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Abstract

In [Rie0§|, the second author defined a Landau-Ginzburg model for homogeneous
spaces G/ P, as a regular function on an affine subvariety of the Langlands dual group.
In this paper, we reformulate this LG model (X, W;) in the case of the odd-dimensional
quadric Q2,1 as a rational function on a Langlands dual projective space, in the spirit
of work by R. Marsh and the second author [MR12] for type A Grassmannians and by
both authors [PR13] for Lagrangian Grassmannians.

We also compare this LG model with the one obtained independently by Gorbounov
and Smirnov in [GS13], and we use this comparison to deduce part of [Rie08, Conj. 8.1]
for odd-dimensional quadrics.

1 Introduction

In 2000 Hori and Vafa wrote down a conjectured LG model for any hypersurface in a
(weighted) complex projective space [HV00], [Prz07, Rmk. 19]. This is a Laurent polynomial
associated to the hypersurface which plays the part of the B-model to the hypersurface in
mirror symmetry, meaning its singularities are meant to encode various structures to do
with Gromov-Witten theory of the hypersurface. In the case of the smooth quadric @3 in
P* the LG model is

(Y3 + )

Y1YaYs

and in this special case it was written down earlier by Eguchi, Hori, and Xiong [EHX97].
For a quadric Q2,,_1 the formula of Hori and Vafa reads

Yi+Ys+
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Y1+Y2+...+Ym—1+%.

One issue with these Laurent polynomial formulas is that they do not always have the
expected number of critical points (at fixed generic value of ¢) which should be equal to
dim(H*(Q2m—1)). This was already observed in [EHX97], where it was suggested to solve
this problem using a partial compactification, and this was carried out for the first time
albeit in an ad hoc fashion.

The quadratic hypersurfaces Q2,1 have a large symmetry group. Indeed Q9,,—1 is
a cominuscule homogeneous space for the group Spin,,, ;;(C). Therefore there is already
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another LG model on an affine variety generally larger than a torus, which was defined by
the second author using a Lie theoretic construction [Rie08]. Namely for any projective
homogeneous space G/ P of a simple complex algebraic group, [Rie08] constructs a conjec-
tural LG model, which is a regular function on an affine subvariety of the Langlands dual
group. It is shown in [Rie08| that this LG model recovers the Peterson variety presentation
[Pet97] of the quantum cohomology of G/P. It therefore defines an LG model whose Jacobi
ring has the correct dimension.

For odd-dimensional quadrics Q2,1 a recent paper [GS13] of Gorbounov and Smirnov
constructed directly a partial compactification of the Hori-Vafa mirrors, without making
use of [Rie08]. Moreover they proved a version of mirror symmetry, which identifies the
initial data of the Frobenius manifold associated to the LG model with that constructed
out of the quantum cohomology of Q2y,—1.

The goal of this note is twofold. We first express the LG model from [Rie08] in the case
of Q2,—1 in terms of natural coordinates on an affine subvariety of a ‘mirror homogeneous
space’ XV = IG1(2m) = P?™~!, For example in the case of Q3 we obtain

2
b3 + qﬂ

Wq =p + ——— .
pb1p2 — p3 b3

The first main result generalises this formula. Define
X°:=X\D, (1)
where D := Do+ D1+ ...+ Dy,_1 + Dy, the D;’s being given by
Dy := {po =0},
Dy = {lem—1—l — pio1pam—i + -+ (=1)'popam-—1 = 0} for 1 <1 <m—1,
Dy, := {pam-1 =0}.
The divisor D is an anti-canonical divisor. Indeed, the index of X = P(V*) is 2m.

Theorem 1. The LG model F, : R — C from [Rie08] is isomorphic to W, : X° — C
defined by

m—1

Di+1P2m—1-1 b1
Wy=p1+ § : +q . 2
! ' =3 Ppam—1-1 — P1—1P2m—1 + -+ (—=1)'pam—1 Dom—1 (2)
Corollary 2. There is an isomorphism
C[X° x C*)/(0W,) — QH*(X)[g ] (3)

defined by sending p; to the Schubert class o; € H*(X).

This follows from Thm. [ together with [Rie08]. Indeed the isomorphism in Cor. [ fits in
well with the geometric Satake correspondence (see [Lus83|, [Gin95], [MV07]), by which

H* (Q2m71) - VwPlSPQm .

With this in mind it is natural to identify X with P(H*(Q2,_1)*) and the coordinates {p;}
with the Schubert basis {o;} of H*(Q2m—1)-

In is interesting to note that under the isomorphism from Cor. 2] the denominators of
W, actually map to something extremely simple inside the quantum cohomology of the
quadric :



Corollary 3. For1 <1< m—1, the denominator pipam—1-1—pi—1P2m—1+ -+ (—=1)!pom_1
represents an element in the Jacobi ring of W, which maps to

0109m-1-1 = 011021 + -+ + (=1)!o2m-1 = ¢
inside QH*(X) under the isomorphism (3]).

This is an easy consequence of quantum Schubert calculus on the quadric (which can be
deduced from the quantum Chevalley formula of [FW04]).

Finally, in Sec. [f] we recall a partial compactification of the Hori-Vafa mirror defined by
Gorbounov and Smirnov. We then show the following corollary.

Corollary 4. The partially compactified LG model defined in Gorbounov and Smirnov is
related to the formula ([2) by a change of coordinates. In particular the Gorbounov and
Smirnov LG model is isomorphic to the LG model defined in [Rie0§)].

Together with Cor. H, the work of Gorbounov and Smirnov implies a part of the mirror
conjecture stated in [Rie08, Conjecture 8.1] for the groups Spin,,,,(C) with maximal
parabolic P = P,,, see Sec. [l

2 Notations and Definitions

The LG model for Q2,-1 = Spiny,, /P, defined in [Rie08|] takes place on an open
Richardson variety inside the Langlands dual flag variety PSps,,,/B—. We let G = PSp,,,(C),
since this is the group we will primarily be working with. Then G¥ = Spin,,,,(C) and
Qom—1 = G /PY for the parabolic subgroup P" associated to the first node of the Dynkin
diagram of type B, :

O—O0— ++ —0 =0
1 2 m

Let V = C?™ with fixed symplectic form

-1

For G = PSp(V, J) we fix Chevalley generators (e;)1<i<m and (fi)i<i<m. To be explicit we
embed sp(V, J) into gl(V') and set

€; = Ei,i—l—l + E2m—i72m—i+17 fori=1,...,m—1,and e, = m,m-+1-

and f; := eZT, the transpose matrix, for every i = 1,...,m. Here E;; = (810 ;)k, is
the standard basis of gl(V). For elements of the group PSp(V'), we will take matrices to
represent their equivalence classes. We have Borel subgroups By = TU, and B_ =TU_
consisting of upper-triangular and lower-triangular matrices in PSp(V), respectively. T is
the maximal torus of PSp(V'), consisting of diagonal matrices (d;;) with non-zero entries
dii = d57711—1+1,2m—i+1-

The parabolic subgroup P we are interested in is the one whose Lie algebra p is generated
by all of the e; together with fo,..., f,, leaving out f1. Let x;(a) := exp(ae;) and y;(a) =



exp(af;). The Weyl group W of PSp,,, is generated by simple reflections s; for which we
choose representatives
$i = yi(—=Dzi(1)yi(-1).
We let Wp denote the parabolic subgroup of the Weyl group W, namely Wp = (sa, ..., Sm).
The length of a Weyl group element w is denoted by ¢(w). The longest element in Wp is
denoted by wp. We also let wy be the longest element in W. Next W7T is defined to
be the set of minimal length coset representatives for W/Wp. The minimal length coset
representative for wy is denoted by w’. Let w denote the representative of w € W in G
obtained by setting w = §;, - - - 8;,,, where w = s;, - -+ s;,, is a reduced expression.
We consider the open Richardson variety R := Ry, w0, C G/B—, namely

R = pr,wo = (B+?j}pB_ N B_QDQB_)/B_.

Let TW? be the Wp-fixed part of the maximal torus 7', and fix d € T"?. Then we also
define

Zg:=B_wgNUydwpU-_.
The map

mr:Z3—R:z— 2zB_,

is an isomorphism from Z; to the open Richardson variety.

Let ¢ be the coordinate o on the 1-dimensional torus 7"?. The mirror LG model is a
regular function on R depending also on ¢, so a regular function on R x TW?. It is defined
as follows [Rie08],

F:(wmwpB_,d) v z=upbpdis € Zg — Y _ef(ur) + Y fi(ua). (4)
The corresponding map from R, when d is fixed, is denoted
Fq:R — C:uywpB_ — F(uywpB_,d).
We also define another embedding
7 Zqg — P\PSp(V): z+— Pz,

which maps Z,; isomorphically to an open subvariety of a big cell in P\PSp(V'). Note that
P\PSp(V) is canonically the isotropic Grassmannian of lines in V*, when this Grassmannian
is viewed as a homogeneous space via the action of PSp(V') from the right. Moreover the
isotropic Grassmannian of lines is just P(V*), since any line is automatically isotropic.
Therefore the second embedding 7; has an advantage, that it is just an embedding into a
projective space.

Definition 2.1 (Pliicker coordinates). First we introduce notation for the elements of W :
SkSk—1---51 if k<m,
Wy = X
Som—k - - - Sm—1SmSm—1..-81 fm+1<k<2m—1.
The associated Pliicker coordinates py are defined by
pk‘(g) = <’U;1g,wk ' U(;1>'

Note that the Pliicker coordinates are just the homogeneous coordinates on the projec-
tive space P(V*). For a coset Pg they are given by the bottom row entries of g read from
right to left. If ¢ = uywpdus then

(Po(9) : -t p2m—1(9)) = (po(2) : ... : pom—1(U2)).

Our goal is to express F as a rational function in the Pliicker coordinates and g = a4 (d). We
first illustrate our result in the smallest interesting example : that of the three-dimensional
quadric Q3.



3 The mirror to (3

A generic element of Z; := B_wy N Uy_dwpU_ can be written as uydwpis, where

2 = y1(a1)y2(c)y1(b)

and a1, c, by are non-zero. Hence

1 0 0 0

ly — a1 + by 1 0 0
cby c 1 0

aicby aiec a1 +b; 1

The map 71, : Z; — P\PSp(V) = P(V*) takes z = ujdwpug to Pz = Puy. This may be
interpreted as taking z to the span of the reverse row vector corresponding to the last row
of uy after the identification P\PSp(V) = P(V*). The Pliicker coordinates of uy are given
by po = 1,p1 = a1 + b1, p2 = a1¢, p3 = aichr.

If we are interested in the image of Z; in P(V*) then first of all we can observe that it is
independent of d. So we may choose for d the identity element, and restrict our attention
to B_woNUswpU_. It turns out that the image of Z; in P(V*) is obtained from P(V*) in
coordinates

(po :p1:p2:p3) € P(VY)
by removing {py = 0} U {pspo — pap1 = 0} U {p3 = 0}. We call this variety X°, and the
isomorphism with Z; in Prop. [@ shows that X° is also isomorphic to the open Richardson
variety R.

Let us denote by W : X° x C* — C the map obtained from F, see (), after the
identifications R = X° and (T)VP = C* via d — a1(d) = ¢. In this way we can compute
the superpotential F from [Rie0§| in the coordinates on P(V*) :

2
Po  P1p2 — popP3 b3
This is equivalent to the following Landau-Ginzburg model of [GS13] :

ryrrg—"
= Z S
9=y+yrtaTy

via the change of coordinates :
Pop2 b1 qPo
=y == .

P1p2 — Pop3 2 b3

Note that in [GS13] the superpotential denoted f is g where z is replaced by z + 1.

4 The mirror to (Qy,,_1

We now write down W, = (7,).m5F4 as a rational function on X, where d € (T)"" is such
that a1 (d) = g. We will then prove in the next section that the locus X° where it is defined
is isomorphic to the open Richardson variety R.

Proposition 5. As a rational function on X

m—1

Pi+1P2m—1-1 +q h1
— pipam—1-1 — Pi-1P2m—t + -+ (=1)'popam—1 " Pam—1

w, =24
Po



To prove the result, we first recall that
mhFa 2 =ubpdiy € Zg Y _ei(un) + Y [ (t).

Now s appearing in uyduipiis € Zgiyg can be assumed to lie in U_ N By (w?)~'B,. This
is because we have two birational maps
U, :U_NBy(w)'By - P\G: Ty — Plis,
Uy : B_NU dwPU_ — P\G: b_ = uydipiy — Pb_,

which compose to give \Ill_l oWy : b_ > uy. This gives a birational map
Ul oWyt Zging — U_ N By (w?) !By

Now a generic element %y in U_ N By (@) !B, can be assumed to have a particular
factorisation. The smallest representative w? in W of [wy] € W/Wp has the following
reduced expression :

P
w =81...Sn-15mSm—1---Sm-

It follows that as a generic element of U_ N By (w)~! B, , the element @y can be assumed
to be written as

a2 = y1(a1) - Ym—1(@m—1)Ym(C)Ym—1(bm—1) - .. y1(b1), (5)

where a;,c,b; # 0. We have the following standard expression for the p; on factorized
elements, which is a simple consequence of their definition.

Lemma 6. Fiz 0 <k <2m — 1 an integer. Then if uy is of the form (Bl) we have

1 ifk=0,
pk(ﬂz): al...ak_l(ak—{—bk) if1<k<m-1,
al ... Qm—1Cbm—1...bom—r otherwise. O

We will also need the following :

Lemma 7. If uy and uy are as above then we have the following identities

i

. a; +b; if1<i<m,
fi(ug) = .
c otherwise.

2= ifi=1.

ai...am—1¢bm—1...b1

et (ur) = {Ot yasi<m, (7)

Proof. Equation (@) is obtained immediately from the definition of us. For Equation (),
notice that

1 _ _
<u1 : /UUJZ" € - vw¢>

eX(ur) =
Z( 1) <ufl 'Uf;iavf;i>

(eMipiiy - vt € v,,,)

(ehipiiy - v, v5,)



Assume 2 < i < m. Then ef(u;) = 0 if and only if (a9 - vjji,w;lei -vg,) = 0. Now

wj

the vector w;lei -7

w; 18 in the p-weight space of the i-th fundamental representation,
1

where p = wp's;(—w;). Moreover, Uy € By (") 'B,, hence @ - v, can have non-zero
components only down to the weight space of weight (w”)™!(w;) = wp'(~w;). Since
l(wpts;) > l(wp') for 2 < i < m, this is higher than j, which proves that ef(u;) = 0.

Now assume 7 = 1. We have

(eMivpiis - v er-vg)

el(ur) = —— —
! (eMbpiig - v, vo,)

(g - vjl,wl_glel “vg)
<ﬂ2 : U;’J—l ) wPU;1>
(U - vj;l,u')lglel “U,)

<ﬂ2 : UJ_17U;1>

= (w1 4 a1 —wy)(e")

=€

First look at the denominator. The only way to go from the highest weight vector vjl of the
first fundamental representation to the lowest v is to apply g € BywBy for w > (wP)~1L
Since 4z € By (w?) !By, it follows that we need to take all factors of @i, and normalising

v,,, appropriately, we get

ot ) —
(U2 - v ,vg,) = a1 ... Gpm_1Cby_1...D1.

Finally, we look at the numerator (us vjl,wl_glel -v5,)- The vector w;1e1 - v, has weight

o =1ptsi(—wr) = wp' (—€2) = €.
Write w;lsl as aprefix w' = 8152 .. Sm_15mSm_1. .52 of (w")~1. We have w's; = (w?)~!
hence the way from vjl to w' - vy, is through s;. From the shape of g, it follows that
<ﬁ2-1)$1,ﬁ)1;161 -U;1> =a; + b1. O

)

Using the expression () of the superpotential from [Rie08], we immediately deduce from
Lem. [T a intermediate expression for the Landau-Ginzburg model W}, of the odd-dimensional
quadric as a Laurent polynomial :

Proposition 8.

a; + by
1.-- am_lcbm_l .o b1

Wo=ar+ - +am-1+ctbnt+-+b+q- O (8)

Now with the help of Lem. [6l and Prop. 8, we prove the second expression of W, :

Proof of Prop. [3. From Lem. [0 it follows that for @9 as in (B

(al+1 + bl+1)(a1 e al)2al+1 e am_lcbm_l e bl+1 if [ <m — 2,

_1-1lu9) =
Pi+1P2m—1 l( 2) {(al...am_10)2 ifl=m-—1.

and
Prpom—1—k(t2) = (ag + bg)(a1 ... ag—1)%ak ... Gm—1bm—1 ... bi1.

Hence most terms in ZL:O(_l)kpl—kPZm—l—i—k—l(’a2) cancel, and

!
Z(_l)kplfkp2mfl+kfl(ﬁ2) = (a1.. @)1 - A1 Gt - by
k=0



This proves that

Pl41P2m—1-1 (i13) = ajp1 +bpr ifl<m -2,
PIP2m—1—1 — Pi—1P2m—1 + - -+ + (=1)!popam—1 c ifl=m—1.
For the first and last terms, we obtain
p1
—(t2) = a1 + by
Po
and
Lo a; + by
—(UQ —
P2m—1 aj ... am_lcbm_l ce bl
as easy consequences of Lem. [Gl O

5 The open Richardson variety

We now prove that the affine subvariety X° defined in Equation (@) is isomorphic to the
open Richardson variety R.
Recall that X° = X \ D, where

D::D0+D1+...—|—Dm_1+Dm

and

Dy :={po =0},
Dy = {lem—1—l — proapom—t + -+ (=1)'popam—1 = 0} for1<i<m-—1,
m = {Pam-1 = 0} .

By definition, X° is the locus where W, is regular. Since pg is non-zero on X°, we may
assume that pg = 1. Hence we have affine coordinates (p1,...,pam—1) on X°. We also set,
forl<j<2m-—1:
J
Tji= Z(_l)kpjfkp2mfl+kfj-
k=0

Proposition 9. The map 7y, o 711}1 : R — X° is an isomorphism.

We will prove the result by constructing the inverse map. But first, let us check that
the image of this map is indeed inside X° (and not just inside X). Clearly, Fy equals
Wqomp o 71;31 as a rational map. Since Fy is regular on R, it means that W, o 7y, o 771_%1
also is, hence that W, is regular on the image of 7y, o 7'('}_%1. This proves that this image is
contained in X°.

We now define a map ® : X° — BPSLyjy, where BPST is the Borel of lower triangular
matrices in PSLoy,, so that ®(p1,...,pam—1) - v; is equal to

D2m—1V2m if j =1,
(- )J = T pam—j (Z (=1 U2m—l+v2m) if2<j<m,

Ti—1

(_1)]%1)27714-1 j t P2m—j (Zk ’m-l—l( 1)k Pk U2m+1 k+z ( )k 1Bk U2m—k)

Tk—1

ifm+1<j<2m-—1,
;_OlvlJFZ;n;ll(* )kpzm 1— kkarlJrzk ( )k+1 _Pk__ Vam—tk + Vam lfj = 2m.

Tk—1




Let © be the open dense subset of X° where the coordinates ppm, Pm—1, - - -, P2m—2 do
not vanish and define coordinates on €2 (as follows from Lem. [I0) by

ai:Mforalllgigm—l;
Pom—1-iTi-1
bizmmi_lforalllgigm—l;
Pom—1—i
2
c= Pm_
Tm—1
Lemma 10. For all (p1,...,p2m—1) € Q, ®(p1,...,pam—1) factorizes as ujwpus, where

g = y1(a1) - - - Ym—1(am—1)Ym(€)Ym—1(m-1) - . . y1(b1)

and w1 equals

1 a1+b1 Am—1+bm—1 1 L —1
ai...Qm—1¢bm_1...b1 te ai...Qm—1¢bm_1 al...Qm—1 e al ai...Qm—1Cbm_1...b1
1 =1
ai
(=™
1 at...m—1
1 (_1)mflm
ai...am—1cbm_1
1 ai1+b1
ai...Qm—1Cbm_1...b1
1

Proof. Using the definition of the y;s, it is easy to check that us - vj is equal to

m—1—j m—1
vj + Z (aj+k + bj+k)bj+k—1 e bj+1ijj+k+1 + Z Al -+ - Arpe1COp—1 - . . ijm-i-l-i-k
k=0 k=0

fl1<j<m-—1,

m—1
Um + E Ak - - - Q1€ if j =m,
k=0

om—1—j
vj + (a2m—j + bam—j) Z 2m—k—j - - A2m—2—jA2m—1—jVj+1+k f m+1 < 7 < 2m,
k=0

Now a straightforward, if slightly tedious, computation shows that ®(p1,...,pam-1) =
ULWpUs. |

We now need to prove that the entire image of @ is in fact contained in B_woNU wpU_
inside PSpy,),:

Lemma 11.
@(Xo) C B_woNUtwpU-_.

Proof. We first prove that ®(2) C B_w N U4wpU_ inside PSp,,,. Indeed, from Lem. [I0]
we know that for all (p1,...,poam-1) € Q, ®(p1,...,p2am—1) factorises as ujwpiy, where
u1 and w9 are defined in the statement of the lemma. The factorisation of @o means that



@g is in U_ (hence in particular in PSp,,,). Now we prove that u; is also in PSps,,, by
showing directly that ‘u;Ju; = J using the formula from Lem. [0 This is the result
of a straightforward computation. It follows that u; € U, hence ®(pi,...,pom—1) €
UspU_ C PSpsy,, in this case. Now also ®(p1,...,pom_1) € By N PSp,,, = B_ 1.
Therefore ®(Q2) C B_wo N UywpU-_.

Since Q is open dense in X° we now have that ®(X°) C B_1yy N UywpU_. Suppose
there exists (p1,...,pam_1) in X° such that ®(py,...,pam_1) & UpwpU_. Then from
Bruhat decomposition, we get ®(py, ... ,me_l)wo—l € UywUy with w < wpwg. It follows
that we must have

(‘I)(pl, s ap2m*1)walv:1’v;1> = <(I)(p1a v ap2m71)v;1’v;1> =0,

hence the lower-right corner of the matrix ®(py,...,pam—1) has to be zero. But this coeffi-
cient is always 1, hence the result. O

We can now prove Prop. @ :

Proof of Prop. [d. We have showed that the image of 7y, is contained inside X°. Moreover,
we have defined a map ® : X° — Z;, and a straightforward computation shows that it is
the inverse of 7wy. Hence 7y, is an isomorphism. Since we saw in Sec. [2 that 7w is also an
isomorphism, the proposition follows. O

The proof of Thm. [ then follows from Prop. Bl and

6 Comparison with the LG model of [GS13]

We now want to prove that our Landau-Ginzburg model (2)) is isomorphic to the one stated
in [GS13], which goes as follows

m—1 272
9= vil+z)+q

i=1

(9)

(@y1y2 - Ym—1 — 1)z122. . 21

Note that as for @3, in [GS13|] the superpotential denoted f is g where the z; are replaced
by z; + 1.
Assume pg = 1 and consider the change of variables :

Di

Y1 =Dp1; Yi= —— V2<i<m-—1;
Pi—1
1—2 k
2 (—=1)¥pj_o_ "
n=L, = =l )f:”"“mm““” V2<i<m-—1;
ps o (= 1) Pic1—kP2m ki
Pm

ZI:_(]l(_l)kpmflfkperk‘

Proposition 12. The above change of coordinates {x,y;,z} — {pi} defines an isomor-
phism between the Landau-Ginzburg model @) and ours (2.

Proof. We have y1(1+ 21) = p1 + —L—, and

pP2m—1"

PiP2m—i
o (= 1)FDi1_kP2mtk—i

10



Moreover

—2
Pyt = 20 g_l)kpm_Z_kpmJ“Hk,
o (=Dkpr 1 pPmk
21 Z 1= 4
e Zme] = — ,
s (=) %P o kPt 14k
and )
2 b
a— 55
—1
< i (_1)kpm—1—kpm+k>
hence ) )
X pm
q = — .
(@y1y2. ym-1 = D212 2m1 o (= 1)k D1 kP

Hence the change of variables maps () to (2)). Finally, it is clear that both domains of
definition are the same. O

This proves Cor. [4

7 Consequences

Let H be the sheaf of regular functions of the trivial vector bundle with fiber H*(X,C)
over C; x C7 the two-dimensional complex torus with coordinates 1 and g. The A-model
connection is defined on H 4 by

0 1
Avqaq =q;—+ P1*q®

dq h
A 0 1
Via, = h% + gr — ﬁcl(TX) *q ®,

where gr is a diagonal operator on H*(X) given by gr(a) = k for a € H**(X). Here we
are using the conventions of [[ri09]. Let H} be the vector bundle on Cj x C; defined by
HYy = j*Ha for j: (h,q) — (—h,q). This vector bundle with the pulled back connection
AVY = j*(4V) is dual to (H, V) via the flat non-degenerate pairing,

<O'i,0'j> = (27TZh)N/ ag; U O'j = (QWZH)N(;ZJF],N,
[X]

where N = 2m — 1 is the dimension of X°. The dual A-model connection 4V" defines a
system of differential equations called the (small) quantum differential equations

AV, S = 0. (10)
Define the C[A*!, ¢*']-module
- 1 -
G = QN (X)W, g1/ (d = S dWy A @) HX?) A, ],
where QF(X°) is the space of holomorphic k-forms on X°. We denote by Hp the sheaf with

global sections G. Because W, is cohomologically tame [GSI3], G is a free C[h*!, ¢F!]-
module of rank 2m (cf. [Sab99]), and Hp a trivial vector bundle of that dimension. It has
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a (Gauss-Manin) connection given by

Jdq h 0q
B o 1
Vo0 = h%[ﬁ] -7 [(Wqn]

Let w be the canonical N-form on X°.

Corollary 13. The two bundles with connection (Ha,4V) and (Hp,BV) are isomorphic
via o; — [piw].

Proof. The corollary is a consequence of the isomorphism of our LG model W, and the one
of |GS13] (see Cor. M) together with the results of Gorbounov and Smirnov. O

Let Ty be a compact oriented real N-dimensional submanifold of X° representing a

cycle in HV(X°,Z) dual to w, in the sense that W fFo w=1. Then :

Corollary 14. The integral

S0(2.0) = gy [ €7
O 7 L

is a solution to the quantum differential equation (I0).

This implies part of [Rie08, Conj. 8.1] for odd-dimensional quadrics.
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