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Abstract

Let G be a Sylow p-subgroup of the unitary groups GU (3, ¢%), GU(4, ¢*), the sympletic group
Sp(4, q) and, for q odd, the orthogonal group OV (4, ¢). In this paper we construct a presentation
for the invariant ring of G acting on the natural module. In particular we prove that these rings
are generated by orbit products of variables and certain invariant polynomials which are images
under Steenrod operations, applied to the respective invariant form defining the corresponding
classical group. We also show that these generators form a SAGBI basis and the invariant ring
for G is a complete intersection.
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1. Introduction

Let F be a field, V a finite dimensional F-vector space and G a finite subgroup of GL(V).
Then G acts naturally on the symmetric algebra S := F[V] := Sym(V™), by graded algebra
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automorphisms. One of the main problems of invariant theory is the investigation of the structure
of the ring of invariants

R:=FV|:={f€FV]|g-f=fVgeG}

Since G is finite it is easy to see that S is a finitely generated R-module, which implies, by
a classical result of Emmy Noether, that R is a finitely generated F-algebra. Moreover the
extension of quotient fields L := Quot(S) > K := Quot(R) = L is finite Galois with group G
and the ring R is a normal domain, i.e. R is integrally closed in K.
There are several constructive procedures that, if applied to ring elements f € S, transform them
into invariants in R: two examples are the transfer- or trace map f — tr(f) = dec g- f and
the norm f — Norm(f) := [],c; 9 - f. In general, these operations will generate a subalgebra
A < R and the major open question remains, how to find a set of generating invariants of R as
an [F-algebra.

There is a particularly useful structure, present in invariant theory over the finite field F,: Let
§ :=F,[V]. Then the q - Steenrod algebra A := A, is the graded Fq-subalgebra A = F(P" | i €
No) < Endy, (F), generated by the homogeneous Steenrod operators P of degree i(q — 1), which
themselves are uniquely determined as elements of Endr, (), by the following rules:

() P° =idg;

(ii) the Cartan identity P(fg) =3 o<rs P"(£)P*(9);
r+s=i

(iii) P'(z;) =27 and P*(z;) =0, Vk > 1,5 > 1.

The elements P? are also uniquely determined by the requirement that

PQ): F—=3lC, £ PUC

i>0

is the unique homomorphism of F - algebras which maps v to v+v?( for each v € (z1, 22, ..., Zn)¥.
From this it is easy to see that A acts on Fy[V], commuting with the natural action of GL(V').
Therefore since G < GL(V), A also acts on Fy[V]°.

Now let X be any of the following finite classical groups:

e the general unitary groups GU(3,q*) and GU(4,¢*) of dimension 3 and 4, defined over the
field F 2,

e the symplectic group Sp(4, q) of dimension 4 over Fg,
e the general orthogonal group O (4, q) over F,, with ¢ odd.

As usual X is defined as a subgroup of GL(V), fixing a certain form h € V* or, in the case of
unitary groups, a homogeneous element h € F2[V]. In other words X = Stabgr(vy(h), hence
for any subgroup G < X, automatically h is a G-invariant and so are the “Steenrod images”
Pi(h). The explicit description of the ring of invariants of the groups Sp(2m,q) (see Carlisle
and Kropholler, 1992; Benson, 1993) and GU(n, ¢*) (see Huah and Shin-Yao, 2006) supports the
conjecture that invariant rings of classical groups are always generated by “Dickson invariants”
together with certain Steenrod images P*(h) of the relevant form. Replacing Dickson invariants
by “orbit products of variables” a similar conjecture can be made about the invariant rings
of Sylow p-groups of X. This conjecture is also supported by MAGMA (Bosma et al., 1997)
calculations and we show that this is the case for the groups considered here.

Let G be a Sylow p-subgroup of X. Then our main result can be stated in short form as
follows:



Theorem 1. Let F be a field containing the field of definition of X. The invariant ring IF[V]G
is generated by G-orbit products of variables and Steenrod images of the form h defining X.
Furthermore, these generators form a SAGBI basis and F[V]| is a complete intersection.

When constructing the invariant ring it is usually an important first step to determine the
invariant field. In the paper (Ferreira and Fleischmann, 2016), the authors have determined
the generators for the invariant fields of Sylow p-subgroups for all finite classical groups in the
natural characteristic. For the groups X, Theorems 4.10, 4.12, 4.14 and 4.16 in (Ferreira and
Fleischmann, 2016) give:

Theorem 2. Let G be a Sylow p-subgroup of X and h the form defining X. Then
]F(V)G = F[xh N(x2)7 ) N(xk)7 h}v
k=2if X =GU(3,¢*) and k =3 if X is GU(4,¢>), Sp(4,q) or OT(4,q) with q odd.

The paper is organized as follows: in section 2 we recall some results about SAGBI We will
use the ideas in (Sturmfels, 1996) to prove Lemmas 11 and 12, which will play a crucial role in
proving the main theorems of section 3.

Finally in section 3 we present the generators and their relations for the invariant rings for
Sylow p-subgroups of GU(3,¢%), GU(4,¢>), Sp(4,q) and O"(4,q) with ¢ odd. It is known that
for the Sylow p-subgroups of the general linear groups, the invariant rings are polynomial (see
Campbell and Wehlau, 2011, Section 3.4). We will show that this is not true for the Sylow
p-groups here under consideration. We will prove that their invariant rings are a complete
intersection and that their generators form a SAGBI basis.

Since the methods used are very similar, we only present the full details for the Sylow p-
subgroup of GU(3,¢*) and GU(4,¢*). For the remaining ones, the details can be found in
(Ferreira, 2011).

2. SAGBI Bases

The concept of SAGBI basis was first considered by Robbiano and Sweedler (1990) and by
Kapur and Madlener (1989), separately. The acronym SAGBI stands for “Subalgebra Analogs
to Grobner Bases for Ideals”. Suppose that A is a subalgebra of F[z1,...,z,] and that we have
chosen some monomial ordering, <, on the monomials of Flz1,...,zs]. We write LT'(A) for the
algebra generated by all leading monomials of non-zero elements of A.

Definition 3. A subset C' C A is a SAGBI Basis of A if the algebra generated by the leading
monomials of all the elements in C' is equal to LT(A).

Throughout the rest of this section, let C' := {f1, f2,..., fm} be a finite set of polynomials
in Flz1,22,...,2n] and A the F-algebra generated by them. Let f € Flxi,22,...,2n]. The
subduction of f over C is performed as follows:

(i) Set h:=f.
(ii) If h is a constant in F then stop, otherwise go to step (ii?).
(iif) Check if there exist c € F and exponents u1,uz, . .., um € Nsuch that LT'(h) := c][J, LT(f;)".

(iv) If step (7i7) fails then stop, otherwise go to step (v).

(v) Replace h by h—c[[7, f;? and go to step (i).



m

Note that each time we get to step (v), the polynomial h—c szl fJuJ will either be a constant
or it will have a smaller leading monomial than LM (h). This guarantees that the procedure will
halt. If C' is a SAGBI basis for A and f € A, then the subduction of f over C' will end in a
constant and therefore we can write f as a polynomial expression in fi,..., fm. If f ¢ A then
at some stage in the subduction process, step (7i7) will fail. Hence, when C is a SAGBI basis
the subduction process can be used as an algebra membership test.

Definition 4. A téte-a-téte over (f1,..., fm) (where f; € C) is a pair (u, v), where u,v € N™
such that

m m

Given a téte-a-téte, there is a non-zero constant ¢ € F such that the polynomial

Su,v) =[] =[] #"
=1 =1

is either a constant or has a smaller leading monomial.

Theorem 5. The finite set C' is a SAGBI basis for A if and only if for each téte-a-téte (u,v),
the subduction of S(u,v) over C terminates at an element of F.

Proof. See (Robbiano and Sweedler, 1990), Theorem 2.8. O

We present, here another way to check whether C' is a SAGBI basis for A or not. For each
fi, with ¢ = 1,...,m, we associate its leading monomial with a vector a; € N" by

n

LM(fi) =] =;".

j=1
Also, we define the algebra homomorphism
@ Flt1,ta, ..., tm] — Flz1, 22, ..., 2n] (1)
by ¢(ti) = [1}-, xj” and the semigroup homomorphism
7:N" — N"
by m(u) = 7(u1,u2,...,Um) = ui1a1 + u2az + - - - + Umam.
Theorem 6. Assume that g1,92,...,9s generate the kernel of ¢ as an ideal. Then C is a

SAGBI basis for A if and only if the subduction of g;(f1,..., fm) terminates at a constant for
allie{1,...,s}.

Proof. See Corollary 11.5 in (Sturmfels, 1996). O

Corollary 7. Let fi,..., fn be polynomials in Fg[x1,x2,...,2n] such that LM(f;) = x‘ji with
d; a non-negative integer. Then {f1,..., fn} is a SAGBI basis for the algebra it generates.

Proof. In this case the kernel of ¢ is trivial since ¢(t;) = :cf“ Applying Theorem 6 finishes the
proof. O

The previous corollary can also be seen as a particular case of Proposition 5.2.2 in (Campbell
and Wehlau, 2011).
In order to apply Theorem 6 we must be able to compute the generators for the kernel of ¢.

We shall write T", u € N, for the monomial ]}, t;.”.



Lemma 8. The kernel of the homomorphism ¢ is spanned as a F-vector space by the set of
binomials
{T" =TV : u,v € N" with w(u) = 7(v)}.

Proof. See Lemma 4.1 in (Sturmfels, 1996). O

Remark 9. The previous Lemma shows that kernel of ¢ is spanned by the binomials T" — TV
where (u,v) is a téte-a-téte.

For any tuple of integers u = (u1,...,un) € Z™, we let ut = (uf,...,u}) and u= =
(ul,...,upm) where uj” = max{u;,0} and u; = max{—wu;,0}. Hence we get u =ut —u~. We

shall write ker 7 for the set consisting of all vectors u € Z™ such that 7(u™) = 7(u™).

Corollary 10. The kernel of ¢ is spanned by the binomials
{T”‘Jr —T" :ue€ ker}.

Define a n x m matrix B whose columns are the vectors a; corresponding to the leading
monomials of the polynomials f;. It is not hard to see that u € Z™ belongs to ker 7 if and only
if Bu = 0. This means we should look for the solutions of the equation Bu = 0 which have
integer coordinates. So let W be the real vector space formed by the solutions of Bu = 0. We
shall only look at the cases when the dimension of W is 1 or 2. First, we assume that W has
dimension 1:

Lemma 11. Let w € Z™ be a basis for W such that aw € Z™ if and only if « € Z. Then the
kernel of ¢ is generated as an ideal by the binomial AN

Proof. According to Corollary 10, the result will follow if we can show that for any element

u € ker7 the binomial T" — T" is an element in the ideal generated by ™ —T% . So
let u € kerw. Then u € W and we get u = aw with a € Z. Without loss of generality we can

assume that o > 0. Hence (aw)™ = aw™’ and (aw)™ = aw™. If a = 1, there is nothing to
prove. For a > 1 we get
a—1
T(aw)+ _ T(aw)_ _ Taw+ _ Tocw_ _ (Tw+ _ Tw_) Z T((afl)fj)w++jw_
j=0

and therefore it belongs to ideal generated by S A

Finally, we consider the case when the dimension of W is 2.
Lemma 12. Assume that {w1, w2} C Z™ is a basis for W satisfying the following properties:
(a) A linear combination cawi + aawz belongs to Z™ if and only if a1, a2 € Z.

(b) For any vector u = a1w1 + aewz € Z™, one of the following holds:

(i) The vectors u™ — (ac1w1)™ and u™ — (aawz2)~ have non-negative entries.
(ii) The vectors ut — (aow2)t and u™ — (a1w1)~ have non-negative entries.

Then the kernel of ¢ is generated as an ideal by the binomials in the set
F={T% —T" .ie{1,2}).

Proof. Just as in Lemma 11, it is enough to show that for any element u € ker 7 the binomial
T _ T" is an element in the ideal < F > generated by F. Then, the result follows from



Corollary 10. Let u € ker 7. Then we can write u = a1 w1 + aawz with {W17W2} satisfying
Hypothesis A. For simplicity we write u = v1 + v2 with vi = aywy and v = aawa. Just
as was done in the proof of Lemma 11 we can show that TVi — TV1 and TV3 — T2 belong
to the ideal generated by T — T%: and T%3 — T%2 | respectively. Hence TV — TV and
TV — T2 are elements in the ideal < F >. Now, we shall prove that ™ _—TY c< F >.
Note that from u = v1 + vz we get ut +vy +vy, =u~ +v] +vJ.If (4) in (b) of Hypothesis
A is satisfied then we get

T T = V(T STV ) 4T V2 (TV: —TV2),
If, instead (#¢) in (b) holds then
T T =T TV (TVE - TV ) 4 T Ve (T2 TV2),
In either case, this shows that the binomial T €< F > and the proof is complete. O

‘We now illustrate how we can use all the above results:

Example 13. Let us consider the polynomials
2 3 3_ 2 2 3 3
fii=ad, for=al 428 T2l f3i=alze +aszxd and  fi =2l w0 + xsad
in F2[z2, z3]. If we consider the graded reverse lexicographic order on F2[z2, x3] with z2 < 3
then the matrix B corresponding to the homomorphism ¢ defined by (1) is
¢ 011
04¢ q¢
The solution set for Bu = 0 is a vector space W with dimension 2 and it is not too hard to
check that
w1 = (-1,-1,4%,0) = (0,0,¢°,0) — (1,1,0,0)
W2 = (_17 _q27 07 q2) = (07 07 07 q2) - (17 q27 07 O)
form a basis for W.

Now, we check that the hypothesis of Lemma 12 holds. Note that a linear combination
a1wW1 + a2wsz belongs to 7+ if and only if the numbers —a; — a2, —a1 — a2q2, a1q2 and czgq2
are integers. Thus a1 and a2 must be integers. Now, let u = a1 w1 + aawa = (—a1 — o, —aq —
a2q?, 01¢%, aaq?) € Z*. We have to consider four different cases:

(I) For a1 > 0 and a2 > 0 we get

u+ = (0,0,aqu,aqu), u = (Oll + a2, +a2q2707 O)
(arw1)T = (0,0,01¢%,0), and (aawsz)™ = (a2, a2¢>,0,0).

Therefore condition (7) in (b) in Lemma 12 is satisfied.

(IT1) For an <0 and a2 < 0 we get

ut = (-1 — g, —ag — aqu,0,0), u” = (0,0, —a1q?, —a2q2)
(a1W1)+ = (—a1,—a1,0,0), and (aawz)” = (0,0,0, —a2q2).

Again, we can easily see that the statement (¢) in (b) Lemma 12 is satisfied.

(I11) If an < 0 and a2 > 0, then
(a1w1)” = (0,0,—a1¢”,0) and (azw2)™ =(0,0,0,a2¢%).



In this case, while determining u* — (aaw2)* and u™ — (a1w1)~, only uf and u3 of u*
and u~ are changed. Since u} = a2¢® and u; = —a1¢?, it follows that condition (i) in

(b) Lemma 12 holds.
(IV) Finally, if aq > 0 and a2 < 0, then
(caw1)™ = (0,0,a1¢°,0) and (azwz)” = (0,0,0, —azq”).
Now, since uj = ai1¢® and u; = —asq?, it follows that condition (i) in (b) Lemma 12

holds.

According to Lemma 12, g1(t1,t2,t3,t4) = t3 — tite and ga(t1, t2,t3,t4) = t5 — t1t2 generate the
kernel of ¢ as an ideal.

We finish this section with a lemma which plays an important role in our proofs. It can be
seen as a summary of the discussion made in (Campbell and Wehlau, 2011, page 183).

Lemma 14. Let {x1, f2,..., fm} be a homogeneous SAGBI basis for a graded subalgebra A C
Flz1,...,zn] using the graded reverse lexicographic order with x, > ... > x1. If, for all i > 1,
z1 does not divide LM (f;), then the ideal (x1)a of A generated by z1 is prime.

Proof. Let f,g € A such that fg € (z1)a. Since z; generates a prime ideal in Flz1,...,z,], we
can assume without loss of generality that g = 2191 with g1 € F[z1, ..., 2,]. This means that x1
divides all monomials of g. Hence, at every stage in the subduction of g over {z1, fa,..., fm}, 1
will be a factor. Since z1 does not divide LM (f;) for all ¢ > 1 and {z1, f2,..., fm} is a SAGBI
basis for A, we can write g as x1g’ with g’ € A. Thus g € (z1)4 and this completes the proof. O

3. Invariant Rings

Throughout this section we will always consider the graded reverse lexicographic order on

Flz1,...,zn] with 21 < 2 < -+ < zp, where n will be 3 or 4. Therefore if my = z{'z32 - - zp»
b1, b L . . .
and mg = 2225?28 are two distinct monomials, m1 <grevier M2 if and only if a3+ - -+ an <

bi1+---+b,orar+---+ap, =b1 +---+ b, and a; > b; for the smallest i with a; # b;. We
proceed in the following way:

1. we take a finite list of invariant polynomials and then we establish some relations between
them. This list will always contain the generators for the invariant field. Now, using the relations
we construct an invariant polynomial ©, whose leading monomial has the form z%».

2. we consider the algebra A generated by some of the polynomials in the list and © and show

that A is the invariant ring by proving that:
(i) A contains a homogeneous system of parameters;
(ii) the fraction field of A is the invariant field;

(iii) A is integrally closed in its field of fractions.

When constructing the relations between the generators of the invariant rings, we use the
endomorphism 1 of Fz1,...,z,] defined by 1 (z;) = zf — 27 'a;, where r is the number of
elements of the field F. Note that ¥1(x1) = 0 and 1 (z2) = x5 — x{flm is the orbit product
of x2 under the action of the group, of lower triangular matrices with ones along the diagonal,
U(n,TF).

When working with finite unitary groups over the field F 2 we need the Frobenius map,
which will be the equivalent to the complex conjugation when we consider unitary groups over
the complex numbers. By considering F 2 as an algebraic extension of F, in degree 2, we define



the Fobenius map ¢ : F,2 — F 2 by ¢(a) := a?. This map is an automorphism of order 2 which
leaves the elements of Fy fixed. We shall write a instead of a?.
Let h be the form defining the finite classical group and J the n x n-matrix such that

h(v) =o' Jo forallv eV,

with 7 = [vf v ---v2]T. All the Sylow p-groups in this section can easily be obtained by solving
the matrix equation

NTJN = J,
with N € U(n,F). An explicit matrix description of the Sylow p-subgroups in the general case
is given in (Ferreira and Fleischmann, 2016).

3.1.  The Invariant Ring of a Sylow p-subgroup of GU(3,q?)

We represent by hi := 2" + xlz; + z327 the form defining the unitary group GU(3,¢?),

hence an invariant polynomial. Also, we denote by G the Sylow p-subgroup of GU(3,¢?). Tts
elements can be written as

100

s =b1

where s,b € F,2 are such that bb + s + 5 = 0. Therefore, G acts on the polynomial ring
F2[x1, 22, 23] in the following way:

T — T, To > To + bxy, T3 — 13 — bro + sT71.

2 2
Clearly z1 and the orbit product of x2 N(z2) = [[jep , (T2 +b21) = 23 —={ ~'zy are invariant
q

polynomials. Since
ho 1= :1733+1 + xggxl —+ xgx‘lzs =PI (h1),

ho is also invariant under the action of G.
Lemma 15. The polynomials x1, N(x2), h1 and he satisfy

N(ws)™™ = hY — 2% " hy — 280 Dpg 4 gt D@ =D,
Proof. A straightforward calculation shows that

Yr(ha) = hY — 2l Thy — 2@ DT 4 p(ITDEE 0

Since ¥1(z1) = 0 and 91 (z2) = acg2 - I111271£L‘2 = N(z2) we obtain

N(w2)™ = he" — 28 " Lhy — 290 DRt 4 g (D@
and the proof is completed. O

Lemma 16. The polynomial ha can be written as ho = h‘f2_q+1 + 210 where © is the invariant
polynomial

q—1
3 3 3 S g2 s o i
©=af +af tws—ad X — (21X +a§") D (—1) el FOUTITI ey,
i=1

Proof. For simplicity write X = z + ¢ 'x3. Hence h1 = 22" + 21X and



htfﬂﬂrl _ (xq+1 + le)q2fq+1 — ( q+1 +w1X)( a®+q +quq)

= (@™ + 11 X) Z )i (2q2+lI)(q—1—i)$({ini
2 N .
= (x4 a+l 21X) ( 94 Z 1 ;q +Q)(qlz)x¢1111qu>

q—1
— ot ( TIX 4 (01X + 2t Z(1)ixgq2+q)<q“>x‘}<“>xqi> .

=1
2
Hence hy — hi —atl — 2.0 where
3 3 3 a-! 2 )
©=af +af las—al X — (01X +a3t) Y (—1)ial OO0yl
i=1

Since x1, h1 and hy are invariant, the polynomial © is also invariant. O

Let A denote the [ 2-algebra generated by x1, N(x2), h1 and O, i.e.,

A= qu [:Cl, N(:Ez), hl, @]

Obviously, A C F 21, 2, x3]¢. Our goal is to prove that A is equal to F2z1, 22, x3])¢

Lemma 17. The following relation

h?z — N(z)? — 1"112_1h‘112_q+1 - x‘f@ - x‘{(q271)h‘11 + xiqﬂ)(qz*l)hl =0 (2)
s a subduction of h;zz — N(x2)7"* over {1, N(z2), h1,0}.
Furthermore, {x1, N(x2),h1,0} is a SAGBI basis for A.

Proof. According to Lemma 16, hy = h‘fz_‘ﬁ'l + 210. Thus if in Lemma 15 we substitute hs by
h‘fz_q"'l + z10, then we get the relation in the lemma. The relation (2) is in fact a subduction
of h% — N(z2)"*" over {a1, N(z2), h1,0}.
We keep the notation of Section 2. It is not hard to check that
LM(N(z2)) =22, LM(hi)=2%"", and LM(©) = z%

and therefore the matrix B corresponding to the homomorphism ¢ is

10 0 O
0¢°qg+10
00 0 ¢°

The solution set for Bu = 0 is a vector space W with dimension 1 and it is easy to check that
w = (0,—¢ —1,4°,0) = (0,0,¢°,0) — (0,g + 1,0,0)
is a basis for W. Now, aw € Z* if and only if —ag — o and ag® are integers. This can only
happen when « € Z. Hence according to Lemma 11
™ T = t§2 — 47 =1 g(t1, L2, t3, ta)

generates the kernel of ¢. We have seen that g(z1, N(z2), h1,0) = h‘{z — N(22)?"! has a sub-
duction over {x1, N(z2),h1,0} that terminates at zero. Thus it follows from Theorem 6 that
{z1, N(z2),h1,0} is a SAGBI basis for A. O



Theorem 18. The invariant ring for the Sylow p-subgroup G of GU(3,q¢) is generated by
x1, N(x2), h1 and ©, i.e., Fp2 [x1, 22, 23)¢ = F2[z1, N(z2), h1, O], Furthermore, the generators
satisfy (2).

Proof. Applying (Campbell and Wehlau, 2011, Lemma 2.6.3) we see that {z1, N(z2), h1,©} con-
tains a homogeneous system of parameters for F 2 [z1, T2, x3)¢, namely {x1, N(x2),0} . Hence,
F2[z1, %2, 73] is integral over A. From Theorem 2 we get F 2 (21, 22, 23)% = F, 2 (21, N(z2), h1).
Since F 2 (1, N(22), h1) C Quot(A) C F,2 (21,2, 23), we conclude that A and F2[z1, x2, 3]
have the same fraction field. Now, it remains to prove that A is integrally closed. Since x; is
invertible in A[z7'], from (2) we get © € F2[z1, N(2), h1][z;']. Hence

Aley '] = Fgaler, N(a2), ln]ler ]

which is a localisation of a polynomial ring and therefore it is a Unique Factorisation Domain.
From Lemmas 17 and 14 it follows that the ideal of A generated by z; is prime. Hence A is
integrally closed (see Benson, 1993, Proposition 6.3.1) and this finishes the proof. O

Remark 19. We would like to note that {z1, N(z2),h1, N(z3)} also generates the invariant
ring F 2 [x1, 72, 23]%, where N (w3) is the orbit product of z3. Actually it is not hard to see that ©
is divisible by z3 and therefore by N(x3). Since they are monic polynomials of the same degree
in x3 we conclude that © = N(x3).

Finally, we show that the invariant ring for G is a complete intersection. It is actually an
hypersurface. Consider the polynomial ring F2[X1, X», X3, X4] and the homomorphism & :
FqQ [Xl,XQ,Xg,Xd — A defined by

X1 =z, Xow N(z2), Xs+— hi, Xir— 0.
Lemma 20. The kernel of ® is generated by the polynomial
P(X1, X2, X3, X4) 1= — XE Xy + X& — X0 — x¢*-1xg ~at!
_ Xf‘(qz_l)Xg +X{q+1)(q2—l)X3.
Moreover, A is a complete intersection ring.

Proof. 1t follows from (2) that P(X1, X2, X3, X4) belongs to the kernel of ®. Note that the poly-
nomial P(X1, X2, X3, X4) is linear in X4 and X, is the only irreducible dividing the coefficient
of X4. Since X1 does not divide the X4-constant term, we conclude that P(X1, X2, X3, X4) is
irreducible in F2[X1, X2, X3, X4]. Therefore it generates a prime ideal. Now, the Krull dimen-
sion of A is 3 (see Smith, 1995, Corollary 5.3.5 ). Since F2[X1, X2, X3, X4]/ker & ~ A, the
kernel of ® will be a prime ideal with height 1. Hence it is generated by P(X1, X2, X3, X4) and
therefore A is a complete intersection ring. O

3.2.  The Invariant Ring of a Sylow p-subgroup of GU (4,q?)

We represent by hi := zizs + zszd + ziz1 + z42? the form defining the unitary group
GU(4,¢%). Let G be the Sylow p-subgroup of GU (4, ¢*). Its elements can be written as

1 0 0 0
b1 1 0 0
bg C 1 0

S —510—52 —Z_)l 1

10



where b1,b2,c,5 € qu such that ¢+ ¢ =0 and s + 5 = —bi1bs — babi. The orbit products of x2
and x3 are

N(zq) = ng — $(11271$27

N(zs) = (2§ —af as)? + N(a2) " (@] — o] 'as)
respectively. Since h; is clearly an invariant, it follows that the polynomials

3 3 3 3
he = 2% @2 + szl + 2§ x1 + xa2] =PU(ha),
5 5 5 5 3
hs = 2% @2 + xsxd + 2] x1 4+ xa2] =P (h2),
are also invariant under the action of G.
Lemma 21. We have N(z2)N(x3) = h‘{z - l'(f_lhg — x(11<q271>h(11 + x§q+l)(q271)h1 and
N(z2)N(23)" — N(z2)® " N(23)" + N(w2)? "9 N(zs)
= hg2 - $L11271h3 - x'{a(f—l)h‘f + x§q3+1>(q2‘1)h2.
Proof. First, we note that ¢ (xz2) = 3:32 - $§271x2 = N(z2) and if we consider X = ng -
2
xd 143, then 11(xz3) = X. Therefore
N(z2)N(z3) = N(22)(X? 4+ N(22)? ' X) = N(x2)X? 4 N(22)'X
= Y1(x3) Y1 (22) + Y1 (zs) 1 (z2)? = Y (ha).

It can easily be checked that

Yr(h) = hi —af " hy — 2R 4 TV Dy,
Finally, we have

2 3 2 3
N(z2)N(z3)" = N(w2)” =" N (23)" + N(z2)” "' N(ws) =
3 3
N(.Tg)Xq —|— N(xg)q X = 1/)1(}12)
Now, an easy calculation shows that
Un(h) = by —af hy —af @ TURY {0,
O

If we consider the modulo z1 reductions of N(z2),N(z3),hi1,he and hg, then we obtain
polynomials

2 3 3 2 2
4 .4 ®—q® q . q
fii=xy, fori=x5 + 14 T3 , f3 1= T3T2 + T3Ty
3 3 5 5
fa=ad xo + 23zl  and  fs:= a2l zo+ 32l .
We consider the graded reverse lexicographic order on qu [x2,x3] with z2 < z3.

Lemma 22. The set {f1, fa, f3, fa} is a SAGBI basis for F2[f1, fa, f3, fa] and the polynomial
f5 has a subduction over {f1, f2, f3, fa} that terminates at zero.

Proof. Let A" denote the algebra F 2 [f1, f2, f3, fa] and C = {f1, fa, f3, fa}.
We proceed as in Lemma 17 to show that C is a SAGBI basis for A’. Here the matrix B is

¢ 011

0¢ qq’

11



and in Example 13 we proved that
'S q q®
gl(tl,t27t3, t4) = t3 — tltz and gz(tl, t2, t3,t4) = t4 — t1t2
generate the ker ¢. It follows from Lemma 21 that
2
fi —fif2=0 (3)
q? q? a®—q®+1 pq g+l _
f4 _flfz _f1 fz +f1 f2=0. (4)
It is not hard to see that (3) and (4) are a subduction over C of g1 (f1, f2, f3, f4) and g2(f1, f2, f3, f4),
respectively. Hence C' is a SAGBI basis for A'.

Finally, we show that f5 € A’ and from this, we conclude that the polynomial fs5 has a
subduction over {f1, f2, f3, fa} terminating at zero. A straightforward calculation shows that

q q q
s f3 T3 T 2
T2 T
2 3 3 2
q — ° g
fa f3 = | T3 2 @2
T3 T
f fq2 qu xqs 3 3
5 J4 3 2
Thus if we take
q+1
2 ||z 27 e
L pq?+1 g __ |73 2 2 Lo | 2 Lo
f = J3 _f4f3 - @ P a2 - a2
x5 xg ||zs 3 r3 x4
and 3
g +1
22 20| |z 22 2o 28
o pa?+l a? e _ |3 2 242 2 42
g:=Js 7f3 fs = P P 7> - 72
x5 x4 | |rs 4 T3 T4

we obtain 0 = f""zfq+1 — g. Therefore fngs = fz"'l — fgg_q2+q(f§2_q+l — f4)‘127‘1+1. From (3)

and (4) we conclude that ffzis divisible by f§2. Hence f5 € A’ and this finishes the proof. O

It follows from the previous Lemma that there exists a subduction of f5 over {f1, fe, f3, fa}, i.e.,
a polynomial P(Xl,XQ, Xg, X4) such that f5 = P(fl, fg, f3, f4)
Note that hy = f3 + a1 (zd + 29 '24) and he = f1 + xl(xf + :c‘17371m4). Since the variable x4

does not appear in N(z2) and N(z3) we can conclude that the monomial xlrf will not occur
in P(N(z2), N(x3), h1, h2). Hence we get

hs = fs+o1(2] +af za) = P(N(x2), N(2s), h1, ho) + 210,

with © = xf + x‘{S_lm + --- an invariant polynomial under the action of G. Let A be the
[F 2-algebra generated by the polynomials 21, N(22), N(x3), h1, ha and ©. We shall prove that
A is the invariant ring for the Sylow p-subgroup of GU (4, ¢*).

Lemma 23. The following relations
h‘{z — N(z2)N(z3) — 56(112_1h2 - x‘f(qz_l)h'{ + x(1q+1)(q2_1)h1 =0 (5)
and
hY —N(22)N(ws)" + N(w2)" " ' N(22)" = N(wa)” "' N(as) (6)
— 2 "' P(N(22), N(xs), b, ha) — ot © — 2 @ Dpe 4 o@D, =g
are a subduction over {z1, N(x2), N(z3),h1,h2,0} of h‘{2 — N(z2)N(z3) and

th — N(mg)N(azg)q2,respectively. Furthermore, {x1, N(x2), N(x3), h1,h2,0} is a SAGBI basis
for A.

12



Proof. Since P(f1, f2, f3, f4) is a subduction of f5 over {f1, f2, f3, fa} and hz = f5 + ml(mf’ls +
a:‘{571x4) = P(N(x2), N(z3), h1,h2) + 1© we see that
2 T P(N (22), N(23), hi, ha) + 21 ©

is a subduction of m‘fZ_lhg over {z1, N(z2), N(x3), h1, h2,0}. Hence (5) and (6) are a subduction
over {z1, N(z2), N(x3), h1, h2, O} of hci’Q — N(z2)N(zs) and hgz - N(xg)N(xg)q2, respectively.
The matrix B corresponding to the homomorphism ¢ in (1) is

10 000 0

0¢g° 0110

00¢°qq® 0

00000 ¢
Analogously to what was done in the proof Lemma 22, we can show that the vectors

w1 = (0,—1,-1,4%,0,0) = (0,0,0,4%,0,0) — (0,1,1,0,0,0)
wa = (0,-1,—¢%,0,¢%,0) = (0,0,0,0,4°,0) — (0,1,4%,0,0,0)
form a basis for the solution set of Bu = 0 and that
g1(t1, o, B, a, L5, e) = 1] — bt
galts, ta ts, ta, ts, te) = t& — totd
generate ker ¢. In the beginning of the proof we proved that
e — N(w2)N(ws) = g1 (21, N(xs), N(3), h1, ha, ©),
hY — N(22)N(23)® = ga(a1, N(x2), N(23), hi, ho, ©)

have a subduction over {z1, N(z2), N(x3), h1,h2, 0} that terminates at zero. This finishes the
proof. O

Theorem 24. The invariant ring for the Sylow p-subgroup G of GU(4,q?) is generated by x1,
N(xz2), N(z3), h1, ha and O, i.e.,

R = FqQ [561,:52,1’3,$4]G = ]FqQ [$1,N($2),N($3), h17h2, @],

Furthermore, the generators satisfy the relations (5) and (6).

Proof. Since {x1, N(z2), N(x3),©} is a homogeneous system of parameters for R (see Campbell

and Wehlau, 2011, Lemma 2.6.3), the polynomial ring F2[x1, 2,23, 24] is integral over A.

According to Theorem 2 we have F 2 (21, 22, 23, w4)G =TF,2(z1, N(x2), N(23), h1). Since
F2(x1, N(22), N(x3),h1) C Quot(A) C F2(x1, 22, 23, 24)°,

we conclude that Quot(A) is equal to F 2 (z1, 72, x5, 74). It follows from (5) and (6) that 2, © €

Fy2[z1, N(22), ha][z7']. Hence A[z7 '] = Fp2[z1, N(22), N(x3), hi][z7 '] which is the localisation

of a polynomial ring and therefore a Unique Factorisation Domain. Applying Lemmas 23 and

14 we conclude that the ideal of A generated by z1 is prime. Hence A is integrally closed (see
Benson, 1993, Proposition 6.3.1). O

Remark 25. Note that C' = {z1, N(x2), N(23), h1,he, N(z4)} is also a generating set for the
invariant ring F2[z1, 22, 3, 24]%, where N(z4) is the orbit product of z4. In fact, it is not hard
to see that N(x4) € A has the same leading monomial as © and therefore C' is a SAGBI basis
for A =TF [z, x2, 3, 24)¢. Hence C is also a generating set for A.

13



We finish this section by showing that the invariant ring for G is a complete intersection.
Consider the ring F2[X1, X, X3, X4, Z1, Z2] and the homomorphism

D Fp (X1, X2, X3, X4, Z1,Z2] — A
defined by
X1 a1, Xo = N(22), X3 N(z3), Xa = O, Z1— ha, Zo > ha.

Lemma 26. The kernel of ® is generated by the polynomials
Pi(X1,X2,X3,X4,21,75) :=
78— Xo Xy — X012, — XU@ TV 70 4 x (@D 7,
and
Pa(X1, Xa, X3, Xa, Z1, Z2) 1= Z8 — X, X§ 4 XE 0 xg - x@ 0ty
— X TUP(Xa, Xa, 20, o) — XE Xy — XT @V 207 4 x (@0 g,

where the polynomial P is such that hs = P(N(z2), N(x3),h1,h2) + £10. Moreover, A is a
complete intersection.

Proof. Let R := F 2[X1, X2, X3, X4, Z1, Z>]. The Krull dimension of A is 4 (see Smith, 1995,
Corollary 5.3.5 ). Since R/ ker ® ~ A, the kernel of ® is a prime ideal of height 2. From (5) and
(6) we see that P, and P» are elements in the kernel of ®. We shall prove that Pi, P» is a regular
sequence in R and that the ideal I = (P, P;) is prime. Then it will follow that I has height 2
and therefore ker ® = I. Obviously R/(X1) is an integral domain. The modulo X; reductions
of P; and P> are

P =70 —X,Xsand Py = Z% — XoX) + X4 7RI XL UIR,,
respectively. It is clear that X, X3, X4, P1, P2 is an homogeneous system of parameters of
the polynomial, hence Cohen-Macaulay, ring R/(X1) and therefore a regular sequence. Thus,
P1, P is also regular in R/(X1). Hence X1, Pi, P, is a regular sequence in R and since they
are homogeneous polynomials, Pi, P>, X is also a regular sequence. Then it follows that, in
particular, Pi, P is a regular sequence and that R/(Pi, P2) is embedded into R/(P1, P2)[X; ']

Now, using P1 and P> we can eliminate Zs and X4, respectively. Hence
R/(Pi, Po)[ XY = F2[ X1, X, X3, Z1][ X1 Y]

which is of _Krull dimension greater than or equal to 4 and therefore equal to 4. Therefore
R/(P1, P,)[X['] is the localisation of a polynomial ring, thus a domain. Hence (Pi, P») is a
prime ideal and therefore A is a complete intersection. O

3.8.  The Invariant Ring of a Sylow p-subgroup of Sp(4,q)

We represent by hy := z3xe — 323 + 2321 — z42] the form invariant under the action of the
symplectic group Sp(4,q). Let G be the Sylow p-subgroup of Sp(4, ¢q), whose elements can be
written as

1 0 0 0
b1 1 0 0
bo c 1 0
s —bic+bx —b1 1
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with b1, b2, ¢, s € Fq. The orbit products of z2 and x3 are
N(z2) = 28 — 29 2o,
N(zs) = (2§ — 2 ws)? = N(w2)" ' (2§ — 2] 23),
respectively. Since h; is invariant, the polynomials
ho = :ch:rg - x3m32 + mle - 2341:‘{2 = Pi(h1),
hs = xg3m2 — xgmgg + wf:cl — x4:c(113 = Pq2(h2)

are also invariant. . .
One can show that hy = P(N(z2), N(23), h1,h2) + 210, where © := 24 — 2% 'aq +--- is
an invariant polynomial under the action of G.

Theorem 27. The invariant ring for the Sylow p-subgroup G of Sp(4,q) is generated by 1,
N(z2), N(z3), h1, ha and ©, i.e.,

Fylz1, zo, 3, 24]% = Fylx1, N(22), N(23), h1, ha, ©).
These generators satisfy
hd — N(z2)N(z3) — 23 hy + 299 Vhy =0
and
R — N(22)N(23)?—N(z2)" "' N(ws) — 29 P(N(z2), N(x3), ha, h2)
—zie — x[f(qfl)h‘f + xiqzﬂ)(qfl)hz =0.

Furthermore, {z1, N(z2), N(x3), h1,h2,0} is a SAGBI basis and the invariant ring is a com-
plete intersection.

The full details of this subsection can be found at Subsection 4.3 in (Ferreira, 2011).
3.4.  The Invariant Ring of a Sylow p-subgroup of O™ (4, q) with q odd

Let hi := x322 + z421 be the form defining the orthogonal group O (4, ¢) with ¢ odd, and
G be a Sylow p-subgroup of O" (4, q) with ¢ odd, whose elements can be written as

1 0 00
b1 1 00
b2 0 1 0
—biby —by —b1 1

with b1, b2 € Fy. It is not hard to see that the orbit products of z2 and x3 are N (z2) = ngm‘f_lxz

1 . .
and N(z3) = x1 — 2{" " x3, respectively. The polynomials
q q a a q q* qa® a® a® q*
he = zdze + x32d + zix1 + vax] = PU(h1), hs = 23 zo + x3xd + i x1 + zaz] =P? (he)
are invariant.

Theorem 28. The invariant ring for the Sylow p-subgroup G of OT (4,q) is generated by x1,
N(z2), N(z3), h1, ha and ©, i.e.,

Fq[$1,$2,$37w4]G = Fq[l’l,N(iBQ),N(l‘g),hl,hz,@],
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These generators satisfy h? — N (z2)N (z3) — 29 'ha + 227 *hy = 0 and
h§ — N(x2)N(23)" = N(a2)"N(zs) — 21~ P(N(22), N(3), h1, h2)
— 290 — 2297V pg 4 platDa Dy, g,

Furthermore, {z1, N(z2), N(x3), h1,h2,0} is a SAGBI basis and the invariant ring is a com-
plete intersection.

The full details of this subsection can be found in Subsection 4.4 of (Ferreira, 2011).
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