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This summary concerns$ invalutive aigebras over the complex field (2
(x;algebras), which are not supposed to be provided with any norm or topolo-
gy. In our opinion it presents a natural approach to harmonic analysis
based on such properties which are closely related to the underlying group;

specifically the multiplication corresponding to the group operation and the

involution corresponding to the formation of inverses. Thus the applica-
tions are not restricted to the Banach algebras such as L1(G) and M(G) .
There are connections with operator theory from which rudiments of the

theory of states and pure states have been transferred.

The investigation leans heavily on convexity methods, which is natural
in view of the fact that (the Hermitian part of) a x--algebra has a natural

partial ordering, order and convexity being essentially the same thing in

linear spaces,

Paragraph 1 of the present summary treats completely general %?algebras.
The paragraphs 2, 3 deal with such xLalgebras as we have called unitary and
pre-unitary.

In a unitary xialgebra the structure of a ring and of a partially or-
dered linear space are related by the requirement that there shall be a

multiplicative identity which is also an order unit. A JII:--algebra CZ is

pre-unitary if the anlgebra CZ’ obtained by adjunction of an identity,

is unitary.
The exposition is entirely free of proofs, which will be published else-
where.

We wish to thank the professors E. Hewitt and E. Effros for valuable dis

cussions.
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§1. PURE STATES AND MULTIPLICATIVE FUNCTIONALS

A linear functional p on a iualgebra (¥ is pogilive if p(f#f)az()
for all f & CZ. o Every positive linear functional p defines a pseudo
inner product (f,g) = p(gxf) which is Ycompatible with involutiorn® (i.e.
it makes left multiplication by fx the adjoint of left multiplication by
f.)e If C% has an identity e , then every (f,g) compatible with invol-
ution can be deduced in this way from a p , namely p(f) = (f,e) for all
f

To every positive linear functional p there is in turn associated a

e ,
semi-norm Np(f) = v/p(f“f) . If (| has an identity, then p is bounded
in its own semi-norm Np , and it has (functional-) norm equal to @5{2? ..
In the general case p is extendable to a positive functional p? on (3&2
if and only if it is bounded in Np o In that case we shall use the symbol

Cp and the term extension coefficient to denote the square of the Np—norm

of p , and we observe that one may define

(1.1) £+ Ae) = »(f) + doc,

where (X is any number such that X = Cp .

The convex cone of positive linear functionals which are extendable in

* . .
the above sense, will be denoted by £ . (If ( has an identity,
then every pos. lin. funct. is extendable.) Recall that the (complex)
linear span of a face (cf. ((1)) ) of a cone is called an order ideal.
Order ideals are important since they determine (linear) order homomorphigms
. DX
The order ideal generated by an element p (rel. to ,f ) will be denoted
[ ]

by [pT . Our first result characterizes an order ideal [p] as the set
of all linear functionals gq for which the conjugate quadratic form

£ —> q(£%f) is N, ~bounded.

Proposition 1. Let p__be a positive linear functional on
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a Jt'-a:l.gebra CZ- with identity element. A linear functional g on L

belongs to [p] if and enly if there exists an & << &<  such that for

all fE€ O :

(1.2) |a(£*e)| S o p(£%e) .

Recall that a linear operator T on an algebra (7 commutes with left

multiplicatien if

(1.3) T(fg) = £(Tg) ,

for all f,g £ C? . Recall also that the associate ™ of an operator

A

T is defined on the (algebraic) dual (2% by

(1.4) ™ (£) = q(TF) ,

for q € (I* and for all €& (1.

Preposition 2. Let p be a pogitive linear functional on

g_‘xialgebra (! _with identity element. If an Npi—boundg;“lineer operator

commutes with left multiplications, then TxptE [b] o

Specialized to Cx—algebras this gives one half of the preof ef the
order—isomorphism ef ['p] and the commutant of the representing algebra
over éﬁfp ((L-))o (The other half is an applicatien ef the Riesz represen-
tation of Hilbert space functionals.)

i 3%

Out eof context we also specialize to L -group algebras, for which f;)
may be identified with the cone (in L°®) of positive definite functions.

By Prop. 2, the order ideal of a positive definite functien is invariant

under translation by central elements of the group. Frem this one may

easily deduce that the ertreme, normalized positive definite functiore p
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(for which [p] = ( p ), are characters in the commutative case. However, '
this fact will follow more directly from our next result.

Adopting the terminology of operator algebras, we shall use the word
state to denote a positive and normalized (i.e. p(e) = 1 ) linear func-
tional on a J‘:'—-;-ngebx'a with identity, and we shall use the notation pure ;
state to denote an extreme element in the convex set of states. Also we
shall use the symbol KF?R to denote the set of all those non-zero multi-
plicative linear functionals on a X;algebra, which are real in the sense
that they assume real values at Hermitian elements.

To fix the ideaaswe recall that for a commutative Banach x'—algebra,

']7?R = ¥I2 (the latter consisting of all non-zero multiplicative linear
functionals) if and only if it is gymmetric in the sense that (e + fxf)-1
exists for all elements f (or that -£%f nas a quasi-inverse when the
algebra has no identity) ((5, p. 143)). It should be mentioned that many
important Eﬁnach St-_-a.lgebra.s fail to be symmetric in the above sense (e.g.
the measure algebra of any non-discrete locally compact group ((8)) , ((9,
p. 104)) , ((11)) «

| Theorem 1. The set JZ?R of a commutative x'--algebra C7Z with

identity element consists of all pure states p for which multiplication is

o
&

separatelv (and then jointly) continuous in the corresponding semi-norm N .°

§2. THE RAIKOV-BOCHNER THEOREM FOR PRE-UNITARY x—ALGEBRAS
GO
We shall use the symbol - to denote the convex cone of all ‘elements
* e/l P
f of a “-algebra ‘“C such that p(f) =0 for every p & . If
(7thas an identity, then é;D is the closure of the cone generated by all |

Weonjugate squares® fxf in the topology defined by the semi-norms Np .
A positive element of a x;algebra C?Z is an order unit if it is contained :
in no proper order ideal.

The concept of a unitary and of a pre-unitary x‘-algebra were defined

in the introduction, and it is easily verified that a -algebra (/{ with

identity e s unitary if every f_ _< Ol _admits a finite sequence
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Lyoese s £ € CL and an o eR such that

el
(2.1) 2ottt = ofe

i=0

and similarly that a general x,-__algebra is pre-unitary if every fo e

admits a finite sequence f’l’ coo o fn ﬁﬁl _Such that

n

(2.2) > t*¥or = 0 .
i=0 * =

It follows by a standard application of the binormial series of the

square root that every Banach algebra with continuous invelution is pre-

wnitary (unitary if identity).

An important necessary and pufficient condition is given in the following

Proposition 3. A Jt\—-algebra & is pre~unitary if and

only if every f & (4 _admits a positive number Of such that fcr all

p € Pp*

(2.3) o(f) £ oo
For every element f of a pre-unitary Jl:'-a.lgebran we define ‘])f to be
the infimum value of the square root of the possible bounds & of (2.3) »

By definition of ‘Pf and of Cp

(2.4) )| T oV,

forall f&€ (@ ,pe PF

b

P~ ; and "}'}. is the least number for which (2.4)
is valid for all pe P~ .
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The normalization condition p(e) = 1 in the definition of states may
be translated to Cp = 1 , which is meaningful even if there is no identity.
However, the set { pl PE ?x, Cp = 1 } need not be convex in this case.
It turns out that in the general case the appropriate substitute of the set
of states is the convex set of sub-states L = §plp & PF, cp§1}.,
A non-zero extreme point of ffc will be called a pure state. This conforms
to previous notation since every extreme point p of 7{ satisfies

v
Cp =1 (hence it is a "state"), and the extension p —» p where

(2.5) p(f+ Ae)=p(e) + A ,

is an affine jisomorphism of :ﬂ{ onto the set of states on C)/L, , carrying
?
the pure states of j{ onto the set of all pure states of (0~ delected

?
by p, where p(f+ Me)= N .

— O =

Proposition 4. A Jt--al;g;ebra. (1 is pre-unitary if and

only if the set K (of "sub-states") is w—compact.

Proposition 5. The following relation holds for all

elements f.,g of a commutative pre-unitary Jt--aLc;ebra { and for any

p & P* :
(2.6) N (te) £ PV, (e)

In particular, multiplication is separately continuous in the semi-

norm Np for every p & SDX o

From Theorem 1 one may now obtain

Theorem 2. The set mR of a pre-unitary Jt—z-llp:ebra consists

of all pure states. It is locally compact in the wx—topol%ﬁ and it is

wx-compact in the unitary case.
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Let f ~—= f be the restriction to X}}R of the canonical embedding
of (A into @™, i.e. f£(p)=p(f) forall & b ,pe Wy -
This gives a functional representation of the customary type. Specifically

one has:

-
. . . . b4
Proposition 6 . The mapping f -—> f is a " ~representa-

N\
tion of a pre-unitary x:r-algebra (L onto a dense subset (A of Co(iﬂ%)—é

N

1r O s unitary (and ETZI{ compact), then (¥ is dense in C(EYZR)_;

The identification of multiplicative functionals with extreme points
makes available the Krein-Milman Theorem, which is most readily applicable

in integral form: Every point in a convex compact set for which the set of

extreme points is closed, is barycenter of a positive normalized measure on

the set of extreme points. (This is of course a mere specialization of the

general Choquet Theorem, but it follows from Krein-Milman®s Theorem by a
simple limit-argument based on "vague" compactness, cf. e.ge ((3, pe 34)) )o

This gives the general form of the Raikov-~Bochner Theorem.

Theorem 3. For every extendable positive linear functional p

on a commutative pre-unitary Jl:'—algebra. G , there is a unique finite

positive measure Fbp on 37211 such that for every f €U :
Il

(2.7) p(f) = Qdfup

Moreover, p —> Fip may be extended (by linearity) to a linear order

isomorphism of the linear span of ?QDX onto the set of all finite measures

| =
on R aand L%}p’ = Cp N

The content of Theorem 3 may be rephrased by saying that the set Céf

(of "substates™ ) of a commutative pre-unitary x;alggbra CL is a compact

Choquet simplex whose set of extreme points is closed (an r-simplex in the

terminology of ((1)) ). In particular, the linear span of f])x is a
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vector-lattice (by a known pfoper{y of simplexes, or directly by Jordan de-

composition of measures).
By the definition of 'Pf and by a known maximum principle based on

the Krein-Milman Theorem, one has

N -
= u L(fxf) = u fxf( ) = f‘ 2
i o P b me p Il

Herce ’Vf = “E‘,lm . By (2.4) , PN p(f) is uniformly continuous
on G/Z for every pe& EDx , which gives an alternative proof of Theorems
by virtue of the Riesz? Decomposition Theerem. Nete hewever, that both ‘
proofs deperd on the Krein-Milman Theorem, and they are not essentially
different.

It should be noted that in the case of a Banach algebra with continuous

involution "-Rf is equal to the spectral norm of f . This can easily be

verified directly as well. Also ’Vf is equal to the norm used by R.V.
Kadison in ((9, p. 5)) (i.e. fer Hermitian elements).
It is apparent from Theorem 3 that the representation theory for pre-

. X . . .
unitary “-algebras is very satisfactory as long as we restrict curselves

to study the (erder thearetic) dual, i.e. the linear span ef ?x in

@x o A well behaved representation theory for (7 will require stron-

ger axioms (relating ring strusture and orderine), and it will be discussed

»

in a subsequent note. . S
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