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FOREWORD

This preprint is a result of the first part of the work devoted to classification of
three- and four-dimensional homogeneous spaces.

We consider classification of lower-dimensional homogeneous spaces as an imme-
diate continuation and global version of classification results obtained by Sophus
Lie. Two-dimensional homogeneous spaces were classified locally over the field C
by Sophus Lie [L1] and globally by G.D. Mostow [M]. (The complete classification
of two-dimensional homogeneous spaces can also be found in [KTD].) Sophus Lie
also obtained the classification of maximal effective subalgebras of codimension 3
and classifications of various classes of subalgebras in gl(3,C) and gl(4,C) [L2].

The problem of classification of three- and four-dimensional homogeneous spaces
(even in the simplest case—locally over C) is an extremely difficult one. Quite a
large subclass of three-dimensional homogeneous spaces was described in [KT].

The classification of maximal (and moreover, of primitive and almost primitive)
effective subalgebras in Lie algebras over R and C was completed by B. Kom-
rakov [K1-K4]. There one can also find the history of the question. All maximal
subalgebras in reductive Lie algebras can be extracted from these works. But since
we are interested in all subalgebras of low codimension (which, certainly, include all
maximal ones), we develop the techniques introduced in works of B. Komrakov so
that they are suitable to the solution of our problem. We describe these methods
from the very beginning. Thus the present work can be read independently.

The work on this preprint was completed during the author’s stay at the Centre
for Advanced Study (SHS) at the Norwegian Academy of Science and Letters in
Oslo. I am grateful to the staff and collaborators of the Centre for their hospitality.
I am also very indebted to B. Komrakov for stating the problem and for engaging
in fruitful discussions.
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We shall make use of the following notation:

k is a field of zero characteristic;

¢ a nonzero finite-dimensional Lie algebra over k;

Aut(g) the group of automorphisms of g;

t(g) the radical (or equivalently, the largest solvable ideal) of g;

5(g) the nilpotent radical of g, that is the intersection of kernels of all
finite-dimensional representations of g: s(g) = [g,t(g)] = [g, g] Nt(g); let us remark
that s(g) is equal to the intersection of all maximal ideals in g;

M(g) the set of all maximal subalgebras of g;

©(g) the Frattini ideal of g, i.e., the largest ideal in g that is contained in
each maximal subalgebra of g;

Alg) = {go € M(g)ls(a) £ a0} = {ao € M(a)ls(8) + g0 = a};
L(g) the set of all maximal submodules of the g-module s(g);

B(g) = {m € L(g)|[g,5(g)] £ m} ={m € L(g)l[g,5(g)] + m =s(a)};
Z(go) the centralizer of a subalgebra go in g;

N(go) the normalizer of a subalgebra go in g;

w(go) = p(g, go) the largest ideal in g contained in the subalgebra go.

All the references to be made are to the book “Lie Groups and Lie Algebras’ by
N. Bourbaki [Boul].

Let us recall some definitions. A special automorphism of g is an automorphism
of g of the form exp ad z, where z € 5(g).

Any subalgebra of g complementary to the radical t(g) is called a Levi subalgebra
of g. Any two Levi subalgebras of g can be mapped into each other by means of
special automorphisms (Chapter I, §6, no. 8, Theorem 5).

A Cartan subalgebra is a nilpotent subalgebra that coincides with its own nor-
malizer. Any two Cartan subalgebras of a solvable Lie algebra can be mapped
into each other by means of special automorphisms (Chapter VII, §3, no. 4, Theo-
rem 3). If h is a Cartan subalgebra of g, then h+ [g, g] = g (Chapter VII, §2, no. 1,
Corollary 3 to Proposition 4).

Let p be a Levi subalgebra of g and f a Cartan subalgebra of the Lie algebra
Z(p) Nt(g). The subalgebra q = p @ h is called a Levi-Cartan subalgebra of g.
Any two Levi—Cartan subalgebras of g can be mapped into each other by means
of special automorphisms. This immediately follows from the similar property for
Levi subalgebras and Cartan subalgebras of solvable Lie algebras.

Suppose b is a finite-dimensional nilpotent Lie algebra over k and V' is a finite-
dimensional h-module. Set

VOo(h) = {v ev | htw =0 for all h € b and sufficiently large i € N},

V() = Z(ﬂ hf’.V).

heb NeN

The h-module V is a direct sum of the submodules V°(f) and VT (h), and moreover
h.VE(h) = V().

The decomposition
V=Vh)@V*(h)
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is called the Fitting decomposition of the h-module V' (Chapter VII, §1, no. 1,
Corollary 2 to Theorem 1).
If b is a Cartan subalgebra of g, then

g’(h) =1
(Chapter VII, §2, no. 1, Proposition 4).
1.1. Lemma. Suppose q =p @ § is a Levi—Cartan subalgebra of g; then
Z(p) C(9);
a=p@ha (Zm) () e .t
we) =he (Z(n)" (h) @ lp,v(a)];
s(a) = ([n, h] + b N [5(8),5(0)]) & (Z(p)) " (h) & [p, ()]
If a is a solvable ideal in g, then

a=(hna)® ((Zp) () na) e (Ip,(@)] Na).

Proof. a) The p-module g is semisimple (Chapter I, §6, no. 8, Corollary 2 to The-
orem 5, and no. 2, Theorem 2), and a = (Z(p) Na) @ [p, a] (Chapter I, §3, no. 5,
Proposition 6), and also

[, a] = [p, [p, o],

[Z(p), [, al] = [p, [Z(p), 0] C p,a]
a=2(p)®p,9l = Z(p) @ v, x(@] & [p,p] = (Z(p) Nt(e)) & [0, x(0)] @ 0.
Consequently Z(p) C t(g) and a = (Z(p) Na) & ([p, x(g )] a). Furthermore

(Zp)na)’(h) = (Z(p) () Na=hNa,
a

(
(Zw)na) " (h) = (2()" (h) Na
(Chapter VII, §1, no. 1, Corollary 2 to Theorem 1), which implies

Zp)na=(hna) @ ((Z() " (h) Na).

b)  s(g)=[p®Z(p) @ [p,x(g)], Z(p) & [p,t(9)]

1Z(p), Z(P)] = [h @ (Z() T (0), b ® (Z(p)) " (1)]

(since (Z(p)) " (h) = [b, (Z(p)(1))] C 5(a)),
s(a) = (I, b @ (Z(p)* (h) @ [p,x(0)]) + [s(a), 5(a)] =
= (I, 5] + b N [s(a),5(a)]) & (Z(»)) " (h) @ [p, x(0)]

(for [s(a),5(a)] < (h N [s(a),5()]) & (Z(p))" (h) @ [p, e(a)])-
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1.2. Lemma. Suppose go € M(g); then pu(go) = {0} if and only if one of the
following conditions holds:

(1) g is simple and g is a maximal subalgebra of g;
(13) g=adbandgo = {a+ ¢(a) | a € a}, where p:a — b is an isomorphism
of simple ideals of g;
(131) g = a® go, a being a minimal commutative ideal in g which is, at the
same time, a faithful simple go-module

If go € A(g) and p(go) = {0}, then condition (ii7) is satisfied, and also go # {0},
5(g) = a, and g¢ is a Levi-Cartan subalgebra of g.

Proof. 1t is clear that subalgebras gg specified in the lemma are maximal in g and
p(go) = {0}

Conversely, suppose that go € M(g), u(go) = {0}, and a is a minimal ideal in g.
Then a + go = g and either [a,a] = a or [a,a] = {0}.

a) If [a,a] = a, then the ideal a is simple (for it cannot contain proper charac-
teristic ideals of g), and its centralizer b is an ideal complementary to a: g =a® b
(Chapter I, §5, no. 5, Corollary 2 to Proposition 5; §1, no. 4, Proposition 2 and
Proposition 3; §6, no. 2, Proposition 2 and no. 1, Corollary 3 to Proposition 1).

If go Na # {0}, then N(go Na) is different from g, and contains go + b; therefore
b={0} and g = a.

IfgoNa={0},theng=adgo=a®db, go # {0} (since dimg > 3), b # {0},
and for every b € b there exists a unique 1(b) € a such that 1(b)+b € go. It is clear
that the mapping ¥: b — a is a homomorphism of Lie algebras. It is injective (since
ker 1 C u(go)) and surjective (since go C 1(b) ® b, go # ¥(b) ® b, and therefore
P(b)®b=g=0a®db). Let ¢ =1~1; then go = {a + ¢(a) | a € a}.

b) If [a,a] = {0}, then a+go C N(goNa), goNa C u(go), and g = aP go. Since

the kernel
{z €go| [z, a ={0}}

of the go-module a lies in u(go), we see that the module is simple and faithful.

c) If go € A(g) and u(go) = {0}, then s(g) # {0}, which is possible only if
condition (ii%) is satisfied. If go = {0}, then g = a and s(g) = {0}, which leads to
a contradiction. Thus g is a nonzero reductive Lie algebra (Chapter I, §6, no. 4,
Proposition 5). Consequently t(g) = a ® t(go) and s(g) = [a ® go,a D t(go)] =
[g0, 0] = a.

Let p be a Levi subalgebra of go, then

go = p @ t(go),

g=pDt(go) Da=pdr(n),

that is p is a Levi subalgebra of g. If p # {0} then [p,t(g)] = a = s(g) and
Z(p) = t(go), but if p = {0}, then Z(p) = g = go ® g¥(go). Therefore, go is a
Levi—Cartan subalgebra of g.

1.3. Lemma.

(4) [s(g),5(0)] C ¢(g) C 5(a)-
(13) s(g) Ngo = s(g) N p(go) for all go € M(g).
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(132) If go € A(g), then s(g) Ngo € B(g).

(tv) Suppose m € B(g), q = p @ h is a Levi-Cartan subalgebra of g, and
go = q+m. Then go € A(g), s(g)Ngo =m, qNm = [h, h]+hNI[s(g),s(g)],
and q is a Levi-Cartan subalgebra of g.

(v) Ifg1,92 € A(g) and s(g) Ng1 = 5(g) N ge, then the subalgebras g1 and g,

can be mapped into each other by means of special automorphisms.

(vi) Two subalgebras g1, g2 € A(g) are conjugate with respect to Aut(g) if and
only if so are the ideals s(g) N g1, 5(g) Ng2 € B(g).

(vig) If B(g) # 0, then
pl@)= () m
meB(g)

Proof. a) It is clear that ¢(g) lies in each commutative ideal of g. Consequently

¢(g) C 5(g).
If go € A(g), ¢ =9/1(go), and gy = go/p(go), then
go € A(g"),
(go) = {0},
5(g’) is a minimal ideal in ¢/,
o, 5(a")] = s(g')
(Chapter I, §6, no. 2, Corollary 2 to Proposition 2). Therefore

s(g) N u(go) € B(g),
[s(a),5(9)] C 1(go)-
Further
[s(g) + 90,5(g) Ngo] C [s(a),5(g)] +5(g) Ngo = 5(g) N go,

and therefore s(g) N go = s(g) N x(go)-

b) Let g1,92 € A(g), s(g)Ng1 =s(g)Nge =m, ¢ =g/m, g§ = g1/m, and
g5 = go/m. Then g} and g} are Levi-Cartan subalgebras of g’. Suppose z’ is an
element of s(g’) such that

expadz'(g}) = g5,
and z € s(g) Nz'; then
expad z(g1) = go.

c) Let m € B(g) and let ¢ = p ® h be a Levi-Cartan subalgebra of g, g’ =
g/[s(g),s(g)], and m:g — ¢’ a canonical surjection. Set m’" = w(m), p’ = 7w(p),
h' = m(h), and ¢’ = w(q). Then m’ € B(g'), and since p’ +t(g’) = ¢’ and p’ is
isomorphic to p, we see that p’ is a Levi subalgebra of g’. Since w(Z(p)) C Z(p'),
m([p,e(@)]) = [p',v(g")], and 7(Z(p) @ [p,x(g)]) = Z(p') @ [p',v(¢")], we conclude
that Z(p') = 7(Z(p)). Furthermore, b is a Levi subalgebra of the Lie algebra Z(p')
(Chapter VII, §2, no. 1, Corollary 2 to Proposition 4) and, consequently, g’ = p’ @b’
is a Levi-Cartan subalgebra of the Lie algebra g¢'. It is clear that

s@) =M, 0@ (ZE)) () e, ()],
o', s(a")] = [0, [0, 0] @ (Z(e")) " (0) @ [, e(g")),



8 ALEXEI TCHOURIOUMOV

m' = ([0, '] nm) @ ((Z(v")) " (") n ') @ (', (g")] N '),
and therefore
[0, 6T nm" + [0, [0, '] = [, b].
Suppose that h” = b'/([h’, '] N m’); then [H”,[h"”,H"]] = [H”,h”]. From that the
Lie algebra h” is nilpotent it follows that [h”,h"] = {0} and [K',H'] C [K,H] N m'.
Therefore [h',h'] Nm’ = [h’,h’] and either (Z(p’))+(h’) ¢ m' or [p,v(g)] ¢ '
Consequently the subalgebra

g=da+m' =p &b e ((2())"H)nm)e () nm)

lies in A(g’) and s(g’)Ngj = m’. Tt is obvious that go = 7~ 1(gj) € A(g), s(g)Ngo =
m, and q C go. Moreover ¢’ Nm’ = [, h’] and qNm = hNm = [h, hl+HN[s(g),s(g)].
Notice that the centralizer of p in go is equal to h & ((Z (p))+(h) Nm) and also
b, (Z(»)) " (h) nm] = (Z(p)) " (h) N m. Therefore f is a Cartan subalgebra of the
just mentioned centralizer.

1.4. Consider the case where g is a semisimple Lie algebra.

Let h be a Cartan subalgebra of g and k the algebraic closure of the field k. Then
the Lie algebra § = k ®j g is semisimple (Chapter I, §6, no. 10), and its subalgebra
h = k@b is its Cartan subalgebra (Chapter VII, §2, no. 1, Proposition 3); moreover,
every derivation ad h (h € h) is diagonalizable (Chapter VII, §2, no. 4, Theorem 2).
For a linear form o on h put

g*(h) ={z€d|[hz]=a(h)z forall heh}.

If a # 0 and g(h) # {0}, then the form « is called a root of the Lie algebra g with
respect to the Cartan subalgebra ). The set R = R(g,h) of all such roots is called
the root system of g with respect to h. We have

@=6€B<§3@°‘(6)) and §°(5) =

(Chapter VII, §1, no. 1, Proposition 3 and Theorem 1). The set R = R(g,h) is
a reduced root system of the space h*; in other words, 1) R generates the whole
of h*, 2) %R NR =10, 3) if, for « € R, H, is an element of h such that a(H,) = 2,
then the mapping sa: A — A — A(Hy)a (A € h*) maps R into itself, and also

4) R(H,) C Z (Chapter VII, §2, no. 2, Theorem 2). Each vector subspace g*(h)
(a € R) is one-dimensional, and moreover

[8%(h),a*(h)] =kHa (a € R),

[8%(h),8°(h)] =3°"°(h) (6 R, a+[#0)
(Chapter VIII, §2, no. 2, Theorem 1 and Proposition 4). A subset

B ={aj,...,q} CR
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is called a base of the root system R, if B is a basis of h* and every root a € R can
be written as

a==x(nar+ - +maq), where (ni,...,n;)€Zk.

Suppose B is the subset of R that contains B together with all roots a@ € R such
that o — a; ¢ R for all ¢ = 1,2,... 1. Then B is called an extended base of R.
To each base (extended base) of R one can assign a Dynkin diagram (extended
Dynkin diagram) (Chapter VI, §4, no. 2). For a subset By C B , by R(Byp) denote
the following subset of R:

{anﬂeR

ng € Z for all € BO}.
BEBo

If By C B, by P(By) denote the following subset of R:

l
R(Bo) U {Zmaz €ER

n; € Zy forall 1=1,... ,l}.
i=0

It is obvious that the subspaces

P(Bo) —h@( D s h)>

a€P(By)

are subalgebras of the Lie algebra g. Moreover, the subalgebra g(By) is reductive
in g (Chapter VIII, §3, no. 1, Proposition 2), and is a Levi-Cartan subalgebra
of p(By). The subspace

5(Bo) = D g*(h)

OLEP(BQ)\R(B())

is the nilpotent radical of the Lie algebra p(By). The subalgebra p(By) is said to
be the parabolic subalgebra of § associated with f), B and By C B. A subalgebra g
of g is called parabolic if there exist a Cartan subalgebra h of g, a base B of the
root system R = R(g,h), and a subset By C B such that

go = ﬁ(BO)a

i.e., if §o is a parabolic subalgebra of g associated with b, B, and By C B.
It is known that a maximal subalgebra of a semisimple Lie algebra g is either
reductive or parabolic in g (Chapter VIII, §10, no. 1, Corollary 1 to Theorem 2).
Suppose k = C and 7: g — g is a mapping satisfying the following conditions:
(1) T(z+y)=7(z)+71(y) forall z,ye€g,
(i1) T(az) =ar(z) forallaeC, z € g,
(#19) 7([z,y]) = [r(z),7(y)] forallz,y€g,
(iv) 7% =1id,.
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Then 7 is called an anti-involution of g, while the subset

g" ={z e glr(z) =z}

is called the real form of g associated with 7. The g7 is, of course, a real Lie
algebra, and

g=¢g ®&v—-1g" (over R).

Let now k = R and k£ = C. The Lie algebra g can be identified with the subset
1 ® g, and moreover

g=g®+vV—-1g (over R).
The mapping o: g — g defined by

olx+v—-1ly)=x—+—1y forall z,yeg
is an anti-involution of g and g = g. An endomorphism J of g such that

J([z,9]) = [z, J(y)] forall =z,yeg;
J? = —id,,

is called a complezx structure on g. If a real Lie algebra g possesses a complex
structure J, then by g(J) we denote the complex Lie algebra defined on the set g
by extension of the base field:

(a++v-1b)x =ax+bJ(z) forall ze€g.

If, in addition, 7 is an anti-involution of g(J), then 7 is an involutorial automor-
phism of g, and the complexification g of g can be written as a direct sum of the
following two ideals:

gt ={z+Vv-1J(z) |z g}

These two ideals are mapped into each other by ¢ and by the involution 7, where
7 is the complexification of 7. Furthermore, each of them is isomorphic to the Lie
algebra g(J):

o) =5, o %(x —VTTJ(z)) forall e g()),

and is an eigensubspace the endomorphism J, where J is the complexification of J.

Lemma.

(i) If k = k and go € M(g), then the subalgebra go is either semisimple or
parabolic in g.
(i) If k = R, k = C, go € M(g), but o ¢ M(g), then there exists a
subalgebra go € M(§) such that go = go N o (go)-
(iis) If k = R, k = C, and g is simple and possesses a complex structure J,
then the set M(g) is equal to the union of the set M (g(J)) and the set of
all real forms of g(J).
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Proof. (i) Suppose that go is a reductive subalgebra of g and the center 3¢ of g is
nonzero. Then go = Z(30) and there exists a Cartan subalgebra f of g such that
h C go and 30 C h (Chapter VII, §2, no. 3, Proposition 10). Set

Ro ={a € R(g,h) | (30) = {0}}.

Then

w =B (D ),

a€Rp
30 = {h € h|Ro(h) = {0}}.
Let z be a nonzero element of the set

300< > ZHa>;

a€R(g,h)

then the subspace

D B w0)

a(z)20

is a parabolic subalgebra of g that contains gy and is different from g (Chapter VI,
§1, no. 7, Definition 4 and Proposition 20 when P = {a € R | a(z) > 0}). We are
led to a contradiction.

(74) This statement is clear, since there exists a subalgebra g; C g such that
g1 = go N o (go)-
(i1) Let go € M(g) and let = be a projection of gy to g* parallel to §F.
a) If g5 # g™, then

Go=@@a )noc@i e )=@Gloi )nE" ®o@))) =a5 ®o(d)

and

It is clear that _
gy € M(@5),  JT(do) = do,

J(go) = J(8oNg) = J(g0) N J(g) = go N g = go,

and also go(J|go) € M(g(J)).
b) We now show that if g7 = g*, then g+ Ngo = {0}. We have

[6,87 Ndo) =[G0o+8 ,8 Ndo] =[do, 8" Ndo] Ca" N go.

If g7 Ngo # {0}, then gt Ngo = g+, g+ C o, and g~ = o(g") C o(do) = Go,
ie., go = g and go = @, which yields a contradiction. Thus g* N gy = {0} and
g Ngo = o(@ Ngo) = {0}. Therefore, for any z € g there exists a unique
¢(z) € g~ such that = + ¢(z) € go; in addition, the mapping ¢:g+ — g~ is an
isomorphism of Lie algebras and go = {z + ¢(z) | = € g"}. It remains to note
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that go + J(go) = § and go N J(80) = {0}; therefore g = go ® J(go) (since if
go N J(go) # {0} then go N J(go) # {0}, and besides, go + J(go) is a subalgebra

of g).
c) If go € M(g(J))\M(g), then let g, € M(g) be a subalgebra containing go.

Clearly gj, ¢ M(g(J)); but then g = gi ® J(gg), which contradicts the conditions

go C gp N J(gg) and go # {0}.
d) If go is a real form of the Lie algebra g(J) such that go ¢ M(g), then let

g6 € M(g) denote a subalgebra containing go. It is clear that g{, cannot be a real
form of g(J); but then J(gj) = gf and g = go @ J(go) C ¢, and we are again led
to a contradiction.

1.5. Lemma. Suppose k = C, g is simple, go € M(g), and codim gy < 4. Then
there exists a Cartan subalgebra by of g lying in go, and the root system R = R(g, h)
has a base B such that

(1) if go is parabolic, then go = p(By) for some subset By C B, and the
pair (g,go) can be given by one of the following Dynkin diagrams:

o codimgg = 1;
oo codimgy = 2;
e-e 0 codimgy = 3;
&0 codimgg = 3;
X® codimgy = 3;
e-o0-e codimgy = 4;
e-e-o0 codimgy = 4;

(black vertices on the diagram of B correspond to roots lying in By);
(13) if go is semisimple, then go = g(By) for some subset By C B, and the
pair (g, go) can be given by the following Dynkin diagram of the extended

base B:
eo® codimgy = 4,

where the black vertices correspond to the roots lying in By.

Proof. (i) Let go = p(Bo) be a parabolic subalgebra of g, associated with certain
f, B, and By (see section 1.4). Then B = By U {a} for some o € B and the
g(Bp)-module g is a direct sum of the submodules g(By), s(By), and

s(Bo)= P g

a€P(Bo)\R(Bo)

It is known that there exists an automorphism 6 of the Lie algebra g such that
0(h) = h and 0(g*(h)) = g~(h) for all & € R (Chapter VIII, §4, no. 4, Proposi-
tion 5). It is clear that s.(Bo) = 0(s(Bo)) and 6(g(Bo)) = g(Bo). Therefore the
kernel of the g(Bg)-module s.(By) is also the kernel of the g(Bp)-module s(By)
and, consequently, an ideal in g. So the g(Bp)-module s.(Bp) is faithful and
codim go = dim 5,(By). Therefore dim g(By) < 42 = 16 and dimg < 16+4+4 = 24.



SUBALGEBRAS OF LOW CODIMENSION IN REDUCTIVE LIE ALGEBRAS 13

We now list Dynkin diagrams for complex Lie algebras of dimension < 24 and for
their maximal parabolic subalgebras:

o dimg =3: o dimgg = 2;
00 dimg =28: o) dim gy = 6;
ago dimg = 10: [ xee} dimgg = 7;
ore dimgg = 7;
a%o dimg =14 [ z<o} dimgg = 9;
0z2e) dimgy = 9;
o000 dimg=15: e oo dmgy=11;
o0 dmgy=12;
o-xo  dimg=21: dim gy = 14;

—(<®

o0 dimgy = 15;
o-e&® dimgy = 16;
o8

o0  dimg=21: dim gog = 14;
o->0  dimgy = 15;
o0  dimgg = 16;
0-0-0-0 dimg =24: oo 0o dimgy=18;

(7i) Let V be a submodule of the go-module g such that g = go® V. It is
clear that V is faithful. Therefore go is isomorphic to some subalgebra of the Lie
algebra s[(V), and also dimgg < 4> — 1 = 15 and dimg < 19. Note that the
rank of go does not exceed that of g (Chapter VII, §2, no. 2, Definition 2; no. 3,
Corollary 1 to Theorem 1 and Proposition 10). Below we list Dynkin diagrams for
semisimple complex Lie algebras p of dimension < 15 and rank < 3 together with
minimal dimensions m of faithful p-modules:

dimp =3, m = 2;
o dimp =6, m=4 (xX0);
oo dimp =8, m=3;
oo o dimp =9, m = 6;
o  dimp =10, m =4 (=0);
o0 o dimp =11, m =5;
o 0 dimp =13, m = 6;
o dimp=14, m=T;
o000 dimp =15, m=4.
In parentheses we indicate Dynkin diagrams of simple complex Lie algebras g satis-
fying the conditions rang g > rangp and dimp+m < dimg < dimp +4. It remains

to list Dynkin diagrams for proper semisimple maximal rank subalgebras of these
Lie algebras:
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where the Dynkin diagram of the subalgebra corresponds to the subdiagram of the
extended Dynkin diagram of g formed by black vertices.

1.6. Suppose that £ = C and that g is simple and has one of the following Dynkin
diagrams:

Let us describe the sets M(g) and Aut(g), and also the set R(g) of anti-involutions
of g.

A;) Let V be a complex vector space of dimension I + 1 (I = 1,2, 3,4); then the
Lie algebra s[(V) is a simple Lie algebra of type A;, i.e., its Dynkin diagram has
the form:

a’l al

The mapping s[(V) — sl(V*) defined by
z— —tz forall z¢€sl(V),

is a canonical isomorphism of Lie algebras

1°. By R(V) denote the set of all anti-involutions of V. For each 7 € R(V) the
subset

VT ={veV]|r(v) =v}
is a real vector space of dimension [ + 1 and
V=V"®V-1V" (over R).
The mapping 7*: V* — V* defined by
(w,7*(v*)) = (t=1(v),v*) forall veV, v*€V*
lies in R(V*), and moreover (V7)* can be naturally identified with (V*)7:
v = (v (v,0*) forall veVT, v*e (V).

The mapping 7:5I(V) — s{(V) such that

(@) =T1ozor ! forall zesl(V)
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is an anti-involution of s[(V'). We shall denote the real form (s{(V))" by sl(V, 7).
It is obvious that sl(V,7) is isomorphic to the Lie algebra s[(V™). Notice that if
71, T2 € R(V), then

T1=T9 &> T, = ary for some aceT={acC|aa=1}.

2°. Let H(V') denote the set of antilinear mappings pu: V' — V such that p? =
—idy. It is clear that H(V) # 0 if and only if V is even-dimensional, since for
every pu € H(V) the space V is made into the right quaternion space V(u) of
regularity %(l + 1). Indeed, it is convenient to consider the quaternion field as the

subring
a b

of the ring of all complex 2 X 2 matrices. We put

v(_al—) Z)zav—ku(bv) forall a,beC, veV.

The mapping p*: V* — V* defined by
(v, " (v*)) = (p=1(v),v*) forall veV, v' eV
lies in H(V*), and the mapping j:sI(V) — sI(V), such that

/?L(JJ) =pozop ™t forall ze€ sl(V),
is an anti-involution of sI(V). The real form (sI(V))" is denoted by sl(V, p). It is
clear that sl(V, u) consists of those endomorphisms of the quaternion space V(u)
whose reduced trace is equal to zero. (Recall that the reduced trace of an endomor-
phism z of V(u) is the number 1 trz, = being considered as a real endomorphism
of the space obtained from V by reduction of the base field to R. It is equal to trz,
if z is considered as a complex endomorphism of V.) Note that if u1, us € H(V),

then . .
B1 = fo <= p1 = oy for some ae€T.

3°. Let E(V) denote the set of all nondegenerate Hermitian forms on V. We
identify a form £ € E(V) with the antilinear isomorphism V' — V* such that

&(v1,v2) = (v1,&(v2)) for all wvy,uy €V
the mapping £*: V* x V* — C defined by
€ (vi,v3) = (672 (v), 2 (v3)) forall v, v; € V*

lies in E(V*), and the signature of the form £* coincides with that of £. The
mapping &:5[(V) — sl(V) such that

£z) =~ (tomot™) forall zesi(V),
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)

is an anti-involution of s{(V'). The real form (5[(V))€ is denoted by s[(V, £). Clearly

sI(V,€) = {z € s((V) | £(z(v1),v2) + &(v1,2(v2)) =0 forall wi,vy € V}.
Note that if £1,&; € E(V), then

21 = 22 < £ =afy for some o€ R*.
4°. For each ¢ € GL(V) the mapping ¢:sl(V) — sI(V) defined by
o(z)=pozop ! forall z€ sl(V)

is an automorphism of the Lie algebra s[(V'), and the mapping ¢*: V* — V* defined
. (v,0*(v*)) = (e (v),v*) forall veV,v*eV*

lies in GL(V*). The mapping ¢ +— ¢* is an isomorphism of the groups GL(V)
and GL(V*). Note that if 1, pa € GL(V), then

le = g??z < 1 =apy for some o€ C*.

4.1°. If p € GL(V) and 7 € R(V), then

o

poT=Top<=Topor *=ap forsome acT.

Moreover there exists a ¢’ € GL(V') such that

@ =¢ and 1oy or =y

Set
GL(V,7)={p € GL(V) |Topor ! = ©}.

The group GL(V,7) can be identified with the group GL(V7) in an obvious way.
Note that if ¢1, @2 € GL(V,7), then

o [¢]
1 = g < 1 = e for some o € R*.

4.2°. If ¢ € GL(V) and p € H(V), then

=y forsome aeT.

boii=fiop s wopon-
Moreover there exists a ¢ € GL(V') such that

¢ =¢ and poyopt=y¢.

Set,
GL(V, 1) = {p € GL(V) | popou™ = ¢}.
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The group GL(V, 1) consists of automorphisms of the quaternion space V (1). Note
that if o1, @2 € GL(V, 1), then

921 = 9002 < 1 = gy for some «a € R*.

4.3°. If p € GL(V) and € € E(V), then

&302:20&(:)50(,005“1 = ap* for some «a € R".
Moreover there exists a ¢’ € GL(V) such that
¢'=¢ and goyglog™ =x(¢),
where the sign of (¢’)* is uniquely determined by the sign of a. Set
GLE(V,€) = {p € GL(V)|€opo&™! = +¢"}

and
GL(V,€) = GL*(V,£) UGL™ (V,¢).

It can be easily seen that
GLi(V, &) ={p e GL(V) | f(go(vl), 90(1)2)) = £{(vy,v2) for all v1,v9 € V};

besides, GL™(V,£) # 0 if and only if the space V is even-dimensional and the
signature of the form £ is equal to 0. Note that if ¢1, s € GL(V,§), then

[0 o)
1 = P2 <= 1 =y for some a € T.

5°. By IL(V) denote the set of all isomorphisms V' — V*. We identify a
¥ € IL(V) with a nondegenerate bilinear form on V:

Y(v1,v2) = (v1,¥(va)) for all wvy,vy € V.
The mapping 12:5[(V) — 5[(V) defined by
b(@) = —tpozoy) forall zesi(V)
is an automorphism of the Lie algebra s[(V'). Note that if 11,19 € IL(V'), then

11 =Yg <= p1 = arpy for some « € C*.

Let S(V) be the set of nondegenerate symmetric bilinear forms on V' and let
A(V) be the set of nondegenerate skew-symmetric bilinear forms on V. It is clear
that A(V) # 0 if and only if V' is even-dimensional.
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The sets S(V') and A(V) can be identified with subsets of IL(V). If ¢ € IL(V),
then

o

P? =1idgvy <= ¥ € S(V) UA(V).

By sl(V, 1) denote the subalgebra of fixed points of the automorphism . It can be
easily seen that

sl(V, ) = {z € sl(V) | ¢(z(v1),v2) + ¢ (v1,2(v2)) =0 for all vy,vs € V}.

Note that if dim V' > 3 and ¢ € S(V)UA(V), then sl(V, ) is a semisimple maximal
subalgebra in sl(V).

5.1°. If ¢ € IL(V) and 7 € R(V), then

o [e]

Yor=Toh <1 0por ' =o1p forsome «cT.

Moreover there extists a ¢’ € IL(V') such that

1?/ :12 and 7ot o =19,

Set

ILV,7)={y eIL(V) |7 otpo 7= P}
The set IL(V,7) can be naturally identified with the set IL(V"). Note that if
1,19 € IL(V,7), then

9(231 = 9%2 < 1 = apy for some « € R*.
Put

S(V,7)=S(V)NnIL(V, )

and
AV, T)=A(V)NIL(V,T).

If » € S(V)UA(V) and 7 € R(V), then the subalgebra s{(V, 1) is stable under 7
if and only if
apy € S(V, ) UA(V,7) for some o€ C*.

In this case the subalgebra sl(V,4) Nsl(V,T) corresponds to s{(V7, at)).
5.2°. If ¢ € IL(V) and p € H(V), then

o

pofi=jop > popopt =

= for some ae€T.

Moreover there exists a ¢’ € IL(V') such that

W' =19 and proy opl =1
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Set
IL(V,u) ={y € IL(V) | p* otpo ’u_l =1}
It is clear that the set IL(V,u) consists of isomorphisms of quaternion spaces

V(u) — V*(u*). Note that if 1,19 € IL(V, i), then

Y1 =g < P = apy for some o € R*.

Now set
S(V,p) =S(V) NIL(V, p),

AV, p) = A(V)NIL(V, ).

If 1 € S(VY)UA(V) and p € H(V), then the subalgebra s((V, 1)) is stable under /1
if and only if
ap € S(V,p) UA(V, ) for some « € C*.

5.3°. If ¢ € IL(V') and £ € E(V), then

;{) oz' = 2 012 = & (Y(v1),9¥(v2)) = a€(v1,v2) for some a € R*

and all v1,vs € V. Moreover there exists a 1’ € IL(V') such that

' =v¢ and £ (P(v1),¥(v2)) = £&(v1,v2) for all vy, v €V,
where the sign of £(+,-) is uniquely determined by that of . Set
IL5(V,€) = {9 € IL(V) | € ((v1), ¥ (v2)) = £&(v1,v2)  for all vy,v; € VY,

IL(V,€) = ILT(V,§) UIL™ (V, ).

It is clear that IL™ (V) # 0 if and only if V' is even-dimensional and the signature
of £ equals 0. Note that if 11,1, € IL(V,§), then

Y1 = g <= Y1 = arpy for some « € T.

Now set
SE(V,€) = S(V) NIL*(V,¢),

AF(V,€) = A(V) NILE(V,€),
S(V,€) =S (V,§) US™(V,¢),
A(V,€) = AT (V,§)UA~(V,€).
Suppose ¥ € S(V)UA(V) and p € E(V); then the subalgebra sl(V, ) is stable

under £ if and only if

ap € S(V,&) UA(V,€) for some a e C* .
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Let £ € E(V) and ¢ € S(V,€) UA(V,§).

(++) If p € ST(V,€), then 7 = £ 0o9p € R(V) and there exists a 1o € S(V7)
such that the restrictions of 1 and £ to V™ coincide with 1.

(—=)Ifp € A=(V,€), then 7 = ¢ 1 oyp € R(V) and there exists a 1p € A(V7)
such that the restrictions of 1 and £ to V7 coincide with /—11yq.

(+=) If o € S™(V,€), then p = -1 oep € H(V) and there exists a subspace W
in V such that V =W @ u(W), &(W,w(W)) = {0}, and the restriction of £ to W
is positive definite, while the restriction of £ to u(W) is negative definite. Moreover

£(pu(v1), w(vz)) = =€(v1,v3)  and

Y(v1,v2) = §(v1, p(v2))

for all vi,v9 € V.

(—+) If v € AT(V,€), then = £ otp € H(V) and there exists a subspace W
in V such that V.= W @ u(W), &(W,u(W)) = {0}, and the restrictions of the
form £ to W and to u(W) are nondegenerate and have the same signature, which
is half that of £&. Moreover

E(pu(v1), p(vy)) = €(v1,v2)  and

h(v1,v2) = §(v1, p(v2))

for all v1,v, € V.
Note that in any of the cases just described

pol=CEoyp=(Etoy)
6°. For every proper subspace Vj in V' the subalgebra
5[(V, V()) = {$ € 5[(V) | x(Vo) C ‘/0}

is parabolic and is maximal in s[(V'). The canonical isomorphism sl(V') — sl(V*)
maps it into the subalgebra s[(V*, tVp), where

Notice that Vj is the only proper subspace of V which is stable with respect
to sl(V, Vp).
6.1°. Suppose Vj is a proper subspace of V and 7 € R(V). Then sl(V,V})

is stable under 7 if and only if Vj is stable under 7. It can be easily seen that
the subalgebra s[(V,Vp) N sl(V,7) of the Lie algebra sl(V,7) corresponds to the
subalgebra sl(V™, V) of s[(VT), where Vj =V, NV7.

6.2°. Let Vp be a proper subspace of V and p € H(V). Then the subalge-

bra s[(V, Vp) is stable under ﬁ if and only if Vj is stable under p. In this case Vj is
even-dimensional, since it is a subspace of the quaternion space V().

tVbz{v*EV*
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6.3°. Let again Vj, be a proper subspace of V and & € E(V). Then the subal-

gebra sl(V, Vp) is stable under £ if and only if the restriction of £ to Vj equals 0
and V- = Vo, where
Voo = {v e VIE(Vo,v) = {0}}.

This is possible only if the space V is even-dimensional, the signature of £ is equal
to 0, and dim Vp = %dim V.

7°. Let 7 € R(V) and let go be a maximal subalgebra of the Lie algebra sI(V, 7).
Assume that the go-module V7 is simple but there exists a proper subspace 1}
in V such that go C s[(V,Vp). Then V = V5 @ 7(Vp) and there exists a unique
J € GL(V, 7) such that

Jw)=+v—1v forall veTj.
Moreover J%2 = —idy, pu=7o0J =Jo 7 € H(V) and
go = sl(V, Vo) Nsl(V, T)

=sl(V,J)Nnsl(V, 1)
= sl(V,u) Nsl(V, ),

where sl(V, J) is the subalgebra of fixed points of the second-order automorphism .J.

8°. Let p € H(V) and let go be a maximal subalgebra of the Lie algebra s{(V, u).
Assume that the go-module V(u) is simple but there exists a proper subset Vj
in V such that go C s[(V,Vh). Then V = V5 @ u(Vo) and there exists a unique
J € GL(V, u) such that

Jw)=+=1v forall veV.
Moreover J? = —idy, T=poJ =Jopu € H(V) and

go = sI(V, Vo) Nsl(V, )
=sl(V, J) Nsl(V, p)
= sl(V,7) Nsl(V, ).

°-8°. Let go, J, and 7 be define as in 7° or 8°. Then
go = sl(V, J) Nnsl(V, 7).

Suppose J7 is the restriction of J to V™ and V7 (J7) is the corresponding complex
space. Then go consists of linear extensions to V' of those endomorphisms y €
gl(V7(J7)) that satisfy try +try = 0.

9°. Suppose £ € E(V), go is a maximal subalgebra of the Lie algebra sl(V,¢),
and go C sl(V,Vp) for some proper subspace Vp in V. Assume that 1 is a minimal
subspace with this property. It is clear that

go = sl(V, Vo) Nsl(V, €) = sl(V, V") Nsl(V, £).
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Therefore the restriction of £ to V; is either zero or nondegenerate. In the former
case, go is parabolic in sl(V,€); in the latter case, V = V, @ Vj', go is reductive
in 5[(V,€), and in addition

go = sl(V, L) Nsl(V, ),
where L € GL*(V,¢) and

Lv+u)=v—u forall veVy, ueVy.

So we have described the sets M(g), Aut(g), R(g), and M(g"), Aut(g™) for
each 7 € R(g), where g = sl(V).

C3) Let V be a complex vector space of dimension 4 and 1 € A(V). Then
sI(V, ) is a simple Lie algebra of type Cs, i.e., its Dynkin diagram has the form:

<O
Recall that
sl(V,9) = {z € gl(V) | ¥ (z(v1),v2) + ¥ (v1,x(v2)) =0 for all vy,vp €V }.

1°. Set
GL(V,9) = {p € GL(V) | popoyp™! = ¢*}.

Every automorphism of s[(V,) has the form:
¢ = |st(v,)
for some ¢ € GL(V, ). It is obvious that
GL(V, %) = {¢ € GL(V) | ¥(¢e(v1), ¢(v2)) = ¥(v1,v2) for all vi,vs € V'}.
Note that if ¢1, g2 € GL(V, ), then
$1 = P2 == p1 = £

2°. Now set

R(V,)={reR(V) |y oTotp = T},
H(V,$) = {u e H(V) [¢popoyp™ =p'}.
It is easily seen that

R(V,¢) = {1 € R(V) | ¢(7(v1),7(v2)) = ¥(v1,v2) for all vy,v; € V},

H(V, ) = {p € H(V) | ¢ (p(v1), p(v2)) = ¥(v1,v2) for all v1,v; € V}.
If 7 € R(V, ), then the restriction of 1 to V7 lies in A(V7).
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If w € H(V, ), then £ = o p € E(V), and
& (p(v1), p(va)) = €(v1,v2),

P(v1,v2) = —€(v1, u(vz))

for all v1,v € V. In addition, there exists a subspace W in V such that V =
W & u(W), &(W,u(W)) = {0}, and the restrictions of £ to W and to u(W) are
nondegenerate and have the same signature, which is half that of &.

Each anti-involution of sl(V,) has the form:

= Nsivy) for some 7€ R(V, ) UH(V, ).

We shall denote the real form (s((V, 1,[)))77 by sl(V,9,n). Note that if n,7my €
R(V, ) UE(V, ), then
T =T <= m = £n2.

3°. Every maximal subalgebra of s[(V,) has the form:
sl(V, 9, Vo) = sl(V,4) Nsl(V, Vo)

where Vj is a proper subspace of V' such that the restriction of ¥ to Vj is either
zero or nondegenerate. Set

Vit ={v eV |y V) ={0}}

then sl(V, 4, Vi-) = sl(V, 4, Vo). If Vo C V', then sl(V, 4, V) is a parabolic subal-
gebra, but if V = Vp @ V', then s1(V, 1, Vo) is semisimple. Notice that Vp and Vg-
are the only proper subsets of V' stable with respect to sl(V,, Vp).

4°. Let Vg be a proper subspace of V' such that the restriction of ¢ to Vj is either
zero or nondegenerate, and let n € R(V,4) UH(V,4). The subalgebra sl(V,, Vy)

is stable under % if and only if 7 preserves the set {Vj, Vol}.

5°. Suppose 7 € R(V,9) and gp is a maximal subalgebra of the Lie alge-
bra sl((V,1,7). Now assume that the go-module V" is simple, but there exists
a proper subspace V in V such that go C s[(V, V). Then V = Vo & 7(V}) and there
exists a unique J € GL(V, T) such that

Jw)=+v-1v forall ve.
In addition, J? = —idy, p=7o0J=Jor € H(V), and

go = sl(V, Vo) Nsl(V, 4, 7)
=sl(V,J) Nsl(V, 9, T)
=sl(V,pu) Nsl(V, 4, 7).

In a similar way we construct the J* € GL(V, 7) such that

Jt(w)=+v—=1v forall veVg.
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It can be easily verified that
Qp(vl, J‘L(vg)) = —w(J(vl),w) for all wvq,v9 € V.

Therefore, J+J+ € 5I(V, 4, 7) and [J+J~+, go] = {0}, and consequently, J+J+ € go
and Vj is stable with respect to J», which implies that J o J* = J+ o J and
(J o J4)? =idy. Note that the restriction of J o J* to V7 is an automorphism of
the go-module V7. Tt follows that J o J= = +idy.

If JoJ+ = —idy, then J* = J € GL(V, %), Vg = Vo, p € H(V,v), and

go = sl(V, 9, p) Nsl(V, 9, 7).
If JoJ+ =idy, then Jt = —J, /=1J € GL(V, %), V5" = 7(V}), and
go = sl(V,vV=1J) Nsl(V, 4, 1),

and also, the restriction of ¥ to 1} is nondegenerate.

6°. Let p € H(V,¢) and let go be a maximal subalgebra of the Lie alge-
bra sl(V, 4, p). Now assume that the go-module V(i) is simple and there exists
a proper subspace Vp in V such that go C sI(V, V). Then V = Vp @ u(Vp) and there
exists a unique J € GL(V, ) such that

J()=+v—-1v forall vej.
In addition, J? = —idy, 7=poJ = Jopu € R(V), and

go = sl(V, Vo) Nsl(V, 9, p)
= sl(V, J) N sV, 4, u)
=sl(V,7) Nsl(V, 9, p).

In a similar way we construct the J+ € GL(V, 1) such that
Jt(w) =+v—=1v forall ve Vg
It is easy to see that
¢(v1, J'L(’Uz)) = —¢(J(U1),v2) for all wq,vy € V.
Therefore J 4 J+ € s1(V,4, ) and [J + J+, go] = {0}. Tt follows that J 4+ J+ € go
and that Vj is stable with respect to J+, and so Jo J+ = Jt o J and (J o J+)? =
idy. Note that J o J* is an automorphism of the go-module V(y). Therefore,
JoJt = +idy.
If JoJt = —idy, then J* = J € GL(V, %), V5~ =V,, 7€ R(V,%), and

go = 5[(V>’¢)a T) ﬂﬁ[(v; 'Qb’ /J’)
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If Jo J+ =idy, then J* = —J, v/=1J € GL(V,%), Vg = u(Vo),
go = 5[(‘/’ \% —1']) ﬂﬁ[(‘/, 1/),#)7

and the restriction of ¥ to Vj is nondegenerate.
5°-6°. Let now go, J, J+-, and 7 be defined as in 5° or 6°. Then for J = J+,

do = 5[(‘/’ J) 05[(‘/,% T)‘

Suppose J7 is the restriction of J to V™ and V7 (J7) is the corresponding complex
space. Then the mapping £ : V7(J7) x V7 (J7) — C defined by

E(v1,v9) = w(J(vl),vz) -+ \/—_11/)(1)1,1)2) for all wvi,v € V7,

lies in ]E(VT(JT)), and go consists of linear extensions to V' of those endomor-
phisms y € g[(VT(J T)) which satisfy the condition

f(y(vl),vz) + §<v1,y(vg)) =0 forall wvy,ve V7.
7°. If n € R(V,9) UH(V,v) and ¢ € GL(V, %), then
fjop=poij<=>mnopon " =kp.
Put
GL*(V,4,n) = {p € GL(V,9)) [ nopon™" = ¢},

and

GL(V,%,n) = GLT(V,4,n7) UGL ™ (V, ¢, n).

Each automorphism of the Lie algebra s[(V,1),n) can be written as the restriction
of some automorphism ¢, where ¢ € GL(V, v, n), to s[(V,,n).

1.7. Lemma. Suppose k = R, g is simple, go € M(g), and codimgo < 4. Then
the pair (g,go) can be written in one and only one of the forms:

[1,1] g =sl(2;R),

go=5%2R%={<g fi)

2,1] g =slZR),

s {(1 )

mﬂER}

ozEIR};

[2,2]
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[2,3]

[2,4]

[3,1]

[3,2]

[3,3]

ALEXEI TCHOURIOUMOV

g =sl(2;C),

go =st(2,C) = { (8 _ba>

g =sl(3R),
. —trA B R 2 1.
90-{( 0 A)lAEg[(Z,]R), BelR },

g =s5l(2;C),
go = sl(2; R);

g =s51(2;C),

go = su(2);

a b V—la
g = c a—a —b a,BER; a,b,ceC},
V=13 - -a

a b V—la
go = 0 a—a —b a€Rya,beCy;
0 0 —a
g =sc(4R)
a B 7 6\
_ o T A
- (N’ € —T IB Oé,ﬁ,’)’,é,O',T,V,M,E,pEIR
p —K o -«

aeR; A BC 65[(2;11%)},

a,,7,6,T,v,e €R 3;

a B v 06
goz{(g 0 —67 a,B,7,6,0,m,v ER
0 0 o —«
:{(aEJ-A —aEB—I—A> a € R; A,BEE[(Q;R)};
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[3,6] g = sc(2, H)

a b —1lo c
_ —b a —c  —/—la
- V—1p d —a b
—d —/=15 -b —a
_ aF+ A B
a C —aFE+ A
_J{aE+A B
g0 = 0 —aBF+ A
3,77 g =sl(4,R),

_ trA B 3.
90—{( 0 A)IAEg[(&IR%),Be]R},

[4,1] g =su(3),
ST a 0
gdo = { ( —-a V-1 0 >
0 0 —v—1(a+p)

[4,2] g =su(21)

V—-1o a b
b ¢ —V=1I(a+p)

ﬁ

a, 8 e R,
a,b,c,de C

a€eR; A B,C 6511(2)},

a€ceR; A/Be 511(2)};

a, B € R, aEC};

a, b €R; a,b,ceC},

acR, Aesl(2,0),
B e si(2,R) !

—/—1lalk + B A

—lo a 0
go = —a +/—18 0 a,BER; aeCy;
0 0 —v=i(a+p)
[4,3] g =su(2,1),
—V-1(B+7) 0 0
go = 0 V=18 ¢ B,y €ER; ceCy;
0 c V—1v
[4,4]
g :{ —a£34+B aE0+3> a€R; A,B,C€5l(2,]R)},
90:{ 4 g)lA,cesuz,IR)};
[4,5]

(
(
( A \/:—loz_E—i—B)
(
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[4,6]

[4,7]

[4,10]

[4,11]

[4,12]

[4,13]

ALEXEI TCHOURIOUMOV

{(copdvams 7 7)

- {(§ Dlremso)

_ A ol + B )
g _{<——aE+B c )‘ae]R, A,B,Cew(2)},

6o = {(’3 g)‘A,C esu(2)};

a€eR, Aesl(2,C),
B € s1(2,R) ’

¢ {<—«/?1"aEA+ V=1B \/:TOZECJr \/__13)' Aﬁ?gf;”(z)}
w0 = {(61 g)‘A,Cesu(Z)};
g =sl(4,R),

go = {(’3 g)’A,B,C’eﬂ(ZR); trA+trC=0};

g =sl(2,H)
A Ar )
Ag1 Ag
where { ( )

go = {<A011 im)‘fl € H; trAll-l—tI‘Azz—O}
22

AU € H; tr Ayq + tr Agg = 0}

abE(C}

g =

A v—1laE + B a,BeER, Acgl(2,C),
V—=1BE +C —tA B,C esu(2), trA=trA [’

_ A -laE+B ac€R, Aegl(2,C), |.
go = 0 —t4 Besu(2), trA=trA |’

g =5l(3,0),

_ —tI'A B 2 0.
go_{< ’ A)IAEg[(Z,C),Be(C},

g =sl(5,R),
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do = {(”tOrA i)lAeg[(él,IR), BER4}.

Remark. Here each pair (g, go) is equipped with two numbers [n,m], where n =
codim gg and m is the ordinal number of the pair.

Proof. The statement of the lemma follows immediately from the previous lemmas.

1.8. Suppose k = R, g is semisimple but not simple, go € M(g), u(go) = {0}, and
codim go < 4. Then (g,go) can be represented as one and only one of the following
pairs:

3.8 g =sl(2,R)xsl(2,R),

go = {(Aa A) I A€ 5[(2,]1%)};

[3,9] g =su(2) xsu(2),

go = {(4,4) | Aesl(2)}.

1.9. A Lie algebra g is called quasi-reductive if its nilpotent radical s(g) is a
semisimple g-module and contains no trivial simple submodules. It is obvious that
the nilpotent radical of a quasi-reductive Lie algebra is commutative, and the direct
product of quasi-reductive Lie algebras is again quasi-reductive.

A Levi—Cartan subalgebra q = p@®h of a quasi-reductive Lie algebra g is reductive
in g and

s(9) = (Z(p)) " (h) @ [p, s(9)),

where the ideals (Z (»)) " (h) and [p,s(g)] do not depend on the choice of a Levi-
Cartan subalgebra.
The following conditions are equivalent:
(1) a Lie algebra g is quasi-reductive;
(i1) the Frattini ideal ¢(g) of g is equal to zero.

1.10. Lemma. If g is a quasi-reductive Lie algebra, then every ideal go in g is
also quasi-reductive, and moreover, there exists a quasi-reductive subalgebra g; of g
complementary to go.

Proof. Let ¢ = p ® h be a Levi-Cartan subalgebra of g. Then po = pNgo is a
Levi subalgebra of go and t(go) = t(g) Ngo (Chapter I, §6, no. 9, Corollary 4 to
Theorem 5). In addition, s(go) = [go, t(go)] C 5(g) and

t(go) = (hNt(g0)) @ ((Z(»)) " (h) N5(g0)) @ (fp,5()] N5(g0))-

Let us note that the go-module s(go) is semisimple (Chapter I, §6, no. 5, Corol-
lary 4 to Theorem 4) and that in the Lie algebra Z(po)Ngo C t(go) there is a Cartan
subalgebra b that lies in Z(h N t(go)) (Chapter VII, §2, no. 3, Proposition 10). It
is clear that

ho = (hNt(go)) ® (s(g) N ho),

and consequently, ho is commutative and qo = po @ ho is a Levi-Cartan subalgebra
of the quasi-reductive Lie algebra go.
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Now put p1 = Z(po) Np and let V be a subspace of i complementary to hNt(go),
and b a submodule of the g-module s(g) complementary to the submodule s(go).
Then the subspace g1 = p1 BV @b is a subalgebra complementary to go. Note that
p1 is a Levi subalgebra of g1, t(g1) = V @ b, and the g;-module b is semisimple
(Chapter I, §6, no. 5, Theorem 4); in addition, in the Lie algebra Z(p1)Ng; C t(g1)
there is a Cartan subalgebra by that belongs to Z(V'). Obviously, g1 =p1 B b1 is a
Levi—Cartan subalgebra of the quasi-reductive Lie algebra g;.

1.11. Assume that a Lie algebra g is quasi-reductive but not reductive and that
go € M(g) and p(go) = {0}. Then go is a Levi-Cartan subalgebra of g, the
go-module s(g) is faithful and simple, and

g = go Ps(g).

If now k is the algebraic closure of the field k, then the Lie algebra § = k ®, g
is also quasi-reductive (Chapter I, §6, no. 10 and §3, no. 8).

Let po be a Levi subalgebra of gy and 3o the center of go; then go = po B 30. Now
let hp be a Cartan subalgebra in pg. It is clear that ho @ 30 is a Cartan subalgebra
in go. For a simple submodule V' of the go-module 5(g), a linear form A on b, and
a linear form v on 3¢, put

VA+V(60 D30) = {'v eV | [h+ z,v] = (A(h) + V(z))(v) Vh € ho, 2z € ;}0}.

If VAT (ho@30) # {0}, then the form A+v is called a weight of the §o-module V
with respect to the Cartan subalgebra ho @ 30, and the set 3 = 3(V, ho @ 30) of all

such weights is called the weight system of the go-module V with respect to ho ©3o-
Besides, u(Hy,) € Z for all p € 3 and a € R = R(po, ho), and also

V= V*(ho @ 30)

pesx

(Chapter VIII, §7, no. 1, Proposition 1). In addition
[56 (ho), V*(ho ®30)] C V(o @ 30)

for all & € R and p € > (Chapter VII, §1, no. 3, Proposition 10). If B is a base
of the root system R, then there exists a unique w € ¢ such that w + a & ¢ for
all o € B. It is called the highest weight of the go-module V with respect to B. We
have w(H,) € Z4 for all @ € B and

dim V¥ (ho @ 30) = 1

(Chapter VIII, §6, no. 2, Proposition 3 and §7, no. 2, Theorem 1). The highest
weight w = A + v, where A € h} and v € 3, is normally given by a diagram. The
vertex of the Dynkin diagram of B corresponding to a root a € B is marked by
the number w(H,) = A(H,). The form v is specified next to the diagram. (If
w(Hy) = 0, the mark can be omitted.)
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1.12. Suppose k = C, g is quasi-reductive but not reductive, go € M(g), ©(go) =
{0}, and codim go = 4. Then the go-module s(g) can be given by one of the following

diagrams:

The sign (¢) attached to

—~
m
S—"

codimgg = 1;

o () codimgg = 2;
o codim gg = 2;
&0 ) codim gy = 3;
1 :

0-0 codimgg = 3;
3 (e) codim gy = 3;
3 codimgg = 3;
6-0-0 (¢) codim gy = 4;
b-0-0 codim gy = 4;
D () codim gy = 4;
1 .

axo codim gg = 4;
X () codim gg = 4;
e codim go = 4;
3 () codim gy = 4;
3 codim gg = 4.

a diagram shows that the subalgebra go has one-

dimensional center 30 = Ce, ¢ € 3§, and e(e) = 1.

1.13. Suppose k = R, g is a quasi-reductive but not reductive Lie algebra, gy €
M(g), u(go) = {0}, and codimgo < 4. Then the pair (g, go) can be written in one
and only one of the forms:

[1,2]

2,8]

2,9]

e =1

- (6
gO_ O
_ A
7\ o
_ A
gO_ 0

N
|

O O

go

(
(
(
(
(

g) a,ﬂGR},
0
0

aE]R};
t

f)‘Ae gl(2,R), B¢ ]Rz},

8)’A€g[(2,R)};

‘B
0

8)‘,465[(2,]111)};

)‘A €sl(2,R), Be ]RQ},
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[2,10]

[2,11]

[3,23]

[3,24]

[3,25]

3,26]

[4,50]

ALEXEI TCHOURIOUMOV

t

ég)’AEg[(?) R), Be]R3},

8)[Aegl( R)},

‘B
0

)IAEs[( ,R), Be]R@},

o O

8>IA65[(3 1111)},

I

t
afi+4 B))aeﬂ&; A € so(p, ¢; R), BGIR3},

=
«={(
=
o= {(
o ={("%
«={("%

b +4 0>‘aEJR; A€50(p,q;1111)},

Where p>q, p+qg=3;

t
g = {(é‘ g)’Aeﬁo(p,q;lR), B€1R3},

g0 = {(‘3 8)’,4 EEO(p,q;R)},

where p>gq, p+q=3;

t
g = {(‘3 g)‘AEg[(ZL,IR), BeIR%‘*},
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[4,51]

4,52

[4,53]

[4,54]

4,55

[4,56]

{4

t
g = {(O‘EOJ“A f)'aem; A € so(p, q; R), BeR‘l},

8>,A€g[(4,R)};

t
ég)tAest(zl,]R), B €R4},

8)11465[(4,]11{)};

Go = {(‘IEJA 8)‘046]1%; Aeso(p,q;R)},

where p>gq, p+q=4

-
o-{(

‘B

0 >~A 650(p7q;]R)7 B e R4}7

)| 4wt am)

where p>q, p+q=4

0 0

t
g = {(QE+A B)'aEIR; A€ sp(4,R), BE]R‘I},

go = {(aE(;LA 8>1a€R; A€59(4,R)};

t

g)‘A €sp(4,R), Be ]R‘*},

8)‘A€5p(4,]R)};

‘B
0

8)‘A6g[(2,(€)};

)‘A €gl(2,C), Be Cz},

33
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[4,57)

[4,58]

[4,59]

[4,60]

ALEXEI TCHOURIOUMOV

V=1 t
{(e YaE+A B) aE]R;AEﬁ[(Z,C),BEC2},

8 = 0 0
V=1
o = {(e sogEJrA 8)’(16@; A65[(2,(C)},

where ¢ € [0, 7/2];

t
g = {(‘3 5)',465[(2,@); Bec(:?},

o = {(‘g 8)IA Es[(Z,C)};

( /3a+6 v 0 0 o
3y a+o 20 0 T
g = 0 2’)/ —a+6 3/6 v a,ﬁy%&U,T,VaUG]R )
0 0 vy —3a+6 p
. 0 0 0 0 0
( /3a+6 I} 0 0 0
3y  a+d 20 0 0
go = 0 2y  —a+06 30 0 ||la,B,7,0 €Rp;
0 0 vy —3a+6 0
N 0 0 0 0 0
( /3a B 0 0 o
3y a 20 0o 7
g = 0 2’7 - 3/8 v O./,ﬁ,")/,O',T,I/,)U,E]R )
0 0 v =3a p
N0 0 O 0 0
(/3 B 0 0 O
3v a 28 0 O
do = 0 27 —Q 35 0 aaﬂ’ﬁye]R
0 0 v —=3a 0
(\0 0 O 0 O
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TABLE 1

Effective subalgebras of codimension < 4 in reductive
complex Lie algebras.

[g=C:
go = {0},
N(go) = g, codimgo = 1, go is maximal in g;

2] g = sl(2,C) :
a) go = 5t(2,C) = {(g __ba> a,beC},

N(go) = go, codimgo = 1, go is maximal in g;

b) go = sa(2,C) = {(8 _0a> ae@},

N(go) = go, codimgo = 2;

¢) go = 5b(2,C) = {(8 8>‘bec},

N(go) = st(2,C), codimgo = 2;

d) do = {O}’
N(go) =g, codimgo = 3.

a) go = {(—tOrA i))Aeg[(z,C), Be@z},

N(go) = go, codimgy =2, go is maximal in g;

ail a2 ai13
b) gdo = 5t(3,C) = 0 ag 23 aij; € C >,
0 0 —aix—a

N(go) = go, codimgo = 3;

c) go= {(8 i)tAeg[@,C), BECZ},
N(go) = [3a], codimgo = 3;

d) go = {(_SA 2)’1469[(2,@)},

N(go) = go, codimgg = 4;

a;r O a13
e) go= 0 a2 as3 a;; € C o,
O 0 —a11 — a9

N(go) = go, codimgg = 4;

35
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a11 Q12 ai13
f) go= 0 (A-1)air  ag3 a;; € C»,
0 0 —Aan

where A€ C; |Al<1lor |Al =1, argA € [0,7],
N(go) = 5t(3,C), codimgy = 4.

[4] g = 5¢(4,C)
a b c d
j —h e -a
:{(a%;A —a§+A>a€Q¥Aiiceﬂ@AD}:
a b ¢ d
a)go={ 8 J: _gf _bc e [0t € 0
00 0 =-a

N(go) = go, codimgo = 3, go is maximal in g;

aE+A B
—aFE+ A

N(go) = go, COdlm go = 3, go is maximal in g;

d
0 Vlad fgijecC
/l' O 7)’g,’] )

—a

acC; AB 65[(2,C)},

0) = go, codlmgo =4, go is maximal in g;

aE-l—A B a€C, Aest(2,C),
—aE + A ’

N(g
N(go) = 9o, COdlmgo =4

B e s((2,C)
0 b ¢ d
0 — .
6) do = 0 { _gf bc b,c,d, f,g,i€Cp,
0 0 0 O

N(go) = [4a], codimgo = 4;

f) go= {(‘g ﬁ)‘A,BEs[(Q,C)},
N(go) = [4b], codim go = 4.

5] g = sl(4,C) :
a) go = {(_tOrA ﬁ)‘Aeg[(QB,C), B e©3},

N(go) = go, codimgg = 3, go is maximal in g;
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b) go = {(61 g)‘A,B,CEQ[(Q,C); trA—l—trB———O},

N(go) = go, codimgo = 4, go is maximal in g;

su-{(3 2

N(go) = [ba], codimgg = 4.

A€sl(3,C), Be CS},

6] g = 51(5,C) :

—trA B
90:{( Or A)‘AGQ[M,C),BEC“},

N(go) = go, codimgy = 4, go is maximal in g.

wa={(a(s ))|arech

N(go) = C x st(2,C), codimgg = 2;
o (o3 2))eed]
N(go) = C x sa(2,C), codimgy = 3;

{3 D))

C x sb(2,C), codimgo = 3.

8] g =C x 51(3,C) :

a) go = { (trA, (_tgA ﬁ))‘AEQIQ,C), BECZ},
N(go) = C x [3a], codimgy = 3;

a1 a2 a13
b) go = (A—1)a1 —ag, | 0 ag as3
0 0 —a;x1—ax

where A€ C; |A|<1lor|Al=1, argA € [0, 7],
N(go) = C x [3b], codimgy = 4.

aij; € C},

9] g = C x 5¢(4,C) :

a b ¢ d
_ 0 f g -c .
Cl,) do = a, 0 i _f b a’bac7d)f,ga7’€© )
0 0 0 -—a

N(go) = C x [4a], codim gy = 4;

von {(=(5 4 )

N(go) = C x [4b], codim gy = 4.

a€ C; A, B esl(2, C)},

37
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[10] g = C x s1(4,C) :
tr

goz{ A,<_18CA ﬁ))’AEQI(S,C),BEC?’},
« [54]

N(go)=C al, codimgg = 4.

[11] g = 5[(2,C) x 51(2,C) :
a) go={ (4, 4) | Aesl(2,C)},

N(go) = go, codimgo = 3, go is maximal in g;

b) g0 = a b Aa ¢
=0 —a)'\0 -4a
where A€ C*; |Al<1lor|4] =1, argA € [0,7],
N(go) = st(2,C) x 5t(2,C), codimgp = 3;

) g0 = a O Aa b
¢ %= 0 —a)’\ 0 —Aa
where A € C* and arg A € [0,7),
N(go) = sa(2,C) x 5t(2,C), codimgo = 4;

pu-{(8 D)(¢ 5}

N(go) = 5b(2,C) x 5t(2,C), codimgy = 4;

e) go = {(3 _ba><8 _ba>

N(go) = go, codimgp = 4.

a,b,cEC},

a,bEC},

a,bEC},

[12] g = s1(2,C) x 5((3,C) :

_ CtrA a —trA B
o= 0 —Ccwa)'\ o A
where C' € C*,
N(go) = st(2,C) x [3a], codimgy = 4.

A€ gl(2,C)

a € C, BECCZ,}

[13] g = C x s1(2,C) x 5[(2,C) :

oa{(a0-e (s 2).(5 1)

where A € C*; |A|<1lor |Al =1, arg A € [0, 7],
N(go) = C x 5t(2,C) x st(2,C), codimgg = 3;

a b Aa ¢
o= {0 ) (8 )
where A € C*; |A|<1lor |Al =1, argA € [0,7],
N(go) = C x 5t(2,C) x st(2,C), codimgo = 4;

a,b,c,dEC},

a,b,c, e C},
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gw={(an (s 2).(5 %))

where A € C* and arg A € [0, ),
N(go) = C xsa(2,C) x 5t(2,C), codimgy = 4;

pu={(o-n(3 £).(3 5)enecc).

N(go) = C x5b(2,C) x 5t(2,C), codimgy = 4.

a,b,c,GC},

[14] g = C x s1(2,C) x 5((3,C) :

o={(mowa(s 2)(751 5))

where C' € C*,
N(go) = C x 5t(2,C) x [3a], codimgg = 4.

a,be C, Be(C?
A€ gl(2,0) ’

[15] g = s1(2,C) x 5[(2,C) x s1(2,C) :

o (5 ) (34 )

where A, B € C* and one of the following conditions holds:
6) 1Al<|BI<1;
(i1) |A]=|B| <1 and arg A < arg B;
(i7i) |A| =|B| =1 and 2arg A < arg B < 27 — arg A,
N(go) = 5t(2,C) x 5t(2,C) x 5t(2,C), codimgg = 4.

a,b,c,d,eEC},

[16] g = C x 5((2,C) x 51(2,C) x s1(2,C) :

oo {(w-m-ce (5 2 ). (5 5).(5 L))

where B,C € C* and one of the following conditions holds:
(1) [Bl<ICI< Y
(i) |B|=]|C| <1 and arg B < argC,
(i4i) |B] = |C| =1 and 2arg B < argC' < 27 — arg B,
N(go) = C x 5t(2,C) x s5t(2,C) x st(2,C), codimgy = 4.

a,b,ce C
d,e,feC |’

[17] All other pairs of this class have the form

g:glxgll

do 296 X 98;

where the pairs (g’, gg) and (g”, gi) are also of this class.
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TABLE 2

Nonmaximal effective subalgebras of codimension < 4

in reductive real Lie algebras.
a 0
[2,5] go =sa(2,R) = { (0 —a)

a € IR},
N(go) = go, codimgy = 2;

N(QO) = 5f(2,]R), COdimgO = 2;

[3a10] go = {O}a
N(go) =g, codimgo = 3.

(1) g =sI(2,R) :

(2) g =su(2):
[3,11] go = {0},
N(go) =g, codimge = 3.

(3) g =s51(2,C) :

V-T1p
e (6 a
[3512] go = { ( 0 _e\/—_lgoa>

where ¢ € [0,7/2],
N(QO) = 5t(2, C)a COdimgO = 3)

[4,14] go =sb(2,C) = { (8 8) ‘ be C},
N(go) = 5t(2a C)) codimgg = 4;

a 0
[4,15] go =s0a(2,C) = { (O _a) a€ CC},
N(go) = go, codimgy = 4;

[4,16] go = st(2,R),
N(go) = go, codimgg = 4.

a € R, ae@},

(4) g =513, R)
11 Q12 Q13
[3,13] go = 5f(3,]R) = 0 Q29 Q23 Q5 € R,
0 0 —Q11 — (22

N(go) = go, codimgo = 3;

st o= (1 2

N(go) = [2,4], codimgy = 3;

Aesl(2,R), Be ]RZ},
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(4,17 go = { <_%rA g)‘A € gi(ZR)},

N(go) = go, codimgo = 4;
a1 0 013
[4,18] go = 0 a2 Q23 a;; ER 5,
0 0 —a11—a
N(go) = go, codimgo = 4;
a11 Q12 ai13
[4,19] g0 = 0 (A-Taun o2 a;; ER 5,
0 0 —AO./M
where A € [-1,1],

N(go) = st(3,R), codimgg = 4.

(5)

a b \/—_1oz
g= c a—a —b a,BER; a,b,ceC ,:
V=18 - -a

e\/__1§0a a \/—_]_/8
[4,20] g0 = { ( 0 (e=V=Te — oV=10)q _a ) o, B eR,

0 0 —e VTlvg
where ¢ € [0,7/2],
N(go) = [3,3], codimgo = 4.

(6) g = s¢(4,R) (see [3,4]):

a [ v 1)
0O 7 v —v
[4721] go - 0 O _7_ ﬂ a’ﬁ”)/)é‘)T?l/ E R )
0 0 0 —«a
N(go) = go, codimgo = 4;
0 B 7 6
0O v —v
[4,22] go = (0 e —r ﬁ ,8,’)’,(5,T,U,€E]R )
0O 0 O 0
N(go) = [3,4], codimgg = 4;

A, B 65[(2,R)},

N(QO) = [3) 5]) codim go = 4.

(7) g = 5¢(2,H) (see [3,6]):

so = {(4 )
N(go) = [3,6], codimgo = 4.

A, B Esu(2)},

aeC

41
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(8) g =sl(4,R):

[4,25] goz{(g ﬁ)

N(QO) = [3a 7}) codim go = 4.

Ae€sl(3,R), Be ]R?’},

(9) g =R x sl(2,R) :

[2,7] 90:{<Oz,<g _ﬁa>> a,ﬂeIR},

N(go) =R x st(2,IR), codimgy = 2;

S !

R x s0(2,R), codimgy = 3;

[3,16] goz{ a,(‘(’)‘ _Oa>> ae]R},
T

(10) g = R x s5u(2) :

3,18] go = { (a, (V?a _\/0_—10» ae ]R},
N(go) = R x sup(2) (see [2,2]), codimgo = 3.

(11) g =R x 5[(2,C) :

(/T (e oq— e Teg) (¢ 0
[3,19] go—{(\/ 1<e a—e a),(o —a)) a,bEC},
where ¢ € [0,7/2],
N(go) =R x st(2,C), codimgg = 3;
\/:f(P a
[4,26] goz{(a’(e 0 «@ _eFT%a)) OLG]R, GEC},

where ¢ € [0,7/2],
N(go) = R x st(2,C), codimgg = 4.

(12) g =R x sl(3,R) :

3,20] 90:{(trA,<_torA i))'AEg[(Z,IR),BEIRz},
N(go) = R x [2,4], codimgo = 3;

o111 Qa2 13
[4,27] go = (A—1)ags —ag2, | 0 o Qg3
0 0 —ay1—a

where A € [—1,1],
N(go) =R x [3,13], codimgo = 4.

Q5 € IR},
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(13)

a b V—1la
g=Rx c a—-a b
V=18 —¢ —a

[4,28] go = {(\/Tl(e“ﬂwa—e\/'_l@a>,(8 afa :ga))

0 0 —a

a,,BEIR;a,b,CGC} :

aeR,
a,be C (’
where ¢ € [0,7/2],

N(go) =R x [3,3], codimgg = 4.

(14) g =R x s5¢(4,R) :

a B v 06
429 so=1 [a| g © Z T |||esrnenmecry,
0 0 0 -«

N(gO) =R x [374]7 codim go = 4;

_ abl+ A B
N(go) =R x [3,5], codimgg = 4.

aceR;AB 65[(2,IR2)},

(15) g =R x sc(2,H) :

oo go-{@,(a“f* )

a€R; AB Esu(Z)},

(_to”l i))’AEg[@ R), Be]R3}

(17) g = sl(2,IR) x s[(2,R) :

o (5 2) (%))

where A € [-1,1] and A #0,
N(go) = st(2,R) x 5t(2,R), codimgo = 3;

o - {((¢ ) (5 ) oser)

where A€ RY,
N(go) = 50(2,R) x st(2,IR), codimgo = 4;

o o {((3 2)(4 2))eses)

where A€ RY,
N(go) = sa(2,IR) x 5t(2,IR), codimgg = 4;

a’ﬂ)"ye]R}7
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0.6 D))

sb(2,R) x st(2,R), codimgy = 4;

5)(3 2))eses)

go, codimgg = 4.

[4,35] {

o
436) { :(

(18) g = 50(2, R) x 5u(2) :
om o-{((' 5 (5 _5)

where A€ R7,
N(go) = st(2,R) x sup(2), codimgg = 4.

Oé,ﬁ G]R}a

(19) g = s1(2,R) x s1(2,C) :
s o= { (7 e an) (5 )

where A € C* and arg A € [0,7/2],
N(go) = st(2,R) x 5t(2,C), codim gy = 4.

(20) g = s[(2,R) x sI(3,R) :

[4,39] go:{((CgA _CO;rA>’(_tOrA i))

where C € R*,
N(go) = st(2,R) x [2,4], codimgy = 4.

a€R, BecR?
Aegl2,R) [’

(21) g =R x sl(2,R) x sl(2,R) :

[3,22] go={<Aa—%(g —ﬂa>’<g —67))

where A€ [—1,1] and A # 0,
N(go) =R x 5t(2,R) x s5t(2,R), codimgg = 3;

wa wo={(a (5 2).(4% 3.))

where A€ [—1,1] and A # 0,
N(go) =R x st(2,IR) x st(2,R), codimgo = 4;

[4,41] goz{(Aa_g,(g _oa>><g jﬁ)) a,ﬁ,fyeﬂ%},

where A€ R7,
N(go) =R x 50(2,R) x 5t(2,R), codimgg = 4;

[4,42] go={<Aa—5’<g —Oa><g jﬁ))

where A€ R7,
N(go) =R x 50(2,]R) X 5{(27R)> COdimgo = 47

a,ﬁ,7>5€R},

a,ﬁ,’yéR},

a,ﬂmeﬂ%},
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o= {(o5 (3 2).(5 2))lesoen)

N(go) = R x5b(2,R) x st(2,R), codimgy = 4.

(22) g =R x 51(2,R) x su(2) :
it m= {3 2T 1)

where A € R%,
N(go) =R x st(2,R) x su(2), codimgo = 4.

a,ﬂmER},

(23) g =R x 5[(2,R) x 5[(2,C) :

o (i (3 5).(5 %)

where A € C* and arg A € [0,7/2],
N(go) =R x st(2,R) x 5t(2,C), codimgy = 4.

(24) g =R x 5[(2,R) x 5[(3,R) :

[4,46] go={<a—0trA’(g —ﬁa)’<_tgA i))

where C € R*,
N(go) =R x 5t(2,R) x [2,4], codimgo = 4.

a,f €R, BeR?
A€ gl(2,R) ’

(25) g =sl(2,R) x s[(2,R) x s(2,R) :
B Aa+Bg v a 0 8 o a,B,veR
[4:47) 90 = {(( 0 -—Aa—Bﬁ) ! (o ﬂ) (0 —ﬂ)) 5,0 €R }

where A, B € R* and one of the following conditions holds:
(1) |Al<[B| <1
(ii) A=|B| <1,
N(go) = st(2,R) x st(2,R) x 5t(2,R), codimgy = 4.

(26) g =C x s((2,C) :

[4,48) go={(“’<8 —ba>>

N(go) = C x 5t(2,C), codimgy = 4.

a,bEC},

(27) g = R x s1(2,R) x s1(2,R) x s(2,R) :

[4,49] go={(a—35—0%(g _(5a>(g —aﬂ)@ —TV»

where B,C € R*,
N(go) = R x 5t(2,R) x s5t(2,R) x 5t(2,R), codimgy = 4.

o,0,7eR
o,o,TER |’
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(28) All other pairs of this class have the form

g=g xg"
go = 9o X 9o,
where the pairs (g’, gf) and (g”, g{) are either maximal or also belong to this class.
0 0 g

To make the picture complete, we write out one more maximal pair:

g=R
N(go) = g, codimgo = 1.



[Bou]
[K1]
(K2]
[K3]

[K4]

[KT]
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