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In order to construct the unitary representations of a locally
compact group by means of the Mackey machinery one often needs de-
tailed information of multiplier representations for various kinds
of groups. So far such information is available for relatively few
groups, among them the abelian ones, [1]

We feel that this might be a good point to start a more systematic
study of multiplier duals for nilpotent and solvable Lie groups.

Thus in the present article we shall extend the Kirillov orbit
theory to the case of cocycle representations of nilpotent Lie groups
(1). Except for some obvious changes all our results are valid for
exponential groups.

Let N be a simply connected, connected nilpotent ILie group,
and let w : NXN = T be a normalized analytic multiplier (ecocycle) where

T denotes the circle group. w defines a central group extension
(1) =T~ Nw) =N~ (1)

where the multiplication rule of the nilpotent group N(w) is

given by

(sym)(t,n) = (stw(m,n), men); s,t €T, mn€N,
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) The author would like to thank R. Hgegh-Krohn for some enlight-
ening conversations on the subject.




Corresponding to this is an exact sequence of Lie algebras
=3 - Nw) -~ ()

with bracket operation
[(r,X),(s,1)], = BED,IXY]); r,s€R,XYE DR,

where [°,e] denotes the Lie product on N, and B = B, is a

skew symmetric bilinear form on N X ‘h satisfying the Jacobi-identity

(see Parthasarathy [3] p. 35-%6).

We next recall some facts concerning the ordinary irreducible
representations of nilpotent Lie groups. Let N* be the space of
all real valued linear functionals on M. If o €M™ let Xch
be a subalgebra such that o[X,Y] =0, all X,Y € OC . Then, by
the Campbell-Hausdorff formula, xcp = ei¢°log is a character of
the subgroup A = exp Of . Such algebras OU are called subordinate
to ®. By Kirillov [2], the induced representation M = IndE(xm)
is irreducible iff (Ol is of maximal dimension among the subalgebras
subordinate to ¢. Moreover all m € N may be obtained in this
manner, i.e. T = m_ for some o € M. The group N acts on

®
by the coadjoint representation ad* :

ad*(n)f(X) = £f(Ad(n)X), X € ", n €N,

In the case of ordinary representations ncp ~ ﬂw iff ¢ and
lies in the same orbit o(w) wunder ad*, and the map o(p) - nm;
N /ad* (W) - N is a bijection.

For multiplier representations analogous results hold as we shall
see, however the action of N on N will be more complicated.
Naturally our proofs go by reduction to the case of ordinary repre-

sentations by means of the extended group N(w). This is possible

since the w-dual N may be identified to the subspace
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N(w), = {p €M) t p(t,1) =t

I,all t€T)}
via the map

€ N ¥ &' € N(w)

/|

1, t €T, and 7,](t,n) =t~ , all (t,n) € N(w) .

where xq(t) =t"
m' denotes the 1lift of m +o N(w): w'(t,n) = mw(n).
N
Now, if p € I\T(m),1 , let o € N(w)* be a functional such that
=T . Si
P o ince
p(elr,q) - omiry Xm(elr)l - elm(r,o)I
we have o(r,0) ==-r, r €R, and ¢ is of the form
CP=¢'+fq

where f,(r,X) =-r and ¥(r,X) = 9(0,X), all (r,X) € N(w) .
Thus ¢ lives on the factor algebra M.

The following result transforms subordinacy in N(w)* into

"w-subordinacy" in M.

Lemma 1. ILet w be a normalized analytic multiplier of N
and ¢ € N*. Assume OUc ‘A is a subalgebra such that
(*) Bw(X,Y) + o([X,Y]) =0, all X,Y € Ot.

Then xcp = elcpolog is an w-character of A = exp(J(. In particular

wly, 4 is @ trivial multiplier.

Proof. Concider the central extension (OU(w) of O by R

given by wlA)(A , and put
¥ (z,X) = o(X) -1
xw(exp(r,X)) = eiw(r,X)’ all (r,X) € Cllw) .

If (*) holds Xy is a character of A(w) since
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vz, (5,01, = ¥(8 (X, 1), (X,
= ¥([%,Y]) + B (X,Y), all (r,X),(s,Y) € OUu).

Also
ei\v(r,X)e ir _ eicp(X)

1]

Xy ° 35" (exp(, X))

xcp(epr), (r,X) € Ollw) .

Since X\\: is an ordinary character of A(w) and ')‘\{;/' is an w-

character, we have x\ﬁ,’l/l is an w-character, and so is ch °
Moreover

w(x,y) = xcp(xybccp(X)'1xcp(:>f)'/| , all x,y € A,

so that w]| Axa 18 a trivial multiplier.
Q.E.D.

In view of the last lemma we make the following

Definition. Let w be a multiplier of N, ¢ € NW'. A sub-

algebra O( of ‘N is said to be w-subordinate to ¢ if

B, (X,Y) + o([X,Y]) =0, all X,Y € Ot,

When ww is cohomologous to 1, i.e. when ® is trivial, we
may w.l.o.g. take Bw = 0, and we get the usual condition

olX,Y] = 0, X,Y € O, stating that O is subordinate to o.

Lemma 2, Let o € n*. Ol c ‘N is maximal among the w-sub-
ordinate subalgebras of 7. iff O{(w) (given by Bw'O(xO() is

maximal subordinate to § = ¢ +f, in Nw)*.

Proof. Let O¢( S N be maximal w-subordinate. (3 o OC(w)

is subordinate to ¢ + f, iff 03{? is w-subordinate to ¢ since

¥I(s,0), (8, 1)] = @([X, Y1) +B, (X, ) .
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But @é > O, so that 03{3 = O by maximality. Hence
(B = 0t(w) and Ol(w) is maximal.

The converse is similar.
Q,OE.D.

Theorem 3. Let w be a normalized analytic multiplier of the
simply connected and connected nilpotent Lie group N, and let B(‘0
be the corresponding skew symmetric bilinear form on the Lie algebra
" . Assume ¢ € N* and let Olc ‘N be a subalgebra w-subordi-

nate to ¢, and A = exp Ol . Then we have
1) Trcp = @ - Indg(xcp) is irreducible iff (J{ is of maximal
dimension among the algebras w-subordinate to o.

(2) Every m € wa is of the form m = w-IndE(xcp) for some
o € n* and Ol € N maximal w-subordinate to ¢.

(3) The group N acts on N° by
. ead(logn) _1,
(0,9) = n-9 = ad*(n)e+B (logn, ~—zm—-g—(-))
4) Let ¢{ and OU be w-subordinate to ¢ and ¢' respect-

ively. Then Trcp &~ ncp, iff the orbits Ne.p and N-°¢' are equal.

(5) The correspondence Ne ¢ = M > n /N - wﬁ is a bijection.

Proof.
(1): Let o € M, and let (¢ < 7 be a subalgebra. If Of is
maximal w-subordinate to ¢ then O{(w) is maximal subordinate

to ¥ = @+1f, (Lemma 2), so that

- Tnal(w)
is irreducible. Now, let X,(t) =t7', t € T, and let x,(t,a) =

£, (t,8) € Aw), X,(tyn) =t7, (t,n) € M(u). Then



=¥, ®x!
Xy = X1 ®@Xg

so that
IndA(w)(Xw) IndAE:’%(x,&x )

1@ (u-Tndy (83 (x1))

%1 ® (u-Tndj (x,))"

and it follows that

N
ncp = - IndA(xcp)

is irreducible. The converse follows by reversing the argument.

(2): If m € wﬁ then the irreducible representation p = 7,I®n'
of N(w) is induced from some character Xy s ¥y € hw)*, of a

subalgebra Ol(w) maximal subordinate to { :
P IﬂdA%%Xw

Put O = 0((0))/3 , and @ = y-f,. Then ® can be regarded

as a functional of A . Arguing as in the proof of (1) we have
N ~ ~
= (0-Indy (x,))' @ Xy = ' &%,

so that
N

w"IndAch =T,

and © is obtained by inducing X " from A = exp(X) where X
is maximal w-subordinate to ¢ (Lemma 2). This completes the

proof of (2).
(3): We compute the adjoint action in the extended algebra R (w).
Ad(exp(s,X))(t,Y) = expl(s,X),(t,1],

= exp(Bw(X,Y),[X,Y]) , (8,X),0,Y) € h(w).



Letting
‘B, (X,2) O\ /s\
Ty(5,1) = (B,(X,1),[X,¥])= |

w \[X,-] 0/ \X
we have

T 1

(expTy)(t,Y) = (£ —rTP)(t,¥)
n=o0

(t,Y) + (zrB, (X,T) +§1-Bm(X,ad(X)Y) +eo+ B (X,ad(X)Y)

oo (X, Y] + el X, X, Y]] 4 o0 + o ad® (KDY ..l )

+
[
[

adX
(B, (X,Smgg=2¥) + %, e2d(X)yy

]

adX
e
a

]

(8, (%, =Ly) +t, Ad(expX)Y) .

Hence

daX
Ad(exp(s,X))(t,Y) = Bw(X,%X—T—I-Y) +t, Ad(expX)Y)

which is independent of the first coordinate s.

Thus, for ¢ € N°, we can write
. eadX_I
(expX) = ¥ = ad*(expX)y + B (X,~5gg—(")) .
Then

ad*(expX)y +B (X e—a-d—x———:-[-(»))+f
w T adX 1

]

(I) ad*(exp(s,X))(¥+£,)

(expX)¥ +f,, (s,X) € h(w),

where f,l(s,X) =-8,., From this relation it follows at once that

N acts on N" by (expX,y) - (expX) -V since

(expX) ((expY)y) + £, = ad*exp(0,X)[(expY)y + £,]

ad*exp(0,X)[ad*exp(0,Y)(y+£,)]

ad*(exp(0,X)exp(0,Y))(¥+£,)



ad*(exp((0,X) + (0,Y) + 2(B (X,Y),[X,Y]) + ... )(¥+£,)

ad*(exp(#B, (X, Y1) + eoe , X+ T+ 3[X, YT+ .00 )(¥+E,)

exp(X+ Y+ F[X, Y] + .. Dy + £,

(expX expY)y +f, LYEN, v €T,
where we used the Campbell-Hausdorff formula. This proves (3).

To verify (4) we only have to note that {,p € n* give equi-
valent w-representations \}:+f,] and cp+f,' give equivalent
representations of N(w) <=>» there is exp(s,X) € N(w) such that
ad*(exp(s,X))(\Hf,l) = ¢+f, &> there is expX € N such that
(expX) - ¥y = ¢ (using (I)).

(5): Let 'h(w)ﬁ be the image in MN(w)* of N under the map

» » p+f,. From (I) above it is clear that the map F:Negh Neg+f,
is a bijection between ’)’L*/N and ‘h(w)}/ad*N(w) . If k denotes

N
the Kirillov correspondence of N(w)/ad*N(w) onto N(w) and \

-~ —
m: ™€ wN = F;’I @m' € I\T(m),I , then the following diagram commutes

k A
Why & —a—s

Fy m),

N* () 1/ad*N(w) —— 1\1/((»\)1

since
o o Fo o k o a¥(w) &
Neghr—N cp+f,]l-°IndA(w)(xc;>®x,'l) =ncb®x,’
and
Noor¥ y_Tndly < B 1t af
PO A, T T Tp UK

Now F,k, and m are bijections, hence so is kw « This completes

the proof of (5).



References

1. L. Baggett and A. Kleppner, Multiplier representations
of abelian groups, Journ. Func. Anal. 14,

299-324 (1973),

A Kirillov, Unitary representations of nilpotent
Lie groups, Russian Math. Surveys, 17 (1962)
53-104.,

3. K. Parthasarathy, Multipliers on locally compact groups,
Lecture notes in mathematics, 93 (1969)

Springer-Verlag.




