(f) = LoW(f),¥).

In Benth (1999, Proposition 3.3), it is shown that operator D can be expressed
in terms of the chaos expansion of the distribution it acts on — much in the same
way as the Malliavin derivative is defined. In order to see this, for @™ ¢ S'(R"),
0™ € S(R™) and g € S(R), define ®™ (., g) by

(@M(,g), ™) == (@™ M Rg).

Now, the chaos expansion of D®(g) is given by

Dd(g) = nl1(®™(-,g)).

It is enough to justify that fixing the n-th functional coordinate of the functional
dM: S(R) — S'(R) at a certain g is equivalent to fixing the n-th variable in the
function ™. Suppose that ® = >°°° I,(®™) € G*. Then, for all n > 0 the
functions ®™ are elements of L?(R") and can be viewed as functions of n variables
or, due to the Riesz representation theorem, as linear operators acting on L*(R").
With ¢®™=D ™ and g as above, we have that o™ VRg € S(R") c L%(R"),
so the bilinear pairing can be viewed as an inner product in L?(R). Thus,
with notation 2™ = (z1,2,...,1,), g,(;) = (z1,2Z2,. .., Tk_1,Ts1,---,Ty) and
dz™ = dzydzxs . . . dx, we have

<(I)(n)<’ g)7 ()O(nil)> = ((I)(n)(7 g)7 (p(nil))LQ(Rn)

n

1 n n n— n— n
=23 [ B g di

n
k=1

Taking, again informally, g(z) = ;(z) and using the symmetry of o™ and &™), we
have

- 1 . n n n— n— n
(BN (-, g), o V) = 52/ O ()" (2 V)5, (xy) d™
k=1 Y R"
1 « . T .
= gZ/n@(")(zé),xk)so( (D)0, (xy) day decl)”
k=1

1 - n n n— n—1 n
S [ e )
k=1
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= / O (2= 1)p=D (g~ g =D
— n n—1
= (q;( (-, 1), ))L2(Rn—1)'

Thus we have the following informal equality

D® = Dy, ® = DO(5,).

Therefore, we can regard the derivative defined by E‘qlmﬂm_(ﬁ_l)] as a restriction
of D defined in Benth (1999) to the space G*, an extension of the Malliavin deriva-
tive DM onto a larger domain, and an extension of the derivative D), defined in
Potthoff and Timpel (1995). This motivates the following definition.

Definition 3.1. For any ® € G* with chaos expansion given by ® =Y °°  I,,(®™)
we define the stochastic derivative of ® at t by

D@ = nl, (" (-,1)).
n=1

m assures that the stochastic derivative is in fact a well-defined func-

tional acting on G*.

Theorem 3.2. For any ® € G*, we have D;® € G* for almost allt € R. Moreover,
if for some A >0, ® € G_, then for any € > 0 there is a constant C., such that

/R ID|2,_dt < C.|[B|]%, < oo, (3.2)

and in consequence D:® € G_»_. for almost all t € R.

Proof. 1t is enough to show that E‘qlmm_(ﬁ_ﬂ holds because G* = |J,.,G-». In

order to do this, we need the following fact: for any € > 0, there exists xq > e such
that f(x) = 1“ < ¢ for all z > xo. This is a consequence of the fact that f(z) is
decreasing on the interval (e,00) and lim, , f(z) = 0.

Let @ = >°°  I,(®™) be an element of G_,, and consider

LD = [ oy 0] g
= S a0

n=0

8

— n n 2
n(n|)e 2(A+e) ‘q)( ) ‘LQ(]R"‘H)'
0

n

By the fact stated at the beginning of this proof, we have that for any ¢ > 0
there is a kK € Ny such that for all n > k we have IHT" < 2e. This ensures that
ne2temn < o=22n  Hepce

Zn( _2 )\—i—e)n‘q)(n L2(]Rn+l) < Z TL' _2)‘71‘(1) n)‘LQ (Rn+1)
— n=k
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2
< 12|,

Now, for any n € {0,1,...,k — 1} there is a constant c,. such that ne— 2+ <
Cne€ 2. Let C. = max(cpe:n €{0,1,...,k —1}). We have

Ead

0 k-
n(n!)e—z(A—l—e)n’q)(n)’;(Rnﬂ) <C. Z nl)e 2" @ ”>] PP,
n=0

S
Il
o

Thus we have shown that
[l at < Clol?, + o1, < ol

Therefore ||Dy®|_, . < oo for almost all ¢ as required. O

The above theorem improves the result of |Aase et all (2000, Lemma 3.10), where
it was shown that if ® € G_,, then D;® € G_,_; for almost all . The notation used
in|Aase et all (2000) differs from ours, but the definitions of the spaces G and G* as
well as the definitions of the stochastic derivative are equivalent.

Recall that [Definition 3.1 of the stochastic derivative is exactly the same (in
terms of chaos expansion) as the definition of the Malliavin derivative. The drawback
of the Malliavin derivative is that it is defined on a smaller space D;2 so that
the derivative takes values in the (L?) space for almost all ¢. Since we define the
derivative on a larger space G* 2 D; o, the result of differentiation also falls into a
larger space, namely G* 2 (L?). Thus the derivative of a random variable from G* is
no longer an element of (L?), but rather a generalized stochastic process. However,
taking derivative of any test random variable ¢ € G results in a test stochastic
process that is in G C (L?) for almost all ¢ € R, as can be seen from

3.2 Properties of the stochastic derivative

Now we turn our attention to some of the properties of the stochastic derivative D,
of Definition 3.1. All of the formulas presented below are well-known in the setting
of Malliavin calculus. We include them for the sake of completeness and give only
sketches of the proofs or omit the proofs completely.

Proposition 3.3. If ® is deterministic, that is ® = Io(®©)), ®© ¢ R, then D,;® =
0.

Proof. This is a direct consequence of the definition of the stochastic derivative. [

Proposition 3.4. If &,V € G*, then
Di(® o W) =Dy(P) oV + Do D,W. (3.3)

Proof. This follows from straightforward but tedious explicit operations on the chaos
expansion and comparison of the chaos expansions of the left- and right-hand sides
of the |[Equation (3.3). The computations are the same as in the Malliavin deriva-
tive case, as the formulas defining the derivatives are the same and only the do-
main differs. Existence of both sides of [Equation (3.3) follows from m

and [Proposition 2.10 O
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Similarly, we can show the pointwise product rule with the restriction that we
operate on smooth random variables only.

Proposition 3.5. If p,¢ € G, then
Dy(¢ - 1) = Di(p) - + ¢ - Dyt

Since pointwise product is not well-defined for random variables in G*, we cannot
generalize the above result to all &, ¥ € G*. However, there are two cases of interest
for which the product rule makes sense. First, under an additional assumption of
strong independence of ® and W, application of [Theorem 2.7 and the fact that the
stochastic derivative preserves strong independence yields:

Proposition 3.6. If &,V € G* are strongly independent, then
Dy(®- V)= Dy(P) - U+ - DV,
Finally, since ¢ € G implies that D;p € G for almost all ¢, and the product of
test and generalized random variables is well defined, we obtain:
Proposition 3.7. If o € G* and ¥ € G, then
Di(p- W) = Di(p) - ¥ + ¢ - Dy 0.

Finally, following Hida et all (1993, Equation (5.17)), we give the formula for the
S-transform of the Malliavin derivative. In the spirit of completeness, we first recall
the definition of the Fréchet functional derivative that appears in the formula for the
S-transform of the stochastic derivative. We say that a real-valued function f defined
on an open subset U of a Banach space B is Fréchet differentiable at x if there exists

a bounded linear functional 2£: B — R such that |f(z+y) — f(z) — 2L (y)| = o(|ly]))
for all y € B.

Proposition 3.8. For all ® € (S)* and £ € S(R),
S (Di®) (€) = 2 S(@)(€),

where %(s) 1s the Fréchet functional derivative.

3.3 Stochastic integration

In this section we introduce the Skorohod integral for processes in G*. In Malliavin
calculus, the Skorohod integral can be defined through the chaos expansion as

Z I, ) = M (p) = i[nﬂ (™). (3.4)

The domain of 6™ consists of all those processes whose Skorohod integral results in
a random variable in (L?), namely

[e.e]

Dom(éM) {@E (L%): Z ‘L2Rn+1)<00}.

n=0

We extend the Skorohod integral in the same manner as we extended the Malliavin
derivative.

13



Definition 3.9. For ®(¢) = Y.°7  I,(®™ (., 1)) € G*, we define the Skorohod inte-

gral by N
5(®) = / () 5B(t) = Y T (a")),

whenever Y > (n + 1)!6_2("“))‘@(")|L2(]Rn+1 < oo for some A > 0.

The next result gives sufficient conditions for ®(¢) to be Skorohod-integrable and

provides a norm estimate on 6(®) under the assumption of square-integrability of
the norm ||6(®)]|_,.

Theorem 3.10. [f ®(t) € G_, for allt € R and

[le®I, dt < o
R

then for any € > 0 there is a constant C. such that

18(@)|2,_. < C. /R 1@ ()2, dt.

Thus 6(®) € G_r_. and in particular, 6(P) € G*.

Proof. Fix an arbitrary ¢ > 0. Keeping in mind that the L>(R"*') norm of ® (-, ¢)
and its symmetrization ®™(-,¢) are equal, consider

o0

—_ n n 2
16(@)]_y. = > (n+ D>, Lo

n=0

- — n n 2
= >0+ Dnle 2 [ (8O0
n=0

- — g)n n 2
= /RZ(nH)n!e POTI D) (-, 1] Lo e - (3.5)
n=0

By the linearity of the integral, it is enough to show that for k large enough, the
following integral converges

- — n n 2
/]R E (n + 1)nle 20+ ‘CD( )(-,t)‘LQ(IRn) dt.
n==k

Note that for any ¢ > 0 there is a & € Ny such that for any n > k we have
(n + 1)e 239 < =22 This follows from the fact that f(z) = £ is strictly
decreasing in the interval (0, 00) and lim,_,, f(z) = 0. Hence, for k large enough,
we have

- — n n 2
/]RZ(n—l—l)n!e POF D (- 1) Lo oy It
n==k

-2 DI
g/IR;n!eQ |2 (-, )] 2 o It

14



< /Zn!e2A"}<I>(")(~,t)‘;(m) dt
R =0

sAmw@ﬁ

Note that we can treat the first n elements of the sum in [Equation (3.5) as in the
proof of Theorem 8.3, so [8(®)]_,_. < C. [ ®(1)]%, dt < o0, as required. O

It is a well known fact, that in the setting of Hida spaces (S), (S)* the Skorohod
integral can be interpreted as a white noise integral. Namely, for ®(t) € (S)* we
can view the following integral as the extension of the Skorohod integral

/agcpt dt
R

where the integral is understood in Pettis sense and 0 : (S)* — (S)* is the white
noise integration operator, that is the adjoint to J;, the Gateaux derivative in the
direction ;. We have an explicit expression for the chaos expansion of the above
integral, given by (e.g. [Kuo, 1996; Hida et all, [1993)

/R oD (t) dt:i[nﬂ ( /}R 5,30 (¢) dt). (3.6)

As in the case of stochastic derivative, with the same notation as previously, it is
straightforward to check that for ®™ (- t) € L?(R") we have

/525(/}5(1)(" ZCD :L’M ,xk ) =™ (-,1).
R

Thus this integral is an actual extension of the stochastic integral defined in

Recall, that the same integral can be defined (in the (S)* setting) as

/ O(t) o Wy dt,
R

and the chaos expansion of this generalized random variable is the same as the one
in [Equation (3.6). Note however, that W, = I,(4,) € ES)* is not an element of G*
because &; ¢ L?(R). But the above reasoning justifies as a Skorohod
integral of processes in G* and gives sufficient conditions for the result
of integration to be an element of G*.

3.4 Properties of the stochastic integral

First, we state some properties that are readily seen directly from [Definition 3.9 of
the Skorohod integral.

Theorem 3.11. 1. The Skorohod integral is linear;
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i. [T08B(t) = 0;
ii. [P16B(t) = B(b) — B(s);
. Ifa<b<cthen [PO(t)0B(t) + [ B(t)IB(t) = [ (L) IB(t)

Next we present a “fundamental theorem of calculus” in our setting. The proof
of this result follows closely the proof in the Malliavin calculus setting, which is
natural, as the definitions coincide on the intersection of the domains.

Theorem 3.12. Suppose that ®(t) € G* is Skorohod-integrable over T, and D;P(s)
is Skorohod-integrable for almost allt € T. Then

Dt(/T (s)0B(s ) /Dt )6 B(s (3.7)

Proof. Note that since ®(t) € G* for all t € T, by [Theorem 3.9 the stochastic

derivative D;®(s) exists for almost all ¢ € 7 and its norm is square-integrable,
hence D,®(s) is Skorohod-integrable by m It remains to show that

holds.
Let &(t) = Y2073 I, (2(:. 1)), where @7(-,1) € LX(R") for all t € T. The
left-hand side of is given by

Dt(/r () 0B(s) ) Dt<ZIn+1( ))
ion—i-l o™ (-,1)).

On the other hand, we can write out the right-hand side of [Equation (3.7) as

/Dt )6B(s Z[ +(5<Dt (Zl ))
_ Z L, (@™ (-, 1)) +0 (Z nl,—y (™., Syt))>
_ f;]n (@) + f%nfn (zf)(m(.,t))
— i[" (@™ (1)) + inln (@™

[e.9]

= (n+ 1)1, (@™ 1))

n=0

So the two sides of E‘qlmm_(il)j are equal and the theorem holds. O

When comparing the above result with its Malliavin calculus counterpart (see
Barndorff-Nielsen et all, 2012, Proposition 1), we see that we are not required to
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assume the existence of the stochastic derivative of ® because it is ensured by the
properties of the derivative in the space G*.

Next, we present an “integration by parts formula” for the stochastic derivative
and integral. Note that we cannot use the pointwise product freely as its result
might be undetermined for generalized random variables. However, we can always
take a product of test and generalized random variables.

Theorem 3.13. Suppose that ¢ € G and ®(t) € G* for all t. If for some X > 0 and
v> 12+ v2)

T
/0 19(1)]2,,, dt < oo,

then

/0 w®(t) 6B(t) = ¢ /0 O(t) 6B(t) — /0 O(t) Dy dt. (3.8)

Proof. First we show that all components of |Equa.ti0n (3.8) are elements of G*. By
, for the integral on the left-hand side of [Equation (3.8) to be well-

defined it suffices that fOTH@q)(t)H% , dt < oco. By Theorem 2.9 and our assumption,
we have

T T
/O le®OI2, dt < C2lell, / 10O, dt

< 00.

Thus ¢®(t) is Skorohod-integrable.
The integral in the first component on the right-hand side of mmpn_(ﬁ_ﬁj
is also well-defined by our assumption on square-integrability of the norm. Since
© € G, the first product on the right-hand side is an element of G*.
Finally, the Pettis integral on the right-hand side of[Equation (3.8) exists because
for any ¢ € G

/0 (®(t) Dy, )| dt
< / () Deoll sy Ml dt

T
< l,_.C. / 19 y,o o IDiply . dt

T % T %
< [[¥ll\-.C0 (/0 ||<1>(t)||2_x+a+ydt) (/O IIthlli_adt)

< OQ.

The first integral in the last statement above is finite by assumption and monotonic-
ity of the norms ||-|| ,. The second integral is finite bym. Above we have
also used [Theorem 2.9 and .

Finally, although very tedious, it is straightforward to check that the chaos ex-
pansions of both sides of Mmmgn_(ﬁ_&)j agree. In order to see this, one might start
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with ® = I,,(®™(t)) and ¢ = I,,(¢™) as linear combinations of variables of this
form are dense in G* and G respectively. This choice of ¢, ® significantly simplifies
the computations as one can use the product formula

oo oo mAn

n=0 m=0 k=0

where ®, is the symmetrized tensor product on k variables. O

The last well-known property of the Skorohod integral that we use in the forth-
coming sections is the form of its S-transform.

Proposition 3.14. For all ® € (S)* and £ € S(R),

s([e06) = [[s@en©- g

4 Integration for Volterra processes

As we have already mentioned, in order to define an integral with respect to VMBY
process, we follow Barndorff-Nielsen et al) (2012). We define the integral

/O(I)(s)Xm(s), where Xl(t):/O g(t,s)dB(s), (4.1)

with the use of the following operator
IKCo(P@)(t,s) == P(s)g(t,s) + /: (P(u) — P(s)) g(du, s). (4.2)
The definition of the integral in [Equation (4.1) is given by
/Ot s)dX(s / ICq(®)(t,5)dB(s / Dy {Ky(P)(t,s)} ds. (4.3)

Before we discuss the integral defined above, we have to turn our attention to
the study of the properties of the operator K; which is a main building block of the
integral itself.

4.1 Properties of the operator K,

In this section, we study the regularity of the operator Xy. That is we wish to find out
for Wthh v > 0 does ICy(P) (¢, s) € G_, when ®(t) € G_, for all ¢. First of all, from

, we see that ®(u) — ®(s) has to be Pettis—Stieltjes-integrable with
respect to g(du, s) on [s, t] for 0 < s <t < T. Using previously introduced notation,
we have (T, B, m) = ([s, t], B([s, t]), m,), where m, is the Lebesgue-Stieltjes measure
associated to g(+, s). In order to consider integrability of ® with respect to g(du, s),
and later, for the existence of ICy(®)(¢, s) we need the following assumptions.
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Assumption A. Suppose that

i. For any 0 < s <u < v <T the function u — g(u,s) is of bounded variation

on [u,v];
2. The mapping [0,T] >t — ®(t) € G* is weakly measurable;

111, Forany0<s<t<T

[ 106 = ) gl ) < oo

|A_s,su_mmjm_A| [tem i ensures that we can define a Pettis—Stieltjes integral with
respect to g(du, s). Under [Assumption Allltem ii, the mapping u — ®(u) — ®(s) is

weakly measurable, as are all mappings considered in the remainder of this paper.

Proposition 4.1. Under|Assumption A, the integral
t
[ (@ - () glau.

(4.4)

exists as a Pettis—Stieltjes integral. Moreover, if ®(t) € G\, A > 0 for all0 <t < T,

then for any 0 < s <t <T,

< 00,

t
[ @ - () glau. 5
s -
that is the integral in|Equation (4.4) is an element of G 5.

Proof. In order to prove integrability in the Pettis sense, consider

([ @ - a6 ata.s). o )

/ (B(u) — B(s)), 0 g(du, s)

< [ (@(u) = @(s), ) lgl(du, s)

S

t

< [ @) = 2(s)]_allelly lgl(du, s)

s
t

= llelly [ 12(u) = (s)]|_x [gl(du, 5)

s

=l ( st”%) — 0(s)|%, lgl(du, s>)é (/1 l91(du, s>)é

< 00,

where we have used the Holder inegualité IA_S,SJJm_p_UQ[]_A| and [Remark 2.1.

To prove that the norm in is finite, consider

2

/ ((u) — B(s)) g(du. )

—-A
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2

n! / ((IJ(") (u) — (ID(")(S)) g(du, s)

—-A

NSl / B0 () — & (s)[2, |g](du, )
) / > o) - 3™ (), |gl(du. )
— Vg / 10 () — B(s)[, 9] (du,

< 00,

IA

where VI[f] denotes the total variation of f on the interval [s,¢], which by

[Assumption Al is finite. O

Theorem 4.2. [fLéﬁﬁ_umgmm_A] holds and ®(t) € G_» for all0 < t < T, then
Kg(®)(t,5) € Gy forall 0 < s <t <T.

Proof. As in the proof of the [Proposition 4.1, it is enough to establish that
1ICq(®@)(t,5)]| _, < oo. Consider

1Kg(@)(E, 8)]| -\ = H‘P(S)g(t, s) +/ (®(u) — ®(s)) g(du, 5)

-2

< | B()g(t.5)]|_y + / (®(u) — B(s)) g(du, 5)

~ ot I+ | [ (@) - 260 gt

< OQ.

-2

Thus the result holds ]

As we will see in the forthcoming sections, the fact that the operator IC,()
preserves the regularity of ® is of crucial importance in the derivation of regularity
properties of the integrals defined below.

4.2 The integral

Now we go back to the study of the integral defined in [Equation (4.1). Since we

have established sufficient conditions for ICZ(Q))(ti s) € G_,, we can now look at the
Skorohod integral of IC,(®)(t, s). By , it is enough to show that

/||IC )(t, s)||” , ds < oo

in order to establish Skorohod integrability of ICj(®)(¢, s). We will show that this is
the case under the following assumptions.

Assumption B. Suppose that
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T
/ 9t $)2B(s)[12, ds < oo
0

1. Forany0<s<t<T

/

Remark 4.3. Notice that in what follows, |A_ssj.]_m_p_tm_uﬂ Ttems 1 and i can be

substituted with the weaker assumption that fg”l@(@)(t, S)H2_)\ ds < oo for all t €
[0,T].

Proposition 4.4. Suppose that |Assumptions A and [H hold. If ®(t) € G_» for all
0<t<T, then for any e > 0,

2

ds < 0.
Y

/ (B(u) — B(s)) g(du. )

/Ot IKCy(P@)(t,5)IB(s) € G_x—-.

Proof. Using our assumptions and Hdélder’s inequality we obtain

[ @, a

- / D(s)g(t, 5) + / (®(u) - B(s)) g(du, )

< [ (1ot + | [ @t - o) s

t t
<2 [o)glt ) ds+2 [
0 0

< 0.
Hence the result follows by [Theorem 3.10. O
Next, we consider Pettis-integrability of Dy ICy(®P)(t, s).
Proposition 4.5. Suppose that|Assumptions A and(B hold. If ®(t) € G_», then for

any € > 0,

2

ds

—-A

2
) ds
-2

2

ds

—A

/ (D (u) — B(s)) g(du, 5)

/DIC )(t,s)ds € G__.

Proof. We will show that DK, (®)(t, s) is weakly in L'([0,¢]), that is for all p € G we
have (DK, () (¢, s), p) € L*([0,1]) . Observe that if ®(t) € G_,, then K (P)(¢, s) €
G_» and in consequence D K, (®)(t,s) € G_»_. for any € > 0. Consider

/O (Do (@) (1. 5), )| ds < / 1Dy (@) (1, )yl ds
. / 1D () (t, 5, ds
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t
< llolat [ 1D, @S, ds
< Q.
Above we have used m, Holder’s inequality and [Theorem 3.2 O
Putting |Rmmsﬁm_us_4__4| and [4.3 together yields the main result of this section.

Theorem 4.6. Suppose that |Assumptions A and [H hold. If ®(t) € G_\ for all
t €10, 7], then for any e >0

/ " B(s)dX(5) € Gy ..

Remark 4.7. Recall that G C G, C (L?) C G_, C G* for any A > 0. So the above
theorem assures that

i. if ® € G, for some \ > 0 then the integral is an (L?) process;
ii. if ® € G then the integral is a G process again;

iii. if ® € (L?), then the integral is a G_. process for any € > 0, thus in a certain
sense it is very close to (L?).

5 Integration for volatility modulated Volterra pro-
cesses

In this section, we introduce stochastic volatility in the integrator process X (¢). In
the defining \E@m% the volatility is multiplying the integrands
on the right-hand side of . This is an ordinary operation when consid-
ering non-generalized stochastic processes, however the product of two generalized
random variables from G* does not have to be an element of G*. We overcome
this difficulty in two different approaches. In the first part of this section, we take
Y(s) = o(s) to be a test stochastic process, that is o(s) € G for all s € [0,T].
In the second part of this section, we use the Wick product to introduce volatility
modulation as this ogeration is well defined for all > € G*. Note that under strong

independence (see or Benth (2001); Benth and Potthofl (1996)) this
is equivalent to the pointwise product case.

5.1 Pointwise product with smooth volatility

In this subsection, we assume that the volatility process o is a smooth stochastic
process and study the following integral

/OCID(s)dXJ(s), where Xo(t):/O g(t,s)o(s)dB(s). (5.1)
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Let us remark that the assumption that the volatility is a stochastic test process
is not as restrictive as it appears. For example, Brownian-driven Volterra processes
are test stochastic processes because

o(t) = /0 h(t,s)dB(s) = I, (1pgh(t,-)) .

So if h(t,-) € L*(R), then |lo(t)||, < oo for all ¢ € [0,7] and A > 0, hence o(t) € G
for all t € [0, 7.

As we will show, the sufficient conditions for the integral in [Equation (5.1) to be
well-defined are the following.

Assumption C. Suppose that
i. For allt €]0,T) we have o(t) € G;
T
[ It ds < o
0

1t. Forany0<s<t<T

t
[ latt P IR oI ds < .

w. Forany0<s<t<T
t
/

Remark 5.1. As previously, in what follows, [Assumption ([ltems iii and fivl can be

substituted with the weaker assumption that fOtHICg(CID)(t, 8)|’2_)\+V”0'<8)”id8 < 00
for all t € [0, 7.

Theorem 5.2. Under|Assumptions A and[d the integral
t
/ O(s)dX,(s) (5.2)
0

2

lo(s)] ds < oc.
—A+v

/@w—wmawm

is well-defined in the sense of Pettis. Moreover, if ®(t) € G_x, where v > %1n(2 +
V2), then for any e > 0

/ B(s) dX,(5) € G

Proof. First we establish the existence of the Skorohod integral. By Theorem 3.1d
it suffices to show that

J @)ool ds < o
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This follows immediately from [Theorem 2.9 and [Assumption C:

| W@ ool ds

<c? / 1, (®) (2, )1 1, o ()1 ds
2 2 2 2
< 207 / 9t )PIB(S)12 o (5)]2 ds

t
+20§/
0

< 00.

The existence of the Pettis integral follows from [Remark 2.1, [Theorems 2.9
and B.4, and [Assumption d. We have to show that (D, (K,(®)(t, s)) - o(s), @) is

integrable for any ¢ € G:

/\ D)(t.5)) - ols). o) ds
< / | DKy (@) (. 5) - a(s)]_y el ds

2

lo ()15 ds

—Atv

/ D(u) — B(s) g(du, )

t
< CV”()OH)\/O [DKg (@) (L, 8)I| s lo ()] ds

< Cullell (/OtnDs/cg( )7 s ) (/ o (s) ||Ads)

< 0Q.

Finally, suppose that ®(t) € G_x;,. Then K,(®)(t,s) € G_,+, and consequently,
Kg(®)(t,s) - o(s) € G_n. Thus for any ¢ > 0 we have 0 (Ky,(P)(¢,s) - o(s)) €
G_r—e. Also, DKy (P)(t,s) € G_rpv— and so DKy(P)(t,s) - o(s) € G_r_e, hence
fot DCy(@)(t,s) - o(s)ds € G_y_c. So the theorem holds. O

In comparison with the results of [Barndorff-Nielsen et all (2012), the above re-
sult allows integration of a larger class of processes, however it restricts the class
of volatility modulators. We present the extension of the latter class in the next
subsection.

5.2 Wick product with generalized volatility

Below, we consider the generalized stochastic process as the volatility. Since the
volatility is introduced through multiplication and the pointwise product of two
generalized stochastic processes does not have to be well-defined, we use the Wick
product instead. It is worth noting that the choice between the pointwise and Wick
products should be based on modeling considerations as the two products coincide
only under special circumstances. We give an example of an additional assumption
on the volatility process that ensures the equality of the Wick and pointwise products
in the definition given below.
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We define the integral with respect to a Wick-V MBYV as

/th>( dX o5 (s //c )(t,s) o (s /D (t,5)) o X(s) ds,
(5.3)

where X5 (t fo s)0B(s). In what follows, we show that the following
are sufﬁ(:lent condltlons for the integral in [Equation (5.3) to be well-defined.

Assumption D. Suppose that
i.
T
[ IEEI2 ds < o
0

1. Forany0<s<t<T
t 2 2 2
/ 9t ) 1D () |2, 15(s)]12, ds < oo.
0

1tt. Forany0<s<t<T

/

Remark 5.3. As in [Remarks 4.9 and E] in what follows, |Ass_um.muml_]j [tems i

and fiid can be substituted with the weaker assumption that for all ¢ € [0, T] we have
Jo I (@)(2, )12\ IE(s)]|Z ds < oo.

Theorem 5.4. Underﬂaﬁmms_ﬂ and (D the integral mLEq_zmﬁ_ﬁ_)] 15 well-

defined. Moreover, if ®(t) € G_y for all t € [0,T], then for any e > 0

2

| (@0 0 glan )| 961 s < oo

t
| e ixstieg, .
0

Proof. For the Skorohod integral in Mmﬂm_(ﬁ_.ﬁ_)j to exist, it is enough to show
that

/||/c )(t,8) 0 ()], ds < .

Applying |Bmmsj1jm_2._ld, with € > 0 we have

Iy (@)(2,8) 0 2(s)II2 . ds

<C? K (@) IZAZ()IZ, ds

t
<c? / 9(t, ) PR E)I, IS(6)]12, ds

+02/t
‘ 0

2

I=(s)112, ds

/ ((u) — B(s)) g(du. )
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< 00.

Thus the Skorohod integral in [Equation (5.3) exists and is an element of G_ Aloe

Now, using arguments similar to the ones used in the case of ¢ = 1, we show
that under i the Pettis integral in |E4;11_a.mgu_(_5_3_)] also exists. Below
we apply . For any ¢ € G and € > 0 consider

t
/ [(Ds (Kyg(@)(2,5)) © 5(s), )| ds
0
t
< /0 1Ds (Kg(@)(E, 5)) 0 X(s)l| _y_1_.llepllry14c ds

t
< Cel\wl\A+%+€/0 1D (P)(E; )| _y_ME()]]_r_c ds

< g ([ 10000 as) (1, )’

< Q.

The finiteness of the first integral above is a consequence of Theorem 3.9 and finite-
ness of the second integral is ensured by |Assumption D) . O

Recall from [Theorem 2.7 that if ®, U € G* are strongly independent, then & -
U = & o . Using this fact, we see that under an additional assumption of strong
independence of K,(®) and X, we have the following result.

Corollary 5.5. Suppose that IKC,(®)(t,s) and 3(s) are strongly independent for all
0<s<t<T. UnderLﬁ\.&ﬂmetZ_Qm_A andm the integral

/0 O(s) dXx(s) = /0 K, (®)(t, s) - X(s) 6 B(s) + /0 D, (K, (®)(t,5)) - S(s) ds (5.4)

is well-defined and equal to the one in \Equation (5.3). Moreover, if ®(t) € G_ for
allt € [0, T, then for any e > 0

/0 B(s) dXs(s) € G 1.

Note that we cannot assume that ®(¢) and X(¢) are strongly independent as the
operator y(+) does not preserve the support, that is supp (CID(")) # supp (ICg(Q("))).
However, in applications one often works with the volatility that is an (L?) process
independent of “everything else” in the model. This case is covered by m
and it turns out that we can interchange the Wick and the pointwise product making
this a very flexible setup. Observe that this case is in general not applicable in the
setup of the previous section, as the space G is much smaller than the space (L?).
Thus this extension of the class of volatility modulators is important.
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6 Properties of the integral

First of all, recall that the definition of the stochastic derivative is the same as
the definition of the Malliavin derivative that is used in [Barndorff-Nielsen et al.
(2012) and the only difference is the domain of the derivative. Also, the Skorohod
integral in our setting is defined through the same formula as the Skorohod integral
in [Barndorff-Nielsen et al/ (2012) but on a larger domain. These two observations
allow us to state the following.

Proposition 6.1. The integrals defined by|Equations (4.1, [(5.1) andl(5.4), and the
one defined in|Barndorff-Nielsen et _all (2012) are equal on the intersection of their
domains.

Proof. This follows immediately from the definition of the stochastic derivative and
Skorohod integral that we use and the fact that the Pettis integral is an extension
of the Lebesgue integral to Banach space valued integrands. O

Proposition 6.2. The integrals defined in |Equations (4.1, [(5.1), [(5.3) andm
are all linear.

Proof. First observe that directly from the definition of the stochastic derivative and
Skorohod integral we know that both of these operations are linear. This, with the
linearity of operator K, and the fact that (a®) o ¥ = a(® o V) and (P + ¥) o3 =
d oY+ Uod gives us linearity of the integral in all the cases considered above. [

Proposition 6.3. If O is integrable with respect to Xy, (X,, Xox, X5 respectively)
on the interval [0,T] then for any S € [0,T] it is also integrable on the interval
[0,S]. Moreover, the following holds

T S
| etmes@ax.o - [ e ax.o.

where x € {1,0,%, 0%}

Theorem 6.4. Suppose that ¢ € G and ®(t) is dX; or dX,-integrable on [0,T].
Then fort € [0,T]

/tgo-@(t)dX* :go-/té(t)dX*, (6.1)
where x € {1,0}.

Proof. Our arguments follow closely those in the proof of (Barndorff-Nielsen et all,
2012, Proposition 8). First, note that the case with o(s) # 1 will differ from the
one with o(s) = 1 only in the norm estimates as seen in the previous sections. It is

enough to establish that [Equation (6.1) holds in one of the cases. Observe that
Kolp- @)t 5) = ¢ Ky(@)(Z, 5)- (6.2)

Next, by [Equation (6.2), [Proposition 3.7, and [Theorem 3.13, we have
[ evs)ax s

0

= /0 ’Cg(w‘b)(t,S)O(SWB(SH/O D {Ky(0®@)(t,5)} o (s) ds
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= [ oK@ 9101586 + [ DK @)t )} o) ds
= [ oK@ 10151506

[ (DA @050} + K@)t 9D ) o) ds
-v Ka(®)(t,s)o(s) 3B(s) - / DI (B)(t, )o(s) ds

b [ DK@ o) ds + [ K@D (o)) ds
~ o [ K@ )01 5B+ [ D2 (K, @090 o) ds

¢
= go/ O(s)dX,(s).
0
So the theorem holds. O

All of the above properties are quite straightforward and generalize the results of
Barndorff-Nielsen et al. (2012). In the white noise analysis setting, the S-transform
(see m) plays a central role and we next discuss it in the context of the
integrals we defined in the following subsection.

6.1 The S-transform

We can apply some of the well known facts about the S-transform and use the
properties of the operator Ky to find the S-transform of the integral with respect
to a YMBY process. Below we present two formulas for the S-transform of the
integrals in the case with no volatility modulation and with modulation introduced
through Wick product. We give explicit formulas depending on the S-transform of
the integrand only.

Theorem 6.5. If ®(s) is integrable with respect to dX,(s) on the interval [0,t], then

3( /O 5(s) Xm(s)) _ /0 Ky (S(®)(€)) (L, 5)€(s) ds s

s
/ (s ){’C( (®)()(¢,5)} ds.

Proof. Tt is easy to see that S(ICy(®))(§) = (8(@)(5)) because the S-transform
is linear and the Lebesgue measure in can be substituted by any

measure. Now, Mlamm_(ﬁ_ﬁ.)j is a simple consequence of Emmaiugmsjﬁ and

U
Theorem 6.6. If ®(s) is integrable with respect to Xox(s) on the interval [0,t], then

([ #0axss ol 1, 5) - S(S()) (©)E(s) ds
(/0 ) / (6.4)
*fo 52 (a(S®E)(L,5) - S} ds.
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Proof. This follows from a reasoning similar to the one in the proof of [Theorem 6.4
with the additional use of the fact that S(® o ¥) = S(P) - S(V). O

Remark 6.7. Observe that i holds also in the case of strong indepen-
dence discussed in .

6.2 Chaos expansion

In this section, we give explicit chaos expansions in both cases, of no volatility
modulation and with the volatility introduced through the Wick product. It is
possible to find the chaos expansion for the dX, integral, however the complexity
of the formula renders it almost useless.

Theorem 6.8. If ®(s) is dX,(s)-integrable on the interval [0,t], then
/ t s) dX:(s / Kg(@D)(t, )
0
+Z[ ( (dD)(¢, )+(n+1)/t/cg(i><"+1>)(t,s)ds),
0
where @D (zq, ... 2y, 5) = @D (xy, L 2y, 8, 8).

Proof. Suppose that ®(¢) = >°°°  I,(®™(t)). It is not difficult to see that with the
application of the stochastic Fubini theorem we have

=D LK, (2")(t,5)).

Hence we have the following

/OIC()tscSB ZIn—f—l “)(t,-))
- Z[ K (@MDY (t, ). (6.5)

Also,
DK Zn[n LKy (DM)(2, 5))
= Ky (@W) (¢, 5) + Z(n + DK (@) (2, 5)),
n=1
where ®M(zy, ... xy_1,8) = ®TD(zy, ... 2, 1,5, 5), because the stochastic

derivative is taken in s and ® already depends on s. Hence,

[ Ds@.as= [ K@ 0 as
+ i I ((n +1) /Ot Ky (@) (2, 5) ds) :
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where we have again used the stochastic Fubini theorem. Putting Mms_(ﬁ.ﬁ_)]
and @ together, we obtain the desired result. O

Theorem 6.9. If ®(s) is dX.x(s)-integrable on the interval [0,t], then
/th>( ) dXox(s) / K, (W) (t, 5) % (s) ds
+ Z I, (
+(n+1) Z /Ot Ky (D= (1, 5) @XM (5) ds).
m=0

Proof. We can establish the formula above using the same arguments as in the
proof of [Theorem 6.9 with the addition of the formula for the Wick product given
in [Equation (2.3 O

n—1

Ky (@ =1mm) (1, 5) @XM (5)
0

Remark 6.10. The above holds in the case of strong independence discussed in

6.3 Stability

In this sectlon we show that strong convergence of @, to ® implies strong conver-
gence of fo s)dX;(s) to fo s)dXy(s

Theorem 6.11. Suppose that ®,, ® are dX;-integrable. Suppose also that for some
A > 0 and almost allt € [0,T] we have || D, () —2(t)||_, = 0 and ||D,(t)—D(t)]|_, <
h(t), where h € L([0,T]) . Then for any e > 0

=0.
—A—¢

lim
n—oo

/Ot D, (s)dX1(s) — /OtCI)(s) dX(s)

Proof. By linearity of the integral and the triangle inequality we have

/O t O, (s) dX,(s) — /0 t O(s) dX,(s)

S ‘

—A—¢

/0 B,(s) ~ D)X (s)|

/Ot/cg(cp O)(t,s) 6B(s) /DIC O)(t, ) ds

—A—¢

It is enough to show that both of the norms above converge to zero as n — oo.
First, we estimate the square of the norm of K, (®, — ®) as n — 0 as it will be useful
later. Below, we use a part of the proof of iti , where we have shown
that

2

/ B () gfde5)| <Vl / [®(u) — D ()|, lg](du, 5).
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Now, consider

ICy(@n — @)(2, )],

_ Hy(t, (@) =25 + [ [(@ala) = 20)) = (@1l6) — 25D ()

< 2g(t, s)]?||®n(s) — ‘1)(5)||2—,\

-2

1 / (D (1) — B(u)) — (Bu(s) — B(s))] g(du, 5)
S -
< 20g(t,5)2]B.(s) — B(s)[%,
LoVt / (@ () — (Bu(s) — @(s))|, |9](du, )
< 20g(t,5)2]Bo(s) — B(s)[%,
AV gl )] / (1@ () — D)2, + [ Bals) — B(s)[2,] lal(du, 5)
— 0, as n — 0o,

by Lebesgue’s dominated convergence theorem because ||®,(t) — ®(t)||_, — 0 for
almost all ¢.

Now, by m, there is a constant C. such that

/Ot Kg(®,, — D) (¢,5) IB(s)

t
<c. [y (@ - o)l de
0

—A—¢
—0

as n — o0.

Finally, by Holder’s inequality and m we have

/D (@, — B)(t,5 /IID (@0 — B)(t, ). ds

<t/HD (®, — ®)(t,5)|2,_. ds
< 0Ly (@, — ©)(1,9)]
—0

as n — o0o. Thus the result holds. O

The following two theorems restate the above result in the setting with smooth
volatility and the volatility introduced through the Wick product. We omit the
proofs as they follow the same argument as the proof of the results above with
additional use of some of the norm estimates from previous section.

Theorem 6.12. Suppose that ®,,, ® are dX,-integrable. Suppose also that for some
A>v=1In(2+v2) and almost all t € [0, T] we have ||, (t) — (t)||_,,, = 0 and
@ (t) — ©(1)[|_yy,, < h(t), where h € L'([0,T]) . Then for any e > 0
t t
/ D, (s)dX,(s) — / O(s)dX,(s) =0.
0 0 —A—¢

lim
n—oo
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Theorem 6.13. Suppose that ®,,, ® are dX,x-integrable. Suppose also that for some
A>v=1In(2+v2) and almost all t € [0, T] we have ||, (t) — (t)||_,,, = 0 and
@ (t) — ©(1)[|_yy,, < h(t), where h € L'([0,T]) . Then for any e > 0

=0.

f)\f%fs

lim
n—o0

[ axents) = [ o) axsts

7 An example — the Donsker delta function

In this section, we present an example of a generalized process that cannot be inte-
grated in the setting of Barndorff-Nielsen et all (2012). We study the integrability of
the Donsker delta function with respect to a Brownian-driven Volterra process built
upon an Ornstein—Uhlenbeck kernel function g. The importance of the Donsker
delta function is well-illustrated in |Aase et al. (2001)), where the authors use the
Donsker delta function to compute hedging strategies.

It is well-known that the Donsker delta function, that is dy(B(t)), is not
an (L?) stochastic process, however it is a process in G_, for any A > 0 (see
Potthoff and Timpel, 1995, Example 2.2) and it has a chaos expansion given by

1 & ~D" _on
WEO) = Vi 212" ((<2t)”)n!]l%¢)) :

We also have the following formula for the norm of §o(B(t))

o0

8o BOIE = 555 3 s

where the sum converges for any A > 0. Therefore
9 1
100(BE)IZ5 = 5

where C'y is a constant depending only on .

Now, we take g(t,5) = e %) and will show that for any ¢ > 0, ®(¢t) =
Lie o0y (t)00(B(t)) is dXi(t)-integrable. We need to avoid 0 as dy(B(0)) does not
exist. It can be easily verified that I.Asmlm.p_tm_A' and [ii are satisfied with
our choice of ® and g. In order to show that L&smlmp_tm_A] [tem iii holds, take
e<s<t<T for some 0 <e < T and consider

10w — w6 ol ) <2 [ (12012, + (2], lol(de.)
<4 [ 12(s)12, loldu, 5 (r.)

1
_ - __—at—s)
= 40)\8 (1 (& )
< 00,

where we have used monotonicity of function %
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To show that |A5511m_p_mm_H holds, one can apply arguments similar to the ones
used above together with some of the properties of the exponential integral function
E;, = ffoo %t dt. We omit these computations because they are straightforward but
rather tedious.

So 1 ) (t)éo(B%tgg is dXi it)—integrable. Moreover, since L. o) (t)do(B(s)) € G_»

for any A > 0, by , we have that

| e 0BG dX(s) € (7.2)

for any A > 0.

Since the chaos expansion of the integral in Mmmw is rather long and
complex, we give the chaos expansion of Ky(do(B))(t,s) to show an intermediate
step in the derivation of the complete chaos expansion of the integral. And so

0 (aea(ts) + efa(tfs) -1

]].%?5(1)1 e 1)2”)

asnt1
+e%a” (I'(=n, as) = I'(—n, - min{t, vy, ... v2n})) ) |

where ['(v,z) = [°t""'e~" dt is the incomplete Gamma function.

Note that with a different Volterra kernel, it may be possible to balance the
infinite norm of the Donsker delta at zero without resorting to an explicit cut-off
function like 1 .)(¢). Looking at [Equation (7.1), an obvious and rather trivial
example is a Volterra kernel of the form ¢(t,s) = a(t)b(s), where b(s) and a(s)b(s)
are functions that are decaying to 0 at an at most linear rate as s — 0%. Also from
[Equation (7.1} we see that it is impossible to find a shift-kernel such that do(B(s))
is d X (s)-integrable on [0, ] for any € > 0.

8 Conclusions

We have extended the theory of integration with respect to volatility modulated
Brownian-driven Volterra processes first discussed in [Barndorff-Nielsen et all (2012)
onto the space of generalized Potthoff-Timpel distributions G*. We have employed
the white noise analysis tools to show the properties of the stochastic derivative and
Skorohod integral in the space G* as well as numerous properties of the VMBYV
integral without volatility modulation and with modulation introduced in two dif-
ferent ways, through the pointwise product and through the Wick product. We also
show that under strong independence, the two volatility modulation approaches
are equivalent. Our approach allows to integrate, for example, the Donsker delta
function which is not an element of (L?) and thus not tractable in the setting of
Barndorff-Nielsen et al. (2012). Moreover, the theory presented in this paper al-
lows for integration with respect to non-semimartingales (e.g. fractional Brownian
motion) and for integration of non-adapted stochastic processes.

There are still some questions that are left without an answer. For instance, it
is natural to ask whether this approach can be generalized to the setting of Hida
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spaces (S) and (S)*. Another such question is that of the change of the driving
process. In [Barndorff-Nielsen et al. (2012), the authors discuss not only Brownian
motion as the driver of the Volterra process, but also a pure-jump Lévy process,
thus it is interesting to see whether our approach can be applied in that setting.

Another possible generalization opportunity comes from the fact that for
now, the domain of integration is a finite interval, namely [0,7]. Recently
Basse-O’Connor et _all (20134 studied integration theory on the real line that may
be used to define integrals with respect to processes of the form

t

X(t) = / ot $)o(s) dL(s). (8.1)

—00

Such processes are interesting both from theoretical and practical perspective and
it would be useful to extend the theory discussed in the present paper in the setting

of Equation (8.1).
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