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A remark on the space of metrics having non-trivial
harmonic spinors

Nils Waterstraat

Abstract

Let M be a closed spin manifold of dimension n =3 mod 4. We give a simple proof of
the fact that the space of metrics on M with invertible Dirac operator is either empty or it
has infinitely many path components.

1 Introduction

Let M be an n-dimensional closed spin manifold and let R(M) be the space of all Riemannian
metrics on M. For any choice of a metric g € R(M), we can build the associated spinor bundle
¥¢M and obtain a natural first order operator D, acting on sections of ;M and which we call
the Dirac operator. Elements of ker D, are called harmonic spinors and their existence has been
studied for a long time. While one can show that on S$? no non-trivial harmonic spinors exist
for any choice of g (cf. [Ba92|), it is conjectured that on every closed spin manifold of dimension
n > 3 there exists a Riemannian metric g such that ker Dy # 0. The conjecture has been proved
by N. Hitchin in [Hi74] if n = 0,+1 mod 8 and by C. Bér in [Ba96] if n =3 mod 4.

As a more general question, one may ask how many metrics exist on M such that the correspond-
ing Dirac operator has non-trivial kernel. A possible way to study this question is to consider the
complementary set of metrics R™ (M) consisting of all metrics g € R(M) such that ker D, = 0.
M. Dahl showed in [Da08] that elements of R™¥(M) can be extended to R™ (W) if W is the
trace of a surgery of codimension at least 3 on M. By using the Atiyah-Singer index theorem
and special metrics on the spheres originating from the study of positive scalar curvature, he
concluded from this result that Ri“V(M ) is in all dimensions n > 5 which were considered by
Hitchin and Bér either empty or disconnected. Moreover, in the case n =3 mod 4, n > 7, he
even obtained that, if non-empty, R™¥(M) has infinitely many path components. Recently he
improved this conclusion in collaboration with N. Grosse to dimension 3 by studying extensions
of metrics to attached handles (cf. [DG12]).

The aim of this article is to show that the existence of infinitely many connected components of
R™ (M) in all dimensions n = 3 mod 4 can be derived easily from Bir’s results in [Ba96] by
using spectral flow and rather elementary homotopy arguments.

Finally, we want to mention that Bir improved his theorem in [Ba97] to twisted Dirac operators.
Note that for any fixed pair (F, V) of a bundle F over M and a connection V on F, we obtain a
family DY) of twisted Dirac operators which is again parametrised by the space of Riemannian
metrics R(M) on M. We believe that one can extend our argument here to this case by using
the results from [Ba97] instead of [Ba96]. Accordingly, we conjecture that the corresponding
space Ri(r;;fv)(M) ={g € R(M) : ker D!(JF’V) = 0} is either empty or it has infinitely many path
components.
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2 Preliminaries: Dirac operators

In this section we recall briefly the definition of spinor bundles and their Dirac operators. Among
the many references for these topics we want to mention [Hij01] and [AmO0I], on which we base
our exposition. In order to simplify the presentation we assume throughout that M is an oriented
closed manifold of odd dimension n > 3.

We denote by GL*(M) the principal GL™(n;R)-bundle of oriented bases over M and recall

that GL*(n;R) has a unique connected 2-fold covering © : GL™ (n;R) — GL™(n;R) since the

—

fundamental group of GLT(n;R) is of order two. A spin structure on M is a pair (GL™ (M), ),

where GL™ (M) is a principal GL™ (n; R)-bundle over M and ¢ : GLT (M) — GLT (M) is a 2-fold
covering such that

7o =7 and Y (u-v)="3Y(u)-O(v), forallve(fli;(n;R),ueC/}EI(M),

where 7 and 7 denote the corresponding projections of the bundles. Henceforth we assume that
M is a spin manifold, that is, M is oriented and a spin structure on M is given. Note that so
far we have not required that M is endowed with a Riemannian metric.

Let now g be a Riemannian metric on M and denote by SO(M,g) the associated principal
SO(n)-bundle of positively oriented orthonormal bases. Then Spin(M, g) := 9~1(SO(M, g)) is a
principal Spin(n)-bundle over M, where Spin(n) := ©~(SO(n)) is the unique connected 2-fold
covering of SO(n). Let p : Cl, — End(X,) denote the usual irreducible representation of the
complex Clifford algebra, where ¥, is the space of complex spinors. We fix an inner product (-, -)
on ¥, such that {p(x)o1, p(x)oz) = (o1,02) for all z € R™, ||z|| = 1, and 01,02 € ;. If now
P’ Spin(n) — Aut(X,,) denotes the complex spinor representation of Spin(n), which is obtained
by restricting p to Spin(n) C Cl,,, then the spinor bundle ;M of M with respect to g is defined
as the associated vector bundle Spin(M, g) X, Zy,.

The representation p induces a Clifford multiplication on ¥,M, that is, a complex linear vector
bundle homomorphism

m:T*M@Y,M = S,M, X" @p— X ¢

such that X - (Y - ) +Y - (X - ¢) = —2¢9(X,Y)p for all X,Y € TM and ¢ € £ M. Moreover,
the inner product on ¥,, gives rise to an Hermitian structure on the bundle ¥,M such that
(X -p, ) = —(p, X -9) forall X € TM and ¢, € £,M. Finally, the Levi-Civita connection on
T M induces a connection on SO (M, g) and this connection lifts in a canonical way to a connection
on Spin(M, g). The associated covariant derivative V : C*(M,X,M) — C®°(M,T*M @ L,M)
on the spinor bundle has the properties

X{p,¥) = (Vxp,¥0) + (o, Vxtp) and Vx(Y-9) = (VEMY) - o +Y - (Vxy)

for vector fields X, Y and a spinor field ¢.
Now the Dirac operator with respect to the metric g is defined by



Dy =moV :C®(M,S,M) — C®(M,%,M)

and is an elliptic, essentially selfadjoint differential operator of first order.

3 The Proof

We assume from now on that M is a closed spin manifold of dimension n =3 mod 4. We denote
by R(M) the space of all Riemannian metrics on M with the C'-topology and note that it is
obviously contractible. Moreover, we define

R™(M)={g€ R(M): kerD, =0} C R(M)

and recall that our aim is to show that this set has infinitely many path components if it is not
empty. Accordingly, we assume henceforth that R™ (M) # () and now we conclude in three steps
the announced disconnectedness of this space.

Step 1: The spectral flow

Since our operators D, g € R(M), are essentially selfadjoint, they have real spectra. Moreover,
by ellipticity their spectra are discrete and consist entirely of eigenvalues of finite multiplicity.
We define for any compact interval [a,b] C R a non-negative integer by

m(g,[a,b]) = > dimker(Dy — A~ id).
A€Ela,b]

Next we quote the following stability result for the spectra of the operators D, that can be found
in [Ba96l, Prop. 7.1].

Theorem 3.1. Let (M, g) be a closed Riemannian spin manifold with Dirac operator Dy. Let
€ >0 and let A > 0 such that —A,A ¢ o(D,). Write

7(Dg) N (A, A) = {A; < Ao < ... < A}

Then there exists a neighbourhood of g in the Cl-topology such that for any metric § in this
neighbourhood with Dirac operator Dy the following holds:

e o(Dg) N (=AA) = {1 <p2 <o <k,
o |\ —pl<e, i=1,... k.
The eigenvalues \; and p; are repeated according to their multiplicities.

We obtain immediately the following corollary.

Corollary 3.2. For all go € R(M) and A > 0 such that £A ¢ o(Dy,) there exists an open
neighbourhood N(go, A) C R(M) such that £A ¢ o(Dy) and m(g, [—A, A]) = m(go, [-A, A]) for
all g € N(go,A).



Let now v : I — R(M) be a path of metrics. Because of corollary we can find a
decomposition 0 = tg < t; < ... < ty = 1 and positive numbers aj,...,ay such that the
functions [t;—1,%;] 3 t — m(y(t), [—ai, a;]) are constant. We define

L(y) =Y m(y(t:), [0,@]) = m(y(ti-1), [0,a:]) € Z (1)

i=1

and note that, roughly speaking, I'(y) counts the number of negative eigenvalues of D, ) that
become positive as the parameter ¢ travels from 0 to 1 minus the number of positive eigenvalues
of D, oy that become negative; i.e., the net number of eigenvalues which cross zero. The formula
(I corresponds precisely to the definition of the spectral flow for paths of selfadjoint Fredholm
operators acting on a fixed Hilbert space which can be found for example in [Phi96] and [BLP03].
Accordingly, one can show verbatim as in [Phi96] that I'(+y) indeed does only depend on the path
~ and not on the choices of the ¢;,a;, ¢ = 1,... N. Moreover, if 7,7 : [ — R(M) are two paths
of metrics, then the following properties hold:

v) = 0 if y(¢) € R™™ (M) for all ¢ € [0, 1],

v#*4) =T(v) + I'(¥), whenever the concatenation v x 7 exists,
v~1) = —I(y), where y~1(t) = y(1 — t), t € I,

v) = I'(7) if v ~ 7 through a homotopy having ends in R™(M).

Note that the first three properties are immediate consequences of the definition. The homo-
topy invariance can be obtained again verbatim as in [Phi96].

Step 2: The range of I'

Our argument in this section is based on results from [Ba96] which we introduce before we
proceed with the proof. At first, we need the existence of the following metrics on the sphere
S™, that were constructed in [Ba96, §3].

Proposition 3.3. Forn =3 mod 4 and any integer m > 0, there exists a path of metrics g;",
t €[0,1], on S™ such that the following holds for the associated Dirac operators ET :

o there is \(t) € a(ID}") such that \(0) = —1 and A(1) = 1,

e \(t) depends linearly on t,

o the multiplicity of \(t) is constant in t and greater than m,
o \(t) is the only eigenvalue of ID;" in the interval [—2,2].

Bér combined in [Ba96| proposition B3 and a general gluing theorem for Dirac operators
[Ba96l, theorem B| to conclude the existence of non-trivial harmonic spinors in dimensions n = 3
mod 4. Actually, in order to find the spinors he just needed a special case of his gluing theorem
which reads as follows.



Theorem 3.4. Let (M, g) be a closed Riemannian spin manifold of odd dimension n > 3. Let
D, be the corresponding Dirac operator and let I denote the Dirac operator on S™ with respect
to some Riemannian metric. Finally, let A > 0 be such that £A ¢ o(D,) Uo (D). Write

(0(Dy) Ua()N(=AA) ={\ <X < ... < N

Then for any € > 0 there exists a Riemannian metric g on M such that the corresponding Dirac
operator Dg has the following properties:

i) £A ¢ o(Dg),
it) o(Dg) N (=M A) ={pm < pe < ... <}
i) [N —pj| <eforj=1,... k.
The etgenvalues \; and p; are repeated according to their multiplicities.

We now take some metric go € R"(M). Because of the conformal covariance of the Dirac
operator (cf. [HijOI, Prop. 5.13]), we can assume that [—2,2] N o(Dy,) = 0 simply by rescaling
the metric if necessary.

Let m > 0 be an integer and consider the operators ]ﬁ;n on S™ from proposition 3.3 Recall
that we denote by A(t) the unique eigenvalue of ;" in the interval [—2, 2] and that A(¢) depends
linearly on ¢ with A(0) = —1, A(1) = 1.

We now apply theorem B4 for A = 2 and € = % to Dy, and the operators E;n, t € [0,1], on
S™. We obtain for any t € [0,1] a metric §; on M such that each eigenvalue of Dy, in the
interval [—2,2] is of distance less then % to A(t). In particular, Dy, and Dy are invertible
and hence {g;}teo,1) defines a path v : (I,81) — (R(M), R™(M)). Moreover, the function
t — m(y(t),[-2,2]) is constant on the whole interval [0,1]. Hence we finally obtain from the
definition of I'

() = m(g1,[0,2]) — m(go, [0,2]) = m(gs, [0,2]) = dimker(Y" — id) > m.

To sum up, we have shown that the set

{TD(y): ~v:(I,8I) = (R(M), R™(M)) continuous} C Z

is not bounded from above.

Step 3: The final argument

We fix some go € R™ (M). Our first aim of this final step is to construct inductively a sequence
of paths v : (I,0I) — (R(M),R™(M)), k € N, such that 4(0) = go for all k € N and
T(y:) # T(3;) for alli # j. |

Let 71 be the constant path 3 = go € R™(M). Assume that we have already constructed
Yiye sy s (1,0I) — (R(M), R™(M)) such that v;(0) = go, i = 1,...k, and I'(y;) # I'(y;) for
all i # j.

According to the second step of our proof we can find a path 7 : (I,0I) — (R(M), R™V(M))
such that



L) > max |(v) =Tyl (2)
Moreover, we choose a path 4 : (I,0I) — (R(M), R™(M)) such that 4(0) = go and 4(1) = 5(0).
Then 4 x4 : (I,0I) — (R(M), R™(M)) and we set vi41 = 4 * 7 if T'(§ x 7) # I'(y;) for all
j=1,... k.
If, on the other hand, I'(§ = §) = I'(v;) for some j =1,...,k, then we set 411 = 4. In order to
justify this choice, assume that also I'(¥) = I'(y;) for some 1 < ¢ < k. Then we obtain

I'() =TH*7) =T(H) +TH) =T(n) +T(H),

which contradicts ([2)). Hence we indeed obtain a sequence {7 }ren with the required properties.
We now finish our proof by claiming that the metrics v;x(1), ¥ € N, all lie in different path
components of R"(M). Assume on the contrary that we can find i, € N, i # j, and a path
5 : I — R™ (M) such that 7(0) = v;(1) and 7(1) = v;(1). Then ~; *ﬁ*’y{l is a closed path with
initial point go € R™V(M). Since R(M) is contractible, ~y; x 7 * v !'is homotopic to the constant
path 1 = gg through a go-preserving homotopy. We obtain from the properties of I"

0=T(n)=T(u*7*7 ") =T(u)+THF) +T(; ") =Ty +T(; )

and hence I'(7;) = I'(7;) contradicting the construction of the sequence {7V }ren.
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