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A CONVERGENT NONCONFORMING FINITE ELEMENT
METHOD FOR COMPRESSIBLE STOKES FLOW

KENNETH H. KARLSEN AND TRYGVE K. KARPER

ABSTRACT. We propose a nonconforming finite element method for isentropic
viscous gas flow in situations where convective effects may be neglected. We
approximate the continuity equation by a piecewise constant discontinuous
Galerkin method. The velocity (momentum) equation is approximated by a
finite element method on div—curl form using the nonconforming Crouzeix—
Raviart space. Our main result is that the finite element method converges to
a weak solution. The main challenge is to demonstrate the strong convergence
of the density approximations, which is mandatory in view of the nonlinear
pressure function. The analysis makes use of a higher integrability estimate on
the density approximations, an equation for the “effective viscous flux”, and
renormalized versions of the discontinuous Galerkin method.
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1. INTRODUCTION

Let Q ¢ RY, with N = 2 or 3, be a bounded polygonal domain with Lipschitz
boundary 02 and let T > 0 be a fixed final time. In this paper, we consider the
mixed hyperbolic-elliptic type system

0o +div(pu) =0, in (0,7) x £, (1.1)
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—pAu —AVdivu+ Vp(o) = f, in (0,T) xQ, (1.2)
with initial data
oli=0 = 0o, in . (1.3)

The unknowns are the density o = o(t, ) > 0 and the velocity u = u(t,z) € RV,
with ¢ € Q and ¢ € (0,7). The source term f is a given function representing
body forces such as gravity. We denote by div and V the usual spatial divergence
and gradient operators and by A the Laplace operator. At the boundary 92, the
system is supplemented with the homogenous Dirichlet condition

u=0, on (0,7)x 90N.

The pressure p(p) is governed by the equation of state p(9) = ap”, a > 0.
Typical values of v ranges from a maximum of % for monoatomic gases, through
% for diatomic gases including air, to lower values close to 1 for polyatomic gases
at high temperatures. Throughout this paper, we will always assume that v > 1,
which is the most difficult case. The viscosity coefficients u, A\ are assumed to be
constant and satisfy g > 0, NA+ 2u > 0.

The system (1.1)—(1.2) is a gross simplification of the isentropic compressible
Navier—Stokes equations. It provides a reasonable approximation in situations
where convective effects may be neglected. Solutions of (1.1)—(1.2) have also been
utilized by Lions [12] to construct solutions of the isentropic compressible Navier—
Stokes equations. Regarding the mathematical theory, the semi—stationary system
(1.1)=(1.3) has been analyzed by Lions [12, Section 8.2], among many others. More
precisely, he proves the existence of weak solutions and provide some uniqueness
and higher regularity results.

In the literature one can find a variety of numerical methods for the compressible
Stokes and Navier—Stokes equations. However, there are few results with reference
to the convergence properties of these methods, especially in several dimensions.
In one dimension, we refer to the works of Hoff and his collaborators [15, 16,

]. These results apply to the compressible Navier—-Stokes equations written in
Lagrangian form and requires the initial density to be of bounded variation. In
several dimensions there are a few very recent results. In [7, 8], the authors present
a convergent finite element method for a Stokes model. This model is a stationary
version of (1.1)—(1.2). In their finite element method the approximation spaces for
the density and velocity are the same. Moreover, their method is based on the
standard weak formulation of the velocity equation (1.2). Since the finite element
space is non-conforming, this approach may not preserve the div—curl structure of
the continuous system. This complicates the convergence proof. In [7, 8], additional
stabilization terms are needed in the discretization of the continuity equation (1.1).
In [11], we construct a convergent mixed finite element method for (1.1)—(1.2).
However, this method is based on a vorticity formulation of the velocity equation,
which is only valid for the Navier slip boundary condition:

u-v=0, curluxv=0, ond.

In addition, the velocity is approximated by a H(div) (Nedelec) element.

We now outline the numerical method proposed in this paper. First of all,
the density p is approximated by piecewise constants in the spatial and temporal
variables. For the approximation of the velocity w we utilize the Crouzeiz—Raviart
element space [4] in the spatial variable, denoted by V3 (Q2), and piecewise constants
in the temporal variable. Hence, the numerical method is nonconforming in the
sense that V}, ¢ WO1 2(Q) In what follows, we mostly suppress the time variable ¢
and refer to subsequent sections for precise statements. For the continuity equation
(1.1) we make use of a discontinuous Galerkin method. To achieve stability, the
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numerical fluxes are evaluated in the upwind direction dictated by the velocity.
However, since the velocity space is not continuous across element faces, average
velocities are used in this discretization. Our discontinuous Galerkin method is
equivalent to a standard finite volume method for the continuity equation [6, 9].
In [11], we use a similar discontinuous Galerkin method with the velocity in the
div conforming Nedelec space of the first order and kind. Since the method used
herein only depends on the average normal velocity at faces, the approximations
constructed by this method are also solutions to the discrete continuity equation
of [11]. More precisely, if the pair (gp,uy) solves the discrete continuity equation
proposed herein, then (gp, Hflv uy) is a solution to the discrete continuity equation
of [11], where HhN is the canonical interpolation operator onto the div conforming
Nedelec space of first order and kind. As a consequence, several of the favorable
properties of the method in [11] continue to hold for the continuity method herein.
In particular, renormalized formulations, weak time-continuity, and consistency
bounds are readily obtained by exploiting this connection.

To discretize the velocity equation (1.2) we bring into service a non-standard
finite element formulation, which starts off from the identity

/ DuDv dx = / curlu curlv 4+ divu div v dz, (1.4)
Q Q

valid for all u € WO1 2 (©2). However, since the velocity space is nonconforming, this
identity does not hold discretely, but we insist on utilizing the right-hand side of
(1.4) as a starting point for discretizing the velocity equation. Utilizing the form
on the right—hand side, it is possible to split the curl part of the Laplacian away
from the divergence part. By setting v = Vs, we obtain the divergence part, while
v = curln gives the curl part. Of course, to satisfy boundary conditions, this
argument must be localized. Discretely, this still holds for the element space V},
since this admits the exact orthogonal Hodge decomposition

Vi, =curl¢, + VS,.

Hence, the curl and divergence part of the Laplace operator can be separated by
using test functions vy, = curl {, {n € Wy, or v, = Vsp, sp € Sp. This property
lies at the heart of the matter in the upcoming convergence analysis.

Contrasting with the standard situation in which the left—-hand side of (1.4) is
used, a discretization based on the right-hand side of (1.4) does not converge unless
additional terms controlling the discontinuities of the velocity are added, cf. Brenner
[2]. The standard discretization of the Laplacian (based on the left-hand side of
(1.4)) leads to a L? bound on Vjuyp, where V), is the gradient restricted to each
element F. For the velocity space V},, this bound actually controls the jump of uy,
across faces. This in turn, is sufficient to conclude that Vju;, — Vu as h — 0.
When discretizing the Laplacian based on the right—hand side of (1.4), one obtains
L? bounds on curly up, and divy, wp, where curly, and divy, denotes the curl and
divergence operators, respectively, restricted to each element E. The jump of uy
across faces is not controlled by these terms. In fact, V}, contains non-zero functions
for which both div, and curly, are zero. For this reason, extra terms controlling the
jump of uy, across faces need to be added.

In choosing these terms we are inspired by the work of Brenner [2], which deals
with two-dimensional elliptic operators of the form “curl curl =GV div”. To be more
precise, our finite element method for the velocity equation (1.2) seeks up, € V3 ()
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such that

/ peurly wy, curly vy + [(p + A) divy, wp — p(er)] divy, vy, do
Q

+u Z he 1 /F [un - vlp [vn - Ve + [un X v]p [on x V] dS(z) (1.5)

rerj
= / fh’Uh dl‘, Yvy, € Vh(Q),
Q

for some fixed € € (0,1), where p, and f, are given piecewise functions on 2 with
respect to a tetrahedral mesh Fj; with elements E. Moreover, I‘{l denote the set of
internal faces, and [-] denotes the jump across a face I' € I'f. The scaling factor
he€ is required to prove convergence of the finite element method. Of course, the
size of € will affect the accuracy of the method [2] and should be fixed very small
in practical computations.

For any fixed h > 0, let (on, un) = (0n, wr)(t, ) denote the numerical solution to
the compressible Stokes system. Our goal is to prove that {(on,un)},-, converges
along a subsequence to a weak solution. The main challenge is to show that the
density approximations gp, which a priori is only weakly compact in L?, in fact
converges strongly. Strong convergence is needed when sending h — 0 in the
nonlinear pressure function. It is this issue that motivates the above nonconforming
finite element method. Since the finite element space V}, is piecewise linear and
totally determined by its value at the faces, Green’s theorem yield

divy, HX'U = Hg div v, curly, HX’U = Hg curl v,

where HZ is the canonical interpolation operator onto V}, and Hg is the L? projec-
tion onto piecewise constants. Consequently, the projection of a divergence or curl
free function is again (piecewise) divergence or curl free. Using this, we see that
the function vy, = HXVA_l,Qh is a solution to the div—curl problem

divh Vp = Oh, curlh Vp = 07

away from the boundary. By using vy, as test function in (1.5), the curl term
vanishes, while the remaining terms constitute the so-called effective viscous flux
Peg(on,up) = plon) — (A + p) div wy, the source term, and the jump terms. The
latter terms are shown to converge to zero. Using this, we are able to prove following
weak continuity property:

}llimo // Pog(0n, up) on dxdt = //EQ¢ dxdt (P.g,o are weak L? limits),

(1.6)
for all ¢ € C§°. This is the main ingredient in the strong convergence proof for the
density approximations gp. The argument is inspired by the work of Lions on the
compressible Navier-Stokes equations, cf. [12].

If we instead of (1.5), discretize the Laplacian based on the left-hand side of
(1.4), then the above analysis becomes more involved. In particular, it seems diffi-
cult to establish the key property (1.6). In this case, we would need to establish

//thhvhﬂx [VA_lgh} — divy upop dxdt — 0, as h — 0,

which is intricate since all the involved quantities are only weakly convergent.
The remaining part of this paper is organized as follows: In Section 2, we first
introduce some relevant notation and state a few basic results from analysis. Next,
we formulate our notion of a weak solution. Finally, we introduce the finite element
spaces and derive some of their basic properties. In Section 3, we present the
numerical method and state our main convergence result. This section also provides
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a result regarding the existence of solutions to the discrete equations. In Section 4,
we derive stability and higher integrability results. Section 5 is devoted to proving
the convergence result stated in Section 3.

2. PRELIMINARY MATERIAL

2.1. Functional spaces and analysis results. We denote the spatial divergence
and curl operators by div and curl, respectively. As usual in the two dimensions, we
denote both the rotation operator taking scalars into vectors and the curl operator
taking vectors into scalars by curl.

We will make use of the spaces

Wav2(Q) = {v € L2(Q) : divo € LX(Q)},
Wcurva(Q) = {v S LQ(Q) ccurlv € LQ(Q)} )

where v denotes the unit outward pointing normal vector on 9Q. If v € WdV:2(Q))
satisfies v - v]gg = 0, we write v € WS2(Q). Similarly, v € W"?(Q) means
v e Wl2(Q) and v x v|pg = 0. From [10],

W012(Q) _ Wocurl,2 N Wéﬁv’Q.

The next lemma lists some basic results from functional analysis to be used in
subsequent arguments (for proofs, see, e.g., [5]). Throughout the paper we use
overbars to denote weak limits, in spaces that should be clear from the context.

Lemma 2.1. Let O be a bounded and open subset of RM with M > 1. Suppose
g: R — (—00,00] is a lower semicontinuous convex function and {vn},, is a
sequence of functions on O for which v, — v in L*(O), g(v,) € L*(O) for each

n, g(v,) — g(v) in LY(O). Then g(v) < g(v) a.e. on O, g(v) € LY(O), and
fog(v) dy < liminf,, . fo g(vn) dy. If, in addition, g is strictly convex on an

open interval (a,b) C R and g(v) = g(v) a.e. on O, then, passing to a subsequence
if necessary, vn(y) — v(y) for a.e. y € {y € O | v(y) € (a,b)}.

Let X be a Banach space and X* its dual. The space X* equipped with the
weak-+ topology is denoted by X7 _ ., while X equipped with the weak topology
is denoted by Xyeak. By the Banach-Alaoglu theorem, bounded balls in X* are
o(X*, X)-compact. If X separable, the weak-x topology is metrizable on bounded
sets in X*, which makes it possible to consider the metric space C ([0, T]; X} ax)
of functions v : [0, 7] — X* that are continuous with respect to the weak topology.
We have v, — v in C ([0,T]; X}...) if (n(t),9)x+ x — (v(t),¢)x+, x uniformly
with respect to ¢, for any ¢ € X. The succeding lemma is a consequence of the
Arzela-Ascoli theorem:

Lemma 2.2. Let X be a separable Banach space, and suppose vy : [0,T] — X*,
n=1,2,..., is a sequence for which an||L(,o([0,T];X*) < C, for some constant C
independent of n. Suppose the sequence [0,T] 3t — (v, (t),P)x+ x, n=1,2,...,
s equi-continuous for every ® that belongs to a dense subset of X. Then v, belongs
to C([0,T); Xyeax) for every n, and there exists a function v € C([0,T]; X% 1)

such that along a subsequence as n — oo there holds v, — v in C ([0, T]; X 1)

Later we frequently obtain a priori estimates for a sequence {v,},~, that we
make known as “v, €, X” for a given functional space X. What this really means
is that we have a bound on ||v, ||y that is independent of n.

The following discrete version of a lemma due to Lions [12, Lemma 5.1] will
prove useful in the convergence analysis.

Lemma 2.3. Given T > 0 and a small number h > 0, write (0, T) = UM, (tx—1, tx]
with ty, = hk and Mh =T. Let { fn};2q, {9n}7%¢ be two sequences such that:
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(1) the mappings t — gn(t,x) and t — fr(t,x) are constant on each interval
(tg—1,tx], E=1,..., M.
(2) {fu}rso and {gn}n>o0 converge weakly to f and g in LP*(0,T; LT (§2)) and
LP2(0,T; L%2(Q)), respectively, where 1 < p1,q1 < oo and
1 1 1 1
=4 =1
p1 P2 @1 Q2
(3) the discrete time derivative satisfies
gh(t7 Z‘) — gh(t — h,l‘)
h
(4) [[fu(t ) = fu(t,x = &)||Lr2(0,7;002(0)) — O as [§] — 0, uniformly in h.
Then gnfrn — gf in the sense of distributions on (0,T) x Q.

€, L0, T; W=H1(Q)

Proof. Let us introduce an auxiliary piecewise linear function g by setting

@Kt0=9M%)+h7%ﬁ—%)@M%+ﬂ—9M%D» t € (tr tital,
for k=0,. — 1. Using property (3

//gh—ghd)dxdt //(ghtx 9n(t — hx))gzﬁdxdt

< Chl[9|l Lo 0,1;w 15 (), ¢ € C3°(92).

Thus, (g5, — gn) — 0 as in the sense of distributions on (0,7") x Q as h — 0.
Next, we write

<h

(2.1)

gnfn = gnfn+ (gn — gn)fn-
By requirement (3), 9;gn €, L'(0,7;W~11(2)). This and requirement (4) allow
us to apply a lemma due to Lions [12, Lemma 5.1], yielding
frgn = f9,

in the sense of distributions on (0,7") x  as h — 0.

It only remains to prove that (g5, — gn)frn — 0 in the sense of distributions.
For this purpose, set f; = fi * ke, where ke is a standard smoothing kernel and
denotes the convolution product. We write

(gn = gn)fn = (gn — gn) fr, + (gn — gn)(fa — f1)-
Now, requirement (4) yields
Ifun = fillLez0,1;002 )y — 0 as e — 0,
uniformly in h, and hence
T
lim lim / /(gh — 9n)(fn — fr)¢ dadt = 0.
e—0 h—0 0 Q

Thus, the proof is complete provided that

lim lim / / (gn — gn) fr ¢ dxdt = 0.

e—0 h—0

By a calculation similar to (2.1) we see that

/0 /Q(gh —gn) fi, dzdt

where we have also applied Lemma 2.10 (below) to the time variable. From this
we can conclude that (gn, — gn)f; — 0 in the sense of distributions as h — 0. This
brings the proof to an end. O

p2—1 €
< h ez C| fpllpez o,7;wr (),
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2.2. Weak and renormalized solutions.

Definition 2.4 (Weak solutions). A pair of functions (p,u) constitutes a weak
solution of the semi-stationary compressible Stokes system (1.1)—(1.2) with initial
data (1.3) provided that:

(1) (0,u) € L=(0,T; L7()) x L*(0, T; Wy *(92)),
(2) dro+ div(pu) = 0 in the weak sense, i.e, V¢ € C([0,T) x ),

T
/0 /QQ(% +uD¢) drxdt + /Q 009|t=0 dx = 0; (2.2)

(3) —pAu—ADdivu+ Dp(p) = f in the weak sense, i.e, V¢p € C§°([0,T) x ),

T T
/ / pVuVeo + [(n+ Adivu — p(p)] div ¢ dzdt = / / fo dxdt. (2.3)
0o Ja 0o Ja

For the convergence analysis we shall also need the DiPerna-Lions concept of
renormalized solutions of the continuity equation.

Definition 2.5 (Renormalized solutions). Given u € L2(0,T; Wy %(Q)), we say
that o € L>°(0,T; L"(2)) is a renormalized solution of (1.1) provided

B(o); + div (B(g)u) = b(¢)divu in the sense of distributions on [0,T) x Q,
for any B € C0,00) N C*(0,00) with B(0) = 0 and b(p) := B’(0)o — B(o).

We shall need the following well-known lemma [12] stating that square-integrable
weak solutions g are also renormalized solutions.

Lemma 2.6. Suppose (o,u) is a weak solution according to Definition 2.4. If
0€ L2((0,T) x Q)), then o is a renormalized solution according to Definition 2.5.

Remark 2.7. Regarding the continuity equation and the definitions of weak and
renormalized solutions, we are requiring the equation to hold up to the boundary.

2.3. On the equation div v = f. Solutions to the following problem are vital to
the upcoming convergence analysis:

divv=f inQ, v=0 on 9N (2.4)

If f e LP(Q) with [, f dz = 0, then a solution to (2.4) can be constructed through
the Hodge decomposition

v = Vs+ curlg,

where s € H?(f2) solves the Neumann Laplace problem, i.e.,
As=f inQ, Vs-v=0 on 09,
and £ € H%(Q) is determined such that v|sg = 0 (cf. [1]). Such a solution can be

constructed using the Bogovskii solution operator [5]. Here, we define the solution
operator B[] : LE(€) — W, P(Q) as one of the solutions to the problem
divB[¢] =¢ in Q, Blp] =0 on 09. (2.5)

We shall need solutions v satisfying curlv = 0. Clearly, this is not compatible
with the Dirichlet boundary condition. However, locally curl free solutions can be
constructed using the operator A[] : LP(Q) — WP(Q),

Alg] = VAT [g], (2.6)

where A™! is the inverse Neumann Laplace operator.
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2.4. Finite element spaces and some basic properties. Let E}, denote a shape
regular tetrahedral mesh of Q. Let '} = {T' €T}, : T' ¢ 9Q} denote the set of
internal faces in Ej. We will approximate the density in the space of piecewise
constants on Ej, and denote this space by @ (2). For the approximation of the
velocity we use the Crouzeix—Raviart element space [1]:

Vi (Q) = {vh € L*(Q) : vn|p € PY(E), VE € Ey, / [vr]p dS(z) =0, VI € F{L} ,
r

(2.7)
where -] denotes the jump across a face I'. To incorporate the boundary condition,
we let the degrees of freedom of V},(2) vanish at the boundary. Consequently, the
finite element method is nonconforming in the sense that the velocity approximation

. . . 1,2
space is not a subspace of the corresponding continuous space, Wy ().
We introduce the canonical interpolation operators
I - W, 2(Q) — Vi(Q),  IIY: L*(Q) — Qu(),

defined by
/ ) vy, dS(z) = / vy dS(z), VI €Ty,
r r (2.8)
/H§¢dx:/¢)dx, VE € Ej,.
E E
Then, by virtue of (2.8) and Stokes’ theorem,
div, I} v = Hg div v, curl, I} v = Hg curlwv, (2.9)

forallv € WO1 (). Here, curly, and divj, denote the curl and divergence operators,
respectively, taken inside each element.
Now, (2.9) immediately gives

divy, 0} B [qn] = qn, Van € Qn(2) N {/ qn dr = 0} ,
Q

and, away from the boundary,
divy, ) A [gn] = qn, curly, I} A [qn] = 0, Yan € Qn(82),

where B[] and A[] are defined in (2.5) and (2.6), respectively. Consequently, this
configuration of elements enables us to construct discrete analogs of the continuous
operators (2.5) and (2.6).

We associate to the space V3 (£2) the following semi-norm and norm:

lonly;, = Il curly vl 22y + | diva vill72q)
+ Z he ! <|| [vn - V]p H%%r) + || [vn x V] ||%2(r)) ) (2.10)
rel'y,

lonllV;, = llvnlZ2(0) + [0nl3,-

Let us now state some basic properties of the finite element spaces. We start by
recalling from [3, 4] a few interpolation error estimates.

Lemma 2.8. There exists a constant C > 0, depending only on the shape regularity
of Ey and |Q|, such that for any 1 < p < oo,

ITIZ 6 — 6|l o0y < CRIVO| Lo(e),
I} v — v Le) + A VAL v — v) || Loy < ch®*| V30| Lo(my, s=1,2,

for all € WHP(Q) and v € W*P(E). Here, V}, is the gradient operator taken
inside each element.
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By scaling arguments, the trace theorem, and the Poincaré inequality, we obtain

Lemma 2.9. For any E € Ej, and ¢ € WH2(E), we have the following inequalities:
(1) trace inequality,

_1
16l L2ry < chig® ([|0ll2(e) + helVOlL2(E), YL €ThNOE.

(2) Poincaré inequality,

1
—— [ 44
H¢ E|/E¢ v

In both estimates, hg is the diameter of the element E.

< Chg|Vol L2 (m)-
12()

Lemma 2.10. There exists a positive constant C, depending only on the shape
reqularity of Ey, such that for 1 < q,p < oo andr =0,1,

N N

l6nllwrn ey < CHT ™02 =5 0n] oy
for any E € Ey and all polynomial functions ¢p € Pr(E), k=0,1,....
Lemma 2.11. Let {vp}r>0 be a sequence in Vi, (). Assume that there is a constant

C > 0, independent of h, such that ||vs|lv;, < C. Then there exists a function
v E Wol’Z(Q) such that, by passing to a subsequence as h — 0 if necessary,

vy, = v in L?(Q), curly v, — curlv in L*(Q), div, v, — dive in L3(Q).

Proof. As |lvi|v;, is bounded independently of h, it follows that v, €, L?(f),
curly, vy, €, L2(2), and divy, vy, €, L2(£2). Thus, we have the existence of functions
v € L?(Q), £ € L*(Q), and ¢ € L?(Q) such that, by passing to a subsequence if
necessary,

v, = v, curlyv, =&, divpv, — (.

Once we make the identifications £ = curl v and ¢ = div v, the proof is complete.
Fix any ¢ € WO1 2 (©). An application of Green’s theorem yields

/Q curl, vy do = Z /Evh curl ¢ dx + /BE o(vp, x v) dS(x)

EcEy
= / vp, curl ¢ dx + Z /(b[['uh x vy dS(z).
Q rert /T
By sending h — 0 in the above identity, we discover
/ P do = / vcurl ¢ de + lim Z /gb[[vh x v]p dS(z). (2.11)
@ R W0 L I
h
Utilizing the bound
Rty /[[vh x V)7 dS(x) < C, (2.12)
rers /T

cf. (2.10), and the second condition in (2.7), we control the last term of (2.11):

> /F¢[[vh x V] dS(z)

rery,

= |2 [@=o0) o xp s

rer;
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1
2 2

Sont [t ) (X[ lo-arl as@) |

rery, rery,

Wl

<h”

where {¢r}rer, is a given set of real numbers. For each I' € Ty, let us take
or = ﬁ f g ® dx, where E is arbitrarily fixed as one of the two elements sharing

the edge I'. Now, using Lemma 2.9 and (2.12), we deduce

> [ 6w x ]y ds(a)| < ChERIVola

rerf

Hence,

lim > /ng)[[vh x v]p dS(z)| = 0.

- reryj
By (2.11), this shows that

/qubdx:/gvcurlqﬁdx,

and so our claim follows, i.e., £ = curlw.
By almost identical arguments we find that ¢ = divv. U

The following lemma provides us with an estimate of the blow-up rate of V vy,
for any element v, € V;().

Lemma 2.12. There exists a positive constant C, depending only on the shape
reqularity of Ey, and the size of 2, such that

thvh||2L2(Q) < Ch™'7%

e 2
onllragey | D AT Ionlellzery |
rerf

for all v, € V().

Proof. By the linearity of v,|g, Avy|g = 0 VE € Ej. Using this we can apply
Green’s theorem to deduce the bound

Z /thh-vhvh dr = Z
E

E€Ey, EecE),

> [ (VIode v ds(a)

rerj

<> /F|V[[vh]]F.u\|vh\ dS(x) =:I.

rer}

/ (Vop, - v)vy, dS(x)
OF

IVhonllzz0) =

To obtain the third equality we have used that the average of vy is continuous
across internal faces. Since vy, € Vj(Q2), we know that V [vs] is constant for all
internal faces I' € I'j,. Moreover, there must exist a point br € I, for every ' € T'f,
such that [vy(br)]p = 0. By this and the Cauchy-Schwartz inequality, we deduce

1
1<c )’ E”'UhHLZ(F)” [onlr Iz
reri

ol

< Ch™ "2 |oplLe2(a) Z he = [onlr 172
rerf
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The last inequality is achieved thanks to the trace inequality (1) in Lemma 2.9,
together with Lemma 2.10. O

Using the previous lemma, we can now establish a Poincaré inequality and a
spatial compactness estimate.

Lemma 2.13. There exists a positive constant C, depending only on the shape
reqularity of E), and the size of Q, such that for any & € R?

lon () = (- = L2y < CIET Fvnlvieys  Yon € Va(9), (2.13)
where Qe = {x € Q : dist(z,9Q) > £}. Moreover,
||vhHL2(Q) < C|'Uh|vh(§2), Yoy, € Vh(Q) (2.14)

Proof. Fix h > 0, and select an arbitrary function vy in V,(2). For any & we
construct a new mesh Gj, such that each G € G}, is a subset of one and only one
element E € FEj (e.g., we can divide each element of E € Ej, into a number of
smaller elements). Moreover, we construct this new mesh G}, such that

CHEl < hg <ClEl, VG ey, (2.15)
where hg denotes the diameter of the new element G and the constant C' depends
only on the shape-regularity of F,.

Now, let Vi¢|(2) denote the Crouzeix-Raviart element space on G} and denote
by H“g‘ : Va(Q) — Vg () the canonical interpolation operator associated with

Vig ().
Denote by hj¢| the maximal element diameter in G. From standard properties
of the Crouzeix—Raviart element [14], we have
|\H|‘2|”h($) - H\‘g\”h(x - f)”sz(Qg) < (h\zg\ + |5|2) Z HVHE\WH%%G)

GeGy
< (B + 1P IVhonl Tz ),

where the second inequality follows from the properties of the operator H“g‘.
Lemma 2.12 and the bounds (2.15) allow us to conclude the following estimate:

||H\‘g\’0h($) - H\Vg\vh(w - S)H%Z(Qg)

—1—£ e
g (e €D onllzay | 0 AT Tonlp Iz
rerf

<h

Nl

< Clel Fllonllzay | D0 A Tonlr Iz
rerf

Keeping in mind that v,|p € WH2(E), VE € E},, we can apply Lemma 2.8 and
the previous estimate to obtain

[on () = vn(- = )l Z2(0g)

< 2[|lvp — H|‘2|’Uh||i2(95) + ||H|‘2|vh(m) - 1_[|‘2|Uh(fﬂ - f)”i?(ﬂg)
1 (2.16)

2
< CIE E lonllze) | Y M I Tonle 7o)
rer}

Next, denote by v§** the extension of v, by zero to all of RY. By the previous

calculations, we conclude that v§** satisfies (2.16) with Q¢ replaced by RY (keep
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in mind that the jump terms are only summed over internal faces). Thus, we can
fix |¢] large in (2.16) to discover that

052 13,2 (0 < C| diam ()]~ 2 05 | 2oy [ D 27 [0 ] 3oy |

rer;

and hence

€

. _e o . _e 2
lonllZe() < Cldiam(Q)['= { Y 2! [onlp T2y | < Cldiam(@)]' 7% Jonly,
rerf
which is (2.14).
Finally, setting (2.14) into (2.16) gives (2.13). O

‘We end this section with

Lemma 2.14. There exists a constant C > 0, which depends only on the shape
reqularity of Ey and the size of Q, such that for any v, € V,(Q)

Z pel /F [['Uh . V]]F [[wa . V]]l“ + [['Uh X V]]F [[H}‘L/w X V]]F dS(ZL')
rerf

< ChE ol @) |VwlLa),  Yw € Wi(Q).

Proof. Using the Holder inequality,

3 he_l/r[[vh-z/]]r [} 2w - o], dS(x)

rer;

¥
VB

< h3 Z he_l/r[[vh~yﬂl% dS(z) Z h_l/ [[wa]ﬁ‘ dS(x)

r
reri rery

N|=

< h? Z hs_l/r[[vhuﬂlg dS(z)

I
rely,

X <Z h’l/ |HX'w—'w|2 dS(as))
EcEy oK

To obtain the last inequality, we have applied the calculation

1
2

2 2
[ w] - = [0} w)lop+ —w +w — (I} w)|pp-|
< (O} w)|op+ — w|* + |} w)|op- — w|?,

where ET and E~ are the two element sharing the face I.
By using (1) in Lemma 2.9, we further deduce that

Z he_l/ [vp, - V] [} w - v, dS(x)

rery r

> w7t [ oo dsta)

rery,

2

wla

<h
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X ( Z h=2 T w — U’H2L2(E) + VAT w - w)l%ﬁ(E))

E€Ey
< hE2C|on|v, || Vw] L2 (0,

where the last inequality follows from Lemma 2.8.
By analogous calculations for the tangential jumps,

3 /f-l/ [on x VI [0 x o], dS(z)| < hEC]onllva | Vew]lz (o).
rer! r

This concludes the proof. O

3. NUMERICAL METHOD AND MAIN RESULT

Given a time step At > 0, we discretize the time interval [0, 7] in terms of the
points t™ = mAt, m = 0,..., M, where it is assumed that M At = T. Regarding
the spatial discretization, we let {Ex}, be a shape regular family of tetrahedral
meshes of €2, where h is the maximal diameter. It will be a standing assumption
that h and At are related like At = ch for some constant c. By shape regular we
mean the existence of a constant x > 0 such that every E € E} contains a ball of
radius A\g > hTE, where hg is the diameter of E. Furthermore, we let I';, denote
the set of faces in Ej. Throughout the paper, we will use “three dimensional”
terminology (tetrahedron, face, etc.) when referring to both the three dimensional
case and the two dimensional case (triangle, edge, etc).

On each element E € Ej, we denote by Q(F) the constants on E. The functions
that are piecewise constant with respect to the elements of a mesh E} are denoted
by Qn(£2). We denote by V() the Crouzeix—Raviart finite element space (2.7)
formed on E}. To incorporate the boundary condition, we let the degrees of freedom
of V3, (9 vanish at the boundary:

/'Uh dS(x) =0, VI'eI',NdN, Vv, e WL(Q)
r

We shall need to introduce some additional notation related to the discontinuous
Galerkin method. Concerning the boundary 0F of an element F, we write f; for
the trace of the function f achieved from within the element E and f_ for the trace
of f achieved from outside E. Concerning a face I' that is shared between two
elements E_ and E, we will write f; for the trace of f achieved from within E
and f_ for the trace of f achieved from within £_. Here E_ and E, are defined
such that v points from E_ to E,, where v is fixed (throughout) as one of the
two possible normal components on each face I'. We also write [f] = f4 — f— for
the jump of f across the face I', while forward time-differencing of f is denoted by
[f™] = fmtt — f™ and OF f™ = [[ZZ]]. The set of inner faces of I';, will be denoted
by Il ={T' e I';,;T ¢ 99},

Definition 3.1 (Numerical scheme). Let {g%(m)}h>0 be a sequence (of piecewise
constant functions) in Q. (£2) that satisfies o) > 0 for each fixed h > 0 and o9 — go
a.e. in Q and in L'(Q) as h — 0. Set fi(t,") = fi"(") == =, ftt,:b_l Hgf(s, -) ds, for
t€ (bt tm), m=1,... M.

Determine functions

(op',up’) € Qn() X Vi (), m=1,..., M,
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such that for all ¢y, € Qn(Q),
[ ot do=ar [ (@i o)t + e 07) ol dS(@). (3.

rery,
and for all vy, € V4,(Q),

/ weurly upt curly v, + [(n+ A) divy wpt — p(op?)] divy, vy, do
Q

+pu Z he™ 1/[[uh Vp [on - Vip + [uf x v]p [on x v]p dS(2) (3.2)

rerf

/fh vy, dx,

form=1,.
In (3.1), we have introduced the notation

(un - v)E = (|§| / un v dS( >)i, (3.3)

where a™ = max(a,0) and = = min(a, 0).

Remark 3.2. Since the normal velocity components (u}"-v) are discontinuous across
element faces, the continuity method (3.1) approximates (ou - v) using instead the
average normal velocity ﬁ Jp(upt-v) dS(x), cf. (3.3), and traces of o are taken in
the upwind direction with respect to the average normal velocity.

We now make an observation that will simplify the subsequent analysis. Let
N () denote the lowest order div conforming Nedelec finite element space of the
first kind [13, 11] on Ej. In two dimensions, N, () is the Raviart—Thomas space.

We will need the interpolation operator TIY : V;,(Q) — N, (Q2) defined by

/ (Hﬁ/vh) -v dS(x) = / vp - v dS(z), VI €Ty.
r r
Then, by definition, the interpolated velocity
1?,:” = HQ/ up (3.4)
satisfies
— 4 — + 4
(upr-v)* = (uhm . u)h = (up' -v);,, (3.5)
where the first equality is valid since 'J’ZL -v is constant on each I € I',. Since both
element spaces have piecewise constant divergence, a direct calculation yields
divau* = div, ull™. (3.6)
Now, setting (3.5) into the continuity method (3.1) leads to the relation

[ atteion de =t 3 [ (om0 + R0 [l dS(a). (317

rer’

for all ¢, € Qp(£2). Hence, we can think of the pair (QZL,’L/L??) as a solution to a
continuity method in which A,(Q) is used to approximate the velocity. In fact,
(3.7) is the method examined in [11]. We will frequently utilize (3.7), instead of
(3.1), to easily obtain properties of our continuity approximations.

For each fixed h > 0, the numerical solution {(g}", u;;“)}f‘jzo is extended to the
whole of (0,7] x 2 by setting

(Qh,uh)(t) = (QT,U’,;”), te (tm_l,tm], m = 1,...,M. (38)
In addition, we set g5,(0) = @Y.
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3.1. Main result. Our main result is that, passing if necessary to a subsequence,
{(on,un)})~ converges to a weak solution. More precisely, we will prove

Theorem 3.3 (Convergence). Suppose f € L*>((0,T) x Q), and g9 € L7 (Q) with
v > 1. Let {(on, un)}),~q be a sequence of numerical solutions constructed according
to (3.8) and Definition 3.1. Then, passing if necessary to a subsequence as h — 0,
up, — w in L?(0,T; L*()), onun — ou in the sense of distributions on (0,T) x €,
and o, — 0 a.e. in (0,T) x Q, where the limit pair (o,u) is a weak solution as
stated in Definition 2.4.

This theorem will be a consequence of the results proved in Sections 4 and 5.

3.2. The numerical method is well-defined. We now turn to the existence of
a solution to the discrete problem. However, we commence with the following easy
lemma providing a positive lower bound for the density.

Lemma 3.4. Fiz any m = 1,..., M and suppose 0" ' € Qn(R), ul* € Vi(Q)
are given bounded functions. Then the solution of' € Qn(Q) of the discontinuous
Galerkin method (3.1) satisfies

1
min o7 > min o™ ! .
zeN On = zeQ On (1 + At” divy, UZL”LOO(Q))

Consequently, if QZL_I(') >0, then of'(-) > 0.

Proof. Let IZZ” be given by (3.4). Then, since (Q,T,'J’ZL) satisfies (3.7), Lemma 4.1
in [11] can be applied. This concludes the proof. O

Lemma 3.5. For each fixred h > 0, there exists a solution
(ont,up’) € Qp(2) x Vi (2), o' () >0, m=1,...,M,
to the discrete problem posed in Definition 3.1.

Proof. As in the proof of [11, Lemma 4.2], the existence of a solution is established
using a topological degree argument. By the arguments corresponding to those
in [I1, Lemma 4.2], one reduces the problem to proving existence of a solution
up € V3 (Q) to the linear system:

a(up,vy) = / weurly, wy, curly vy, + (p+ A) divy, wy, divy, vy, de
Q

w30 0 [ e fon vl + fun vl bow x vy dS(a)

rerf

= / gvy, dx, Y, € V,(Q),
Q
(3.9)

where g € L?(Q) is given.

Now, the bilinear form af(-,-) is clearly bounded on the space V,(Q2) x V()
equipped with the norm || - ||y;,. By an application of the Poincaré inequality
(2.14), we also have the existence of a constant C, independent of h, such that

a(un, up) > Cllugl[y, -

Hence, the bilinear form a(-,-) is coercive on V},, and the existence of a function
up € Vi (Q) satisfying (3.9) follows.

Since the remaining part of the topological degree argument is very similar to
that found in [11, Lemma 4.2], we omit the details. O
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4. BASIC ESTIMATES

In this section we establish various a priori estimates for the discrete problem
given in Definition 3.1, including a basic energy estimate and a higher integrability
estimate for the density approximations.

We begin with a renormalized formulation of the continuity method (3.1).

Lemma 4.1 (Renormalized continuity method). Fiz any m = 1,..., M and let
(o7, ul’) € Qn x Vi, satisfy the continuity method (3.1). Then (o), uj") also
satisfies the renormalized formulation

| B i
-t Y [ (B 0 + B ;) [y da

rerf

+At/ b(op') divy, up' ¢n dx+/QB”(§(@h7@L" Y) [er=]% ¢ da 1)

+ar 30 [ B ) R (0n)- 0

rerf

= B(€" (e, 1)) [oh' T (6n) + (u - v);; dS(a)
= /Q B(gy™")én dx,  Yén € Qu(%),

for any B € C[0,00) N C?(0,00) with B(0) = 0 and b(p) := oB'(0) — B(o). Given
two positive real numbers ay and az, we use &(ay,az) and £ (ay,a2) to denote
two corresponding numbers between a1 and as that arise from second order Taylor
expansions utilized in the proof.

Proof. Recall the definition of 1;2”7 cf. (3.4). By taking B'(o}")¢n as test function
in (3.7) and repeating the proof of Lemma 5.1 in [11], we obtain (4.1) with w}*
replaced by u}". In view of (3.5) and (3.6), this is identical to (4.1). O
Lemma 4.2 (Stability). Let {(on,un)},~q be a sequence of numerical solutions

constructed according to (3.8) and Definition 3.1. For o > 0, set P(p) := ﬁgv,
For anym=1,..., M, we have

LAY -
/Q 5 Z t”uﬁ H%/'h () + Ndiﬁusion
k=1
< / Ploo) do + 'Y At e
Q k=1
where the numerical diffusion term J\/;?ﬁuswn > 0 takes the form
472
dzﬁu%on - Z/ P” Qh? ) [[QZ 1]] dx
DI / P () [6h17 (a0 — (df )7) dS(0)

k=lrerf

In particular, o, €, L*°(0,T; L7 ().
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Proof. Since P'(p)p — P(p) = p(p) and g5, > 0, taking ¢5 =1 in (4.1) yields
2
/P (ch) dw+At/ p(er) divy, wj d:v+/ P" (&g, 07 ) [ '] da

+At Y / PY(" (o ™) [ef] . (k- )i (4.3)
rerf
- P o) [ k) dS(a) = [ PG da
Fork=1,...,M and x € UFGF}I I, set
gk(z :: max{g’i(m), oF ()}, 1<y<2,
! min{} (), 0% (2)}, 7 =2,

and note that

AtZ/P” §F (o', 0™ [[Qh:l] 'u,h V)

rerf
P//(fp( 7Q+ [[Qhﬂ Uh V) dsS(z) (4.4)
>AtZ/P" QT [[gh]] ((uf - )i = (uf - v);,) dS(z).
reri

Next, using vy, = uh as test function in (3.2), we obtain the estimate

| pleh) diviwl do = G-t V)l v g -+l curly o / fhuk ds
Q

+uZh5 1/[[uh V]]p‘*‘[{“iﬂ“’]p dS(z

rer}
> pl|uflfy;, — /fhuh k=1,...,M.
(4.5)
Applying (4.5) and (4.4) to (4.3) leads to the bound
_ 172
/QP(Q’Z) div+/~LAtHu’Z||%/h,(sz)+/P”(E(QZ,QZ D) [en™']" da
+ Z At/P" [[gh]] ((uf - v)f = (uf -v),) dS(z)
rerf
/P(gh ) da + —At/ I dx+gAt/ b ? da.
Q

Summing over k =1,..., M yields (4.2). O

Since the stability estimate only provides the bound p(op,) €, L>(0,T; L(Q)), it
is not clear that p(g,) converges weakly to an integrable function. Hence, we shall
next establish that the pressure is in fact uniformly bounded in L?(0,T; L*(Q)).

To increase the readability we introduce the notation

1
¢>Q:@/Q¢d$-

Lemma 4.3 (Higher integrability on the pressure). Let {(on,un)}, <, be a sequence
of numerical solutions constructed according to (3.8) and Definition 3.1. Then

plon) €y L*((0,T) x Q).
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Proof. For m =1,..., M, define v]"” € V},(Q2) by

v =TIy B p(ep') — (p(eh el
where the operator B[] is defined in (2.5).
Since div H,‘lf = Hg div, we have the identity
divy, vp = T2 div B [p(ep’) — (p(ei)) ) = p(ef") — (p(eh)g -

By using v} as test function in the velocity method (3.2) and applying the
previous identity, we obtain the relation

[ pleiryde = 191 ol + () [ diviuf? divy of'do
Q Q
+ / weurly, up® curl, vyt — floptdx
Q

3 W [ Ao v+ [ < ol o x o]y dS(a).
rerj

Repeated applications of Holder’s inequality yields
HP(QZ%”%P(Q)
< C(plof)q + A+ mll dive [z (o || dive v}l 2 ()

+ pll carly wp'|| 2yl curly, i || z2) + 1 £ |22 @) 1R 22 o)

b S0 [ g T v+ B x g Tof? x oy dS()]

rer! r
To bound the jump terms we apply Lemma 2.14:
||P(Q7zn)||%2((z)
< C{(ﬁ(@?)ﬁz
+ (A + a5 [ui v + £ lz2@) 1B [p(ef) = (p(eh))ql ||w1,2(9)]

< C (e + (1 + Bl Ivico) + 157 lz2) (L+ Ip(ei) ) |

where the last inequality follows thanks to the estimate || B[¢]|lw1.2(q) < C||9]l12(q)-
Finally, an application of Cauchy’s inequality (with €) yields

oo ey < € (1+ eRNG + luf 3 ey + I Necey ) -

Finally, we multiply this inequality by At, sum over m = 1,...,M, and apply
Lemma 4.2. This concludes the proof. (]

5. CONVERGENCE

Let {(on,un)}),-o be a sequence of numerical solutions constructed according
o (3.8) and Definition 3.1. In this section we will prove that a subsequence of
this sequence converges to a weak solution of the semi—stationary Stokes system,
thereby proving Theorem 3.3.

In view of Section 4, we have the following h—independent bounds:

on €, L=(0,T; L7 (Q)) N L2 ((0,T) x Q),
uy €, L?(0,T; L*(Q)),

divy, uy, €, L2(0,T; L*()),

curly uy, €y L2(0,T; L*(Q)).
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Consequently, we can assume that there exist limit functions ¢ € L (0,T; L7 (Q))N
L2((0,T) x Q) and uw € L2(0,T; Wy *(Q)) such that

on =00 in L(0,T; L7(2)) N L*((0,T) x Q),

h—0 2 2 (51)
up — uw in L°(0,T; L°(Q2)),
and, by Lemma 2.11,
divy, up "=0 dive in L2(0, T; L3(Q)), 5
curly w, "2% curlu in L*(0,T; L*(2)).
Moreover,
h—0 — h—0 —(—17 h—0 ———
o =0, o " ot onlogen = glogo,
where each "=’ signifies weak convergence in a suitable LP space with p > 1.
Finally, op, on log o, converge respectively to g, olog o in C([0,T]; L? ., (2)) for
some 1 < p < 7, cf. Lemma 2.2 and also [5, 12]. In particular, g, plog o, and plog o

belong to C([0,T7; LY ... (Q)).

5.1. Density method.

Lemma 5.1 (Convergence of gu). Given (5.1) and (5.2),

onup h=0 ou in the sense of distributions on (0,T) x Q.
Proof. Denote by uy, the function
un(t,) =wp, te (e, m=1,...,M,

where 'th" is defined in (3.4). By standard properties of the Nedelec interpolation
operator, H’lfljﬁHsz(O’T;Lz(Q)) < C||uh||L2(O,T;L2(Q))- This, (36), and Lemma 4.2
allow us to conclude that uy, €, L2(0,T; WV:2(Q)) and

ZZAt/P”QT)[[Q ]]F’ ‘dS <c.

m=lrer}

Using these bounds, we can apply to (3.7) the calculations leading to Lemma
5.6 in [11], resulting in the bound

9 (on) €b L'(0,T; W—11()). (5.3)

At the same time, Lemma 2.13 tells us that
llwn(t, ) — wp(t,x — g)HLQ(O,T;L2(Q§)) — 0 as [¢| — 0, uniformly in h.  (5.4)
In view of (5.3) and (5.4), an application of Lemma 2.3 concludes the proof. O

Lemma 5.2 (Continuity equation). The limit pair (o, w) constructed in (5.1) and
(5.2) is a weak solution of the continuity equation (1.1) in the sense of Definition

2.4.
Proof. Denote by uy, the function
ﬁ(ta'):'ll\?v te(tm_lvtmL m:]-v"'uMa

where '[[}f‘ is defined in (3.4).
Fix a test function ¢ € C§° ([ T) x Q) and introduce the piecewise constant

projections ¢y = Hh @, Oyt = Hh @™, and @™ 1= 13 ftw L o(t,-) dt.
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By using ¢}* as test function in (3.7) and preforming the same calculations as in
the proof of Lemma 6.4 in [11], we work out the identity

T T
| [ otensn duit= [ [ sz dode+ i), (5.5)
0 Q 0 Q

where |w(h)| < Ch? and

/ / Ol (on)bn dadt "=9 / / o dudt — / 006(0,7) da

where we have relied on (5.1) and the strong convergence ¢ — 0 a.e. in Q.
Next,

T T
/ / onup Vo dxdt = / / orup Vo + op (up, — up) Vo dadt.
0o Ja 0 Jo

In view of Lemma 5.1,

/ /Qhuhv¢ dfﬂdt—>/ /QuV¢ dxdt.

By a standard error estimate for IT}V (cf. [

/0 /Q on (1 — up) Vé dadt

2—e
< hCllonll 20,12 @) I Va2 (0,7:02 () I VOl oo (0,750 (2)) < ChTT,

where the final inequality follows from Lemmas 2.12, 4.2, and 4.3.
Summarizing, sending h — 0 in (5.5) delivers the desired result (2.2). (]

5.2. Strong convergence of density approximations. To establish the strong
convergence of the density approximations gp, we will utilize a weak continuity
property of the effective viscous flux: Pegr(0n, wrn) = p(on) — (A + p) div wp,.

To derive this property we exploit the div—curl structure of the velocity scheme
(3.2) combined with the commutative properties (2.9) of V},. More specifically, in
view of the commutative property (2.9), the function v, = II}) VA~ satisfies
divy, vy, = 9p and curl, v, = 0 on elements away from the boundary. The crucial
point is that the curl part of the velocity method (3.2) vanishes when this vy, is
utilized as a test function.

Lemma 5.3 (Discrete effective viscous flux). Given the weak convergences listed

n (5.1) and (5.2),

T T
i [ [ Parton,wn) on v dods = [ [ Paaloru oow dads,
h=0Jo Ja 0o Ja
for all ¢ € C§°(Q) and ¢ € C(0,T).

Proof. Fix ¢ € C5°(R), ¢ € C*°(0,T), and for each h > 0 introduce the test
function

on(t) = I [pA[on — o] (1),  t€(0,T).
where the operator A[-] is defined in (2.6).
By virtue of (2.9) and curl A[-] = 0, we have the identities
divy, o, = Y17 (Vo A[on — o]) +¥II (¢(on — 0))
and
curly, vy, = PIZ (Vo x Alon — 0]) -
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Form =1,..., M, set v}’ := ﬁ fttm,l vy (-, s) ds. Taking v}* as test function
in the velocity method (3.2), utilizing the above identities, multiplying by At, and
summing over m, we obtain

T
/ / Pest(0n, un)(on — 0)d0 dads
0 Q
T
= —A /Qpeff(ghvuh)vgb . A[Qh - Q]'l/)‘f’ fh (HhV¢A [Qh — Q]) w dxds
T
[ mewliwn (96 x Aloy — g v dads

T
D Sl RN U N R R (O N R T

rer}
(5.6)

In view of (5.3), the following h—-independent bounds are immediate:
Of Alen] = A[0f en] €n L'(0,T;W1(Q)),

) Lo (5.7)
Alon] € L(0,T5; WH2(1)).

Consequently, Lemma 2.3 can be applied with the result that (A [on])? = (A [QDZ.
Thus,

Alon — o =0, in L2(0,T; L2(Q)). (5.8)
Now, using (5.8) together with (5.1) and (5.2), we send h — 0 in (5.6) to obtain

h—0

T
=t 305 [ [ o] [0 0 ALen - ) 0] (39

h—0
rer}

T
lim /0 /Q Pust(on, un) (on — o) dads

+ [un x ] [IL) (A [on — 0]) x v] dS(z)dt.
Lemma 2.14 yields

T
w3 [ [ vl [ (04l — ) o], dSteis

rerf

+ | Z he_l/o w/r[[uh x V] [ILY (¢A [on — 0]) % V], dS(z)ds

rerf
< B2 C| | Lo 0,0 llunll L2 0,75vi o) IV (0A [0 — @)l L2(0,7:22(0)) < Ch?,

where the last inequality follows from (5.7) and Lemmas 4.2 and 4.3. Applying the
previous bound to (5.9) yields the desired result. O

We can now infer the strong convergence of the density approximations.

Lemma 5.4 (Strong convergence of gp). Suppose that (5.1)—(5.2) holds. Then,
passing to a subsequence as h — 0 if necessary,

on — o ae in(0,T)x Q.

Proof. In view of Lemma 5.2, the limit (g, u) is a weak solution of the continuity
equation and hence, by Lemma 2.6, also a renormalized solution:

(0log o), + div ((elog o) u) = podivu in the weak sense on [0,7) x .



22 K. H. KARLSEN AND T. K. KARPER

Since t — plog g is continuous with values in an appropriate Lebesgue space
equipped with the weak topology, we can use this equation to obtain for any ¢t > 0

t
/(Qlogg) (t) dx—/ 00 log 0o d:z::—/ /Qdivu dxds (5.10)
Q Q 0o Ja

Next, we specify ¢, = 1 as test function in the renormalized scheme (4.1),
multiply by At, and sum the result over m. Making use of the convexity of zlog z,
we conclude that for any m=1,..., M

/ op' log of! dx —/ 09 log 0 dr < — ZAt/ op' divuy’ dxdt. (5.11)
Q Q Pt Q

In view of the convergences stated at the beginning of this section and strong
convergence of the initial data, we can send h — 0 in (5.11) to obtain

t
/(glogg)(t) dx—/ 00 log 0o dx < —/ /Qdivu dxds. (5.12)
Q Q 0 Ja

Subtracting (5.10) from (5.12) gives

t
/(gloggfglogg)(t) dng/ /gdivufgdivu dxzds,
Q 0 Ja

for any t € (0,7"). Lemma 5.3 tells us that

¢ - a ¢ -
odivu — odivu) ¢ dzds = 7/ / 0Vt —070) ¢ dxds > 0,

for all ¢ € C§°(Q) N {p > 0}, where the last inequality follows as in [5, 12], so the
following relation holds:

ologo=oplogp a.e. in (0,T) x Q.
Now an application of Lemma 2.1 finishes the proof. O

5.3. Velocity method.

Lemma 5.5 (Velocity equation). The limit pair (9,u) constructed in (5.1)~(5.2)
is a weak solution to the velocity equation (1.2) in the sense of Definition 2.4.

Proof. Fix v € L(0,T; W, *(2)), and set vj, = [T} v and v} = = ftt;,l vy, dt.
Then, setting v} as test function in the velocity method (3.2), multiplying with
At, and summing over all m = 1,..., M, leads to the identity

T
/ / peurly wy curlv + [(p + A) divy, wp — p(op)] divo dzdt
0o Ja

Y b /OT/F [un - v [T ) - ]

Fepi (513)
+ [un x v]p [(IT} 0) x V] dS(z)dt

T
= / / Fiully v dadt,
0 Q

where we have also used (2.9). From Lemma 5.4 and (5.1), we have that p(op) h30
p(o) in L%(0,T; L?(2)). Furthermore, Lemma 2.14 tells us that the jump terms
converge to zero. Hence, we can send h — 0 in (5.13) to obtain that the limit (o, u)
constructed in (5.1)—(5.2) satisfies (2.3) for all test functions v € L2(0, T; Wy *(Q)).

O
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