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Massey operations and the Poincare series

of certain local rings

by

Tor Holtedahl Gulliksen.

Introduction. Throughout this paper R denotes a local

noetherian ring with maximal ideal /#/ and residue field
Rf#s. For a finitely generated R-module M we let Pp (M)

be the power series
foto]
P, (M) = >_ dim, Tor D (k,M)zP
R =0 &P

The Poincaré series of R is the power series Pp = Pp(k),

The conjecture due to Kaplansky and Serre that Pr
be a rational function is still far from being solved, although
the rationality of Pr has been established for several

classes of rings: For complete intersections by Zariski and
- _ k[xq,ooo,x ] i
Tate | 7], for rings of the form R = n /(X1’ooogxn)
by Golod [2], for rings of imbedding dimension equal te 2 by
Scheja [5], for rings with "two relations" by Shamash {6],
and lately for Gorenstein rings of imbedding dimension 3 by
Wiebe [ 8],
The main results in this paper are the following:
(i) If R 1is a local complete intersection with socle
O : %, and we put R ="/0 :#, then Pz is a
rational function.
(11) If R(M) is the extension of R by a finitely

generated R-module M (see below for the definition

of R(M)) then



- b )y~
Prim) = Pg® (1-ZPg (M))
Let @?R be the power series

P(e,R)Z"

poves
:g: dim, Ext
0=0 k R

We find a relationship between the rationality problems
of Pp and §§R for rings R of dimension zero. Cf.
Wiebe [8].

The method of procf is based on the use of Massey
operations on differential graded algebras, a technique
exploited by Golod [2] and Shamash [6] in computing PR for

certain rings Ro

Notations and definitions.

The term "R-algebra" will be used in the sense of

Tate [7J° By an augmented R-algebra F we will mean an R-

algebra F with a surjective augmentation map F —» RAwo
ﬁ(F) will denote the kernel of the induced map H(F) —> Réwo
deg x will denote the degree of a homogeneous element xo

Let M be a finitely generated R-module. We shall
let R(M) denote the algebra over R whose underlying R-
module is the direct sum R ¢ M and whose ring structure is
given by (rym)(r*ym?) = (rr’,rm'+r'm). Note that R is a

local noetherian ring; it will be referred to as the extension

of R by M.




1« Massey operations on R-algebras.

Definition. Let F be an augmented R-algebra and let n

be a positive integer. Let I be a set consisting of n

successive integers and consider an indexed set

_5v
M—{Aisj}iﬂ €I
i€]
of homogeneous elements (of non-negative degree) in the

augmentation ideal of F. We will call M an n-ary

trivialized Massey operation on F provided that

3=1 .
/:. . = - [l9kj : .
Y= Z N e, for 1<

/o .
ddi,J =0 for 1 = j

k
CT L = /
where [1,k] = fi&(1+deg‘at,t)o

Observe that if '{)ng i $1¢5¢5 is a (jo_io+1)_
0 Yo

ary trivialized Massey operation and if io$i1$j1<jo, then
/
‘tgt)isj} i

operatione

$1g3¢5, is a (jq—i1+1)—ary trivialized Massey

We will say that F has a trivial Massey operation d/
if there exists a set S of homogeneous cycles in F,
representing a minimal set of generators for IE(F), and A//
is a function with values in F, defined on the set of finite

sequences of elements in S (with repetitions), such that
(i) J/(z) =z for all =z €5
and

. S :
(ii) for any sequence ZqsecosZ oy {dj”j} 1¢i¢j¢n *S @
trivialized Massey operaticn, JE 3 being defined

9

by i,j :J//(Zi’ooogzj)o



S will be called the set of cycles belonging to J/_o
The following proposition is a slight generalization

of a result essencially due to Golod [2]° See also Shamash [6]°

Proposition 1. Let F Dbe an augmented R-algebra with a

trivial Massey operation a/ o Assume that F 1is R-free
as a moduley, and let N be a graded R-module whose
homogeneous components Np are free R-modules of rank equal
to dim g;_q(F) %? ky, for all p.

Let T be the tensor algebra generated over R by
N Then the differential on F may be extended to a
differential on the graded R-module X = F & T, turning X
into an R-free resolution of Réﬁo :

Moreover if dF c#F and ima/krﬁﬂF then X is a

minimal resolution of RAMo

Proof. Let S be the set of cycles belonging to A//o
Choose a homogeneous basis U for N and a bijective map
U —>» S of degree -1. The image of an element uy € u

will be denoted by Zio

Every element of X is uniquely expressible as a sum
of tensors f & u, ® ... ® u, where n 20, f denotes a
homogeneous element of F and u, € U for 1<ign, (for
n =0 the symbol combination f @}LH ® s ® uy, shall
denote the element f & 1) Now define the differential on

these selected generators inductively by
d(f ® 1) = (df) @ 1

and for n 2 1



(1) d(f@\l/l@ooo@un):
deg .,/
d(f®u1®ooo®un_1)®un+(—1) fa(21,0009zn)

d can now be extended uniquely to all of X by linearitye.

'~ Using induction on n one easily verifies the following

formula

(2) d(f ®U1® coo ®Un) =
.
(df) ® u, ® °°°®Un+§1t“”deg fe
oj/(z,,,m,zt)®ut+1®o,,o@un]

It follows from the definition of 3/ that
n-1
!
(3) da/(z,”oeogzn) = l%(—/I)[19<'](}/(Z/lgooo,zk)3/(zk+1,oouszn)

k

where [1,k] = > (1+deg zt)u Using (2) and (3) it is a
t=1

matter of straightforward computation to show that d2

i
<
©

We omit the detailse

We furnish X withithe augmentation map X —> k
induced by the augmentation map F —> k. We shall indicate
a proof of the fact that X 1is acyclice.

Let x be a homogeneous cycle in the augmentation

ideal of X. There exist unique homogeneous elements

f F uch that
U190009Un€ suc a
(4) X = f & u, & ... ¥ u
Uggoooyl 1 n
U190099Un e}
n?()
where f = 0 for all but a finite number of indicess

U,]gooa?Un

The integer supfn|f, 1) o} will be called the wight

190009Un
of x and will be denoted by w(x).



O we obviously have x & B(X). Now

1

For wi(x)

assume that w(x) =w > 1. Let the elements £, u
19°°°9W

in (4) which are coeffisients of terms of weight equal to
w be denoted simply by fyj0.0,f . In differentiating (4)
using the formula (2) and looking at the terms of wight w
and w-1, one can see that fq,ooogfk are cycles in the
augmentation ideal of F. Here one has to use the fact that
the "selected" cycles =z are linearly independent modulo
B(F). Hence to each f G'{fq,ooogfk} there exist elements
TygeooyT in R and cycles ZggeceyZy in S and an element
g in F such that

.

(5) f =dg + £§1 rizs

Let f QQLM G2 600 @ u, be one of the terms in (4) of weight

equal to w. Using (5) we obtain

m
dlg @ uy ® oo @u +1 QQE1 £z, QU ® oo ®u)

=f Qu, & oo & u +(terms of weight < w).

It follows that there exist elements y and x' in X

such that

X = dy+x?

where w(x?) < w(x)-1. By induction on wi{x) it now follows

that x & B(X).

The last statement in the proposition is trivial in

view of (2). @

The following lemma is easily verified and we omit the

proof.
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Lemma. Let X be an R-algebra. Let n 2 2 and let
{a/i j} 141 ¢34n be a trivialized n-ary Massey opperation on
9 <4< s
Xe Suppose that there exisﬁ;{a y € X such that dy = d/qaqo
deg
/‘ . :// .+ Lo /1,19 / .
Put 252,J ()']93 (-1) YAQL']

§
] 1
Then § /g,j} 0¢i€3<n is a trivialized (n-1)-ary Massey

operation on X. B

Proposition 2. Let X be a minimal R-algebra resolution

of R/#7 and let F be a sub-R-algebra of X such that F,
as an R-moduley, is a direct summand of X. Let

C 5
-ia/isj_% 1$1$j¢n
A / : 7
F with Ai,ie #F for all i. Then ﬂVgsjE 1 F for all

be a trivialized mn-ary Massey operation on

N

Proof. Since gjg,j:§15i5j$n is also a trivialized Massey
operation on X and moreover ##X N F =4F, it is no loss
of generality assuming that F = X,

We will prove the proposition by induction on no
For n =1 it is trivial. Let t 2 2. Assume that it has
been proved for n < t. Now let n = t. By the induction
hypothesis and the observation made in the definition of
Massey operations it suffices to show that (fq’rlf 71X

Since X 1s acyclic and J/;91 is a cycle in X
there exists a y & X such that dy :zr?91° Using the lemma

we can construct an (n-1)-ary Massey operation

{)Gng 2¢igjsn  ON X such that

1 deg /
j{ﬂl:Jégﬁ4~1> / vé,n



i
and such that fg > is a cycle of positive degree. The
?
A
minimality of the resolution X gives /é 2(f¢ﬂxo More-
9
§ _ / .
over we have lg?i = )isie'ﬁ7x for n 2 1> 2. Hence
]
the induction hypothesis gives J/an € 71X  and //zgnéfﬁlxo
/
Hence 31,n€7ﬁxo @

2, The Poincare series of local complete

intersections reduced modulo the socle.

Theorem 1. Let R be a local complete intersection with
maximal ideal 7/ . Let n = dinlﬁv%g and put R = R0 cm1,
Then R 1is either a local complete intersection, or else

. e . - . .
the Poincare series of R 1s given by

5= ((1-2)"-z%)""

Proof. Since complete intersections are Cohen-Macaulay rings
we will have O : 77 % O if and only if dim R = 0. Hence
we may assumey without loss of generality, that dim R = O,
By the Cohen structure theory there exists a regular local
ring 'ﬁ,éﬁ and a surjective ringhomomorphism q7;'§ —> R
such that ker ?’ is generated by a maximal R-sequence
AZEREETAN contained in -é%Qo Let ty5e00yt be a minimal
set of generators for'%% . Then there exist elements T3
in %5 such that

n
v, = ;Z T,

i=1 13ty 2= Theeesn

A
Let u be the determinant of the matrix (rij) and observe



that uée# ", PpPut u = %%U)o Proposition 1 in [4] shows
that O =tu € 0 :#7. On the other hand 0 : %7 is a simple
submodule of R since R 1is a zerodimensional Gorenstein
ring, cfe. [1]° Hence u generates 0O :4¥ . Thus letting
L= (V1gooo,vngﬁ) we can conclude that R = Rémo

Let F be the minimal R-algebra resolution of
R/%h obtained from the R-algebra R by the adjunction of
n variables of degree 1 and n variables of degree 2.
Cf. Tate [7]. Let F be the R-algebra ° /uf.

If OL can be generated by n elements then these
elements form an alsequence, in which case R is a complete
intersection. Let us assume that this is not the casey, i.e-
0L is minimally generated by {v150003vn,ﬁﬂ} and n 2 2.

In this case we have HLC‘%gz and F can be extended to a
minimal . R-algebra resolution of R/;g by adjoining one
variable of degree 2 (corresponding to the new relation u)
and variables of degree 2 3. Cf. [3]0 The existence of
such an extension enables us to apply proposition 2 laters

We will now show that F has a trivial Massey
operation. First choose a set S of cycles representing a
basis for H(F). Let Vi F—> F be the canonical mape. To

-1

each cycle =z in S, select an element Z in’V/ (z)o We

obviously have
(1) dZ € uF

We shall define inductively a function r’ assigning to each
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finite sequence of "selected" elements Zjj...yZ in Wy_q(S)
an element [ﬁ(Z1990°5Zm) in F satisfying
(1) Tz =z
m-1 .
- 1ok 5
(ii) dr(zq,“o,zm) = > (-1){, ? ])"(219”o,zk)r(.zk“,“”zm)

k=1

k
where [1,k] = 3 (1+deg Z, ).
£=1

Let qy(r121gooagzm)) be denoted by iq21goou’2m)a
Observe that if P(Z1,ooo,Zm) has been defined then
Jq21gonogzm) is one of the components of a trivialized n-
ary Massey operation, since TP is an R-algebra homomorphisms

It follows from proposition 2 that 5qu,oao,zm)€ mF hence
(2) 2y 000y, )€ mF

Let m 2> 2 and suppose that ’ﬁ has been defined
on sequences of length < m. Now let ZyyeeesZ, be an

arbitrary sequence of length m.

m-1
Put Y:-IS:](—1)[19kjr(219ooo9zk)r"(zk+1gooogzm)
K=

Using the induction hypotesis and relations of type (i) and
(ii) one easily shows that

dy = (-1)["9ﬂd(21)P(z2,no,zm)—r(z1,“u,zm_q)d(z )

m

It follows from (1) and (2) that

dY € (uF)mF) =0

F is acyclic. We choose an element in d_q(Y) and denote it

by ;1(quooogzm)o The construction is now complete, and the

function 4

sending the sequence ZgseocsZ to
X(Z1gooogzm) :’?(F(zq,ooo,zm)) is obviously a trivial Massey

operaticn on Fo In view of proposition 1 we can find a
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minimal resolution X of the R-module R/ﬁq of the form

X =F®T

IR

where T 1s the tensoralgebra generated by a free graded
R-module N with

~ —_
rank Np = dim Hp_q(F) for all p .

Hence letting ;{Q ) denote the Poincare series of graded

modulesy i.e. the formal power series

(')
) = = rank(( ) )zP
p=0 P
we have
(3) P = (x) =X (F) 1)

We have ;Zkf) = (1-2)"" cf, [7]0

Moreover
(4) Yty = (=g

From the exact homology sequence associated to the

exact sequence of complexes
F v =
0 => "/yF —> F —> F —=> 0

one obtains isomorphisms

Ho(F) % Hy g (F/,F) for g > 1



- 12 -

It follows that
(5) ?5XN) = Z%ZQFéﬂF) = 7%(1-2)""

The desired formula for Pp now follows from (3), (4) and

(5). i

Remarks. It might be possible to use similar methods to

compute PR for the following rings R

N/
Let R be a regular ring of dimensicn n. Let

~n
VqseoesVv,  be a maximal R-sequence and let Uggeoogl, be
n
elements in R such that v, = %E% ryjUye  Put

/J = det(r )9 GL: (V,lgooos\/n?u) and R = R/O?—o

i]
A homological investigation of ideals of the type ([

has been carried out by Northcott [4]°

3. A change of ring theorem and a relationship

between Pq and djno

T

Theorem 2. Let RI(M) be the extension of R by a finitely

generated R-module M. Then

Proof. We will identify the residue field of R  and that of
R(M) and denote it by k. Let X be a minimal R-algebra
resolution of k. Consider the R(M)-algebra XN = X® R{M),
furnished with the canonical augmentation map X%-%> ﬁo We

will show that X has a trivial Massey operation é/ o

From the exact sequence of R-modules



0O —> M —» R{(M) —>» R —= 0,

which may be regarded as a sequence of R{(M)-modules, we

obtain the exact sequence of complexes over R (M)

O—%X@M——P‘X%-—«;X—“}*O
R

.}(, .
We will identify X @ M with its image in X o Since X
R
is acyclicy the exact homology sequence shows that the

inclusion X® M s X%e induces an isomorphism of R(M)-

R
~ K
modules H(X® M) = H{(X ). Hence we can find a set S of
R

homogeneous cycles in X & M representing a minimal set of
R

~ A
generators for H(Xw)o Since M2 = 0 we have D(QQIM)Z = 0
pes

in X . It is now simple to construct a trivial Massey
operation J’ on X%; Simply put fﬂz) =z for all =z € S

and for each sequence Zqyoeoygz, of elements in S, of length

n 229 put b/(z,lgooo,zn) = 0,
Using proposition 1 we can construct a minimal

resolution of the R(M)-module k of the form X ?bk T
R(M)
where T 1s the tensoralgebra of a free graded R(M)-

module N with

Va4
rank N_ = dim H _1(X%) ® k for all o
P P R (M)

*

We have isomorphisms of degree zero :

o) @ kw HIX® M) ? k& H(X @ M) % Tor® (k,M)
R{M) R R{(M) R

Thus



Prgn) = AC® 1) = Bpe (1-zp, ()

Lemma. Let R be a local ring of dimension zero. Let E
be the injective envellope of the R-module Réﬁo Then

R{(E) is a local Gorenstein ring of dimension zero.

Proof. Since R(E) 1is finitely generated over R, it has
dimension zero. The anihilator of E 1is zero; moreover the
socle of E 1s generated by one elementy say €q9 since
HomR(RéyﬁE)ﬁz Réwo One easily shows that the socle of the

ring R(E) is generated by the element (O,e. ). It follows

o
that R(E) 1is a Gorenstein ring; Cf. Bass [1]o Note that E

is finitely generated since dim R = 0. E

Theorem 3. Let R denote a local ring of dimension zero.

Then the following statements are equivalent

(i) Pp is rational for all Ro.

R(M) is rational for all R and all finitely

generated modules M.

(1ii) C_TPR is rational for all R and P; is rational for

all Gorenstein rings Ro

(iv) iﬂ; is rational for all R.

Pronf. Let M be a finitely generated R-~module. The

rationality of Pn and pR(M) implies the rationality of
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PR(M), because of the preceding theorem. Hence (i) implies
(ii)e In the following let E be the injective envellope of

the R-module Réﬂo We have

TorR(R4;,79r;) ~ Exty (", 4R)

hence QDR = PR(E)9 showing that (ii) implies (iii). It

follows from the preceding theorem that

_ . -1
(1) Pp(g) = Pp°(1-28)
Pr
Assume that {iii) is true. We will show that 5 is
=R

rational for an arbitrary R. By the lemma R(E) 1is a
Gorenstein ring. Hence pR(E) , as well as §§R ; is rational
by the assumption. It follows from (1) that Pp is rational.
P
Hence so is =,
Or
From (1) we obtain

— o a4 @_R_—/f
(2) Pr = Pr(g)" (1*2Py (k) b
Since RI(E) 1s a Gorenstein ring, we have é@R(E) = 1. It
follows from (iv) that pR(E) is rational. Hence it follows
from (iv) and (2) that P, 1is rational, showing that (iv)

implies (i). i
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