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1 Introduction.

In Quantum Theories the scattering operator is of
great significance in relating theory with observation. The
scattering operator is given relative to a decomposition of the
total energy operator H into two parts. The free energy Ho
and the interaction energy V .

H=Ho +V

H and Ho are self adjoint operators on a Hilbert space =fF .
The pure states of the system are represented by elements in 4t .

If at the time zero the state is represented by %io then
itH,

70

for t very large we expect the system to behave as if there

at the time +t it is represented by e . Asymptotieal
were no interaction, that is as if the energy operator was Ho .

. itH
eltH «f/ofve os(/_,_ for t >+ o0

The scattering operator S 1is now defined by

S+_= ++
and describe the asymptotic time transition of the system. We

see that existence of S corresponds to the exsistence of the
asymptotic limits



-itH itHo
lim e = W+
‘b-:?i.?ce -

since

Vo =Ty fe

As is well known there is also another way of decribing
gscattering, or asymptotic transition from very early to very
late times, then by the scattering operator using asymptotic
states as described above. That is by using asymptotic operators.
The advantages of using asymptotic operators in conection with
Quantum Field Theories were pointed out by Friedrichs in U]
as well as by Y. Kato and N. Mugibayaski in [2} .

In a quantum system the observable quantities are
represented by operators on the Hilbert space dfﬁ and if the
quantity at the time zero is represented by AO, then at the
time t it is represented by e-itHAo SItH | Asymptoticaly
we expect the system to behave as if Ho were the energy
operator, or

-itH, itH —itH,  1tH

A e ~ e A, e ° for t >+ o

The scattering is now given by the transition

\ o =2
As A+

describing the asymptotic transition of the system. We see
that even if there exist no asymptotic states there still may
exists asymptotic operators, and we can thereforestill study
scattering of the system. We expect the mappings Ao-¢A+

to preserve the algebraic relations, so if we substitute

itHO -itHo
e AO e for AO in the asymptotic relation above we

°A e e ~ A for Tt

~i¢g 1
e e 0

have

e



or the following relations

tH -1tH .
0 A e o) eltH - As

. i
. -it
lim e 1tH e o +

To gather with the spesification of the sence in which the
limit is to be taken, we will use this as a definition of the
asymptotic operators A+ .

In two earlier papers LB] the author studied perturbation
by annihilation-creation operators, using a technique based on
"gentleness". This technique however was not able to deal with
the case of V containing pure annihilation and pure creation
terms, In that case it is well known that there will be a
vacuum renormalization, i.e. a general shift of the whole spect-
rum of the energy operator, see for instance £1] , and this
causes considerable difficulties for the above mentioned technique.

On the other hand Y. Kato and N. Mugibayashi [ 2] studied
perturbations where V contained pure annihilation and pure
creation terms, by an adaption of Cook's Method {43 to the
study of asymptotic limits of annihilation-creation operators,
but with a very strong restriction on V , namely that the
kernels of V ©being finite dimentional.

Some of the ideas of this paper however,were inspired by
the work of Y. Kato and N, Mugibayashi.

2 Quantum Field with nonlocal interaction or Perturbation

by annihilation-creation operators.

The free energy operator Ho is given with respect
to a specific representation of the Hilbert—spaoe.}F , the so
called Fock representation., An element f in jg'is given by

a sequence fn'of complex valued functions, where jo is just
a complex constant and gn is a function fh(x1...xn) of

n-variables XyeesX, and each x5 is a variable of the
Fuclidian 3-space E3 . We will consider only the case of one
fermion field interacting with it self. The reason for this is
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partly one of notational conveniance and partly the fact that
if the interaction is more than quadratic in the boson field,
some of the proofs will become more complicated. Thus the
details of the boson interaction will be given on a later
occation in order not to make this paper toolong.

That we consider only one fermion field means that the
function .fn(x1“‘xn) are all antisyﬁ%tric i.e.

1« o
jﬁﬁq"‘xn) = 53¢2 (-1) 'h(Xv(1>"°XJ(n))

where the summation runs over all permutations ¢ of the indices
T...n . The inner product in ¢ is given by

(£,8) = :E__nef'J}n(X1...xn) én(x1...xn) AX 000X,
n=o

Let {2 be the self adjoint operator in L2(E3)

L2 = Vﬁfgj::;?

on its natural domain of definition, where 4 1is the Laplacian

and m a non negative constant called the "mass of the free
fermion", HO is then given by

n
— )

where \Eli is the operator i) _ operating on the variable X
and (Hogg)o =0 . Ho is obviously self adjoint on its natural
domain of definition. The interaction operator V is now
given in terms of the annihilation-creation operators. The
annihilation operator a(x) dis defined for XééE3 by

(ax) ) (xpeexy) = o+ D F o, 1 (xgexy)
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and the creation operator a%*(x) as the adjoint of a(x) .
a(x) and a¥*(x) are both improper operators but their definition
is easely made presice in the following way. Let 1161?(E3)

and define

a(h) = V(a(x)h(x)dx

and a*(h) as the adjoint of a(X) . The definition of the
integral above is of course

(an) £, - (n+1)j ax n(x) f, . (x,x,0005,)

It is easily verified that due to the fact that jh(x1...xn)

is antisymmetric, we have the following anticommutation rela-
tions characteristic of a fermion field.

a(h)a(g) + a(g)a(h) =0
(1) a*(h)a*(g) + a*(g)a*(h) = 0
a*(h)a(g) + a(g)ax(h) = jg(X)h(X)dX

The last equality implies that

lamll € Uny,

so that for hel, , a(h) dis a bounded operator. The interaction
V is now given in the following way
-

0¢k 1¢ N Xt

where V,, is given in terms of the kernmels Vkl(x1...xk\y1...yl)

antisymmetric in LyeooXy and in the following manner

V.

. g...syvkl(x1...xk| Foee )85 0,) s eak (x)aly ) alyy)

dx1...dxk dy1...dy1

vV may also be defined explicitly by

k1l
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n ]
(Vkl f)n(x1...xn) = asym(l)ls g...gdy1...dy1
Vi (g oo e X Tqeeayy) (T 0 ey By qenexy)

where n = k-1l+m and asym is short for the antisymmetrization
with respect to the variables x,...x, . Since a(h) is
bounded for I1EI? , we see that for Vkl (x1...xk{y1...yl)

smooth enough the operator V will be bounded., We will assume
that V is symmetric i.e,

Vkl (X1...Xk’ y1o.oyl) = Vlk (y‘]".yllx‘l...xk)

3 The existence of asymptotic limits of annihilation-creation
operators.

By . definition of the operator Hy; we get that
-it{L
el®o g(n) e~1%o - g(e h) i
and -
. % L 1 O
eltHo a (h) e ltHO - a*(elt¢\h)
and it is well known that eltilh tends to zero as t|-3/2

for t=Xoe if hE:Cgc » This together with the equetions
above is the main ingredients 1in proving that the limits

as t~>i'°° of

at(h) e-itH eitHo a(n) e-itHo ei‘bH

and - - 5
e-ltH eltHo a*(h) e—ltHo eltH oL

ay (n)
exist .
We get namely up to the question of domains and the question
- of differentiability, by first derivating and then intergrating
that

t(h) - a(h) =-i|ds e—lSH LV elSHO a(h) e—lSHo:]elsH

ds e~ isH V, o1sHo 2*(n) e-isHO] JisH

ay(n) - a(n) =

]
g
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So that the question of existence of the asymptotic limits
for at(h) and a:(h) is equivalent to the convergence of the
integrals on the right hand side, By utilizing that
itHq

eI Tn o 141732 we get that o a(n) "o in some

sence behave like c¢ | tl-3/2 , and thus that the integrand
behaves like o ]t§“3/2 . But this is integrable at infinety

and thus we are able to prove that

Theorem 1
a,(h) = strong lim at(h)
- t—)ico

and
* ¥*
a+(h) = strong lim at(h)
- t=>+00

exist .

The proof of this and later theorems will be published an
other place.

From the definition of at(h) and a:(h) we get

isH -isH _ -is 2
e at(h) e = a, (e h)

: x s . .
elSH a (h) e isH - a* (elSSlh)
t t-s
Taking the limit +t— +ocon both sides we get

- _- -- Q
elSH a+(h) e isH - a+(e 1Su_h)

JisH ai(h) omisH _ ai(eis&lh)

-

Derivating with respect to s this gives us the following
consequence of theorem 1, We state

Theorem 2

L=, ai(h)]

LB, o, (0)]

LY

a_t(th)
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Now theorem 2 may be used to give some information on
the spectral structure of the operator H , if the mass m
is strictly positive,
We state

Theorem 3, Under the assumption that the mass m is strictly
positive, there exist in J maksimal closed subspaces

Vi with the property that

+——
ai(h)V— = 0 for he I,

These subspaces Vi are invariant under H, and the smallest
closed subspace containing Vi and invariant under a:(h)
is &r . )

Let the spectral decomposition of Vi with respect to
H be

Ve = J Ygdvi(u))

then df, has the following direct integral decomposition

o = J avtie)

~

where CH/; is the Fock space constructed with the vacuun
W

space Ki .
1)

We have not yet given the conditions on the kernels
Vkl (x1...xkiy1...yl) under which we are able to prove these
theorems., There are tree distinct cases in which we can do so

I. Gentle perturbation by annihilation-creation operators
with vacuum interaction causing a finite vacuum renormalization.
It isythe interaction operator V is of the form

S
V = kal
o0¢k,1&N

1
where the kernels Vkl (x1...xﬁ y1...yl) are all smooth
functions,
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II. Gentle perturbation by annihilation-¢reation operators,
with translation invariant interaction but no vacuum or one
particle interaction. It is the interaction operator V is

of the form
V = Z.Vkl

and the kernels Vkl(x1...xkly1...y1)
are translation invariant

Vkl(x1+a...xk+aly1+a...yl+a) = Vkl(x1“‘xk‘y1"‘yl)

III, Local interaction of a relativistic scalar field (meson
field) with nonrelativistic particles (nucleons), This model
was first investigatied by E. Nelson and he proved,using a
canonical transformation due to Gross)that after subtracting
an infinit nucleon self energy term the total energy operator
existed and defined a self adjoint operator., We are able to
prove that the asymptotic meson fields exist: as strong limits,
so0 that theorem 1, 2 and 3 holds also in this case. The proves
will be given in an forthcomming paper,
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