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Diagrams and Selection

By Erik Torgersen
University of Oslo

ABSTRACT

This is a study of monotone likelihood (M-L) experiments i.e. experiments which
possess monotone likelihood in some statistics. The main tools are the concave functions,
here called Neyman-Pearson (N-P) functions, which describe the relationships between
level of significance and minimum power for maximin tests.

If the parameter set contains two points, i.e. in the case of dichotomies, these functions
describe the experiment up to equivalence. Structures for sets of dichotomies are often very
simply expressed in terms of Neyman-Pearson functions. It turns out that several of these
structures of dichotomies extend naturally to M-L experiments. Thus, for example, the set
of types of M-L experiments is order complete for the pairwise ordering and it is compact
for the weak experiment topology.

Types of M-L experiments are determined by families of N-P functions satisfying
obvious consistency requirements. These requirements may be expressed as a semigroup
property of N-P functions for functional composition. A closely related representation is
in terms of powerfunctions of most powerful tests.

Using these representations we consider comparison, exact or approximate, of one
M-L experiment w.r.t. another experiment. Generalizing results in Lehmann (1988) we
show that comparison for monotone decision problems reduces to pairwise comparison i.e
to dichotomies. By general comparison principles, for given classes of loss functions, this
extends to products and mixtures of M-L experiments. In particular we obtain comparison
results for the n-sample case.

Other interesting characterizations and representations are in terms of supports of
standard measure, in terms of the between property for statistical distance and, in the
differentiable case, in terms of local comparison. In the last case M-L experiments are
characterized by families of functions, here called slope functions, providing slopes of pow-
erfunctions of most powerful tests.

Besides unavoidable continuity/differentiability conditions there are no consistency
requiremention for these families of slope functions. The type of a differentiable M-L ex-
periment be recovered from the slope functions by solving first order differential equations.

The results are used to explore how information is affected by selection. If the random
variable X constituting our original (ideal) experiment are observable only when a given
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1. INTRODUCTION. MONOTONE LIKELIHOOD AND MONOTONE DE-
CISION PROBLEMS. ORDERING OF EXPONENTIAL MODELS.

In a most interesting paper Bayarri and DeGroot (1987) consider how information is influ-
enced by selection. Most of the models discussed by them were monotone likelihood (M-L)
experiments. As this property is preserved by selection the general principles for com-
paring such experiments apply. In particular the important criterion of Lehmann (1988)
for comparison for monotone decision problems applies in the non atomic case. A general
criterion for the overall comparison of such experiments which effectively utilizes the M-L
property is still not available.

If the models are exponential (Darmois-Koopman) then overall comparison may by Janssen
(1988) be decided by a convolution criterion. This important criterion is described later
in this section.

We shall here mostly discuss comparison where at least one of the experiments under
comparison has the monotone likelihood property. We shall however also make a few
comments on general comparison, and in particular on comparison for a given loss-function.

The point of departure of this paper is to consider the information stored in the set of
powerfunctions of one sided tests.

In the case of dichotomies this set completely characterizes the type (i.e. the equivalence
class) of the experiment. Moreover it provides a simple canonical representation having
interesting properties. As any dichotomy may be considered as a M-L experiment, we
begin in section 2 by briefly describing some basic properties of dichotomies.

Dichotomies may be studied in terms of their Neyman-Pearson (N-P) functions. These are
the functions which relate level of significance to maximin power. They abound in math-
ematical statistics and are, up to trivial modifications, nothing but the Lorentz transfor-
mations (curves) from econometry or the total time on test (TTT) transform of reliability
theory. Both aspects are statistically interesting. In this paper we shall in particular see
how basic tools from reliability theory may be explored to obtain general information on
statistical models.

In the case of differentiable experiments we may instead consider functions which associate
maximum slopes of powerfunctions of tests with given levels of significance. These func-
tions, here called slope functions, determine, as explained in Torgersen (1985), all local
information. In particular they determine Fisher information. They enter naturally into
the discussion here and we shall therefore provide a brief exposition in section 3.

After these preparations we turn to general M-L experiments in section 4.

We begin here by observing that the M-L property amounts to the requirement that the
likelihoods are totally ordered for the natural ordering. This implies readily that the M-L
property is a triplewise property, i.e. that it suffices to consider subsets of the parameter
set having three points.
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Combining this with the standard method for obtaining minimum Bayes risk we conclude
that if £; i=1,...,r, is at least as informative as F; for a given class of lossfunctions then the
product & X - - - X, is at least as informative as JFj X - - - XF, for the same class of loss
functions. '

A similar statement holds for mixtures of experiments.

As pointed out in Lehmann (1988) the overall comparison may be afflicted by particular
decision problems which are not of interest in a given situation. LeCam (1964) provides
criteria which may throw light on what kind of decision problems are responsible for the
noncomparability og given experiments.

The problem of finding methods for comparing experiments w.r.t. given decision problems
of particular interest is a challenging one. In addition to the references in Lehmann ( 1988)
we would also like to point out that: comparison for k-decision problems is treated in
Blackwell (1953) and Torgersen (1970), comparison for estimation of linear parametric
functions were discussed in Stepniak and Torgersen (1981), in Stepniak, Wang and Wu
(1984), in Torgersen (1984 and 1990) and in Swensen (1980).

The theory of LeCam (1964 and 1986) provides criteria for asymptotic local comparison of

risk functions for given decision problems. Fixed sample size local comparison is discussed
in Torgersen (1972a-b and 1985).

In the last part of section 6 and in section 7 we apply the obtained criteria, as well as
other ones, to experiments obtained by selection. We shall here mainly be concerned with
orderings of experiments related to one of the following modes of comparison:

Over all comparison = comparison on all of © for all decision problems.

Local comparison = comparison within small neighbourhoods of any given pa-
rameter point and for all decision problems. (If © is one
dimensional then it suffices to consider testing problems).

m-wise comparison = comparison for all m-point sub parameter sets and for all
decision problems.

Pairwise comparison = 2-wise comparison = comparison for all two point subpa-
rameter sets and for all decision problems (it suffices to
consider testing problems). ’

Other orderings which will be considered are the natural orderings defined by the Hellinger
transform, by affinities and by Fisher information. These orderings are related as in the
figure below, where arrows point in the direction of decreasing strength:
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By the previous sections comparison for monotone decision problems may be expressed
in terms of N-P functions or in terms of slope functions. In the first case the problem
is reduced to pairwise comparison and in the second to local comparison. Thus we shall
take a look on how N-P functions and slope functions are altered by selection. In the
exponential case, we do the same thing for the Hellinger transform.

We shall in section 7 restrict our attention to selection on subsets of the likelihood space
which are either intervals or complements of intervals. It turns out, in both cases, that
whether information is reduced or increased is related to whether the failure rates of laws of
(differentiated) log likelihoods are increasing or decreasing. Among the results we mention
that selection on an interval bounded away from 0 and infinity in the likelihood space never
increases strictly the pairwise information.

In section 8 we return to the general situation and consider conditions ensuring that a M-L
experiment approximately majorizes another experiment for monotone decision problem.

In the case of dichotomies this is expressed in terms of the deficiency introduced by LeCam
(1964). This deficiency has, as shown in Torgersen (1970), natural geometrical interpreta-
tions. In particular the deficiency distance/ V2 is the Paul-Levy diagonal distance between
these functions considered as distribution functions.

The main results in this section extend this by showing that a M-L experiment is € -
~deficient w.r.t. another experiment for monotone decision problems if and only if this is
so pairwise.

At this point we should make precise what is here meant by monotone likelihood ratio, by
monotone decision problems and by monotone decision procedures.

Consider an experiment £ = (x,A; Pp; 8 € O) along with a real valued statistic Z on the
sample space (x,.A) of £. Assuming that © is a set of real numbers we shall say that
& has monotonically increasing (decreasing) likelihood ratio in Z if there to each pair
(61,62) € © x © such that 6, > 6, corresponds a monotonically increasing (decreasing)
function g, 9, on R such that pg, ¢,(Z) is a Py, maximal version of dPy,/dP,,.

Note that maximality implies that g, 9,(Z) =0 a.s. Py, on any Py, null set N.

Clearly £ has monotonically increasing likelihood ratio in Z if and only if £ has mono-
tonically decreasing likelihood ratio in -Z. Thus we may in many problems restrict our
attention to monotonically increasing likelihood ratios.

Consider now the particular case of a totally informative experiment j.e. an experiment
€ = (Ps : 0 € O) such that Py, and Py, are mutually singular when 6, # 6;. If the
sample space x permits a measurable patitioning Ag : @ € 6 such that Ps(Ag) = 1 then
£ has monotonically increasing likelihood ratio in Z where Z(z) = 6 when z € Ay and
6 € O. Although this construction is feasible whenever © is countable, and thus for any
restriction to a countable subparameter set, there may not be any statistic Z such that £ has



1.7

If conditions (i) and (iii) hold while (ii) is violated with 7 being monotonically decreasing
then we may replace © with © = —© and L with L defined by L;(t) = L_j(t) when 6 € ©

and t € T. Then L is monotone with 7 being replaced by 7 given by 7’(5) =7( —é); fcé.

If L is monotone and the decision space T is finite, say T = {t1,...,tx} with t; < --- < g,
then we may decompose © as © = ©; U--UOj where ©; = {6 : 7(f) = t;}. Then Oy, ..., Ok
are disjoint intervals in © and 6, < --- < 6; whenever §; € O;;7 = 1,.., k. If, in addition,
© is finite then there are parameter points 8; < 6, < - -+ < fx_; so that:

©,={0:0€0© and 6£6,}, ©0,={0:0€0 and 6, <0 X6z}, -,
Or-1={0:0€0 and 6;_,<6ZL6,_1} and 0r=1{0:0€0© and 0> 0;_.}

A general monotone decision problem may be approximated by a finite monotone decision
problem by the following device. Let (T, L) be monotone as described above and consider
any non empty subset Ty of T and any non empty subset ©¢ of ©. Then there are subsets
T, of T and ©; of © such that T, € 73,0, € ©; and L|O©; x T; is monotone. In fact we
may put T} = To U 7[O¢] and ©; = O U {6, : t € T} — 7[O¢]} where 8 = 6,, for each t, is
a solution of the equation 7(6) = t. Then 7[0;] = T} so that L|©®; x T; is monotone.

Note that the sets ©; and T, are both finite when the sets ©, and T, are finite.

If the experiment £ = (Py : § € ©) has monotonically increasing likelihood ratio in
statistic Z and if the loss function is monotone then, by Karlin and Rubin (1956), we may
restrict attention to decision rules § which are monotone in the sense that §([t,oo[|Z =
z) = 1 whenever §([t,00[|Z = 2') > 0 for some 2’ < z.

If 6 is non randomized this amounts to the condition that §(z) is monotonically increasing
in z. For randomized procedures the above definition of monotonicity amounts to a stronger
requirement than the requirement that é(-|z) increases monotonically in z for the stochastic
ordering of distributions.

So far no simple general criteria for the overall comparison of M-L experiments appear to
be available. In two important particular cases convolution criteria apply.

Firstly if £ is a strongly unimodal translation experiment then the convolution criterion
of Boll (1955) for comparability of translation experiments applies. By Torgersen (1972)
this extends to approximate comparison.

Secondly if £ is an exponential (Darmois-Koopmans) family of any finite dimension then
the convolution criterion of Janssen (1988) is available. (This result is also close to the
surface in Ehm and Miiller (1983), although the emphasize in that paper is on asymptotic
comparison).

One dimensional exponential experiments are M-L experiments and, furthermore, expo-
nentiallity is preserved by selection. Thus the latter criterion is very relevant here. As it
may not be so well known we shall provide the following version of it.
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for the distribution Py, x M. Then Py, x M = D x Qg, and Py, = DQg,. It follows that
D maps densities dPy/d Py, into versions z — [[dPy/dPy,],D(dy|z) of dQ/dQe,. In other

words f%@)je(" %0,9) D(dy|z) = %ﬂ;e(@ 80,2) for Qg, almost all z € R¥. Let D, be the
distribution of ¥ — z when Y is distributed according to D(-|z). Then [ e(®=%%)D,(dz) =
[ e6=%.3=2) D(dy|z) = 77—5:(:‘)’,),6;:) for Qg, almost all z.

By continuity and separability we may arrange the exceptional set of points z such that
it does not depend on 6 as long as 6 belongs to an open ball around 6. Using analytic
continuation we find that the characteristic function of D,, for z not belonging to this
exceptional set, is independent of z and thus that D, = G where the distribution function
G does not depend on z.

For 8 belonging to the above mentioned ball around 6 this implies [ (=% G(dz) =

:(Zzojg(bgo)j Le. that 2%@% b:(o; ) [ e(6=60,9)G(dz). The last equality may also be written

Eeoe(o—oo’y) = EGOC(O—OO,Z) /6(0_00’:)G(d1').

Hence

Eg,e'"Y) = Eooe"“»m/e"“vﬂc(dx); te R*

and thus:
Laoo(Y) = Lay(Z) * G.

Among the notations which will be used are:
N(&,0) = the univariate normal distribution with mean ¢ and standard deviation
0.
R(0,1) = the uniform (rectangular) distribution on [0,1].
L(X) = distribution (law) of X.
DFR= decreasing failure rate.
IFR= increasing failure rate.
dv/du = the Radon-Nikodym derivative of the p absolutely continuous part of v
w.r.t u.
a A b= minimum {a, b}
aV b = maximum {a, b}

/\at = infat
t t
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2. THE CASE OF DICHOTOMIES. NEYMAN-PEARSON (N-P) FUNC-
TIONS.

Any dichotomy D = (P, P;) = (Ps; 60 € {0,1}) is a M-L experiment. It is therefor natural
to begin our study of M-L experiments by reviewing properties of dichotomies. Convenient
tools in this case are:
(i) The relationship between level of significance and maximum power for testing, say,
“g = 0" against “6 = 1”.
(i1) The relationship between prior distribution and minimum Bayes risk for testing
“g = 0” against “6 = 1” with 0-1 loss.
(iii) Variations of standard measures and Blackwell measures.
(iv) The Hellinger transform.

The relationship (i) is given by functions which in one form or another, appear to play
important roles at the most diverse occasions, not all of them in statistics. Although not
widely recoqnized, even among statisticians, their genesis may be regarded as rooted in
the Neyman-Pearson lemma. They deserve a name expressing this and we shall here say
that a function is a Neyman-Pearson function (N-P function) if it is a continuous concave
function from the unit interval [0,1] to itself which leaves 1 fixed. Of course concavity
ensures continuity on the open interval ]0,1[ and if, in addition, it is assumed that 1 is a
fixed point then it is automatically continuous on )0,1]. Thus a function 8 from the unit
interval to itself is a N-P function if and only if it is concave, 8(0+) = £(0) and (1) = 1.

In statistics N-P functions arise in testing theory in many situations which are not directly
related to the Neyman-Pearson lemma. Thus e.g. the maximin level a power defines a N-P
function B of a provided we ensure that $(0+) = B(0).[If the weak compactness lemma
holds then this is automatic. In general we may just define 3(0) as 5(0+).]

More generally we may consider maximin level a power for test functions belonging to a
given convex class of test functions containing the constants in [0,1].

In particular if D = (P, P;) is a dichotomy then the N-P function of D is the function
B(:|D) which to each a € [0, 1] assigns the power B(a|D) of the most powerful level a test
for testing “6 = 0” against “6 = 1”. When convenient this function may also be denoted

as B(:|Po, Py ).

Example 2.1 (Double dichotomies and triangular N-P functions).

If 8 is a N-P function then a £ f(a) £ 1 for all @ € [0, 1]. The lefthand side corresponds to
the N-P function of a totally non informative dichotomy (P, P) while the right hand side
corresponds to a totally informative dichotomy (Pp, P;) with Py and P; being mutually
singular.

An interesting family of N-P functions (which include the above mentioned) are the trian-
gular ones. These are the N-P functions of the double dichotomies. Thus the N-P function
of the double dichotomy ((1 — p,p),(1 — ¢,9)) with p £ ¢ is the upper boundary of the
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we may write D = infD; or
1

D=ADi

It follows that the collection of dichotomies is order complete for the informational ordering.
Note however that the sup operation expressed for N-P functions is not the pointwise
supremum. It corresponds of course to the supremum operation on N-P functions for the
informational ordering. The least upper bound of a family (D; : ¢ € I) of dichotomies may
be denoted as sup D; or as V;D;.

]

Monotone likelihood experiments are very naturally represented as families of N-P func-

tions. These families are characterized by being closed for the “natural” functional com-

positions. In general if D; and D, are dichotomies having, respectively N-P functions

p1 and B2 then the composed function 8;(8;) = B, o B2 is also a N-P function. If D

is a dichotomy having f;(8;) as its N-P function then D is at most as informative as

the product dichotomy D; x D,. Indeed if v is the N-P function of D; x D, then, for
1

any a € [0,1],v(a) = sup{[ Bi(a(z))B2(dz) : E)I'Ot(:r)d.r = a} 2 (by Jensen’s inequality)
1

sup{Ai([f a(z)B2(dz)) : [ a(z)dz = a} = Bi(B2(e))

0

As mentioned above any N-P function arises from a dichotomy. In fact a N-P function
B is also a cumulative distribution function of a probability distribution on [0,1] which is
absolutely continuous on ]0,1]. In fact it may be checked that 3 is the N-P function of the
pair (R(0,1),3) where R(0,1) denotes the rectangular distribution on (0,1).

The N-P function of a dichotomy D = (P, P;) is usually found by first finding a real
valued sufficient statistic X,e.g.X = dP;/d(Py + P1), such that F; = L(X|P,) has a
monotonically increasing density w.r.t. Fy = L(X|F). By the Neyman Pearson lemma
B(a|Py, P) = 1 — F1(Fy (1 — @)) for any « €]0,1] such that Fy(Fy (1 —a)) =1 - a.
In general this formula holds for any a €]0,1[ provided we permit a random mass in
F;1(1 - a) distributed uniformly on [0, m(a)] where m(a) is the Fy mass in Fy '(1 — «).

All dichotomies having the same N-P function § are statistically equivalent with the di-
chotomy (R(0,1),5). Using the terminology of LeCam (1986) we may express this by
saying that B(|D) defines the type of the dichotomy D. In fact if & is the observed signif-
icance level for testing “6 = 0” against “0 = 1” in D = (P, Py) then L(&|Fy) = R(0,1)
and L(&|P) = 6. :

The dual of a N-P function S is the function b on [0,1] given by:

b(A) =a moiln[(l = ANa + A(1 - B(a)]
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More generally if + is any N-P function such that v(a) £ 8(a|P, P) for all « € [0, 1] then
there is a right continuous monotonically increasing family of test functions ¢4 : a € [0,1]
in D = (P, P;) such that '

Eypoa =a while Ejp, =4(a).

If e.g. 7 is given as the upper boundary of the convex hull of points (0, ), (p1,491), (P2, 92)
and (1,1) where 0 < p; < p2 £ 1 and 4(0) = b,7(pi) = ¢i;¢ = 1,2 then we may construct
the family ¢, : a € [0,1] in the following steps:

(i) Let 64 : @ € [0,1] be given as above.

(ii) Put @o = [6/B(0|Fo, P1)]b.

(iii) Let a; be the smallest number a; 2 0 such that the graph of 5(-|Po, P1) intersects
the line through (0,b) and (p1,¢:1) in the point (a1, B(a1|Po, P1)). Put so po =
(1—=6)po + 064, for a = (1 —6)0+ 6a; in [0,p,].

(iv) Let ay be the smallest number a; 2 a; such that the line through (p1,¢:1) and
(P2, g2) intersects the graph of B(:| Py, P1) in (a2, B(a2|Po, P1)). Put so pa = (1 —

0)pp, + 044, for a = (1 — 0)p; + ba, in [p;, p2].
(v) Put po = (1= 8)pp, +6-1for a=(1—-6)p,+6-1in [ps,1].

It may be checked that 6y 2 ¢o,64, 2 ¥p,,6a, 2 ¥p, and that po < @y, < @p, S 150
that ¢4 : a € [0,1] satisfy our requirements.

Proceeding by induction we obtain for any polygonal v £ B(:|Po, P1) a representation
¢a : @ € [0,1]. By compactness this extends to any N-P function v £ B(:|Po, P1)-

This procedure is closely related to the procedure known from the theory of majorization,
see e.g. Marshall and Olkin (1979), whereby we may pass from a vector p to a vector ¢
which is majorized by p by a finite number of “decreasing” steps each modifying only two
coordinates.

Suppose now that v(-|Qo, @1) £ B(:|Po, P1) for a dichotomy (Qo, Q1) Then v(a|Qo, Q1) =
Ejpo where a = Eyp, for an increasing right continuous family ¢, : 0 £ a X 1 of
testfunctions in D = (Py, P;). Let M(-|z), for each z in the sample space of D be the mea-
sure on [0,1] having distribution function @ — ¢4,(z). Letting R(0,1) denote the uniform
distribution on (0,1) we find for any Borel set B & [0,1] that:

R(0,1)(B) = / M(B|z)Py(dz)

while:

A(B|Py, Py) = / +(dz|Po, Pr) = / M(B|z)P(dz)
B
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Remarks

The equivalent conditions (i) - (v) express all that D is at least as informative as D. A
dilation on [0, oo is a Markov kernel D from [0, oo] to [0, oo[ such that [zD(dz|y) = y;y 2
0.

The integral [(dP,/dPy)'dP, for a dichotomy D = (P, P;) is, as a function of ¢ € [0,1],
the Hellinger transform of D. It defines D up to equivalence. The ordering described by
(vi) does not however, see Torgersen (1970), imply that D is at least as informative as D.
In terms of the N-P function 3 of D the Hellinger transform may be expressed as:

t— /l[ﬁ'(a)]‘da = /l[K"‘(a)]tda

where
K = L(dP, /dP|P).

Consider so comparison of dichotomies D = (Fy, Fy) and D = (Go,G,) where all four
distributions are on the real line. Denote the N-P functions of D and D by, respectively,
B and f. Let us agree that p-fractiles with p > 0 are chosen minimal while 0-fractiles are
chosen maximal.

Assume first that D 2 D and that D has monotonically increasing likelihood ratio. Then,
for any number ¢, F; '(Go(c)) £ F7'(Gi(c)). Indeed if this was not so for a number c
then there is a t so that

F7(Gi(e) < t < Fy(Go(0))

Putting @ = 1 — Go(c)) we find that B(a) 2 1 — Gi(c) 2 1 — Fi(t) = B(&) where
& = 1-Fy(t) 2 1-Go(c) = a. Hence f(a) 2 B(a) 2 B(a) 2 B(a) so that “ =" prevails and
thus G;(c) = Fi(t). The convention concerning 0-fractiles implies that G1(c) = Fi(t) > 0
and thus that f(a&) = B(a) < 1. Hence, since @ 2 a, @ = a so that Go(c) = Fp(t).
In particular t is a Go(c) fractile of Fy. If Go(c) > 0 then this is incompatible with the
assumption that t < F; '(Go(c)). Thus Go(c) = 0 so that @ = 1, but this is incompatible
with the inequality f(a) < 1. It follows that there is no number t with the asserted

property.

Can this be reversed? It is claimed in Lehmann (1988) that this is permissible if both
dichotomies have monotonically increasing likelihood ratio. There is however a missing
link in the proof and in fact counterexamples exist when we permit the distributions Fp
and F; to have point masses. Assume e.g. that Fj;: = 0,1 have masses 1 — p; and p;
in, respectively, 0 and 1 where py < p;. Let v be a N-P function such that (0) = 0.
Then we may let Gy be the uniform distribution on [0,1] and let G; be the distribution
on [0,1] having distribution function G1(a) = 1 — (1 — a). Then both dichotomies have
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As mentioned earlier the N-P functions and their close relatives appear in abundance in
statistics and in econometry. Thus spread in econometry is frequently described, see e.g.
Arnold (1987), in terms of Lorenz functions. Then relationship between Lorenz functions
and N-P functions may be described as follows.

Let F be any distribution on [0, 0o having finite positive expectation pr = [zF(dz) =
fol F~1(p)dp. The Lorenz function of F is the function Lr on [0,1] defined by:

Le() =, [ F7(0dt/ur.

Put Fy = F and let F; have density z — z/ur w.r.t. Fy. Let K be the distribution of
dF; /dFy under Fy. Then K~! = F~!/up and Lr(p) =, 1 — B(1 — p|Dr) where Df in the
dichotomy (Fp, F).

It is easily inferred that a function L is a Lorenz function if and only if it is of the form
L(a) =1- B(1 — a) for a N-P function § such that §(0) = 0. If L is in this form with 3
being the N-P function of the dichotomy (Pp, P;) then L is the inverse function of the N-P
function of the reversed dichotomy (Py, P).

It follows that a function is a Lorenz function if and only if it is a continuous convex
function from [0,1] onto [0,1] having the origin as a fixed point.

Considering two probability distributions F and G on [0, 00[ such that both have finite
positive expectations we may, following Arnold (1987), say that G Lorenz majorizes F if
Lr 2 Lg. By the above comments this amounts to the condition that Dg 2 Dr where
D¢ is defined in terms of G as Dr above was defined in terms of F.

Another notion related to the N-P functions is the total time on test (TTT) transform in
reliability theory. These are, see Klefsjg (1984), the functions of the form a — 1 — (1 —
a)+ (1 —a)p'(1 - a) for a N-P function . This is particularily relevant here since, as we
shall see, reliability theory provides answers to many problems concerning how selection
influences information.
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where
k

N(6o,h) = {8: 316 — 6| < h).

1=1

If the local defiency 65 (£, F) = 0 then we shall say that £ is locally at least as informative
as F at 6,. The Ioca.l deficiency distance A} (8 F) between £ and F at § = 6p may
then be introduced as the larger one of the numbers 65,(E,F) and &5 (F,€). This local
distance behaves then as a pseudometric, just as the “global” deficiency distance (£,F) —
max{§(€,F),6(F,E)} of LeCam (1964 and 1986).

Ag,(€,F) = 0 then we shall say that £ and F are locally equivalent at § = 6,. Of
particular relevance here is the fact that in the one-dimensional case an experiment £ =
(Ps : 6 € ©) which is differentiable at 6 = 6 is, provided Py, # 0, locally equivalent with
a unique strongly unimodal translation experiment of distributions on the real line.

In general the local properties of £ = (Py : § € O) are stored in the distribution F(-|6p,£)
of (dP ,/dPsy;i = 1,--- k) under Py,. Thus the Fisher information matrix I(6o, &) of
& at 6y has as its (i,j)th entry the number fa:isz(dz|90,£). Furthermore £ is locally at
least as informative as F at § = 6, if and only if F(-16o,€) is a dilation of F(-|6y, F

In general the e-version of the transition criterion has a dual version expressible in terms of
approximate dilations. The distribution F(-|6p,£) has expectation (vector) zero and, con-
versely, any distribution on R* having expectation zero qualifies as a distribution F(-|6p, )
for a suitably chosen differentiable experiment £.

In the one dimensional case local comparison may be completely described in terms of
another family of concave functions related to the Neyman-Pearson lemma. These are the
continuous concave functions « on the unit interval [0,1] such that (0) = x(1) = 0. A
function having these properties is here called a (N-P) slope function. Thus a N-P slope
function is a concave function on [0,1] such that

k(0) = k(0+) = k(1-) = k(1) = 0.

Assuming that © & R consider an experiment £ = (Py : § € O) which is differentiable at
6o € ©. Consider also a size a-test é for testing “6 = 6,” against “6 > 6,”. Then Ey,6 = a
and the slope of the powerfunction at 6 = 6, is

d .
—5Eo8lo, = / §dP;,.

This slope is maximized by any size a test 6 admitting a constant ¢ such that § = 0 or
6 =1 as dPy [dPs, < c or dP; [dPg, > c. Insisting that the test should be functionally
dependent on dP; /dP,, we obtain, for each « € [0,1], a unique maximizing test é.

The basic observation here is that this maximum slope as a function of the size a € [0, 1]
is a N-P slope function which we here shall denote by «(:|6p,€). Any N-P slope function
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assigns masses B/(A + B) and A/(A + B) to, respectively -A and B.

Putting M = AB/(A+ B) and p = A/(A + B) we obtain all non null triangular N-P slope
functions.

A translation experiment £ = (Gy : § € R) on the real line is differentiable if and only if G
+o0
has an absolutely continuous density g such that [ |¢'(z)|dz < co. In that case the slope

function & = £(-|6p,£) does not depend on 6. If G is strongly unimodal then x may be
expressed as k(a) = g(G™(1 — @)).

Conversely if £ is a non null N-P slope function then k is of this form for a strongly
unimodal distribution function G such that the corresponding translation experiment is
differentiable. This family of distribution functions constitutes the totality of solutions of
the differential equation G' = k(1 — G).

In the one dimensional case all local properties may be expressed in terms of the slope
function. Thus if £ has slope function « at 6, then the Fisher information at 6 is the
quantity

1 1
I(60,&) = /zzF(da:IBO, &)= /K'(a)zda = /[@ — K.,(Cl)]2da.
0 0
The slope function « may be expressed directly in terms of F' = F(-|6, ) by:
K@) =0 [F(1-p)dp
0

so that the lower 1 — a fractile F~!(1—a) of F is the right derivative of « for any a €]0, 1[.

Consider now an everywhere differentiable experiment £ = (Py : § € ©) having an open
interval of the real line as its parameter set. Then any test function § in £ satisfies the

differential inequality
%Eg& < n(E95|0,8);0 €0

with “=" everywhere if § is a most powerful level Eg, 6 test for testing “ 6,” against “6,”

whenever 6; < 6,.

The last observation is crucial for linking local and the global information in differentiable
M-L experiments.
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Proof:
Let us, as the “if” is trivial, assume that £ = (P : § € O) is pairwise more informative

than F = (Qs : 6 € ©)

Let o be a powerfunction in F and let 6, € ©. Put @ = o(6p) and assume first that
0 < a < 1. By the M-L property of £ there is a powerfunction = in [], so that 7(6,) = a.
If 6 2 6y then

7(0) = B(c|Pyy, Po) 2 B(a|Qs,, Qo) Z o(6).

If § < 6, then

B(m(6)|Ps,, Ps,) = a £ B(0(6)|Qs,,Q6,) S B(0(6)|Ps, , Ps,)
so that (8) < o(0).

Consider so the case where o(6y) = 0 or ¢(6y) = 1. Replace ¢ with o, = (1 — %)‘7 + % or
by 0, = (1 — )0 as, respectively, 0(6y) = 0 or o(6,) = 1.

Applying the above result to o,, with n 2 2 and then using that [], is dosed for pointwise
convergence we obtain a powerfunction 7 in 7z so that 7(8) < o(6) or n(8) 2 o(f) as
6 < 6 or 6 2 6y. The last statement follows from the fact that if F has the M-L property
and if o is a powerfunction in F and if §, € © then there is powerfunction & in [] 5 so
that 6(6) < 0(6) or 6(8) 2 o(6) as § £ 6, or 6 2 6.

a

Corollary 4.2

M-L experiments £ and F are pairwise equivalent if and only if [J, = []£-

Remark
We shall soon see that pairwise equivalence and full equivalence is the same thing for M-L
experiments.

With the modifications described in section 2 the criterion og Lehmann (1988) applies:

Theorem 4.3. (Pairwise comparability and distribution functions)

Let £ =(Fp:6 € ©) and F = (Gy : 0 € O) be experiments on the real line. Then:
(a) If £ has monotonically increasing likelihood ratio in T(z) = z and if £ 2 F
pairwise then F, !(Gy(z)) is monotonically increasing in 6 for any .
(b) If F has monotonically increasing likelihood ration in T'(z) = z and if the dis-
tributions in £ are non atomic then £ 2 F pairwise provided F; '(Go(z)) is
monotonically increasing in 6§ for any z.
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monotone decison problems. This may be seen directly from Lehmann’s criterion since
H;’il(Ho,,z(z)) =(1- %12-)0 + -:—}z when 0 < Hy 0,(z) < 1.

We shall see in section 6 that if an experiment £ is at least as informative as another
experiment F for a given loss function then £" is at least as informative as F™ for the
same loss function. Thus theorem 4.1, and also theorem 4.3 when it applies, provides
conditions ensuring that n independent observations of a variable X are more informative
than n independent observations of a variable Y pairwise as well as for monotone decision
problems. In particular this yields the n-sample results in Lehmann (1988). It should
however be emphasized that the criteria ensuring that £* > F™ for monotone decision
problems are not the same as those ensuring that £ 2 F for monotone decision problems.
This is so even when both £ and F are assumed to possess the M-L property. Indeed any
pair (£, F) of non comparable dichotomies such that £® > F™ provides a counterexample.

Let us take a closer look on the sets [], of powerfunctions. For any experiment £ (with
© < R) the set [], is a family of monotonically increasing functions from © to [0,1] having
the additional properties:

(2’) If 6o € © and 0 < @ < 1 then there is at most one function 7 in [[, such that
m(6p) = a.

(b) To each pair (6,,6;) of points in © such that 6; < 6, corresponds a N-P function
ﬂ('lelaGQ) such that 7l'(02) = ﬂ(7r(91)|01,02) whenever 7r(91) > 0.

(c) [lg is closed for pointwise convergence on ©.

Conditions (a’) and (b) imply together that [], is totally ordered for the pointwise ordering.
If £ possesses monotone likelihood ratio then (a’) may be strengthened to:

(a) If 6 € © and 0 < a < 1 then there is a unique powerfunction 7 in ], so that
(6) = a.

Condition (c) is not as imposing as it may appear. Actually if [] is a set of monotonically
increasing functions on © satisfying (a) and (b), then (c) amounts to the condition that ]
should contain those indicator functions which are pointwise limits of functions from [].

We shall later see that conditions (a) and (b) together characterize the M-L property.

For now observe the following facts concerning the tests having a particular function func-

tion 7 € [], as its powerfunction:
If 7 € []; and 6 is a test such that Eg,6 < m(6p) > 0 then Eg¢é < w(6) when 6 2 6.
If 7 € []; and § is a test such that Eg 6 2 m(6;) < 1 then E¢é 2 7(6) when 6 < 6;.

Joining these “principles” we conclude that if Egé6 = m(6) for § = 6y and for § = 6, then
this is so also for 6y £ 6 < 6.

It follows that if £ is homogeneous and 6, £ 6 < 6, for any § € O and if 7 € [],
then E¢ér =¢ m(0) where 6, is the unique most powerful level 7(6;) test for testing
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If Py,(C) > 0 then the requirement may be written:

E90¢ — P oo(B )
P, ao(C)
Varying k and v the quantity Eg,(6,|C) varies freely in [0,1]. Thus an assignment such that

Eg,6x = Eg,¢ = () is feasible. By the Neyman-Pearson lemma Fj, (6+|C) 2 Eg,(4|C)
when Py, (C) > 0. In any case f 8rdPy, 2 f ¢dPy, so that Eg ér 2 Eg ¢. Thus, by

optimality, Eg, ér = Eg,¢ = 7r(01) Hence E96,, = Egp¢ = m(0);6p £ 6 < 6; so that
Epbr = 7(6).

Eg(6x|C) = Ego(|C)(= )-

Furthermore by the uniqueness part of the Neyman-Pearson lemma 6 is, up to nullsets,
the unique, test which has powerfunction 7 and which is measurable w.r.t. the minimal
sufficient o-algebra. The above discussion provides a substantial part of the spade work
for:

Theorem 4.4 (Monotone assignment of tests 1).

If O is finite then there corresponds to any given powerfunction 7 in [], one and only one
test-function 6, having that powerfunction and which is measurable w.r.t. the minimal
sufficient o-algebra. This test-function 6, assumes, disregarding nullsets, besides 0 and 1
at most one additional value in ]0,1[. Furthermore the assignment 7 — é, 1s monotonically
increasing.

Proof:
We may without loss of generality assume that © = {1,---,m}. Put g = > P and
6

fo = dPy/du. We supress the qualification a.e. in the arguments below.

Let [] be the set of functions in [], which are not indicator functions. Obviously we may
restrict attention to powerfunctions in [].

m . .
Decompose [] as [ = U []' where []' = {7 : = € [[,7(¢) > 0,7(f) = 0 when 6 < ¢}
i=1
Then, since [] is totally ordered, any power function in []' majorizes any powerfunction
. k . . . . .
in [[" when i < k i.e., with obvious notations,:

ngnzg g]._‘[m

Decompose so each set []' as

Ir-um’

i=1
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There is for any experiment £ a monotone assignment 7 — 6, from [], to the set of test
functions such that

Egbr =g () for allr € [

Remark.

If the conclusion of the weak compactness lemma is not valid for £ then the statement
of the theorem requires that we admit the “generalized” test functions described at the
beginning of this section.

An important and immediate consequence is:
Corollary 4.6 (Powerdiagrams and types of M-L experiments)

If [ = [15 for experiments £ and F and if F has the monotone likelihood property then
the experiments £ and F are equivalent.

Proof:

Express £ and F as £ = (Py: 6 € ©) and F = (Qp : 6 € ©). It follows, since F has
monotone likelihood, that the set [] = [], = [ 5 satisfies conditions (a) and (b). Thus £
and F are pairwise equivalent.

Associate with each constant ¢ € R the test in F with rejection region [T > c|. Then
7° given by m¢(0) =¢ Q¢(T > c) is in []. It follows that there is a test function 6° in
& such that 7¢(0) =4 Eg¢é. where 6., £ 6., a.e. € when ¢; 2 c;. In order to escape
technicalities we may, and shall, assume that © is finite. Then we may regularize the
map ¢ — 6. so that it is pointwise monotonically decreasing and continuous from the
right and such that §¢ = 0 or = 1 as ¢ = o0 or ¢ = —o0o. Then there is a unique
Markov kernel M from £ to F such that M(] — oo, c]|-) = 1 — é. for all numbers c. Clearly
EgM(] — 0o,c]|-) = 1—7%(6) = Qo(T £ c) so that PeM =4 L(T|6). It follows, since T
is sufficient in F, that £ is at least as informative as F. Hence, since they are pairwise
equivalent, they are equivalent.

O

We shall now see that the M-L property is a property of type i.e. that any experiment
which is statistically equivalent with a M-L experiment is itself a M-L experiment. By the
last corollary this implies that if [, = [] for a M-L experiment F then also £ has the
M-L property.

Let £ = (Py : 6 € O) be an experiment having monotonically increasing likelihood ratio in
a statistic T. If fg is the density of Py w.r.t. some majorizing measure u and if 6, < 6,
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Assume that u]v]u where both functions are non null. If vg, > 0 while ug, = 0 then

vg/vg, = ug/ug, when 6 > 6y so that ug = 0 when 6 > 6,. Hence, since u # 0,up, > 0
for some 6; < 5. Then 0 = ug,/ug, 2 vg,/vs, contradicting the assumption that vg, > 0.
Thus vg > 0 if and only if ug > 0.

Choose a parameter value 6, such that vg, > 0 and put t = ug,/ve,. If 6 > 6 and
vg > 0 then vg/vg, = ug/ug, so that ug/vy = t. Likewise if § < 6 and vg > 0 then
Vg, /vg = ug,/ug so that again ug/ve = t.

O

In general if V is a candidate for the set possible likelihood functions then there should
to each @ in © be at least one function v in V such that vg > 0. Assuming this we may
draw the conclusion that if V is also totally ordered for ] then zeros and positive values of

a function in V appears along the  axis as:
0,--+,0,4,--+,4,0,---,0

where one or both sequences of zeros may be empty.

In fact if v € V and if vg, = 0 while vy, > 0 and vy, > 0 where 6, < 6, < 6; then we find
for any w € V with wg, > 0 that wy,/wy, > 0 = vy, /ve, while we,/we, < 00 = vy, /ve,-
This, however, contradicts either of the inequalities w[v and v[w.

Let us agree to say that a non negative function v on © is sign regular if {6 :vg > 0} is a
subinterval of ©. In other words v is sign regular if vy > 0 whenever 6, < 6 < 6, where
vg, > 0 and vy, > 0.

It may now be checked that if v]w where v and w are both sign regular then passing from

w to v the end points of the interval of positivity remain either unchanged or are pushed
to the right.

Sets of likelihood functions which are totally ordered for the relation ] need of course not be

measurable. If O is finite however then maximal sets having this property are necessarily
measurable.

In fact, whether © is finite or not, if V is a set of likelihood functions which is totally
ordered for the relation ] then, by proposition 4.7, also the pointwise closure of V is totally

ordered for this relation. If © is finite then closed subsets of R® are measurable.

Say that a real valued function T on V is strictly increasing if T'(v) < T(w) whenever v[w

while T'(v) = T(w) if and only if v and w are positivily proportional.

Totally ordered sets V may be represented by subsets of the real line with the usual ordering
as follows:
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Remark
The standard measure of £ = (Py : § € ©) is the measure uf~! where p = Y Py, fo =
6

dPy/du;0 € © and f = (fo : 6 € ©). By Blackwell (1951) and LeCam (1964) this measure
characterizes £ up to equivalence. The experiment £f~! = (Pyf~! : 6 € O) is called the
standard experiment of £.

Proof:

We shall use the notations of the remark. If £ has the M-L property then we noted above
that, disregarding a £ null set, the set of possible functions § — fy is totally ordered for
the ordering ]. Hence pf ~1 has a totally ordered support. Conversely if uf ! has a totally

ordered support then fo,/fo, = b6,,0,(T(f)) for ¢4, 6, and T as constructed above.
O

Corollary 4.10 (Types of M-L experiments contain M-L experiments only)

An experiment which is equivalent with a M-L experiment is itself a M-L experiment.

Remark.
It suffices actually to require pairwise equivalence. Indeed, as we soon shall see, the pairwise
equivalence of £ and a M-L experiment implies full equivalence.

Proof:
This follows directly from the theorem and the definition of the M-L property.

O

In order to show that the monotone likelihood property is a triplewise property we shall
need:

Proposition 4.11

Assume © = {1,---,m} and that v and w are non negative functions on © such that
(vi,vi+1)1(wi,wi+1);i =1,---,m—-1

Assume also that v and w are both sign regular. Then either vJw or v and w may be

expressed as:

v =(vl,'°',vt—l,0,"',0),w=(0,"',O,wt+l,"',wm)
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supports the standard measure of £|0;. Then the standard measure of £ is supported by
the set V of likelihood functions v on © such that any restriction v|®; isin Wy;¢ = 1,---,4.
The proof will now be completed by showing that V is totally ordered. Consider functions
v and w i V. We must show that either v[w or v]w.

Assume that neither v[w nor v]Jw. Note that our assumptions imply that v and w are

both sign regular. It follows that there are indices k,k + 1 and i,7 + 1 such that wx > 0
and vg41/vk > wi41/wk while v; > 0 and v /v; < wit1/w;. We may without loss of
generality assume that k¥ < 7 and then, since {k,k + 1,7,z + 1} can’t be contained in a
three point set, ¥ = 1 and : = 3. Thus w; > 0 and vy /v; > wy/w; while v3 > 0 and
v4/v3 < wy/wz. In particular v, > 0 and wy > 0. Our assumptions imply that “vlw”

on the sets {1,2,3} and {1,2,4} while “v[w” on the sets {2,3,4} and {1,3,4}. Hence

v3 /vy = w3 /wa,v3/v1 = w3 /wy, vy /vy = w47w2, and vy /v; = wg/ws.

Furthermore the quantities vs /v1, w2 /w;, and v3 /v; = w3 /w, are positive and finite. This,
however, yields the contradiction:

w3/w1 = '03/‘01 = ’03/’02 -vg/vl > ’wa/’wg 'wg/'w] = ’w3/'UJ1
O

Let us return to our considerations on powerfunctions. We have seen that the set [], of
powerfunctions characterizes a M-L experiment £ up to equivalence. The question then
naturally arises: What sets [] of function are of the form [] = [] for some M-L experiment
E?

We have seen that any such set [] is closed and satisfies conditions (a)-(b). This, however,
is all we can say since, as we now shall see, any closed set [] of monotonically increasing
functions satisfying these conditions is of the form [], for some M-L experiment £.

Assume then that [] is a set of monotonically increasing functions on © satisfying (a) and
(b). Let us also for the moment make the simplifying assumption that the only indicator
functions in [] are the constant functions # = 0 and # = 1. (This amounts to require
that the corresponding M-L experiment is homogeneous). Then the set [] is automatically
closed.

Choose a point 8y € © and let # = w(:|6p,a) be the unique function in [] such that
m(6p) = a. Note that for each 6,7(6|6o,a) is a continuous distribution function Fy on
[0,1]. The proof of the above assertion is completed by checking that F = (Fp: 6 € ©)is a
M-L experiment such that [ = [[ . In fact Fj is continuous and it is convex or concave
as § £ 6y or 6 2 6,. In particular Fj, is the uniform distribution on [0,1]. If §; > 6; then
Fy,(a) = B(Fs,(a)|6:1,02) for a N-P function f(:|61, 62) and it may be checked that

Fy,(a) = B'(Fo,()|61,62) Fp, (o)

for almost all a. It follows that F has monotonically decreasing likelihood ratio in T where
T(a) =q a. This implies readily that [] =[] £.
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Remark.
By Torgersen (1977) m-wise equivalence for any given integer m, however large, does not
suffice to ensure complete equivalence.

Proof:

We may without loss of generality assume that © is finite. Assume the theorem is proved
when O is a three point set. Let £ be pairwise equivalent with the M-L experiment 7. Then
we may conclude for any three point subparameter set ©' that the restricted experiments
£|©' and F|©' are equivalent and that £|@' has the M-L property. Then, by theorem 4.12,
the experiment £ has the M-L property. By corollary 4.2 the sets [I¢ and []x+ coincide
and thus, by corollary 4.6, £ and F are equivalent.

It follows that we without loss of generality may assume that © = {1,2,3}. Let £ =
(P1, P, P3) be pairwise equivalent with the M-L experiment F = (Q1, @2, @3). It suffices,
by corollary 4.6, to show that [], =[] and this, since F has the M-L property, amounts
to the condition that [], € [],-

Consider a powerfunction 7 in []z. Say that = is representable if it is the powerfunction of
a test in £. Our task is then to show that = is representable. This is readily checked when
7 is one of the at most four possible indicator functions in [[x. If 0 < 7(1) and 7(3) < 1
then, by pairwise equivalence and by optimality, any most powerful level “m(1)” test for
testing “6 = 1” against “6 = 3” in £ has powerfunction 7. Hence 7 is representable in this
case.

Consider next the case where 7(1) = 0 and 7(3) = 1. Put fs = dPs/d > Py and put
0

6 = (1= A)Ig>0+ Alf,=o. Then, since P A Py = 0,Ep6 = n(6);0 = 1,3. Furthermore
P(fi =0) 2 f Yf2 = [¥f2 = w(2) for any testfunction 9 in £ such that Egyp =

7(6);0 =1,2 (Then ¥ = 0 a.e. when f; > 0). Similarly

Py(fs > 0) = / fo= / b2 < Eyd = n(2)

f3>0 fa>0

for any test function ¢ in € such that Eg¢ = 7(0);0 = 2,3. (Then ¢ = 1 a.e. when f3 > 0).
Thus A € [0,1] may be adjusted so that Egé = (6).

If 0 = m(1) and 7(3) < 1 then there is, for n = 2,3,---, a powerfunction 7, in [], so
that 7,(1) = 1/n. Then 7, | #* € [[; and clearly 7* 2 7 while 7*(1) = 0 = =(1). If
7*(3) = 1 then 7* is representable by the above argument. If 7*(3) < 1 then 7,(3) < 1 for
n sufficiently large and then 7, is representable. Thus by the weak compactness lemma,

7* is representable in any case. Let 6* be a test in £ so that E;6 = 7(2);: = 1,2,3. As

7*(2) 2 7(2) and 7*(3) 2 7(3) we may by proposition 2.5 choose a most powerful level 7(2)
test 6 in & for testing “6 = 2” against “4 = 3” such that § < §*. Then E;é = m(2);t =1,2,3.




4.18

If conversely this condition is satisfied for Py + P, + P; almost all z then there corresponds
to each positive rational number r < the P, + P, essential supremum of dP;/dP; a non
negative number ¢, such that (fo —rfi)(fs —t,f2) 20 a.e. P, + P>+ Ps.

Modifying the densities we may ensure that (f; — rf1)(fs — trf2) 2 0 for all such rational
numbers r.

Consider points z and y in the sample space of £ such that

f(2) = (f1(2), fo(2), f3(2)) and f(y) = (f1(v): f2(¥): f3(¥))

are not comparable for the ordering |].

We may without loss of generality assume that (f2(z), f3(z))](f2(¥), f3(¥))- Then, by
proposition 4.11, the inequality (fi(z), f2(z))](f1, (), f2(¥)) can’t hold. Thus fi(z) >

0, f2(y) > 0 and fa(z)/fi(z) < f2(y)/fi(y). Let r be a rational number in the interval

1f2(z)/ fi(z), f2(y)/ f1(y)[. Then fo(z) < rfi(z) while fo(y) > rfi(y). The assumption
on signs tells us then that f3(z) £ t,f2(z) and that f3(y) 2 t,f2(y). If fa(z) = 0 then
this implies that also f3(z) = 0 and this is excluded by hypothesis since then f(y)[f(z).

Thus f2(z) > 0 and hence f3(z)/f2(z) £ t, £ f3(y)/f2(y). Together with the inequal-
ity (f2(z), f3(2))](f2(y), fa(y)) this shows that fs(z)/fa(z) = fa(y)/f2(y) and thus that

f(x)_[f(y) As this is also contrary to our hypothesis we are forced to conclude that f(z)

and -f(y) are comparable for any pair (z,y) of points in the sample space of £.

a

If the experiment £ = (Py : § € ©) has the monotone likelihood property then
ﬂ(aIPgl,Pgs) Za IB(IB(QIP917P92)|92a03)

for parameter points 6;,60, and 63 such that 6, < 6, < 63. This is the basic comparison
rule governing the pairwise behaviour of M-L experiments.

Consider conversely a family fs, 6,; 61 < 62 of N-P functions such that

Bé,,65(B6,,6.) = o, 65
when 6; < 0, < 6;. Let ] be the set of functions 7 from © to [0,1] such that:

(1) B(m(61)]6:1,62) = w(62) when 6; < 6, and 7(6;) >0
and
(ii) m(6) > 0 whenever there is a 6’ > 6 such that 1 > =(6') > 5(0}6,6").

If 6 € © and 0 < @ < 1 then we may construct a function « € [] such that 7(6) = a by
putting:
_ | B(alby,8) when 6 > 6,
m(6) = { when 6 = 6,
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Starting with the N-P functions B(-|61,62) : 61 < 6; we may associate with each finite
subset F' of © a f function B as follows:

Arrange the distinct numbers in F in increasing order as F = {ao,a1,-,am} and let By
denote the composed N-P function Ba,,_; 4, Bam_2,am-1 """ Bao,a1-

By our last inequality B £ B if F € G and the sets F and G have the same smallest and
largest elements. Put finally 3*(:|6;,6;) = sup S where the sup is taken for all finite sets
F having 6, and 6, as, respectively, its smallest and its largest element. As Br < Bg when
F £ G it does not matter whether sup here is interpreted pointwise or for the informational
ordering. If 6; < 6, < @3 then the sets F appearing in the definition of 8*(-|6;,63) may be
chosen so that they all contain 6,. It follows readily that the family (8*(+|61,62) : 61 < 62)
obeys the composition rule. Thus there is a M-L experiment £* = (P : § € ©) such that

B (al61,62) =a B(a|Py , Pg,).

It is straight forward to check that £* > £' pairwise for all ¢ € T and furthermore that
£* 2 F pairwise for any other M-L experiment F such that F 2> £ pairwise for all ¢ € T.

Replacing sup with inf we obtain the construction of a greatest lower bound of the family
£':t € T. This construction is slightly simpler to interpret since informational infima of
N-P functions coincide with the corresponding pointwise infima. We have proved:

Theorem 4.17 (The pairwise ordering of M-L experiments).

The collection of types of M-L experiments is order complete for the pairwise ordering.
Smallest upper bounds and greatest lower bounds of families of M-L experiments may be
obtained from the N-P functions by the above constructions.

In principle we should now be able to approach the interesting problem of finding for a
given non M-L experiment £ the pairwise least (most) informative among the types of
M-L experiments which are pairwise at least (most) as informative as £. We shall not
attempt to discuss this (generally open) problem here and instead turn to the problem of
characterizing important particular classes of M-L experiments in terms of the associated
N-P functions.

Consider e.g. the M-L experiments £ = (Py : § € ©) which are pairwise stationary in the
sense that the informational content of a dichotomy (P, , Ps,) depends on the difference
62 — 6, only. If £ possesses this property and if a is any number such that a+© € O then
the M-L experiments £ and (P,+¢ : 6 € ©) are pairwise equivalent and are thus equivalent.

As we in the subsequent discussion of stationarity shall assume that © is the real line we
do not need to distinguish between pairwise stationarity and stationarity.

Any translation experiment on the real line possesses this stafionarity property. Further-
more strongly unimodal translation families are M-L experiments. It follows that the
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these distributions are dominated by the Lebesgue measure. In terms of the semigroup
(n : h 2 0) this expresses that

lve = vkll = l7ik-n — Y0ll — 0 as [h — k| — 0.

Define a function F from R to [0,1] by choosing a number a €]0,1[ and then putting:

(1) F(z) =1 —~y-z(ap) when z £ 0.
(i) F(z) =1 -y where v;(y) = ap when z 2 0 and 7,(0) £ ay.
(ili) F(z) =1 otherwise; i.e. when z 2 0 and v,(a) > aq.

It is then readily checked that F is continuous and monotonically increasing.

Note that when k > 0 then:
sup (@) = lim ya(ao) = sup Ye(Yr(@0)) = Yk (sup ya(ao))

so that supys(ap) = 1. Hence lim F(z) = 0. If F(z) £ 7 < 1 for all z then, for
h

z > 0,7:(0) £ ap and ag = v:(1 — F(z)) 2 v:(1 — 7) contradicting the fact, established
above, that 4;(1 — 7) — 1 as £ — oo. Thus F is a probability distribution function.

It may be checked that 1 — F(z — h) = y4(1 — F(z)) when A 2 0 and F(z) < 1. [In fact

if £ £ 0then 1 — F(z — h) = y4—z(ao) while y4(1 — F(z)) = ya(v-z(a0)) = Yh-z(@0)-
If z > 0and F(z) <1 then 7;(1 — F(z)) = ag i.e. 7z—n(7(1 — F(z — h)) = ao. If also
0S h<ztheny,_p(1 - F(z—h))=aqgsothat 1 — F(z —h) = y,(1 — F(z)). fz<h
then z — h < 0sothat 1 — F(z — h) = y4—z(a0) = Yh-z(7:(1 — F(z)) = y1(1 — F(z)).]

If F(a) <1 and h 2 0 this, in turn, implies that:

a

[ wa-rar= [ va-rar- [ a-Fdr
=00 FZa F=a
F(a)

= [ %1 -2z = 1= (1= F@) = Fle = h) = Fa(a)

0
where Fj, for any 6, denotes the 6-th translate of 6 i.e. Fyp(z) =, F(z —0).

It follows that a Fy maximal version of dFy/dF is given by:
dFs/dF), = v)(1 — F(z)) or = oo asF(z) < 1 or F(z) = 1.
Thus Fj : 6 € R has the M-L property and

B(0|Fo, Fo) =1 — F(F'l(_l — a)) = 7e(a)
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Let £ = (Py : 6 € O) be any experiment having a finite parameterset ©. If ag : 6 € O are

real numbers then
I z agPy|| = 2[sup Zag /JdPa] - Z ag
6

where sup is taken over all testfunctions 6. Thus 1[|| > agPs|| + > ap] is the support
0 6
function of the set of all powerfunctions of tests.

The following result provides therefor a link between the set of all powerfunctions of tests
on the one hand and the behaviour of N-P functions on the other.

Let the total variation on a set A of a measure defined by a distribution function f be
denoted as ||f : A||. Then we may state:

Theorem 4.19 (Total variation norm for linear combinations).
Let £ = (Py : 6 € ©) be a M-L experiment and consider parameter values 6, 6;,---,6mn
such that 6 < 6;;:=1,--- ,m.

m
Then for any numbers ay,---,a,, the norm || 3 axPs, || may be decomposed as:
k=1

1Y axPall =Y axB(-|Ps,, Pa,) 10, 1][| + 7
k=1

where the first term on the right also equals the total variation of the Pj, absolutely

m .
continuous part of 3 axPs, while r (consequently) is the total variation of the P, singular
k=1

m .
part of ) aixPy,. In particular
k=1

1Y axPo,ll = 11> axB(:|Pas, Pa, )|
k=1 k=1

when Py, dominates Py, , -, Py

In any case r £ Y |ax|B(0|Ps,, Pe, ).
k=1
If00§01 §§0m then
m—1 m

r=S 1S aBC1Passs Pay) 10, BOIPa;, Pocy Il

1=1 k=:i1+1

Proof:
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Hence

r< > lakl[Bik(0) — Bit1,x(0)]

1=1 k=i+1

Z |ak|[8i,(0) = Bi+1,1(0)]

=2

.,
1
[y

where we put §; j(0) = 0 when ¢ 2 j. Interchanging 3 and ¥ the last expression becomes
t k

é:z lak|B1,x(0) = é:l lax|B(0| Py, , Py, ).
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The second limiting relation is proved by similar, but more involved, arguments.

Here are the details: Let 0 £ @ £ 1. To each h > 0 there is then a testfunction 65 so that
Eg,—16n = o and Eg,6p = (|60 — h,6). Then [6,dP; < k(B(albo — h,6o)) so that
limsup [ é,dPy < k(a).
h—0
It follows that
limsup(B(a|fo — k,60) — a]/h
h—0

= limsup[Eg,6r — Egy—nbn]/h < limsup/éhdpg0 < &(a).
h—0 h—0

Thus, since £(0) = (1) = 0, convergence holds for @ = 0 and @ = 1. Assume so that
O0<a<l.

It remains to show that liin i(1)1f[ﬂ(a|60 —h,6p) —a]/h 2 k(). If this was not so then there

is a number A < k(a) and a sequence 0 < h, | 0 so that
[ﬂ(algo - hn,GO) - a]/hn § A,Tl = 172a” :

Restrict attention to numbers n such that (A + %)hn < 1-a. (This is so for n sufficiently
large). Suppress the subscript n, put e = (A 4+ £)h/(1 — @) and let § be a slope optimal
level a test-function so that Eg,6 = o while [édP; = k(a). Consider the testfunction
d¢ = (1 — €)6 + €. The above assumptions imply that

1
Egbe=(1—¢€at+e=a+el—a)=a+(A+ ;)h > fB(albp — h,6).
Hence, by optimality and since € = 0 as n — oo:

a < Eg,—nbc = Eg,6 — h/éfdPa'o + ho(1)

=a+(A+ %)h - h/&dP;o - he/(l — 6)dPy, + ho(1)

=a+(A+ %)h — hk(a) + ho(1)
so that A + 1 > k(@) + o(1) yielding, as n — oo, the contradiction x(a) > A 2 k().
Assume so that £ has the M-L property and that
k(e) = lim{B(albo, 60 + h) — o] /h = lim[B(a|6o — h,60) — ]/

where lim is for A | 0 and where & is a N-P slope function. If A,k 2 0 then, by theorem
4.19, ||(Poo+r — Pay)/h — (Poo+k — Ps,)/k|| £ the total variation of the function

1 1
a — E[ﬂ(aIGO,GO + h) - a] - z[ﬂ(a]t%, 00 + k) - a]
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Let « €]0, 1] and consider the fraction [3(a|fo, 80 + k) — a]/h where h > 0. Choose 7 € Hg
such that 7(6y) = a. Putting x(a) = 7°(6,) we find that

[B(albo,60 + k) — a]/h = [x(8 + k) — 7(6,)]/h — K(a) as h | 0.

Extending the definition of £ to [0,1] by putting x(0) = k(1) = 0 we conclude that & is
continuous at @ = 0 and at a = 1 and thus is a N-P slope function.

Trivially [3(1|60,60 + k) — 1]/h = 0 — k(1). If 0 < a then, as we have seen, k(a) =
lim[B(a|6y,6o + k) — a]/h. Thus

x(a) > limsup 128060, 60 + h))a + B(0]60,00 + h) — a
h—0 h
= (1~ a)limsup 5(0[60, 60 + ) /h.
h—0

Letting & — 0 we find that limsup 3(0|6o, 6o + h)/h = 0 so that
h—0

[B(al6o,60 + k) — a]/h — k(a) for all a € [0, 1].

In order to apply the theorem we need also to consider the left difference fraction [B(a|6o —
h,6,) — a]/h. By the M-L property the function B(:|6p — h,8y) decreases pointwise to a
N-P.function 4 as h | 0. By Dini’s Lemma this convergence is uniform on [0,1]. The
convergence is however also in the sense of total variation.

Choose « €]0,1[ and put ap = 7(6y — h) where © € [[, and 7(ap) = a. Then B(an|fo —
h,60) — y(ar) — 0 while ap — 7(6y) = a since any = is continuous at 6. Thus y(as) —
v(a) so that B(ap|fp — h,8p) — v(a). On the other hand:
B(an|6o — h,60) — ap _ 7(6p) — m(6g — h) s 1*(8) = K(a).
h h
Thus B(an|6p — h,600) — a so that y(a) = a. Hence y(a) =4 a so that B(a|6p — h,6)) | @
uniformly in a as h | 0.

Consider aj, = wi(a) as a function of a €]0, 1] for each & > 0. Then B(wp(a)|bp — h,600) =
a;0 < a < 1. It follows that if a > §(0|6y — h,6,), which is the case when h is sufficiently
small, then £ = wp(a) is the unique solution of the equation B(z|6p — h,6)) = z. I
0 < a £ (0|6 — h,0 — 0) then wir(a) = 7(6p — k) = 0. Put also ws(0) = 0 and
wr(1) = wp(1-). Then w; is a convex function (actually a Lorenz function). If a €]0, 1]
then again:

o= wa(@)]/h = [r(80) = 780 — W)}/h = =°(60) = ()

and trivially this holds also for @ = 0. The number wj(1) = wx(1-) is the smallest number
tp such that B(t4|6o—h,6p) = 1. There is then a powerfunction 7 € [], such that 7(6y) =1
while 7(6g — h) = t,. Then:
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A== 7B(160,60) + (100,00 + ) + 3 B(160,60) = 3 B( 60,61 + k) 0, 1]],

B, = ||71;ﬂ('|90 +h,60+R) + %ﬂ('leo +h,6:) - %ﬂ('loo + h, 61 + h) :]0, B(0]60, 6o + )|,
By = [[80161,6:) = £B(16:,6: + h) 10, B(016o + h, 6,)] and

Ba = | 38C16: +h, 63 + h) 10, 60161, 61 + R)].

Clearly
|(Poo+n — Pay)/h — (Po,+n — Pa,)/h|| — || P, — Ps.|| as h | O.

The proof is now established by showing, as h | 0, that:

A— ”K(IGO) - n(ﬂ('leoael) :]Oa 1]”,B1 — 07
limsup B, < ||«(+|61) :]0, 8(0|6o, 61)]|| and B3 — 0.

This i1s seen as follows:

A may be rewritten as

A= [IZ18C160,60 + ) = X] = 7 B(B(-1f0,6)161,6: + ) — B(-180, 6:)] 0, 1]
= {1 0: — 302 90,1]]

where

1 1
7;[]1 — &(+|6o) and Z[]z — &(B(:160,61)|61)
in total variation on ]0,1].

The expression for B; may be rewritten as:
1 1
By = |lzA = +[B(B(-|80 + 1, 61)61,61 + ) ~ B(-160 + P, 61)] :]0, e ]|
where a;, = $(0/6o,600 + k) | 0. Hence provided a; < ap :

By < ~ A 10, an]ll + e, (B(-160 + b, 61) :10, | + o(1).

> -

It follows, since ax(h) = [B(0|6o,60 + k) — 0]/h — k(0]6p) = 0, that limsup By £ | ke, :
10, a0]|| 1 0 as ap | 0.
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Assume so that £ is a M-L experiment such that «(a|) is continuous in 6.

By corollary 5.3
I1Pg, — Pe, || < l|%(-160) — £(B(-60,61)161) :]0, 1]|| + ||=(-|61) :]0, B(0|61,61)]|| when 8o < 6.
If 6, | 6o orif 6y T 6, then ||£(:]61) — 5(-|60)|| — 0. In the first case

P8, — P, Il < lI5(-160) — &(B(+|60, 6)|60) :]0, 1]]|
+ [|%(B(+160, 61)|60) — £(B(-|60,61)161) :]0, 1]||

+ |1%(:160) :]0, B(0]60,61)]|| + ||%(-161) — £(|60) :]0, 1]||
< o(1) + 2||&(+|60) — &(-|6:2)]] = 0

In the second case

178, = Po Il < lls(-160) — w(:[61)]
+ [[5(-161) = £(B(-160,61) :]0, 1]|| + [|%(-161) :]0, B(0l60, 61)]]| — O-

O

In terms of powerfunctions continuous differentiability of M-L experiments may be ex-
pressed as follows:

Corollary 5.5 (Continuous derivatives of powerfunctions).

Let £ = (Pg : 6 € ©) be an everywhere differentiable M-L experiment. Then the derivative
Py is continuous in 8 for the total variation distance if and only if the family (7°* : 7 € [],)
of differentiated powerfunctions is equicontinuous on ©.

Proof:

If Pg is continuous in # then, as we have seen, x(a|f) is continuous in @ for each a. This
implies for these slope functions that x(«|#) is jointly continuous in (a, #). Combining this
with the fact that 7* = k(x|-) when 7 € [[, we find that [], as well as {z* : m € []} is
equicontinuous. (In fact [] is uniformly Lipschitz on compacts).

Assume so that the family (7° : 7 € [],) is uniformly equicontinuous. It suffices, by the
theorem to show that x(a|@) is continuous in 6 for a given a €]0, 1{. Consider then numbers
6n;n=1,2--. converging to 8. Let 7, 7,7y, - - be the powerfunctions determined by the
requirements a = w(0) = m1(6,) = m2(6;) = ---. Then k(alb,) = £(7n(6)]0n) = 75 (6r)
while x(a|0) = k(7(0)|6) = =°*(0).

It suffices therefor to show that =, (6,) — 7°*(6). Now

Ta(0n) — 7°(6) = [77(0n) — 7 (6)] + [7a(6) — 7*(6)]
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continuous family (%(-|6) : 6 € ©) of slope functions and if x(-|§) £ &(:|f) for all 6 € O then,
letting § denote the corresponding solution for &, §(8]6o, ag) < y(60]6o, @) or 2 y(6]60, ao)
as€§00 oregﬂo.

Furthermore if w is any function on © such that w(6y) = ao and having a derivative w*®
such that w*(6) < x(w(8)|0) for all 6 then w(8) 2 y(6|6o, o) or £ y(8|6o,x0) as 6 < 6o or
62 6,.

Finally if v is any function on © such that v(6y) = a and having a derivative v°® such
that v*(8) 2 «(v(0)|0) for all § where the inequality is strict whenever x(a|f) =4 0, then
v(0) < y(0)60, o) or 2 y(6|6,ap) as § < 6y or 6 > 6.

Proof:

The local existence theory for 1-st order differential equations implies that there is a
a > 0 such that there is a function y = y(-|6o, ap) from [fy — a, 8 + a] to ]0,1[ such that
y*(6) = x(y(0)|0) when 6 € [6y — a, 6 + a] while y(6p) = ap. The uniqueness part of this
theory implies that there is at most one such function from © to [0,1]. The desired global
solution may be obtained as a maximal extension of the fragment on [6, — a, 6, + a.

Consider so two continuous families «;(+|) : § € © and k2(+|f) : € © such that «;(-0) S
k2(-|6) for all 6. Put k$(a|f) = kz(a|f) + emin{a,1 — a«} when ¢ > 0. Let z. be the
solution for «§, let z be the solution for x; and let y be the solution for ;. Thus z.(6p) =
2(6o) = y(6o) = ao while for any 6 € © : 2(8) = k§(2.(6)]8),2°(6) = K2(2(6)|6) and
y*(8) = x1(y(6)16).

Then 2,(6) 2 z(6) when 6 2 6, while 2,(6) £ 2(6) when 6 < 6,. If § > 6 then this may
be argued as follows: Firstly z(6p) = 2(6p) = a while z$(6p) > 2°(6o). Thus z.(8) > 2(6)
when 6 2 6, and 6 is sufficiently close to 6. If z.(6) < z(6) for some 6 > 6, then there is a
6, > 6o such that z.(6;) = 2(6;) while z,(8) > z(6) when 8 €]6p, 6;[. Then 22(6;) < 2°(61)
which is impossible since z¢(61) = £5(z¢(61)]61) = k5(2(61)]61) > &2(2(61)|61) = z°(61). If
6 < 6y then the derived inequality may likewise be argued by comparing slopes at points
of intersection of the graphs of z and of z..

By about the same kind of arguments we find also that z,(f) 2 y(6) when 6 2 6, while
z¢(0) £ y(6) when 6 < 6. Furthermore z,() increases monotonically in € when 6 2 6
while 2,(6) decreases monotonically when 6 £ 6,. It is readily checked that § — lin(1) 2¢(8)

satisfies the same differential equation as z and trivially lirr(1) z¢(60) = ap. Hence lirr(x) z(0) =
2(0);6 € O so that 2(0) 2 y(0) or S y(f) as 8 2 6, or 6 < 6.

Consider next any function w from © to [0,1] such that w(6y) = ao while w*(8) £ «(w(6)|6)
for all 8. Put k¢(a|f) = k(a|f) + emin{a,1 —a} for € > 0. (k¢ is introduced in order to be
able to work with a strictly positive slope function on ]0,1[). Let y, be the unique function

such that y?(0) = £¢(y(0)|6);6 € © while y(6o) = ao.
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Let ag,a; and 7 be numbers in ]0,1[ and put
2(0) = (1 - T)y(GlGo,ao) + Ty(0|00,a1).
Then, since (-|8) is concave,

z*(0) = (1 —7)y"(6]60, o) + 7y*(6]60, 1)
= (1 —7)k(y(6]60, @0)|0) + T.(y(6]60, a1)|6)
< x(2(8)]6).

On the other hand 2(6y) = (1 — 7)ag + Ta;. Hence, by the theorem: y(8|6p, ) < 2(6) or
2 2(6)as § < 6, or 62 6,.

It follows that y(6|6o, ) is convex or concave in a as § < 6§ or 6 2 6. In particular y(6:)
is a concave function of y(6y) > 0 when y varies in [] provided 6, < 6.

This shows that [] satisfies both condition (a) and condition (b) of section 4. The closure

[T of I for pointwise convergence satisfies then also (a) and (b). Indeed ][] consists of the
functions in ] and the set of indicator functions which are pointwise limits of functions

in [].

It follows from theorem 4.13 that [] = [], for a M-L experiment £ = (Py : 6 € ©). If
7 € ][] then x(7(6)|6,€) = n*(6) = x(w(0)|f) so that x(-|6,E) = «(-|) when 6 € ©. The
continuity of x(a|f) for given « implies by corollary 5.5 that P, is continuous in 6 for
total variation distance. Finally uniqueness follows from the uniqueness of solutions of our
differential equations.

O

In spite of the uniqueness part of our last theorem there is in general a multitude of
continuously differentiable non M-L experiments having the same slope functions as £. In
fact if F is any continuously differentiable experiment then our results imply that there is
a M-L experiment which is locally equivalent with F. If ¥ does not have the M-L property
then £ and F can not be equivalent.

If £ is any experiment which is differentiable at § = 6y and if (-|6p) # 0 then, by Torgersen
(1985), £ is locally equivalent at 6 to a unique strongly unimodal translation experiment
G = (Gg : 6 € ©). The distribution function G along with all its translates constitute the
total set of solutions of the differential equation

G'(G'1-a)=k(a);0Lall

As a particular case consider the Cauchy translation experiment £ 'determined by the
Cauchy density z — «_(1'14375 As is well known this experiment is not a M-L experiment
i.e. z — log(1l + z?) is not convex. Since £ is a translation experiment the slope function

k(:|6,€) does not depend on . Thus the constructed strongly unimodal translation ex-
periment G is everywhere locally equivalent to £. By our next theorem G is pairwise more
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6. COMPARISON FOR GIVEN LOSS FUNCTIONS. APPLICATIONS TO
SELECTION PROBLEMS.

Consider a decision problem given by an experiment £ = (x,A4, P : § € ©), a decision
space (T, D) (i.e. a measurable space) and a loss function L on T. Thus L = (Lg : 6 € ©)
is a family of extended real valued measurable functions on (7', D). We shall for simplicity
assume that Lg, for each 6, is bounded from below. This condition is assumed fulfilled for
the decision problems considered in this paper.

If not otherwise stated the parameter set © is an arbitrary, but fixed set.

Within this set up a decision rule p in the traditional sense is a Markov kernel from the
sample space of £ to the decision space (T, D).

The operational characteristic of p is the experiment (Pgp : § € ©) where (Pgp)(D) =
J p(D|z)Py(dz); D € D,6 € O.

The risk r(6|p) incurred by using the decision rule p when 6 prevails may be expressed
in terms of the operational characteristic as J Lg(t)Pgp(dt) or as a double expectation
f[f Lg(t)p(dt|z))Pg(dz). The risk function of the decision rules p is r(6|p) as a function of

We shall need the set A of prior distributions A on © having finite supports. A distribution
A in A may then be identified with the weights Ay : § € © it assignes to the parameter
points. We do not require that the prior distributions in A are probability distributions.
Thus (Ag : 6 € O) are the weights of a prior distribution A in A if and only if these weights
are all non negative and if the set {6 : A\¢ > 0} is finite.

The Bayes risk of p may now be written:

32 20r(0l) = [1[ (5 Aottt e
) [}

where 4 is a non negative measure such that Py is p-absolutely continuous with density
fo = dPg/dy when A\g > 0. The minimum Bayes risk will be denoted by b(A|L, £) or just
by b(A|L). Thus b(A|L,£) = f[mf(z: AoLg(t)fe)]ldp. The minimum Bayes risk b(A|L, ) as

a function of the variables A, L and 8 plays an important role in decision theory in general
and in the theory of comparison of experiments in particular.

Considering the loss function L and the experiment € as fixed the fundamental observation
is that b(:|L, ) provides, by the very definition, the lower support function of the lower
boundary of the set of risk functions.

Trivially )" s(6)A¢ 2 b(A|L, E) for any function s on © such that s(6) 2 r(6|p) for all 6 for
6

some decision rule p.
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One benefit of admitting generalized decision rules is that the set of generalized decision
rules is compact for the pointwise topology on L(£) x M(T,D). We shall from here on
permit ourselves to work freely with generalized decision rules without always referring to
them as generalized. It should however be noted that the fundamental quantity

BOLL€) = inf 3 Ao(PopL)

is unaltered by the admittance of generalized decision rules.

Another useful fact is the following: Say that a traditional decision rule p is finitely sup-
ported if p(D|-) = 1 everywhere for some finite union D of D atoms. Then the set of
finitely supported traditional decision rules (i.e. Markov kernels) is dense within the set
of all decision rules for the topology of pointwise convergence on L(£) x M(T, D).

We are now in a position to present the fundamental characterization of the lower boundary
of the risk set due to LeCam.

Theorem 6.1 (Support function description of the lower boundary of the risk
set).

Let the decision problem £, (T, D) and L be as above. Then the following two conditions
are equivalent for an extended real valued function s on O:

(i) There is a decision rule p such that r(8|p) < s(6) for all 6 € O.
(1) B(A|IL,E) £ 3" Xes(8) for all A € A.
0

Proof:
Suppose b(A|L,E) £ > Ags(8) for all A € A. We must prove the existence of a decision

0
rule p such that PypLg < s(6); 6 € O.

If s(f) = oo for some @ then the last inequality is trivial. It follows that we without loss
of generality may assume that s(6) < oo for all 6 € O.

Consider the 2-person null-sum game with pay off function (A, p) = Y AgPspLg—)_ Aes(6).
0 0

This pay off function is affine in A as well as in p. If L is bounded then it is continuous in
p- In general it is at least lower semicontinuous in p. Furthermore the set of strategies for
player II is compact for the pointwise convergence on L(€) x M(T,D).

It follows by standard minimax theory that this game has a value and that player II has a
minimax strategy po. The assumptions imply that the lower value is non positive so that

Z /\opgpoLg é Z /\gs(e)
8 6

for all A € A. Inserting the one point distribution for A we find that
PgpoLe < 5(6);6 € O.
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In particular (E pi&,L) 2 (E piFi,W) when (&, L) 2 (F;,W);i =1,-

=1

Proof:
This follows immediately from the fact that b(\|L, ) is affine in £.
O

The minimum Bayes risk for product experiments may conveniently be expressed in terms
of updated prior distributions as follows:

Suppose the experiment £ = (P : § € ©) and F = (Qp : § € O) are realized by
observing, respectively, the independent variables X and Y. Then the minimum Bayes
risk b(A|L, € x F) may be expressed as

b(A|L,E x F) = Eb(A(|Y)|L,E) = Eb(A(-|X)|L, F)

where A(-|Y") and A(:|X) denote, respectively, the a posteriori distributions of 6 given Y,
respectively, the a posteriori distribution of 8 given X.

Consider also two other independent variables X and ¥ realizing, respectively, experiments
£ and F. Assume that the decision problem (£,L) is k, deficient w.r.t. the decision
problem (E L), and that the decision problem (F,L) is k, deficient w.r.t. the decision
problem (F, L). Then:

BAIL, € x F) £ EbACIY)|L, )+ > Aora(6)
6
= b(A|L, & x F) = Eb(A(|X)L, F) + ) _ Aor(6)
6
S EbACIX)IL, F)+ Y Aori(6) + D Aera(6)
6 6

=bAE X F)+ ) Ao[x1(6) + 52(6)].

This proves:

Corollary 6.4 (Comparison of products of decision problems).
Assume, for ¢ = 1,2,.--,r, that the decision problem (&;,L) is ; deficient w.r.t. the
decision problem (F;, L). s

Then the decision problem (H &i,L) is Z k; deficient w.r.t the decision problem

=1 1=1

1:[ Fi,L).
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If these integrals are ﬁmte and Py and P, are not mutually singular then this yields
Py(S)/Pi(S) 2 Py(S)#. Letting n — oo we find that Py(S) = Py(S). This proves:

Proposition 6.6

Let £5 be the experiment obtained from the experiment £ = (Py : § € ©) by selection on
a non ancillary event S. Assume that 0 < [(dPy,/dPy,)"dPy, < oo forn=1,2,--- and all
s

61,62 € ©. Then £° is not pairwise at least as informative as £.

Consider also a decision space (T, D) equipped with a loss function L = (Lg(t): t € T,6 €
©). We shall assume that there is a decision t in T such that Lg(t) < oo for all 6.

Let us also assume that Py(S) < 1 for all 6 such that E5° is well defined. We may
thus compare the decision problems (£,L),(£5,L) and (£5°,L). One might expect that
if information is generally increased by selection on S then information is generally lost
by selection on S¢. We shall now see that this is so for several important notions of
information. The following result state that this is so for any given loss function:

Theorem 6.7

Let the experiment £, the loss function L and the selection set S be as above. Then

(€5°,L) £ (&, L) provided (£5,L) 2 (€, L).

Proof:
We may without loss of generality assume that © is finite. Put u = }_ Py and fy = dPs/dp.
6

The inequality (£°,L) 2 (€, L) may be written:

/ [/\ Z Xo(fo/Po(S))Lo(t)ldn < / [/\ Z XefoLo(t))du; A € A.

S

Replacing Ag with AgPg(S) this may also be written:

/[/\ > AofoLo(t)du £ /[/\ > AePo(S)feLo(t)ldp; X € A
s t @ t 6

JINS resoloedunz [AN T dofololt)] = I\ T AoPu(S) oot
t 8 t 6 t 6

Sc

2 /[/\ Z XoPo(S¢) foLs(t)]dp; A € A where the last 2 follows by super additivity.
t 6

Replacing Ag by Ag/Ps(S¢) we obtain the informational inequality (£,L) 2 (E5°,L).
O
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If £ is at least as informative as F then H(:|€) £ H(:|F). If the latter inequality holds then
we shall say that £ is at least as informative as F for the Hellinger ordering of experiments.

If Pand Q are probability measures on the same measurable space then [+/dPdQ is called
the affinity between Pand Q. Considering an experiment £ = (P, : § € ©) and parameter
points 6; and #, we find that the affinity between Py, and Py, is H(A|E) where g, =
Ao, =3 or =1as b #6,orasb =6,

Analogously with proposition 6.8 we have:

Proposition 6.10

Let {81,532, -} be a measurable partitioning of the sample space of £ = (Py : § € ©) such

that Py(S;) > 0;6 € ©,7 =1,2,---. Assume that £ is regular in the sense that A Py # 0
6€EF

for any finite subset F of ©.

Suppose H(-|€5) £ H(-|€);i = 1,2,---. Then €5 ~ ;i = 1,2,--- and the events
Si;2=1,2,--- are all ancillary.

In particular this is so if £5 is at least as informative as £;7 =1,2,---.

Remark

One might of course also consider more general partitionings. Thus if Z is a statistic then
we might for the various possible realizations z of Z consider the conditional experiments
£? given Z = z. Under general conditions which are described in Torgersen (1976) it
can’t occure that these conditional experiments are all at least as informative as £ for
the Hellinger ordering (and thus for the over all ordering) unless Z is ancillary and £Z is
equivalent to £ with probability 1.

Proof:

The Hellinger transform of £5 is for a probability distribution A € A given by: H(A|ES) =
J(I1 dP*)/ T[] Pe(Si)*. The inequality H(A|ES') £ H(M|E) may thus be written

S; 6 [’}

JTLary <] Putsi ).
A )

Assuming this for : = 1,2, - - - we find by summation that

HQE) £ Y [T Po(Siy H(E) < H(AE)
6

so that “=" prevails. By regularity H(A|E) > 0 that Y [] Ps(Si)* = 1. Thus Pe(S;)
i 6
does not depend on 6 as long as Ag > 0. Assuming that H(A|ES) £ H(A|E) for all A and
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Then if 1(6,£%) 2 I(6,€) for all § and j then I(8,£5) = I(6,£);j = 1,2,--- and the

events Sy, Ss, - are all ancillary.

Let us consider the particular case of an exponential experiment £ = (Py : § € ©) having
6 as a k-dimensional canonical parameter. Thus we assume that there is a non negative
measure y and a k-dimensional statistic Y such that, for each 6,dPs/du = c(8)~*e®¥)h
where the function h is non negative. The natural parameter set @ of £ is the set of vectors
6 such that [e(®Y)hdy < co. By Hoélder’s inequality © is convex and thus contains the
convex hull of ©. We shall consider the quantity ¢(6) = [ e(®Y)hdy as defined for all

6 €.
Let us agree to use the notation ) for the expectation of  for the prior distribution A.

The Hellinger transform of £ becomes for a prior probability distribution X in A:

HOiE) = [TLar = [ €@ hauy TT 0
8 [
= c(62)/ [J c(6)*
6

so that
log H(A|E) = log c(62) — > _ g loge(6)
6

showing directly the log convexity of the function c.

If Pg(S) > 0 for some 6 then Py(S) > 0 for all 6 and the selection experiment £° is also
exponential. In fact

dPy(+|S)/du = — Pe(S) e V)hIs.

(9)
Hence

H(AE®) = HAE)Po,(S)/ [T Po(5).
6

Thus £5 majorizes £ or is majorized by & for the Hellinger ordering according to whether
log Ps(S) is convex or is concave in 6.

As shown by Bayarri and DeGroot (1987) this is also the criterion for the ordering by Fisher
information. In fact if 6 is an interior point of © then the Fisher information matrix at 6
is the convariance matrix of Y and the (z,j)th element of this matrix-at 6 is the number

8? log () 06;06;.

Adding the matrix whose (,7)th element is 8% logPy(S)/06;00; we obtain the Fisher
information matrix of £5. Thus I(6,£5) 2 I(6,€) or £ I(6,£) as log Py(S) is locally

convex or concave at 6.
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(ii) log (Eews/Egw;) is convex in 6.

If © is open then these conditions are equivalent with:

(iv) I("gwl) é I(")ng)'

Remark
By Janssen’s convolution criterion, theorem 1.1, £, £ £, if and only if for some 6 the
distribution Py 4, is a convolution factor of the distribution P w,.

Let us return to the case where © is one dimensional and let us assume that © is an open
interval of the real line and that £ is exponential as above. By section 5 the experiment
€ is locally at least (at most) as informative as £° if and only if £ is pairwise at least (at
most) as informative as £5. By the results of section 8 this is so if and only if £ is at least
(at most) as informative £5 for monotone decision problems and this, in turn, implies the
corresponding orderings of Hellinger transforms and of Fisher information.

Having established one way or another an ordering of the experiment £ and the selection
experiment £° we may ask whether or not this is the overall ordering of these experiments.

Consider e.g. the case of the Poisson distribution with the zero class missing. Thus
Py(z) = ’:—:e"\;z =0,1,2---with A =¢% 6 € Rand S = {1,2---} so that P4(S) = 1—e 2.
Then Py(S) is concave in 8 so that, as argued in Bayarri and DeGroot (1987), selection
on S decreases information pairwise and thus, by section 8, also for monotone decision
problems.

Bayarri and DeGroot show also that £ is not more informative than £5 in this case. We
may here argue this on the basis of theorem 1.1. Indeed if £ was more informative than
£S then Py(:|S) must be a convolution factor of Py. Py being a Poisson distribution does
not have other convolution factors than translates of Poisson distributions. As Pg(-|S) is
clearly not a translate of a Poisson distribution we are forced to conclude that £ is not
more informative than £5.
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Furthermore, since
dPy(:|5)/dPo(-|S) = [dPy/dRo][Po(S)/ Pr(S)]
is monotonically increasing in T:
B5(a) = Pi(T > ¢|S) + vPi(T = ¢|S)
so that

Py(8)B5(a) = Pi(T €]e, b)) + 7Py (T = c) = [E16 — Pi(T € (b,0))
= B(Eoé) — Pi(T € (b,0]) = B((1 — @)z + az1) — B(20) or = f(az;)

oo & (a,b) or oo € (a,b).
Altogether this shows that

B°(a) =a [B((1 = a)z0 + az1) = B(20)}/[B(21) = B(20)] when oo ¢ (a,b)

while

B5(a) =4 B(az,)/B(z,) when oo € (a,b).

The latter expression is clearly also valid when zo = 0 and 3(0) = 0. Note that the above
formulas are precisely those we obtain from the representation (uniform (0,1), 3) by using,
respectively, |z, 21[ and [0, z;] as the selection set.

Consider in particular selection sets of the form S = [T € (a,0]]. If we put z = Py(S) =
Py(T € (a,00)) then, by the last one of the formulas above,

B°(a) =a B(az)/B(2).

As the N-P function #° of DS depends on z only we shall permit ourselves to write 3,
instead of A% so that B.(a) =4 B(az)/B(z). Conditions ensuring monotonicity in z of S,
provide, since #; = f3, also conditions ensuring the informational inequalities £5 > £ and

ES<E.

As a particular case let us consider the exponential life time model realized by observing
T having cumulative distribution function Fy(t) = 1 — e%;¢ > 0 where 6 < 0. Assuming
that 6; £ 6, and putting p(61,62) = |62]/|61| we find that B(«|6:,02) =a aP(61,62) Tf the
selection set is the set S = [T 2 a] then, by the lack of “memory” of the exponential
distribution, Py(-|S) = Py and thus £5 ~ £. Indeed B.(a) =4 B(a) whenever B is of the
form B(a) =4 of with 0 £ p £ 1. In view of proposition 6.6 we may ask whether it is at
all possible to have D5 2 D for D° not equivalent to D.
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If K(z) =1 for some z < co then [(dP;/dP,)"dPy £ z" < oo;n = 1,2,---. Hence, by
the proof of proposition 6.6, either P, L Py or z = Py(S) 2 P;(S) = B(z) for all z > 0.
In the first case K is the one point distribution in 0. In the second case f(a) = « and
then K is the one point distribution in 1. Assuming that K is not a one point distribution
we conclude that the cumulative distribution function K is strictly increasing on I. If,
furthermore, 0 < ¢; < ¢ € I then K(c1—) < K(c2—) < 1. Putting z5 =1 — K(c;—) and
z1 =1 — K(c3—) we find that 0 < z; < 22 and hence w(z;) £ w(2;) i.e:

E((X/c)|X 2 c3] = / 2K (dz) /e K[ez, o0l= B(z1)/[K (1 = 21)21])
[e2,00[

=w(21)7 2w(22)7! = E[(X/e1)|X 2 1.

Thus the equivalent conditions (a) and (b) imply condition (c).

Assume finally that condition (c) is satisfied. If, in addition, K is the one point distribution
in a point  then B(a) = af+(1—-¢) and then f,(a) = [azé+(1-§)]/[26+(1—£)] decreases
monotonically in z. (Alternatively we may observe that w(z) = €z/8(z) T in z). Thus
we may, and shall, in the remaining part of the proof assume that K is not a one point
distribution. Decompose the interval ]0,1[ as ]0,1[= [J{[*K(c=),K(c)] : ¢ 2 K~1(0+)}
where the * indicates that this bracket shall be reversed when ¢ = K~!(0+). Letting J.
denote the closed interval with endpoints P(X > c¢) and P(X 2 c) this decomposition may
be expressed as |0, 1[= [J{J¥ : ¢ 2 K~!(0+)} where the () indicates that P(X 2 c) shall
be deleted from J, when ¢ = K~1(0+).

If c; < cg then J., and J., are disjoint and J,, is entirely to the right of J,. If z € J.
then K~!(1 — z) = c and thus w(z) = cz/B(z) which is monotonically increasing in z.

Assume so that 0 < z; < z2 < 1. Then 2; € J,, and 2; € J., for numbers c; and cz. By
the above result we may assume that ¢; # c; and then ¢; < c2. We may now also assume
that z; = 1 — K(c,—) and that z; = 1 — K(c;). Then K™}(1=2z;) = ¢, K7}(1 - 22) =
c1,8(z1) = [ zK(dr)and B(z;)= [ zK(dz).

[e2,00] Je,00]

Letting d | ¢; we find that:
w(z)™ = E[(X/e)lX 2 ¢a) 2 bm B{(X/)|X 2 d] = E[(X/e1)|X > er] =eo(z2)"

so that w(z1) £ w(z2).
O

Thus the property of D that D is information decreasing in S = [dP;/dP, 2 a] may be
phrased as Lk(log X) having increasing mean exponential residual life time. Similarly,
as we now shall see, the property of D that D% is information increasing in S may be
interpreted as Lk (log X) having decreasing mean exponential residual life time.
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c1,n = K7Y(p1 + 1) when p; + 1 < p;. Then c1,n | ¢;1. It follows, by continuity, that it
suffices to show that E(X/c; a|X 2 ¢1,n) 2 E(X/c2|X 2 ¢3). Put z; = 1 — K(cz) and
22’,, =1- K(Cl,n). Then 0 <z g 22,,, <1 and K-l(l - 21) =C while K_l(l - Zg’n) =
€1,n. Thus

Blean) o B
Zz,nK_l(l - 22’,,) = ZIK-I(I - Zl)

E(X/e1nlX 2 c1,0) =
= E(X/ci|z 2 ¢1).

Assume finally that (c) is satisfied and let us write w(z) = zK~1(1 — 2)/B(z). Then
w(z) £ 1for all z €]0,1].

As conditions (a) and (b) are trivially satisfied when K is either the one point distribution
in 0 or the one point distribution in 1 we may, and shall, assume that K is none of these
one point distributions.

Let z €]0,1[ and put ¢, = K~!(1 — 2). Then ¢, € [K~!(0+),K~!(1)]. Decompose ]0,1]
as ]0,1[=UUVUW where U = {z:¢c, = K"}(1)},V = {z : K"1(0+) < ¢, < K~1(1)}
and W = {z: c, = K~1(0+)}. Put b= K~1(1).

HzeU={z:c,=b)then A"} (1-2)=band 1 = K(b) > 1— 2z 2 I(b—) so that
z £ K([b,00[) = K({b}). It follows that we may write z = §K({b}) with 6 €]0,1]. Thus
B(z) = 6bK ({b}) so that w(z) = 1.

IfzeV ={z:K70+) < ¢, < b} then, since c, € I, we find that

w(z) = 2K~} (1 = 2)/B() = [1 - K(c.))es /B - K(c2)
=1/E[(X/c;)|X 2 ¢;] | in =.

Thus w is monotonically decreasing on V.

fzeW={z:¢c, =K 1(0+)} =]1 — K(K~!(0+),1] then K(K~!(0+)) > 0 so that K
has an atom at K~!(0+). By condition (c) this requires that either K~!(0+) = 0 or that
K=1(0+) = K~1(1).

The last condition implies that K is a one point distribution and thus, since [z K(dz) =1,
that K is the one point distribution in 1. Having excluded this case we conclude that
K~1(0+) = 0 and thus that w(z) =c, =0 when z € W.

The proof is now completed by observing that U is situated entirely to the left of V' while
W is situated entirely to the right of V.

O
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Let ro(z) = Pg(z)/Ps([z,00[) be the hazard rate at z. Then Ps has the IF R property,
i.e. Lg(X — m|X 2 m) decreases monotonically in m € I according to the “stochastic
ordering” of distribution functions, if and only if r4(z) increases monotonically in z € I.
In other words Pg(X 2 m + t|X 2 m) decreases in m for each ¢ 2 0 if and only if the
hazard rate is monotonically decreasing on I. This can only happen when I is bounded
from below.

A simple condition ensuring this is that v(z + 1)/v(z) is decreasing in = € I. Note that if
these conditions are satisfied then they are also satisfied after conditioning w.r.t any non
empty right tail [a, 00[NI of I. The last condition prevails however after conditioning w.r.t
any sub interval of I and also by translations and reflections. It may be checked that this
last condition is satisfied in the (negative) binomial case as well as in the Poisson case.

Theorem 7.4 (Pairwise information increasing selections. The discrete case).
Let £ = (Py : 6 € ©) be an exponential family of IFR distributions as described above.

Consider selection on an subinterval S of I (necessarily bounded from below). Then £° is
pairwise information increasing in S provided we restrict attention to intervals S having
the same right end point as I. This provision may be omitted if v(z + 1)/v(z) decreases
monotonically in z when z € I.

Proof:
Let X be a random variable having distribution Py when 6 prevails.

We may without loss of generality assume that I is a finite interval having the origin as its
left and point. Passage to a general bounded interval follows then from the remarks above.
Passage to unbounded intervals follows from Scheffe’s convergence theorem and the fact
that orderings of experiments are preserved under limits for the weak experiment topology.
We may also restrict attention to 6 € {6o,6;} where 6, and 6, are two given points in ©
which we may assume are arranged so that ¢(6y) £ #(6:). Simplifying the notations we
shall write: ¢0 = ¢(90),¢1 = ¢(01),k0 = ’C(eo),kl = k(01),P0 = Pgo and P] = Pgl. After
conditioning we obtain the distributions Qo and @; on {1,2,---} where

Qi(z) = Pi(z)/1 — P;(0);3 =0,1.
It suffices then to show that
I(P1 = cPo)™ | 2 (Q1 — Qo) ||
for any number c¢. If ¢ £ 0 this is trivial. It follows from the convexity of these two

functions of ¢ that we may restrict attention to numbers ¢ belonging to a given support
of K = Lp,(dP,/dP,). Thus we may assume that ¢ = P;(a)/Py(a) where a € I. Putting

Qp(a) = ||(PL— %%Po)"'” and Qg(a) = ||(Q1 — 253 Qo)™ || the desired inequality may be
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Assuming that a + 1 € I the left hand side may be written:

P (X) P(X—-a—-1+a+1)
—|X 2 = >
E(PO(X)|X=a+1) E(PO(X-—a—1+a+1)|X=a+1)

and this, by the IFR property is

< pRX-1+at])
=P (X —1+a+1)
— Po(O) P] (a) 1- Pl(a)

P](O) Po(a) 1- Po(O)

P](X+a)

mlxi 1]

|X 2 1] = Ey|

proving our claim.

In the other direction we have:

Theorem 7.5 (Pairwise information decreasing selections. The discrete case).

Let £ = (Pp : 6 € O) be an exponential family of DFR distributions on an interval I of the
integers. (Then I is necessarily unbounded from above unless it is a one point set).

We shall assume that there are functions k and ¢ on © and a positive function v on I such
that
Py(z) = k(Q)v(z)e? O,z € I.

Then selection on an interval S = [a,00[; —00 £ a < oo is pairwise information increasing
in a; i.e pairwise information decreasing in S.

Remark:

Py has the DFR property if and only if L¢(X — m|X 2 m) increases stochastically in
m € I and this is equivalent to the condition that the hazard rate Py(z)/Ps[z, oo[ decreases
monotonically in z.

A sufficient condition for Py to have the DFR property is that v(z + 1)/v(z) increases
monotonically in z € I.

Proof:
We may again restrict attention to the case where I = [0, 00[, S = [1,00[ and © = {6, 6,}
with ¢(6p) < ¢(6:). Using the notation of the proof of the previous theorem we put

ko = k(60), k1 = k(61), b0 = #(60), 61 = ¢(61), Po = Ps,, P, = Py,

and
Qi(z) = Pi(z)/1 — P;(0);: =0,1,2=1,2,---.
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It follows that Q% (a) < 25(a) if and only if

Pi([a +1,00[)/Po([a + 1, 00[) Z [Po(0)/P1(0)][Pr(a)/ Po(a)]-

The left hand side of the last inequality may also be expressed as:

Eo[P1(X)/Po(X)|X 2 a+1]
=E[P(X-a-14+a+1)/P(X —a-1+a+1)|X 2a+1].

By the DFR property the last quantity is at least

EyfPi(X+a+1)/Py(X +a+1))

= [Pi(a)/Po(a))(Eo(k1/ko)el®* =X ) (ko /ky)e?* ~%°

= [P1(a)/Po(a)][Eo(P1(X)/Po(X))][Po(0)/P1(0)]e? ~%°
2 [P1(a)/Po(a)][1][Po(0)/P1(0)][1] since ¢1 2 do.

O

Let us return to the general problem of the effect of selection for a M-L experiment £ =
(Ps : 6 € O) with © € R. If our concern are with comparison for monotone decision
problems then the preceding results may be helpful provided we know how to handle the
dichotomies (Py,, Pg,) : 61,62 € O. Even if this is possible however it may be simpler to
consider the local effect of selection and then apply the results of section 5.

Consider an experiment £ = (Py : § € ©) which is differentiable in a given point § € ©.
Let us denote the slope function «(:|6,£) by «(-|6).

The selection experiment £5 = (Py(+|S) : € ©) is also differentiable in 6 and
P (A|S) = P3(A)/Ps(S) — Ps(A|S) - [P5(S)/Pe(S5)]
when A € S. Thus
dP;(|S)/dPs(:|S) = dPg /dPs — P (S)/Pe(S)

Let 5(-|6) denote the slope function of £5 at 6.

Assume that dPg /dPy is a monotonically increasing function of some real valued statistic
T and that the selection set S is of the form S = [T' € (a,b)] where (a, b) denotes a specific
interval with endpoints a and b. Express S as S = [T € (a,00)] — [T € (b,0)] with
the appropriate assignments of endpoints of intervals. Putting zo = Py(T € (b,00)) and
21 = Py(T € (a,0)) we find that Py(S) = 21 — 2o while Pg(S) = &(21]|0) — £(20]6).
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Proposition 7.6 (The particular role of doubly exponential translation experi-
ments).

With notations as above we can’t have x5(+|6) 2 &(:|§) for 0 < zp < 21 < 1 unless
k(20|0) = K(211|0) and L(dP; /dPy|P,) either is a two point distribution or is the one point
distribution in zero. If so then «5(-|§) = k(-|6) i.e. £5 and £ are locally equivalent at 6.

Remark:

By example 3.1 the density dPy, /dPs, assumes Py, - essentially at most two values if and
only if the experiment £ is locally, at § = 6y equivalent with a doubly exponentla.l transla-
tion family (G(-—6) : 6 € R) with density g given by g(x) = [(AB)/(A+B)]e —Bz¥+4z7. 5 ¢
R. In that case k(a) = Ba A A(1 — a). If selection is on the set S = [a,b] and 6, = 0
then k(z0|0) = k(z|0) if and only if Aa + Bb = 0. In particular a = —b when A = B.
Thus selection on any symmetric interval [—b, b] preserves local information at zero for a
symmetric double exponential translation family.

Proof:
The inequality x° > & may, when 0 < a < 1, be written

r(a)/a £ {[x(za) = £(20)]/(2a = 20)} = [£(21) = K(20)]/(21 — 20)

where 24 = (1 —a)zo + az;. By concavity k(a)/a 2 [k(za) — k(20)]/(2a — 20) Wwhen a £ 2o
and then [k(z;) — k(20)]/(z1 — 20) £ 0 i.e. k(z;) £ K(20). Put k*(2) = k(1 —-2);02 2z 1.

Replacing k, zg, 2; and a with respectively k*,1 — 2;,1 — 2o and 1 — & the same argument
shows that k*(1 — z9) £ k*(1 — z;) i.e. that x(29) £ k(2;). Hence £(z9) = £(z;) and we
denote this number by m.

The first inequality of this proof shows that for all « :

k(a) < k(zq) — K(20)
a - Zo — 20

so that “=” holds for @ £ 2. If so then, by concavity, "(z:)___::z") < "(z?) so that

"(a) < L?) when z < zo. Thus n(a) = "(zzc')a = 2o when 0 £ a < z. By similar
l—a)whenzl<a<1

a.rguments or by symmetry, k(a) =

It remains to investigate the behaviour of k on [z9,z1]. Put z, = l_}zl/[:—0 + ﬁ] =
1_—(:1°m. Then 2, €]zg,21[ and (1 — z,.)/(1 — z1) = 24/20. By concavity [£((1 — a)zo +
az1) —m]/(z1 — 20) 2 k(a) for all @ € [0,1]. If a = 2z, then (1 — a)zp + az; = z, yielding

k(ze) —m

2 K(z4) le
21 — 2

K(ze)/2a S

rc(z,.,) —-m
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These conditions are automatically satisfied when F has the decreasing failure rate property
DFR i.e. log (1 — F) is convex.

Proof:
Let X be a random variable having distribution F and put w(z) = # —F1(1-2);0<
z < 1. Then w(z) 2 0 for all z €0, 1].

Assume that conditions (i) and (ii) are fulfilled. The identity x(z)/z = F~1(1 — z) + w(z)
and the continuity of k implies that

w(z)/z = FH((1 = 2)4) +w(z-).

By monotonicity F~1(1 — z) £ F~}(1 — 2)+) and w(z) £ w(z—) so that = prevails.
Thus F~! and w are both continuous on ]0,1[. If F~1(0+) < ¢; < ¢; < F~I(1) and
F(c1) = F(c) = p then 0 < p < 1. Putting a = inf{z : F(z) = p} we find that
F~!(p) = a while F~1(¢) 2 ¢; > a whenever ¢ > p. This, however, contradicts the
continuity of F~!. Thus F is strictly increasing on JF~1(0+), F~1(1)[.

It suffices therefor, in order to show that F'is strictly increasing on I, to show that Fi(z) < 1
for all numbers  unless F is a one point distribution. Assume then that F is not a one
point distribution and that this was not so. Then a = F~!(1) < co. Put z. = Fla—¢, o0[=
1— F(a—¢€) when a — € is a point of continuity of F. Then z, | F[a,o0[ as € | 0. Consider
first the situation where F assigns a positive mass F({a}) to a. Then F({a}) = F[a,c0[> 0.
It follows that if z €]0, F({a})[ then we may write z = §F({a}) + FJa,oo[ so that x(z) =
6aF({a})+ [ zF(dz). The rightmost terms of the last two equalitites are both zero.
]a'm[

Hence k(z)/z = a. Furthermore F~!(1—2) = F~!(F(a—)) = a and thus w(z) = a—a = 0.
In particular w(0+) = 0. Suppose next that a = F~1(1) < oo and that a is a point of
continuity of F'. Then, as € | 0,2 | F[a,o0[= 0 and w(z,) | (0+). But

w(z) =E(X|X2a-€)—F'(1-2)=E(X|X2a—¢)—(a—€)Sa—(a—¢€)=€—0.

Thus we find again that w(0+) = 0. Hence, since w is monotonically decreasing, w(z) = 0.
It follows that

| 0=k(z)—2FY(1-2)= /[F'l(l —t)— F71(1-2))dt

so that F'=! is constant on ]0,1[. As [zF(dz) = 0 this constant must be zero contradicting
our assumption that F' is not the one point distribution in zero. :

Altogether this shows that F' is strictly increasing on I when conditions (i) and (ii) are
fulfilled. Still assuming this put 2z, = 1 — F(c—) when c € I. Then z is strictly increasing
inc€Iand E(X —c|X 2 ¢) = [k(2¢)/2.)] = F7}(1 — z.) = w(z) T in c. Thus conditions
(1) and (ii) imply condition (iii).
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m = P(X = £). Put also 2(6) = ém + 1 — F(£) for 6 €]0,1[. Then, by the Neyman-
Pearson lemma,

k(z(0)) = 66m + / zF(dz) = 0m + k(1 — F(£)).
1§,00(

If m > 0 then 2(6) €]0, 1] for all 8 €]0,1[ and:
5(2(6))/2(6) = w(=(8)) + F~(1 = 2(8)) = w(2(6)) +€.

By (ii) w(2(#)) increases monotonically with §. On the other hand z — «(z)/z is always
monotonically decreasing. Thus x(z(8))/z(8) does not depend on 6 €]0,1[. Letting 6, — 0
and 62 — 1 in the identity x(z(61))z(62) = x(2(62))z(6:1) we find that x(z(0))[m + 2(0)] =
[€ém + k(2(0))]2(0) so that: x(z(0))/2(0) = £. It follows that 0 £ k(z)/z = £ when
z € [1 - F(£),1— F(£{-)] and thus, by concavity, x(z) = £z whenever 0 < z £ 1 — F({-).

It follows that £ = «'(0+). Thus, since '(z) £ £'(04) = & for all z, P.(X £ £) = 1. Hence,
since Pr(X =€) > 0,F~1(1) = ¢ which is contrary to our assumption that £ < F~!(1).
Thus F' is nonatomic on J.

Decompose J as

J=]—oo, FTH 01U |J [F'(1=2), F((1-2)+))
0<2z<1

If —co < ¢ £ F7!(0+) then E(X —¢|X 2 ¢) = EX —c= —c | in ¢ and we obtain the
smallest value —F~1(0+) when c = F~1(0+). fce J, =]F~!(1-2),F~1((1-z)+)[ then
F(c) =1- z. It follows that E(X|X 2 c) does not depend on c as long as c € J..

Thus E(X —¢|X 2 ¢) = E(X|X 2 ¢) — cis decreasinginc€ J, = [F~}(1 —2), F7'((1 -
2)+)] whenever 0 < 2 < 1. Put ¢, = F7!(1 —z) when 0 < z < 1. Then E(X —c.|X 2
¢;) =w(1 — F(c;)) which is monotonically increasing in 2.

Consider so numbers ¢; < ¢; in the interval |F~1(0+), F~!(1)[. If
F(c1) = F(c) =1—z then ¢1,¢2 € [F7Y(1 = 2), F71((1 — 2)+))]

and E(X —¢1|X 2 ¢1) 2 E(X — c2/X 2 ¢2). On the other hand if 1 — 2; = F(c;) <
F(c2)=1-2; andife; = F7!((1 — z1)+) and if 2 T z; then:

EX-alXZ2a)2EX-t|X2%) =li£nE(X —c:|X 2 ¢:)
2 B(X = culX 2 ¢) 2 E(X — ol X 2 c2).

Finally, noting that E(X — c|X 2 ¢) - —F~1(0+4) as ¢ | F~!(0+), we conclude that
E(X — ¢|X 2 c) is monotonically decreasing in c € J.
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Note that the above arguments remain valid if our assumptions are relaxed by replacing
the factor €% in the density by e#(®)* where ¢ is differentiable with #*(6) # 0.

In particular the arguments apply with 6 being replaced by —6 and for the family of
distribution £(—X|Py): 6 € O.

It follows in all these cases that selection on an interval S is locally information increasing in
S. Hence forth this selection is also information increasing for monotone decision problems.

One might be tempted to infer from the last example that if £ = (Gy : § € O) is a
differentiable strongly unimodal translation family then selection on an interval S is locally
information increasing in S. Expressing the continuous density g of G as g = e™ where w
1s continuous and convex on R we see that —g'/g = w' is monotonically increasing. Now
—¢'(z)/g(z) € S if and only if z belongs to the interval {y : w'(y) € S}. Furthermore if £ is
realized by observing X and if I is an interval then the events [X € I] and [-¢'(X)/g(X) €
the interval spanned by w'[I]] are equivalent. The local behaviour of £ is determined by
F = L(-¢'(X)/9(X)|G) and, as explained in section 3, F' may prescribe any kind of local
behaviour which is not associated with the zero slope function. This carries over to the
local effect of selection on intervals as well. Thus selection on intervals may in this case be
locally information decreasing, increasing or neither.

In the discrete case the last theorems are not applicable. Let us however again consider
the situation described in the last statement of theorem 7.4. Thus £ = (P : 8 € O) is an
exponential model with sample space I being an interval of integers and Py given by:

Py(z) = k(8)v(z)e? @z € T

where ¢ is some function on © and v is a positive function on I such that v(z +1)/v(z) |
in z € I. We may without loss of generality assume that ¢(6) = 6 and we shall assume
that O is open.

In order to show that £° is information increasing in the sub interval S of I the crucial
case is, as explained before theorem 7.4, the case where I has the origin as its left end point
and the selection set is S = I — {0}.

We shall now see how this case may be simply argued by “local” comparison. Let X be a
random variable whose distribution 6 is Py when 6 prevails. Thus X 2 0 and selection is
to the set S = [X 2 1]. Then d/dflog Ps(z) = z — E¢X so that

F =L(X - E¢X).
In the selection experiment we arrive at
F=L(X—-(EX|X21))|X21).

In order to show that F is a dilation of F' we must show that

/ (z — ¢)*F(dz) 2 / (z —c)*F(dz);c€ R
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8. APPROXIMATE COMPARISON.

In his pathbreaking 1964 work on sufficiency and approximate sufficiency LeCam intro-
duced a notion of approximate comparison. For experiments £ and F and a non negative
function € on © this notion is as follows:

Consider some decision problem specified by a decision space T and a loss function L.
Consider also a risk function s obtainable in F for this decision problem. If we in such
a situation always (and thus for any (T,L)) may ensure that there is a risk function r
obtainable in £ which dominates s (i.e. r £ s) then £ is at least as informative as F.
Indeed this is one of a series of several possible equivalent definitions of “being at least as
informative as”.

According to the terminology established in section 6 an experiment £ is at least as infor-
mative as an experiment F if and only if for every loss function L the decision problem
(€,L) is at least as informative as the decision problem (F, L). If so then we write £ 2 F
so that £ 2 F if and only if (§,L) 2 (F, L) for every loss function L.

If there is no risk function r in £ which dominates s then one might hope for a risk function
r in € such that r(6) < s(6) + €(6)sup |Lg(t)|;0 € ©. Here Ly(t) is the loss incurred by
t

the decision t when 6 prevails and the loss function L applies. The number sup |Lg(t)| is a
t

normalizing quantity expressing the “size” of the loss function at §. When convenient this
quantity may, as we here shall, be replaced with other expressions for this “size”.

If €(6) 2 2 the above inequality holds trivially for this particular 6. In general one might
hope to find small numbers €(6) : 6 € © such that there to any decision problem (it suffices
to consider finite decision problems) and to any risk function s obtainable in F there is a
risk function r in £ such that:

r(6) S s(6) + e(6) sup |Lo(8); 6 € ©.

If this is so, for a given function €, then according to the definition in LeCam (take or give
a factor 2) the experiment £ is e-deficient w.r.t. F.

His basic randomization criterion states that £ = (Pp : 6 € O) is e-deficient w.rt. F =
(Qo : 6 € O) if and only if |PsT — Q|| £ €;60 € O for some transition (= generalized
Markov kernel) from £ to F.

By the terminology used in section 6 the experiment £ is e-deficient w.r.t. the experiment
F if and only if for every loss function L the decision problem (&, L) is k. deficient w.r.t.
the decision problem (F, L) where «.(8) = sup |Lg(t)|€(6); 6 € O.

t

If we restrict attention to a particular collection 7 of loss functions then we obtain a
concept of e-deficiency of £ w.r.t. F for 7. The smallest constant € = 6.,)(&, F) such
that £ is e-deficient w.r.t. F (for 7) is the deficiency of &€ w.r.t F (for 7). The largest of
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(iv) (Pso, Pay) is (¢(6o), (1)) deficient w.r.t. (Qg,,Qs, ) for any pair (6y,6;) of points

from ©O.

If these conditions are satisfied then the decision procedure in £ producing the risk function
r in condition (i) may be chosen independently of the monotone loss function L and thus
only depending on the decision procedure in F producing the risk function s.

Remark 1:
(iii) is just a reformulation of (ii). The powerfunction 7 in £ may always be chosen within
the set [, of powerfunctions of most powerful tests.

Note also that we in (iv) may restrict attention to pairs (6,6, ) such that 6 < 6.

Remark 2:

The pseudonorm || || is related to the supremum norm || || by the inequalities:
[ Zell+ = 2| Lo

and

sup |Le(t2) — Lo(t1)| = 2||Lo]|«

t,t2

It folllows that condition (i) implies that £ is e-deficient w.r.t. F for monotone decision
problems with non negative loss functions. On the other hand if this is so then (i) holds
with €4 replaced throughout with 2e,.

Proof:

By the above remarks (iii) <= (ii) = (iv) and trivially (i) = (ii). Hence (i) = (ii)
<= (iii) => (iv). The proof will be completed by first establishing the implication (iv)
= (iii) and then showing that (iii) = (i).

We may, see the introduction, assume that the parameter set O is finite.

Assume so that condition (iv) is satisfied. If #0 < 2 then (iii) is just a reformulation of
(iv). Suppose then that we have argued the implication (iv) = (iiz) when #0 = n and
let us consider the situation where #0 =n + 1, say © = {0,1,---,n}. Let 6, = j where
0 £ j £ n and consider the problem of testing “6 < 6,” against “6 >6,” for the 0-1 loss
function.

Consider first the case “5 = 0”. Deleting § = n — 1 from © we conclude, from the
induction hypothesis, that there is a powerfunction p in [, (defined in section 4) so that
p(0) £ 0(0)+ 2o while (i) 2 (i) —3€e5: =1,---,n—2,n. Hj(n—1) 2 o(n—1)— 2ea_y
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Remembering that [], is totally ordered we may construct p;,---, pr—1 so that p; = p2 2
R :
< Pk-1-

We may achieve this by replacing p;,i = 1,---,k—1, with p; = p; V---Vpr—;. If £ 6; and
k-1 ; J ; i then 6 g 91' and pj(o) é E05j+€0/2 g E95i+69/2. Hence ,5,(0) § E055+60/2
when § £ 6;. If § > 6; then ﬁ,(G) 2 pi(6) 2 Egb; + €9/2.

Let us therefor assume that pg 2 p1 2 p2 2 -++ 2 pr—1 = pi where pp = 1 and px = 0.

Then there are testfunctions 1 = ¢g 2 ¢; = --+ 2 ¢r_; = ¢ = 0 such that Eg¢; =4 pi(6).
Put finally ; = ¢i_y — @i;: =1,--- k. Then ¢;,---,%% 2 0 and ; + -+ + 9 = 1. The
test functions 11, -,k define the decision procedure 3 in £ = (Ps : 6 € O) given by:
Y(ti|-) = ;2 =1,---, k. The risk function r of ¥ may be expressed as:

k-1
r(6) = Z[Lo(tiﬂ) — Ly(t;))Eg ;.

Hence

k-1
r(6) — s(8) =Y [Lo(tis1) — Lo(t:))(Eodi — Esb;).

=1
(The 0-th term may be disregarded since Eg¢o = Egbéy = 1).

Assume so that 6;_; < § < 6,. If i < j then Lg(t;) 2 Lg(t;+1) and, since § > 6;, Eg; 2
FEgb; — %eo. Hence

[Ls

b

tiv1) — Lo(t:)](Eedi — Egbi) = [Lo(ti) — Lo(ti+1)](Eebi — Eedi)

~~

eg[Lg(t,‘) - Lo(t.'.H)] when 1 < j.

N =

If i 2 j then Lg(tiy1) 2 Le(t:) and, since 6 < 6;, Egd; < Egb + %69. Hence

(Loltiss) = Lo(t:))(Bogi = Eabi) < seolLo(tis) = Lo(t)

when ¢ 2 j. It follows that

k-1 )1 k-1

r@)—s(@) =) => +>_

i=1 i=1 i=j

s %60[(130(&) = Lo(t;)) + ((Lo(tr) — La(2;))] < eol| Lo+

A similar analysis shows that the inequality r(6)—s(6) < eg||Lg||« is also valid when 6 < 6,
or 6 >6_,.

a




9.1

REFERENCES.
Arnold, B. 1986. Majorization and the Lorenz Order: A brief introduction. Lecture notes
in statistics, 43, Springer-Verlag.

Bayarri, M.J. and DeGroot, M.H. 1987. Information in selection models. In probability
and Bayesian statistics. (R. Viertl, ed.), 39-51, New York: Plenum.

Bayarri, M.J. and DeGroot, M.H. 1989. Comparison of experiments with weighted dis-
tributions. Technical report No. 450. Dept. of statistics, Carnegie Mellon University,
Pittsburgh.

Blackwell, D. 1951. Comparison of experiments. Proc. Second Berkeley Sympos. Math.
Statist. Probab. 93-102.

Blackwell, D. 1953. Equivalent comparisons of experiments. Ann. Math. Statist. 24,
265-272.

C. Boll, 1955. Comparison of experiments in the infinite case. Ph.D. thesis. Stanford
University.

Ehm, W. and Miiller, D.W. 1983. Factorizing the information contained in an experiment

conditionally on the observed value of a statistic. Z. Wahrscheinlichkeitstheorie verw. Geb. |

65, 121-134.

Janssen, A. 1988. A convolution theorem for the comparison of exponential families. Res.
report no 211, Univ. of Siegen.

Karlin, S. and Rubin, H. 1956. The theory of decision procedures for distributions with
monotone likelihood ratio. Ann. Math. Statist 27, 272-299.

Klefsj6, B. 1984. Reliability interpretations of some concepts from economics. Naval
Research Logistic Quarterly 31, 301-308.

LeCam, L. 1964. Sufficiency and approximate sufficiency. Ann. Math. Statist. 35,
1419-1455.

LeCam, L. 1986. Asymptotic methods in statistical decision theory. Springer-Verlag.
Lehmann, E. 1988. Comparing location experiments. Ann. Statist. 16, 521-533.
Loéve, M. 1977. Probability theory I, II, Springer-Verlag.

Marshall, A.W. and Olkin, I. 1979. Inequalities: Theory of majorization and its applica-
tions. Academic Press.

Menger, K. 1952. The formative years of Abraham Wald and his work in geometry. Ann.
Math. Statist. 23, 14-20.




