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Introduction.

After the work of P.A, Smith on prime periodic transformations
on acyclic spaces and homology spheres, much work in this direction
has been devoted to generalizations to spaces whose cohomology
ring is a truncated polynomial algebra or isomorphic to the coho-
mology ring of a product of two spheres. For a generai reference
see Bredon (3). The latter case is quite rich in possibilities
for the structure of the fixed point set, but it has not been
known whether all these possibilities can actually occur., In this

paper a G-manifold is constructed which helps to fill out the gap

between theory and examples.

We adopt this notation: p 1is a prime or 2zero, Gp is the

cyclic group of order p if p # O ; GO = S1 is the circle group.

K is the prime field of characteristic p . X 1is always a para-
compact topological space., We use sheaf-theoretic cohomology, and
assume dimK X <o, X ~p Y means that H*(X;Kp) is isomorphic

to H*(Y;Kp)p as a ring. If the group G acts on X , X, =
EG Xa X 1is the bundle associated to a universal bundle EG - BG .
X ~p PY(q) means H*(X,Kp) ~ KP/ar+1 , Where degree a = Q
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Let X ~ s™ » s® | and let G, act on X with fixed point
set F . For p =2 +there is in Bredon (4) a list of all possible
fixed point sets, with examples in each case, For p #¥ 2 and X
totally non-homologous to zero in XG , there are the following

possibilities (Bredon (4)):

1 P~ s%xsT

(1) . X

(2) o~ P(a)

(3) by ~ pt + Pz(q) (disjoint union).

(4) F ~ s¢ 4 sT (a and/or r may be zero).

In addition, there are a few extra possibilities when X is
not totally non-homologous to zero, which are all known to occur
for p =3 . Linear actions on spheres give examples of (1) and
of (4) with q = r , A known example of (4) with @ =0, r =2 ,
is constructed by considering a linear action on CP(2) with
P = pt-+S2 . Let X %be the conmnected sum CP(2)# - CP(2) ~pS2><S2,
taken at a point of the 82-component of F . There is then an
action on X with F = 82#-824-pt-+pt = Sz-+pt-+pt . In Theorem 2
in section 1 we also give an exapmle of (4) with q and r differ-
ent, but both non-zero.

In (9) Su gave an example of (2) for the case p =2 . It is
easy to generalize this to arbitrary p : Let 83 - 87 - 84 be
the Hopf bundle, and S° - CP(3) = 8% +the bundle obtained by tak-
ing the quotient of S7 by S1 . Let £ ©be the corresponding
3-plane bundle; i.e. ™ 1is the unit sphere bundle of & . Let
n be any (m-2)-plane bundle over s* such that & @ n is tri-
vial., Then the unit sphere bundle S(E£®mn) has total space

5%y g™, ﬁﬁ(s4) ~ nB(U), ﬁb(84) & nB(O); and in the sequence
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TrB(U) - n3(o) - nB(O/U) the first map is surjective, There is
then a bundle with complex structure in the stable equivalence
class of n 3 let st act by complex multiplication on this bundle
and trivially on €& . The action of 81 on the unitlSphere bundle
has fixed point set CP(3) ; similarly for the cyclic subgroup of
prime period p .

In this paper we give an example of (3) by constructing a
manifold X ~p s* w s* for p #2 , and an action of G, = s! on
X with F = CP(2)+pt . Restricting the action to the cyclic
group of prime period p , we also get an action of Gp on X
with the same fixed point set. The only known examples of such a
phenomenon has been for p = 2 : the involution on SU(3) ~o SB><85
given by matrix inversion, and the canonical involution on the sym-
metric space SU(3)/SO(3) ~5 s? w87 . By work of Bredon it fol-
lows that an example of the type constructed here cannot occur for
an actual product of spheres.

We also discuss the relationship of this example with the
work of Wu-Yi Hsiang. In (6) Hsiang proved a general theoremn,
which shows that the ideal of relations between a set of generators
for H%(XGO,KO) has a finite number of zeroes in one-to-one cor-
respondence with the comnected components of F , If X ~5 Sm><Sn;
m,n even, this ideal can be generated by two parabolas. In section
2 we compute explicitly the'equivariant cohomology of the example
in section 1, and show that in addition to the possibilities listed

in (6), those parabolas may have one transversal intersection point

and another point of tangency with intersection number three,



1. Let Q denote the quaternions with the usual basis (1,i,j,k),
so Q=C+3jC . Q(n+1) is the (n+1)-dimensional right vector
space over Q , and the quotient under the right action of Q is
the quaternion projective mn-space, QP(n) . In (8) Hsiang and Su
study torus actions on QP(n) , we need some modifications of this.
Let G be a torus group and {wi}i=1,...,s a set of distinct
weight vectors for ¢ . If Q(n+1) = Q(k1+1)!9...'®Q(KS+1) ,
i§1(ki+1) =n+1 , the left action of G given by g .(x1,...,xs)
= (exp(2ni<w1,g,)x1,...,exp(2ni(ws,g>)xs) , X5 € Q(ki+1) , induces
a "linear" action on QP(n) . If wy = 0, QP(ki) is one compo-
nent of the fixed point set. If w; # 0 , it is clear that on
C(ki+1) and jC(ki+1) G acts through right multiplication by
exp(2ni<wi,g/) and exP(-2ni<wi,g>) respectively. It follows
that up to equivariant complex automorphism we may assume wi;!—wj
for i £ j ; and in this case CP(k;) is the component of the
fixed point set corresponding to Wy o Let p; be the line
through (0,0,...,1i,,..,o) in Q(k1+1)69...C>Q(kS+1) , where 1i

represents the point (1,0,...,0) in Q(ki+1) ; then p, is a

fixed point in QP(n) .

Proposition 1. The local representation of G around Py in
QP(n) is given by the following weights with multiplicities:
{(iwj—c)i;kj+1) for J?é i, (Oiki)s (-Qwi,ki)} .

(Notice that the local representation around P; is here

identified as a complex representation; this is of some importance

since we need to keep track of orientations.)

Proof, This is an easy exercise using the usual projective coordi-

nates around Pj - The linear action on the tangent space is
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given by g - (X19'-0,XS) = (eXp(Qni<w1,g>x1exp(-2ﬂi<wi,g)),..

[

..,exp(2ni<ws,g)XSeXp(-2n1<wi,g>)) where X € Q(kj+1) for j#£i,
x; € Q(ki) . Restricting to the subspaces C% and jC% we get
the weight systems {(wj-wi;kj+1), J#1, (O;ki)} and {G@ﬁ—wi;kj+1),

J£i, (—Zwi;ki)} respectively.

Now, let G = U(1) Dbe the circle group, and let o be the
weight vector of the standard representation. Considzar the follow-
ing linear actions of G_ on QP(2) :

1)  Weight system f{w}, ky = 2 . The fixed point set F, = CP(2)
and the local representation has weight system (0;2),(~-2w;2) .
2)  Weight system {0,2wl}, k4 = 1, k, = O . The fixed point set

S4-+pt = F;-+F§ ; and the local representation

F2 = QP(1) +pt =
around a fixed point in s* nas weight system (0;2), (2w;1),

(-2w31) .

Proposition 2. Let < and Py be points in F, and F; re-
spectively. Then there are disc neigbourhoods Vy of P4 and
V, of p, in QP(2) and a G -equivariant diffeomorphism f

from V1 to V2 preserving orientation.

Proof, It is sufficient to check for the linear action of GO
aroud < and Py . The one-dimensional complex represerntations
of GO corresponding to the weights 2w and -2®w are equivalent
under an orientation-reversing isomorphism. Combine this with a
reflection in the subspace corresponding to the zero-weight.
g.e.d,

Theorem 1,

There exists a manifold X such that X ~p S4><S4 for p#2

and an action of Gp on X such that the fixed point set
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F =CP(2)+pt = F' +F° , (p any prime or zero).

Proof., TLet X; and X, be copies of QP(2) with the above
Go—actions 1) and 2) respectively. By switching the orientation
of X2 , the above diffeomorphism f Dbecomes orientation-reversing.
Let X ©be the equivariant connected sum XT#f(_XZ) . We have the
quaternion line bundles Q(3) = 21 - X, and Q(3) = iz - X, , let
e, and es be their reiﬁifgigﬁk;§¥$le0tic characteristic classes,
which generate H¥(X,,Z)/. By a standard argument with Mayer-
Vietoris sequences H4(X,%) =~ H4(X1,Z)<DH4(X2,Z) ; i.e. there are
corresponding elements &, and &, in H4(X,%) , and <§$,[X]> =
(e2,10,10 = 1, (22,1X]) = (o2 [-X,1d = =1 . So &2 = &2 is the
fundamental cohomology class of X , and H*(X,Z) is the algebra
generated by §1, €2 with the relations %% = -%g , §1§2 =0 .
With x = &, 48, , y = §, -5, we have % = y2 =0, xy #0 ; and
it is clear that .H*(X;Kp) =~ H*(S4XS4,KP) for p#£ 2.

By restricting f +to V1 N F1 and V2 N F; , Wwe get an orienta-
tion-reversing eqﬁivariant diffeomorphism h (here we keep the

natural orientations on F, and F;). Hence F = Fy, #h F, =
0P(2) #, St +pt = CB(2) +pt .

Theorem 2,
There exists a manifold Y such that ¥ ~p st w st for P¥E2
1

and an action of Gp on Y such that the fixed point set F =

g4 4 g? , (p any prime or zero).

Proof. Consider two actions on QP(2):
1) Weights (0,20}, k, =1, k, = 0 . F, = QP(1) +pt = 8%+ pt ,
The local representation around the isolated fixed point has

weight system (-2w:;4) . (Use Prop. 1.)



2) Weights {2(.‘0,0}, k1 = 19 1{2 =0 . F2 = p't+CP(1) = pt+S2 .

The local reprssentation around the isolated fixed point has weight
system (2w32), (-2w;2) .

So the two local representations are equivalent under an orienta-
tion-preserving isomorphism. Taking equivariant connected sum at
the isolated fixed points and proceeding as in Theorem 1, we ob-
tains Y ~p st X s*  for p £ 2 and Pl - 84-+82 . qg.e.d.

By restricting the bundle Q(3) - QP(2) to F, = CP(2) this
splits as a complex bundle into the Whitney sum of the two complex
line bundles C ® C @ C - CP(2) adCj®Cj® Cj - CP(2) . The first
is the Hopf bundle, whose Chern class c geonerates H*(F1;Z) :
since right multiplication by J dis antilinear, the second is the
dual of the Hopf bundle, If j1 is’ the inclusion of F1 in X1,
then determining j?(e1) amounts to finding the symplectic charac-
teristic class of this restricted bundle., Since its second Chern
class is -c° , it follows (from Borel-Hirzebruch (2), p.488) that
j%(e;) = ¢ . Since HA(F;8) = HY(Py3E) ® H(F,,B) = HO(Py38) ,
¢ corresponds uniquely to an element (¢ of HZ(F;Z) , and g2
is the fundamentsl cohomology class of F1 . In the next section,

we use the following observations (from now on we need only coho-

mology with rational coefficients).

Proposition 3. Let j be the inclusion of F in X .

Then j*(8;) = 3*(&,) = ¢° .

Proof, We may identify V, and V, (via f) with an eight-disc
p° , the boundaries with S’ , D® n P, with D* with boundary s°.
i

Let X3 =X -0%, P2 =7, -D*, i = 1,2, Drom the Mayer-Vietoris
sequence of the pairs (X?,S7) and (D8,87) it follows that




4
57(x,,87) = 2Y(x9,87) @ n*(0%,87) - 5*(x9,57) , simileriy #ie,s)2
H4(F?,SB) ® H4(D4,SB) . Also, from the long exact sequence of

the pair (X1,S7) s H4(X1,S7) & H4(X1) , and we have the commuta-

tive diagram

ah(x,) & v4(x,,8T) = 84 (@9,87) o vt (0%,s7)

37l 37l 37l b |

wt(r,) - 84(r,,8%) = 84 (E9,57) » 54 (D4, 57)

Thus €4 corresponds uniquely to an element %% in H4(X?,S7) ,
and j?(gi) is the orientation class of H4(F$,SB) . By the
Mayer-Vietoris sequence for pairs we also have the commutative
diagram:

g*(x,s7) = v*(x9,sT) o v*(x3,sT)

! | n
v v 7

R

a*(r,87%) = B4 (#9,5%) o v*(23,57)
Combining with the commutative diagram:
o -atx,s") - vtx)
} | |
B (5%) - w4(F,s?) - vt (m)

it follows that j*(ép is the fundamental cohomology class of F1.
For 52 the argument is similar, but easier; it is obvious that

j%(ez) is the symplectic characteristic class of the Hopf bundle

over F; = QP(1) .
qg.e.d.



2. In this section we assume p =0 ; i.e. G = S1 and all

cchomology is understood with rational coefficients. The equi-
variant cohomology of X is H*(XG) , we study the structure of
this as an algebra over H*(BG) . We may assume that the odd-
dimensional cohomology of X vanishes, it is then clear from the
Leray spectral sequence that X 1is totally non~homologous to zero
in the fibre bundle XG - BG . It follows by an application of
the Vietoris-Begle theorem (see Borel (1), p.53) that the homo-
morphism j¥ in the long exact sequence - H*(XG)JQ'H*(FG) -

- Hé((X-—F)G) = +++ 1is a monomorphism with finite-dimensional
cokernel. ILet R be the quotient field 6f H*(BG) and A the

localization of H*(XG) as an H*(BG)-module at the zero ideal.

The theorem of Wu-Yi Hsiang may now be stated as follows:

Theorem 3 (Hsiang (6,7)).

Let XqseensXy, be a system of generators for the R-algebra
A and I the ideal of defining relations; i.e, 0 = I = R{XP“WXQ
- A - 0 is an exact sequence of R-modules, Then:
(i) The radical of I decomposes into the intersection of s
meximal ideals Mj = M(Pj) ., Whose variety is the point Pj e R,
(ii) There is a one-to-one correspondence between the connected

F7+...+FS and the above s

components of the fixed point set T

meximal ideals such that H*(F)) @ R 4/I, , where I, = AnT,
"~
(localization of I at P,).

(iii) I = I.]ﬂ...r\:[s = I1...IS . Ij+I1..¢Ij_1'Ij+1.;.IS = 1 °

Remark. The algebraic set V(I) consists of the points P

. 1 r . . .
i=1..0ys and P, = (ai,...,ai) is determined by 3§(xk) =

k| Lk L . . C ol K . o
by +a; where j, is the inclusion of Py in X, , aj € H*(BG)

i 9
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and b € ﬁ*(F ) © H*(BG) . Also ker j¥ = Ij .

Since I is an ideal with a finite number of zeroes, there
is a standard isomorphism J of R[x1,...,xr]/I with
1 1/IC . See Fulton (5), p.55. Here €, is the local ring
i=
of RY at Pi . The kernel of J coumposed with the projection
on the i-th factor is IPi N RIxq,000,x,1/T = Ii/I , S0 @i/I@i =~
R[X1,...,Xr]/li > H*(P') @ R . In one case, when X ~5 s™xs™ ;
m, n even, it is easily seen that for a suitable choice of gene-
rators X4s X, We have A = R[X1,X2]/I with I generated by two

2 2 . . :

parabolas X7 = c X, +dy , X; = CpX +dy 5 cy,d, € H*(BG), i=1,2,
(Hsiang (6)). In this case the intersection number of these para-
bolas at P, 1is given by dimR(®i/I@i) (Fulton (5)), which is

dim H*(Fl) = the Euler characteristic of Fi . Hence we have:

Proposition 4. The localization of j¥ : H*(XG) - H*(FG)

ﬁ H*(Fi) ? H*(BG) at the zero ideal of H*(BG) is the standard
;; morphism J . In particular, if X ~o s™ s g™ ; m, n even, the
Euler characteristic of the component Fi of the fixed point set
P equals the intersection number at the corresponding intersec-

tion point Pi of the above parabolas.

Now, return to the example of Theorem 1, Via the transgression
in the universal bundle G - EG - BG we may identify the weight

€ H1(G) with a unique element in H2(BG) (also denoted by w ).

We have the inclusion maps: j1G H F1G - X1G y j;G : F;G - X2G 5
ng : Pog = Xon 5 dg t By - Xy . Also, the inclusion of the fib-

res in the total spaces: 1, : X1 - X1G y 1yt X2 = X2G , 1 ¢ X-*XG.

Let €, and &, be the symplectic characteristic classes of the
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quaternion line bundles aq ¢ X1CT - X1G and 0o XZG - X2G re-
spectively; then i§(§1) = e, , i5(85) = é2 .

. . - 2 2
Proposition 5. J$G(e ) = ¢+ 2¢c & W+ . JQG(GZ) = n

I

32(}(82) do” ,

(Here n denotes the symplectic characteristic

class of F2 QP(1).)

Proof, This amounts to studying the restrictions of these bundles;
e.g. &2 ]F;G is the tensor product of the quaternion Hopf bundle

over F1 = QP(1) with the trivial line bundle over B S0

G s
32G(e ) =n . | FgG corresponds to the bundle E, x, Q = By
where the G-action on Q is given by the weight 2w . As a com-
plex bundle this decomposes as Iy g (C+jCc) - By , and the complex
weights are £ 2w . ©So the second Chern class is =~ 4m2 , the
first symplectic characteristic class is 4@2 , and j§;(§2)=:4w2.
Similarly, &1 ]F1G as a complex bundle is the Whitney sum of the
bundles given by (i) By %o (C+C+C) - By x Py = P4y and (ii)

Eq g (Cj+Cj+Cj) - Fia -
bundle on P, = CP(2) and the bundle Eq %3 C = By given by the

(i) is the tensor product of the Hopf

complex weight w on G , (ii) is the temsor product of the dual
of the Hopf bundle with the corresponding bundle given by the
weight -w . The second Chern class of &1! Pip 1is (c+w) (~c-w),
the first symplectic characteristic class is (c+w)2 , and

j?G(e1) = 02-+2c ® w-+w2 .

q.e.d.
. . _ 40 o _ 0 8 - 8 _ 4O 0 _ of
Ve have: X = X; U X, , Xi = Ki ubd , x;n D" =Xy NnX =5 .
1,22 _ & _ 0 0 _ @0 4 Lo 4 _ Lo o _ o3 ._
F+F =F=F  UF,, Fi = Fi UuDd', Fi N D =F, NF, =5 ,i=1,2.
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From the Mayer-Vietoris sequence for equivariant cohomology we
nave: HU)) - EPT(xy) - uPY1(x9,) @ mPTT (x5, - EPTI(s])

and : HP(S]) ~ BPYT (X ) - HPV(22,) @ uP*!(2]) i P (s]) -
i = 1,2, where the homomorphisms are H*(BG)—maps (up to sign).
then HY(X,4) = ker 7, z HY(XD,) and HY(X) Tker T . The 5 's

1,2, Let 1i be

determine unique elements Ei in H4(XG) , i

the generator of Ho(Fi) , 1= 1,2,

2 2 2
CT+20 3 0+1, @ +1, ®w .

Proposition 6. jé(é1)

Cr, @ 4u° .

3%(8,)

Dral o p+1 o p+1,+0 ~ P+1/+0 -
Proof.  HP(Sy) BT (X,) B (X)) @ BT (Xp)

) b b y

aPs”y - PN - HP+1(X$) ® HP+1(X8)

From commutative diagrams it follows that i*(E1) = §1 . i*(Ez)zg?,
. . - 2

Clearly we can write 3*(51) =a("+C @as,+1, @ 334-12 2 oy

oy = H*(BG) , i=1,...,4 . From Proposition 3 and the commuta-
tive diagram

- H*(X)

| !
A\ N/

H¥(Fy) = E*(F)

H* (X )

it follows that aq = 1 .

We have the commutative diagrams:
30aTy o b V. 4,50 4,40 T 4,47y .
H (SG) H (XG) H \X1G) ® H (XZG) H (SG)
» ¥
b ial b b b

v 7
& H4(F$G) ® H4(F8G) 3 H4(Sg) -

HS(SS) - H4(FG)

and
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H3(sg) - H4(X1G) H4(X$G)@H4(D§) - H4(Sg) -
y J y v |

Vip
- H4

H(s3) - HH(Fg) (P0e) ® m* (D) - mh(s)) -

Combining with Proposition 5 it follows that the image of V1(§1)
in H4(F$G) may be identified with c¢ ® 2w-+m2 . Since V(E1) €
ker T , the image in H4(F?G) @ H4(F8G) must be in ker Ty , and
must then have a component w2 D w2 in H4(FSG) = H4((F;)g) ®
H4(F§G) . It follows that a, = 2w g = Gy = w2 . Similar proof
for E .
2 d.e.d.
Theorenm 4.

The equivariant cohomology of X is the quotient of the po-
lynomial algebra H*(BG)[§,§] by the ideal generated by the two
parabolas 72 =-2w2§4-3w4, iz = 2w2i4-3w4 . These parabolas have
one intersection point (—wz,wz) with intersection number three
and another transversal intersection point (Bwe,-3w2) , corres-
ponding to the components Po= CP(2) and P = pt of the fixed

point set respectively.

Proof. PFrom the Leray-Hirsch theorem it follows immediately that
H*(XG) is generated by 51 and Ez as en H*(Bg)-algebra,
Change the generators to nq = 51—(y2 ; Mo = Ez— 2w . Then

3t (FE) = 4% @ w® | JE(F5,) =-4C" @ 07+ 1, © 4wt 41, @ 40, end
by the injectivity of jé we have:

(1) 75 +75 = st

Mo + M4 = 4’ .

Ja(nqsms) --c? ® 20%°-¢ @ 40° , and hence

(2) 7y (Fy+2u®) = 0 .
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To normalize to the parabolas as in Hsiang (6), let X = ﬁ1+52
vy = ﬁ1-?@w2 . The relations are then (a) i24-2w2§-3w4 =0
and (Db) iz-2wgi-3w4 = 0 , two parabolas with intersection
points P, = (-wz,wg) and P, = (sz,—sz) . According to the
remarks after Theorem 3 +these are easily seen to correspond to
the components F1 and F2 respectively. P, is a transversal
intersection point with intersection number one, The ideal I

spanned by the polynomials in (a) and (b) contains the polynomial
7 - 6097 - 8007 - 30® = (Fr®)P(Z-30°) . So ()’ € 10, , and

the dimension of the local ring ®, over I®1 is three; i.e. the

intersection number of P1 is three.
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