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Abstract

We consider a problem of optimal control of an infinite horizon system
governed by forward-backward stochastic differential equations with delay.
Sufficient and necessary maximum principles for optimal control under
partial information in infinite horizon are derived. We illustrate our results
by an application to a problem of optimal consumption with respect to
recursive utility from a cash flow with delay.
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1 Introduction

Let (Q, F,(Fi)i>0, P) be a complete filtered probability space on which a one-
dimensional standard Brownian motion B (-) and an independent compensated
Poisson random measure N(dt,da) = N(dt,da) — v(da)dt are defined.

We study the following infinite horizon coupled forward-backward stochastic
differential equations (FBSDEs, for short) control system with delay:
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(FORWARD EQUATION)

dX(t) =0b(t, X(t), X1(t), Xo(t), u(t)) dt + o (¢, X (1), X1(t), X2(t), u(t)) dB()
+ [0t X(t), X1(t), X2(t), u(t), a) N(dt,da);t € [0, 00)

X(0) = Xolt); tel-6.0
(1.1)
where
X.1(t) = X(t—6) and Xt fe PU=T) X (r)dr.
(BACKWARD EQUATION)
dY(t)=—g(t,X() 1(1), Xo(t), Y (), Z(t), u(t)) dt + Z(t)dB(t)
+ [K (t, a) N(dt,da);t € [0, 00) - (1.2)

Ro
Throughout this paper, we introduce the following basic assumptions

6 > 0,p > 0 are given constants,
b:[0,00) x RxRXxRxUxQ—R,
0:[0,00) X RXxRxRxU XN — R,

g:[0,00) x RXRXRXRXxRXU xQ— R,
0,K :[0,00) x RxRXxRxUXRyxQ—=R,
Fi[0,00) x RXRXRXRXRXR XU xQ— R,
h:R—=R,

where the coefficients b, 0, fand g are Fréchet differentiable (C') with respect
to the variables (z, z1, za,y, 2, u).

We denote by R, the set of all functions & : R := R\{0} — R.

We interprete the infinite horizon BSDE (1.2) in the sense of Pardoux [16],
ie. for all T < oo, (Y (t), Z(t), K (t,-)) solves the equation

T T
Y(t)=Y(T)+ {9 (s, X(s5), X1(s), Xa(s),Y (s), Z(s)) ds — th(S)dB(S)
—ffK(s,a)N(ds,da); 0<t<T,
tRo
(1.3)
and moreover,
Efsup MY (t) + [M(Z2(t) + [K2 (s,a) v(da))d] < oo (14)
t>0 0 Ro

for sufficiently large constant A. See section 4 in [16] for more details.
Note that by the It6 representation theorem for Lévy processes ( see [20]),
equation (1.3) is equivalent to the equation



T
Y(t)=EY(T)+ tfg (s, X(s),X1(s),X2(s),Y(s),Z(s))ds | Fx]; t < T,
for all T < occ.

(1.5)
Let & C F; be a given subfiltration, representing the information available
to the controller at time t.
Let U be a non-empty convex subset of R. We let Ag denote a given locally
convex family of admissible &-predictable control processes with values in U.
The corresponding performance functional is

J(u) = E[:fof (¢, X (), X1(2), Xo(1), Y (1), Z(1), K (t,-) ;u(t)) dt +h(Y(0))]

(1.6)

where we assume that the functions f and h are Fréchet differentiable (C)

with respect to the variables (x, z1, z2,y, 2, k(-),u) and Y (0), respectively, and
f satisfies

E[:folf(t,X(t)7X1(t)>X2(t),Y(t),Z(t)»K(t, ), u(t)) |dt] < oo. (L.7)

The optimal control problem is to find an optimal control u* € Ag and the
value function ®, € R such that

D, (Xp) = sup J(u) = J(u") (1.8)
ueAg
We will study this problem by using a version of the maximum principle
which is a combination of the infinite horizon maximum principle in [1] and the
finite horizon maximum principle for FBSDEs in [12] and [15].
The Hamiltonian

H:[0,00) x RxRXxRxRxRxL*(r) x U xRxRxRx L*v) =R

is defined as

H(t7 T,T1,22,Y, 2, k()a U, )\ap> q, T()) = f(t> T,T1,22,Y, 2, k> u) + g(t7 €T, 21,22,Y, %, U‘>>‘
+b(t, z, 21, 2, u)p + o (t, z, 21, 22, u)qg + [O(t, z, 21,22, u,a)r(t, a)v(da).

Ro

(1.9)

We suppose that the Hamiltonian H is Fréchet differentiable (C') in the

variables x, x1, 2, vy, 2, k.

We associate to the problem (1.8) the following pair of forward- backward

SDEs in the adjoint processes A(t), ( p(t), q(t), r(t,-)):



(ADJOINT FORWARD EQUATION)

(ADJOINT BACKWARD EQUATION)

dp(t) = Elu(t) | Fildt + q(t)dB(t) + [r(t,a)N(dt,da);t € [0,00)  (1.11)

u(t+0), At +0),p(t+9),q(t +6),7(t+9,-))

_ept( :_ al(sv X(S), Xl(s)a X2(5)7 Y(S)’ Z(5)7 K(Sv ')’ U(S), )\(S),p(S), q(5)7 T(57 '))eipsds)'

sz

(1.12)

The unknown process A(t) is the adjoint process corresponding to the back-
ward system (Y'(t), Z(t), K(t,a)) and the triple unknown (p(¢), q(t),r(t,a)) is
the adjoint process corresponding to the forward system X ().

We show that in this infinite horizon setting the missing terminal conditions
for the BSDEs for (Y (¢), Z(t), K(¢,-)) and (p(¢), q(t),r(t,-)) should be replaced
by asymptotic transversality conditions. See (H;) and (Hs) below.

In this paper we obtain a sufficient and a necessary maximum principle
for infinite horizon control of FBSDEs with delay. As an illustration we solve
explicitly an infinite horizon optimal consumption problem with recursive utility.
Related papers dealing with infinite horizon control, but either without FB
systems or without delay, are [1], [8], [17] and [21]. Other related stochastic
control publications dealing with finite horizon only are [2], [3], [4], [5], [6], [7],
[9], [10], [11], [12], [13], [14], [15], [16], [18], [19],[20] and [22].

2 Sufficient maximum principle for partial in-
formation

We will prove in this section that under some assumptions the maximization of
the Hamiltonian leads to an optimal control.



Theorem 2.1 Let i € Ag with corresponding solutions X(t), Xy (t
K(t,a),p(t),q(t), #(t,a) and \(t) of equations (1.1), (1.2), (1.1
Suppose that:
(Hy): (Transversality conditions)

(=
\/g

lim E[ H(T)(X(T) - X(T))] <0

T—o0

and

T B [MT)(V(T) - Y(T))] > 0.

T—o0

(Hz): (Concavity)
The functions x — h(x) and

(337$173327y72a k7u) — H(t,x7x1,x2,y,Z,K(~)7u,5\,ﬁ,(j,f(-))

are concave, for allt € [0, 00).
(H3): (The conditional mazimum principle)

Iglea(}(E[H(ta X(t)v Xl (t)v XQ(t)’ Y(t)v Z(t)v K(t’ ')’ v, j‘(t)aﬁ(t)v qA(t)v f(tv )) | gt]

= E[H(taX(t>7X1(t)>X2<t)’Y<t)’ ZA(t)’K<t7 -),ﬁ(t)75\(t)7ﬁ<t),(j(t),f(t, )) | gt]'

(Hy): ( Growth conditions) Suppose for all w € Ag that the following holds:

BT () = Y () {3 0)° + I [[ver ) vdapyag <00 (21)
B[R 04(20) - 2(0)° + JEG0) - K aPva)) <c (22
B[ (X(1) - X ({0 +R{f2<t7 a)v(da)}di] < oo (2.3)
E[:f@(t){(a—( 40 i(t,a) — O(t, a))v(da)}di] < oo (2.4)

where X (t), X1(t), X2(t),Y (), Z(t), K(t,a) are the solutions of (1.1), (1.2)
corresponding to u, and we are using the notation

%(t) = dizH(tvX(t)le(t)7X2(t)7Y(t)7Z(t%f((tv '),Z,)\(i’),f)(f),é(t),f(t, )) |z=Z(t)

and similarly with Vi H(t,a).
Then u(t) is an optimal control for (1.8), i.e

J(4) = uithp J(u).

Proof. Assume that u € As. We want to prove that J(@) — J(u) > 0, i.e.4 is an optimal control.
We put
J(ﬂ) — J(’U,) = Il + IQ (25)



where

- E[:f{f(uX<t>,X1<t>,X2<t>,?<t>, 2(0), K(t, ), a(t))

_f (t’X(t)aXl(t)7X2(t)7Y(t>7Z(t>’ K(tv') 7u(t))} dt]

and
I, = E[h(Y (0)) — h(Y(0))].

By the definition of H, we have

= E[f{(ﬁ(t) — H(1)) = (§(t) — g(0)A) — (b(t) — b(1))p(1)
—(6(t) = a()d(t) — [ (B(t,a) — 6(t, )7 (t, a)v(da)}di]

Ro

where we have used the simplified notation

I—:r(t):I;[(t7X(t)=X1(t)7X2(t>7?(t)7Z(t)vk(t7')7a(t)75‘ ) » 'Ly *
H(t) = H(t’X(t)a Xy (t)’X2(t)7Y(t)v Z(t)’ K(t7 '),’U,(t), /A\(t)Ja(t)v (j(t)vf(t’ )) etc.

Since h is concave, we have

(Y (0) = h(Y (0) = h'(Y(0))(Y(0) = Y (0)) = A(0)(Y(0) — Y(0)) -
By It6’s formula, (Hy), (1.2) and (1.10), we have for all T

E[i(O)(Y( ) Y(O))] ET[ (T)(Y(T) - Y(T))
— [A®AY (t) = Y (1) — [(Y(t) = Y (£))dA(t)
0 0
T A A
fof(Z(t) — )@ t)dt — {Rf ViH(t, a)(K(t,a) — K(t,a))v(da)dt]

Letting T — oo, we obtain

EMN0)(Y(0) = Y(0))] = Tim E NT)(Y(T) ~ Y(I))]
—E[bf{—;\(t)(ﬁ(b‘) —g(6) + (V) = Y() 52 () + (Z() — Z(£) %2 (1)
+ [ Vil (t,a)(K(t, a) - K(t,a))v(da)}dt]. (2.7)

Ro

Combining (2.6) — (2.7), we obtain

J(a) = J(u) = Tm B [NT)(Y(T) - Y(T))]

+E [ZO {(H () — H(1)) = (b(t) = b(1))B(t) = (6(t) — o(£))d(t)

-J (0(t, @) — 0(t, )i (t, a)v(da) — (V(£) — Y (£)) BL(t) — (Z(t) — Z(£)) 2L (1)
fRf ViH(t, a)(K(t,a) — K(t,a))v(da)}dt].



Since H is concave, we have

o0

ﬂw—ﬂ>>ggﬁﬁaxwﬂ—Y@H+EqﬂXm—X@%ﬂw
+(X1(8) = X1 () 2L (1) + (Xa(t) — Xa(8) 8L (8) + (alt) — u(t)) 5L (1)
—(b(t) — b(£))p(t) — (6(t) — o (1))d(t) — [ (O(t,a) — O(t,a))(t, a)v(da)}dt]

Applying now (H,), (Hys) together with the It6 formulato p(T) (X (T) — X(T)) ,
we get

0> T“jm E [ p(T)(X(T) = X(T))]
=E ofo [/ {(() - ))ﬁ(t) — (X(t) - X(O))E[(t) | 4]
+(c7'(t) )+ f )(t,a) — 0(t, a))(t, a)v(da)}dt]

= E| f{ (£))D(t) = (X (1) — X(£))Alt)

+(6(t) — )+ f (t,a) — 0(t, )P (t, a)v(da)}dt]. (2.9)

By the definition (1.12) of p , we have

E[ﬁX@—meww

T+5
#ﬂfﬂfﬂXﬁﬁXQMMGﬁﬁﬂ
= @E[ (- Tfé%(t —O)(X(t—0) — X(t—0))dt
T8 5 ’ T+6 t .
B0 ()~ XaO)e— [ (] G () reds)

s t—o
=X (t —8) — X (t — 6)))dt] - (2.10)

Substituting » =t — J, we obtain

g<b

L(s)(

oy
5%

(s) — Xa(s))ds

S

(s) L e P=r)(X (1) — X (r))dr ds

Il
®
ey

Q
8
0

N Oy 9N
=
+
>

—~

O (s)ersds)er” (X (r) — X (r)) dr

+
-

Ol (5)ePods)er(t=0) (X (t — §) — X (t — 6))dt . (2.11)

|
cf,%
e e

|
>



Combining (2.8) with (2.9) — (2.11), we deduce that

J(@) = J(w) > Tim B NT)(Y/(T) = Y(T))] - T%E[ﬁ(T)(X(T) - X(T))]

+E[J (a(t) - u(t)) 2 (t)dt]
= Tim B[ A(T)(Y(T) - Y(T))] - lim E [H(T)(X(T) - X(T))]

T—o0 T—o00

+E[:fo E{(a(t) — u(t)) 22 (t) | &}dt].

Then
J(@) = J(u) > Tim ENT)(Y(T) - Y(T))] - lim EE [H(T)(X(T) — X(T))]

T—oo T—0c0

+ E[Z‘OE{%@) €3 (a(t) — u(t))de).

By assumptions (H;) and (Hs), we conclude
J(@) —J(u) >0

i.e.t is an optimal control. m

3 Necessary conditions of optimality for partial
information

A drawback of the previous section is that the concavity condition is not always
satisfied in applications. In view of this, it is of interest to obtain conditions for
an optimal control with partial information where concavity is not needed. We
assume the following:

(A;) For all u € Ag and all S € Ag bounded, there exists e>0 such that

utsBeAdg  forall s € (—¢,e).

(Az) For all tg, h and all bounded & -mesurable random variables «, the
control process 5(t) defined by

ﬂ(t) = a]-[s,s-i-h) (t) (31)

belongs to Ag.
(A3) For all bounded § € Ag, the derivative processes

E(t) = LXB) |, (3.2)
p(t) = LY (1) |, (3.3)
n(t) =Lz 0t) |, (3.4)



U(t,a) = LK (ta) |, (3.5)

exist and

E[:f{ o1 (t)e (1)

|+

2L(E( - )| + | 2L fe PN (rydr| + |3 (0)|

51080 + [ IViS( b a0, ) )t < o

(3.6)
We can see that

LX) | y= LX) |, = €(t—0)
and
d u-r+s s
X = fe PE(b)dr.
Note that

£(t) =0 for t € [~5,0].

Theorem 3.1 Suppose that i € Ag with corresponding solutions )A((t)7 Xl(t), Xg(t), Y(t), Z(t), K(t, a),
A(t),p(t),4(t) and #(t,a) of equations (1.1), (1.2), (1.10) and (1.11).
Assume that (2.1) — (2.4) and the following transversality conditions hold:

(Hs)
Jim B[ H(T)E(T)] =0,
Jim ENT)$(T)] = 0.

(Hg) Moreover, assume that the following growth condition holds

E[fT{P(t)(nQ(t) + [ WPt alda) + PP + [ Ve av(da)

Ro

+P* () (52 (E() + F7 (EE = 6) + FZ(2) f e PUTIE(r)dr + G2 (1)B(t))

+p2(t) f{ )+ Bw O (t,a)é(t —6) + awz (t,a) f e PU=¢(r)dr + %(t,a)ﬁ(t)}Qu(da))}dt] < 00

for all T < 00.

Then the following assertions are equivalent.
(¢) For all bounded B € Ag,

d
—J(a+5B) |, 0.



(i7) For all t € [0,00),

E[%H(ta X(t)v Xl (t)a XQ(t)’ Y(t)v Z(t)v f((t’ ')’ U, ;\(t)7ﬁ(t)’ d(t)7 f(t’ )) ‘ gt]u:ﬁ(t) =0.
Proof. (i) = (ii):
It follows from (1.1) that
de(t) = { G2 (DE() + g (et —0) + F= (t) _f: e U (r)dr + 5 (4)B(6)}dt
HEO60) + B2 006 = D)+ 50 [ e el + F 080}
+f{ E(t) + o= (t,a)é(t — 0) + 5 (t,a) f P TIE(r)dr + G2 (¢, a) ()} N (dt, da),
and
d(t) = {—52(&(t) — FL(D)E(t —0) — 3% )tft5 e P=E(r)dr — GE(t)o(t)
—52(D)B(1) — gLt )}dt+77( B(t) + f Wb (t, a)N(dt, da),
where for simplicity of notation, we have set
0 0
8xb( )= a—b(t,X(t),Xl (t), Xa(t), u(t)) etec.
Suppose that assertion (i) holds. Then
0= g£J(a+sP) . .
= E[J{%(t)ﬁ(t) + oL (0)et - 8) + 5L(1) !5 e=P=E(r)dr + GL () (1)
L) + OB + [ Tuf(ha)i(t. ap(da) )+ B (¥ (0)6(0))
' (3.7)
We know by the definition of H that
1y = )= 200~ 2 tplt) — S (0a(t) — [ 92 1, apr(t, a)w(da)
Ro
and similarly for 8f -(t), %(t)’ g—i(t), g—’yc(t), g—ﬁ(t) and Vi f(t, a).
By the Ito6 formula and (Hg), we get
E[1 (Y(0)$(0))] = E[N0)$(0)]
= lim BA(T)6(T)]
T ~ -
 Jim B[O 520)6(0) — B2 (1€l ~6) — 25 f e PN (r)dr — 92(8)6(1)
— 4 (t)ﬁ(t) SLB(1) + () GE(8) +n(t) B (1) + f VkH (t, a)ip(t, a)v(da)}dt].
(3.8)

10



Substituting (3.8) into (3.7) we get
0*% (+&@|0

BT (G +§£1< )t =0)+ B50) | ety + S0t
+8L(On(t) + 3L 1)B 1)+ [ Vil (a)i(t, a)v(da)

M€ — F =8 = 22() [ ()= ot
=500 — B O50) + 60D +nOFL (W) + [ ViH ()bt a)v(da)ae]

Ro
(3.9)
Applying the It6 formula to p(T)&(T") and using (Hg), we get

0= lim B[(T) &(T)]

= E[:fo Pt) {52(0)E(H) + 22 (1)E(t — 6) + 2= (1) f: e~ P (r)dr + S2(8)5(t) Ydt

+ OB | Fla+ a0 000 + 200~ 0) + 220 [ oty + F2(0s0)a
+ ZO (t,a) {22 (t, a)&(t) + 8%91(75, a)é(t—0)+ 8870;(75, a) i e PN (r)dr + 22(¢,a) B(t) }v(da)dt]

Ro
— _i

s+ 55) |s=o +E[f Ga(t)B(t)dt].
(3.10)
Adding (3.9) and (3.10) we obtain

T oH
E ou
0

(H)B(t)dt] = 0.

Now apply this to
B(t) = alfssin)(t)
where a(w) is bounded and &;,-mesurable, s > to. Then we get
s+h
)

S

E[ ds o] =0

Differentiating with respect to h at h = 0 we obtain
E [%—g(s) al=0
Since this holds for all s > ¢y and all «, we conclude

B[ (t) | £, =0

This proves that () implies ().

11



The argument above shows that

%J(u—f—sﬁ)

o= Bl S
0

for all u, 8 € A¢ with 8 bounded. So to complete the proof we use that
every bounded 3 € A¢ can be approximated by linear combinations of controls
B of the form (3.1). We omit the details. ®

4  Application to optimal consumption with re-
spect to recursive utility

4.1 A general optimal recursive utility problem
Let X (t) = X((t) be a cash flow modelled by

dX (t) = X (t — 8)[bo(t)dt + ao(t)dB(t) + [ ~(t,a)N(dt,da)] — c(t)dt;t >0
Ro
{ X0)=2>0
(4.1)
where by (t), oo(t) and (¢, a) are given bounded Fi-predictable processes,
0 > 0 is a fixed delay and «(¢,a) > —1 for all (¢,a) € [0,00) x R.

The process u(t) = ¢(t) > 0 is our control process, interpreted as our relative
consumption rate such that X () (t) > 0 for all t > 0. We let A denote the family
of all F;-predictable relative consumption rates. To every ¢ € A we associate
a recursive utility process Y (¢)(t) = Y(t) defined as the solution of the infinite

horizon BSDE
T

Y(t)=EY(T)+ [g(s,Y(s),c(s))ds | F] for all t <T, (4.2)

valid for all deterministic T < co. We assume that Y (¢) satisfies (1.4) (See
Duffie & Epstein (1992)).

Suppose the solution Y'(¢) of the infinite horizon BSDE (4.2) satisfies the
condition (1.4) and let ¢(s); s > 0 be the consumption rate.

We assume that the function g(¢,y, ¢) satisfies the following conditions:

e g(t,y,c) is concave with respect to y and ¢

:fE llg(s, Y (s), e(s))[] ds < oo for all ¢ € A (4.3)

° %g(t, Yy, ¢) has an inverse:

12



I(t,0,w) = 0 if v > vo(t, w)
L (5e9(ty ) H(v) i 0 < v < ot w)
where vy is %g(t,y,O).
We study the problem to find ¢* € A such that

supY (9 (0) = Y (0).
ceA

We call such a process ¢* a recursive utility optimal consumption rate.
We see that the problem (4.5) is a special case of problem (1.8) with

J(u) =Y(0)
f=0, hy)=y, u=c and

b(t, z, w1, 22,u) = 21bo(t) — ¢
o(t,z,x1,x2,u) = x100(t)
e(ta T,T1,T2,U, a) = $17(t7 CL)

In this case the Hamiltonian defined in (1.9) takes the form

H(t,x,x1,T2,y,2, k() u, A\, p,q,7()) = Ag(t, y,¢) + (x1bo(t) — c) p
(gt [ A(ta)rap(da)
Ro

Maximizing H as a function of ¢ gives the first order condition

MO (1Y (1), (1)) = Elp(r) | €

for an optimal c(t).
The pair of adjoint processes (1.10)-(1.11) is given by

{ dAA(t) = M) 52 (8, Y (1), (t))dt
A(0) =1

and

dp(t) = Elu(t) | Fldt + a0)aB) + [ r(t,0)Nd, da)it < [0,00)

Ro
where
ult) = ~[bo(®)p(t +8) + o0 (t)alt +9)
+ /v(t,a)r(t +0,a)v(da))

Ro
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Equation (4.7) has the solution
tdg
A(t) = exp(fa—y(s,Y(s), c(s))ds);t >0 (4.10)
0
which substituted into (4.6) gives
g tdg
8—(t,Y(t), c(t)) exp([ 5= (s, Y (s),¢c(s))ds) = E[p(t) | &] (4.11)
C 0 ay
Hence, to find the optimal consumption rate c it suffices to find

Elp(t) | &)t > 0.

We refer to Theorem 5.1 in [1] for a proof of the existence of the solution of
the ABSDE (4.8).

4.2 A solvable special case

In order to get a solvable case we choose the driver g in (4.2) to be of the form
g(t,y,c) = —a(t)y +Inc (4.12)

where a(t) > a > 0 is an Fy-adapted process.
We also choose

and we represent the consumption rate ¢(t) as
e(t) = p(H) X (1), (4.14)

where p(t) > 0 is the relative consumption rate.

We assume that p is bounded away from 0. This set of controls is denoted
by A.

The FBSDE system now has the form

{ dX(t) = X(t7)[(bo(t) — p(t))dt + 00(t)dB(t) + [ ~(t,a)N(dt,da)l;t >0

Ro
X0)=x2>0
(4.15)
and

Y(t) =YW (t) = E[Y(T) + {T(—a(s)Y(s) +Inc(s))ds | Fi (4.16)
) = (Ca(®Y(0) £ me(t) di + Z(1)AB()t > 0 (4.17)

We want to find p* € A such that
supY (V) (0) = Y ¥ (0) (4.18)

pEA
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In this case the Hamiltonian (1.9) gets the form
H(t, T, Y, P, Avpv q, T) = )\(—Oé(t)y + ln(px)) +z (b()(t) - p)p
+xoo(t)g+ / ~(t, a)r(a)v(da) (4.19)

Ro

Maximizing H with respect to p gives the first order equation

At)— = p(t) X (?) (4.20)

where, by (1.10) — (1.11) A(¢t) and (p(t), ¢(t), (¢, a)) satisty the FBSDEs
{ ;\D\(;):: —a(t)\(t)dt (4.21)

and

40) = =0y + (0~ 1) )
+ [ (t,a)r(a)v(da)ldt + q(t)dB(t) + f N(dt, da) (4.22)
Ro

The infinite horizon BSDE (4.22) has a unique solution, (see Theorem 3.1
in [8]).
Then, the solutions of (4.21) — (4.22) are respectively,
A(t) = exp( fa (4.23)

and, for all 0 <¢ < T and all T' < o0,

pOT() = Bp(DINT) + [A6) 1 has | 7 (1.21)

where I'(t) is given by

{ dr(t) = T(t7)[(bo(t) — p(t)) dt + oo (t)dB(t)

+ [ ~(t,a)N(dt,da)];t >0 (4.25)
Ro

ro)=1
(See e.g.[14,18]).

This gives
— exp(— fa +f{bo p(s) — So3(5)}ds
+OfRf{1n (1 4+ (5, )) — 7(5, )} v(da)ds (426)

¢
+/ [ In(1 +~(s,a))N(ds,da);t > 0
0 Ro
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Comparing with (4.15) we see that
X(t)=al'(t);t>0 (4.27)

Substituting this into (4.24) we obtain

p(t)X(t) = E[p(T)X(T) + jexp(ofsoz(r)dr)ds | Ft] (4.28)

Since p is bounded away from 0 we deduce from (4.20) that

_@:Lex —Tar r minate as 00
p(T)X(T) = oT) ~ o) p( of (r)dr) — 0 dominatedly as T — oo.
(4.29)
Hence, by letting T — oo in (4.28) we get
pOX (L) = E[Z’Oexp(— ja(r)dr)ds | 7 (4.30)

By (4.20) we therefore get the optimal relative consumption rate

S

exp(— [a(r)dr)
o(0) = " (t) = —— 20 (131)
E[{ exp(—ofa(r)dr)ds | i)

In particular, if a(r) = a > 0 (constant) for all r, then
P (t) = a;t > 0. (4.32)

With this choice of p* the transversality conditions (H;) and (Hs) hold and
we have proved:

Theorem 4.1 The optimal relative consumption rate p* (t) for problem (4.12)—
(4.18) is given by (4.31).
In particular, if a(r) = a > 0 (constante) for all v, thenp*(t) = «; for all t.

Acknowledgment We want to thank Brahim Mezerdi for helpful discussions.
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