View metadata, citation and similar papers at core.ac.uk brought to you by iCORE

provided by NORA - Norwegian Open Research Archives

The Flow of Quasiconformal

Mappings on S° with Contact
structure and a Family of Surfaces on
the Heisenberg Group

Ksenia Lavrichenko

THESIS FOR THE DEGREE OF MASTER OF
SCIENCE
IN MATHEMATICAL ANALYSIS

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF BERGEN
NORWAY

May 2011


https://core.ac.uk/display/30898738?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1




ACKNOWLEDGMENTS

It is not a duty, but a pleasure to thank my supervisor, Professor Irina Markina, who
kindly guided me through my studies. Her ability to work and structured thinking will
allways remain for me an example to follow.

I am grateful to Professor Alexander Vasil’ev for the things I have learned from him in
Mathematics and for positive life attitude. I cannot underestimate the work and positive
energy that Irina and Alexander have invested into development of Analysis Group in UiB
as well as into wellbeing of each single student.

A special thank to the whole Analysis Group for interesting discussions and friendly
open-minded atmosphere.

In particular, I would like to mention my friends, Mauricio A. Godoy Molina for trying
to imbue me with some mathematical culture, Georgy Ivanov for teaching me LaTeX and
Anna Korolko for her perpetual faith in me.

My deep gratitude goes to my husband, Sergey Lavrichenko, who made my stay in
Norway, and consequently this work, possible.

It was a pleasure to study in this University, in particular thank to administrative staff
of our Deparment for individual approach and flexibility in finding solutions.






Contents

Introduction
1 Contact manifolds)

L1 PrerequiSites . . . . . . . oo

[L1.2  Tde eroupd . . . o o oo
[L1.3  Contact structured . . . . . . . . . ...
[L1.4  CRSUCEUTES . .« o o o oo o e
.2 Heisenbere group HY . . . . . . .
[1.2.1 Heisenberg gange and metric) . . . . . . . . ...
[1.2.2  Carnot-Carathéodory distancel . . . . . . .. . ... ... .. ...

1.3 Sphere S3) . . . .
[1.3.1  Groupstructure of S . . . . . . ...

L4 Hvs. ST . .
141  Metric structure of SY . . . . . . ...

2_Flow of quasiconformal mappinqsi

2.1  Quasiconformal mappinegs on HY . . . . . . . . ...

3.1 Modulus of a familv of curves on HY . . . . . .. ...

3.2 Modulus of a family of curves on H-type groupd . . . . . . . . .. .. ...
4 _Geometric Measure Theoryl

4.1 Modulus of a system of measures) . . . . . . ...
4.2 Rectifiability of sets in HL . . . . . . ..
4.3 Modulus of a family of separating sets in HY ...
U4 A pcapacity of a condenser] . . . . . ...

11
11
11
12
13
13
15
16
17
19
20
20
22
22
24

27
27
28
30

33
33
39



CONTENTS

61

63



Introduction

Recent years have witnessed an increasing interest towards analysis and geometry in metric
spaces, in the perspective of generalizing classical methods and results in Euclidean space
to metric structures. Numerous topics of research, such as potential theory, Sobolev spaces,
quasiconformal maps, and typical subjects of geometric measure theory, such as currents
and rectifiable sets, have been reconsidered, adapted and generalized to the metric space
setting.

Classical sub-Riemannian structure of the Heisenberg group H! is a particular example
of a metric space in which these investigations have been carried on with prosperous results.
Having the Euclidean space R? as the underlying manifold, the group H! can be endowed
with different, but equivalent, metrics. One metric arises from a homogeneous norm con-
nected to the fundamental solution of Kohn’s sub-Laplacian, given by G.B. Folland [Fol73],
and the group structure of H'. Another one is the Carnot-Carathéodory metric, based on
the length of horizontal curves. Endowed with any of these two metrics, that are homoge-
neous with respect to a special dilation d, : H' — H, §,(z, y,t) = (sx, sy, s°t), H! exhibits
a behaviour, drastically different from Euclidean space. The difference is that in these
metrics the horizontal coordinate axes x and y have Hausdorff dimension one while the
vertical t-axis has Hausdorff dimension two. This yields to the fact that the Hausdorff
dimension of H! is four, which is strictly bigger than the topological dimension of the un-
derlying manifold R3. By this reason many of the classical approaches do not work. The
development of new, intrinsic methods was required.

A. Koranyi and H.M. Reimann were among the pioneers adapting the classical quasicon-
formal mappings theory to the metric and group structures of the Heisenberg group. They
conducted a deep study of such questions as quasiconformal deformations [KR85], moduli
of families of curves [KR87], differentiability, Beltrami equation, Gehring LP-integrability
and capacities [KR95]. In parallel, G.B. Folland, E.M. Stein, L.P. Rothschild have de-
veloped the theory of subelliptic equations and singular integrals on nilpotent Lie groups
[FoI73], [Fol75], [RS76] for which H' is a typical and rich example. Particularly, Folland
and Stein were first who introduced the polar decomposition of the Haar measure on ho-
mogeneous groups [['S82, Prop.1.15]. In [KR87] Koranyi and Reimann obtained the exact
value of the conformal modulus of a family of curves in a ring in H!' by making use of
polar coordinates. Later on L. Capogna, D. Danielli and N. Garofalo in [CDG96l, Th2.2]
calculated the value of the capacity of the ring in Heisenberg-type groups, using the polar
decomposition method of Folland and Stein. The next step to further generalization was



done by Z. Balogh and J. Tyson, who introduced the class of groups in which the polar de-
composition is possible. The use of this method allowed them to obtain the sharp constant
in the Moser-Trudinger inequality [BT02, Cor.5.15].

This research unavoidably attracted the attention of the Finnish, Russian and Polish
schools in quasiconformal mappings. An influential contribution to quasiconformal theory
and Sobolev classes on metric spaces was done among others by Yu.G. Reshetnyak [Res7§],
[GRI0], B.Bojarski and T. Iwaniec [BIS7]. J. Heinonen together with P. Koskela founded
the theory of quasiconformal maps in metric spaces with controlled geometry [HEKO9S].
Koskela collaborated with B. Franchi and P. Hajlasz [FHK99], [HKO95] on definitions of
Sobolev classes on metric spaces and on regularity properties of solutions to a degenerate
equation, and with J. Maly [KMO3| on the theory of mappings of finite distortion. It
is worth to mention joint work of J. Maly and W.P. Ziemmer [MZ97] on regularity the-
ory of quasilinear second-order partial differential equations of elliptic type. See also the
references in aforementioned literature.

The first attempt to develop geometric measure theory on the Heisenberg group traces
back to the proof of the isoperimetric inequality in H! [Pan82]. The theory of minimal
surfaces (N. Garofalo, E. Giusti), differentiability (P. Pansu), area and co-area formulae
(B. Franchi, R. Serapioni, F. Serra Cassano, V. Magnani) provided prosperous research
topics.

Another subject which has been deeply analyzed is the possibility of giving appropriate
definitions of rectifiability and currents, since the classical definition of Federer does not
suit the geometry of H'. This problem, among others, occupied attention of L. Ambrosio,
B. Franchi, R. Serapioni, F. Serra Cassano, L. Capogna, J. Cheeger [AKO00], [ESSCO1],
[Che02].

The main goal of the thesis is to study quasiconformal mappings on the three-dimensional
unit sphere S® C C?, endowed with the contact structure. This contact structure, furnished
with a fiber bundle metric, gives an interesting example of a metric space, where the metric
is not bi-Lipschitz equivalent to any Riemannian metric on the sphere. The corresponding
quasiconformal maps have to preserve this contact structure, that restricts the class of
admissible mappings and introduces a series of technical difficulties.

Another aim of the thesis is to generalize the notion of the family of surfaces for the
Heisenberg group H' and find a class of surfaces, on which the modulus is not degenerate
and provides a fruitful theory. We intend to extend the classical result about the relation
between the module of family of curves connecting two boundary components of the spher-
ical domain and the module of a family of surfaces separating these components. This is
the model example that reveals the main difficulties, possible approaches to the problem
and opens a wide field for future research.

The structure of the thesis is the following. In Chapter 1 we set the context for the
work and state the main features of the group H!. We consider in detail the connection
between H' and the three-dimensional unit sphere S* considered as contact, CR and sub-
Riemannian manifolds.

In Chapter 2, using the results of Kordnyi and Reimann obtained on H', we calculate
the flow of quasiconformal maps on S®. Kordnyi and Reimann in [KRS85] presented the
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exact formulae for the vector field V that generates a flow of quasiconformal maps on H! by
making use of the Liebermann theorem [Lib59] stated for an arbitrary contact manifold.
They described also a contact map between H! and S®, analogous to a stereographic
projection. Given this map we calculate the push forward of the vector field V' and present
the exact formula for the vector field on sphere generating the flow of quasiconformal maps
on S3. The obtained formulae are quite complicated and it seems technically easier to
study directly the properties of quasiconformal maps on the Heisenberg groups and then
project them to the sphere. Further study of this question might be enlighting in future
research.

Chapter 3 is devoted to the calculation of the p-modulus M, of a family of curves in
an annulus in H!. This is a natural continuation of the work of Kordnyi and Reimann,
who found the value of M, only for the conformal case p = 4. In this work we develop the
calculations for an arbitrary exponent p of M,. We extend this result to a wider class of
Carnot groups called polarizable, following [BT02]. These groups admit an analogue of
Euclidean spherical coordinates, which naturally give a set of radial curves for the annulus,
that are rectifiable with respect of the Heisenberg metric. Our result is in a accordance
with earlier results obtained by Capogna, Danielli and Garofalo in [CDG96, Th.2.2] via a
more general approach.

Chapter 4 contains investigations inspired by some classical results of F. W. Gehring
and W. P. Ziemer on the connection between the conformal capacity of the annulus and
the extremal length of a family of surfaces separating the boundary components of the
annulus in R”. We obtain an analogous relations in the setting of H!. The main difficulty
is that in H' the notion of admissible surfaces, that are essentially Lipschitz surfaces in the
Euclidean space, has to be changed to a different one, that is compatible with the metric
structure of the Heisenberg group. Due to this we develop some basic definitions and facts
from geometric measure theory.
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BASIC NOTATION

A-B set-theoretic difference

Ac A complement, closure

R™ C" Euclidean space, complex n-space
Sn the unit sphere in R**!

H* one-dimensional Heisenberg group
b Lie algebra of H!

TM,T,M  tangent bundle to a manifold M, tangent space at x

HM,H,M horizontal subbundle to M, horizontal subspace at x

|| Euclidean norm of z € R"

€| Heisenberg norm of ¢ € H*

€] ce Carnot-Carathéodory(CC) distance from ¢ € H! to the origin
lvlo horizontal norm of a vector v € HH!

(v, W) the scalar product in HH!

Vof horizontal gradient of f

acr Lebesgue measure in R"

dg Haar measure in H*

HE k-dimensional Hausdorff measure induced by a metric d

HE k-dimensional Hausdorff measure induced by CC metric d..
HE k-dimensional Hausdorff measure induced by Heisenberg metric dy
CH(U) continuous k-differentiable real-valued functions in U

C>(U) smooth real-valued functions in U

Cse(U) functions in C*°(U) with compact support in U

HW?p horizontal Sobolev space

ACL(U) functions, absolutely continuous on lines in U



Chapter 1

Contact manifolds.

1.1 Prerequisites

1.1.1 Smooth manifolds

Let us set the context for this work and recall some basic definitions of differential geometry.

Definition 1.1. A C*°-differentiable (or smooth) manifold M is a second countable Haus-
dorff space with a globally defined differential structure. By differential structure we mean
a set of bijections p; : M D U; — V; C R™ between a collection of open subsets of M
(whose union covers M), and a set of open subsets of R™, which are C*°-compatible in the
following sense. Having two charts, i.e. two pairs (U;, ;) and (Uj, ¢;), the transition map
wij =00 1 0i(UNU;) — 0;(U; NU;) between them is smooth.

Let M be m-dimensional connected smooth manifold. Given a point ¢ € M, we define
a tangent vector v, to M at ¢ as a first-order differential operator v, : C*°(M) — C*(M),
where C*(M) is a set of all real-valued smooth functions on M. Since any two tangent
vectors vy, w, to M at ¢ € M satisfy

(bv)of =b-v,f, beR,

(v +w)of = vof +w,f,
we get that the set of all tangent vectors to M at a point ¢ form a vector space. We call
it the tangect space to M at ¢ and denote by T, M.

The union of all tangent spaces to M, endowed with a manifold structure, is a tangent
bundle over M, denoted by
T™ = | J T,M.
qeEM

The section V : M — T'M of TM is called a vector field on M. We denote by X(M) the

set of all smooth vector fields on M. The dual space of T, M is called a cotangent space
and denoted by 7,7 M. Thus, the cotangent bundle of M is a manifold

TM* = | ] Ty M.

qeEM
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The section w : M — TM* of TM* is called a one-form on M.

Given connected smooth manifolds M and N™ of dimension m and n, correspondingly,
we say that the map F': M™ — N™ is smooth if for any ¢ € M there are charts: (U, ;)
on M™ containing ¢ and (Wj, ;) on N™ with W; D F(U;) , such that the composition
YjoFop ' i R™ D p(U;) — ¢;(W;) C R is a smooth function between ¢;(U;) and
¥ (W)

The map F : M™ — N™ between manifolds induces a corresponding mapping on

tangent and cotangent spaces. Namely, given a point ¢ € M, we have maps F, : T,M™ —
Tp@N™ and F™* : T;:(q)N” — T;M™ defined by

(BEVo) [ = Volfo Fl, Vy e T,M™, f e CF(N");
(F*HF(q))V:] = HF(q)[F*V;]] HF(q) c T;(q)Nn, Vq c Tqu.

With a choice of local basis, i.e. in one chart (U, p = (x1,- -+ ,2,,)), we get the correspond-
ing local coordinates (6%1, . %) and (dzy,...,dx,,) in tangent and cotangent spaces,

satisfying the following relation:

0
05 (5;) =

where 6;; is a Kronecker symbol.

1.1.2 Lie groups
Definition 1.2. A Lie group G is a smooth manifold, endowed with a group structure such
that the map G x G — G defined by (o,7) — o7~ is smooth.
Definition 1.3. A Lie algebra g is a real vector space g together with bilinear operation
[-,-] - g X g = g such that for all x,y, z € g:

a. [z, y] = [y, 7],

b. [z, 9], 2 + [ly, 2], 2] + [[2, 2], y] = 0.
Given a Lie group G, we define the left translation by an element o € GG as the automor-

phism L, : G — G:
L,(t)=o0T.

A vector field V on G is said to be left-invariant if for each 0,7 € G
(Lo )X (1) = X (Lo(7)),

where X (7) € T, G. It turns out that every left-invariant vector field on G is smooth, see,
for example, [War83, Prop.3.7]. Thus, the set of all left-invariant vector fields on G forms
a Lie algebra, which we associate to a Lie group GG and denote by g. For any left-invariant
vector field X € g, we have

X(0) = (Ly).X(e), o€G.

Therefore we can identify the Lie algebra g of G with the tangent space to G at the identity
via isomorphism « : g — T.G given by a(X) = X (e).
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1.1.3 Contact structures

Definition 1.4. Let M be a smooth manifold of dimension m, and let 1 < ¢ < m. A
c-dimensional distribution D on M is a choice of a c-dimensional subspace D, of T,(M)
for each q € M.

A distribution D is smooth if for each ¢ € M there is a neighbourhood N, of ¢ and
there are ¢ smooth vector fields X;,..., X, on /N, which span D at each point of N,. A
vector field V' on M is said to belong (or lie in) the distribution D if V,, € D, for each
q € M. A smooth distribution D is called involutive if [X,Y] € D whenever X and Y are
smooth vector fields lying in D.

Definition 1.5. A manifold M of dimension 2n + 1 is said to be contact, if there exists a
one-form w, such that w A (dw)™ never vanishes. The form w is called contact form.

If M is a contact manifold, then the contact form w defines a distribution D C T'M on
M, such that for each fiber D,:

D, ={V eT,M: wV)=0}

We call the pair (M, D) a contact structure on M, where D = kerw C TM is a non-
integrable distribution on M as was defined above.

Observe that if w A (dw)™ never vanishes, then the same is true for any differential form
w' = Aw, where A is a non-vanishing scalar function. Such a differential form w’ = Aw will
be said to be equivalent to w and we will extend this equivalence relation to measurable
functions .

The equivalence class |w] of differential forms can be taken as an alternative definition
of contact structure, equivalent to the definition we used before and therefore we also use
the notation (M, w) for contact manifold.

Definition 1.6. A diffeomorphism F : M — N between contact manifolds (M,w) and
(N, 0) is said to be a contact transformation, if F,Dy; = Dy, where Dy = kerw and
Dy = kero. In other words, there exists a nowhere vanishing function A : M — R such
that F*o = \w.

1.1.4 CR structures

Definition 1.7. Suppose V' is a real vector space. The complexification of V is the tensor
product V &g C (or, for brevity, V & C).

As an example, let M be a smooth manifold of real dimension m. For ¢ € M, T,(M)®C
is called the complexified tangent space. The complexified tangent bundle TCM is defined
analogously to the real tangent bundle whose fiber at each point ¢ € M is T,(M) ® C.

Definition 1.8. Let V be a real vector space. A linear map J : V — V is called a complex
structure map if Jo J = —1d, whereId : V — V s the identity map.
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The complex structure map is extended to the complexified space V ® C. Therefore,
J:V®C — V ®C has eigenvalues ¢« and —: with corresponding eigenspaces denoted by
V19 and VO, From linear algebra, we have

VeC=v"0e Vi

Definition 1.9. Let M be a smooth manifold and suppose L is a subbundle of T°M. The
pair (M, L) is called (an abstract) CR manifold (or CR structure) if:

1. L,NL, = {0} for each g € M,

2. L is involutive.

If M is a CR submanifold of C", then L. = T'%(M) and, accordingly
TCM = T(M) @ T (M).

The definitions and notation above are standard, see [Bog91, Chap.7].

In order to obtain a more geometric insight we recall the notion of an embedded CR
manifold, in particular, the CR manifold of hypersurface type. We reduce our consideration
to 3-dimensional case and refer to [CDPTO07, Sec.3.3] for the following facts.

Let ¢ : C* — R be of class C?(C?). Then the set

Q={z=(21,2) €C*: p(z) <0,Vyp # 0}

is a smooth subset of C2. The function ¢ is called defining function for €.
The tangent space to 052 at p € 0€) is given by

T,00 = {Z € C* : Re(0¢(p), Z) = 0},

Go— (2, 9
(p— 851¢7852¢ I

and for Z,W € C* , (Z,W) = Z,W; + Z,W, , denotes the Hermitian inner product. The
maximal complex plane at p is given by

where

H,00 ={Z € C*: (0p(p), Z) = 0}.

We also call H,0¢) the horizontal plane.

Combining the conditions defining tangential complex lines (Re(d¢(p), Z) = 0) and
horizontal complex lines ({0p(p), Z) = 0) we see that the horizontal lines tangential to 9
are given by

Im(9e(p), Z2)((9 = 0)(p), Z) = 0.
Equivalently, the horizontal distribution on 0f) is given by the tangential vector fields
which are in the kernel of the form

0 0 0 0

o= 8—21(’00[21 + 8—,52de2 — 8—z1(’0dzl — a—z2gpd22.
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If Q is strictly pseudoconvex, i.e., the Levi form

is positive definite on H,052 for all p € 0€2, then H,0 ) is a contact distribution on d€2. In
this case a defining contact form is given by o, see [CDPTO7, Sec.3.3].

1.2 Heisenberg group H'.

Heisenberg group is an important object that reveals itself related to many different topics.
Originating from quantum mechanics, it has also wide application in theory of partial
differential equations, harmonic analysis, representation theory of nilpotent groups, moduli
of abelian varieties, structure theory of finite groups, homological algebra, ergodic theory
etc. Heisenberg group is a very fruitful and interesting topic on its own. Some of the main
results related to the Heisenberg group and its applications can be found, for example, in
[Ste93]. We describe briefly the geometry and metric structure of the Heisenberg group in
order to set the context for our work.

Definition 1.10. The (first) Heisenberg group H' is the analytic, nilpotent Lie group whose
underlying manifold is R® and whose Lie algebra § is graded

e h =V, ®V;y, where Vi has dimension 2 and V5 has dimension 1, and
e has the following commutator relations: [V1, V1| = Vs, [V1, Vo] = [Va, Vo] = 0.

Observe that since b is nilpotent and graded the exponential map exp : h — H' is
a (global) diffeomorphism, see [FS82, Prop.1.2]. Fix an arbitrary basis X,Y of V; and
let T'= [X,Y] € V,. Then the group law reads off from the Baker-Campbell-Hausdorff
formula:

1
exp(vy) exp(vy) = exp (vl + vy + 3 [v1, 112])

1
= exp <(x1 +29) X + (y1 + 12)Y + (61 + t2)T + §(x1y2 — y119) [ X, Y]) )

Here we have denoted by v; = 2, X + ;Y + t,T, i = 1,2 a generic vector in . By making
use the normal coordinates on H'

(x,y,t) = exp(z X + yY + T,

we get the group multiplication law

1
(w1, y1,t1) (T2, Y2, t2) = (ifl + 22, Y1 Y2, t1 + 12+ 5(551.@2 - y1932)) .
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The group identity is e = (0,0, 0), the inverse element of £ = (z,y,t)is £ = (—x, —y, —1).
The natural group of automorphisms on H' is given by left translations L, : H' — H',
defined by L,(§) = né. The one-parametric subgroup of H' is non-isotropic dilations
8s(€) = (sw, sy, s*t). The bi-invariant Haar measure in H' is denoted by dg and it is given
by push-forward of the Lebesgue measure from R3.
In the remainder of the thesis we will almost invariably work with this model of the
Heisenberg group, but with a group law adapted to our calculations:

(21, Y1, t1) (@2, Yo, t2) = (1 + T2, y1 + Y2, t1 +to + 2(T1Y2 — Y122)) - (1.1)

We shall also consider H! as C x R by canonically indentifying (x,y,t) with (z,t) by
z =z +1y. The group law reads

(Zl,tl)(ZQ, tg) = (2’1 + Zg,tl + tg + QIm(leg)) .

By moving in a left invariant fashion the basis g, g, 2 of T.H' we obtain
ox’ Oy Ot
. 0 0 - 0 0 .0
X =—+42y— Y=——-2z2— T=—. 1.2
oz Yor oy o ot (1.2)

The vector fields X , Y and T are left invariant, first-order differential operators. By em-
ploying the canonical identification of the Lie algebra h with the set of left-invariant vector
fields on H' we simply write X,Y,T for the basis (I2). Observe that the vector fields X,
Y and T are homogeneous of order 1 and 2 correspondingly with respect to the dilations
(0s)+ induced on algebra b by ;.

1.2.1 Heisenberg gauge and metric.
The Heisenberg group H' can be endowed with the norm

€l = (@ + 977+ )", (1.3)
also called Heisenberg (or Kordnyi) gauge. With the induced metric

dy (&) = [n~"¢ln, (1.4)
(H', dg) is a metric space. Indeed, the triangle inequality
du (&) < du(&,v) +du(v,n)

is a consequence of the norm inequality, see [CDPT07, p.18| for the proof:

1Enle < |€la + nla-

Clearly, norm (I.3]) and consequently the distance (L4]) are homogeneous of order 1 with
respect to the dilations d,:

105(§) | = s[&]u-
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In complex coordinates the Heisenberg gauge is written as
N(zt) = |(2.0)]n = (2| + )%, (1.5)

We denote by |£| = (22 + 2 —l—t2)1/ ? the canonical Euclidean norm and by dg the
corresponding metric. Observe that the Heisenberg distance behaves like the Euclidean
distance in horizontal directions X and Y, and like the square root of dg in the missing
direction T. By this reason the dy-metric on H' is not bi-Lipschitz equivalent to the
Euclidean metric dg on R3.

1.2.2 Carnot-Carathéodory distance.

There is another metric on H! that comes from sub-Riemannian structure.

Definition 1.11. A sub-Riemannian structure on a manifold M consists of a distribution
D, which is to say a vector subbundle of the tangent bundle of M, together with a fiber
mmner-product on this subbundle.

A horizontal subbundle HH' is the smooth subbundle of the tangent bundle TH' with
fibers HH' = span{X(¢),Y(¢)}, £ € H'. We endow HH' with an inner product (-,-)o
with respect to which the vectors X (&) and Y (§) form an orthonormal basis in each fiber
HH!, ¢ € H'. For a horizontal norm of a vector field v € HH', we write ||v]jo = (v, v)y/”.

Definition 1.12. Let S = {a =ry < ry < ... < 1y = b} be a subdivision of the interval
I =1la,b]. A curve~y: I — H is said to be rectifiable if

ng
sgpz Y(r) = 1(re-1) | < oo
k=1

Definition 1.13. A curve v : I — H! is said to be absolutely continuous on I if for
given € > 0, there exists a 0 > 0 such that whenever a finite sequence of pairwise disjoint

sub-intervals (ry, rx—1) of I satisfies > |ry — rr—1| < 9, then
k

S () =yl < c.
k

A left-invariant sub-Riemannian metric on H' is next defined by using horizontal curves.
These are absolutely continuous curves v : [a,b] — H!' with tangents lying almost every-
where in the horizontal bundle, ie. 4(t) € H,pH' for a.e. ¢ € [a,b]. Equivalently,
v = (71,72,73) is horizontal if it satisfies the condition

Y3(t) = 2(F1()y2(t) — 71(t)F2(t)) for a.e. t € [a, b]. (1.6)
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To see this we write « in the left-invariant basis

. 0 0 0 0 0
7—aX+bY+cT—a<a +2728t)+b<a—y—271§)+c§
0

—a%jtbag +(a-2v—0b- 271+c)aat—718 o 5
Comparing the corresponding coordinates, we find a = #;(t), b = 42(¢). In order to
eliminate the movement in the direction 7" we set ¢ = 0, which gives us the desired condi-
tions([LA) for horizontality.
For two given points in H! there exists, by Chow’s connectivity theorem ([Cho39]), a
horizontal curve joining these points. We define the length of an absolutely continuous
horizontal curve 7 : [a,b] — H' to be

+Yor + V35

1

Ln(v) ::/ab(@(t), % /yw Nodt = /( 1(t)? +72(t))§dt.

Definition 1.14. The Carnot-Carathéodory distance is defined as
dcc(gan) = lglf Lh(V)? (17)

where the infimum is taken over all horizontal absolutely continuous curves 7y joining &
to n.

The Carnot-Carathéodory metric is left invariant:

deeLo(€), Ly(0)) = due(€, ) for all €7, € HL,
and homogeneous with respect to dilation:
dee(05(€), 05(n)) = sdce(&,m) for all &,y € H' and s > 0.
For the corresponding norm we write |£|.. = de.(€,0). Observe that
€le <|€lee  forall € € H.

Since any two homogeneous functions are equivalent, the Carnot-Carathéodory metric
(L7) and the Heisenberg metric (L4) are equivalent in the sense that there exist positive
constants C7, Cy such that

Cl dH(fﬂ?) < dCC<£7 77) < C2 dH<£7 77)7 5777 S Hl’

The next lemma shows that the Heisenberg and CC-metrics generate the same infinitesimal
structure, see [Str86].
Lemma 1.15. If v:[0,1] = R is a C'-curve and t; = i/n, i = 1,...,n is a partition of
0,1], then

L f v is horizontal
lim SupZdH Dov(tin)) = { n(y) if v is horizonta

n—00 P 00 otherwise.

The topology induced by the Carnot-Carathéodory metric coincides with the usual
Euclidean topology on the underlying space.
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1.2.3 Contact and CR structure of H!

The Heisenberg group H' carries a CR structure. To see this we let

T'’H' = span(Z2), T*'H' = span(Z2),

where ) 5 9
Z=—-(X—-1iY)=—+1iz—.
2( i¥) 0z * ot
i
The comutator relation is [Z, Z] = %a Here we have used the standard notation

o _1(0 9N g 2L_1(9 ;9
9. 2\ar ‘oy) M 9z 7 2\ar oy )

Observe that H' acts on C? from the right by holomorphic affine transformations:
(21,22)(2,t) = (21 4 2, 22 + 4t + | 2> + 2iz 2)
for (z,t) € H' and (21, 22) € C2. This action preserves the Siegel domain
D = {(2z1,2) € C*: Imz, — |z |* > 0}
and its boundary 9D, since

Im(2y + 4t + i|2|* + 2iz12) — |21 + 2|?
=TIm(z) + |2|* + 2Im(iz12) — (|2]* + |21]* + 2 Re(212)) = Im(22) — |21 ]2

Since this action is simply transitive on 0D with a single fixed point at infinity, we may
identify H' with 0D by the correspondence

(z,t) = (0,0) - (2,t) = (2,4t +i|2]?).

Under this identification the CR structure of H! defined above coincides with the CR
structure induced by the Euclidean metric in C? | i.e.,

H(. at44)212)0D = THH'. (1.8)

In order to prove this we observe that the holomorphic subspaces at the origin coincide as
0D is tangent to the hyperplane zy = 0 there. Next, we remark that the CR structure on
H' is left invariant, and the action of H! on dD is holomorphic, hence preserves the CR
structure on 0D.

Let us introduce the form

w = —2ydr + 2xdy + dt = —izZdz + izdZz + dt. (1.9)



20 Contact manifolds.

At every point £ = (z,y,t) € H' the forms dx,dy and w represent a basis for the space
of differential one-forms. This basis is a canonical dual to the left-invariant basis X,Y, T
of the tangent space T¢H' in the sense that dz(X) = dy(Y) = w(T) = 1 are the only
non-trivial actions of one-forms on X, Y, T. Then any vector v € T;H' can be expressed as

v=dr(v) X +dy(v)Y +w(v)T,
and, every differential one-form « can be represented by the following
a=a(X)dr+aY)dy+ o(T) w.
The form dw A w is proportional to the euclidean volume form
dw AN w = (=2dy A dz + 2dx A dy) Aw = 4dx A dy A dt.

The tangent mapping f, of a transformation f : H' — H' can be expressed in terms of the
basis given at £ = (z,y,t) as matrix

dz(f.X) de(f.Y) dx(f.T)
dy(f.X) dy(f.Y) dy(f.T)
w(feX) w(fY) w(fiT)

Writing f*w in terms of the basis dx, dy,w one sees that f is a contact transformation if

and only if
f*w(X> w(f*X) =0,
FulY) = w(fY) =0

and

A= Fw(T) = w(f.T) #0.

Example 1.16. Left translation by a group element 7 clearly is a contact transformation.
Let us fix an element 1 = (g, 9o, to). Then for any & = (z,y,t) € H' the left translation
L,(&) = (w0 +x,y0 +y,to +t+2(zoy — yox)) induces the corresponding map on cotangent
space L, : Tfn © T¢ acting on the form w as follows

10 2y —2(yo +y) —2y
0 0 1 1 1

1.3 Sphere S°.

1.3.1 Group structure of S?

Another example of a contact manifold is the sphere S* C C2. The sphere S? is the smooth
manifold {w = (wy,ws) € C? : |w|* + |we|? = 1} according to the regular point theorem
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([dC92, Ex.4.3]), since S* = f~1(1), where f : C? — R, f(wy,ws) = |wi|* + |we|? is a
smooth map and ¢ = 1 is a regular value of f. The Lie group structure of S® can be seen
by identifying it with the unitary group SU(2):

SU(2) = {( “ 7{’2) Jwr]? + Jws)? = 1, wr, wy € c} .

—U_)Q w1
The group operation on S? is induced by matrix multiplication in SU(2):
(wl, U)Q) * (Ul, UQ) = (w1u1 — wgﬂg, Wil + wgﬂl), for (wl, U)Q), (Ul, Ug) c 53.

To calculate left-invariant basis for the algebra of S® we rewrite the group law in real
coordinates. For two points (zg, 1, T, 73) and (yo, y1, y2, y3) of R*:

Wiy — Wally = (To + 121) (Yo + 1y1) — (T2 + i23) (Y2 — 1y3)
= (Yo — T1Y1 — Tay2 — T3y3) + i(T1Yo + Toy1 — T3Y2 + TaYs3)
Wity + welly = (Tayo + T3y1 + Toye — T1Y3) + 1(x3yo — Tayh + T1Y2 + Toys)-

This rule induces a left translation L,(y) of an element y = (yo,y1,y2,y3) by an element
x = (xg, x1, T2, x3). The matrix corresponding the tangent map (L, ), is given by

o —T1 —X9 —T3
I Lo —T3 T2
T2 Tz —To —T
T3 —T2 I Zo

(Lz)s =

We find left-invariant vector fields by left translating the basis vectors at the unity of the
group, namely X (z) = (Lg).(y) X (0):

0 9, 0
N(z) =z + a4 + 29

Oxo 0x; Oxs + T Oxs’
M) = _xla(?co o 81 s ai i aig’
Xolw) = —22 aio - ”“"3021 %o aiz + Ilaig’
X3(x) = —x3 82’0 + 9 8?1 — x18i2 + x 82’3'

We observe that the vector N(x) is the unit normal to S* at z € S® with respect to the
usual inner product (-, -) in R%. Moreover, for any z € S®

(N(z), X1(x)) = (N(2), X5(2)) = (N(x), X3(x)) = 0.

and
(N(z), N(z)) = (Xi(z), X1(2)) = (X2(2), Xo(2)) = (X3(2), X5(2)) = 1.
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Since the matrix
ry Xo —T3 T2
T2 X3 —To —I1
T3 —T9 T Zo

has rank three, we conclude that the vector fields { X;(z), Xo(x), X3(z)} form an orthonor-
mal basis for 7,53 with respect to (-,-) at each point x € S®. The basic vector fields
{X1(z), Xa(z), X3(x)} possess the following commutator relations

[X17X2] = 2X37 [X27X3] = 2X17 [X37X1] = 2X2

By letting D = span{Xs, X3} be the horisontal distribution generated by X, and X3, we
see that D is bracket-generating and it provides the sub-Riemannian structure for S3.

1.3.2 Contact and CR structure of S*

To see that S? is a CR manifold, we let the defining function introduced in Section [.1.4]
be p(w) = |w|?> — 1. Then § is the unit ball

Q= {w = (wy,wy) € C*: |w|* — 1 < 0},

and 92 = S . The Levi form is a constant multiple of the identity (and hence positive
definite), and the horizontal distribution is given by the kernel of the contact form

g = 'Lﬁld’wl — wldwl + 'IIJQd'UJQ — wgdwg. (110)

The subbundle H,,S% = T}05% = span(W;), where

L Otw)? (9 0 (Ltw)’
Wl_l 1+1IJ2 w20w1 wla’LUQ - 1‘|"LB2 W (111>

and T%1S% = span(W;)

(T4 wy)? 0 N € Sy
L= 1+UJ2 w28u71 wl&’U_Jg - 1+w2 w.

1.4 H! vs. §°

In this section we show the correspondence between H! and S? via a contact map. Conse-
quently, under this identification the CR structure on S® can be viewed as the CR structure
of the one-point compactification of H', namely, HS? corresponds to the horizontal distri-
bution HH!, and & corresponds to the contact form w given in (L9).

In order to write the exact correspondence between S3 and H', we require a special
stereographic projection 7 based on the Cayley transform, which we define below.
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First, we recall the definition of the Siegel domain
D ={(z,2) € C*: Imz — |z]* > 0}. (1.12)

A defining function for D is
o(z1,22) = 2171 + %(22 — ).
The horizontal structure HOD is given by the kernel of the form
T = —iZ1dz +indz + %(d@ + dz), (1.13)
which is contact since the wedge
dr AT = 4idzy N dz A (dzg + dz)

is the volume form on dD. To see this, we switch to the real coordinates by z; = x1 + iy,
29 = T9 + 13y9. Hence,
aD = {(xla Y1, T2, I% + y%)}a

and the form
dr AT = 4i(dxqy + idyy) A (dzy —idyr) A (2dxe) = 16 dzy A dyy A day
is a multiple of a volume form in coordinates (z1,y1, z2).
The vector fields
0 0 _ 0 0
] = — + 20z — d 2= — — 2iz1— 1.14
T T e, M T s (1.14)

form a basis for HOD.
The Cayley transform

wy; .1 —wy
C = 1.15
(w1, w2) <1+w2’21+w2) (1.15)

maps the unit ball B C C? biholomorphically onto the Siegel domain D. With the help of
the Cayley transform we can define a CR generalization of stereographic projection

Tic\{—e} > RP=H) e =(0,1) (1.16)
as the composition of C|yp and the projection
IT: (21, 29) — (21, Re z). (1.17)

The stereographic projection 7w can be extended to a map from 0B to the one-point com-
pactification of R?, and the inverse map is given by

_ —2iz 1 — |2|? + 4it
1
t) = 1.18
Tzt (1+|z\2—4it’1+|z\2—4it)’ (1.18)
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with t = Re(zq) and z = 2.
The Cayley transform (LIH) is a holomorphic mapping. Its Jacobian is given by

82’1 021

Owy Owy | 1 (1w —w
On Oz _|1+w2|2< 0 _2)'
8’(1]1 8w2

The tangent mapping C! transforms the frame Z;, Z;, for HOD into the frame W;, W,
generating HS? in the following way. For any f € C*°(B), we have

(€22 o) = 2o = 2 1 (T2 12
ot (T i) e (D)
::_5%I1fi@f”%%zl(&m(1f?5y‘*632a-?;g2)
==y (it D) e o (T
(1 + wy)? ( 9, 0

The pull-back of the contact form 7 in is the contact form o in on the sphere S3:

l

Crrlgs = s
T|SS |1 —l—’LU2|2

(—u?ldwl + wldwl - u72dw2 + w2du72)
1

1
‘I'W 2O'|S3.

1 — |wi|? — |ws]?)(—d dg) = ———
( lwy |* — |wa|”) (—dws + dwy) TN

This yields that the generalized stereographic projection 7 is a contact transformation,

since .
Tw=— o= \o. (1.20)

Ty wp’

Moreover, the generalized stereographic projection 7 preserves the metric structure as
we shall see in the next subsection.

1.4.1 Metric structure of S*

Let us consider S? as a metric space. We can employ a homogeneous distance function,
that has been used by Mostow (see [Mos73]).

dg(u,w) = |1 = (u,w)| = [Ju —w|* — (u, W), (1.21)

where (u, w) = ujw; + ugWy is a complex scalar product.
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This distance function is equivalent via generalized stereographic projection 7 to the
Heisenberg distance (I4) in the following sense. Take points [0, 0], [z,¢] € H' and consider
the distance dg between their images e; = (0,1) and w = (wy, ws) € S under generalized
stereographic projection 7 : S?\ {—ey} — R? (LIR):

1— 2%+t
2 _ _ ool —
ds(ez,w)—ll—(ez,w)|—|1—w2|—'1_m
2|? + it 2
= Lﬁzwut?)%f.
11+ |22 + it] |1+ |2[? + it|
Plagging in
1— 2%+t 2 2
|1—|—’LU2|:1—|— ‘|2 —| = o R
T[22 —it] T4 (22 —at] 14|22+t

we get
dg(ez,w) = [1+ws| - [[2,8]]* = |1+ wo| - dfy (77 (e2), 7~ (w)).

Vice versa, one can take points e; = (0,1), w = (w;,ws) on the sphere S* and check the
distance between their images £ = [0,0],7 = [z, t] on H! under the inverse map:

. Z"LUl ,1—w2
m(wy, wy) = <1+w2,Re [Zl—i-wg}).

With some arrangements

t:Re{z,l—wg}:3{1—1112_1—1172}:102—1172 2 _ 2 Im wo
1+ wy 2 [1+wy 1+ 20 [1+wy? |14+ wsl?
2 Im wy? :_(w2—u72)2
|1+ wo|* |1+ wql*
i lmlt 0 P
|1+ wy|* |1+ wy4
we have

(1—we?)?  (wo—w2)? 1+ |ws|* —wi — wo?

dy(§,m) = |2 +1 =

1+ w* [T+ w|t |1 4 wol4
14 (wown)? —wi —wo? (1 —wd)(1—wo?) |1+ w1 — wol?
|1+ wol* a 11+ wol* a 11+ wol*
_ T —we _ di(n(p). 7(q))
|1+ wsl? 1+ w2

And we get the following correspondence between two distance functions:

du(€,n) = [\ ds(n (), m(n))  for every £,n € H,
where [A\| = [Mw)| = |1 + wsy| ™! is the same coefficient that arises in (L.20).
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Chapter 2

Flow of quasiconformal mappings

2.1 Quasiconformal mappings on H!'

Quasiconformal (qc) mappings arise in complex function theory, for example in the study
of multiply connected domains and in the Teichmiiller problem. They are encountered
also in the theory of partial differential equations as the univalent solutions of Beltrami
systems. Finally, the study of such mappings is interesting in its own right, for though
the theory usually parallels that of conformal mapping, there are striking instances where
the analogy breaks down. Moreover, this study sometimes casts new light on the theory
of conformal mapping, since often one must employ different methods when dealing with
this more general class of mappings.

Classically, qc maps may be defined in metrical, geometrical or analytical way. With
any homeomorphism f : U — H!, where U is a domain in H!, we associate the functions

Lf(gv T) = sup dH(f(€)> f(n)%

du (5777):7'

ly(§;r) = inf  du(f(£), f(n))

du (5777):7'

The functions are well defined if dy (£, 0U) >

(==

In addition we set for every & € U

Hy(§) = liriljélp LEr)
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Definition 2.1. A homeomorphism f : U — H' is a gc mapping, if H; is uniformly
bounded in the domain U. If in addition

esssup |[H(¢)| < K
ceU

then f is called a K-qc mapping.
The following theorem can be found with detailed proof in [KR85, Th.8]:

Theorem 2.2. Any smooth conformal map in H' is a composition of maps of the following
types:

e left translations,
e dilations,

e rotations about the t-axis

R(z,y,t) = (R(x,y),t), Re€ SO(2),

e the Heisenberg inversion

(2 1) —Zz —t
z,t) = :
JHA |22 + 4it” |z|* + 16¢2

We see that smooth conformal mappings on H! are necessarily group actions.

2.2 Contact transformations vs. qc mappings.

Koranyi and Reimann also demonstrated the existence of an extensive supply of nontrivial
(e.g., nonconformal) quasiconformal mappings of H! by characterizing the infinitesimal
generators of one-parameter flows of smooth quasiconformal maps. We will sketch the
construction in the following theorems, for the details of proofs reader is referred to [KR85].

Theorem 2.3. A differentiable quasiconformal mapping with a non-singular derivative is
a contact transformation.

The idea of the proof is to show that the tangent mapping f. : T;H' — Tf(g)Hl maps
the horizontal tangent plane

P:={V e T:H" : w(V) =0}

into the horizontal tangent plane Py C TyeH' for any & € H'. In other words, differ-
entiable qc mappings respect the geometry of H'. Moreover, enough differentiability and
bounded growth give a converse of the last theorem.
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Let

M(€) = sup [V ]lo,
VeHH!
IVllo=1

Ao (§) = yof 1£:V llo-
IV o=t

Theorem 2.4. A contact transformation which is twice differentiable and satisfies

A1

)\—2(5) <K

15 a K-quasiconformal mapping.
Corollary 2.5. The stereographic projection is a conformal mapping.

The Corollary follows from the fact that the stereographic projection is a contact map-

ping with
—1

1 2
(CR)

1+ ws
The following theorem is a special case of a theorem due to P. Liebermann [Lib59]. The

presented version is a specially adapted by Koranyi and Reimann for the contact structure
on the Heisenberg group.

)\1:)\2:’

Theorem 2.6. For any p € C*(H'), C?-vector fields of the form

1 1
V= _Z(YP)X + Z(Xp)Y + T, (2.1)

generate local one-parameter group of contact transformations.
Conversely, every C*-vector field V which generates a local one-parameter group of
contact transformations is necessarily of this form with p = w(V).

As a next step they exhibit an explicit estimate for the constant of quasiconformality
of a one-parameter group of quasiconformal mappings generated by a C%-vector field.

Theorem 2.7. Assume that V is a C*-vector field of the form (Z1)), which generates a
one-parameter group fs of contact tranformations. If

1
|ZZp| <k  for Z = §(X — 1Y),

then f, is K-quasiconformal with

1 1
“(K+=)< V2k|s|
2( +K) ‘
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2.3 Liebermann theorem on S°

Using the results of Koranyi and Reimann sketched in the previous section we can describe
the flow of qc mappings on the sphere S3. Let us start with the C?-vector field v € X(H*),
which generates a local one-parameter group of contact transformations on H' as in the
Theorem 2.6, i.e.

1 1
—Z(YP)X + Z(XP)Y + pT,

where p is at least once differentiable real valued function on H!.

Using the fact that the generalized stereographic projection 7 : S3\ {—ey} — H! is
a contact transformation, we can pull back given vector field v to the sphere, so that it
generates contact transformations as well. In order to do that, we will find first the images
of the vector fields X,Y,T under the corresponding map between tangent spaces of H*
and S3. We find 77 'v as a linear combination of those images.

The map 7 was defined in (IL.I6) as the composition of the Cayley transform (LIH)
C : 53\ {—e2} — D restricted to 53\ {—ey} followed by the projection (LI7) 1T : D —
0D =~ H".

Thus the tangent map (7 !), : TH! — T'S® is a composition of two linear transforma-
tions (771), = (C71), o (IT7Y),. Let us consider the tangent map (IT71), : TH! — TOD.
In the standars basis of R* it is given by the matrix:

vV =

1 0 0

1 |0 1 0
(). = 0 0 1
2¢ 2y 1

It pulls back the left-invariant basis X, Y, T as follows:

L0 0y 1
- o o 1o 1o
X=dlm(X) =13 o 20 |2y
2 2y 1 y 2
1 0 0 0 0
- 0 1 0 1
_ -1 _ _
Y =dll(Y) 0 0 1 _12 | -2
2 2y 1 o %
100\ 4, 0
" 0 1 0 0
T =dll Y(T) = 0] =
00 1]\ 1
2z 2y 1 0
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Recalling the complex notation

X=2+2, Y=iZ-2), T=

we get the following vector fields on T'0D:

1 o 5 0 0
Z1 = §(X — ’LY) 8—,21 + 2121 8,22
- 1 0 0
Z 2(X + ZY) 0—21 — 2'&218—22
0 0
[Zl, Zl] = QZT 2Z(8—,22 —+ 8—22)

The vector field v is mapped onto the vector field v € TOD

1, = 0 0 0 _ 0
"—Z(Xp){a—yl—Ql’la +2y10y } 01'2'

where the coefficients Yp, Xp,p : D — R are extensions of Yp, Xp,p: 0D — R.

We already saw that under the tangent map (C~1), the vector fields Z; and Z; on
TOD are mapped onto the vector fields W; and W, restricted to S3. By linearity we find
(C7D(X), (CT)(Y) as

X = (CHUX) = (CNAZL+ Z)) = Wi + W,

= (C)(Y) =i(C")u(Z1 = Z1) = i(Wh = W)
However, since the map (C'~!), is not a Lie algebra homeomorphism, it does not preserve
the brackets and

(C™ulZ1, 2] # (C7N(21), (€T Z))-

By this reason we have to calculate the matrix of (C!), explicitely.
For the generic points (z1, 20) = (71, Y1, T2, ¥2) € D and (wy, wy) = (uy, vy, us,v3) € B,
the inverse of the Cayley transform (L.I5) in real coordinates reads

C 1, y1, 02, y2) = 1(2(y1 (1 + ya) + 2122), 2(y172 — 21 (1 + y2)), 1 — 3 — y3, 229),

where 7 = r(z,y2) = 23 + (1 + y2)?
The differential map (C~1), is given by the following matrix:

9 EPL (I +y2)r —2y1z2(1 +y2) + 21 ((1+y2)2 *wg) —2z125(1 4+ y2) —y1 ((1 4 v2)? — 3
] —Qty2)r wor 2x122(1 +y2) + Y1 ((1+yz)2 frﬁ) —2y122(1 +y2) + @1 ((1+y2)® — 23
72 0 0 —2a3(1 + y2) — (1 +y2)? - a3)

0 0 (14 y2)? — o3 —2z2(1 + y2)
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Now we can find

—2y122(1 + y2) + @1 (1 +y2)? — 23)
2 2z20(1 4 y2) +y1 (14 12)* — 23)
r —225(1 + ya2)
(1+y0)? — 23

o= O O

Finally, we can write
. ERT 1, & D I - TS A
0=(C7)(0) = (=Yp +iXp)W1 — 2 (Yp +iXp)W1 + T

where Xp = XpoC~!, Yp=YpoC~', p = poC~" are real-valued functions. The resulting
vector field © € T'S® generates a local one-parametric flow of contact maps on S2.



Chapter 3

Modulus of a family of curves on
polarizable groups

3.1 Modulus of a family of curves on H'.

The notion of extremal length was originally introduced in early 1930’s by A. Beuring
(and published in a joint paper with L. Ahlfors in 1950) as a conformal invariant, in order
to investigate function theoretic properties of domains of the complex plane. Later this
notion has been generalized and utilized in various problems in function theory.

In [KR87] A. Kordnyi and H. M. Reimann showed in a simple and elegant way how
to prove some of known explicit formulas of potential theory in the Heisenberg group.
Particularly they calculated the conformal modulus of a spherical ring in H'. We will
employ their method and generalize this result to the p-modulus of spherical ring in H*.

We recall that if v : [a,b] — H' is an absolutely continuous curve in H' that is not
horizontal for some open subinterval U C [a,b], then it is nonrectifiable. Thus, when
computing the p-modulus of a family of curves we can restrict ourselves to horizontal
curves, since a p-modulus of a family of non-rectifiable curves vanishes. If 7y is parametrized
by arc length then ||7'(u)|[o = 1 a.e. in [a, b].

Definition 3.1. The line integral of a non-negative, Borel measurable function f can be
defined for continuous rectifiable curves v : [a,b] — H by

[i-] " F(0(s)) ds,

where Y0 is the reparametrization of v in terms of the arc length parameter. If v is a
C'-curve we also have

l = " 1) I )l

Given a family of horizontal curves I', we denote by F(I') the class of non-negative
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Borel-measurable functions ¢ such that for all v € I’

/a > 1. (3.1)

The functions o € F(I') are usually called admissible functions.

Definition 3.2. Given p > 1, we set the p-modulus of " to be the value

M,(T) = inf Pdg.

»(I) e (T /Hl otdy

Given positive real numbers a and b, where a < b, we denote by R, the ring given by
Ry :={¢ €l :a < N(&) < b},

where N(¢) = N(z,t) = (|z|* +?)'/* is the homogeneous norm on H'. In what follows,
[y denotes the family of all horizontal curves joining the sphere S, = {N (&) = a} to the
sphere S, in Rg,.

N/

Figure 3.1: The family of curves I,

Our goal is to compute the exact value of the p-modulus M, (I's).

Theorem 3.3. The value of the p-modulus of the family of curves Iy, is given by

C(p) <%>H <bf€_:11 - az_?y_p, p#4

b _3
7T2 (log _) ) b= 47
a

where the coefficient C(p) is given by

Mp(rab) =
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In order to calculate the integral over the ring R, of an arbitrary admissible function, we
need to find convenient coordinates. In their joint work [F'S82] Folland and Stein developed
‘polar coordinates’ formula valid for any homogeneous group G, which is a connected and
simply connected nilpotent Lie group, whose Lie algebra g is endowed by dilations {0,}.
In application to H' this formula reads as follows:

Proposition 3.4. Let S = {n € H' : N(n) = 1} be a unit sphere in H'. Then there is a
unique Radon measure v on S such that for all uw € L*(H'),

[udo= [ [ty avtmis

However this formula is of no use for our calculations since the curves 6, : R D I — H!
are not horizontal by (I.6]), and consequently, not rectifiable. It turns out that the extremal
family of curves for a p-modulus is a family of horizontal curves normal to each sphere
Sy (r > 0). Such curves are integral curves for the vector field VoN. The construction of
such a family is given by the following lemma:

Lemma 3.5. For every continuous function f, we have the decomposition

/R g = /0 " o _ﬂ/; da / ) dr, (3.3)

where e are horizontal curves normal to each sphere S, (r > 0).

Proof of Lemmal3.4. Elementary calculations show that

VoN = ((3 + QyQ) N, (g - 2;,;9) N) = N2+ yt, |2y - at),

Ox ot dy ot
and )
IVoN 2 = (V0. ToN) = L.
Therefore, the normalized vector field
V= %VON

is normal to each S, and satisfies (V' (1), VoN(n)) = 1, whenever
n¢ Z={¢eH : VoN(¢) = 0}.

The set Z is called the characteristic set of N. We are looking for the family of horizontal
curves normal to each sphere S, (r > 0) as a solution v¢: [0,h] — H' of the following

Cauchy problem:
Ye(s) = V(e(s))
Ye(h) =&
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We introduce the polar change of coordinates (p,6,t) on H' by z = pe? in the z-plane,
which is a diffeomorphism in H'\ Z. Thus we can rewrite the vector field V as

1 0 o t o
Ve dpl oyl 2L
N{p8p+ at p289}
We parametrize the sphere S, = {N(§) = h} by
— L[ cos? a, h2sinal, —= <a < 20< ¢ <
Sy, {[he cosz a, h” sin o, 2\a\2,0\¢\27r}.

Let v¢ denote the integral curve of V' such that v¢(h) = &, where £ = £(h, o, ¢) € H.
Observe that if «y is an integral curve of V and if N(y(h)) = h for some h, then N(v(r)) =r
for all » > 0. This property holds because

O N((r) = (VN (1), 4(r) = (Yo, V) = L.

or
Consequently, along an integral curve of V| the term N(7(r)) equals r. For future con-
siderations, it is convenient to have an explicit expression for 7¢, which can be found by
solving the system of differential equations:

e p L il g L]0 0 10 = V()
=P, e T — v \Pap T et 2agf T TV
Namely,

p="t )

tz? — t:]{fg’f’

. t 0 = —tanalogr + ks,

6= ——;

X rp

where the integration constants ki, k2, k3 can be found from the initial data v¢(h) = &.
Finally, the curve ¢ is given by

p(r) = rcos? a,
t(r) = r?sina, (3.4)

,
0(r) = ¢ — tanalog 7
The variables (r, a, ¢) can be regarded as spherical coordinates of the point ¢ (7). Since the
curves ¢ are normal to the spheres Sy, this is the natural analogue in H' of the Euclidean
spherical coordinates.
We find the expression for the volume element dg in terms of the new coordinate system.
dp __ Ot

Since 35 = 55 = 0 and g—g = 1, the Jacobian is given by
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or,a, )  O(r,a)

= 2

d(p,t,0) dp,t) cos? —gcos‘% asina)| _ 2 cos™ re
2rsin « T°Cos

The equality dg = pdpdt df, yields dg = r® dr doed¢. Thus, for every continuous function
f, we have

2 w/2 b
| tdg= [ as [ da [ feeian (3.5)
Rap 0 —7/2 a
and Lemma is proved. O

The horizontal norm of % for a horizontal C*-curve ~ in terms of the spherical coordinate
system is given by

illo = { (& otrre0s00)) + (2ot sme<r>))2}é

= ((,bcos@ — fpsin)? + (psinf + Bp cos 9)2>

Jun

2

[NIE

= (p* 4 6%p*)2 = cos? a1 + tan® )2 = cos ™2 av.

Proof of Theorem[3.3. Let us estimate the value of M,(I'y;). For all admissible functions

o € F(I'y,) we have,
1< (/% a)p _ (/aba(yg(r))cos_%adr)p. (3.6)

We estimate (3.0), using Holder’s inequality:

i b , , p b
cos? a < (/ (Uﬂ) ’/‘_Pd’/‘) < </ 07’7‘3dr)

B =

b P
3
</ r_t)ldr)
b b s p—1
= (/ O’p’f‘3d7”) (/ T_P_ldr) .

The conformal case p = 4 has been considered in details in [KR87]. We separate this case
from the general one, since the calculations are different.
Let Cu(p) denote the value of the integral below:

b

: _]_ p— p—

/T_P31 dr:;!?—(bplel—apjll), p#4
a p_4

Cab<p> = bl b
/—drzlog—, p =4,
o T a
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therefore .
/ o? (e(r)) r¥dr > Cop(p)' P cost a,

and for all p > 1

2 w/2 b
/ ofdg = / do da/ o (ye(r))ridr >
Rap 0 —7/2 a

2w /2 /2
Cab(p)l_p/ do cos? ada = 2r Cab(p)l_p/ cos? o do.
0 —/2 —7/2
Let C(p) denote the value of the integral on the unit sphere
2m w/2 . 2 (24 1
C(p) ::/ do cos? ada = Wﬁp & 2).
0 /2 F(E+1)
It follows that
My(Tap) = Can(p)'PC(p). (3.7)

Let us exhibit an admissible function on which the value of the estimate above is attained.
In non-conformal case p # 4 let

1
o = (bTH _ a7'+1> 1%, (NT+1) lo,

_ p—4 _
Where7'+1—§Tl. For p =4 let

p\ !
0= (108 ) V0 log Nl = Cualp) ™ 5" ¥
Calculating ||Vo (N™) ||o explicitly, we see that
—1 -1
(57 =) VN o = (67 = @) (7 + DNVl = Cas(p)” NI Voo,

By using the parametrization of 4¢(r) by spherical coordinates given in (3.4]), we have for
all p > 1 the equality

3

) — cos? aCab(p)_lr_E,

o0(e(r)) = Cap(p) ™' 7™ <7“ COS2 (v

Using Lemma [3.5] we can calculate the integral

2 w/2 b
/ obdg = / do da/ Ug(%(r))r?’ dr
Rap 0 —7/2 a

2r /2 b . 5
= / do da/ cos2 o Cyp(p) Pror—1 dr
0 —7/2 a

r

2 /2 b
= C'ab(p)_p/ do cos? ada/ r r1dr = Cab(p)l_pC(p).
0 a

—7/2
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Thus, if o( is an admissible function, we have immediately that
MyTa) < [ oy = Culp) 7C(), (38)
Rab

Combining the estimates (3.7) and (B.8]), we get the exact value of the p-modulus of the

family of curves I'y,.
p—4\P~l/ p-a  poa1-P
o) (B=5)" (b —art) 7, prd
1-p p—= 1
M,(Tap) = Cap(p) PC(p) =

b\ 3 -3
C(4) (log 5) = 72 <log —) , p=4
The function oy is admissible by Lemma [3.6l This finishes the proof. O

Lemma 3.6. For all p > 1 the function oq is admissible for T'y,.

Proof. Let ~v(s), s € [0,1], be any curve in I'y, parametrized by arc length. Recall that
a= N(v(0)) and b = N(~(I)) since curves in I'y, connect the spheres S, and S,. Then, by
Schwarz inequality

(VoV,7(s))o < [[VodN|lo

for a.a. s € [0,1]. It follows that, for p # 4
/ o = / oo(7(s))ds = (bT“—aT“)_l / l(T+l)NT(y(s))HVON(v(s))HOds
1 gl ’
> (bf“ ) [ DN TN (). 3 ) ds
_ (br-i-l _ ar+1>_1 /Ol %NT-H(,V(S))CZ&

Since N™*! o v is absolutely continuous, by Fundamental Theorem of Calculus

/Uo (b'r-i-l aT+1)_1<NT+1(,}/(Z)) _ Nr+1(7(0))> 1

Y

The same arguments are valid if p = 4, see [KR87] for more details. O

3.2 Modulus of a family of curves on H-type groups

In (JCDG96]) Capogna, Danielli and Garofalo obtained the result, generalizing Theorem
[B.3lin the setting of H-type groups. They calculated the value of p-capacity of the spherical
ring on H-type group. It is known that in this particular case its value coincides with the
value of the p-modulus of a family of curves contained in the ring, see [Mar03].

Our goal is to extend this result for more general setting of so-called polarizable groups
by applying techniques developed by Kordnyi and Reimann in [KR87] and improved later
by Balogh in [BT02].
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Definition 3.7. A Carnot group G is a connected, simply connected Lie group whose Lie
algebra g nilpotent and has a stratification

where [V1,V;] = Vi1 for all j € N with V; = {0} whenever j > [. The positive integer [ is
called the step of the group.

Throughout this section we assume the following notation. Let G be a Carnot group of
step [ with Lie algebra g. Let Xi,---, Xy be an orthonormal basis of V; with respect to
the inner product () in V3. Then the horizontal tangent bundle relative to this basis has
fibers H,G = span{ X (z), -, Xi(2)}.

As a simply connected nilpotent group, admitting dilations d,, G is globally diffeomor-
phic to g = R™, m = Zi’:l 1dim V;, via the exponential map. We identify an element
g € G with (xq1, ..., 2k, tgy1, .., tm) € R™ by the formula

k m
)= exp (z nXt 3 tT)
=1

i=k+1

where Ty 1, -+, T}, denotes a set of nonhorizontal vectors, extending X, - -+, Xy to a basis
of g. The Haar measure on G is induced by the exponential mapping from the Lebesgue
measure on g = R™ and we denote it by dg.

Recall that given a domain U C G, the function f € C*(U) is called p-harmonic if it
satisfies p-sub-Laplace equation in U:

k
Doy =D Xi(IVofI67°Xif) =0,
i=1
or, correspondingly, oo-harmonic if it satisfies co-sub-Laplace equation in U:

1
Ap oo i= §<V0||V0f||g, Vof)o=0.

By a result of Folland [Fol75, Th.2.1] in any Carnot group G there exists a unique funda-
mental solution uy to the Kohn sub-Laplacian Ao which is smooth away from zero and
homogeneous of degree 2 — Q : uy 0 6, = 52~ @us.

Definition 3.8. We say that a Carnot group G is polarizable if the fundamental solution
1
ug of the Kohn sub-Laplacian Ag 5 has the property that the homogeneous norm Ng = us ©
associated to uy 1s co-harmonic away from zero in G.

The examples of polarizable groups are R™ and n-th Heisenberg group H". The main
result of Balogh in [BT02] is that in any polarazible group it is possible to carry out the
construction of ’spherical coordinates’ in the same manner as it has been done by Koranyi
and Reimann in H'.
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We denote by R, (G) the ring defined by {g € G : 0 < a < Ng(g) < b < oo}, where
Ng is the homogeneous norm associated to Folland’s solution uy. In the following Iy, (G)
will denote the family of all curves joining the sphere S, = {Ng(g) = a} to the sphere S,
and S = 5 will stand for the unit sphere.

As before, the idea is to construct family of horizontal curves ¢(-,¢) : (0,00) — G,
where £ € S, and a positive Radon measure dv on S so that the integration formula

| 1@ [ ’ | et nseasante (3.9)

is valid for all f € L'(G), where dg denotes the Haar measure on G' and
Z={0}U{g e G\{0} : VoN(g) =0}
is a characteristic set of Ng.

Theorem 3.9. Let G be a polarazible Carnot group of the Hausdorff dimension @) with
the homogeneous norm Ng associated to Folland’s solution of the Kohn sub-Laplacian. Let
p > 1, then

Cp(G)dp :?)p_l}(bi_? ~a5)| 7, p£Q
My (Tur(C) = p-l/
Cp(G) <1Og a) ) p=@Q,

where coefficient C,(G) is given by an integral

_ IVoNa(6(s,6))ll0\" ”
Gl6) = /S\Z ( Ng () ) ().

The radial flow we are looking for is the solution ¢(-,€): [0,1] — G of the following

Cauchy problem
NG(¢(S7£>> . VONG(¢(S7£>>
IVoNG((s, ) (3.10)

0
% ¢(Sa§) =
¢(1,€) = ¢,

which is the generalization of the Cauchy problem that we have solved on H'. We construct
the flow ¢ so that it has the required properties:

Lemma 3.10. The flow ¢ satisfies the following properties:
i. Ng(p(s,€)) =sNg(&) fors >0 and & € G\Z;
ii. [[(09/0s)||o is independent of s, i.e.

Ne(§) . 1
FoNao ol &

for nonzero real-valued function A on G\ Z;

1(0¢/0s)llo =
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iii. det Dy¢(s,&) = s9 for s >0 and & € G\Z where D¢ denotes the differential of the
map ¢(s,-) : G\Z — G\ Z, so that ¢(s,-) understood as a mapping from R™ to R™.

Proof of Theorem[3.9. Let us use the spherical decomposition (3.9) in order to calculate
the p-modulus of I';,(G). For all admissible functions o € F(I'y(G)) we have

L<<Lf)p:(lﬂﬂ%@»M@4¢97

Holder’s inequality implies

171 P

b -1 -1 b b % by T

AE)P < (/ (asQT> s_QTds) < (/ apsQ_lds) (/ sp_?ds)
b b, \P!
= (/ UpsQ_lds) (/ sﬁds) )

Just as in case of the first Heisenberg group, the calculations split into conformal case
p = @ and non-conformal case p # (). The logic is the same as before, that is why we will
consider in detail non-conformal case only.

Let Cu(G) denote the value of the integral on the right

b g p—1 b p—1/ p<q p-Q
Cu(G :/splds: sp1 | = —— (br 1 —ar1 ),
(C) a p—Q a p—Q ( )
Therefore ,
[ ot oconsas = cul@r oy
and,

b
P — D Q-1 1—p P
/Rab(G)U (9)dg /S\Z/a P (pe(s))s% Hds dv(€) = Cup(GQ) /S\Z A(E)P dv(€).
Let C,(G) denote the value of the integral
Cp(G) = / AP dv(§).
S\2

It follows that
My(T(G)) = Cu(G)7C,(G). (3.11)

The extremal function on which this estimate is attained is given by

-1
gy = (br-i-l _ a'r-i-l) Vo (Ngi-l) lo,
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<.
Considering oy along the radial curves flow ¢(s, &) = ¢¢(s) yields:

with 741 = 24

0(¢e(s)) = Cap(G)™H sTAE).

Using the spherical decomposition (3.9) we can calculate the integral

/ obdg = /5\2/ o8 (pe(5))s9 ds dv(€)

1-Q

b
— CulG) / A dv(¢) / s ds = Cu(C)17C,(G)
S\Z a
The function oy is admissible by the same argument as in Lemma [3.6] and we have

MG < [ oy =Cu(©)7C,(G),

Rab(G)
Finally, the value of the p-modulus for I';;(G) in non-conformal case is given by

M,(Tu(G)) = Ca(G)'7C,(G) = cp<a)(“; ‘_?‘)p‘lj(b’;—? ST pa)

This finishes the proof. O

Observe that the only information one needs to carry on the construction of spherical
coordinates on a Carnot group is existence of oo-harmonic homogeneous norm Ng. We
know that the fundamental solution of 2-sub-Laplacian always exists, but it is not neces-
sarily co-harmonic. This is the case for the Heisenberg group. There is a larger class of
Carnot groups for which this is true, these are so-called H-type groups.

Definition 3.11. We say that a Carnot group G is of H-type if its the Lie algebra
g=V10V

is two-step and if the inner product ()¢ in Vi can be extended to an inner product () in
all of g so that the linear map J : Vo — End(V}) defined by

<JZU> V> = <Z> [Ua V])

has the property J% = —||Z||?1d for all Z € Vy, where | Z||? = (Z, Z).
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Let G be a group of H-type. Since the exponential map of G is an analytic diffeomor-
phism, we can define analytic mappings U : G — V; and Z : G — V5 by

z=exp (U(x) + Z(z)), zeG.

Let

No(x) = ([U(@)]|* +16] 2 (2)]*) "
be the homogeneous norm on G, then it is well known that Ng is smooth on G\{0}, see
[Kap80, Th.2].

It is known that H-type groups are polarizable, see the proof in [BT02, p. 719]. We
extend Teorem 3.3 by calculating the flow ¢(s, ) and the measure dv on the unit Ng-sphere
in an H-type group. As a consequence we are able to compute the constant Cp,(G) in the
expression for p-modulus of 'y, (G). We state the following results from [BT02]:

Lemma 3.12. In an H-type group G with norm Ng as above, the flow defined by (B3.10)
s given by

¢(s,§) = exp(u(s) + 2(s)), € G\ Z,

where

_ _az@) ZEN, N JueU©)
) o= U008 = sous (fpeions ) U1©) + ssin (i ons )
and

2(s) = Z(¢(s,€)) = s°Z(8).
Lemma 3.13. Let G be of H-type with k = dimV} and | = dim V5 > 1. Then the set
S\Z={€€G: Na(§) =1,VoNg(£) # 0}
= exp{U(&) + Z(&) e Vi@ Vot [[UE" + 16] Z(6)]* = 1, U(€) # 0}

can be parametrized by coordinates (a, z,y) € [0, %) x S¥~1 x S'=1 as follows

U(§) =+/cosa -z,
Z(&)Iisina-y,

and the measure dv on S\ Z is given by

1
do = 1 cosg_1

o sin' ™t avdade dy, (3.13)
where dx and dy are the usual surface area measures on S¥=1 and S'~! respectively.
Corollary 3.14. In an H-type group G, the constant C,(G) of Theorem[3.3 is given by
2ﬂ.k+l/2r k+p
CP(G> = ( 5 )

AT ()T (2
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Proof of Corollary[3.14. By definition
CG) = [ NP ante).
S\2

We defined the function )\ in Lemma 3.10] as
_ IVeNa(6(s, ) o

A
© Na(€)
Emlpoying the formula from [CDG96| (2.5)]:
U
VoI = 192 = 101,

we have that

VeNs(©) U]
M= "Ne®) - NE©

Using Lemma B.12] and Lemma [3.13] we see that

C,(G) = / RORIC

= U]l forallé € S\ 2.

1 % P E_ -
=7 cos2 o cos2 o sin' ! a dadzdy
Si—1 Jgk—1 Jo

2 (52)

Car () ()

O
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Chapter 4

Geometric Measure Theory

4.1 Modulus of a system of measures.

In a celebrated paper [Fug57] B. Fuglede introduced the notion of the modulus of a system
of measures as a generalization of the concept of extremal length. Let (X,9t) be an
abstract measurable space with a fixed basic measure m : M — [0, 4o00| defined on a
sigma-algebra 2 of open subsets of X.

We denote by M the system of all measures p in X, whose domains of definition
contain 9. For u € M, i denotes the completion of .

With an arbitrary system of measures £ C M we associate a class of non-negative
m-measurable functions f defined in X and satisfying the condition

[ fanz1 ek (41)
X

We write f A p if (1) holds and f A E if (1)) holds for every p € E.

Definition 4.1. For 0 < p < oo, the modulus M,(E) of E is defined as

M,(E) = inf/ fPdm,
b

FAE
interpreted as +oo if the set {f : f N E} is empty.

A statement concerning measures @ € M is said to hold for M,-a.a. p if it fails to
hold for a system FEj, of measures of zero p-modulus. A system FEj in this case is called
p-exceptional.

The proofs of the following statements can be found in [Fug57, Ch.1]:

Theorem 4.2. Let (X,9, m) be an abstract measure space where m is a fived basic mea-
sure defined on a o-sub-algebra of M. Then the following properties hold:

i. M,(E) < M,(E') if EC E,
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ii. M)(E)< S, M)(E,) if E =] Ei.
i=1 1=1

iii. If AC X and m(A) =0, then i(A) =0 for My-a.e. p € M.
. If f € LP(X,m), then f is i-integrable for M,-a.e. u € M.

v. If || fi = fller(x,my — O then there is a subsequence f;; such that
/ \fi, = fldip— 0 for My-a.e. p € M.
X

vi. If E.C M, then E is p-exceptional if and only if, there exists a non-negative function
f € LP(X,m) such that

/ fdp=+o0 for every p € E.
b
vii. If p>1 and E C M\ {u = 0} then there exists a non-negative function f such that
/ ffdm = M,(E) and / fdu>1 for My-a.e. u€E.
b b

This is indeed a natural generalization of the concept of modulus of the family of
curves. For if, having the family I" of rectifiable curves in R”, one can regard the arc length
of a curve as a linear measure defined on the Borel class of sets in R™ and, thus, get a
corresponding system of measures. This construction was carefully developed in detail in
[OLt03 Chap.2]. We have already considered this 'linear’ case in setting of H' group.

The next step is to study this question for systems of measures in H'. The rigorous study
of extremal length for vector measures in R" was done by the H. Aikawa and M. Ohtsuka
in [AO99]. Their main result is a reciprocal relation between so-called extremal distance
and extremal width. This is a result that we are keen to obtain in our setting of H' (easily
generalizable to H", or maybe even to Carnot groups). However instead of following Aikawa
and Ohtsuka in their functional approach, we go for a classic geometric way of Gehring,
Ziemer, Fuglede and others.

We shall begin with more concrete type of measures, namely, measures on the hyper-
surfaces in H'. Our first task will be to understand what kind of surfaces it makes sense to
consider. In the case of the system of curves, we saw that the class of curves, compatible
with the definition of the modulus (admissible curves) coincided with the class of rectifiable
curves. Now we want to obtain a similar notion for the sets in H'. So that we could define
the modulus of the family of admissible (or rectifiable) sets in such a way that the modulus
of a family of unrectifiable sets would be trivial. This is quite interesting and intensively
studied problem in Geometric Measure Theory. We shall briefly review some core results
in this area and use them to build our construction.

Let us first consider R™ with Lebesgue measure £ defined on Borel o-algebra B(R").
Recall the classic definition of the modulus of the system of surfaces by Fuglede ([Fugh7,
p.187)):
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Definition 4.3. Let 1 < k < n — 1. A non-empty subset S C R™ will be called a k-
dimensional Lipschitz surface (or manifold) in R™ if there corresponds to every point z* € S

an open set U € R™ such that x* € U, and S NU 1is a Lipschitz image of some open set
T € R*,

From Lindel6f’s covering theorem follows that S is a Borel subset of R™. In fact, S is a
countable union of compact sets. Moreover, it is known that there exists one and only one
measure jg defined on B(S) which agrees with the surface measure px on every Lipschitz
image X = SNU.

Definition 4.4. Let S* be the system of all k-dimensional Lipschitz surfaces in R™. For
any sub-system E C S* we define its modulus M,(E) as the p-modulus M, of the system
of measures p,, 0 € E. Thus, for any 0 < p < o0,

M,(E) = inf / Fla)P dLm (),

FAE

where f N E means that f is a non-negative Borel function such that

/fda}l for everyo € E.

The results listed above for the system of measures may be carried over. In particular,
E C S* is exceptional of order p, i.e. M,(E) = 0 if and only if, there is a non-negative
Borel function f € LP, such that

/fda = 400 for every o € F.

We see that in this definition admissible surfaces are Lipschitz surfaces. More generally,
this is a particular case of so-called rectifiable subsets of (R™, dg). In the following section
we shall discuss this notion more in details.

4.2 Rectifiability of sets in H'.

We shall limit ourselves to the case of one-dimensional Heisenberg group H' and compare
the notion of 2-Euclidean rectifiability with the notion of H-rectifiability introduced in
[ESSCO1]. We start from the classical definition of m-rectifiability in a general metric
space due to Federer (see [Fed69]).

Definition 4.5. Recall that the k-dimensional spherical Hausdorff measure HE of a set S
on a metric space (X,d) is a measure defined as

HE(S) = limn inf Z(diam B, (4.2)

where the infimum is taken over all coverings B of the set S by balls B; with diameter with
respect to the metric d, diam B; < 0.
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The Hausdorff dimension of S can be defined as

dim p4us(S) = inf{k > 0: HE(S) = 0}.

The left invariance and scaling properties of the Carnot-Carathéodory metric d.. (or,
equivalently, Heisenberg metric dy) yield the corresponding properties for the Hausdorff
measures H* in (H,d..), see, for example [FSSCOT], Prop.2.4]:

ngc(Lﬂ(E)) = Hléc(E)v
Heo(05(B)) = s"He (),

for all s,k > 0,7 € H!, and £ C H'.
In particular, for each k there exists ¢(k) € [0, 00] so that

Heo(B(E, 7)) = clk)r*

for all £ € H' and r > 0, where B(&,7) denotes the metric ball in (H', d,.).

We want to discuss the important property, that the Hausdorff dimension of H!, Q = 4
is strictly bigger than the topological dimension, which is three. Intuitively, it can be seen
as follows. Recall that the Heisenberg metric is homogeneous of order 1 in directions x and
y and of order 2 in direction of ¢t. Thus, when covering, for example, a unit cube by balls
of diameter 6 > 0, we need % balls in directions x and y and 5% balls in direction t. This
makes the resulting number of balls 5%. Therefore we get the finite Hausdorff measure,
when the exponent k in the definition of HY is 4, consequently the Hausdorff measure of
the cube is 4. Essentially the same argument is valid for any set in H!.

Y

Sl
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Thus the Hausdorff dimension of (H',d,.) is Q = 4 and H% agrees (up to a constant
multiplicative factor) with the Haar measure on H!.
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Definition 4.6 (Federer). Given a metric space (X,d) and a positive integer m, we say
that a Borel set E C X is m-rectifiable if there exists a countable collection of Lipschitz
maps f; : A; C (R, dg) — (X, d) such that

Hy (B f_j f:(4)) =0,

It turned out however that this notion of rectifiability is not appropriate in the setting
of the Heisenberg group endowed with the Heisenberg metric. Indeed, Ambrosio and
Kirchheim (see [AKQ0]) proved that the Heisenberg group (H', df) is purely m-unrectifiable
for m = 2, 3,4, i.e. that for any Lipschitz map

f A - (Rm,dE) — (Hl,dH)

one has H}(f(A)) =0.

This lack of rectifiable sets in the classical sense suggests that more intrinsic definitions
of rectifiability could be useful instead. To this aim, in [FSSCO01], an intrinsic definition
of rectifiability in the Heisenberg group was introduced in the codimension one case. The
idea was to replace the images of Lipschitz mappings in Federer’s definition by surfaces
given as level sets of C''-functions with non-vanishing gradient. This led to the following
definitions.

Definition 4.7. We shall say that S C H' is a H-reqular hypersurface if for every & € S
there exists r > 0 and a function f € C*(B(&,r)) such that

i. SNB,r)={ne B&,r): f(n) =0};
. Vof(§) #0.

Remark 4.8. We point out that the class of H-regular hypersurfaces is different from the
class of Euclidean regular hypersurfaces, in the sense that there are H-regular hypersurfaces
that are not Euclidean continuously differentiable submanifolds, and conversely there are
continuously differentiable 2-submanifolds in R? that are not H-regular hypersurfaces, see
[ESSCO1, Remarks 6.2 and 6].

Definition 4.9. We shall say that ' C H' is m-dimensional H-rectifiable if there ewists a
sequence of H-reqular hypersurfaces (S;)jen such that

W (r\ U Sj) — 0. (4.3)

jEN

Example 4.10. An immediate example of 3-dimensional H-rectifiable set in H! is a Heisen-
berg sphere S = {¢ € H' : N(£) = 1}. The characteristic set Z of N is a set of points

Z={6€eH :VoN() =0} ={(a,y,t) ER*: 2 +9*> =1, t =0} U {(0,0,1)}.
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Thus the sphere S can be covered by three H-regular hypersurfaces, namely

St ={(z,y,t) ER*: N(&) —1=0,t> 0,2 > 0},
So ={(z,y,t) ER*: N(&) —1=0,t> 0,z <0},
S~ ={(z,y,t) ER*: N(¢) =1 =10,t < 0}

So that

S\ (Sfus;usT)
={(z,y,t) eER*:2* +y* =1, t =0} U{(w,y,t) eR*: * + 4" = 1, ¢t > 0}

is a union of H} -dimensional and H%-dimensional sets correspondingly, and consequently

H?,(S\ (SfUS; U S—)) —0.

4.3 Modulus of a family of separating sets in H!.

In this section we shall define the modulus of the system of surfaces in H', using the
intrinsic notion of rectifiability in H'. To begin with, we shall consider a special system
of sets, namely a family of separating sets. Let H! = H' U {o0} denote the one-point
compactification of H'.

Definition 4.11. Given two disjoint non-empty compact sets Cy, Cy C H!, the (Co, C1)-
condenser is the open subset Q C H' such that H' \ Q = Cy U C}.

We will use €2 throughout this chapter for a general (Cy, Cy)-condenser. Without loss
of generality we assume that Cj is a component containing point at oo (if not, make a
conformal transformation of variables).

Definition 4.12. We will say that a set o C H* separates Co from Cy in § if o N2 is
closed in Q0 and if there are disjoint open sets A, B C H', such that Q — o = (AU B) N1,
CoCAandC; C B.

Let 3 denote the class of all (@) — 1)-dimensional H-rectifiable sets that separate Cj
from Cy in Q2. With every o € %, associate the complete measure p in the following way:.
For every H% '-measurable set A C H', define

w(A) =He (ANoNQ).

From the properties of Hausdorff measure, it is clear that the Borel sets of H' are pu-
measurable and therefore the modulus of ¥ can be defined analogously to the modulus of
set of measures, namely
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Definition 4.13. Given 1 < p < o0,

fAY

M=) = nt [ fda
Hl

where dg is the Haar measure on H' and f AX means that f is non negative Borel function
on H' such that

/ fal’;‘-[g_1 > 1 for every o € X.
oNQ)

Here, as before @ is the Hausdorff dimension of H'. We prefer to use @ rather then its
concrete value () = 4, baring in mind the generalization to higher dimensional cases.

4.4 A p-capacity of a condenser.

A p-capacity of a general condenser €2 can be defined as follows.

Definition 4.14. Given 1 < p < 00, a p-capacity of a condenser 0 in H' is the quantity

Cap,(@) = inf [ [Vulldg (4.4)
Hl

ueF(Q

where infimum is taken over all admissible functions
F(Q) = {u € CFM"), ulc, = 0,ulc, = 1}.

In what follows we will work with conformal case p = (). This is a model case and
results can be generalazed in the future research for an arbitrary exponent 1 < p < oc.
We also restrict ourselves to simplest condensers on H!, namely, non-degenerate rings. A
ring R is a condenser with connected complementary components Cy and C;. As before
we will use the notation R, for a spherical N-ring in H!.

Definition 4.15. Let U be a domain in H'. For p > 1 we say that u : U — R is in the
horizontal Sobolev space HWP(U) if u € LP(U) and its distributional partial derivatives
Xu and Yu are in LP(U), i.e.

HW"(U) = {u e LP(U) : Xu, Yu € LP(U)},

where by distributional partial derivative we mean
/Xu-gbdg:—/u-ngdg, ¢ e CyP(U).
U U

It can be shown by a standard regularization process that the function v € HWP(U)
can be approximated by functions w, € C*°(U) such that
Uy —> U in LP(U)
Xu, = Xu, Yu, = Yu in LP(U).
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Definition 4.16. A continuous real valued function u defined on an open set U C H' is
said to be absolutely continuous on lines (or in sense of Tonelli), w € ACL(U) on U if for
any domain U, U' C U and any foliation x defined by left-invariant vector fields X,Y , the
function u is absolutely continuous on v NU’ with respect to the Hausdorff measure H* for
dy-almost all curves v € x.

For such a function u the derivatives Xwu, Yu exist almost everywhere in U. If Xu, Yu
belong to LP(U), then u is said to be in ACLP(U). We also use a notation

ACIP(U) = {u € C(U) : uly € ACLP(U)}.

Example 4.17. Let us give the example of a function of ACLP class in H!. Let U = Ry.
Let us show that the norm N : H' — R belongs to ACLP(R).

0 0

XN(§) = (8_ +2y8t

Making use of spherical coordinates representation in Theorem [3.4] we have

1/p
([ wvtevara
Rab
2 7r/2 b 1/p
= / dg da/ 7% |r? cos aor cos @ + rsin 6 r? sinal? r® dr
0 —7'('/2 a
2w 1/p
= </ do da/ | cos v cos € + sin O smoz\pr?’dr)
0 —7/2
1/p

2m /2 b
< / d¢ do / 3 dr < 0.
0 —7/2 a
Essentially the same estimate holds for the derivative YN (§), £ € H', and consequently

both XN and YN are in LP(R), which yields that N € ACLP(R,).

We shall make use of the following results of Kordnyi and Reimann, see [KR95, Prop.11,
Prop.9] for the details of proof.

) N = N=(|sf2r 4 yt), €= (29,8) € HL.

Proposition 4.18. For an open subset U of H', the following is true:
ACLP(U) = C(U) N HWP(U).
Proposition 4.19. Let
F*(R) = {u € ACLY(R),u|srnc, = 0, u|lornc, = 1}
Then for a ring R the following relation holds

Capg(R) = inf / IVoul|$ dg—umf /||v0u||g?dg

ueF(R)
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Observe that the extremal function u € F*(R) is a continuous function from HW1?(R),
thus it is a weak solution for (-sub-Laplacian and satisfies the variational condition

/ IVoull&2(Vou, Vow)o dg = 0 (4.5)
R

for all test functions w € C§°(R). Since the function w € HW1?(R) can be approximated
by smooth functions, we can consider our test function w to be in HWYQ(R).

4.5 Modulus vs. capacity

The application of the theory of extremal length in quasiconformal mapping theory begins
essentially with a theorem proved by Gehring [Geh62], that the conformal capacity of a
ring R C R3 is directly related to the extremal length of the family of curves that join the
boundary components of R. He has also shown that the conformal capacity is related to
the extremal length of a family of surfaces that separate the boundary components of R.

Gehring assumes that the separating surfaces are sufficiently smooth. Krivov [Kri64]
establishes a similar result under the assumption that the extremal metric is well-behaved.
Under similar assumptions, other authors have dealt with the extremal length of separating
surfaces, cf. [Fugh7, Th.9], J. Hersch, B. Shabat.

In [Zie67] the author eliminates the need for these assumptions. He considered the
general case of two disjoint compact sets Cy, C; contained in the closure of a bounded,
open, connected set U C R". It is proved that the conformal capacity Cap,, (U;Cy, Cy) of
Co, C1 relative to U is related to the n/n — 1-dimensional modulus M,,/,—1(3) of all closed
sets that separate Cy from C' in the closure of U by

S

Capn(U; Co, Cl) n-1l = Mn/n_l(E)

Let I'g denote the family of rectifiable curves connecting Cy and C} in a ring R C R".
The coincidence of the p-modulus of ' and the p-capacity of R was studied by many
autors, see for example, [Hes75], for general setting in R". In setting of H' and, more
general, in Carnot groups, this problem is also well-studied, see, for example [Mar03]. In
view of this, for our particular case of the spherical N-ring in H', we will take for granted
the coincidence of these two quantities.

Thus our goal is to adapt the result of Ziemer [Zie67, Th.3.13] to H!, which we present
in the following theorem:

Theorem 4.20. Given a spherical N-ring Ry, C H with boundary components Cy and
Ch, let ¥ denote the class of all (@ — 1)-dimensional H-rectifiable sets that separate Cy
from Cy in Ry,. Then

1

Me(¥) = Capg(Rap) 21

1 1
where§+@—1.
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In order to obtain the desirable result, we shall prove two opposite inequalities in Lemma
[4.22] and Lemma[4.23] The first inequality easily follows from a well-known co-area formula,
see, for example, [CDPT07].

Lemma 4.21 (The co-area formula in H'). The formula
/ OIVaf©lads = |~ / ) dH (4.6)

holds for all smooth f and non-negative measurable .

Lemma 4.22. In the setting of the Theorem [{.20, the following relation holds

Mg/(%) > Capg(Ra) @7,
Proof. Choose € > 0 and let f be a function, such that f A X. Let u € F(Ry,), where
F(Rab) = F(Rab) N {u : VQU|Rab 7A 0}

is a subset of a set of admissible functions for C' := Capg(Ras), such that

/ |Vul|$ dg < C +e.
L

Observe that
ul(s) ={¢ e H s u(§) — 5 =0}

is H-regular hypersurface since a(§) = u(§) — s belongs to C§°(Rap) and Vot = Vou # 0
in Ry. Thus, since Ry, is connected, the level sets u_l(s) € Y for all 0 < s < 1. Hence,
Holder’s inequality and co-area formula (4.6]) yield

’ QL 1 , & %
(/ fe dg) (C+e)? > (/ 14 dg) (/ ||vu||g9dg)
H* H1 H1
1
2/ fIIVUIlodg>/ /deQ—lds>1.
Rab 0

Since € is arbitrary, we have

1
, o
/ 79 dg>< inf / qug) > O e,
Rap uEF(Rab) Rap

Taking infimum over all f A X, we get the desired result.
]

In this section we will omit the subscript ’Hg*l, emphasizing the Heisenberg metric structure of
Hausdorff measure, and write simply H? L.
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The opposite inequality requires some work. For the full picture we exhibit the result right
away and place the proofs of all intermediate steps afterwards.

Lemma 4.23. In the setting of the Theorem [{.20, the following relation holds

1

Mo/(%) < Capg(Ra) 7.

Proof. Let u € F(Ry) be the extremal function for C' := Capg(Ra). Then, by definition
of F(Rg), u is @Q-harmonic in R,,. By argument of Balogh and Tyson in [BT02, Th.2.15]
such a function allways exists and, moreover, there is an explicit formula for p-harmonic
functions on H' \ {0}, 1 < p < cc.

Let f = ||Voul|¢ 'C~'. Then by Lemma Z.24

0—1/ IVoul| ™ dHO™ > C71C =1, (4.7)
oNRyp

which means that f A Y. Thus we can write

Mo(S)< [ fYg=cocF—coa

Rap

Now we shall prove all the intermediate results we have used.

Lemma 4.24. Let u € F(Ry) be an extremal function for Ry, and let o € . Then the
following s true:

/ IVoul[ & dHO > Cap(Ruy)
oNRyp

1 1 _
where o + o= 1.

Lemma 4.25. Let Ry, be an N-ring. Let u € F*(Ry) be the extremal function for
Capg Rap, and let o € . In addition, let o(b) = {& € H' : dy(§,0) < b} and 6(§) =
dy(&,0). Then

/ 1Yol & [Vobllo dg > 2b Capg(Ru)
o(b)

whenever 0 < b < dg (o, 0R).

Proof. Fix 0 < b < dg(0,0Rg).

For i =0, 1 let D; be the component of ¢¢ that contains C;.

Let B; ={{ € H' : 0 < dy(§,Df) < b}. Then E; C D;, Ey U E; C o(b). Hence it is
sufficient to show that

IVoul|§ ™ [[Vodllodg = b Capg(Rw) i =0, L.

E;
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Figure 4.1: The tubular neighborhood o (b)

CASE i=1 (For the case i=0 the considerations are analogous).
Set w = v — bu, where

0 if £ € DS = Dy
0(§) = min{b, dy (&, D))} = { k. du(&n) i &< By
b if ¢ e Dy — Ej.

By Example E171v € HW9(R,;). Consequently, by Proposition I8 w € HW %(R,,).
Observe that, 0 < ||Vov|| = || V|| a.e. in Ey, and |[|[Vov|| = 0 a.e. in Ry, — Ej.
The variational condition for u with test function w € HW%(Ry) reads

/ IVoul$ ™2 (Vou, Vow) dg = / IVoull$ ™2 (Vou, (Vov — bVou)) dg = 0,
Rab

Rap

which yields, together with Cauchy inequality,

/ IVoull & [Voblo dg > / IVoull & [Vovllo dg
Ei b

a

>/ ||V0u||82_2(vou,vov>dg:b/ 1Voul|? dg.
Rab

Rab
U

Lemma 4.26. Let 0 € ¥ and let
F©O =g @& [ IVl dgt)

B(&r)
be an integral average of u. Then

/ £, dHO > Cap(Rup)

whenever r < dy (o, 0Rgyy).
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Proof. Choose b > 0,7 > 0 so that b+ r < dy(0,0Ry). If 0, denotes the translation of o
by the vector n, then Fubini’s Theorem and Lemma [4.25] imply

/ £(6) [IV0dllo dg(€) = 9(B / / IVou(€ + )18 [Vobllo dg(€)dg(n)
07’
o / IVou(@) 19" 90l dg(€)d(n) > 25 Capg(Rar)
B(0,r) Joy(b)

since the Heisenberg distance dp is translation invariant.
In addition to this, if as before §(§) = dy (&, o) then the co-area formula (Z0) yields

#OIVwlodste) = | [, e s

a(b)

Let F'(s) denote the inner integral on the right
Fo)i= [ g ane,
671(s)
Since f, is continuous on H, it is clear that
lim F'(s _2/f, ) dHO,
Hence ,
Capg(Ra) < lim(2b)~ / F(s)ds = / £ () dHO
b—0 0 p

O

Proof of Lemmal[{.24 Select 0 € ¥ and let D; be that part of o¢ that contains C. Since
|Voullo = 0 outside R, we can choose ry so small that the support of f,, is contained in
R (and therefore for all r < 1) and ro < dg(90D1,0Ra), where f, is the integral average
of [|[Voul|2™" and given by

£.(€) = g(B(E, ) / Vol dg.

B(&r)

We refer to [Ste93, Cor.1, p.13] for the fact that f, is continuous for > 0, and that
fr = IVoull§™" g-ae asr — 0.

11
Consequently, for o T~ 1

119 = |[Voull$  g-ae. asr — 0.
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Thus, by Lebesgue’s dominated convergence theorem,
/ |fr|Ql dg — / |||V0U||0Q_1|Q, dg asr — 0.
Rab Rab

and
|fr — HVou||§_1|LQr —0 asr—0.

By (iv) and (v) of Theorem
/R o — [ Voul 9 dHO =0 asr — 0. (4.8)
ab
Therefore Lemma [4.26, implying
/f,, dHO™! > Capg(Rap) for all 7 < 7. (4.9)

together with (4.8) yield the desired result. O
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