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INTRODUCTION

In this thesis I set out to explore the methods of and the space available when adding new
quarks to the particle content of the Standard Model (SM) and the Left-Right Symmetric
Model (LRSM).

Most observations of interactions mediated by the electromagnetic, weak and strong forces
can be adequately explained by the Standard Model. It is known, however, that due to un-
explained unnaturalnesses such as the hierarchy problem and the requirement of additional
sources of CP-violation in order to explain baryogenesis, the Standard Model must be the
effective theory of an extended model which is possibly broken down at a higher energy
scale. The rare deviations of measurements from the Standard Model predictions make it
difficult to grasp and constrain new physics. There are also a number of models which suffer
under a large number of parameters and therefore reveal a difficulty which occurs during
model-building, namely that there exists a fine line between a model which can predict the
outcome of an experiment after inserting a reasonable number of parameters and a model
which loses its predictive capability since the large number of parameters can be arranged
in such a way that almost every possible outcome can be produced.

There is thus a wide range of models based on similar principles to the Standard Model
which have been proposed as possible extensions, including Spontaneous Symmetry Break-
ing, an extended Higgs sector and an extended gauge symmetry at a higher energy scale.
One aim of this thesis is to list and describe some representatives of those models, specifi-
cally the Left-Right Symmetric Model, the Little Higgs Model and the Standard Model with
an extended quark sector.

A method of introducing new quarks to a Lagrangian and the quarks” mass-gaining pro-
cess is discussed in detail. Subsequently the Left-Right Symmetric Model is extended by a
vector-like quark isosinglet. In order to constrain new parameters, two types of interactions
are analysed within the framework of the LRSM with the extra heavy quark, namely in-
teractions which are correctly predicted by the Standard Model (such as Kaon and B-meson
mass-mixing and CP-violation in meson decay) and interactions which have not yet been ob-
served due to their minuteness (such as meson to lepton pair decay). Hence the parameters
are constrained in such a way as to produce the same outcome for the correctly predicted
interactions and a larger outcome for the interactions yet to be discovered in order to be
distinguishable from the Standard Model.



While calculating these interactions, the opportunity to display more detailed derivations of
the loop integral functions and more Feynman rules within the LRSM than are usually used
in the literature is taken.

The thesis is roughly divided into three parts. The first chapter opens with a description of
the Standard Model ingredients, including the Lagrangian, the concept of an effective La-
grangian, the gauge and discrete symmetries, the Higgs mechanism, the CKM matrix and
renormalisability. Subsequently parameters, interactions and concepts involved in the anal-
ysis of the extent of new physics beyond the Standard Model in contemporary observations,
such as meson mass-mixing, the oblique T- and R;-parameters and the decoupling theorem
are discussed.

The second chapter gives an overview of extensions of the Standard Model, including the
Standard Model with a fourth generation of quarks, the LRSM and the Little Higgs Model.
Within this, recently obtained constraints on the new parameters such as new particle masses
and new phases are discussed.

The third part, consisting of chapters three and four, addresses the Standard Model and
the LRSM extended by a vector-like heavy Top-quark. While the concept of introducing a
vector-like quark to the Standard Model has been discussed in the literature, it has to the
best of my knowledge not been discussed in the case of an LRSM. Meson mass-mixing and
decay are subsequently discussed in order to constrain the new parameters.

The Appendix deals with the derivation of loop integral functions, Feynman rules within
the LRSM and hadron matrix elements.



1. THE STANDARD MODEL

1.1 The Langrangian of the Standard Model

All equations in this section are taken from [1] unless cited otherwise. The Standard Model
has an SU(3).xSU(2);, xU(1)y gauge symmetry which is broken down to SU(3).xU(1)g
by Spontaneous Symmetry Breaking (SSB), which in this case is called the Higgs mecha-
nism (chapter 1.2). SU(3) gauges the strong interaction such that fields transform accord-
ing to their colour charge ¢ which is only possessed by quarks and gluons. SU(2) gauges
the weak interaction, under which left-handed fermions transform as doublets and right-
handed fermions as singlets. The electromagnetic interaction is gauged by U(1), under
which fermion fields transform according to their electrical charge Q. After the breaking
mechanism the weak and the electromagnetic interaction are combined to give the elec-
troweak interaction. The fermion fields transform under the U(1)y gauge symmetry accord-
ing to their weak hypercharge

Y =Q T3 (1.1)

where 7% denotes the third component of the weak isospin.
Before the SSB the Lagrangian describing the Standard Model is given by

Lsy = Ly + Lo+ Locep, (1.2)

where L describes a Lagrangian symmetric under an U(1)-symmetry and L, a Lagrangian
symmetric under an SU(2)-symmetry. After SSB L; and L, will combine to the electroweak
Lagrangian L gy which in turn can be split into the electromagnetic Lagrangian L g, or into
the QED Lagrangian and the weak Lagrangian Ly,. The term Lgcp describes the strong
interacting part.

The U(1)-symmetric part is given by

Lo= Y FDy = m)f = L P (1)
f

with one Dirac spinor for every fermion f € {ve,e, v, i, vr, T,u,d, ¢, 5, t, b}, the field tensor
F{" =9,B, — 0vB,

and the covariant derivative
D{” = oM +ig B".
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The SU(2)-symmetric Lagrangian describes three gauge fields Aj, and writes the following:
Ly =) (Qu(iD2)QL) + > _ (EL(ilby)EL) + Z fr(iD2) fr) — F;QVFQuV
u,d €,Ve

where u € {u,c,t}, d € {d,s,b}, e € {e,p, 7} and ve € {ve, vy, v7}
The left-handed fields are arranged in doublets:

QL= <uL> and  Ep = (V6L> . (1.4)
dy, er,

The field tensor for a SU(2) symmetry which describes the coupling of the gauge bosons to
each other is given by
Fy.,, = 0,A% — 0,A% + g 7" Al AL

with the Levi-Civita symbol e.
The covariant derivative writes
DY = o" — —JZA“

with the three Pauli matrices

0 1 0 — 1
ol = , ol= ! and o° = 0 .
10 1 0 0 -1

Considering SSB, the U(1)- and the SU(2)-symmetric Lagrangian combine, while the QCD
Lagrangian remains unchanged. The Lagrangian is also enhanced by a potential term of
the Higgs doublet ¢ (1.20) (introduced in chapter 1.2.2) and the Yukawa coupling, which
couples the Higgs field to the fermions.

Lsy = Lew + Loep + Ly + Ly ukawa

The Lagrangian L4 couples the Higgs field to the gauge bosons of the electroweak interac-
tion and to itself:

A
Ly =D,¢D"'¢p —V(p) with V(¢) = _%,ﬁqg? + 1(754

where the parameters A and p are discussed in chapter 1.2.
The covariant derivative for the electroweak interaction is given by

i i gip _ 1
D“Z@M—gaA“—7B“.
The physical gauge bosons are combinations of the four gauge fields

W:I:

. 1
f (Al FiAl), Z,=——=—=(gA}—¢g'B,) and A, = 7g<g’A3 +9By).

3\
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The electrical charge e and the weak mixing angle 6y are defined in the following way:

/

e= 99 and cosby = 9

/g% 1 g /g% +
Inserting these physical fields and rewriting the generators of the gauge groups alters the
covariant derivative in the following way:

i R . .
Dﬂzaﬂ—%(W;T++WMT ) — COSQQWZ#(TS—sm20WQ)—zeAHQ (1.6)
with
T 3_ 1 3 1
T 25(0 +i0%), T 25 for wur,cp,tr and T :—5 for dp,sy,br.

The Yukawa coupling writes
Lyukawa = — »_ AeBrder — Y (>\d@L¢dR + )\uEabQLa@fuR) + h.c.
eVe u,d
There are no right-handed neutrinos in the Standard Model, since they are left massless. The
parameters )., 4 are discussed in chapter 1.4.
The electroweak Lagrangian writes

Lpw =Y (QriP)Qr)+>_ (EL(D)EL)+Y . (fr(il)fr) — F;;FZW
f

u,d €,Ve

1

T Py (L7)

The QCD Lagrangian is given by [2]
LQCD = Z '&q (Up?) - mq) Ginéwa (1-8)
q
with
Dg:a“ﬂg?’x A e {1,2,3,...,8)
with the eight generators of SU(3) A;, the eight massless gluon fields A/, and the field tensor
Gl = OuAl, — 0,Al — gfim AL Al
There is one colour triplet for every quark q

Qred
d)q = Qblue

Ggreen

One can choose the Gell-Mann matrices as SU(3) generators

e
010 0—i0 100 00
)\1:<100> )\2:<7;00> )\3:(0710) )\4:<00
000 000 000 10
00 —i 00 1
)\5:<000> )\6:<00
i0 0 01

In this representation the structure constants f;;; write

OO
N~
>~
Q3
/N
[N en)en}
<. OO0
olo
RS
N~
>
(o]

S
e N OO

V3

1 1
fi23 =1,  fia7 = foae = fos7 = faas = 3’ fis56 = fae7 = —3 and  fisg = fers = -
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1.2 Spontaneous Symmetry Breaking

Spontaneous Symmetry Breaking (SSB) describes a symmetry which is obeyed by the La-
grangian but not by the vacuum. This means that if the Lagrangian is transformed under
the symmetry it stays invariant but the vacuum transforms non-trivially (non-invariantly).
SSB can be used in models which have a higher degree of symmetry at a higher energy scale
than at a lower energy scale, where one could regard the symmetry to be partly hidden. Ex-
amples include supersymmetry (SUSY) and Left-Right Symmetric Models (LRSM) (chapter
2.2).

Another important application of SSB is the Higgs mechanism, which is used in many mod-
els in order to give mass to the otherwise massless gauge bosons.

One simple approach is the ¢*-theory. The corresponding Lagrangian can be written as a
kinetic term minus a potential term [3]

L= %(5@)2 ~V(¢) with  V(¢)= —%;Peb? - %zf‘. (1.9)

If SSB is used in a gauge symmetry, V is usually referred to as the Higgs potential. The
value of ¢ which minimises the Higgs potential is called the vacuum expectation value (vev)
¢o = |(0] ¢]0)|. The symmetry transformation which leaves the Lagrangian invariant is the
reflection of the field ¢ on the horizontal axis ¢ — —¢.

A non-vanishing vev (¢9 = v) would not inherit the axial symmetry of the potential, nor
would the Lagrangian described by a shifted field around this vev (¢/ = ¢ — v) since it
includes a term proportional to ¢'3.

A /4
19

I — %(Ougb’)Q 22 — g —
In this case a non-vanishing vev and therefore SSB is only possible if > > 0. The symmetry
was broken by choosing one vev and expanding the field around it.
If the Lagrangian of a scalar field is invariant under a continuous symmetry, the Goldstone
theorem (which states that for every spontaneously broken continuous symmetry there ap-
pears one massless Goldstone boson in the Lagrangian) holds. It can be shown that the
Goldstone bosons are massless even after including loop corrections. Those massless bosons
provide the one physical degree of freedom the gauge bosons are missing in order to be able
to acquire a mass.
On the other hand, if a symmetry remains unbroken the degree of freedom transfers to the
scalar field, which thus becomes a physical massive Higgs boson. The scalar fields are in
general integrated in a gauge theory in the following way [1]:

L= S(Dun)? = V(60) — {F F™ (110

The integration of the Higgs doublet in the Standard Model will be discussed in chapter
1.2.2. The fields ¢; are taken to be real-valued, which is only a matter of convention.
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Fy, is the gauge-tensor discussed in chapter 1.1. The covariant derivative which couples the

gauge to the scalar fields is given by [3]
Dydi = Oudi + gA, 55

where T are real, antisymmetric representation matrices of the underlying gauge group.
Every component of ¢ which acquires a vev can be shifted and the symmetry in this direction
is broken

di(x) = ¢oi + xi(x). (1.11)

Reinserting the shifted components (1.11) into the Lagrangian (1.10) gives masses to as many

gauge bosons as broken symmetries with the following mass matrix [1]:

m2, = g*(T%0)i (T $o);-

The couplings of the Goldstone and the Higgs bosons to the fermions as well as the mass
terms of the fermions due to the vevs of the scalar fields are introduced via the Yukawa
coupling, which is chosen to be the most general renormalisable gauge invariant term that
could be added to the Lagrangian [1]

Ly = —X\iijQriddrj — Miije*Qraid) urj + h.c.

where )\; and ), are general complex matrices.

1.2.1 The R¢-gauge

Considering the same situation in the path integral formalism using the Faddeev-Popov
gauge-fixing procedure shows that a gauge-fixing function needs to be chosen. In the path
integral formalism the generating functional Z, from which correlation functions can be de-
duced, can be obtained by integrating over all possible fields. In this case the relevant fields

are the gauge fields A and the scalar fields x.

7 = / DADye! ] '=L(4) (1.12)
Since the underlying gauge group assures that the Lagrangian stays invariant under the
gauge field shift
: a 1 a aoc c 1 a
Al — At = A%+ 0AS with 645 = 9ua — f al AS = g Pu)®,  (L13)

the infinite number of gauge fields which are linked by this transformation are physically
equivalent. However, the formula used in (1.12) integrates over all those unphysical degrees
of freedom and therefore produces unphysical divergences. The problem is solved by intro-
ducing a gauge-fixing condition (G) in the form of a /-function which ensures that only one
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of the gauge fields linked by (1.13) is counted. Introducing the gauge-fixing condition to the
equation of the generating function gives [1]

/
Z = C/DADxeifd%L(A’X)(F(G(A,X))det <5G((;4’X)> with C = /Da,
o'

where C is an infinite constant. The gauge-fixing is arbitrary and can therefore include an
additive arbitrary scalar function of z such as w(x). Instead of adding it to the gauge-fixing
condition it could be added in the delta function such as 6(G(A, x) — w(x)). Since w(x) is
arbitrary, one could add or integrate over an infinite number of w-functions. Using this and
including a Gaussian weighting function centred at w = 0 the ¢ function drops out of the
integral and a new term is added to the Lagrangian

Z=C / DADyet | 4'e(L{AX)=5G?) goy (‘;G) with €’ = CN, (1.14)
(6%

where N is a normalisation constant due to the Gaussian weighting function.

In the R¢-gauges the gauge-fixing condition is chosen in such a way that it cancels the terms
in the original Lagrangian which mix gauge and scalar fields. It also includes a free param-
eter £ which can chosen to be any number.

1 . a a
G" = %(QLAW — £9FXi) with  Ff" = Tij¢o;

Inserting this condition into the equation for the generating function (1.14) gives an effective
Lagrangian from which one can read off the mass matrices of the gauge bosons

(m3)™ = g°F{F) = g*(FF")™, (1.15)

the Goldstone bosons
(m&)ij = EgaF{Ff = Ega(FTF)y (1.16)
and the physical Higgs bosons
82
M;j = ———
ey

The dependence on the free parameter £ of the mass matrix of the Goldstone bosons shows

V(#)lgo- (1.17)

the unphysicality of these particles.
Calculating the propagator gives for the gauge bosons [1]

SIS

i Ktk ab
W\f\f:f\/\/\/\z Z = <k2—12 {g‘“’ - Miﬂ@g(l - 5):|> (1.18)
k
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and for the scalar fields

1
i ———— o - j = < ) . (1.19)
k k2 — {sz — ]\42 ij

Here the mass matrices need not necessarily be diagonal, which means that the propagators
above do not automatically describe the physical mass eigenstates of the gauge boson but a
mixture between them.

The evaluation of the determinant in equation (1.14) results in another additional part to
the Lagrangian. This part describes unphysical fields, called ghost fields, which couple
exclusively to gauge and Higgs fields. Their mass matrix also depends on £ and therefore
they cannot be observed as external particles.

As previously noted, the parameter ¢ can be chosen freely. It has been shown [1] that the
theory remains renormalisable for every finite value of £ as well as for { — oo. The gauge
character of ¢ is also reflected in the fact that it never shows up in any physical quantity such
as an S-matrix element. However, it can be useful to choose { in a manner appropriate to the
type of calculation. Common choices of the gauge parameter will be discussed in the next
chapter after discussing the propagators (1.18,1.19) for the Standard Model.

1.2.2 The Glashow-Weinberg-Salam theory

The theory introduced by Glashow, Weinberg and Salam (GWS) combines the electromag-
netic with the weak interaction and is therefore referred to as a theory of electroweak in-
teraction. Considering Lagrangian (1.2) the GWS theory solves the problem of absent mass
terms by Spontaneous Symmetry Breaking.

The scalar fields are chosen to be arranged in a complex doublet and therefore contain four
degrees of freedom. A conventional parametrisation of the Higgs doublet containing four
real scalars is given by [3]

¢+
V2
with the vacuum expectation value
1 (0
Oy = — 1.21
G (v) (20

and the potential
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It transpires that this vev value remains invariant under the gauge transformations of
SU2)xU(1) if two of the angles are chosen specifically and the last two are chosen to depend
on each other. Thus one degree of freedom remains, producing a massive scalar field (the
Higgs boson h) and leaves one of the gauge bosons (the photon) massless. The three bro-
ken symmetries lead to three massless Goldstone bosons ¢* and ¢°, where ¢* generate the
masses of the W bosons and ¢° the mass of the neutral Z-boson.

Calculating the mass matrices for the gauge and Goldstone bosons (1.15, 1.16) in GWS the-
ory in the R¢-gauge results in [1]

2
@2 0 0 0 ,
2 2 o (97 0 0
s v |10 g 0 0 9 v 9
my = — 9 e mngf 0 g 0
410 0 ¢ —gg 4 2,
0 0 —gg g~ 00 gt

where g and ¢’ are the coupling constants of the gauge groups SU(2) and U(1) respectively.
The mass matrix of the gauge bosons shows that the gauge fields given by the gauge groups
SU(2) and U(1), 47, (@ = 1,2,3) and B, are not the mass eigenstates. Rewriting the boson
fields in the manner of (1.5) results in the fields for the physical bosons.

Through these transformations the mass matrix is diagonalised and the propagators (1.18,
1.19) decouple, which means that the field-mixing indices (a, b) and (i, j) can be dropped
and there is exactly one propagator for each gauge and Goldstone boson.

The propagator for the gauge bosons is given by

g = m(l =9, (1.22)

for m being either the mass of the W-bosons (my = g3), the Z-boson (mz = \/gz—kig’2 5)or
the photon (m4 = 0).

After the symmetry breaking, the mass matrix of the physical Higgs fields (1.17) leave those
elements which describe directions in which the symmetry has been broken as zero. Thus
there is no contribution to the propagators of the Goldstone bosons (1.23). The only non-zero
values in (1.17) are those elements relating to directions in which the symmetry remains.
Hence (1.17) contributes to the propagator of the physical Higgs field (1.24).
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The propagator for the Goldstone bosons is given by

_____ - =t (1.23)

with m = myy for ¢+ and m = m for ¢V.
The Higgs boson propagates via

_____ - = (1.24)

with 2 > 0 since the term in the Higgs potential (1.9) proportional to ;% was chosen to be
negative.

It is noticeable that different choices of £ lead to different propagators of the gauge and
Goldstone bosons. The three most common choices will be discussed below.

o Lorentz gauge (£ = 0): This choice leaves the Goldstone bosons massless and is there-
fore useful for theoretical considerations.

o Feynman-t'Hooft gauge (¢ = 1): Here the Goldstone bosons are treated as scalars with
the mass of the corresponding gauge boson. The second term of the gauge boson prop-
agator is generally likely to cause divergences in loop integrals which are difficult to
remove. Since this term is cancelled if £ = 1 this choice is favoured in calculations
including loops such as the box diagrams in meson-mixing processes (chapter 1.6.3).
One disadvantage of this choice is that the Goldstone boson propagators must be con-
sidered additionally to the gauge bosons, which in turn leads to the fact that more
diagrams must be calculated. In this context the Goldstone bosons are referred to as
ghosts (which are not to be mistaken for the Faddeev-Popov ghosts).
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o Unitarity gauge (¢ — o0): In this gauge the propagators of the Goldstone bosons vanish
and the propagator of the gauge bosons converges to

Hence the Goldstone bosons are ignored and the number of diagrams to be calculated
is reduced. It has been shown [4] that when making use of this choice while calculating
box diagrams the calculation is not more intricate than in the Feynman-t'Hooft gauge.
This combination can be especially useful if additional W gauge bosons are considered,
such as in the Little Higgs Model (chapter 2.3).

1.3 The discrete symmetries

Beside the gauge group symmetries there are three discrete symmetries a Lagrangian can
obey. These symmetries are parity (P) (also referred to as left-right symmetry or space in-
version), time reversal (T) and charge conjugation (C). In classical three-space the transfor-
mations under these symmetries are intuitive. Parity mirrors the spatial coordinate (x— -x),
time inversion inverts the time coordinate (t— -t) and charge conjugation transforms every
particle into its antiparticle, this transformation only being applicable to relativistic quan-
tum mechanics, since otherwise antiparticles would not exist. The transformations can be
performed by defining P, T and C as operators, where P and C are unitary and T an anti-
unitary operator.

In quantum field theory where fields are linear combinations of the creation- and annihilation-
operators the situation is a little more complex. The transformation rules of the fields can
be derived by the transformation rules of the creation- and annihilation-operators under
the discrete transformations. Translating the classical transformation rules into the operator
language gives [1]:

. )
PazP = e""a? 5, PORP = e"Pb? 5
. ,
C’a%C = ee b%, Cb;C = ¢e"le a%
. o sl
Ta;T =e""a”%, ToT =eTh_%
p -p D —p

where ~; and ~] are random phases due to the unobservability of global phases. Inserting
these transformation rules into the quantised fields (in quantum field theory the fields are
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linear combinations of creation- and annihilation-operators) the transformation rules for a
scalar field, the electromagnetic field and a Dirac spinor can be derived (table 1.1) [1, 5].

o(t, T) Ay (t, T) W(t, T)
P e'P ¢(t, — ) AR (t, —T) By (t, —F)
C eloc gt (t, @ — AR (t, ) —ietPon2 (1, 7)
T T p(—t, AP (—t, X) eBrylaBy(—t, 7)
CP | eocrgt(t,—3) | —AM(t,—Z) | —ietfcry0y2 yt" (¢ —3F)
CPT | eiecrr gt (—t, —F) | —AF(—t,—T) | eBerr Syt (—¢ —7)

Tab. 1.1: Transformation rules of a scalar field, the electromagnetic field and a Dirac spinor under the
discrete transformations P, C and T and the combined transformations CP and CPT.

The fact that the transformation rules of the vector field do not include a random phase is
due to the composition of a vector field. A Dirac field is a linear combination of creation- and
annihilation-operators of both particles and antiparticles which produce different phases
under a discrete transformation. Due to the knowledge of the outcome of a discrete trans-
formation of a field (with the exception of the phase), restrictions on the different phases
can be made and those phases can be combined to one. However, a vector field is a linear
combination of only particles” creation- and annihilation-operators. If the same strategy is
applied to a vector field transformation the restriction (with the phase ~; which is produced
by creation- and annihilation-operators under a discrete transformation) ¢ = e~ ap-
pears, meaning that ¢ = 1. The other phases are arbitrary and can be used (in a manner
analogous to the freedom of global rotation of the quark fields) to cancel phases which ap-
pear without physical meaning. One example is mentioned in chapter 2.2.2, in which these
phases are used in order to cancel all phases but one of the Higgs potential in the LRSM.

The CPT theorem (Pauli-Liiders theorem) states that under the assumptions of a local field
theory, Lorentz-invariance, the spin-statistic theorem and hermitian operators, the theory
should be invariant under CPT-transformation. The Standard Model fulfils all these as-
sumptions and is therefore CPT-invariant. A violation of CPT would directly imply the
violation of Lorentz-invariance [6]. Due to the CPT theorem the violation of CP-invariance
also implies the violation of T-invariance and vice versa. In the explored range of energies
no CPT-violation has yet been found.

1.3.1 Requirements for CP-violation

A T- and therefore CP-transformation essentially transforms a quantity into its complex con-
jugate. This means that a Lagrangian or an amplitude only have the potential to violate
CP-symmetry if they include complex numbers.
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In the literature, three different kinds of complex phases can be distinguished between [5]:

e Weak phases, which occur in coupling constants and result, for example, from the
rotation of the quark fields to their mass eigenstates (1.28) or a complex vev of a Higgs
tield, which on the condition that the phase cannot be removed by other symmetries
is called spontaneous CP-violation. Weak phases have the property of being CP-odd,
which means that they appear with an opposite sign in the CP-conjugate process.

e Strong phases, which are CP-even and result, for example, from Dirac matrix products
with more than four matrices or on-shell scattering processes whose discussion goes
beyond the scope of this thesis.

e Spurious phases, which characterise the phase difference between an amplitude and
its CP-conjugate amplitude. One can, for example, choose to leave the original ampli-
tude real and assign the whole phase difference to the CP-conjugate amplitude.

In this thesis only weak phases are of interest.

An amplitude receiving contributions from one or more of the phases mentioned above does
not necessarily produce CP-symmetry violation, since the bra- and ket-vectors of the initial
and final states can be arbitrarily rephased. Thus an amplitude must consist of at least two
diagrams in order to violate CP-symmetry.

1.3.2 The discrete symmetries of the Standard Model Lagrangian

Using the transformation laws of table (1.1) it can be derived that the Lagrangian describing
QED is P-, T- and C- and therefore also CP- and CPT-invariant without restrictions on the
free phases «; and §3;.

Almost the same is true for the Langrangian describing QCD (1.8), which is invariant under
the discrete symmetries with the exception of one term. In order to solve another symmetry
problem (U (1) 4-problem) an additive term is introduced [5]

2
g ~
Lo = Oqopas F I,

where 0gcp is an optional parameter. This term violates P and T and therefore also CP.
The new parameter is not invariant against a change of basis of the quark fields. In fact
the transformation in order to achieve diagonal mass matrices (1.28) creates an additional
parameter [5]
bocp — 0 = 0gcp + 9orp
with
Oorp = ArgDet(M, M)

and the non-diagonal mass matrices M, = A\v/v/2 and My = Av/v/2 (1.27) resulting from
the Spontaneous Symmetry Breaking with the vacuum expectation values of the neutral
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component of the Higgs field v. The new parameter # is invariant against basis transfor-
mations of the quark field and can be interpreted in order to measure the amount of P-
and CP-violation in QCD. Various measurements show that fgcp and 6grp almost cancel
each other out, therefore the diminutiveness of 0 is regarded as a fine-tuning problem better
known as the strong CP problem.

The situation is different in the Lagrangian describing electroweak interaction (1.7) which
violates C-, P- and CP-symmetry, but not enough in order to explain the baryon-antibaryon
asymmetry of the Universe. Even taking effects of temperature into account the prediction
of the Standard Model is about the factor 1072 times smaller than it should be in order to
explain the amount of matter observed today [7]. The author of [7] also states that this miss-
ing CP-violation could be introduced via new imaginary phases due to the top- or heavier
quarks. Since CP-violation is therefore one reason to extend the Standard Model, only this
symmetry is considered here in detail.

According to [5] CP-violation cannot arise in pure gauge terms or in the non-diagonalised
fermion mass terms, since there are always enough free global phases remaining to cancel
out potential phases of the Standard Model Higgs vev. To show this, one can assume to have

1 0
o= (0)

A transformation under SU(2)xU(1) would take the following from [1]:

a complex Higgs vev:

(9) — " el
with the three Pauli matrices 0¢ € {o!, 02, 03}. The following choice of phases then removes
the phase of the vev:

at=a?=0a=0, and 8= —2¢p,

showing that the phase ¢ has no physical significance. Since the vev of the Higgs field can
be rotated to be real, there is no spontaneous CP-violation. Even if the vev were complex,
there would be no spontaneous CP-violation, since a general CP-transformation produces a
free phase [5]

(CP)o(t, ) (CP) = 6™ (t,—7)

which can be chosen as § = 2¢ in order to leave the vev invariant.

It is notable that these arguments are only valid in a theory with only one Higgs doublet.
In a theory with two Higgs doublets two phases of two vevs could not be removed or kept
invariant simultaneously and there would therefore be one physical phase. One example is
the Lee Model [5] which is one of the simplest extensions of the Standard Model in order to
achieve spontaneous CP-violation.

All these considerations show that the potentially CP-violating terms in the Standard Model
must result from the transformation of the quark fields.



16 1. The Standard Model

The electromagnetic part and the part including couplings of the quarks with the Z-boson
are CP-invariant without the necessity of any rephasing due to the reasons which follow.
The photon (A,) and the Z-boson field (Z,) both only produce a minus sign under CP-
transformation and no global phases. There are also no CKM matrix elements (chapter 1.4)
present because the photon and the Z-boson are neutral and therefore do not mix between
differently charged quarks from different generations. The global phases resulting from the
transformation of the quark fields cancel each other out since they belong to the same quark
fields.

The CP-transformation of the charged W-bosons (W *#) and the charged Higgs bosons (pF)

produces a global phase [5].

(CPYWTH(t,Z)(CP)" = —*wW, (t,—-Z),  (CP)¢*(t,%)(CP)" =Wy (t, )
(CPYW (¢, Z)(CP)" = —e “WW(t,—-7), (CP)¢ (t,)(CP)" = e “Wpt(t,—7)

In addition, the global phases resulting from the transformation of the quark fields do not
cancel each other out since they belong to quarks of different families. The following condi-
tion for CP-invariance can be read from the Yukawa interaction Lagrangian

(Ly — Liass: (1.26)-(1.27)) [5]:

Vo= eEwHr—Ea) (1.25)

a

where ¢, and ¢, are the phases resulting from the transformation of the quark fields u,
and dj and V,;, the CKM matrix elements defined in chapter 1.4. Since &, & and &, are free
parameters, condition (1.25) (which belongs to a tree-level process) is always fulfilled. In the
case of four multiplied CKM matrix elements condition (1.25) forces them to be real, which
is known not be the case for all CKM matrix elements (chapter 1.4). Therefore processes
including four or more vertices which mix families such as box diagrams (chapter 1.6.3)
potentially violate the CP-symmetry.

1.3.3 Detection of CP- and T-violation

Since CPT-invariance is assumed, the violation of CP-symmetry is also a violation of T-
symmetry. Due to the fact that T-symmetry violation is difficult to detect, only CP-symmetry-
violating processes are listed here. All the data are taken from the Particle Data Group [8].
CP-violation is mostly detected in neutral meson decay. The two main asymmetries in Kaon
decays are
|AKY — 7ta™
-1 = |A(KY — mtm—

?; =(2,23340,012) x 1073

and
[N(KY —» 7 etv) —T(K) - n e v)]
[N(KY - m=etv) + T(KY — m-e )]

= (0,334 £ 0,007)%.
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The indices L and S denote different mass eigenstates of the neutral Kaon, which will be
discussed in chapter 1.6.
A larger value for the parameter describing CP-violation in neutral B-meson decay has been
measured

sin(26) = 0,678 £ 0,025

with 3 [5] defined in terms of the CKM matrix elements introduced in chapter 1.4 .

VeaVi )
VijaVy;

B = Arg (
Another CP-violating process is the decay of a neutral B-meson to a charged Kaon and a
charged pion.

I(BY - K—nt) —T(BY —» Ktn™)]
[F(Bg — K—7t) + F(B% — K+7['_)]

= —0,101 £ 0,015

The amount of CP-violation predicted for DY-decays by the Standard Model is very small
and there has not been any evidence for CP-violation in measurements.

Measurements of the electric dipole moment (EDM) of the neutron (chapter 2.2.4) constrain
the amount of CP- and P-violation. The dipole moment has been measured to be smaller
than 2,9x10~26e cm.

1.4 The CKM matrix

The existence of the CKM matrix (named after Nicola Cabibbo, Makoto Kobayashi and
Toshihide Maskawa) comes down to the fact that the coupling of the original quark fields
(flavour eigenstates) to the vev of the Higgs field does not result in a diagonal mass matrix
of the quarks. Thus the flavour eigenstates are not the physical mass eigenstates. The CKM
matrix is the matrix which results from the multiplication of the rotation matrices which
transform the quark fields of different weak isospins into their mass eigenstates.

The Yukawa coupling for the quarks in the Standard Model writes

Ly = —Qri\ij®dr; — € Qriahi; @) upi + h.c. (1.26)

where @ is the Higgs doublet (1.20). Qri and ug;, dg; are the three left-handed quark dou-
blets (1.4) and the six right-handed quark singlets. The 3x3 matrices A and \ are arbitrary,
since the requirement of gauge-invariance does not give any restrictions.
Inserting the vev of the Higgs field (1.21) in the Lagrangian of the Yukawa coupling gives
the quark mass terms:
v v

Liass = —\ﬁdLiAidej — ﬁuu)\ijum + h.c. (1.27)
Since A and \ are generally not diagonal, the quark flavour eigenstates used above are gen-
erally not the physical mass eigenstates. According to the singular value decomposition a
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random matrix can be diagonalised by two unitary matrices. The following transformation
[1] leads to the physical mass eigenstates v’ and d:

Inserting the transformation of the quark fields in the flavour changing currents (for exam-
ple the W-boson currents) reveals the nature of the CKM matrix

gt = \}iuLi’Y“du - \guwvmdzj with (U UQi = Vi (1.29)
The only constraint on the CKM matrix given by these theoretical considerations is unitarity,
since it is a product of two unitary matrices. Thus the CKM matrix introduces new parame-
ters to the Standard Model which must be determined by experiment.
Inserting the same quark transformation into the currents mixing with the Z-boson and the
photon, the transformation matrices of the quark and antiquark are inverse to each other
(UJ 4Uu,d = 1), meaning that the Z-boson and the photon only couple to a quark and its
antiquark and do not induce any flavour-changing processes. This is one of the conclusions
of the GIM mechanism (named after Sheldon Lee Glashow, John Iliopoulos and Luciano
Maiani, who proposed it in 1970) which states that there are no flavour-changing neutral
currents (FCNC) at tree-level.
The original formulation of the GIM mechanism [9] involves the prediction of the c-quark,
since at the time only the u-, d- and s-quarks had been discovered. One reason for the intro-
duction of the fourth quark was the smallness of the branching ratio I'(K° — 1 117) /T a1 (K°)
which is unexplained if only considering the u-quark as an intermediate particle. If one
introduces the c-quark and uses the unitarity relation of the 2x2 CKM matrix the contribu-
tions with intermediate u- and c-quark have opposite signs and largely cancel each other
out, which explains the smallness of the decay rate.
Generally the CKM matrix elements are labelled by the quark transition in which they are

involved.
Vud Vus Vub
V=|(Va Vs Va
Vie Vis Vi

Using unitarity gives twelve conditions

|Vui\2+\Vci|2+|Vti|2:1 for i€ {d, s, b}
Vid® + |VisP + V> =1 for i€ {u,ct} (1.30)

and

VjiVuj + V;VCJ + V{:Vt] =0 for i,j5¢€ {d, s, b} with i #j
ViaVig+ VisVis + ViV, =0 for i,j € {u,c,t} with i#j. (1.31)
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In the literature the last six conditions are primarily displayed in six unitarity triangles with
the side length ‘V;kV;}C or ’vkivgj. .
The following abbreviation will be used throughout this thesis:

¢

V*Via for Kaon decays

Ai = Q V¥V, for Bs-meson decays

| ViViy  for Bg-meson decays
Therefore the third condition can be written as
A+ A+ =0 (1.32)

which when inserted while calculating meson decays is often referred to as the GIM mech-
anism.

The analysis of the Particle Data Group [8] based on experimental data using unitarity is
displayed in the following CKM matrix:

0,97419 +0,00022  0,2257 40,0010  0,00359 + 0,00016
Voxm = | 0,2256 £0,0010  0,97334+0,00023  0,0415 “90;)

+0,00026 +0,000044

0,00874 1000055 0,0407 40,0010  0,999133 ¥0:00045

A general unitary NxN matrix can be expressed by N? parameters. There is at most one
phase for every matrix element, which is denoted by «;;. The Lagrangian should be invari-
ant under global rotation of the quark fields ¢; — e'®"i ¢;, where q is any quark and the quark
phases can therefore be chosen freely. After rotating the quark fields by the CKM matrix,
which happens in the flavour-changing currents induced by the W-boson (1.29) there are N2
phases of the form a;; + v, + g, fori,j € {1,2,3,..., N}.

If oy, = —a1 — ag, is chosen, N phases are removed and the N? — N remaining phases have
the form a;; — a1 — g, — Qd;- 0g; = —Qj + Q1 + g, can then be chosen and therefore N-1
additional phases can be removed. Thus, due to the invariance of the Lagrangian under the
global rotation of quarks, 2N-1 phases can be removed since they have no physical signifi-
cance. Therefore N2 — (2N — 1) = (N — 1)? parameters remain.

According to [5] N(N-1)/2 parameters should be rotation angles, which can be justified by
the fact that a unitary matrix is a complex orthogonal matrix. Therefore (N-1)(N-2)/2 phases
remain.

Thus in the case of three generations, the CKM matrix can be parameterised by three angles
and one phase.

Several suggestions concerning the parameterisation have been made in the past. The most
relevant ones will be discussed below.

The first attempt to parameterise the matrix V for the two generation case was made by
Nicola Cabibbo. In this case all matrix elements can be rephased to be real valued. There is
thus no CP-violation in the Standard Model with two generations.



20 1. The Standard Model

The extension to three generations was made by Makoto Kobayashi and Toshihide Maskawa
in 1973 [10]:

C1 —S51C3 —S5153

0 0

c1¢2583 + sacze” |,
é

V = | sica cicacs — saszet

J C18283 — CQC3€i

8182 C182¢3 + 0233ei
where ¢; = cosb; and s; = sinf;. The angle 6, is called the Cabibbo angle.
The standard parameterisation was introduced by Chau and Keung in 1984 in order to better

reflect the experimentally-observed small size of the CP-violating coefficients [11]

C12€13 512€13 s13€7"013
_ i1 51
V = | —s12c23 — c12523513€"°1%  c12C23 — S12523513€™13 sasciz | s
6 61
512823 — C12C23513€"°13  —C12523 — S12C23€"13 €23C13

where the new angles and phase are related to the Kobayashi-Maskawa (KM) parameterisa-

tion via

519 = 51+ 0(107%), S93 = \/35 + 83 + 2898355 + 0(10™%)

-3
S$13 = 8183, §2385,3 = S285 + 0(10 )

Around the same time in 1984 another parameterisation was introduced by Wolfenstein [12].
Compared to the standard parameterisation it is not exact, but an expansion in one of the
matrix elements, i.e. unitarity always holds up to a certain order of this element.

One of the best determined CKM matrix elements in this period was V,,s, which was mea-
sured to be around 0,22. According to the Particle Data Group [8] the value used today does
not vary much from the value assumed in 1983 (|V,s| = 0,2255 £ 0,0019). From experi-
mental results the range of most of the other matrix elements were known and expanded in
Vus = A. It transpires that the CKM matrix is close to unity. The diagonal is of order 1, V. is
of order X and V,, and V,;, are of order A\2. The last two elements V;; and V,,;, were assumed
to be of order A3, whereas it is known today that V,,, is actually of order A* [13]. Similar to
the standard parameterisation, the CP-violating imaginary part of the matrix elements is of
the order 3. In addition to )\, three other parameters are required, which in Wolfenstein’s
parameterisation are called A, p and 7.

In most cases it is sufficient to use this expansion up to the order of A3. When calculating
CP-violating processes the imaginary part should be expanded to A> while the real parts can

be left unchanged.
1—3)2 A AN3(p — in) [+iAng ]
V= ) 1— IN2[—inA2)\Y) AN [+ AnXY] +O0(\Y  (1.33)
AX3(1 — p —in) —AN? 1

Note that the terms in brackets are not meant as products, but as the expansion of the imag-
inary parts to order 5.
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The Wolfenstein parameters relate to the KM parameters, assuming that s, and s3 are of
order \?, by

A= s1, AN = s% + s% + 25953c080
A2\ = s9s35ind, AN N/ p? 4 02 = s3.

It was shown by Buras et al. [14] in 1994 that the Wolfenstein parameterisation can be

achieved using the standard transformation

S13 513
= €086, n=

5125923 512523

sind

and is therefore valid to all orders of . In their analysis they found two extra contributions
which should be taken into account when discussing CP-violation:

AV,g = —i AN, AVis = —i ANy

and one which contributes to unitarity of the CKM matrix:
A2 A2
Vie=AN(1—p—if)  with p=p(l-75) and 7=n(l-7)

This parameterisation is often referred to as Buras-Wolfenstein parameterisation.

1—3)2 A AX3(p — in)[+iAng\°]
V=] =A—iA2\n] 1 IA2[—inA2\Y] AN [+iAn)?] + 0\
AN1 — p—in)  —AN[—i ANy 1

A fitting approach of the Particle Data Group [8] leads to the following Buras-Wolfenstein

parameter:

A =0,2257 jg;gggg, A=0,814 tg;ggg, 5=0,135 tg;g;”g, 7 =0,349 tg;g}?
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1.5 Renormalisation and renormalisation group equations

1.5.1 Renormalisation

A quantum field theory generally includes divergences when it comes to the calculation
of diagrams accounting for more than the first order in « (simply another formulation for
including loops with intermediate particles like virtual gauge bosons, fermions or scalar
particles).

There are four categories of diagram in which these divergences appear: corrections to the
gauge boson propagator, the fermion propagator, the vertex and the field strength. These
four cases will be discussed briefly and methods of extracting (regularisation) and removing
(renormalisation) will be given by means of the QED.

A free field theory is only valid in the non-interacting vacuum. Field strength renormalisa-
tion ensures the validity of an interacting theory, which takes into account the possibility of
a state being created from the vacuum (unlike the free theory, in which the state is assumed
to exist, so the probability of its creation is one). Considering this probability (often denoted
by Z), it transpires [1] that Z is multiplied by the fermion propagator. When the fermion
propagator is discussed below, the probability Z is included within the scale factor Z.

One example of the first order contribution to a gauge boson propagator is the photon prop-
agator with two intermediate fermions [1]

k+gq

,u, v = il15"(q) (1.34)

o

where the index two denotes that the contribution concerns the second order of perturba-
tion theory. The divergence enters through the integration (due to the intermediate loop
fermion) over the four-momentum k. It transpires that this divergence is unphysical, since
a manipulation of the Lagrangian in order to cancel it out is possible. This is achieved in the
following manner.

The first step is to isolate the divergences. To achieve this a number of methods have been
developed. These methods introduce a new parameter, which is taken to the limit of either
0 or +00 and which is supposed to be cancelled out by additional terms to the Lagrangian
(counterterms). The most convenient regularisation method today is dimensional regulari-
sation since it preserves the underlying gauge symmetry. The dimension of spacetime is in
this case assumed to be d, where d can be taken as 4-¢.

The change of the spacetime dimension enables the calculation of the divergent integrals
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and the isolation of the singularities by means of e. In the case of the aforementioned exam-

ple dimensional regularisation leads to

20 (! 2
s (q?) — —:/0 dxx(l —x) (e —logA — v + log(4m) + O(e))

with A = m? — z(1 — x)¢?. The e~! divergence can be expressed as a logarithmic divergence
of a cutoff scale A by using Pauli-Villars regularisation. In this regularisation method one
introduces an extra fictitious intermediate particle with a very large mass A and therefore
substitutes the propagator of the original particle by [1]

1 1 1
(ktq?—m2+ic  (k+q2—m2+ic (k+q)2%—A2+ic

When integrating from k£ = 0 to k = oo only the terms for k = 0 survive and the terms with
diverging k cancel each other out. Because of this behaviour (allowing only small momenta
k to contribute) the mass A is also known as the cutoff scale. The contribution to the photon

propagator (1.34) writes in this regularisation method [1]

M(q) — 72?04 /01 doa(1 - 2) (ln (T) 4 O(A‘1)> .

Taking the limit A — oo would restore the real physical situation. Since the divergences
which appear when taking this or the ¢ — 0 limit are not physical, € and A vanish when
physical quantities such as cross-sections are calculated.

It transpires that when taking all orders of perturbation theory into account they can be

written as a geometric sequence of contributions and the gauge propagator is the following

[1]:

L o— Tl
H 'v\é\/\@w q2(1 — H(q2))' (1.35)

One defines the parameter
1

~ 1-11(0)

which will be used later to renormalise the electron charge.

Zs (1.36)
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The procedure is similar when considering the fermion propagator, which can be written as

[1]

2 % J% B p—mp—X(p)

The rescaling factor which is defined describing these corrections and which is used later in
order to cancel the vertex rescaling factor Z; is given by

dy -1
To = <1 - cW:m) . (1.37)

Taking all loop contributions to a vertex into account can be summarised in the vertex func-
tion I'*(q) [1]

u = —iel%(q).

=2

The rescaling factor due to these corrections is given by
Zy =" TH(g=0))"" (1.38)

In order to achieve a divergence-free theory, counterterms must be introduced which nullify
the divergences due to loop integrals in each order of perturbation theory. If this is possible
while conserving the underlying gauge symmetry, the Lagrangian is labelled renormalis-
able.

A more elegant method is a reinterpretation of the physical parameters of the Lagrangian
such as the masses, charges and fields. Before adding the counterterms the Lagrangian is
called the bare Lagrangian, depending on bare parameters.

Taking the example of the electromagnetic theory (neglecting the indices of the field tensor
and the sum over the fermion fields), the bare Lagrangian writes [1]

L= (il — mo)f — ol B — {F™Ey,
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where mg and gp are not the parameters measured experimentally. It transpires that rescal-
ing the fields and the electron charge by the rescaling factors (1.36, 1.37, 1.38) in the following
way [1]

fp=2"f  BL=277Br, e=e0Z:27' 20" = e 23"

results in the aforementioned counterterms which cancel the unphysical divergences out of
the diagrams shown above. Here the index P denotes the physical quantities.
The rewritten Lagrangian is given by

o : 1
L =fp(id —my)fp — efpy.fpBp — ZFﬁ Fpu, (1.39)
. _ 1w
+ [p(i62@ — 0m) fp — €01 fPyufPBp — ZégFﬁ Fpuy (1.40)

with
(53223—1, 52222—1, 5m:Z2mo—m, and 51221—1.

The same form of the Langrangian can be derived from the path integral formalism. The
fields are assumed not to contribute to low energy physics if their momentum is much
higher than the scale of the initial process, which means that they are only taken to be un-
equal to zero if their momentum is under a certain cutoff scale A. The counterterms are
achieved by integrating out the fields (degrees of freedom) with a momentum close to the
cutoff scale.

It is important to remark that the constant shift of the electron charge is only valid in the
Lagrangian, i.e. at tree-level. Actual calculations introduce a gq-dependence of the charge
due to the use of the g-dependent propagator (1.35). Therefore the physical charge depends
on the energy or the distance at which the process is considered and is given by

e

e T Ma(qd) — 1L(0)]

The same can be applied to the physical coupling constants which are therefore also energy

dependent. It transpires that the coupling constants for QED and weak interaction increase
with increasing energy whereas the coupling constant for QCD decreases for increasing en-
ergy. This phenomenon is also known as asymptotic freedom of QCD.

1.5.2 Renormalisation group equations

The Lagrangian (1.40) can also be derived using path integral methods to integrate out
higher degrees of freedom. Following this method the Lagrangian can be iterated down
to the considered scale. At every scale the Lagrangian has the form (1.40) but the param-
eters change. Since perturbation theory is valid, the parameters differ only slightly by a
small change of scale. These transformations of the Lagrangian from one scale to another
are called the renormalisation group. Strictly speaking, however, they do not belong to a
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group, since the inverse element is missing as the process of integrating out degrees of free-
dom is not reversible.

The so-called flow of the Lagrangian parameters is represented by scale-independent func-
tions (- and y-functions), where the g-function represents the rate at which the renor-
malised coupling changes given the bare coupling. A positive S-function shows that the
coupling constant increases for increasing momenta and decreases for decreasing momenta.
Writing down the change of arbitrary renormalised Green functions through changing scale
leads to differential equations depending on the scale M and the parameters. In the case of
¢*-theory the 3- and v-functions are defined as [1]

M M

where 6 represents the change in the coupling due to a scale transformation and é7 the
change in the field. Generally there is one 3-function for each coupling and one ~-function
for each field. These functions are scale-independent since the Green functions are cutoff-
independent and therefore the rescaling functions 3 and v cannot depend on the scale due
to dimensional analysis.
The resulting differential equation is called the Callan-Symanzik equation and is in the case
of QED given by [1]

M2 4 8e) 2+ ma(e) + mas(e)| G (g M e) = 0

oM Oe

where n is the number of electron fields and m the number of photon fields in the Green
function.
The rescaling functions can be obtained order by order in perturbation theory by inserting
possible Green functions. It transpires that the 3- and ~-functions are related to the coun-
terterms of the Lagrangian.

1.6 Neutral meson-mixing

Neutral meson-mixing processes are often used to discuss the introduction of new particles
beyond the Standard Model for the following reason.

New particles are generally too heavy to be detected directly, therefore it is more efficient to
analyse their indirect contributions to observable physics. Heavy fermions or gauge bosons
can be produced as intermediate particles in loop processes such as neutral meson-mixing.
These new particles produce new Feynman diagrams and hence their contributing ampli-
tudes are added to those of the Standard Model. If the contribution of new particles is
non-negligible, the case is referred to as non-decoupling of heavy particles.

Despite the fact that the observed amount of neutral meson mass-mixing and the amount
of observed CP-violation in meson decay (chapter 1.3.3) can be explained by the Standard
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Model, these processes can be considered, not in order to explain data that cannot be ex-
plained by the Standard Model, but in order to constrain new physics. Heavy particles
would be allowed only if they either give very small contributions or some cancellations
have to take place in order to leave the outcome of the experiment unchanged.

A meson is a particle composed of a quark and an antiquark and is therefore a sub-category
of a hadron. Mesons are also bosons. Every meson PY has an anti-partner P°. The two
particles are linked by C-transformation. The discrete symmetries transform the neutral
mesons in the following way [15], neglecting the free phases discussed in chapter 1.3:

C|P%) =—|P%,  PIP)=—|P%,  TI[P%)=]|P")

Since the strong and the electromagnetic interactions do not induce any charged or flavour-
changing currents, the neutral mesons cannot decay or mix via those forces. Considering
the weak interaction, the W¥ bosons induce charged flavour-changing currents and there-
fore enable the neutral mesons and anti-mesons to decay or to oscillate between one another.

Due to the oscillation of P° and P° a general state is given by the mixture of those two states
[5]
[0(t)) = P () |[P°) + a(t) | P°) .

The Schrodinger equation gives the time development of this state

99 —HY  with ¥— <7’Z’1>
ot (G

where the 2x2 matrix H is given by H:M-%F, with

M;; = modi; + (i| Hyw y;>+2p< | WWL ><EL w l3)
n 0 n

(1.42)

to second order in perturbation theory [5]. The states i and j describe the states P’ and P°
where the states n are virtual intermediate states. Hy denotes the Hamiltonian of the weak
interaction.

For interactions only including QCD and QED, M would be a diagonal mass matrix and
I’ would not exist. The non-diagonal elements in M represent the mixing of the states P°
and P° and the existence of I represents the possibility of the neutral mesons decaying into
other particles.

Requiring CP-invariance would restrict the matrix H in the following way [5]:

|H12| = [Haa|

Thus a parameter measuring CP- and T-violation is given by

_ [Hia| — [Ha|

= 143
|H1a| + |Ho1 | (1.43)
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Other constraints deduced by CPT-invariance lead to the definition of the CPT- and CP-

violating parameter 6.
Hyy — Hiy

VA4H 2 Hoy + (Hao — Hyp)?

Due to their mixing, the neutral mesons PY and P? are not the mass eigenstates if the weak

0

(1.44)

interaction is considered. Requiring CPT-invariance, the states of the physical particles are
given by the following linear combination of the original mesons [5]:

|Py) =p|P°) + q|PY) (1.45)
|Pr) = p|P°) — q|P) (1.46)

with |p|* + [g* = 1.
Diagonalising H gives the following relation between p and q:

p_ [2M7,—iTh,

q 2Mio —il'12

and the CP-violating parameter (1.43) can be written as
6= lpl* — laI* = (PL|Pr) .

If CP-invariance were required § would be equal to zero and Py and P, would become CP
eigenstates with the eigenvalues +1 and F1 respectively. The eigenstate with the eigenvalue
+1 is called CP-even and that with the eigenvalue -1 CP-odd.

Assuming that Py and Pf, decay to a final state | f) which is CP-even, CP-invariance would
require (here Py is taken to be CP-even)

(f|Hw |PL) = (fI(CP) " Hw(CP)|PL) = — (f|Hw |PL) ~ =>  (f[Hw|PL)=0

This means that if both P;, and Py are observed to decay into a final state which is a CP
eigenstate, CP-symmetry is violated. Therefore another CP-violating parameter can be de-

fined as
(f| Hw | Pm)

€f =
T {(f Hw [PL)
where | f) is a CP eigenstate with the same eigenvalue as Pp.

(1.47)

The eigenvalues of H are given by

)
WH,L = MH — §FH,L
where m is the mass and I' the decay width of the corresponding meson. Thus the mass and
decay width difference between the heavier and the lighter meson is given by

Am =myg —my, and AT =Ty -T7y.

Since the theoretical determination of the CP-violating parameters is always only approxi-
mate they must be derived for each system of neutral mesons individually. CP-violation has
been observed in Kaon decay as well as in neutral and charged B-meson decay.
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1.6.1 The neutral Kaon

The first signs of CP-violation were found in neutral Kaon decay in 1964 [8]. The CP-
violation becomes apparent due to the fact that the physical mass state with the longer life-
time K, decays more often to 7~ e* 7, than to 7te~v.. If CP were a symmetry K, would be
a CP eigenstate and the following equality would be true:

<7T76+I78’ Hyy ‘KL> = <7T76+ﬁe‘ (CP)+HI/V(CP) |KL> = <7T+67V8| Hyy ’KL>

This means the decay rates to the two final states would need to be equal.
The mass eigenstates are defined analogous to (1.46)

|KL) =p|K") +q|K°)
|PL) =p|K% —q|K")

where the indices stand for longer and shorter lifetimes. It transpires that K7, is the heavier
meson. The observed difference in mass assuming CPT-invariance is given by [8]

Am = (3,483 £0,006) x 10~ 2 MeV.

It is also observable that K7, is mostly CP-odd and Kg mostly CP-even.
From experimentally-achieved data it can be concluded that neutral Kaons mostly decay
into the CP-even two-pion state with the isospin zero [5].

2 1
27,0 = |27, T = 0) = \/;m ) — \/;w%%

Thus the associated CP-violating parameter according to (1.47) is given by

(2m, 0| Hy | K1)
— . 1.48
“= ©r, 0| Hy |Ks) (1.48)

This parameter can be linked to the CP-violating parameter ¢ (1.43) over

2Ree

1+ e

The assumption that the decay channel to |27, 0) is the only one leads to a linear correlation
of those two parameters [5]

e~ \%eil (1.49)
and an approximation for ¢
Im(MlgA()/_la)
o ——————— 1.50
| M12A0A| (1.50)

with

Ay = O, (27, 0] (37" ypu) (@y,yed) [K°)  and  Ag = CX; (2w, 0] (@y,yes) (dy*yru) | KO)
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where C is a factor of the Wilson coefficient obtained using operator product expansion
(chapter 1.6.2) and ), is determined by the CKM matrix elements via A\, = V;;Vi,q. The
constant C is real, since the only potentially CP-violating phases in the Standard Model enter
via the CKM matrix elements. If a model with other sources of CP-violation is considered,
C might include CP-violating phases.
This approximation still holds for extensions of the Standard Model as long as the decay
channel to |0) remains dominant.
The current value for € obtained through measurements of the decay rate K’ — 27 is given
by [8]

€= (2,229 +0,010) x 107 3¢'7.

Carrying out a CP-transformation of the bra, the ket and the quark fields of Ay by inserting
(CP)(CP)"™ = 1 into the transition amplitude and using the transformation rules listed in
chapter 1.3 gives

Ag = Oy (27,0 (37" ypu) (@y,y2d) |K®) = O\, (27, 0] (—ay,yrs) (—dy yu) | K) = A5t Ag

where the sum of the free phases of the CP-transformation was taken to be 0 or 7 for sim-
plicity.

Inserting this relation into (1.50) shows that § and e only depend on the matrix element M2
which can be determined in K°-K°-mixing processes

ImM ImMys ;=
e and e~ A2 ig (1.51)
Am V2Am

O~

1.6.2 Operator product expansion and the effective Lagrangian

Before the amplitude for K°-K%-mixing is derived explicitly, some general ideas on how to
extend the tree-level-describing Lagrangian in order to express higher order interactions are
displayed. The listed examples follow the lecture of Buras [16].

One possible way of imagining different types of particles is as degrees of freedom. The
higher the considered energy scale, the more particles could be created and the more degrees
of freedom exist, where the considered energy scale is referred to as the mass scale of the
initial particle. In low energy processes it can be very intricate to include all types of particles
or all degrees of freedom even though their mass scale is much higher than the scale of the
initial particle. In this case it is useful to use an effective theory in which only particles at
and under the mass scale of the low energy process are considered. Low energy processes
are usually referred to as long distance (LD) processes and high energy processes as short
distance (SD) processes. The effective Lagrangian is arrived at by integrating out higher
degrees of freedom, which can literally be achieved by performing the integral in the path
formalism over all particle fields with higher rest mass.

The procedure can be demonstrated on the decay ¢ — sud which is mediated by a charged
W-boson. Since the mass of the W-boson myy is much greater than the mass of the c-quarks,
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the ratio between the momentum transfer and the W-mass must be very small % << 1.
Evaluating the corresponding diagram with the common Feynman rules in the Feynman-
t’'Hooft gauge ({ = 1) gives a prefactor dependent on the CKM matrix elements, the operator
of the in- and outgoing currents and the contribution of the intermediate W-boson which can

be expanded in the following way:

—iQu 1 k2
k2—5n2 :m2 (1+O(m2)>
w w w

Including only the leading order which is independent of k is analogous to integrating out

the W-boson in the path formalism. The process is shown diagrammatically in figure 1.1.

C S Cc S

d U d u

(a) Shortdistance perspective (b) Multiplication of two cur-
rents with effective coupling
constants including the shortdis-
tance effects of the W boson

Fig. 1.1: The decay ¢ — sud to lowest order in perturbation theory [16].

The resulting diagram does not include the short distance contribution of the W-boson as
an intermediate state but as part of the prefactor, and can be interpreted as a multiplication
of the external currents with an effective coupling constant. It is therefore reminiscent of the
description of decays in Fermi theory.

The general idea to expand local currents by means of local operators and effective coupling
constants was introduced by Wilson in 1969 [17] who proposed that if A(x) and B(y) are
currents located at x and y respectively and the distance between x and y is small the product
can be expanded by means of the Wilson coefficients C),(x — y) and local operators O,,(z).

A@@)B(y) = 3 Cul — 1)On(a)

The Wilson coefficients are generally singular if x = y and the local operators are of the form
(3y*~yrc)(tuy,yrd) which is taken from the above example.
The Wilson coefficient was derived to be proportional to [1]
ap—ap—ap
1 2b
1 >dA+dB_dn n (m) 0

Cn(z —y) <|x—y| in (%j)
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d; denote the dimension of the operators, which is 1 for a bosonic field and 3/2 for a
fermionic field and M the renormalisation scale. In the example given above, the dimen-
sions would be d4 = dg = 3 and d,, = 6 so that the first fraction is removed. The coefficients
a; and by result from the y-function and g-function respectively (1.41) [1]

g° 2

Yi = —aia and bo =11-— gnf

at a fixed point g and with the number of fermions 7. The mass scale A is chosen to fulfil
the following relation:

The local difference |z — y| is inversely proportional to the mass of the intermediate boson.
In the case of a W-boson one can insert

oyl =

r—y|"=—.
Y m‘Q/V

Calculating the transition amplitude from an initial state |i) to a final state |f) the Wilson

coefficient can be factored out of the amplitude.
(fl A Zc =) {f1On() Ii)

Considering a process taking place at the scale M it transpires that the Wilson coefficient in-
cludes the contributions of particles with a rest mass higher than M. The expectation value of
the local operators (referred to as the hadron matrix element) on the other hand includes all
contributions due to low energy processes smaller than M. Since QCD is non-perturbative
for low energies, advanced methods like lattice QCD are necessary to calculate the hadron
matrix element and are not performed in this thesis. The corresponding values of the hadron
matrix elements are taken from the literature.

The contributions to the Wilson coefficient can all be calculated in perturbation theory and
are therefore discussed explicitly. Taking the above example and choosing M to be around
the scale of a few GeV would mean that the W-boson and the top-quark need to be inte-
grated out. If theories extending the Standard Model are considered, all contributing higher
mass particles must be integrated out. One example of this is the heavy quarks in the four-
generation case.

Another short distance effect which needs to be included is the gluon exchange between the
initial quarks and, if it is a non- or semileptonic decay, also between the final quarks. Includ-
ing gluon exchange can introduce new local operators which sum over colour cross-terms
between the connected quark. The first order QCD corrections to the Wilson coefficients are
shown in figure 1.2.
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d U d U d u

Fig. 1.2: Short distance corrections due to gluon exchange [16].

When calculating the first order QCD correction directly, unphysical divergences appear
which can be removed by quark field renormalisation. Having carried out this renormal-
isation it transpires [1] that the divergences produced in the first diagram are completely
cancelled out by field-strength renormalisation where the other two diagrams give (after
renormalisation) contributions of the order (a/47)in(m3;, /M?)[16].

Generally the contributions to the Wilson coefficients can be derived from the renormalisa-
tion group and therefore depend on the scale M. Thus the Wilson coefficients depend on the
masses of the contributing particles with m; > M and on the scale M.

Altogether, using the operator product expansion separates the factors in the effective Hamil-
tonian in the Wilson coefficient (which describes the short distance contributions) and the
hadron matrix element (which describes the long distance contributions) by choosing a scale
M. Since a physical quantity such as the transition amplitude should not rely on an arbitrary
scale, the M-dependence of the Wilson coefficient and the hadron matrix element cancel each

other out.

An effective Lagrangian contains processes at higher-loop level as effective coupling con-
stants and operators using OPE. In this thesis the effective Lagrangian is referred to as the
Lagrangian describing interactions to one-loop corrections. Since FCNCs are forbidden at
tree-level due to the coupling of the gauge bosons or the GIM mechanism, those processes
are especially interesting in the study of CP-violation. The loop contributions due to the
weak interaction are box and triangular diagrams. The example of the decaying charged
Kaon shows how the diagram can be extended to one-loop level (1.52). The effective Hamil-

tonian would include all these contributions.



34 1. The Standard Model
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U > U

+ (1.52)

1.6.3 K°-K°-mixing

The following calculation will be performed in the Feynman-t'Hooft gauge, which results
in a charged massive Goldstone boson in addition to the W-boson in the loops. Therefore to

the first order of perturbation theory K°-K%-mixing can be described by the following eight
diagrams:

U,C,t o W+7¢+ —
S —- -t -t d § —a——r A~~~ —a—
k k
WH, 0T Qk EQ W ¢t u,c,t Rk kYyu,ct
k k
d ' s J — "N/
Uu,c,t W+, ot

Fig. 1.3: Box diagrams contributing to K°-K%-mixing. K° is defined as 5d and K° as sd.
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In unitary gauge only the first diagram would need to be considered. Since it has been
shown that the change of the amplitude due to non-zero external momenta would be small
compared to the uncertainty in the hadron matrix element in K°-K0-mixing [18], the ex-
ternal momenta are neglected. Taking the external momenta in B°-B%-mixing into account
would give an even smaller contribution. Setting the external momenta to zero results in
the fact that all internal particles carry the same momentum k.

Using the Feynman rules from Appendix A.1 and summing over all possible quarks in the
loop gives the following amplitude for the box including two W-bosons:

4 4
g d'k kaks ) iy
A = < i VAQnbin . vLd
Www 4 Z Z J/ (271')4 (kg 2)(k'2 2)(k2 2 )2 (37 Y YL )(87 Y Yo VL )

i=u,c,t j=u,c,t -y o mj - My
with
1— ,75 1 + ,75
9 TR = 9

Introducing the identity 1 = ¢*?g, raises the index of kg and lowers the index of 7.

VL =

Using the Dirac matrix identity

Uy .o

YAy =gty — gh " + g I+ e s,
the operator product can be simplified to
(Y v y1d) (5778707 d) = 4(3THd) (5T ud) = 4044 with T = ~#yp.

The internal momentum is substituted by k£ — % which leads to the following final ex-

pression:
4
9
AWW:4m2 Z Z XN F (2, 25)Osq
w 1=u,c,t j=u,c,t
with . ) )
d*k k m;
F(zi,z;) = d i= =
(i, 5) /(%)4 (R —z)(R2—a)(R2—1)2 0 TR

Defining a general integral helps in expressing the other three contributing amplitudes.

1672 [ d* k™
Fn as y Ly - - . 153
(Ta, Tb; Te, Ta) i / (27m)4 (k2 — 24) (K2 — 2p) (k2 — 20) (k2 — 24) (1:59)

The prefactor is chosen in such a way as to cancel out the prefactor which occurs while
solving the integral. The number of normalised mass terms in the argument equates to the
number of mass-distinguishable particles in the loop. For example, the W-bosons and the
massive Goldstone bosons count as one particle in the momentum integral since they have
the same masses in the Feynman-t'Hooft gauge. An integral function with four arguments
can only be realised in a theory with different types of W or single-charged gauge bosons
with non-degenerate mass, such in the Little Higgs (chapter 2.3) or the Left-Right Symmetric
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Model (chapter 2.2). The solution of F}, for n = 0,2 for all possible numbers of different
arguments is given in Appendix A.1. F} is always zero since the function under the integral
is odd and the integral extends over the whole four-space.

The derivation of the contributions including one or two Goldstone bosons is analogous to
the two-W-boson case. Thus the four contributions to K° — K°-mixing are given by

4
ig
AW = Gy 2 2 AP0
1=u,c,t j=u,c,t
: 4
tg
AWo = Gy 2 2 Mgz Folaisayi 10w
i=u,c,t j=u,c,t
: 4
tg
Aow = Gz 2 2 i Fo(wi ;1) Ou

W i:’u”C?t.j:u:cvt
- 4
tg
44 647T2m12/v4i=uz:ctj:zu:ct gty 2( isLj, ) sd

The whole amplitude is given by

ig* 1
A= _64% Z Z i <F2(xi,xj; 1) — 2xxFo(xs, x5, 1) + inijg(xi,xj; 1)) Ogsd
Tmy i=u,c,t j=u,c,t
. 4
Y
=——— 5000
64m2m3;, s

where Cj is the Wilson coefficient depending on the masses of the internal particles with
C() == Z Z /\i)\jCQ(.%'i,l'j;l).
i=u,c,t j=u,c,t
The exact coefficients are given in Appendix A.1.
Using unitarity of the CKM matrix and setting the quark mass to zero (Appendix A.1) results
in the following Wilson coefficient:

Co = Noch(we; 1) 4 20Ny (@e, 245 1) 4+ N2ch (43 1)

Also including short distance QCD effects in the Wilson coefficients, it transpires that they
give an additional factor for every possible loop, factoring out of the ¢{-functions (figure
1.4).

The prefactors 7 are evaluated at the mass scale corresponding to the quark. The values are
given by [16]

Nee =1,384£0,20,  me =0,57+0,01, 7, =0,47£0,04. (1.54)
The updated Wilson coefficient writes

Co = A20ecy(Te; 1) 4+ 2N AinerCh (e, 5 1) + AemPcy (a4 1).
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Fig. 1.4: Diagrams contributing to the short distance QCD corrections leading to 7, [16].

The operator Oy, obtains long distance corrections depending on the scale M < M, [16].
Therefore the new operator reads

)0 [+ S8 o,

where o is the scale-dependent coupling constant divided by 47 given by the renormalisa-
tion group equations and J3 depends on the renormalisation scheme. The index three notes
that since M < M. only the three lightest quarks must be taken into account in the loop
calculation for the renormalisation group equations.

Since A includes the product of two identical operators, the Feynman rule for converting
the vertex into the effective Lagrangian is VerteX——2iH6 tr [6] and therefore together with
the definition of the Fermi constant Gp = 1 f the effective Hamiltonian writes

2.2
Gpmy
472

Now the matrix elements My (1.42) simplify significantly. Since H.;s includes all virtual

—2/9 a3 (M)
Heff = CO X [as(M>] 1+ dn J3 Osd + h.c..

intermediate states, the non-diagonal element of M writes to second-order in perturbation
theory

2.2
Gpmy
472

The calculation of the hadron matrix element is difficult, since the operator Oy, corresponds

0 0 * —2/9 ag(M) 0| H+ |70
Miz = (K°| Hf;; |K®) = Ci x las (M) |1+ 222 | (K| OF [K0).

to free quarks whereas the initial and final states K° and K consists of bounded quarks.
The matrix elements are usually estimated by the vacuum insertion approximation, which
splits the amplitude into several by inserting the vacuum state in all possible ways and
multiplying by a correction factor By [5]

(K9 034 [K®) = — 5 Bie(M)

with ) ()
By = Bi(M)[ay(M)]7/° [1 + 54%&73}

and the K-meson mass mx and the K-meson decay constant fx given in Appendix C.
The matrix element M7, now reads

2,2
GEmiy,

Mg = ————+ 192

CiBr(M) fiem.
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1.7 Parameters used to approximate the size of physics beyond the Standard
Model

1.7.1 The oblique T parameter

In general there are three oblique parameters (T, U and S) which describe the finite parts
of the vacuum polarisation diagrams of the gauge bosons which have not been included
in the renormalisation of the coupling constants, the masses or the fields. Here only the
T-parameter is described in detail which is defined over [19]

47
T = 1111 (0) — II33(0 1.55
m2ZSin29W00$29W [ 11( ) 33( )] ( )
with
sin?Oyy
Mi(g) = o2 Hww (q)
sin20yw cos?Oy .9 .4
H33(q) = ez (HZZ(Q) + 2sin 9WH3Q(Q) + sin QWHQQ(Q)) )

where Q denotes the charge of the intermediate particles. The contributions Iy (¢) and
I1z2(q) to lowest order in perturbation theory are shown below.

W N\;\N@N\M W, = illww(q)g"
q

Z N\;\N@N\M Zy = illzz(q)g"”
q

The contributions II35(¢) and IIgg(g) emerge from self-energy diagrams of the photon or
the Z-boson and the photon but give zero in the limit of ¢ = 0. This can be explained using
the Ward identity and the assumption that the contributions do not diverge at p* = 0 [1].
The calculation of the T-parameter has been carried out in [20] for the Standard Model ex-
tended by a random number of vector-like singlets and quark doublets. The result for one
extra u-type quark isosinglet (the Top-quark) is given by [21]

3
~ 16msin26y cos?Oyy

HthM‘ sin20 O+ (yr,syp) — O+ (ye, up)) — sin’0cos?0 0+ (yr, yt)]
(1.56)
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with y; = m?/m?% and
2yiy; ;. Yi
—=In>.
Y —Y; Yj
The measured value is given by 7" = —0,03 £ 0,09 [21]. The high uncertainty in the ex-

04 (yisys) = vi +yj —

perimental and theoretical value of T (due to the uncertainty in the Higgs mass) makes the
T-parameter difficult to use to derive constraints on physics beyond the Standard Model.

1.7.2 The Ry parameter

This parameter describes the branching ratio of the Z-boson decaying to a b- and an anti

b-quark [21].
[y

Chad

Ry

The lowest order correction to the tree-level decay Z — bb is dominated by the loops includ-
ing the top-quark (1.5) [22] and would therefore be sensitive to other heavier t-quark type

quarks.
b b
t W, G
Z w,G Z t
t w,G
b b
b b
w,G
t
Z B Z
t
w.G _ _
b b

Fig. 1.5: The main lowest order contributions to the Rj-parameter.

The experimental and the Standard Model value of the Ry-parameter is given by [21]

R™P =0.21629(66)  and  RyM =0.21578(10).

1.8 The decoupling theorem

The decoupling theorem was established by Thomas Appelquist and James Carazzone in
1975 and is therefore also known as the Appelquist-Carazzone theorem [23]. The theorem
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deals with the influence of heavy particles on renormalisable theories describing low energy
interactions, such as a renormalisable effective Lagrangian. The Wilson description (chapter
1.6.2) showed that the effective Lagrangian can be split into two factors (one describing
the low and one describing the high energy effects) in such a way that the heavy particles
only appear explicitly in the Wilson coefficients. The decoupling theorem states that the
contributions of the heavy particles must be suppressed by the heavy particle masses. Thus
one can conclude that there are non-decoupling effects for finite particle masses, but that the
heavy particles must decouple in the limit of infinite masses. The decoupling theorem also
allows effects of heavy particles to appear in charge renormalisation [23, 24].

This theorem offers a simple way of controlling results obtained from calculations of loop
corrections of physical quantities including heavy particles arising from a renormalisable
extension of the Standard Model. However, one must exercise caution when taking the mass
limit. Examples of possible misleading conclusions are diverging loop diagram corrections
when taking the limit m; — oo in the Standard Model. This is not an exception to the
decoupling theorem, since the non-decoupling arises from the fact that the renormalisability
of the Standard Model is destroyed by integrating out the top- but not the bottom-quark
[24]. The question also arises of whether it is physically justifiable to let the top-mass tend
to infinity without letting all other particle masses of the Standard Model do so, since they
all depend on the same Higgs vacuum expectation value v. The same situation occurs in the
Left-Right Symmetric Model when calculating the B-meson to two muons decay (chapter
4.1). It will be explicitly shown (chapter 4.3) that one cannot let the single-charged Higgs
scalar mass tend to infinity without doing the same with the right-handed W-boson mass,
since both depend on the breaking scale (vr) of the gauge group SU(2)g.



2. EXTENSIONS OF THE STANDARD MODEL

2.1 A fourth generation in the Standard Model

Adding new generations of chiral quarks and leptons is a straightforward extension of the
Standard Model, which was proposed even before the third generation had been discovered.
There are many arguments against a fifth or higher family [25, 26, 27, 28], but the existence
of a fourth generation cannot yet be excluded by existing data [25, 13].

In this section only the possibility of the existence of a new quark generation is discussed.

2.1.1 Advantages of a fourth family

Adding a fourth generation could remove some unnaturalnesses of the Standard Model.

It has been proposed that due to non-negligible loop corrections of the fourth generation
quarks and leptons, the gauge couplings could be unified at a scale around 3,5 x 10> GeV
[29], under the assumption that the Higgs boson is heavier than 174 GeV.

New heavy quarks could also contribute to an explanation of the strong CP problem (chap-
ter 1.3.2) [30]. This is realised by introducing a new symmetry U(1),,¢,, under which only the
new generation quarks transform non-trivially. In addition to the complex Higgs doublet,
two complex Higgs singlets must be introduced, which also transform non-trivially under
the new symmetry. Under certain assumptions about the masses of the new particles and
the breaking scale of U(1),,cy, the breaking of the new symmetry gives a value for § which
is small enough to be consistent with recent measurements of the CP-violating parame-
ters. Depending on the nature of U(1),,.., a new gauge boson is predicted. One well-known
model is the Aspon Model, in which the Aspon is the massive gauge boson, which acquires
its mass over the Higgs mechanism [31].

Another problem which could be solved is the missing sources of CP-violation predicted by
the Standard Model. Introducing a new generation adds three new CP-violating phases to
the CKM matrix (discussed in the next chapter) which then enter the effective couplings of
mixing quark flavours. Since the imaginary parts of the effective couplings determine the
CP-asymmetry of the reaction, the amount of CP-violation can be tuned according to the
value of these phases. W.S. Hou states [32] that the amount of CP-violation can be enhanced
by a factor of 1013, which has been shown by means of the generalised form of the
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parameter ] which was introduced by Jarlskog in order to estimate the amount of CP-
violation in the Standard Model [33]. The enhancement is stated to leave the prediction
of measured CP-violating processes such as the EDM (chapter 2.2.4) unchanged. The in-
crease of the CP-violation is due to the large masses of the new quarks and the resulting
large Yukawa couplings rather than the largeness of the new phases. Since the J-parameter
depends on the mass-differences of quarks of different families, it is suppressed by the small
quark masses or the small quark mass-differences.

The CP-violating phase in the BY system predicted by the Standard Model (5 ~ —2,3°)
[34] is noticeably smaller than the measured value (®5 = 2 * 3, = —40°) [8]. The authors
of [13] even claim that the value of the CP-violating phases could lie around ®, ~ —45°.
However, an enhancement of the value of the phase can be achieved by introducing new
quarks [13].

2.1.2 Realisation of a fourth generation

Adding a new generation means to add a new quark doublet Q4 which transforms with the
same quantum numbers as the first three doublets.

o <{(2)-()-0)-C))

The only restriction on the CKM matrix given by the Standard Model (chapter 1.4) is uni-
tarity. Choosing a parametrisation with angles and imaginary phases gives six independent
angles and ten independent phases [35]. Since the Lagrangian should be invariant under
the global rotation of each quark field

g — €%g; ie{l,..,8}

seven of the ten phases can be removed by choosing «; as linear combinations of those
ten phases and three independent phases remain. Thus there are in total nine independent
parameters in the 4x4 CKM matrix, five more than in the 3x3 case.

In recent analysis the parametrisation of Fritzsch and Plankl [36] was used. They show that
a parametrisation of a unitary nxn matrix can be derived by the multiplication of several
rotation matrices (Where some of the matrix elements are treated as perturbations).
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The 4x4 matrix is given by

€12€13C14 €13C14512 c1as13e” 013 s14e7 014
—623024512—0126248138236“\13 012623624—624812_8138236“513 €13€24C23 c1a824€ 71014
—c12c13514524€"(0147024) —c13512514524€"(%147924)  —g13514594e 1 (0131924 —014)
701202303481361513+03_4812823 7012034823702363481_281361513 €13€23C34 €14C24534
V= —612013624814834?“514 —0128238248346‘5_24 —6138235245346’624
- +co3512524 5341924 —C13C24512514534€"014 —C24513514534€°(0147913)
+c12513523524534€(P131924)  4515513503504534€7(013+024)
—ciac13c24C34514€7014 —c12c23¢34524€/024 - c1a823534 —C13C23834 €14C24C34
+c12¢23513834€%013 —c13¢24C34512814€%014 —c13¢34823524€"924
+ea3caasins2ae024 —s12503534 +co3s12513534€0013 —c24¢34513514€4(9147013)
+e12¢34513523524€7(0187924)  Legy519513503504€7(9131924)
with Cij = 00892‘]‘ and Sij = sin@ij.

Setting c14 = c24 = ¢34 = 1 and d13 = J gives the parametrisation of the CKM matrix in the
Standard Model, with the Cabibbo angle §¢ = 612.

2.1.3 Constraints on a fourth generation

Constraints on the new heavy quark masses and the mass-mixing angles can be derived
from theoretical arguments as well as from experimental boundaries.

From Tevatron it is known that my > 258GeV. Considering the situation in which all B-
quarks decay via the decay channel B — Zb the boundary mp > 268GeV is achieved [37].
A constraint on the splitting of the masses in the doublet comes from the contribution of a
fourth generation to the oblique electroweak parameters S and T. Both parameters depend
on the unknown Higgs mass mpy. In [37] experimental data for S and T is analysed and
combined with the claim of minimal contribution due to the new particles.

The relation found is given by

mmy

1
_ ~ (14 Sy H
T T mBs ( 5 M 15Gey

> x 50GeV.

According to [32] the possibility of treating the Yukawa coupling by perturbation theory
breaks down if my, mpg > 600GeV .

Summarising all these boundaries for the fourth generation quark masses and assuming
mp = 115GeV gives

318GeV < mp < 600GeV and 268GeV < mp < 550GeV. (2.1)

Information about the breakdown of perturbation theory can be acquired by analysing the
behaviour of the Yukawa coupling of the new quarks for different energies or the renormal-
isation group equations. It transpires that since the new quarks acquire their mass through
the same vev as the other three-generation quarks their Yukawa coupling is larger than 1,5
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and the authors of [37] state that thus the use of perturbation theory is lost for energies
higher than the TeV scale. It must be remembered that these predictions also rely on the
mass of the Higgs boson and are therefore not definite. It will be discussed later (chapter
3.1) that these restrictions do not hold true for quarks which acquire their mass from a Higgs
field other than the Standard Model one.

One theory in which the introduction of a fourth family does not lead to a negative Higgs
quartic coupling producing large quantum corrections is supersymmetry [37].

Bobrowski, Lenz, Riedl and Rohrwild [13] discuss the boundaries of the new and the yet
to be precisely assigned CKM matrix elements. Since |V4| and |Vis| can only be measured
in meson mass-mixing and the fact that the PDG analysis [8] obtains its results for the ma-
trix elements by assuming unitarity of the CKM matrix, these results cannot be used for
the four-generation case. The values of the first two row elements and |V};| are measured
independently in tree-level decays and therefore the PDG results do not depend on the di-
mension of the CKM matrix.

Vig| = 0,97418 +0,00027  |Vis| = 0,2255 +0,0019  |Vis| = 0, 00393 + 0,00036
Voal = 0,230 + 0,011 Vis| = 1,04 + 0,06 Vi = 0,0412 40,0011
H/;‘/b‘ > 07 74

The analysis of [13] for D°-mixing gives for two of the new CKM matrix elements

0,00395 for mp = 200GeV
[VueVer| < 0,00290 for mp = 300GeV
0,00193 for mp = 500GeV.

The authors of [13] investigate possible values of the nine CKM parameters by evaluating
tree-level and FCNC reactions for a large number of random parameters and discard all
parameter regions which do not give results which agree with the experiment. How much
the contribution due to the Standard Model with four generations departs from the original
value predicted by the Standard Model is expressed by the parameter

A Mi92M4

S HA
= = |A‘€7’¢
MEM3

which can be calculated for meson-mixing processes or tree-level decays (for details see the
table on page 5 in [13]). The absolute values for these parameters are still under discussion.
The calculated reactions do not contain contributions from the heavy B-quark. Therefore
only the value of the heavy T-quark is analysed, which is taken to be between 300 and 650
GeV due to (2.1). The QCD corrections due to the fourth generations are assumed to be
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equal to those due to the third generation.

nrr = mr = N, TNeT = Tet

The new CP-violating phases 013, 614 and 24 are taken to be unconstrained, i.e. between 0
and 2.

With the boundaries of the new matrix elements from the above analysis, the new CKM
matrix can be obtained by expanding every element in Vs = A up to the order of A\* in the

manner of Wolfenstein’s ansatz and setting

Vi = spze 918 = AA4(riLo +i77) Vs = s12 =\ Vip = s93 =: AN?

—id14

, . 2 _ —ibos .
VuB = s1e =: (14 —iy14)A* Ve = crasoae” % = (224 — iy24) A

where x14, Y14, £24 and yo4 are the parameters for si4, 414, S24 and do4 with the advantage that
the new parameters are known to be smaller than one. Since the scale of V;p is not known
c34 and s34 are left unchanged.

The other four parameters A, ), 77 and p, with p = Ap and n = A7), are the well-known

Wolfenstein parameters.

2 o )
1—%—%(490%4—&-411%4—&—1))\4 A A(p—in) A (z14—iy14) N2

—)\+%(x24—iy24) 1—%($§4+y§4+1))\2 ANZ (r24—1y24)\
(—2z144@24—2iy14+iyaa) A3 +3(—23,—2(¥3,—1)23,

—8iy1amaa—ya,)—(4A%+2y3,
—8x14(x24—1y24)—8y14y24—1)A?

V= s34(—w14+x21—i(y14—y24))A\? —534 (224 +iy24) A — Acga N2 C34 534
- +Ac3a N3 —L(A(—2i7—2p)css  +1s34(—2214+m2a—2iy1a+iyaa) A} —Asza(waat+iyaa) A3 — 2 (ssa(a? +y3,))A2
+834(x14+iy14)(m§4+y§4+1)))\4 7%(A034(ac§4+y§471)))\4 *%A2034>\4 7%(534(x%4+2y%4x§4
+yg ety dya) )21

c3a(—z1a+T24—i(y14—y24)) A2 —c34(w24+iy24) A —534 €34
— As3a N3+ 3 (2A(ifj+p) s34 +As3a A2+ L eza(—2m14 —Acsa(w2a+iy2a)A® — 3 (caa(x34+13,)) N2
+esa(Tratiyia) (@3, +y3,+1))A1 24 —2iy14+1iy24) A>3 +1A%5340 —tesa(ad 203,23,
+%A534($§4+y§4_1)>‘4 +y§4+4x%4+4yf4)

2.2)

By choosing the nine parameters of the CKM matrix and the mass of the heavy T-quark in
an appropriate way the problems mentioned above can be solved, although it should be
noted that the new phenomenology is very sensitive to the choice of parameters [13]. It also
transpires that the 3x3 CKM matrix could look different than previously thought.

The elements V;4 and V;, appear in the calculations of [13] along with other leading orders
than previously believed. These new contributions are allowed since when calculating the
parameter A the extra contributions due to the updated 3x3 CKM matrix cancel out the extra

contributions arising from the new quarks.
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2.2 The Left-Right Symmetric Model

2.2.1 Historical development

The assumption of a discrete left-right (parity) symmetric Langrangian at a high energy
scale was first made by J. C. Pati and Abdus Salam [38]. They considered the gauge group
SU(4)r, x SU(4)r x SU(4") which under the circumstances of non-vanishing coupling con-
stants g7, and gr reduces to the subgroup SU(2);, x SU(2)r x SU(4’)+r. One aim of this
model was to unite the leptonic with the baryonic number to form the fermion number
F = B + L. The Pati-Salam gauge group can be embedded in the gauge group SO(10),
which is one of the GUTs [39].

Recent attempts have been made by W.-M. Yang and H.-H. Liu [40] to extend the Pati-Salam
Model toa SU(2);, x SU(2)gr x SU(4)c x SU(2)a x SO(3) r x D, symmetry. This model gen-
erates super-heavy fermions as mirror particles of the Standard Model particles with masses
just under the GUT scale (~ 10'°GeV) and right-handed Majorana neutrinos. The lightest
one has a mass around 1 TeV and serves as a dark matter candidate.

A further analysis of the subgroup SU(2)1, x SU(2) g x G, where G is an arbitrary group com-
muting with SU(2);, x SU(2)r and obeying the left-right symmetry, has been published by
R. N. Mohapatra and J.C. Pati [41]. They state that the left-right symmetry of the Lagrangian
is a ‘'natural’ symmetry which is broken at a scale higher than those explored experimentally
until now. Since the breaking process leads to parity non-conserving terms, this mechanism
introduces CP-violation naturally.

A follow-up paper by R. N. Mohapatra and G. Senjanovic [42] addresses the Higgs mecha-
nism (described in the next chapter) and the realisation of such a model directly. It transpires
that the prefactors belonging to the left- and right-handed part of the Higgs potential need
to be of different scales in order to give different masses to the Wp- and Wg-boson. In or-
der to introduce CP-violation other than doing so through the CKM matrix at least one of
the vacuum expectation values of the Higgs fields needs to be imaginary, otherwise the La-
grangian would be CP-invariant. The minimal choice of fields in the Higgs sector is pointed
out to be one bidoublet and two triplets. Models containing these Higgs fields are called
Minimal Left-Right Symmetric Models (MLRSM).

Despite the boundaries on the parameters of the Left-Right Symmetric Models having
changed, recently acquired data still allows an extension of the Standard Model by an LRSM.
In [43] modern data is used to restrict the parameters such as the masses of the heavy W-and
Z-boson. The symmetry referred to in more recent papers is SU(2), x SU(2)pxU(1)p_1, X P,

where P means parity-invariance.
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There are several ways in which a left-right symmetric Lagrangian can result from the break-
ing of an SO(10)-symmetry. Depending on the Higgs content and the choice of whether
SO(10) is combined with another U(1)-symmetry and thus embedded in Es, SO(10) can be
broken down to the Pati-Salam-/ the left-right symmetric- Lagrangian [44] or to the gauge
group SO(4)xSO(6) [45] (which in turn can be broken down to the two aforementioned La-
grangians). The breaking process of the left-right symmetric Lagrangian to the Standard
Model Lagrangian is described in chapter 2.2.2. Another possibility is to break the SO(10)
symmetry down to an SU(5)-symmetry, but from there it is only possible to break directly to
the symmetry of the Standard Model without the linking step of the Left-Right Symmetric
Model [45].

Advantages of the LRSM which are often highlighted include the explanation of the small-
ness of the neutrino masses due to the seesaw relation which follows from the minimum
condition of the Higgs potential and the solution of the strong CP problem (chapter 1.3.2)
due to the parity-invariance of the Lagrangian. The strong CP-violating parameter trans-
forms under parity transformation according to [29] © < —©. Since the Lagrangian is
required to be invariant under left-right transformation it follows that © = 0.

A theory with an SU(2)1, x SU(2)r symmetry would have the advantage of unifying the
coupling constants of the Standard Model which has been shown in [46] for My, > 1 TeV
and a unification scale from 10° GeV up to 10!"7 GeV. In [47] the unification of the coupling
constant was ensured by the introduction of extra fermions and scalars with exotic quantum

numbers.

2.2.2 Higgs mechanism

In order to give mass to the fermions (including neutrinos) and bosons, several Higgs fields
are required. A diagram often used in the literature (figure 2.1) shows the way in which the
form of the Higgs fields and the parameters in the Higgs potential determine the outcome
of the model. It emerges that three different outcomes are possible. Since one of the three
outcomes is unlikely and one is hardly observable, just the third outcome is favoured by
theorists.

In order to give mass to the neutrinos two of the Higgs fields must be triplets

U L

Ap=(v2 S|, ap= (V2 L (2.3)
50 L 50 R
L R N3

where the vev of Ap breaks SU(2)r and therefore determines the mass scale of the new
heavy bosons Wr and Zp.

Another recent attempt made by Wu and Zhou suggests an LRSM with two Higgs bidou-
blets [48].
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The electroweak symmetry breaking is enabled by the vev of the bidoublet

_ (N s 04
’ (m #) 24

Since SU(2)r is required to be broken at a much higher energy scale than the electroweak
symmetry breaking the vevs have to be of the order vg >> k, ', where vy describes the
vev acquired by the neutral component of the right-handed triplet and x and «’ are the vevs
acquired by the neutral components of the bidoublet. The vevs acquired by the Higgs fields
are explicitly written down in equation (2.5).

Hence the symmetry of the left-right symmetric Lagrangian is broken in the following two
steps:

SU2)r x SU2)1 x SUB)e x UL)y ‘~% SUQ@)1, x SUB)e x ULy 2 SUB). x U(1)g
If one considered an additional U(1)-symmetry which ensures the parity-invariance of the
Lagrangian, one would need an additional Higgs scalar in order to break that symmetry.
Such an extension of the symmetry would also guarantee the equality of the coupling con-
stants of SU(2);, and SU(2)r (91, = gr) at tree-level. The explicit U(1)-symmetry and the
Higgs scalar are not considered in this thesis since they would not add much to the phe-
nomenology of the LRSM, but the equality of the coupling constants is still assumed. Tak-
ing higher order corrections into account, the values of g7, and gr differ but their deviation
gL — gr is always finite [41].

As seen above, the vev of the triplet Az, does not need to break any symmetry in order to
achieve the right phenomenology, but it still needs to be included to preserve left-right sym-
metry of the Lagrangian. For this and other reasons (outlined below) it is possible to assume
vy, = 0 or at least x, K’ >> vy.

Therefore the vevs follow the hierarchy

VR >> K, K >> vr,-

The vevs of the Higgs fields are given by [43]

kel 0 0 0 0 0
(@ = ( 0 m’ei‘”) ’ (Br) = (vLewl O) ’ \Br) = (vRewz 0) ‘

Under SU(2) 1, r those Higgs fields transform as [49]
gb—)Uqu)UJr, AL—>ULALUL+, ARHURARUE

with UrLr € SU(Q)LyR.
Under parity they transform as

¢ ¢t and A — Ap.
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Using the degrees of freedom of the transformation laws under SU(2) 1, x SU(2) g two of the
phases in the vevs can be eliminated.
Conventionally the phases of x and vg are chosen to be zero

k 0 0 0 0 0
<¢> = (0 m'em> ) <AL> = (’ULeieL O) ) <AR> = (’UR 0> : (2.5)

The Higgs fields are included in the Lagrangian over the traces of covariant derivatives [43]

L1995 = Tr[(DuAL) (D' AL)] + Tr((DuAR) T (D*AR)] + Tr((Dyud) (D))

with
D¢ = 0,6 + i%mu Fp— i%%WRM 7 (2.6)
DAL = 0,AL + i% [WL ¥ AL} +ig BuAL 2.7)
DyAr = 0,Ar+i%" (Wh- 7, Ag| +ig By, 2.8)

The most general Higgs potential for the given fields which is invariant under parity is given
by [43]
V== 1 (Tr(670)) — i3 (Tr(66™) + Tr(670)) — 3 (Tr(ALAT) + Tr(ArA})
A (Tr(96)) 4+ X ([Tr(667)2 + [Tr(6TO)) + s (Tr(d6)Tr(67 )
+ 2 (Tr(o67) [Tr(66) + Tr(676)| ) + o (Tr(ALADP + [Tr(ARAL))
+ 0o (Tr(ALAL)THAFAY) + Tr(ALAR)Tr(ARAR))
+ p3 (Tr(ALAD)Tr(ARAR)) + pa (Tr(ALAL)THALAR) + Tr(AF AN Tr(ARAR))
+ o (Tr( ¢¢+ ) [Tr(ALAT) + Tr(ARAR)])
s (e“sz [Tr (6T (ARAL) +Tr(¢+¢)Tr(ALAg)} + h.c.)
+ a3 (Tr(edt ALAT) + Tr(dt 9ARAR)) + B (Tr(¢Ardt AT) + Tr(dt ALoAL))
+ B (Tr(6ARG™AT) + Tr(G*ALeAR) ) + B (Tr(eArd™AF) + Tr(s*ALdAR))
(2.9)

The only imaginary and therefore CP-violating prefactor in the potential is parameterised
by the phase d>. This means that the Higgs potential is a source of explicit CP-violation in
addition to the imaginary vev of the Higgs bidoublet.

The Higgs potential must be at its minimum with respect to all vev parameters. Using the
minimum condition for the vev vy, gives the so-called seesaw relation [50]

(2p1 — p3)vrvL = Prkk cos(0 — a) + Bok?coslr, + ﬂgliacos(HL —2a).

In the literature it is often assumed that due to an underlying symmetry (given for example
by a GUT), all 3 parameters are zero. Other solutions would lead to unrealistic fine-tuning
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under the requirement that vy is at TeV scale. This requirement is necessary in order to cre-
ate right-handed W- and Z-bosons with an observable mass (1-10 TeV).

It therefore follows that the left-hand side of the above equation must also be zero. Since vr
is breaking SU(2)r x P and since (2p; — p3) can due to phenomenological reasons not be
zero, vy, is set to zero.

In the last thirty years two different version of MLRSM have been popular. The manifest
LRSM assumes a real Higgs potential (9o = 0) and no spontaneous CP-violations. This
means no CP-violation due to Spontaneous Symmetry Breaking, which means that exclu-
sively real Higgs vevs (o = 01, = 0) are considered. This version was favourably used
in the early development of the LRSM. These assumptions lead to almost equal right- and
left-handed CKM matrices, distinguishable only by the quark mass signs (derived in chap-
ter 2.2.5). The trade-off for the simplifying assumptions is the necessity of fine-tuning the
Higgs potential parameters in order to result in the right energy scales for the Higgs vevs.
The pseudo-manifest LRSM assumes a real Higgs potential, but allows spontaneous CP-
violation. This version does not predict as much CP-asymmetry as was found in B-meson
decay and is therefore ruled out experimentally.

Recent papers therefore consider both explicit CP-violation due to an imaginary Higgs po-
tential and spontaneous CP-violation. Ref. [43] states the following relation between the
discrete CP-violating phase and the spontaneous CP-violating phase:

. 1 (2 || 5in52>
axsin | ————=
asé

where ¢ is of the order %, where my, and m; are the masses of the bottom- and the top-quark.
Before SSB the Higgs fields contain 20 degrees of freedom. Eight belong to the bidoublet
¢ and six to each triplet A;, and Ar. After SSB six degrees of freedom are assigned to the
longitudinal model of W, Wﬁ, Z1, and Zg. The other fourteen degrees form physical Higgs
bosons. Hence there are four neutral scalars, two neutral pseudoscalars, two single-charged
bosons and two double-charged Higgs [51]. All Higgs particles but one acquire mass around
the scale of vg. The lighter Higgs behaves similar to the Standard Model Higgs with a mass
around the electroweak scale.
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Fig. 2.1: Possibilities of the Higgs content of Left-Right Symmetric Models and the scenarios they
result in. The bold framed scenarios are realistic.[50]
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2.2.3 Field content

The left- and right-handed quark fields are given by

_[uL _[ur
arfi). e

and transform as @, — UrQr and Qr — UrQr under SU(2)r g and as @, < Qg under
parity transformation.
The covariant derivative applying to the fermion fields is given by [5]

3
Dy =0, —ig» (WoruTrk + WrrpTre) — ig'BuY (2.10)
k=1

with the weak hypercharge Y and the generators of SU(2);, and SU(2)g, Tr, and Tk.
In the Standard Model the third component of the electroweak field W3 and B mix to give
the physical Z-boson and the photon. In the MLRSM the situation is similar. Here the two
third component WE and W]% mix with B to form the Z-bosons Z;, and Zi and the massless
photon. It will be shown below that Z;, and Zg are just the approximate physical mass
eigenstates.
Evaluating the traces of the covariant derivatives of the vevs of the Higgs fields gives among
others the mass term of the W-bosons W}, and Wgr

’ i +
[ W—mass _ (W_ W= ) %(/{2 + K2 + 2@%) —92:‘47/4/6 ia WL iz
Lp Ry —g2lili/6ia 927}2 W+’u
R R

where the element for W}, and W, is accurately given by %(KQ + K2 + 20%). From consid-
erations of the scale of the Higgs vevs it is known that vg >> , x” and therefore x? + £'? can
be neglected. Since the mass matrix is not diagonal, Wy, and Wx are not the physical mass
eigenstates.

Calculating the eigenvalues of the mass matrix gives:

2 2
M‘%Vl - % (Hz + K2 4 v — W) ~ %(HQ + K?) = M‘%VL
2
Mi, = % </<e2 + K2+ oh+ \/W) ~ g*vh = Miy, (2.11)

Here W7 and W> are the physical gauge bosons. Due to the scale difference of the vevs
both x and «’ can be neglected if in a sum with vr and the masses of the W; and W are
approximately equal to those of Wi, and Whk.

The transformation between these states is given by

Wg’ B cos(  —sinCe™™@ Wf'
W;{ B sine™® cos( W2+
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with [43]
tan¢ = —ﬁ ~ 2 (MWL>2 (2.12)
1) R M Wr
which shows that the mixing between these states is negligibly small. In practice it is easier
to calculate with the approximate mass eigenstates W, and Wx since they only couple to
left- or right-handed fermions. Hence the Lagrangian describing the W-current writes

LW—curTent — —giL’l_LLi'YMW; sz. _ giﬂRiVMWE dRi + h.c.
V2 " V2 !

= —g—LﬂLi'y“(cos(WfL - sin(e_ng;)dLi

V2
R _ o
—\gﬁuRm“(sanemWIZ + cosCWQJ;)dRi + h.c..
The mass term for the remaining gauge bosons is given by
WLSM
= (WL?’u Wr3u B;L) M | Wgsy
By
with
2 2
G2 df) (57 + A7) —99'v}
M=| —G(24r?) G +r24hd) —gh | Q1)
~99'v] ~99'v%, —g*(vi +vR)

Calculating the eigenvalues for vy, = 0 gives the masses of the physical bosons Z;, Z5 and A

2
g +g \/g H2+,{/2 4929/21}?%(%2_’_%/2)_1_4(92 —|—g’2)204

Under the requirement of myy, = cosfymyz, the coupling constants are related over

, stnfyy
g = g
\/0059124/ — sin@%v

which varies from the relation of the Standard Model. From now on the abbreviations
cosby = cw and sinfyy = sy are going to be used.
The covariant derivative (2.10) only using the neutral boson part writes [5]

Du = au - z.Q(VVL&LTLB =+ WRBMTRZS) - ig’BuK

where it transpires that the weak hypercharge Y can be simply generalised to [43]

B-L
Y=——=0—Ts—Trs
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with the electrical charge Q.
Inserting the weak hypercharge yields

D, =0, —ig (T3 | W3, —

Sw
2 2
\Vew T Sw

In order to rotate the fields Wr3, Wgrs and B to the states Z;, Zr and A such that 7, is
the Z-boson used in the Standard Model and A the photon one can read off some matrix

+Q

elements of the rotation matrix by comparing the covariant derivative above to the covariant
derivative of the Standard Model (1.6).

WL3/.L cw 9 5 sw ZL/J,
Whrsu | = Yw_w Zry (2.14)

82
B \aa—% o Ja-a)\4
Denoting the 3x3 matrix above as H, the matrix elements H11, Hi3, Ho3, H3; and H33 were
given by the previously mentioned requirement. The other elements were obtained by the
requirement of unitarity of H. The same matrix but with opposite signs of the elements H3,

Hys, H31 and Hos was obtained in [5].
The mass matrix in the new basis is given by

G*(K? + k) G (k*+ %)\ — %, 0

1 4 .2 2 12 2 .2
! __ 4 +(k*+ 1—4
M' = 462 92(1%2 I{Q) 02 52 92 ‘wVR (”62 ’isg( Cwsw) 0
0 0 0

Since the upper part of the mass matrix is not diagonal, the states Z;, and Zr are not the
mass eigenstates. Analogous to the W-boson case the Z-bosons can be transformed to their
mass eigenstates by the following rotation:

Zr\ _ [cosy —simp\ [Zy
Zr)  \siny  cosy Zo

3
2

with the mixing angle
2
(cfy — siy)2 (K2 +K2)  myy,

tany ~ — .
1 2 2
dcyy, vp miyy,

Thus the mixing angles between the Z-bosons is about the factor x ! larger than the W-
boson mixing angle but is still negligible. Therefore the bosons Z;, and Zr are approximately
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the mass eigenstates with the following masses:

2
g
m, = 47 215
2.2
2 9 Sw 2
~ —— 5. 2.16
mZR 2(612/11 _ S%/V)UR ( )

The results I achieved were actually only half as large as the quantities given above. Since
these results did not agree with the results repeatedly listed in the literature [5, 52, 53] there
must be a factor of two missing in my calculation or in the mass matrix (2.13).

Inserting the rotated gauge fields gives the covariant derivative for the neutral and charged
gauge bosons

ig

Dy=0u=

(WIS + Wi, Ty + W T + Wi, T )

C2 — 52
. . . w w S
—ieA,Q — i 71, (Tos — s3Q) — ig———Zg, <Y2 w__ TR3>
cw cw

with the gauge fields [1, 5]

1
+ .
WL,R,u = E(A},,R,u + ZA%,RH)

and generators rewritten in the following way:

T+ $(c! £io?) for left-handed fermions,
L 0 for right-handed fermions
and
T 0 for left-handed fermions,
f %(01 +i0?) for right-handed fermions.

This covariant derivative is equal to the covariant derivative derived in [5] apart from the
opposite sign in front of the Zr coupling and the photon coupling. The sign in front of
the photon coupling was chosen to agree with the sign in the Standard Model covariant
derivative in [1]. The quantum numbers of the quark fields are displayed in table (2.1).

ur | dp | ur | dgr
Trs | 1/2 ] -1/2 0 0

Trs 0 0 1/2 | -1/2
Q |2/3|-1/3(2/3]-1/3
Y |1/6 | 1/6 |1/6] 1/6

Tab. 2.1: Quantum numbers for left-and right-handed quark fields with u € {u,¢,t} and d € {d, s, b}.
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2.2.4 Constraints on the MLRSM

Since the new particles lie in mass ranges which cannot be explored directly, constraints
must be derived from indirect measurement. The heavy gauge and Higgs bosons contribute
to loop diagrams within meson mass-mixing and meson decay. The authors of [43] carry out
a whole analysis for an explicit and spontaneous CP-violating LRSM and derive constraints
for the masses of the right-handed gauge boson Wx and some of the Higgs bosons. They
also constrain the spontaneous CP-violating phase o.

The lowest boundary for the mass of Wg (2,5 TeV) is obtained from the K; — Kg mass-
difference. The dominant new contribution is stated to be the amplitude with two inter-
mediate c-quarks and one Wi - and one Wg-boson in the loop. Other boundaries come
from B-B-mixing and the calculation of CP-violation. These approximations generally give
higher boundaries. Therefore the authors state that the lower boundary for My, should lie
around 4 TeV.

Two of the neutral Higgs scalars (H,A?) cause flavour-changing currents (FCNH) and there-
fore contribute to the meson mass-mixing amplitudes. The two FCNH scalars are a linear
combination of the neutral components of the Higgs bidoublet and their mass is given by
[43]

2
Mpo A0 = Q3VR

with the parameter from the Higgs potential o3. From Kaon-mixing a lower mass boundary
of 15 TeV is derived. The boundary increases to 25 TeV for B, — B; mass-difference in order
to give a low enough boundary to the right-handed W-boson. The single-charged Higgs
HJ is almost degenerate with the two FCNH since the electroweak breaking scale is much
smaller than vg (mp, = az(vh + £2/2) ~ azv?). Thus the same lower mass boundaries
should be true for the single-charged Higgs boson whose properties are further discussed
in Appendix B.

Another tool that can be used to constrain CP-violating quantities is the Neutron EDM (Elec-
tric Dipole Moment). The neutron EDM has not yet been measured, thus there is a lower
boundary for its strength d < 0,54 x 10723 ecm [8]. Assuming the neutron would have an
electric dipole moment and considering it together with its measured magnetic moment, T-
and P-symmetry and thus CP-symmetry would be violated. The upper boundary on the
neutron EDM therefore gives an upper boundary to CP-violating interactions between the
quarks within the neutron. The authors of [43] state that the main CP-violating contribution
due to the LRSM is given by the four-quark operator ud(s) — wud(s) with an intermediate
left-handed W-boson that couples to an intermediate right-handed W-boson. Since the cou-
pling between these two bosons has been shown to be small (2.12) this contribution is also
very small but still usable in order to constrain the right-handed W-boson mass.

A combination of the consideration of the CP-violating parameter e (obtained from K°— K°-
mixing) and the neutron EDM shows that small values of the phase « are preferred and the
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authors of [43] fix the product |rsina| to 0,05 with

which transpires to be of the order 1.

2.2.5 Introducing a fourth family to the MLRSM

The new family is introduced in the same way as it was introduced to the Standard Model
(chapter 2.1.2).

The most general Yukawa coupling in this model is given by [43]
Ly = Qri(hij¢ + hij®)Qr; + h.c. (2.18)

with qg = 1o¢*1 and h, h being 4x4 matrices.

The quark field indices now run from one to four and v € {u,c¢,t,T} and d € {d,s,b, B}
where T is the new heavy top- and B the new heavy bottom-quark.

Transforming the Lagrangian under parity and requiring invariance shows that 4 and h are
hermitian. Inserting the vevs of the Higgs fields gives the following mass matrices for the
quarks:

My = kh+ ke "h, (2.19)
Mp = Ke“h+ kh. (2.20)
If one assumes My — Mp >> 0 since the quark masses in one family are generally not of
the same order it transpires that x and x’ and h and h should not be of the same order. The
authors of [43] therefore assume k' << x and h<< h. Hence the mass matrices reduce to
MU = Hh,
Mp = K'eh+ kh.

Since the eigenvalues of a matrix are not changed through a similarity transformation, the
flavour independence of the gauge couplings and the hermicity of h, it is possible to work
in the basis where Mj; is diagonal.

uy, — urU, CZL —>JLU, UR — U+uR, dR—>U+dR (2.21)

such that
UMyUt = Sy My

with Sy = diag{su, Sc, st, s7}, where s; is the sign of the quark masses and
MU = dlag{muv Me, My, mT}-
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Since h is diagonalised by the matrices U and U+ but in general not i, Mp is in general not
diagonal in this basis. On observing that in the basis used no rotation of u, is required to
achieve the physical mass eigenstates, the left-handed CKM matrix is given by

I =dVi
where d); are the physical eigenstates.
The same holds true for the right-handed eigenstates and CKM matrix.

/a1y, CKM
ri =Sy Vrij  dgj

The singular value decomposition states that a random imaginary matrix can be trans-
formed into diagonal form with the help of two unitary matrices. Therefore there are unitary
matrices VEEM and VEEM such that

Mp = VEEME ML S VERM (2.22)
is diagonal and has real non-negative entries which are interpreted to be the quark masses,
ie. Mp = diag{mgq, ms, my, mp}. M}, is the non-diagonal mass matrix in the new basis, i.e.
M, =UMpU*.

Note that if & = 0 the right- and left-handed CKM matrices are equal except for the quark
mass signs.

Inserting equation (2.22) into (2.20) and using the hermicity of / gives a relationship between
the right- and the left-handed CKM matrices

MDV}-{ - VRMD = 2ixsinaVL+MUSUVL (223)

with Vi = SUVLVR and y = K % o A3,

K
Since my << my << my << mp all terms in a sum proportional to quarks of lower mass

can be neglected. The left-hand side of (2.23) is therefore given by

—2imaImVp1y —msViRi2 —mypVR13 —~mpVr14
K — Ms ‘?}?12 _Qims{mVRm _meRQF’ _mB‘:/R24
meElS me];th —2imbImVR33 —mpg VR34

mpg Vﬁm mp Vﬁzzx mp V§34 —2impImVpa

According to chapter 2.1.3 the mass of the heavy B-quark is not allowed to be bigger than
600 GeV, so it is questionable whether the approximation above holds in this case. Therefore
terms proportional to m; should not be neglected when compared to terms proportional to
mpg.

For the left-handed CKM matrix V7, the derived expression from chapter 1.4 can be used and
contributions up to the order A* should be included. Together with the right-hand side of
(2.23) this gives 10 independent equations for the matrix elements of V.
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Using unitarity of Vz gives the missing elements [43]

Vai = Sp,e

Vot = —sassVipe! 112
Vst = —saspVizetn )
Ve = _stBV§14ei(’Yl+74)
Vize = —8s5Vjigge’02179)
VR41 — _SSSB{A/EMJ(W-&-M)
Vrizs = —spspVigee’3H79)

with the new parameters siny; = Sp,, ImVgi;.

The right-handed CKM matrix can be obtained by using the relation Vi = V7,Sy Vg
According to [43] the right-handed CKM matrix in the three-family case has the same struc-
ture in A as the left-handed CKM matrix enhanced with three more phases. All three phases
are determined by the phase of the vev of the Higgs bidoublet «, so effectively V;, and Vi
are distinguished from one another by only one phase.

Thus the right-handed CKM matrix which will be used in later analysis is given by

SuSqetM ( — /\72) SyuSse 2\ suspe "B AN (p — in)
V}gKM = —scsdei('Yl*QW))\ Se8s€i2 ( — ;) Sespe” 13 AN2
5¢5qe! 2B AN (1 — p —in)  —sy5,e1(0121273) A\ Sespet?
(2.24)

with the phases 71 2 3 as functions of rsina and the mass signs

y1 = — sin" 10, 31(sqs. + 0, 18s4s;)rsina]
vo = — sin~ 1[0, 32(ss5c + 0, 25545 )rsinal

v3 = — sin~ sysirsinal. (2.25)

In the four-family case the situation would be far more complex.

2.3 The Little Higgs Model

A Little Higgs Model is a model extending the Standard Model describing the Higgs parti-
cle as a pseudo-Goldstone boson (PGB). PGBs are particles which are massless at tree-level
but acquire mass via loop corrections. They can occur in theories in which the Higgs po-
tential has a larger symmetry than the overall gauge symmetry of the complete Lagrangian
[54]. Even though the theoretical background has been known for over 30 years [54] the
embedding of the Higgs particle as a PGB in a theory extending the Standard Model was
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not formulated until the last ten years [55]. Considering the Higgs as a PGB within the
framework of the Standard Model would lead to constraints on the Higgs and top-quark
mass (m; <10 GeV and m; <40 GeV) which are known to be incorrect [56]. The smallest
extension of the Standard Model which makes use of the described method was named the
Littlest Higgs Model [57] which is the Model described in this chapter.

The Little Higgs Model is built in such a way that it explains elements of unnaturalness
which are contained in the Standard Model. One of these is the hierarchy problem (the fact
that the one-loop contribution to the Higgs mass is quadratically dependent on the cutoff
scale, which can be removed by renormalisation albeit only under the application of fine-
tuning) which is solved by the introduction of an extra heavy Top-quark whose one-loop
contributions to the Higgs mass cancel the one-loop contributions of the Standard Model
top-quark. In [58] the cancellation of the contributions due to the t- and the T-quark is
shown explicitly for the limit of a vanishing Standard Model Higgs vev (v=0). The con-
tributing loops are shown in figure 2.2.

|

- = - - - - - — - - - P - —-_—— - - - - — - -

Fig. 2.2: Contributions to the one-loop correction of the Higgs mass square due to intermediate top-
and Top-quarks in the limit of v=0. The graphic is taken from [58].

Adding the three contributions shows that the first two diagrams produce a contribution
proportional to the square of the cutoff and breaking scale A% with the same sign and the
third diagram a contribution proportional to A? with the opposite sign, which cancels the
first two contributions. The remaining contribution to the Higgs mass square is proportional
to the physical logarithm logA? /m? with the Top-mass my. This topic will be discussed for
the Standard Model extended by a vector-like quark in chapter 3.1.1.

2.3.1 Symmetry breaking

The gauge symmetry of the Littlest Higgs Model is described by the approximate global
SU(5) gauge group, which is broken down by a vev f at a scale A = 47 f to the gauge
group SO(5), resulting in 14 Goldstone bosons which are grouped into a real singlet, a
real triplet, a complex doublet and a complex triplet [59]. The first two fields serve as
the longitudinal modes of the new gauge bosons, the complex Higgs doublet develops a
non-vanishing vev and breaks the Lagrangian down to the electroweak Lagrangian and the
complex triplet produces a physical neutral, a single- and a double-charged Higgs boson
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similar to the complex triplet in the LRSM. In addition, there are two global subgroups
[SU(2) x U(1)]? = [SU(2)1 x U(1)1] x [SU(2)2 x U(1)2] which break the global symmetry
such that the neutral Higgs boson (which arises from the complex Higgs doublet) is only
allowed mass terms at the two-loop level and bosons which arise from the complex Higgs
triplet are allowed masses at one-loop level [57]. The subgroup [SU(2) x U(1)]? is broken
down at the same energy scale A to the electroweak gauge group SU(2)r, x U(1)y.
Requiring a theory which solves the hierarchy problem without fine-tuning allows the break-
ing scale A to be at most 10 TeV, which equates to a vev of f~1 TeV [60].

2.3.2 Particle content

The Littlest Higgs Model includes additional Higgs bosons, gauge bosons and one addi-
tional quark compared to the Standard Model particle content. The gauge group

[SU(2)1 x U(1)1] x [SU(2)2 x U(1)2] produces eight gauge bosons W, 3, B, Wi, 3 and
B? which mix to give the physical mass eigenstates, which are the Standard Model gauge
bosons WLi, Z1,, Ar, and their heavy counterparts le{[, Zy, Ag. The index L here denotes the
light gauge boson and not the left-handed gauge boson as in the LRSM. The heavy gauge
bosons acquire their masses from the real Higgs singlet and triplet, and are therefore of the
order of f. According to [4] the following constraints can be derived:

Wi Zg>1TeV  and  Ag > 500 GeV.

An interesting property of the heavy Z- and W-gauge bosons is that if their coupling to the
fermions is expanded in terms of their coupling to the light gauge bosons, the heavy Z- and
W-boson couple to leading order only to left-handed fermions [59].

In order to cancel the quadratic divergences of the Higgs mass corrections (produced by the
top-quark as discussed previously) one must introduce a heavy fermion which couples to
the Higgs. The new particle (usually referred to as the Top-quark) is chosen to be introduced
as a Weyl spinor with the following Yukawa coupling [59]:

1 .
Ly = §A1feijkezyxi2jm§]kyugc + )\thtc + h.c.

with y; = (b,t,%) and the 5x5 matrices ¥ which include the Higgs fields. One can read
from this Lagrangian that the new heavy Top mixes with the Standard Model top but not
with the lighter quarks. Coupling with the lighter quarks is not necessary, since the light
quarks do not produce any quadratic divergences of the Higgs mass. Therefore the rotation
of the quarks to their Standard Model eigenstates leaves only the t- and the T-quark in their
non-physical form, which will also be the case when introducing the vector-like fermion
to the Standard Model (chapter 3.1). Therefore it has the same impact on the CKM matrix
elements. The CKM matrix alters from a 3x3 to a 4x3 matrix with the following elements [4]:
LH SM LH SM LH SM af v? LH SMm,, Y

Vuj :Vuj ) ch :ch ) th :V;tj 1-=7%) VTj :Vf,j TL~

2 f? f
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with i € {d, s,b}, z, = A3/(A? + A\3) and the vev of the complex Higgs doublet v=246 GeV.
If one would set 0 = = L% one would obtain the same parametrisation of the CKM matrix as
that in chapter 3.1. The authors of [4] point out that the measured values of all CKM matrix
elements not including t stay unaltered. Only the values measured for elements describing
transitions with the top-quark would have to be reinterpreted.

There are several boundaries on the Top-mass between m7 < 2 TeV (in order to avoid fine-
tuning for the cancellation of the Higgs mass contribution assuming that m; < 220 GeV)
and m7 > 8 — 10 TeV (due to electroweak precision measurements) [58].

The Higgs content consists of the unphysical longitudinal modes of the gauge bosons, the
Standard Model neutral Higgs boson h, an additional neutral scalar ®°, a neutral pseu-
doscalar ®F and a charged and a double-charged Higgs boson ®* and ®*+.

The Feynman rules for the Littlest Higgs Model have been worked out in [59] and [61]. It
is observable that the W -coupling to fermions equals the Standard Model coupling only to
leading order but receives additional contributions at the order v/ f2. A similar situation
would have occurred if W7 were used in the LRSM instead of the left-handed W-boson
which would have led to a higher order correction of the coupling, such that there would be
a very small coupling to right-handed quarks. The coupling of the Z-boson is also altered
such that it produces flavour-changing currents at the order of v /f.

2.3.3 Constraints on the Littlest Higgs Model

The parameters of the LHM can be constrained by analysing meson physics in the frame-
work of the new model. Contributions to meson mass-mixing and the CP-violating parame-
ter ex have been discussed in [4] and B-meson as well as Kaon decay in [61]. In both papers
the contributions have been derived in unitary gauge (not in the commonly used Feynman-
t’'Hooft gauge) in order to avoid the calculation of a large number of diagrams due to the
unphysical charged Higgs bosons describing the longitudinal modes of the gauge bosons.
The QCD corrections have been chosen to be equal to those of the Standard Model, meaning
that the QCD corrections relating to the Top-quark were taken to be equal to the corrections
of the top-quark. This choice was justified by the fact that the QCD corrections are the small-
est of many uncertainties. The same assumptions have been made in the calculations in this
thesis.

The discussion of the box diagram contribution to meson mass-mixing is analogous to the
discussion of the LRSM extended by a vector-like quark (chapter 3.2 ), which also points out
that the inclusion of an extra heavy Top results in the need to include more diagrams, since
the mass of the Top cancels the suppression factor v/f. The number of discussed parameters
can be reduced to the masses of the new particles, the expansion factor v/f, the mixing angle
between the light and the heavy gauge bosons s and the parameter x;,. The main contribu-
tion in addition to those existing in the Standard Model is the box with one intermediate
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light gauge boson Wz, and one intermediate heavy gauge boson Wp. The boxes including
two heavy gauge bosons or the charged Higgs boson can be neglected, particularly consid-
ering that the coupling of the charged Higgs boson to the quarks is suppressed with v/f,
contrary to the single-charged Higgs-quarks coupling in the LRSM (B.10). It transpires that
the new contributions to AM, s and ex can enhance their previous (SM) values by at most
20% for 1, < 0,8 and by 56%/15% for z1, ~ 1 and f/v=>5/10. The contribution to the mass-
mixing of the Kaon can be neglected.

The decay rates of the meson have been derived to be enhanceble by at most 15%. In the
calculations of the contributions mediated by the longitudinal mode of the heavy gauge bo-
son and the single-charged Higgs, divergences appear which do not cancel out in the final
result. The divergences are stated to be cancellable by charge renormalisation.

The Appelquist-Carazzone theorem (chapter 1.8) does not generally apply to the Little Higgs
Model, since it is not renormalisable [62, 63]. Consulting the Feynman rules and one-loop
calculations in [4, 61], the coupling to the new heavy particles is still suppressed by pow-
ers of the breaking scale f. The non-decoupling term (which was assigned to the charge
renormalisation) is also in accordance with the decoupling theorem.



64

2. Extensions of the Standard Model




3. EXTENSIONS BY A VECTOR-LIKE QUARK ISOSINGLET

This chapter deals with the method of adding a massive vector-like up-type quark sin-
glet to the Standard Model and to the LRSM. After describing how the new particle ac-
quires mass and mixes with the Standard Model quarks, the B;-mass-mixing and the CP-
violating parameter e will be calculated in the two extended models and in the LRSM. The
experimentally-observed values of the mass-mixing and ex will then be used to constrain
the new parameters.

3.1 Extending the Standard Model by a quark isosinglet

In chapter 2.1 it has been shown how a fourth generation of quarks can be added to the
Standard Model. Since those two extra quarks acquire their mass through the same vev of a
Higgs field as the other three-generation quarks, their masses must lie within a very narrow
range (2.1). In order to create heavier quarks one must introduce additional Higgs fields
whose vevs contribute to the masses of the new particles.

In order to keep the extension minimal, only a singlet up-type quark (a heavy Top) is added
to the Standard Model. The quark is introduced as a vector-like isosinglet, where "vector-
like’ means that the left- and right-handed projections of the fermion transform in the same
way under the underlying gauge symmetry. The new Higgs field which gives a natural
mass term to the new quark in the simplest way is a Higgs singlet ¢ which acquires a vev at
an arbitrary energy scale w.

The most general Yukawa coupling which couples the quark fields of the Standard Model,
the new quark field and the new Higgs field is given by

Ly = —QriXij®dr; — € Qraidin® urr — arael kupk (3.1)

withi =1,2,3,57 = 1,2,3, k = 1,2, 3,4 and the arbitrary complex numbers I';. Thus X de-
scribes a 3x3 matrix, ) a 3x4 matrix and I a 1x4 matrix.
The Lagrangian can be rewritten in a part describing the Standard Model and a part describ-

ing the extension.

Ly = Lysm + Lyeatend
A bA. 3 bA. 3 _
= —Qri\ij®dr; — € Qraihi; P urj — € Qrairia® ups — Uraplyupy

Inserting the Standard Model vev of ® (1.21) and () = w (Where w is generally complex,
since the freedom of the gauge symmetry is already used to negate the phase of the vev of



66

3. Extensions by a vector-like quark isosinglet

the Standard Model Higgs doublet) results in

Ly —

— vo_ o~ v o_ oz _
ﬁdLi)\idej - ﬁuLiAijuRj - ﬁuu)\mum — Urawl'puRy.

Introducing one Higgs scalar to the Standard Model is known as the truly minimal exten-

sion of the Standard Model and is the minimal extension which provides spontaneous CP-

violation due to the complex phase of the vev of the scalar. However, the spontaneous

CP-violating phase is not considered here for reasons discussed in the next chapter.

The last term gives exactly the missing column for the 4x4 mass matrix for the four quarks
with charge 2/3

with

Ly = -

[\kl =

wF1

v - L
EdLi)\z‘dej — ULkAkluRl
) %%\14
%)\ij %3\24
=34
V2R
wly  wls wly+ 5Au

Defining the matrices U; and U, which diagonalise A and A and inserting them into the
flavour-changing current gives

1
T = \/iﬁLi’Y“dLi =

V2

ﬂ’Lk’y“ijdLj with

7t .
Vk] = UukiUdU'

Thus the CKM matrix is a 4x3 matrix and has to be parameterised according to [5] by three

CP-violating phases. One can therefore take the parameterisation of the CKM matrix in the

four-generation case (2.2) without the fourth row.

C12€13C14

—C23C24812 — C12C24513523€ M3

—C12C13514594€"(0147924)

5
—C12€23C34513€"°13 + 34512523
—C12€13C24514534€"014

+C3512524534€024

+C19513523524534€"(0137024)

—C12€13C24C34514€"014

+C12¢93513534€°013
i
+c23€34512524€"7%* — 512523534

+C19C34513523524€ (0131024

C13C14512

C12C23Co4 — C24512513523€013

—C13512514524€"(9147024)

5
—C12C34523 — €23C34512513€"°13

— 1223524534702

—13C24512514534€014

+5125135235094534€"(9131024)

—C1223C34524€7°% + C12593534

—13C24C34512514€"014

+c3512513534€7013

434512513523 594€ (013 7024)

c14513€ 1013

C13C24C23

_3133143246*1'(513%524*514)

C13C23C34

—C13823524534€'024

—C94513514534€"(9147013)
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The extension of the Standard Model with a quark isosinglet has been extensively discussed
in the papers by M.I. Vysotsky [64] and Picek and Radovicic [21].
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3.1.1 Contributions to the Higgs mass square

The hierarchy problem of the Standard Model has been discussed within the chapter on the
Little Higgs Model (chapter 2.3). In that specific case the hierarchy problem is solved by
introducing a vector-like up-type quark. The cancellation (in the limit of a vanishing Higgs
vev v=0) then takes place between the two contributions which have two intermediate t-
or one t- and one T-quark and the contribution which has only one intermediate T-quark
(figure 2.2) caused by the hhTT-vertex. Inserting the Standard Model Higgs doublet into
Lagrangian (3.2) reveals that such a quartic coupling cannot be produced by a Yukawa cou-
pling of that type, since the Higgs doublet is not multiplied by another Higgs field including
the physical Higgs scalar. Thus the one-loop contribution to the Higgs mass square (in the
limit of a vanishing vev) due to the top- and the Top-quark reduces to the first two diagrams
in figure (2.2) with the following vertices:

iR Tr

tr, tr

Following [58] the one-loop contribution to the Higgs mass square is given by

~ d*k 1 < d*k 1
2 2 2
m2 — —6) X
omi 0 tt/ (2m)4 k2 0 tT/ (2m)4 k2 — m2,

2 2
-2 [/@ (3% + X0 + Xgrmin <w>}
which shows that the hierarchy problem still exists in this extension of the Standard Model.
A cancellation of the quadratic dependence on the cutoff scale A is generally possible since
the factors Ay and M\ are undetermined and allowed to be complex. However, the require-
ment \y; = i\ would cause a fine-tuning problem.

In order to solve the hierarchy problem in this model one could embed the theory in a larger
symmetry group such as the Little Higgs Model (chapter 2.3) and could thus possibly justify
a Yukawa coupling which multiplies Higgs fields, as in the Lagrangian (3.1) .

An analogous analysis with the same result is true for the following chapter, in which the
vector-like Top-quark is introduced to the LRSM.
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3.2 Extending the Left-Right Symmetric Model by a quark isosinglet

Introducing a vector-like fermion singlet to the LRSM Lagrangian does not result in any
mass terms for the new fermion, since the Higgs bidoublet does not couple to singlets.

The problem can be solved by introducing a Higgs scalar which acquires a vev at an arbi-
trary scale analogous to the introduction of a vector-like fermion to the Standard Model.

Ly = QLi(hijq) + h;ji))QRj + traplups + h.c. (3.2)

Inserting the vev of the Higgs scalar shows that w4 is already the mass eigenstate. Thus
the heavy top-quark would not mix with the Standard Model quarks and would therefore
not take part in flavour-changing processes such as meson-mixing. The detection of such a
particle would therefore be difficult.

Another Ansatz is the introduction of a new Higgs doublet x. Hence the original fermion
doublets would couple to the new singlets.
Ly = Qri(hij® + hij®)Qpr; + € Qrailixy ura + h.c.

The magnitude of the mass-mixing between the new heavy Top and the Standard Model
quarks is determined by the Higgs vacuum expectation value of the Higgs doublet which is

00 = <w°ﬁ>

where (3’ is generally non-zero since all the free phases of the underlying gauge symme-

chosen to have the form

try have already been used to cancel the imaginary parts of one component of the Higgs
bidoublet ® and Higgs triplet Ay. In order to avoid additional spontaneous CP-violation
the angle (' is taken to be zero in the following calculation. The phenomenology of an ex-
tra CP-violating phase might be interesting when added to the Standard Model but would
increase the number of parameters when added to the LRSM such that the predictability of
the model would be compromised. One reason for this is that a spontaneous CP-violating
phase (o) already exists in the LRSM.

Another choice of (x) such as assigning the first component a vev would yield unphysical
(charge non-conserving) vertices. Further, (x) is assumed to break the symmetry at a scale
much higher than the electroweak scale (W' >> k).

Inserting the vev in the Lagrangian gives the following:

Ly = Lyprsm + w'ar;Diups + hec. with Lyrprsm = triMyijur; + driMpijdp;

where I'; are any complex numbers which are also assumed to be real.
Assuming the first three-generation quark fields are presented as LRSM mass eigenstates,
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the down-type quark matrix Mp would already be diagonal and the new mass matrix for
the up-type quarks would have the following form:

Khyy O 0 Wy
~ 0 ﬁhcc 0 w/FQ
0 0 khy WTs

WwT; Ty T3 0

where « is the upper component of the vacuum expectation value of the Higgs bidoublet ¢
whose magnitude lies around the electroweak scale.

Assuming (following [21]) that the new heavy Top-quark only couples to the Standard
Model top-quark and not to the u- and c-quark (justified by the hierarchy of the CKM ma-
trix), I'y and I's have to be zero. Hence the up-type quark mass matrix reduces to

fhaw O 0 0

) 0 khe 0 0
My = fltee with € = /T,

0 0 I{htt Q/

0 0 Q 0

Identifying the eigenvalues of M results in the masses of the up-type quarks

h 1
My = hyuk, Me = heek, myr = %ﬁ T Ey/h%t/# + 402,

Hence the parameters hy, and h.. have the same values in this model as they do in the
LRSM. They translate to the parameters given in the Standard Model over h;; = %)\i with
i = u, c. As in the Standard Model, these parameters are free and have to be constrained by
experiment. Since the parameters h;; and I's can be of completely different orders, the sum
in the square root determining the masses of the t- and the T-quark cannot be approximated
without further assumptions. It transpires that any assumption concerning these parameters
would lead to an unphysical situation with negative top-mass since \/h%x2 + 402 > hyk
forI's > 0.

Introducing both a Higgs doublet and a Higgs singlet introduces a new parameter which
prevents the problem of a negative top-mass.

The new Lagrangian writes
Ly = Qri(hij® + hi;®)Qr; + € QrasTsX; upa + raplupy + h.c.

with the free parameter II which is here taken to be real.
Choosing the vevs of the new scalar field as (p) = we’ (with 3 = 0 and w >> &) and
inserting the vevs of the previously-discussed doublet, the LRSM Higgs bidoublet results in

Ly = Ly Lrsm+Q tir3upa+Qursups+h.c. with Lyrrsm = triMuijuri+dr; Mpijdg;
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where (2 = Ilw.
Rewriting the matrices gives

Ly = i Mygug + driMpijdg; + h.c.
with

Khyy 0O 0 0
~ 0  Khe O 0

My —
v 0 0 khy &
0 0 Q" Q
The eigenvalues are
Q-+h 1
My = hyuk, Me = ek, myr = % T 5\/(9 — hyk)? 4+ 4Q2.

Requiring only positive top-masses produces the following relation between the parameters:
0% < Qhyk

The physical mass fields result from the rotation 4, — @ Ut and up — Uup with the

unitary matrix

10 0 0
) 0 1 0 0
U=10 o o i
\/Q’2+(Mt—httf'i)2 \/Q/2+(mT_htt”)2
0 0 mi—hitk mr—hik

V2 (me—hew)2 /U2 (mp—hek)?
The flavour-changing currents (B.1) can now be rewritten in two steps. The flavour eigen-
states are first rotated to their LRSM mass eigenstates by the left- and right-handed CKM
matrices VM (chapter 1.4) and VE#5M (2.24). Following this rotation, the top-quark field
is no longer the mass eigenstate of the top but a mixture between the top- and the new
heavy Top-quark, as seen above. Hence the up-type quarks have to be rotated again which
is formally done by the matrix U. Therefore the new Top-quark enters the flavour-changing

currents in the following way:

1 1 - , )

J{/{L/J; = ﬁuLi’YudLi = EUILiVuVEJI-(M /Lj with VLC;JI-(M = (U+VLSM)ij (3.3)
1 1 - _ o

J{Z/J; = ﬁuRiVudRi = EU'RW“VR%?M Rj with VRCJ(M = (UTVERSMY,. (3.4)

It transpires that the first two rows of the new 4x3 matrices V7, and Vi are the same as in the
LRSM. The third and fourth row are given by

Vi = VMg and Vi = VEMy (3.5)

LRSM LRSM
VRti = VRti x and VRTi = VRti Y
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with
Q Q

T = and Yy =
\/Q/2 + (mt — httﬁ)Q \/Q/2 + (mT — htt/{)Q

and i =d, s,b.

The GIM relation derived in the Standard Model (1.32) alters to
A+ A+ A+ Ar =0.

Inserting the new CKM matrix elements (3.5) and requiring the GIM relation to be true,

gives the following constraint on the new parameters:
2?4yt =1 (3.6)
Hence the following parameterisation can be chosen:
x = cost and y = sind.

In paper [21] the same parameterisation has been used but with completely free parameters
x and y. In this thesis the explicit dependence on the Higgs parameters is discussed.
The condition (3.6) puts the following constraint on the Higgs parameter:

Q/2 = (mt — htt/ﬁ}) (’)’TLT — htt:‘i)

The values of m; and m7 could generally be taken from observation.
The new CKM matrix is not quite unitary and the unitary relations (1.30, 1.31) of the Stan-
dard Model alter to

Vail® + [V + Vil + [V = 1 for i¢c{d,s,b},
Vial® + | Vis|> + [Vip|* = 1 for i€ {u,c},
Vial® + |Vis|* + [Vis|* = cos®6 for i=t,
’Vid\Q-i-\Vislz-i- !V;b]Q = sin’0 for i=T
and
V,IZVU]' + V;ch + V;{th + Vi’:iVTj =0 for i,j¢€ {d, S, b} with i # j,
ViV + VisVis + ViV = 0 for i,j€fuc,t, T} with i+

and i7 j ¢ {t7 T}7
ViaVig + VisVis + Vil Vj, = cosising for i,j€{t,T} with i # j.
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3.2.1 By-By-mixing in the LRSM extended by a Top-isosinglet

Prior to beginning the analysis of the B-meson mass-mixing, the applicability of constraints
on masses obtained in the framework of the LRSM is discussed. The lower boundary on the
Wr-mass (mw, > 2,5 TeV) (which has been obtained from K°-K-mixing (chapter 2.2.4)
[43]) is also valid in the LRSM extended by an extra heavy Top-quark, since the main contri-
bution to Kaon mass-mixing is the box diagram containing two intermediate c-quarks. The
new Top-quark does not mix with the c-quark and thus the new box diagram produced by
the Top has little impact on the lower mass boundary of the right-handed W-boson.

The lower boundary on the single-charged Higgs boson H, is also taken into account
(mH2 > 15 TeV).

The main contributions to B,-B;-mixing are the Standard Model contribution with two left-
handed W-bosons and the contribution with a left- and a right-handed W-boson as interme-
diate particles as discussed in Appendix C.
Thus the mass-mixing is given by
GE-Miy
_ L
Amp, = o2 Z

i, j=u,c,t, T

XTq g

* *
2V g VRiqs VRigs VLign ML Rij\/TiTj { ( -

+ 4> FO(.’EZ‘,.’IJ]‘,Z'WR, 1)

Wr

1 _
- <1 + ) Fy(xi, x5, xwy, 1)} (Bd| Oaprr | Ba)
.%'WR

—{—00(137;, l‘j) <Bd| Oarr |Bd>’

G2 M?
VW R M
= 2 = E: |Mz% + i?L
27
i,j=u,c,t, T’

with

_ 1
Co(zi,zj) = nij Vi Vijaco(zi, xj51) and (Bd| Oaprr, | Ba) = —*Bff(ﬂ)szsded
3

where the hadron matrix element is taken from [5].
The box diagram mediated by a left-handed W-boson and the single-charged Higgs boson
H;" would add a contribution proportional to

.’L'Z‘.’L'jF()(.Ti,xj,sz, 1) - FQ(IE’L'?'/I;jatz; 1)

to the mass-mixing. This contribution would dominate for small scalar masses (since there
is no suppression of x;VlR) but can be neglected for masses larger than 15 TeV.

The contribution of the flavour-changing neutral Higgs scalars H{ and A which can already
produce meson mass-mixing at tree-level is also not considered since the new isosinglet does
not alter the value of this contribution.

In the case without the extra heavy Top the dominant contribution in the Standard Model
and in the LRSM is given by the box diagram including two top-quarks. All other diagrams
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are negligible. Since the new Top only couples to the Standard Model top the other contri-
butions do not alter and remain negligible. Therefore the mass-mixing reduces to

G2 M2
Wy Z |MER + MEF|

Ade = 271'2
i,j=t,T

Since it is known that the Standard Model contribution can explain the measured value of
Amp, new physics only finds space in this amplitude either if cancellations between the
contributions take place or if the new contributions are used to constrain the CKM matrix
elements differently than in the Standard Model.

In the following the outcome of the box diagram is discussed for various values of the mass
of new heavy Top mr and the mass of the right-handed W-boson myy,,. The mass signs
(s¢,5t,54 and sp) which enter the mass-mixing over the right-handed CKM matrix are ini-
tially set to 1. Since the mass signs always appear in pairs, one of them can be fixed. Here s.
is chosen to be positive. It will be explicitly stated if any other choice of sign of s;,s4 ands;
would lead to a phenomenologically different result. The choices of quark mass signs are
grouped into the following regions:

St | 8q | sp | Region
+ + I
-+ |+ v

+ | - |+ 1

+ |+ | - 111

- -]+ II
-+ - II

- - - v

Tab. 3.1: Regions grouping the quark mass
signs depending on their resulting
mass-mixing value.

The first case to be briefly discussed 6 = 0 belongs to the pure LRSM case without any extra
quark. The Bs-meson mass-difference in this case writes
G My,
272
_ Gy,
272

Amp, = | MEE + MEE|
‘VgthLtdF ‘Sdsbei(’yz(a)+73(a))$LR(xt, xWR) + 2 ()

with

XTiZ 5

TLR(Ti, Tj, Twy) =2NLRu/TiT; [(m

=+ 4) Fo(l‘i, Tj, TWg, 1)

Wr

1 _
— <1 + ) Fo(xi, xj, xwy, 1)] (Bd| Oaprr | Ba) (3.7)
acWR
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and
zr(wi, ;) = nucy(wi, 253 1) (Ba| Oaprr | Ba) - (3.8)

Setting a@ = 0 in addition describes the manifest LRSM. In this case the imaginary part of
the amplitude is factored out of the sum of diagrams and therefore no cancellation between
M*' and MEE arising from taking the norm takes place. There are cancellations since z 7,
is negative and z 1, i positive. For my,, < 825GeV the mass-mixing is dominated by x r but
since such a small value for the mass of the right-handed W-boson has been excluded this
case will not be discussed any further. For my,, ~ 825 GeV, ML cancels M*L completely
and approaches zero with raising myy,,. If one allows the CKM matrix element |V7,| to alter
by a maximum of 10 % from the value given by the Particle Data Group one obtains the
constraint myy,, > 2,6 TeV on the right-handed W-boson mass.
No quark mass sign choice would leave any space for the LRSM contribution. Giving the
CKM matrix element V74| the freedom of + 10% sets the following limit on the right-
handed W-boson mass: my,, > 2,5 TeV (for region I and IV) and mw,, > 2,2 TeV (for
region II and III).
For a # 0, solutions including the LRSM contribution without altering the CKM matrix ele-
ments are possible. The mass-mixing Amp, oscillates with a where the difference between
maximum and minimum becomes smaller with increasing myy,,. The choices of the quark
mass signs split into four regions (3.1). The resulting mass-mixing derived using a mass sign
choice from region III/1V is larger /smaller than the experimentally observed value. Choices
from region I or II lead to a mass-mixing value oscillating around the observed value (3.1).
One can read from figure 3.1a that the predicted mass-mixing value derived using a quark
mass sign choice of region I meets the experimentally observed value at o« = 1, 14(+) or
a = 2,01(4n). A quark mass sign choice of region II predicts the correct amount of mass-
mixing for a = 1,41(4n) or a = 1, 73(+).
The value of § is now taken to be non-zero and the new heavy Top-quark now contributes
to the mass-difference between the B, and the B; meson. First the limit my, — OO is
considered where the LRSM contributions are zero and only the Standard Model case plus
the new heavy Top-quark are considered. Thus the mass-difference writes
2 172
Amp, = CEZML |\ 4 M+ M+ M
2 172
= GF27T]WQWL |VL*thLtd\2 Net ‘0034(9)00(:&) + 2c05%(0)sin?(0) co (x4, 1)
+sin4(9)co(xT)} (Bd| Oavr1, | Ba)
2 172
= % |VikthLtd‘2 Nit ‘Co(%) + 2sin2(¢9)(cos2(9)co(xt, xr) — co(xy))

272
+3in4((9)(co(xT) =+ Co(.%’t))‘ <Bd| OdbLL ‘Bd> . (39)
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4,%x 10713 7 4,% 10713 7
3,8x 10713 3,8x 10713
3,6x 10713 4

3,6x 10713 4

34% 10713 3,4% 10713

3,2x 10713 4 3,2x 10713 4
3,x 107134 3,%x 107134
2,8% 10713 2,8% 10713
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o o
(a) RegionI (b) Region II

Fig. 3.1: Oscillation of the mass-difference Amp, for my, = 2,5 TeV and mass signs chosen from
region [ and II. The dashed line represents the experimentally observed value.

All contributions in equation 3.9 are positive and the imaginary parts factor out, therefore
no cancellations occur. Some constraints for the angle 6 can be derived from the require-
ment of decoupling of the heavy Top for very large mr (chapter 1.8). For very large heavy
Top-masses, co(z7) is directly proportional to my whereas ¢o(z¢, x7) is only proportional to
In(mr). Therefore if only large Top-masses are considered, the two contributions M5% and
MEFE canbe neglected and the product sin*0z must approach zero. This means sin*f < !
for very large masses mr.

The first summand in equation (3.9) describes the measured mass-mixing, therefore the rest
would need to be zero. This solution does not exist and therefore there is no space for an
extra quark as long as the input parameters stay unchanged. If the CKM matrix element
|VLtd| is allowed to alter by a maximum of 10%, various combinations of # and my are pos-
sible. Table (3.2) shows some possible values of the heavy Top-mass and the mixing angle
if the CKM matrix element is allowed to deviate 10% from its value given by the Particle
Data Group. All these values would be excluded when taking the constraint due to the T-
and Ry- parameters (chapter 1.7) derived in [21] into account. The values obtained by allow-
ing 5% deviation (3.3) would still be excluded by the T-parameter constraint but not by the
Ry-parameter, which is the more reliable.
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mr 0 mr 0
1000 | 0,246 1000 | 0,175
2000 | 0,190 2000 | 0,139
3000 | 0,163 3000 | 0,122
5000 | 0,134 5000 | 0,103
10000 | 0,100 10000 | 0,0791
Tab. 3.2: Possible combinations of mr and 6 Tab. 3.3: Possible combinations of mr and 6
if the CKM matrix element |Vy.4| is if the CKM matrix element |Vy.4| is
allowed to deviate by 10%. allowed to deviate by 5%.

The right-handed W-boson is now allowed to acquire a finite mass, meaning that the contri-
butions due to the LRSM need to be taken into account. The mass-difference then writes
G2 M2
Amp, = 7F2 - o | MEE + MEF + MEE + MEE + MER + MER + MER + MER
2 172
_GRMivy 2] ia(a)te(a) 120 (c0s?
=50 Vi Vil |saspe (mLR(act, Twy) + 2sin°0 (cos Oxrr(x, x7, TWy,)
—zrr(ze, Twy)) + sin*0(zLr(2r, 2wy) + 2or(2e 2wy)))
‘() + 2sin20 (cosQHxLL(:Ut, xr) — xLL(xt))

+sin40(xLL(a:T) + wLL(mt))‘ .

For a = 0 and sps4 = 1 the mass-mixing simplifies to

2

2
F-=W * .
Amp, = 72L Vi Vial? ’zLL(xt) + 2 r(T, Twy,) + 25in%0 (00329 (zrp(ze, z7)
+xLr(TE 2T, Twy)) — TLL(@e) — TLr(T TWy)

+sin0 (zpr (o) + vor(@r, 2w,) + 2oo() + wor(ze 2wy,))| -

As in the case without the LRSM no solution for # exists if the input parameters are not
altered.

The functions used above have the following behaviour for very large heavy Top-masses
and a fixed right-handed W-boson mass:

rrr(xt, 1, Twy) X AT, xrp(ze, xp) o< —In(zy)
zrr(zr, Twy) o< zrin(xr), xpr(xr) o< —xp.

Inserting these limits gives the following value for 6 under the requirement of decoupling

of large Top-masses:
sin?0 < S (3.10)
xpln(xr)
In the following step first the right-handed W-boson mass and then the heavy Top-mass will

be fixed in order to analyse whether there is space for both new particles to exist.
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Keeping the right-handed W-boson mass fixed with my,, > 1 TeV leaves space for certain
combinations of the heavy Top-mass and the mixing angle 6. It transpires that the smaller
the mass of the right-handed W taken, the narrower the allowed mass range for the heavy
Top. The mixing angles also increase with falling W-mass. For fixed W-mass there is al-
ways only one suitable Top-mass and mixing angle combination. Plotting the mixing angle
dependent on the heavy Top-mass shows that the graph behaves in a parabola-like man-
ner with the maximum angle for my =1 TeV for my,, > 2 TeV. In figure 3.2 the suitable
combinations for # and mr are plotted for the fixed W-masses 2,5, 3 and 5 TeV.

0,247
0,20

T T T T T T T T T i
2000 4000 6000 8000 1000012000 14000 16000 1800020000

T T T T T T T T T 1
2000 4000 6000 8000 1000012000 14000 16000 1800020000
mT mT

T T T T T T T T T i
2000 4000 6000 8000 1000012000 14000 16000 1800020000
mT

(@) mwy =2,5TeV (b) mw, =3TeV (c) mwy, =5TeV

Fig. 3.2: Mixing angle dependent on the heavy Top-mass for a fixed right-handed W-boson mass.

Assuming that both myy,, and mp are larger than 1 TeV, the allowed mass ranges of the
heavy Top dependent on the fixed value of the boson are listed in table 3.4.

mw,/TeV | maximum of mp/TeV
1 3,63
1,5 21,5
2,5 1500
3 2,92%10%
5 2,41*10°
10 > AG’UT

Tab. 3.4: Allowed mass range of the heavy Top-mass for various fixed right-handed W-boson masses.

This behaviour shows that the space for the extra heavy Top is provided by the LRSM contri-
butions due to cancellations between the two. The smaller the LRSM contributions (which
means the higher the W-mass), the smaller the contributions due to the heavy Top which is
represented by the smaller mixing angle.

The correlation between the mixing angle and the right-handed W-mass for a fixed heavy
Top-mass is shown in figure 3.3. There is no maximum limit for the W-mass, but a mini-

mum. This minimum only lies over 1 TeV if the heavy Top-mass is fixed above 10 TeV and is
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therefore not particularly relevant. The maximum mixing angle becomes smaller for a rising

heavy Top-mass and converges on zero if myy,, — oo for every fixed heavy Top-mass.

0,20 0,144

6 90,12 0
0,10
0,08 0,067

0,06

0,05 0,041
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Fig. 3.3: The mixing angle dependent on the right-handed W-boson mass for a fixed heavy Top-mass.

Using constraint (3.10) one can read a lower boundary of the right-handed W-mass from
figure 3.3 (table 3.5). These lower boundaries should, however, only be seen as tendencies,
since the §-constraint is only valid for very large Top-masses and can be shifted for smaller

Top-masses via an additional factor or a prefactor.

mr/TeV | Omar | lower boundary on myy, /TeV
1 0,193 3,2
1,5 0,149 4,6
2 0,126 5,6
3 0,100 7,3
5 0,0749 10,2

Tab. 3.5: Lower boundary on the Wx-mass derived from the requirement of decoupling for large
Top-masses and a fixed angle a = 0.

Allowing o to be unequal to zero extends the possible combination of parameters which
are possible in this model in order to acquire the right mass-difference. Only values for o
between 0 and 7 are considered. Generally one finds a suitable combination of o and 6 for
all fixed values of my, and my so that no masses can be excluded. It transpires that for
each fixed pair of myy,, and my there is a maximum value for # when oo = 0 and a maximum
value for « when 6 = 0. The maximum value of § decreases with increasing heavy Top or
right-handed W-boson mass. With the requirement that my,, > 1 TeV and mr > 1 TeV the
following constraint on 6 is achieved:

0 < 0.484
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Allowing the input parameter to be corrected as in the CKM matrix elements this boundary
should lie higher.
This constraint is looser than the one obtained from the first condition (3.10) when inserting
mr = 1 TeV.

6 < 0.190

The maximum value of a is 7§ since the LRSM contribution decouples for very large W-boson
masses.

Constraints could also be obtained using the T- and Ry-parameter. However, extending
those calculations to the Left-Right Symmetric Model is a lengthy process since the new
gauge bosons (the additional two neutral, two single-charged and two double-charged Higgs
bosons) need to be considered in the loops. Even though the mixing between the physical
Z-bosons Z; and Z; and W-bosons W; and W5 has been neglected, the calculation goes
beyond the scope of this thesis. Since the Standard Model prediction of the Rj,-parameter
needs a small positive shift in order to agree with the measured value, new contributions
giving negative shifts can be used to constrain the particles involved in order to keep those
contributions small. On the other hand, positive shifts must cancel negative contributions
of the Standard Model and therefore yield to constraints relating parameters of the Standard
Model to those of the extended model. In [65] detached contributions are used in order to
constrain the masses of the new particles introduced in a Left-Right Symmetric Model.

3.2.2 CP-violation in neutral Kaon decay in the LRSM extended by a Top-isosinglet

The CP-violation in K°- and K O-decay is calculated via the CP-violating parameter € (1.51).
The contribution M5 can be achieved from the contribution calculated in the last section by
substituting all indices referring to a b-quark for indices referring to an s-quark. The experi-
mental value of the CP-violating parameter has been measured [8] and can be explained by
means of only the Standard Model

le| = (2,228 +0,011) x 1073,

In the Standard Model the diagram with two intermediate top-quarks dominates the CP-
violation since the CKM matrix elements for the transition from the t- to the s- and d-quark
contain the CP-violating phase § multiplied by the lowest order of A compared to other CKM
matrix elements.

When introducing an extra isosinglet Top-quark to the Standard Model, the updated value
for € leaves very little space for the new quark unless the parameters of the Standard Model
can be altered. Considering only the tt-contributions and taking the constraints on # and my
into account [21] allows the CKM matrix element V;, to alter by at most 4% for a Top-mass
of 1 TeV.

In the previous contributions the u-quark contribution was implicitly taken into account
due to the application of the unitarity relations (A, = —A. — A — A7). Considering the
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contribution with one right-handed W-boson the application of the unitarity relations would
be too complicated to be useful. The contributions including one or two intermediate u-
quarks can be neglected because of their smallness compared to the other contributions. It
is assumed that the QCD correction 7;; with i,j € {c,t,T} are equal to the corrections in
the case with two left-handed intermediate W-bosons (1.54). After these simplifications the
CP-violating parameter € depends on the masses of the two new particles m7 and myy,,, the
angles o and ¢ and the quark mass signs s., s¢, s4, s and s,. Due to cancellations between
all the contributions, this scenario explains the value of the CP-violating parameter without
the necessity of altering any input parameter.

Evaluating e reveals that the signs always appear in pairs and therefore that one sign can be
fixed. s. is chosen to be equal to one and thus 16 different choices of the signs remain. It
transpires that those 16 choices can be roughly attached to two regions.

Region Ia contains the four choices s; = —1, s = s = —1, s; = s, = —1 and

st = s; = s, = —1 where unmentioned signs are chosen to be plus one. Characteristic of
region la is the graph shown in figure 3.4 which only alters slightly, changing my,,, 6§ and
m7. Thus the choices in region la give the following constraint on the angle of the Higgs
bidoublet vev: |rsinal > 0, 5.

eK

-0,0024 o
-0,004-
-0,006
-0,008-

-0,0104

Fig. 3.4: The CP-violating parameter ¢ depending on « for fixed mixing angle 6 = 0, 15, a fixed Top-
mass mr = 1 TeV, a fixed W-mass my, = 2,5 TeV and the sign choices s4 = —1 and
st = s; = S, = 1 exemplaric for region la. The dashed line represents the experimentally
observed value.
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Region Ila contains all other 12 choices and the choices s; = s, = —1 and s; = 55 = 55, = —1
which give values to both regions. Figure (3.5) shows the characteristic graph of region Ila.
The constraint in this region is given by |rsina| < 0, 3.

Combining these two regions shows that independent of the mass sign of the quarks the
following constraint is derived:

|rsinal € [0, 0, 3) or |rsinal € (0,5, 1].

0,034

0,024
€K

0,014

-0,014

-0,02

-0,03-

Fig. 3.5: The CP-violating parameter € depending on « for a fixed mixing angle § = 0, 15, a fixed Top-
mass my = 1 TeV, a fixed W-mass myy,, = 2,5 TeV and the sign choices s; = sq4 = s, = 1 and
ss = —1 exemplaric for region Ila. The dashed line represents the experimentally observed

value.

Most of the |rsina|-combinations in region Ila are actually far smaller than 0,3 and the region
corresponds roughly to the region found in [43], which had the limitation |rsina| <0,05. The
loosening of the boundary could be explained by the new freedom of choice introduced via
the two parameters 6 and mr describing the new vector-like singlet.
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4. THE DECAY B — u*p~ IN THE LRSM

In this chapter the expressions describing the B-meson decay to two muons in the LRSM are
derived to one-loop level. The functions describing the loops are presented as extensions
of the Inami-Lim-functions [66]. The enhanceability of the decay rate compared to that pre-
dicted by the Standard Model is discussed dependent on the new parameters. Finally the
way in which the functions could be extended in order to take into account an additional
vector-like heavy quark isosinglet is described.

4.1 Calculation of the contributing diagrams and the effective Lagrangian

Since the decay of Kaons and B-mesons to lepton pairs has not yet been observed, only an
upper limit of the branching ratio is given experimentally. In this chapter the decay rate of a
B-meson to a muon and an antimuon will be analysed. The experimentally-obtained upper
boundary is given by [8]

B(B° — " Yeap < 1,5 x 1075, B(BY — i Yeap < 4,7 x 1075,

S

The value predicted by the Standard Model is roughly one to two orders of magnitude
smaller than the upper boundary [67]

B(B® — pytp )sar = (1,0040,14) x 1079, B(BY — ptp)sar = (3,42+0,54) x 1077,

There is therefore space for new physics to enhance the branching ratio.

The minuteness of the branching ratio is due to the fact that the mesons are only allowed to
decay to leptons via the weak interaction, not via the electromagnetic interaction (chapter
4.2) and that the process can only be mediated at one-loop level, since the Z-boson does not
couple to flavour-changing vertices.

Generally new particles such as the Z3-boson from the LRSM could mediate the decay in-
stead of the Standard Model Z-boson, but it will be shown that this contribution is negligible
since it is suppressed by the Z>-boson mass square. The functions presented in this chapter
can easily be translated in order to describe the decay Bt — 7t vi. The new particles there-
fore contribute via diagrams of second order in perturbation theory, as pictured in figure
4.1.
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Fig. 4.1: Contributions to the effective Lagrangian for the decay B? — utpu~.

The vertex corrections which contribute to the effective (Zsb)-vertex in the case of a left-right
symmetric theory extended by an extra heavy Top-isosinglet are shown in figure 4.2. The

same diagrams, including only Standard Model particles, have been discussed by T. and C.
S. Lim [66].
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(® (h)

Fig. 4.2: Vertex corrections in the LRSM with u; € {u, ¢, t} and potentially u; = T

Comparing these diagrams with those in [66] shows that there is one additional gauge boson
(Wg) and two additional scalar particles (G'r and H>) in these loops. Since the external quark
masses are set to zero in the calculation, the gauge bosons W, and G, only allow left-handed
external quarks, while the gauge boson Wg, as well as the scalar particles Gr and Hs only
allow right-handed external quarks. The diagrams (i) and (j) do not exist in the Standard
Model.

First the contributions to the effective (Zsb)-vertex will be calculated. They are denoted by
F}; r.1, Where the exponent denotes the figure and the index the intermediate gauge boson
(L,R stands for Wi, r and H for H»). The Feynman rules for the vertices have been taken from
Appendix B. The integrals have been solved with the help of dimensional regularisation and
are explicitly given in Appendix A.
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The effective (Zsb)-vertex is thus given by

5 h I
g * *
Lzsp = (@) 2cosbr (VLjsVij > Ty (s9vLb) + Vs Vo > FR(R),H(H),RH(S'VMVR())>

i=a i=a

with the following contributions:

Lyt = % (;31%29141 - ;) [(xlx_gl)zlm?z - % - xz‘flL(xi)] — (@ — )
IE = ésinQHW [(ylzle)glnyz - % - yiff?‘(yi)} — (% = Yu)
F%’gb = —xHZ%SiHQGWzilez(zi) — (25 — zu)
7= <;sm29w - i) (a:zx—?l)mel + ;(xzx—zlﬂlm:l - <;sin29w + i) xzﬂf_z T (i — )
' = ;sinQQW(%{iPlnyi — ;(yl{il)an% + % <1 — isin29w> yly—l 1~ (Yi — Yu)
rd = —ésin20Wxif2L(:Ei) + i <§sin29w - 1) [(wzx—?l)an% — T — xzw_z 1] — (15 — x4)
1 2

1/1 2 . 1 . Y; Yi

Iy, = i$H2 (; - ;sin29w> zify % (2)
+ %JUHQ (411 + ;sin20w> [(,zgi?l)?lnzi — 2 — ziz—i 1] — (zi = zu)
¢ = %(1 — sin29W) [(xzx_lzlpln:rl R 1} — (T — xy)
I —;sinQHW [(yiy—?l)zlnyi y 1_ J — (Yi — Yu)
F{JLrg = sin’Oy [(;sz—%lylnxz — xzx—z J — (x; — xy)

2 .
FJ];EQ = \/acWR(ncosQGW — sinQHW) [yzlny,; _ Y ] — (i — Yu)

(yi — 1) yi — 1
it — i Inx; — TWn Inzw
R (o — awy) (e — 2my) " (i — awg)(@wy — 2my) "
+ LHy Inxg, — (x; — )

(xi - $H2)(xWR - tz)

I 1 z7 z; 1
1—\}LLL = (2 - 3m29W> [4 (Mlnl’z - a:—1> - 4xzf2L(xz)] — (i — )

oh o sin2ow |2 (% g — Y N L re |
RR = —Sin”Ow 1 (y‘—l)Q ny; vi—1 4yzf2 (yz) (yzﬁyu)

I 1 22 2 1
Fhn = (5 o ) [3 (o - 5725 - 0 - )
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Fi+j =n 1 xZQ lnx- — x%/VR lan
rH A\ (i —awy) (@ —xm,) (v — zwy) (@wy — 2mH,) "

— (@i — )

2
+ : Inam, | -~z (= +CF+1
(i — wm,) (Twy, — 21,) H2> 47" \e

The functions flL’R’H2 (x), fQL’R’H2 (z) and CEFH2 are given in (A.5), (A.6) and (A.7) and the
following abbreviations have been used:

2 2 2 2 2 2
o mE M, M, M,
[ 5 1 — 5 ) 5 5 R — 9 2 — 2

M, M, MZ, M2, M2, M,

The Euler-Mascheroni constant is given by vg ~ 0.5772 [1].

The GIM mechanism has been used in the calculations of all the contributions, meaning that
Au = —A¢ — At — Ar has been inserted and that therefore the divergent contributions (which
are not linear in any order of z;) are cancelled. The divergences in contributions (c) and (e)
have been removed using this method. The contributions solely including Goldstone bosons
or the Higgs particle (diagrams a, b, d, h, i and j) include the divergent term (1/¢) multiplied
by the squared masses of the quarks and therefore cannot be removed by the GIM mecha-
nism. Since the theory is renormalisable, the divergences cancel each other when summing
over these contributions. It transpires that to the chosen order in ¢ and x the divergences
produced by the three particles G, Gr and H; cancel each other separately, meaning that
the individual contributions of one particle could be studied without having to include the
other particles in order to cancel divergences.

Summing these divergent contributions gives the following finite contributions:

1/1 2 ; 1
9+ T + T, = <8in29W - 1) [ T } + 22 — (T = Tu)

2\3 (z; —1)2 z—1] 4

e g 4 Thy = % <; N sz’né@w _ ?Z) (yly_gl)zlnyl
+ <_1 + Siifw - 5%8;22%) yy— 1 CR% — (yi = Yu)

T4 + T + Ty = zp, [411 (2 ?21)21”% + % <Z11 + 3$i7120W — % (i + 5Si?zew>> ZZZ_l 1
— (2 = zu)

These contributions include negligible terms. In the following calculation, all non-Standard
Model contributions will be analysed and terms of higher orders in € (equivalent to higher
orders in 71 or :cl_é) will be neglected. The result is dependent on the inclusion of an extra
Top-quark, since the quantities y; and z; are negligible for the Standard Model quarks, but
can be of order one for an extra Top-quark.
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Considering only the LRSM, the following contributions in addition to those of the Standard
Model must be taken into account:

T 4+ T +Thr =0

2 )
b d o THy |1 % A 1 3sin“Ow 2 A
F(II_I +PH+FHH_ B 2(21_11)2ln21+<—4+ 4 Zi—l —(ZZ—>ZU)
=0
3 . 1
o= i = (= )
l‘\f-l—g - /T . 29 Yi _ .
RR — WgSIN Wy‘ 1 (yl - yu)
(2
ity — _ W Inzw
rH (ﬁl - xWR)(wa - tz) r
+ ~Hy Inrg, — (; — xy)
(i — zm,) (2w — TH,)
w
I =0

The contribution I', becomes negligible when the u-quark mass is set to zero.
Considering an extra heavy quark in the LRSM negates only the contributions due to the
diagrams (i) and (j). All other contributions must be taken into account in their entirety.

Summing up all contributions leads to the following:

. 1 5 1 1322 4 2z;
3

The terms differ from those in [66] due to the fact that here a specific gauge (Feynman-
t’"Hooft) has been chosen.

The sum of the contributions including the new particles is displayed further down in the
discussion (4.2, 4.3) summarised by the function Cr which adds up all vertex corrections
including the right-handed W-boson and the new scalar particle H.

Analysing the box diagram (figure 4.1) requires the coupling of the single-charged Higgs bo-
son, the longitudinal modes of the W-bosons, and the W-bosons to the leptons. The deriva-
tion is analogous to that of the couplings to the quarks. The Feynman rules are obtained by
replacing (u, ¢, t) with (ve, v, v;-) and (d, s, b) with (e, i, 7) in (B.8, B.9, B.10, B.1). Applying
these Feynman rules to the box diagram (figure 4.1), it transpires that all contributions with
one or two intermediate particles being G, Gr or Hj are linear or squared respectively
in the neutrino mass. In this calculation there is assumed to be no mixing between lepton
generations and the neutrino masses are assumed to be zero. Therefore all the aforemen-
tioned contributions are negligible and there are only four box diagrams left to be taken into
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account. These are the diagrams with two left-handed W-bosons A*%, two right-handed W-
bosons A% and the two diagrams with one left- and one right-handed W-boson ALF, ARL

1 1 1
ALL _ - 7 . 1 B Z )
2(.%_1)2”11' ~|—2xi_1 (z; — Ty)
I 1 1
ABR — | — i = i ’
77[ 2 (yi 1)2lny+2yz—1] (v = 1)
ALR — pARL _ 1 [_ nlnn nx;lne; ]
2 (77 - 1)(1'1'7] - 1) (l‘l — 1)(1’1-77 — 1)

which combine to give the contribution to the effective Lagrangian

A= ngzv > Vi VewAns(@) (syuyib) + ViisVainALr(x:) (SyLb)
L j=u,c,t(,T)

+VizisViinArr (i) (57RD) + Vi VrivArr(Yi) (57, 7RD)] -

Analysing the sizes of the contributions above reveals that the contribution due to two right-
handed W-bosons can be neglected even if the new massive Top-quark is considered. The
contribution AL would be neglected if it were isolated, since its leading order is linear in 7.
It will be shown, however, that the contribution is enhanced due to its differing quark op-
erator by a factor of around 32 and must therefore be taken into account when considering
W-bosons which are not too large.

The effective Lagrangian writes

4GF

Leyy =5 X > ()\LiC'L(xing’yubL) + )‘RiC'R(xi)(gR'YubR)) (r"pr)

i:Czt(vT)

+ > (Awr(@)Ari(SrbL) (nepr) + Arei(SLbr) (HRuL)))
i=u,c,t(,T)

with
Gr  ¢° N a 9°
Dl - -
V2 8MZ,

and the functions CL r summing up the vertex corrections (I') and the box corrections (A)

Ars?,  (4m)?

while applying the GIM mechanism and setting the quantities x,,, ¥, and z, to zero. The
GIM mechanism has not yet been used for the box contribution mediated by one left- and
one right-handed boson, but will be applied in chapter 4.10.

The effective Lagrangian has been achieved by multiplying the effective (Zsb)-vertex by
1/ M%L and the vertex function of the (Z,u™*u™)-vertex [1].

g _ 1 _
Lz, = aza [/JLVO‘ <—2 + 8%1/) L+ ARV Sy 1R
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Contributions caused by the intermediate particle Zr have been neglected since the Zgr-
mass is of the order of the mass of the right-handed W-boson (2.16).
The effective vertex function for initial left-handed quarks is given by

~ 1 3 z; 3 x2
=T+ AL =g, - =1 ST Ing,. 4.1
Crlwi) =To+ 2 T A =1 T a1 (1)

The effective vertex function describing right-handed initial states splits into one contribu-
tion describing the intermediate c- and t-quark (i = ¢, t) where many contributions were of
higher order in n and therefore neglected

Crlw) = Db + T, + Ty, + Thd + T
2

1 zjrpy, T;
— - imHr (e ] _ = o
4 (xz — xHQ)Q( nw; ang) 8$H2 Ti — T,
TWgr T H,y
- Inzw, + Inxg.
(xi - xWR)('xWR - xH2) r (I’ - xH2)($WR - $H2) :
3
2
/T 4.2
+SW |:8tz[£‘1 + —]}WR:| ( )

and one describing the new heavy Top—quark as an intermediate particle

h
Crler) = Y (Tk+T%,)
j=a
1 ,CET 2 9
- Sz, (21 — 2w, )2 (=27 + 2v7TW, — 8\/Twy + 4ayy,, ) (Inar — InTwy)
R R
- 3 —8) —
SM(J:T_"EWR)Q( VZwg —8)
1 J:QTxHQ a7
- —1 -
4 (o1 — $H2)2( ner - inam,) + 8z — TH,
- < Inzr Inzry, — lanR>
(z7 — 2wy (@1 — TH,) TWp — TH,

8Twy

($ + tz)

1 x%
VIWg (CCT - IWR)2

1 1 3/2
5 29 24 24 )
P E e — < o5 + 2, (292w, + 2473, -+ 24\ /Tw,)

1_ or (—10xT+9xH2)]. (4.3)

+ S%V [— (xwy + vVTwy + 1)(Inzr — lnzw,)

ﬂxT—l}b

Considering the behaviour of C' under very large scalar boson masses reveals that not all
terms decouple in the manner of the Appelquist-Carazzone theorem (chapter 1.8). There are
two terms which arise from diagram (h) (describing two H>-bosons) which converge when
taking the limit of infinite scalar mass

. 1/1 Zi 1/1 .
mhl{l;goo [ THy < - sm20W> > _l . (z; — zu)] =1 (2 - sm29w> (2 — xy).
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The first term is half as large as the dominating leading top-quark contribution in the Stan-
dard Model (4.1). Since this result is in accordance neither with the decoupling theorem
nor with the understanding of an effective theory, these terms will be abandoned in the
further calculations in the expectation that the remaining terms nevertheless represent the
behaviour of an extension of the Standard Model by trend.

The calculation will be split into two parts. First all but the constant contributions will be
taken into account and the behaviour depending on the right-handed W-mass and the Higgs
boson mass will be evaluated. The second analysis is based on the fact that the contribution
due to the Wgr- and Ha-boson can be considered in isolation, since the divergences left over
from dimensional regularisation cancel for the two contributions separately. In line with
the analysis in [43] the scalar boson mass is concluded to be large (mpg, > 15 TeV) and
thus the contributions due to the Higgs boson are assumed to decouple. Therefore in the
second calculation only the W-boson contributions which behave correctly according to the
decoupling theorem are considered.

4.2 The branching ratio Br(B, — p* ™)

The branching ratio of the neutral B;-meson decaying to a muon-antimuon pair is given by
_ _ 2
Br(Bs — pp”) = [(ut | Hepr |Bs)| " 7

with the lifetime of the B meson 75.
Thus the calculation of the branching ratio involves the calculation of the following expec-
tation values:

(" ] (5L, m0) (" ye) |Bs) = (™ 1™ | $972,1010) O] e | Bs) (4.4)
(™ | (57L,R0) (L) | Bs) = (u"n” | 572,8b10) (O] prys e | Bs) (4.5)
where the vacuum state |0) has been inserted. Rewriting the projection matrices
(ve = (1 —75)/2and yg = (1 + 75)/2) and using
(0] 57,b|Bs) =0  and (0]5b|Bs) =0

because the strong interaction is parity-invariant [5] results in the first expectation value in
equation (4.4)

_ 1 _ 7
{01 57u7L,r0[Bs) = F 5 (01574750 Bs) = £ f.00 (4.6)

with the form factor fp, discussed in Appendix C and the right-hand side of the equation
taken from [5].

The first expectation value in equation 4.5 can be derived by contracting (4.6) with p,, and
using relation [1]

PusY b = (ms + mp)5y5b (4.7)
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which can be derived from the Dirac equation.

2
mBS

1
0| 577 rb|B.) = F = (0| 5vsb | B,) = +ifg — 25
(0] 3vL,rb|Bs) 4[2( | 595D | Bs) ZfB‘“mermb

Thus the expectation value of the effective Hamiltonian can be rewritten in the following
way:

<,U+M_’ Heff ’Bs>
=V [ALGL (| (57,7Lb)

+Arr (ALr (" p” | (57Lb)
v

— 4 [(—ALCL + ARGR) ('t | iy yL e |0) (0] 57,750 | Bs)

+ALr (=Aor (W v [0) + Arr (w7 ™| ypi|0)) (0] 5750 | Bs)]
V ~ ~ o
=iy /B, [()\LCL - ARCR> pu (1| "y ]0)

m2 o -
+ALR73W% (Aor (ut | yrp|0) — g (utp \uvm!o))]

(B vop) |Bs) + ARCr (1 11| (87,7RD) (A" v 1) | Bs)
(ayrm) | Bs) + Arr (' p” | (57gb) (FryLw) | Bs)) |

Vv ~ ~ L L
=igfs, [(ALCL — )\RCR> pu (™ [y w0y — (utp™| iy ys010))
2

m o o
-I-ALRFBW ((ALr — Are) (e [ A |0) + (ALg + Are) (1 p !mw\O))] (4.8)

with V being some prefactor including the factor g* /Mg, .
The muon matrix element is rewritten in the manner of [1] such that the first matrix element
in the first row can be written as an electromagnetic current (j*) and the second as an axial
current (j¢') with

J*=pm*u  and 5 = py s
Since the muon field follows the Dirac equation, the conservation of the vector current
Paj® = 0 and a relation for the axial-vector current p,j& = 2mqfiysp can be derived [1]
in a manner analogous to (4.7). Inserting these relations into (4.8) shows that the first term
in the first row vanishes.
This also explains why the photon does not mediate the decay under consideration, since it
produces only a non-axial current with the muons.
The Dirac spinors of an incoming particle and an outgoing anti-particle or vice versa are
orthogonal, meaning that the first matrix element in the second row also vanishes. Thus the

expectation value can be written proportional to one matrix element

_ Vv ~ = -
(u"p” | Hepy|Bs) = —i B, [()\LCL - /\RCR) —uALr (ALR + /\RL)} (wFp | frysp|0)
with )
w=—""Bs 3166
2my, (ms + my)
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Hence a quantity measuring the impact of the new physics due to the LRSM and the new

quark is given by
A = Br(Bs — p 117 ) LRSM(+Top)
Br(Bs — ptp~)sm
- - 2
D imet(,T) (ALiCL(wi) - /\RiCR(:ci)) = Uiy ety ALR(@i) (ALRi + ARL:) @9)
B Zi:c,t AiqyéL(CUZ) ‘
with

ALRi = VI RisVL,Rib and ALRi = ViisVRib

where the CKM matrix elements are given by
_ /SM _ y/LRSM _ 1/SM,LRSM _ 1/SM,LRSM _,
Vieg =Viej s Viej =Vre s Vigy = VL,Rtj cost),  Vi,rej = VL,Rtj sing

for j = s,b and the Standard Model and LRSM CKM matrices given in equation (1.33) and
(2.24) respectively.

The contribution due to the LRSM plus the Top-quark can be written in terms of the masses
of the new particles (mw,,, m#g, and mr), the complex phase of the vev of the Higgs bidou-
blet in the LRSM «, the mixing angle between the Standard Model top-quark and the new
heavy Top-quark and the mass signs (sg4, Ss, Sp, Su, S¢, 5t and s7) which in this analysis are all
set to 1.

Since all the left- and right-handed CKM matrix elements can be written as Standard Model
CKM matrix elements multiplied by some phase dependent on a and for the t-and T-quark
by either sinf or cosf, the quantity A, is independent of the CKM matrix elements if only
one intermediate quark type or t and T are considered.

Using the main Standard Model contributions as a reference

INTM| Cr(ae) = 1,97 A2

all contributions with an absolute value smaller than 0,01 |A7}| (for my,, =2 TeV and
mr =1 TeV) will be neglected. One must take into account that every contribution can
be enhanced by the multiplication with another contribution due to the fact that the abso-
lute value is taken. It transpires that the maximum contribution comes from the Top-quark
vertex correction Cf, = 41,75 for mr = 1 TeV. This correction is suppressed by sin?0 < x;l/ 2
(chapter 3.2.1) and thus the enhancement factor reduces to approximately 3,36. It transpires
that the c-quark contributions to the vertex corrections (the functions C;, z) can be neglected.

In order to be able to use the GIM mechanism for the box contribution, the left- and right-
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handed CKM matrix elements must be rewritten

u Y Apr() Opri+Arp) =u Y Apr(@)Ail fi(a,0)
i=u,c,t, T i=u,c,t, T
LM (Apr(ze) fol@) — Ar(za) ful@))
+ A2 (ALr(me) fi(@) — Apgr(ay) fu(a)) cos®0

+ MM (App(zr) fi(a) — Apgr(zy) fu(a)) sin®6  (4.10)
with
Fula) = e—ts(a) em(a)7 fi(a) = ¢3(@) 4 o—i(r2()+273(@))

fela) = e~ () 4 p—ir2(a)

and the functions i, 72 and 73 given in equation (2.25). Thus the functions f;(«) can give
a maximum enhancing multiplication factor of two. Evaluating the different contributions
shows that the contributions due to the c-quark can be neglected (the first row of equation
(4.10)).

The quantity A, simplifies to

Dot ()\Lié'L(%) - )\RiéR(SUz')> —uArLr(z¢) (ARt + ARLt) i

As = =
)\gi\lCL (SCt)

N , N 2

= ‘1 + C’L(l“t)fl [—efl(WQ(Q)ﬂg(a))CR(xt) —u(Arr(z) fila) — ALR(O)fu(a))} ‘
where the u-quark mass has been set to zero. Only the LRSM has been considered since the
contributions including the Top-quark need to be extended (chapter 4.4). Itis observable that
the quantity A, does not depend on the Standard Model value of the CKM matrix elements.
The expression for A, for only the LRSM can be achieved by setting sy = 0.

4.3 Discussion of the branching ratio Br(Bs; — p*p~) in the LRSM

Of the six terms which contribute to Cf, the second and the fifth are constant and are not
taken into account, as discussed in chapter 4.1. The other four terms have been analysed
for growing Hs- and Wg-masses and it transpires that only the t-quark contribution of the
first and the sixth term need to be included. These contributions belong to the diagram with
two intermediate Higgs bosons (h) and the diagram with one intermediate right-handed W-
boson and one intermediate Higgs boson (f+g).

Thus the quantity A, writes

1 Tt Hy 2 xWR >
2 __(lnzy —lnxg,) + sy ————
4(mt—xH2)2( t 2) W:ct—xWR

5 (oD @i =) 4~ oty

A = ‘1 — Cp(x)™? [eihﬁ%) (
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and the new contribution to the B-meson decay can be described by means of only three pa-
rameters: the new W-boson mass mp, the single-charged Higgs mass m g, and the complex
phase a.

Considering first the manifest LRSM (o = 0) shows that Aj is bigger than one (meaning that
the new branching ratio is bigger than the Standard Model one) and converges to one for

large right-handed W-masses and large Higgs boson masses (figure 4.3).

As

T T T T T T T T T T T T T T T T T 1
1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
mWR, mH?2

Fig. 4.3: A, for the manifest LRSM. The masses are given in GeV.

It transpires that A is largest for small W-masses. Therefore the boson mass is fixed to the
lowest boundary given in chapter 3.2.1 (my,, = 2,5 TeV). The dependence on « for three

fixed Hy-boson masses is displayed in figure 4.4.

1,24
1,22
1,20
1,18
1,16
1,144

1,124

Fig. 4.4: A, for a varying value of o and the fixed masses my,, =2,5TeV and mys =1,1,5and 5 TeV.
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Considering only « € [0, 7] reveals that A, has two maxima with the same height and one
minimum with A, > 1. The position of the maxima depends on the scalar boson mass such
that they grow closer together for growing boson masses. The minimum lies independently
of mp, at a = w/2. The value of the maxima is larger for a small Higgs boson mass, meaning
that the maximum value for A, under the given conditions is given by

A < 1,246 for a=0,78, mwy,=2,5TeV and mpg, =1TeV.

The minimum increases for increasing mp, and finally converges to A, = 1,186. However,
one must bear in mind that the masses of the Higgs particle and the W-boson are related
since both their main contributions are linear in vg and that one therefore cannot consider
mmp, — oo without my, — oo. Letting both these masses go to infinity lets A; converge
to one (figure 4.5) and thus the growing nature of the minimum of A, with growing mg,
is only valid for a scalar mass being reasonably close to the W-mass. The same holds for
the maximum, which converges if one allows only the scalar boson mass to tend towards

infinity.

As

T T T T T T T T T 1
1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
mWR, mH2

Fig. 4.5: The development of the minimum of A, at o = § with growing Wx- and H>-masses dis-
played in GeV.

Considering only the right-handed W-boson, the quantity A, decreases with decreasing W-
boson mass and therefore the upper boundary is given by

A, <1,21  for a=1,21/1,93 and my, =2,5TeV (4.11)

where the lower boundary on the W-mass [43] has been taken into account. Figure 4.6 shows
the variation of As under the variation of « for a fixed W-mass. It transpires that for o € [0, 7]
there are two maxima with the same height at « = 1,21 and a = 1,93 and two minima at
a = /2 and o = 7 for every fixed W-mass.
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1,204

2,5 TeV

1,154

3 TeV

1,104

5TeV

1,05

Fig. 4.6: A, for a varying value of o and the fixed masses my,, =2,5,3 and 5 TeV.

Since the right-handed W-boson contributions follow the decoupling theorem, the quantity
A, converges to one if the W-mass tends towards infinity.

The mass sign choice initially selected in this calculation belongs to region II, defined in
chapter 3.2.2. Taking into account the tighter boundary from [43] on the region

|rsina| < 0,05 still lets the quantity A, vary up to almost 10 %

Ay~ 1.10 for a=0.05 and my, =2,5TeV.

4.4 Discussion of the branching ratio Br(Bs; — u* ) in the LRSM extended by a
Top-isosinglet

When calculating the contributions induced by an extra vector-like Top the contributions
derived in chapter 4.1 are not sufficient and must be extended. The complication is due
to the fact that the new CKM matrix (3.5) is not entirely unitary and therefore causes the
following Z-boson interactions with the t- and T-quark, including flavour-changing neutral
currents [21]:

L= —%Zu (0052957‘% + cosOsinfty"T + sin29T'y“T) + h.c.
‘w

Applying these Feynman rules to the diagrams listed in figure 4.2 alters the contributions
(c) and (d).
Defining the function
B(x;) = T (@;) + T (zy),
the contributions to the (Zsb)-vertex from the diagrams (c) and (d) write
3

Ty = 9
7 (47)2cosby

Bu(er,ar)(s7eb) + (Br(yeyr) + B (a1, 2r) ) (s7,7mb) |
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with
B(:L“t,:vT) = ANB(zy) + A\pB(zr) — )\tsgB(xt) - )\Tch(l“T) + 2v/ M ArcosgB(xy, xr).

The first two contributions in the above equation have already been included in Cr(z;) and
Cr(xr), while the other contributions must be added. The integrals solved in Appendix A
can be used to calculate the contribution including the t- and T-quark. According to [21] all
divergences due to dimensional regularisation cancel and the main contribution including
the flavour-changing neutral coupling is positive. Therefore the value of A, should be en-
hanceable when compared to the value of A, calculated in the LRSM.

One must also be careful when calculating the contributions in the mass limit my — myy,
so as to avoid unphysical divergences. These divergences arise from the fact that the masses
must already be set equally when calculating the integrals in Appendix A, since the number
of equal mass particles in the loop influences the Feynman parameterisation.



5. CONCLUSION

In this thesis I presented the Standard Model and discussed possible extensions, including
the Left-Right Symmetric Model and the Little Higgs Model. The primary focus was the
possibility of the existence of additional heavy quarks. Two ways in which these could be
introduced were discussed.

The most straightforward method was found to be the introduction of an additional genera-
tion of quarks. In chapter 2.1 the parameterisation of an extended CKM matrix and bound-
aries on the new quark masses were described using data gleaned from recent literature as
well as from earlier papers. It transpires that the allowed range of the new quark masses is
narrow (2.1), since the quarks acquire their mass from the same Higgs doublet as the other
six Standard Model ones. As the introduction of a fourth generation to the Standard Model
is analysed extensively in the literature, no further calculations were required.

In chapter 2.1 the Lagrangian, the quark fields and the right-handed CKM matrix of the
LRSM were extended so as to describe a Left-Right Symmetric Model with four generations
of quarks. Given that the mass range of quarks would be roughly as narrow as the one for
the fourth generation in the Standard Model, this possibility was again not explored any
further.

The other promising method which allows the inclusion of a single additional quark is to
introduce it as a vector-like isosinglet. This extra quark acquires the main contribution to
its mass from another Higgs field and can therefore be far larger than the Standard Model
quarks. Extensions of the Standard Model by an additional up-type or down-type quark
have been explored in the literature, where the new particle field was directly coupled to a
heavy mass scale. In this thesis the mass-giving Higgs field was explicitly introduced and an
extra heavy up-type quark added to the Standard Model as well as to the LRSM. It transpires
that the Top-quark can acquire its mass via a Higgs singlet when introduced to the Standard
Model, whereas introducing a massive vector-like quark isosinglet to the LRSM requires an
additional Higgs doublet. In effect, a model extended by an additional Top-quark receives
two additional parameters: the Top-quark mass and the mixing angle 6.

In chapter 3.2.1 and 3.2.2 parameters of the LRSM with and without an additional heavy
quark involved in the calculations of the B;-meson mass-mixing, the CP-violating param-
eter ex and the B,-meson decay to two muons were constrained when calculating those
quantities including one-loop corrections.
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It emerges that the B-meson mass-mixing and the CP-violating parameter only leave space
for an LRS extension or an additional Top-quark if one allows the Standard Model parame-
ters to alter. This alteration is a reasonable approach since the hadron matrix elements carry
a large uncertainty and the determination of CKM matrix elements relies in part on the as-
sumption of unitarity. Allowing the CKM matrix elements the possibility to alter by at most
10% gives the following two lower boundaries for the right-handed W-boson:

mw, > 2,2TeV  (for region II and III) and mw, > 2,5TeV  (for region I and IV).

Using a slightly different approach, the same lowest boundary (2,5 TeV) has been derived in
[43].

It was found that considering both the LRSM and an additional heavy quark leaves space for
the new particles even without altering the Standard Model parameters, due to cancellations
between the two new contributions. Therefore fixing the right-handed W-mass gives a an
upper boundary to the Top-mass (table 3.4).

The mixing angle was constrained using the decoupling theorem such that one obtains the
following relation for large Top-masses in the Standard Model extended by a Top-quark:

. ~1/2 .
sin’0 < Ty / , with T =

myy,
and the tighter boundary in the LRSM extended by a Top-quark

sin?0 < (zplnzy)~'/2.

The last relation was used to derive a tendential lower boundary of the right-handed W-
boson mass (table 3.5).

The analysis of the CP-violating parameter in the LRSM extended by a Top-quark shows that
the quark mass sign choices can be split into two groups, one constraining the spontaneous
CP-violating phase « to small and one to large values.

|rsin| a € 10,0, 3) or |rsin| a € (0,5,1]

These two regions have also been found in [43] when only considering the LRSM but with
tighter boundaries. Therefore this result again shows the enlarged space for new physics
due to cancellations between the LRSM contributions and the Top-quark contributions.

In discussing the B-meson decay to two muons, the problem of imprecise hadron matrix
elements and the model-dependent interpretation of measured CKM matrix element values
was solved by introducing the new physics-measuring quantity A,. This quantity divides
the new contribution by that of the Standard Model and is (after some consideration of
the magnitudes of the contributions due to different intermediate particles) independent of
the hadron and the CKM matrix elements. It was shown that the branching ratio of the
B-decay in the LRSM is enhanced for all choices of new parameters and all mass signs set
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to plus one. Thus measuring the branching ratio could distinguish between the LRSM and
the Standard Model. The enhancement becomes larger the smaller the Wr-mass and thus
once the branching ratio is observed, a lower boundary on the right-handed W-mass can be
derived. The maximum enhancement was shown to be around 20% for large o (region Ia,
but a mass sign choice of region Ila) and 10% for small « (region Ila) when only considering
one-loop corrections induced by the Standard Model and the right-handed W-boson.

A qualitative discussion on the ways in which to extend the calculation of the B-meson
decay branching ratio in order to describe an additional Top-quark has been made. It was
concluded that an enhancement of A; is possible.
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A. INTEGRALS REQUIRED FOR LOOP CORRECTIONS

A.1 Integrals required for box diagrams

The function F;, (1.53) is solved explicitly for n =1, 2.
The calculation is simplified using Feynman parameters. A general fraction can then be
rewritten in the following way [1]:

1 ! ™" D(mi+ ... +my)
N — dan -1 i
ATTATE AT /0 doydand (3 ){ZmiAi}Emi ()T ()

where z; are the Feynman parameters. This equation can be shown explicitly for two Feyn-
man parameters and the proof for n Feynman parameters can be obtained by induction.
Applying this method to (1.53) gives

1
Fp(%q, Tp, T, q) =2"/2(—1)1 /2 / dAdBdCdD 6(A+B+C+D—1)
0

d*k k™
/ (2m)* [A(K? — x4) + B(k? — ap) + C(k? — xc) + D(k? — zq)]*

1
:2"/2(—1)1—”/2/ dAdBdCdD §(A+B+C+ D —1)
0

/ d*k k™
(2m)* [k2 — (Azq + Bay + Cxe + Dag)|*

The integration over the four-momentum k can be solved by Wick rotation which removes
the minus sign of the time axis in the Minkowski metric by substituting

kO = ikY, and k=kg.
This substitution is equal to a 90 degree rotation in the complex plane.
Changing the variable from k to kg transforms the integral into Euclidean four-space and is

therefore easily solvable. [1]

Fn(xav xb; xC7 md)

1 S(A+B+C+D-1)
:2n/2 -1 1"/2/ AdB D
(—1) i dAdBdCd [A(K2 — 24) + B(k2 — 1) + C(K2 — 20) + D(K2 — 2g)]2"
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Performing the integral gives

Fo (0, 2, Ter ) — Tolnx, _ Tplnxy
B (Ta — 20)(Ta — Te)(Ta — 2a) (o — 2p) (0 — Tc)(Tp — 24)
Telnx, zalnxy
(e — wa)(@p — ) (Ta — 2c) - (Te — wa) (@6 — 24)(Ta — Ta)
xgln:va z2lnxy,
F2(®a, 2, 7 24) = (2a — 2b)(Ta — %) (20 — 2a) (23 — wc)(:c;— ) (2 — 4)
22Inz, x?ilnxd

T e = ) (@ — 70) (e — 2) (e — 2a) @ — 5a) (Ta — 7a)’

These functions describe a loop with four different intermediate particles and are symmet-
rical under the exchange of any pair of particles.

The functions describing two different quarks and two similar gauge bosons or vice versa
are obtained by the following limit:

Fn(xaa Tp; $c) = xdh—>rnw . Fn(xav Ty, L, xd)

These functions are only symmetrical under the exchange of the first two arguments which
equates to the interchange of the two different quarks or the two different bosons.

1 zolnz, rplnwy 1 1
F ; = _ _
(T, 2; ) Tq — Tp |:(-75a —xc)?  (zp — 3)? L —
2
- Lo
+ Inx. e ;_ @b 5
(wp — )2 (2 — 2c)
1 x2lnx x2lnxy x x
F . — a a b ¢ _ c
2(%a, 25 ) Tq — Tp |:(~Ta —xc)?  (zp — 3)? L a—
g Tp
+ zdnx [ + }
¢ ¢ (-’Eb - xc)(xa - 550)2 (SCb - xc)Z(xa - xc)

Taking the limit of equal values in the first two arguments gives the contributions for loops

including one type of quark and one type of gauge boson.

Fu(@a ) = lim Fy(za, 2 )
Tq + Tp 2
FO(ZEaa xb) — m(lmxb — ln:ca) + m
2x Tp Tg + T
Fo(a, v0) = sy (Inay — Inaa) + =g

If abox diagram in a theory with several W-bosons which only couple to left-handed fermions
but have different masses is considered, the following function is needed:

TaTp

4

co(Tas T, Te, Tq) = (1 + ) Fo(xq, xp, e, ©q) — 20425 Fo (24, T, T, Tq)
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where z, and z; are functions of the masses of the quarks and x. and x4 are functions of the
masses of the gauge bosons.

In the case of two quarks and only the Standard Model boson the derived functions F and
Fj can be inserted, which gives

z3n; T
s ,1 = ! : [1—2 i Z]i| Al
col@s, 53 1) (i — aj)(w;i — 1) it (A1)
z3nz; oy
- T [1 - 22, + 22| A2
e -1 L2 2
1 7IZ'$]'
— A3
e -
with the limit ) s
8 + 24x + 45x 4+4r —1dz° +x
1) = —al A4
co(@:l) = —alne— s+ — 4 1)e Ad)
Considering an N-dimensional CKM matrix the Wilson coefficients write
N N
C() = Z Z )\i)\jco(l’i, .rj; 1).
i=1 j=1
Writing down the first summand for each sum gives
N N N N
Co = /\%Co(.%'l, Ty 1) + Z )\1)\]‘00(.%'1, Zj; 1) + Z )\i)\lco(mi, T 1) + Z Z )\i/\jco(mi, Zj; 1)
j=2 i=2 i=2 j=2

where 71 is a function of the mass of the first generation quark, the u-quark.
Inserting the unitarity condition of the CKM matrix A\, = — 3.~ , \; gives

N N
Co = ZZ)\Z)\J (Co(xl,l‘l; 1) — co(:v,-,xl; 1) — Co(.%‘l,.l‘j; 1) + Co(l‘i,wj; 1))
1=2 j=2

N N
= Z Z /\i)\jcf)(xi, Tj5 1).

i=2 j=2

It is common procedure to approximate the mass of the u-quark as zero, since it is far smaller

than all the other masses. Inserting 1 = 0 into equation (A.3) and (A.4) gives

Inx; x? Inx; 2?2
' 1) = Toms 4 1—9¢, + 22 ) — J 1—92¢, + 2L
) = [(xz-—w(xi—xj)( ) e (2

A — 1:)3(%‘ - 1)}

with the limit
, x 1_117x+w72+3w21nx
)2 474 T 2e—1)]"
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A.2 Integrals required for vertex corrections

Calculating the diagrams in figure 4.1 (c)-(j) one can initially set the external momentum
to zero, since there are no intermediate d-type quarks and the limit is well-defined. The
situation is more complicated when calculating the diagrams due to the quark self-energy
(figure 4.1 (a) and (b)) and will therefore be performed explicitly (a similar derivation has
been made in [5]).

In order not to arrive at a mathematically undefined s/d-quark propagator one must ascribe
general momenta p; and p» to the external quarks. Afterwards one can set the quarks on
mass shell (p? = m? and p = m?) and take the limit m2, m3 — 0.

Considering the Higgs particle Hs only the second diagrams of figure (a) and (b) contribute,
therefore the Higgs scalar and the W-boson contribution are discussed separately.

First the following integral is defined:

I (m) = 7 / il ko
LR H\P, =
P2 (27T (k2 =mZ)((k —p)? = Mw, ;)
ddl TPa
I R—Y dI V12
T pPP—m — Arru(P?))
= ﬁILRH(p )

b

where the Feynman parameter description, dimensional regularisation and the substitutions

ko = lo + Tpo and AL,RH(pQ) =—z(1- ;U)p2 + oMy gy + (1 - :L')m?

have been used. The following notation for the Z-boson current is also used:
1 -
Jy, = - lartriv*uri + brdriv*dr; + agiriy"ur; + bry"dr;]

where the coefficients ar, g and by, g are written out in equation (B.2).
Thus one can write down the sum of diagram (4.1 (a) and (b)) where only the W-boson

exchange is considered

3
(@wy n+ Oy 5 = f;bL,R@ — ) IL.z(ps;ma) + I 5 (Pa, ms)] (5L.rY"dL R).

Setting the external quarks on shell (p? ; = m? ) gives

3

1 - .
(@)wpp + 0wy = 7ch bLrZ =€) 55 milp r(m3) — mfsz,R(mfz)] (51,RY"dL,R)-
s d

Finally one can take the limit m2, m? — 0 where the following Taylor expansion of the

integral function I has to be inserted:

& fé”RH ©
ILRH(m =0)=1 LRH +Z
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It transpires that the only term left over is I1, z(0) since the term (m?" — m2")/(m? — m2)

converges to zero. This can be seen by taking the limit of the quark masses one after another.
Hence the contribution to the diagrams (a) and (b) due to the W-boson is given by

3 ~
(@wy 5+ Oy = fbeL,R@ — )11, r(0) (51, 7" L R)-

The intermediate Higgs scalars G, allow several contribution types, including contributions
belonging to right-handed quark-states. The same is true for Gr producing contributions
with initial left-handed quark states. However, it has been shown in [5] that all contributions
proportional to integrals other than I go to zero for vanishing external quark momenta and
masses. Thus the scalar contributions after taking this limit are given by

3 ~
(@ n+ By = —%bL,R:ciIL,Rw)<§L,m“dL,R>.

The contribution resulting from the single-charged physical Higgs boson exchange is given
by
293 ~ _
(a)H + (b)H = _abRwiIH(O)(SR’Y dR).

After rewriting the integrals for the discussed and all other diagrams using Feynman param-
eters and the Wick rotation, the integrals are solved in dimensional regularisation, meaning
that the dimension is taken to be d = 4 — e. The resulting expression is subsequently ex-
panded in e such that all terms linear in the expansion variable are neglected. In performing
these steps the following two expressions (taken from [1]) are used:

dkg 1 1 T-9)/1\"*2
/(27T)d(/f%+ﬁ)”_(47r)d/2 I'(n) <A>

/ddkE k2 1 dr(n—g—1)<1>"—§‘1

2m)d (K2 + A~ (4m)#22  T(n)

A

The integrals required to calculate diagrams (a)-(j) are listed below, preceded by letters in
parentheses denoting the diagrams in which they are used.

(a), (D) : INL’RH(O) = (4;)2 ILRH(%)

d'k K L zi !

d'k k> I z; 1
(€), (h): / @m)d (k2 —m2)(k2 — M3, )2 (4m)? _fQL(xi) Tt 1]

dk m? 1 T Z
(),(d) / @m) (2 — m2)2 (K% — M3, ) @n)2 (- D2 - J
dek m? I 2
(9):19) - / @ (2 —md) (k2 — M3, )2~ () | (w12 o 1]
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1 2 z
= > ot 41- i Inx; + Wn
(477) € (Z’Z xWR)@:i tz) ( (2 xWR)(mWR - tz)
a3
(xi - tz)(xWR - tz)
with
1 obRH: 3 - 1
L,R,H, _ = D e - - A5
A = ot =5+ 2[(3;—1)2"96 z—1]| (A.5)
2
foRH gy = 24 oLRH g -, (A.6)
€ xr —
CERH = —yp 4 In(4n) — InMyw, b, (A7)



B. FEYNMAN RULES FOR VERTICES INCLUDING THE NEW LRSM GAUGE
BOSONS

B.1 Feynman rules for the gauge bosons

The Feynman rules for the couplings of the gauge bosons to the quarks can be derived by
inserting the covariant derivative (2.17) into the following Lagrangian:

L=Qri(iP)Qri + Qri(iD)Qr
Considering only the couplings which include a W-boson and inserting the rotation of the

left- and right-handed quark fields (1.28) in order to achieve the quark mass eigenstates, the
Lagrangian writes

9

ﬂW;uﬂLiVLij’y“dLj + 9

ﬂWEMﬂRiVRij’y“de + h.c.
— g (Wl + W) + hee.

(B.1)
with J{j" and Jé‘V; given in (3.3) and (3.4), respectively.
Considering only the neutral boson part gives the following Lagrangian:
L= Q(ZLngL + ZRMJgR) + eA,ngM
with
1 1 2 1 1 - 2 _
Jy, = - [(2 - 38124/> uriy L + <2 + 35‘24/) driv*dri — gs%vuRﬂﬂuRi
1 . -
+333Vdmudm} (B.2)
cZ, —s? 2 2
W w 1 S 1 s -
Jy. = [ U ur — = dpy di,
cw 6 ey — sy 6 ey — sy
1 1 s 1 1 s -
2 W) Geatu e, 22 W N dpattde,
+(2 6012/‘/812/‘/>UR1’Y uRZ—‘f_ < 2 66%[/8‘2/V> RZ’Y RZ:|
2 1-
T = gﬂLﬂ“uLi - gde”dLi- (B.3)

The left-handed current (B.2) and the electromagnetic current (B.3) are the same as those

derived in the Standard Model by means of the neutral boson part of the Standard Model
covariant derivative (1.6).
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The triplet and quartic gauge boson coupling is introduced to the Lagrangian via the square

of the field tensor .

4

v
3!

1
L FLiuuFfz - ZFRi,Lng

with
-
Fr ripw = 0uWr riv — OWL Rip + 967" WL Rju WL REw -

Considering only the triplet coupling results in the same outcome as in the Standard Model
for the squared left-handed field tensor since Wr; and Wy, form the Standard Model W-
bosons and Wis = cw Z, + swA. This also means that there is no three gauge boson vertex
at which the left-handed W-boson couples to Zr. This, however, is caused by the fact that
the mixing between Z;, and Zgr has been neglected otherwise there would be (W;Wp,Z1)-
and (W W, Zs)-vertices. The same holds for the W-bosons. In this approximation the left-
and right-handed gauge bosons do not couple to each other.

Inserting the physical fields (2.14) into the Lagrangian mentioned above yields the following

Feynman rules, where in all graphs the momenta are pointing inwards:

_ — +
WLI/ k_ WLM
E k:;_ = ie[g,uu(k-l- + k—))\ + gl//\(k— - q)u + g)\u(q - k+)u]
Ay
_ — +
Wi, k_ WLu
E k;: = igcw[g,w(kur + k) + gua(k- — q)u + gku(q — ki)l
Z
_ - +
WRV k_ WR#
2
— . S
s = =i g (b + E)x+ goa(k = @)+ 9au(a = k).
q W
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k_ Ry
/.2 .2

» ——iM[ (kg +k_)a+ gun(b— — @) + grulq — k1)0]
E k+ = g cw Guv R4 )X T Gua\F— — q)u T Gau\q + v
ZRx
— +
k_ Wiy
E ]{;_;r - igSW[g;w(k—l- + k—))\ +glx)\(k— - Q),u +g/\u(q - k+)V]
A

B.2 Feynman rules of the single-charged Higgs fields

There are four single-charged Higgs fields which enter the Lagrangian: ¢i and ¢;5 over
the Higgs bidoublet (2.4), i3 over the right-handed triplet Az and &7 over the left-handed
triplet Az, (2.3). These four fields are not the physical mass eigenstates. In order to calculate
those, the contributions due to traces of the squares of the covariant derivatives (2.6, 2.7, 2.8)
and due to the Higgs potential (2.9) must be diagonalised. Since this calculation is fairly long
but not particularly difficult, the result from [43] is used without further proof. It transpires
that 47 does not mix with the other Higgs fields and is already the mass eigenstate of the
massive Higgs boson H;" with the following mass:

1
*a3/€2

H =6} ;

with  m¥, = (p3 — 2p1)vh +

The other three Higgs fields combine to give another massive Higgs field H; and the longi-
tudinal modes of the single-charged gauge bosons (W, and W) G and G},

1

H; = qb; + Xemgbf + 6(5; with m%ﬁ = ag(v%g + §fi2) (B.4)
Gf = —xe 65 + oF with — mg, = &miy, (B.5)
GE = —e¢2+ + 5§ with mZGR = §m%,VR

with the gauge parameter £ which in these calculations is always taken as one (Feynman-
t'Hooft gauge) and the abbreviations x = #’/x and € = x/(v/2vr). The masses of the single-
charged massive gauge bosons depend, as expected, on the vev of the Higgs fields and the
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parameters of the Higgs potential.
The inverse transformation between the original and physical Higgs fields is given by

1 . .
0 = frra (B~ XE°GE — <Gy) = 1 3G —
1 i . i
¢Ir = m (Xe WHQL +(1+ eQ)GZr —exe ’O‘GE) ~ xe ZaH;“ + Gzr
1 ,
0h = ———— (eHS — exeG} + (1+x*)G}) = eHS + G} (B.7)

R:1+X2+62

The approximations are necessary since the original transformations (B.6) taken from [43]
are only up to single orders in € and x accurate.

The quark couplings to the Higgs fields emerge from the Yukawa couplings to the Higgs
bidoublet. Thus &7, does not couple to the quarks. Considering only the charged compo-
nents ¢, and ¢5 of the Higgs bidoublet and inserting the bidoublet into the Lagrangian
describing the Yukawa interaction (2.18) for three generations of quarks gives

L = hyj (tri¢3 drj + drigyury) — hij (arid] drj + dridy urj) + h.c..

The matrices h and h can be rewritten as (chapter 2.2.5)

h = lSU]\ZU and ;L = l]\4D - i;emSUMU.
K K K
The parameter y is determined by the largest quark mass-difference between the masses in
one generation and is therefore of the order 102. The order of ¢ is even smaller, considering
the constraint on the Wr mass my,, > 2,5 TeV [43]. Therefore any contributions of order
x?2, €2, xe and higher orders are neglected from now on.
Inserting the Higgs fields, the mass matrices and the rotated (to their mass eigenstates)
quark fields (2.21) gives the Lagrangian for the quark coupling with the massive charged

Goldstone bosons and the single-charged physical Higgs field

9 - At
— L 4G (su.mu, VL — ma,YRr)Viid, B.8
9 =t
+ —— ;G (su, ma, YL — My, YR)VRi;idj B.9
NCIT R(Su;ma; VL Yr)VRijd; (B.9)
9 =g+
Y G HS (s,ma v — mayr)Vaiid; + hec. B.10
NI o (Su;Ma; VL YR)VRijd; (B.10)

where the masses of the left- and right-handed W-boson are given in (2.11).

The coupling of the massive Goldstone bosons with other massive Goldstone bosons or
gauge bosons enters the Lagrangian via the traces of the square of the covariant derivatives
(2.6, 2.7, 2.8) where the approximate physical gauge and Higgs fields (2.14, B.7) must be
inserted. In order to be consistent all higher orders of € ~ Myy, /My, than order one have
been neglected.
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GL K Gf
\\A\ /A’/ Zg
— 2 2
N = — — k. —k
qg ki QCW(CW s )( )Y
Zrx
Gr & Gh
\\;\ /A’/ 82
53 ke = —ig W (k- — k)
Zi
Hy Hy
\\\\ /A’/ zg
~ - =2 (1-2s%) (k- — k
; g ky Sen (1 —2sy) ( +)a
Zrx
Gh oy
N P
~e” o ig My,
- =F——— (k- — k)
qg ke ooy My (Fm )
Zrx
W, ok G
\\A A’/ 2
s - — g2
a» g ki = chW MWLgu)\

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)
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Wey ke G
Sal e 2
g - MWL 52
R — g [ Ve — My W g, B.16
qg ket ZQ(MWRCW WRCW>9/\ (B.16)
Zrx
Way H
Sal -~ .
0k = 9 My, gun (B.17)
q + cw
Z1A

Comparing the Feynman rules (B.11, B.12, B.15, B.16) with those derived in [65] it transpires
that (B.12, B.16) differ from the result given in [65]. This might be explained by different
parametrisations of the Higgs or gauge fields. However, even if the Feynman rules in this
thesis are not correct, their usage for loop diagram calculations should still be assured since
the false terms are smaller than or of the order € and (when used in loop diagrams) multi-
plied by at least another term of the order € and therefore in these calculations neglected.

It is observable that (to the chosen order of perturbation theory) the longitudinal modes of
the left- and right-handed W-bosons G, and Gr couple neither to each other, nor to the
right- and left-handed W-boson respectively. The single-charged Higgs boson H; behaves
similarly to the right-handed Goldstone boson G, it does not couple to W, and G, but it
does couple to Wg and Gg.



C. BOX DIAGRAM IN THE LRSM EXTENDED BY A HEAVY TOP-QUARK

The calculation of the box diagram-mixing in the LRSM extended by a heavy Top-quark
is analogous to the calculation of the box diagram in the Standard Model performed in
chapter 1.6.3. Since the number of intermediate particles increases, more diagrams must be
taken into account. According to [43] the main contribution except for the Standard Model
contribution with two left-handed W-bosons as intermediate particles is the contribution
due to a left- and a right-handed W-boson as intermediate particles which in the Feynman-
t'Hooft gauge can be presented as eight diagrams.

A=Aw,wr + Awewy, + Awror + Aepwy, + Awre, + Agwi + Asron + Aorer

Inserting the Feynman rules (Appendix B) and using the notation (1.53) to refer to the func-
tions derived in Appendix A and using the rule vertex= —2iH. s gives

G5 M,
i,j=u,c,t, T
T4
[(H + 4) Fo(zi, xj, xwp, 1) — (1 + > Fy(wi, zj, 2wy, 1) | OgigoLR
Twy TWr

with
OgqigoLr = (@17242)(G17RY2)-

The quarks ¢; and ¢» are determined by the considered meson and the correction factors
nLRij are analogous to the correction factors in the Standard Model. The different values for
n depending on the meson-mixing process and the operator Oy, 4, are listed in paper [68].
The effective Hamiltonian is equivalent to the Hamiltonian derived in [43]. The expectation
value of the operator O, 4,1.r depends on the considered meson and is for the cases of
K%-KY- and B,-B,-mixing (g = s, d) given by [43]

_ 1 mK i
(K| Osarr |K®) = = 5mx fie Ba(M) <mS(M) + md<M>)

1+1 mBq 2
12 2 \myp +my

with the following constants taken from the Particle Data Group [8]:

(Bg| Ogorr | Bg) = _mqu]%qBZ(M)

my = 497,614 £ 0,024 M eV, mp, = 5366.3 £ 0.6MeV, mp, = 5279.50 £ 0.03MeV
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and [43]
ms = 98MeV, mg = bMeV, my = 4.2GeV.

The values for f1/Bj are the ones with the largest uncertainty. The values predicted differ
between 200+40 MeV [5] and 244426 MeV [8]. The CKM elements are also provided with
a certain error. Since the mass-difference of the mesons is measured very precisely it can
be used to constrain either f+/By or the CKM matrix elements involved. Commonly Ap,
is used to constrain |V;4|. In order to achieve exactly the measured value of Ap, for the
Standard Model case while using the CKM matrix elements given by the Particle Data Group
the value fy/By = 2052 MeV is chosen. The choice is justified by the argument that the
calculations performed in this thesis are only of a systematic nature in order to determine
the space left for an extra quark and are not performed in order to achieve exact values.
The value of M should be taken around the mass of the original particle, the meson. It is
convenient to take M = 5 GeV for B,-B,-mixing and M < O(m,) for K°-K°-mixing [16].
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