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Abstract

We study the fields of fractions and the Poisson spectra of polynomial Poisson
algebras.

First we investigate a Poisson birational equivalence problem for polynomial Pois-
son algebras over a field of arbitrary characteristic. Namely, the quadratic Poisson
Gel’fand-Kirillov problem asks whether the field of fractions of a Poisson algebra is
isomorphic to the field of fractions of a Poisson affine space, i.e. a polynomial algebra
such that the Poisson bracket of two generators is equal to their product (up to a
scalar). We answer positively the quadratic Poisson Gel’fand-Kirillov problem for a
large class of Poisson algebras arising as semiclassical limits of quantised coordinate
rings, as well as for their quotients by Poisson prime ideals that are invariant under the
action of a torus. In particular, we show that coordinate rings of determinantal Pois-
son varieties satisfy the quadratic Poisson Gel’fand-Kirillov problem. Our proof relies
on the so-called characteristic-free Poisson deleting derivation homomorphism. Essen-
tially this homomorphism allows us to simplify Poisson brackets of a given polynomial
Poisson algebra by localising at a generator.

Next we develop a method, the characteristic-free Poisson deleting derivations
algorithm, to study the Poisson spectrum of a polynomial Poisson algebra. It is a
Poisson version of the deleting derivations algorithm introduced by Cauchon [8] in
order to study spectra of some noncommutative noetherian algebras. This algorithm
allows us to define a partition of the Poisson spectrum of certain polynomial Poisson
algebras, and to prove the Poisson Dixmier-Moeglin equivalence for those Poisson
algebras when the base field is of characteristic zero. Finally, using both Cauchon’s
and our algorithm, we compare combinatorially spectra and Poisson spectra in the
framework of (algebraic) deformation theory. In particular we compare spectra of

quantum matrices with Poisson spectra of matrix Poisson varieties.
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Introduction

Poisson algebras have been intensively and widely studied since their first appearance,
both on their own and in connection with other areas of mathematics. For instance, we
refer to [29] where Poisson structures are studied from the differential geometry point
of view, [13] where links with number theory are made or [16] for the connection with
noncommutative algebra, but this literature is of course non exhaustive. Our approach
to Poisson algebras is intimately related to the study of their (algebraic) deformations.
In fact our inspiration often comes from noncommutative algebra and we always try to
see both worlds together in the same picture. In this thesis we study polynomial Poisson
algebras, i.e. polynomial algebras in several variables endowed with Poisson structures.
Our investigation focuses on two main aspects. First, we investigate the structure of their
fields of fractions; second, we study their Poisson prime spectra, both on their own and
in connection with the spectra of their deformations. For this purpose, we develop the
so-called characteristic free Poisson deleting derivation homomorphism which helps us to

understand both situations.

Let K be a field. Recall that a Poisson K-algebra is a commutative K-algebra endowed
with a Poisson bracket, i.e. a skew-symmetric K-bilinear map from A x A to A satisfying
the Jacobi identity and the Leibniz rule. Assuming that A is a domain, we can uniquely

extend the Poisson bracket to the field of fractions Frac A of A.

Gel’fand-Kirillov problems

The first part of this thesis (Chapters 2, 3 and 4) is concerned with the Poisson structure

of the field of fractions of polynomial Poisson algebras. Examples of polynomial Poisson



algebras include the so-called Poisson-Weyl algebras. Recall that the Poisson-Weyl alge-
bra of dimension 2r (or the r-th Poisson-Weyl algebra) is the polynomial algebra in 2r
generators X1,...,X,,Y1,...,Y, endowed with the Poisson bracket defined on the gen-
erators by {X;, X;} = {¥;,Y;} = 0 and {X;,Y;} = §;; for all 7,j. Note that this is an
algebraic version of the bracket given by Poisson for smooth functions on R?". Poisson’s
bracket plays a crucial role in the context of Hamiltonian mechanics and is central in the
study of Poisson manifolds. For instance, Darboux’s theorem asserts that in a Poisson
manifold the Poisson bracket takes, locally around each point where the Poisson matrix
is locally constant, the same values (on a set of local coordinates) as the Poisson bracket
described above, (up to the addition of some Casimir coordinates). Back to the algebraic
setting, the field of fractions of the r-th Poisson-Weyl algebra is referred to as the r-th
Poisson-Weyl field. 1t is a central object in the theory, and often, for a given polyno-
mial Poisson algebra, one tries to decide whether it is Poisson birationally equivalent to a
Poisson-Weyl algebra, that is, we would like to know whether there exists a Poisson alge-
bras isomorphism between the field of fractions of the given polynomial Poisson algebra
and a Poisson-Weyl field of appropriate dimension (possibly over a purely transcendental

extension of the ground field).

This problem was first raised by Vergne in [37], where the author studied the case
of the symmetric algebra S(g) of a finite dimensional Lie algebra g in characteristic 0,
the polynomial algebra S(g) being endowed with the so-called Kirillov-Kostant-Souriau
Poisson structure: for a basis Ui, ..., U, of g, the Poisson bracket on S(g) is given by
{Us,U;} = [U;,Ujlg for all 4,5. When g is nilpotent, Vergne showed that the field of
fractions of S(g) is Poisson isomorphic to the field of fractions of a Poisson-Weyl algebra
over a purely transcendental extension of the ground field. In [35], this result was extended
to the solvable case by Tauvel and Yu. Moreover, still assuming g is solvable, they proved

that this result also holds for any quotient of S(g) by a Poisson prime ideal.

The problem raised by Vergne takes its roots in the celebrated Gel’fand-Kirillov Con-
jecture [14] which is a problem of birational equivalence between enveloping algebras of
Lie algebras and Weyl skewfields. More precisely, the Gel’fand-Kirillov Conjecture says
that: “the skewfield of fractions of the enveloping algebra of any finite-dimensional com-
plex algebraic Lie algebra is isomorphic to a Weyl skewfield”. This conjecture was first

proved for the Lie algebras gl,, and sl,, and for nilpotent Lie algebras in 1966 by Gel’fand



and Kirillov [14]. The solvable case was proved independently by Borho, Joseph and
McConnell in 1973. However, the conjecture is not true in general: a class of counterex-
amples is found in 1996 by Alev, Ooms and Van Den Bergh [2]. More recently, Premet
showed that the conjecture also fails for simple Lie algebras of the types B, (n > 3), D,
(n > 4), Eg, E7, Eg and Fy, see [34]. Note that the algebras involved in the statement of
the Gel’fand-Kirillov Conjecture are considered over algebraically closed fields of charac-
teristic zero. However, the conjecture also makes sense in positive characteristic, see for
instance [5]. In [34], the author refutes the Gel’fand-Kirillov Conjecture for the enveloping
algebra of simple Lie algebras of certain types by actually refuting a modular version of
the conjecture. This certainly shows that we should not restrict our attention only to the
case where the characteristic is 0, but also study the modular case. This motivated us
to study the Poisson structure of fields of fractions of polynomial Poisson algebras over a

field of arbitrary characteristic.

With the appearance of quantum groups in the eighties, new skewfields of reference
were needed, and a quantum version of the Gel’fand-Kirillov Conjecture was suggested by
Alev and Dumas [1], and studied by numerous authors. In this context, the skewfields
of reference are the skewfields of fractions of quantised Weyl algebras, or equivalently,
the skewfields of fractions of quantum affine spaces. The latter having simpler defining
relations, we will take them as skewfields of reference. Let q¢ € M, (K*) be a multiplica-
tively skew-symmetric matrix, i.e. qigl = gj; for all 7,j. Then, the quantum affine space
Oq(K™) is the algebra given by n generators 1, ..., z, and relations z;x; = ¢;jz;x; for all
1, 7. Quantum affine spaces are noetherian domains and therefore admit skewfields of frac-
tions which we will refer to as quantum affine skewfields. 1t is shown in [1] that quantum
affine skewfields are never isomorphic to Weyl skewfields. The quantum Gel’fand-Kirillov
problem asks, given a “quantum algebra”, if its skewfield of fractions is isomorphic to the
skewfield of fractions of a quantum affine space Og(L") where L is a purely transcendental
extension of K. Of course, the class of quantum algebras is not clearly defined but it should
include quantised enveloping algebras and quantised coordinate rings for instance. The
quantum Gel’fand-Kirillov problem has been successfully investigated for several families
of algebras of these types. In particular, the deleting derivations algorithm of Cauchon
[8] gives a positive answer for a large class of iterated Ore extensions and their prime
quotients. We refer to [6, 1.2.11 and 11.10.4] for further information about this quantum

version of the Gel’fand-Kirillov Conjecture.



If we return to the Poisson setting, it is easy to find polynomial Poisson algebras whose
fields of fractions are not Poisson isomorphic to Poisson-Weyl algebras. Thus, as in the
quantum case, we need to introduce other Poisson fields of reference as follows. A Poisson
affine field is the field of fractions of a Poisson affine space, i.e. the field of fractions
of a polynomial algebra in n indeterminates X1,...,X,, with Poisson bracket given by
{Xi, X;} = \ij X; X for some skew-symmetric matrix (A;j) € My, (K). It was proved in [18]
that Poisson-Weyl fields and Poisson affine fields are not isomorphic, so that Poisson affine
fields were used in [18] as fields of reference for a Poisson version of the quantum Gel’fand-
Kirillov problem. Namely, the quadratic Poisson Gel’fand-Kirillov problem asks whether
a given polynomial Poisson algebra is Poisson birationally equivalent to a Poisson affine
space. In [18], it was shown that the fields of fractions of a large class of Poisson algebras
are Poisson isomorphic to Poisson affine fields (over purely transcendental extensions of
the base field). The method used to prove these Poisson isomorphisms is based on a
Poisson version of the deleting derivation homomorphism introduced by Cauchon in [8].
We note that, while Cauchon’s deleting derivation homomorphism cannot be defined when
the quantum parameter involved is a root of unity, Haynal [23] generalised Cauchon’s

construction to the root of unity case by using the notion of higher derivation.

The main aim of Chapters 2 and 3 is to establish the quadratic Poisson Gel’fand-
Kirillov problem for a large class of polynomial Poisson algebras (and their quotients)
over a field of arbitrary characteristic. In characteristic zero, the main tool used in [18]
for the same purpose is the so-called Poisson deleting derivation homomorphism. This
homomorphism is a Poisson algebra isomorphism between localisations of two Poisson-

Ore extensions:

under the assumptions that the derivation 0 is locally nilpotent and ad = d(a + s) for

some s € K*.

Obviously, the above formula defining the Poisson deleting derivation homomorphism

does not make sense in positive characteristic due to the division by ¢!. To overcome this



problem and define a characteristic-free Poisson deleting derivation homomorphism, we
observe that the sequence of linear maps (%) is a so-called iterative higher derivation
which extends the derivation ¢ (that is, whose first terms are id and ¢). In Chapter 2,
we construct a characteristic-free Poisson deleting derivation homomorphism in the case

where the derivation § extends to a so-called iterative higher Poisson derivation, i.e. an

iterative higher derivation compatible with the Poisson structure.

In Chapter 3, we use the characteristic-free Poisson deleting derivation homomorphism
repeatedly to prove that the quadratic Poisson Gel’'fand-Kirillov problem holds for a large
class of iterated Poisson-Ore extensions. We actually prove a stronger result by also
considering Poisson prime quotients. More precisely, we show that if P is a Poisson prime
ideal of a polynomial Poisson algebra A to which our construction applies, then there exists
a Poisson prime ideal ) in a Poisson affine space B such that Frac (A/P) = Frac (B/Q)
as Poisson algebras (this proves the quadratic Poisson Gel’fand-Kirillov problem for A
since @ = 0 when P = 0). Additionally, if a torus H is acting rationally by Poisson
automorphisms on A and if P is invariant under this action, we show, modulo some
technical assumptions, that the ideal () of the Poisson affine space B is also invariant
under the induced torus action on B. Under certain mild assumptions on the ground field,
we prove that B has only finitely many H-invariant Poisson prime ideals and that they
are all generated by some of its generators. As a consequence, when P is H-invariant,
the quotient B/Q is a Poisson affine space, so that the quotient A/P also satisfies the

quadratic Poisson Gel’fand-Kirillov problem.

Contrary to the characteristic zero case, there is one hypothesis in our result that is
difficult to check: the existence of iterative higher Poisson derivations extending given
derivations. In characteristic zero, the only iterative higher Poisson derivation extending
a derivation ¢ is actually the canonical higher derivation (%) In prime characteristic,
the existence of an iterative higher Poisson derivation extending a given derivation is a
harder problem. In Chapter 4 we tackle this problem using the so-called semiclassical limit
process. More precisely, we show that the existence of a quantum version of the canonical
higher derivation in a “quantum algebra” R ensures (under mild hypotheses) the existence
of a higher Poisson derivation in the semiclassical limit of R (see Theorem 4.1.3). At the

noncommutative level, the characteristic of the ground field does not influence the existence

of a quantum version of the canonical higher derivation. The existence only depends on the



genericity of the deformation parameter. However, in our case, the deformation parameter
is always transcendental (to allow for the semiclassical limit process), thus ensuring the
existence of quantum canonical higher derivations. As a consequence, we obtain many
examples of Poisson algebras to which our result applies in Section 4.2. For instance,
we obtain that the coordinate rings of Poisson matrix varieties and their H-invariant
Poisson prime quotients, such as the coordinate rings of determinantal varieties, satisfy
the quadratic Poisson Gel'fand-Kirillov problem (over a field of characteristic different of

2).

Poisson spectrum

In the second part of this thesis (Chapters 5, 6 and 7) we turn our attention to the study of
Poisson spectra of polynomial Poisson algebras. Different aspects of this topic have been
investigated previously. For instance, the Poisson Dixmier-Moeglin equivalence is studied
in [3], [15], [18] and [32], links between Poisson spectra and their quantum analogues are
investigated in [22], [24] and [32] and Poisson spectra of Jacobian Poisson structures and

generalisations in higher dimensions are studied in [26] and [25].

Inspired by [8], we develop a method to study the algebras of a class P of iterated
Poisson-Ore extensions over a field of arbitrary characteristic. More precisely for A €
P, the (characteristic-free) Poisson deleting derivations algorithm consists of performing
several explicit changes of variables inside the field of fractions Frac A of A. At each step
of the algorithm we obtain a sequence of n algebraically independent elements of Frac A,
where the integer n corresponds to the number of indeterminates in A. The subalgebra of
Frac A generated by these elements is a Poisson algebra with a “simpler” Poisson bracket
than the one obtained at the previous step. Moreover the Poisson algebras corresponding

to two consecutive steps, say C;11 and Cj, satisfy:
-1 _ —1

for a given multiplicatively closed set S;. After the last step, we get algebraically inde-
pendent elements T, ...,T),, of Frac A such that the algebra A generated by the Tjs is a

Poisson affine space. In particular, the algorithm shows that Frac A = Frac A as Pois-



son algebras. Therefore we retrieve the results of Poisson birational equivalence obtained
in Chapter 3, that is the Poisson algebras of the class P satisfy the quadratic Poisson
Gel’fand-Kirillov problem. Moreover, the algorithm returns explicit generators of Frac A

such that Frac A is a Poisson affine field in these generators.

For a Poisson algebra A we denote by P.Spec (A) its Poisson spectrum, i.e. the set of
prime ideals of A which are also Poisson ideals. The set P.Spec (A) is equipped with the
induced Zariski topology from Spec (A) the spectrum of A. When A € P, our algorithm
allows us to define an embedding ¢ from P.Spec(A) to P.Spec (A) called the canonical

embedding. This embedding will be our main tool for studying Poisson spectra. One of its

important properties is that for P € P.Spec (A) we have a Poisson algebra isomorphism

Frac (%) = Frac (<,OE4JD)>

Note that this isomorphism reduces the quadratic Poisson Gel’fand-Kirillov problem for
the Poisson prime quotients of A to the quadratic Poisson Gel’fand-Kirillov problem for
the Poisson prime quotients of a Poisson affine space. The canonical embedding leads to
a partition of P.Spec (A) indexed by a subset W}, of W := Z([1,n]), the powerset of

[1,n] :={1,...,n}. More precisely, for w € W, we set:
P.Spec ,(A) := {P € P.Spec (4) | PN{Ty,..., T} ={T; | i € w}},

where we recall that the Tjs are the generators of the Poisson affine space A. These sets

form a partition of P.Spec (A) which induces a partition on P.Spec (A) as follows:

P.Spec (A) = |_| cp_l(P.Specw(Z)), where:
weWwy

Wp = {we W | ¢ (P.Spec,(4)) # 0}.

This partition of P.Spec(A) is called the canonical partition, and the elements of W},
will be called the Cauchon diagrams associated to A, or Cauchon diagrams for short.
For w € W, the set ¢! (P.Specw(Z)) is called the stratum associated to w. We study
the topological and algebraic properties of those strata in Section 5.4. In particular for
w € W}, the image of the stratum associated to w is a closed subset of P.Spec,,(A) and

© induces an homeomorphism from this stratum to its image. We show in Section 5.5



that this inclusion is actually an equality when we suppose that a torus acts rationally
on A by Poisson automorphisms. As shown in [15] such a torus action leads to another
partition of P.Spec (A) (under the assumption that char K = 0). This partition, called the
H-stratification, provides a great deal of information on P.Spec (A), see for instance [15,
Theorem 4.2]. In Section 5.5 we show that when both partitions can be considered they

actually coincide.

A direct application of the results of Chapter 5 is given in Chapter 6. A subset of
importance of P.Spec (A) is the set consisting of Poisson primitive ideals. Recall that
a (left) primitive ideal in a ring R is the annihilator of a simple (left) R-module. It is
usually not so easy to distinguish primitive ideals within prime ideals using their definition.
Therefore other characterisations of primitive ideals have been investigated. For primitive
ideals of enveloping algebras Dixmier and Moeglin suggested two characterisations, an
algebraic one and a topological one. More precisely, let R be a ring and I a prime ideal
in R. We say that I is locally closed if {I} is a locally closed point of Spec (R) and that I
is rational if Z(Frac R/I) is an algebraic extension of the ground field. Dixmier [10] and
Moeglin [30] showed that, for enveloping algebras, a prime ideal is primitive if and only
if it is locally closed if and only if it is rational. More generally we say that the Dixmier-
Moeglin equivalence holds for a given algebra (or a class of algebras) when the sets of
primitive, locally closed and rational ideals coincide. Similarly, we say that the Poisson
Dixmier-Moeglin equivalence holds for a Poisson algebra if the sets of Poisson primitive,
Poisson locally closed and Poisson rational ideals coincide (see Section 6.1 for a precise
definition of these notions). In Chapter 6 we prove that the Poisson Dixmier-Moeglin
equivalence holds for all the algebras of the class P when char K = 0. The Poisson deleting
derivations algorithm allows us to reduce the proof to the case of Poisson affine spaces,
which is solved by [15, Example 4.6] for instance. Moreover, the canonical partition gives
us another characterisation for primitive ideals, namely, that they are the maximal ideals
whithin their strata. To conclude Chapter 6 we prove a transfer result for Poisson-Ore
extensions. More precisely we show that if the Poisson-Ore extension A[X; ap satisfies the
Poisson Dixmier-Moeglin equivalence, then so does the Poisson-Ore extension A[X; «, d]p
(under some assumptions on the map J). For this purpose, we need to generalise some
results of Chapter 5 essentially by constructing and studying a canonical embedding for

the Poisson-Ore extension A[X;«,d]p (which does not necessarily belong to P).



In Chapter 7 we compare the Poisson spectrum of a Poisson algebra with the spectrum
of (one of its) deformation. More precisely we define a class R of iterated Ore extensions
over K[t*!] such that for an element R; of R the quotient algebra R, := R;/(t — q)R; (for
a non root of unity ¢ € K*) is a deformation of the Poisson algebra A := R;/(t — 1)R;.
Moreover, the class R is defined in such a way that Cauchon’s deleting derivations algo-
rithm can be applied to R, and our Poisson deleting derivations algorithm can be applied
to A. Cauchon’s algorithm leads to a partition of Spec (R,) indexed by the elements of a
subset W’ of W = Z([[1,n]) for some integer n > 1. As explained previously the Poisson
spectrum P.Spec (A) is also partitioned into strata indexed by the elements of a subset W,
of W. The main goal of Chapter 7 is to compare the sets of Cauchon diagrams W' and
Wp. More precisely we ask in Question 7.1.1 if these sets are equal (when char K = 0). We
answer positively Question 7.1.1 for three examples in small dimensions in Section 7.2 and
in Appendix B. Finally, we investigate the case of quantum/Poisson matrices in Section
7.3. For this purpose, we construct a bijection between the set of Cauchon diagrams W,
and a set of combinatorial objects: rectangular grids whose boxes are coloured in black or
white with a condition on the black boxes (see Definition 7.3.1). Cauchon showed in [9]
that the set of Cauchon diagrams W is also in bijection with the same set of combinatorial
objects. This answers positively Question 7.1.1 for these algebras. Unfortunately these
positive results do not help to understand the general situation since they mostly rely on

explicit computation of the sets of Cauchon diagrams.

Parts of the material of Chapters 2, 3 and 4 can be found in [28]. Some of the material
in Chapters 5, 6 and 7 comes from [27]. Both [28] and [27] are joint work with my PhD

supervisor Stéphane Launois.



Chapter 1

Polynomial Poisson algebras and

their deformations

In this chapter we introduce the main objects studied in this thesis: Poisson algebras.
Our study of Poisson algebras being closely related to the study of their (algebraic) defor-
mations, we also recall the process of semiclassical limit which links the noncommutative

algebra world with the Poisson world. We denote by K an arbitrary field.

1.1 Poisson algebra

Unless otherwise stated, by an algebra we mean an associative K-algebra.

1.1.1 Definitions and first properties

Definition 1.1.1. A Poisson K-algebra A is a commutative K-algebra endowed with a

Poisson bracket, i.e. a skew-symmetric K-bilinear map from A x A to A satisfying:

e the Jacobi identity: {{a,b},c} + {{b,c},a} + {{c,a},b} =0 for all a,b,c € A,

e the Leibniz rule: {ab,c} = a{b,c} + {a,c}b for all a,b,c € A.

In particular, the Jacobi identity tells us that a Poisson algebra is also a Lie algebra.
The Leibniz rule can be seen as a compatibility condition between the associative algebra
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and Lie algebra structures, and can be rephrased by saying that for all a € A the map
{a,—} is an (associative) K-derivation of A. Such derivations are called Hamiltonian

derivations and they forms a Lie subalgebra of Der(A), the Lie algebra of derivations on

A.

Remark 1.1.2. (1) Let A be a Poisson algebra generated by elements X7, ..., X,,. Then
the Poisson bracket is uniquely determined by the values {X;, X;} for 1 < j <i < n.

Moreover if we have:
H{X, X5 X b+ {({XG, X d, Xa} + {({X, X}, X1 =0 (1.1)

for all 1 < 4,4,k < n, then the Jacobi identity holds in A. Therefore to define a
Poisson bracket on A it is enough to give the values {X;, X;} for 1 < j < i <n and

then to check equation (1.1) for all 1 <14, j,k < n.

(2) Suppose that A = K[X1,...,X,]. For FF € A and all 1 <i < n we denote by g—;i
the formal derivative of F' with respect to the indeterminate X;. For all F,G € A

we have:

", 9F 9G OF 0G  OF 0G
X, Xjb= Y

{F.a} = : aXianj{ 0X; 0X; 0X; aX){X"’Xj}‘ (12)

1,j= 1<j<i<n

A proof of the first equality can be found in [29, Proposition 1.6]. The second

equality arises by skew-symmetry.

Ezample 1.1.3. (1) Let A be a commutative algebra. Then A becomes a Poisson algebra
by setting {a,b} = 0 for all a,b € A. The algebra A endowed with this Poisson

bracket is referred to as an abelian Poisson algebra.

(2) Let A = K[Xy,...,X,,Y1,...,Y,]. We denote by d;; the Kronecker delta symbol.

We define a Poisson bracket on A by setting:
{XZ',X]'} = {Y;,Y}} =0 and {X’Lqu} = 5ij for all i,j,

or equivalently by setting:

OF G  OF G
G} = zgn (aX@- oY, oY, axi)
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for all F,G € A. This Poisson algebra is called the n-th Poisson-Weyl algebra and
is denoted by AP (K).

Let A = K[Xy,...,X,] and let A = (\;j) € M,(K) be a skew-symmetric matrix.
Then we define a Poisson bracket on A by setting:

{Xi, X5} = N X X,

for all 1 <4, j < n. This Poisson algebra is called a Poisson affine n-space (associated
to the matrix A) and is denoted by Kx[X1, ..., X,]. We will refer to such a Poisson

structure as a quadratic Poisson structure. When n = 2 we talk about Poisson affine

planes.
Let g be a finite dimensional Lie algebra with basis {x1, ..., z,}. Then the symmetric
algebra S(g) = K|[x1,...,2,] is a Poisson algebra for the Poisson bracket given by:

{zi, 25} = [0, 24

for all 1 < 4,7 < n. This Poisson structure on S(g) is often called the Kirillov-

Kostant-Souriau Poisson structure.

X1 X2 ,
Let A := O(Mz(K)) = K . We define a Poisson structure on A by
Xo1 Xoo

setting:

{X11, X2} = X1 Xa2, {X11, Xoo} = 2X12X01, {Xi2, Xoo} = X12X09, (13)
{X11, X1} = X011 Xo1, {X12,X01} =0, {Xa1, Xo2} = X921 X0o.

This Poisson algebra is called the algebra of 2 x 2 Poisson matrixz variety. More
generally one can endow the coordinate ring of the m x p matrix variety with a
Poisson bracket defined using the Poisson structure (1.3) on (’)(Mg (K)) (see Section
4.2.1).

Definition 1.1.4. Let A and B be two Poisson algebras with Poisson brackets respec-

tively denoted by {—, —}4 and {—, —}p. A Poisson algebra homomorphism is an algebra
homomorphism f : A — B such that f({a,b}a) = {f(a), f(b)}p for all a,b € A. A

Poisson algebra isomorphism is a bijective Poisson algebra homomorphism.
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In the rest of this thesis we will always omit subscripts indexing Poisson brackets
when more than one is involved. Which Poisson bracket is intended will always be clear

in context.
Definition 1.1.5. Let A be a Poisson algebra.

(1) A Poisson subalgebra of A is a subalgebra B of A such that {a,b} € B foralla,b € B.
(2) A Poisson ideal of A is an ideal I of A such that {a,z} € I for alla € A and z € I.
(3) A is Poisson simple if its only Poisson ideals are {0} and A.

(4) The Poisson centre of A is the Poisson subalgebra: Zp(A) :={z¢€ A | {z,—} = 0}.

Remark 1.1.6. Let A be a Poisson algebra. The Poisson centre Zp(A) is a Lie ideal of
A but not always an associative ideal of A. We always have K C Zp(A), and in positive
characteristic (say char K = p > 0) we have a? € Zp(A) for all a € A since for all a,b € A

we have:

{a¥,b} = pa"~{a,b} = 0.

Remark 1.1.7. Let A be a Poisson algebra.
(1) If I is a Poisson ideal of A then there is a well-defined Poisson bracket on the quotient
algebra A/I defined by {@,b} = {a,b} for all a,b € A, where @ denote the image in
A/I of a € A.

(2) Let S be a multiplicatively closed subset of A. Then the Poisson bracket of A extends

uniquely to the localisation AS~! by setting:
{as™ b7} = {a, 0} — {a, hs™' % = {s,blasT* 7 + {5, thabs T

for all a,b € A and all s,t € S. In particular if A is a domain its Poisson structure

uniquely extends to its field of fractions.

Ezample 1.1.8. Since the Laurent polynomial algebra K[X7!,..., X;F!] and the field of
rational functions K(X7, ..., X,,) are both localisations of the polynomial algebra in n inde-
terminates K[ X7, ..., X,], a quadratic Poisson structure on K[ X7, ..., X,] given by a ma-
trix A € M, (K) uniquely extends to K[X{!,..., X;F!] and K(X, ..., X,). These localisa-
tions endowed with those uniquely extended Poisson structures are respectively called the

Poisson torus and the Poisson affine field, and respectively denoted by Ky [Xlil, o, XY
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and Kx(X1,...,Xy). One can easily check that in these localisations we have:
{(X; 5 X ==X, ' Xy and {X X = XX

for all 7, j.

1.1.2 Poisson structure on the polynomial algebra in three variables

The choice of a polynomial F' € K[X, Y] always allows us to define a Poisson structure on
K[X,Y] by setting {X,Y} = F. On a polynomial algebra in three variables the Jacobi
identity imposes some restrictions. Let A := K[X1, X9, X3|, and U, V,W € A. Tt is a

straightforward verification to see that we define a Poisson bracket on A by setting:
{Xl,Xg} = VV, {X27X3} =U and {Xg,Xl} = V,

if and only if:
curl(U, V, W) - (U, V,W) =0, (1.4)

where:

cwrl(U, V, W) = <8W ov. ou oW oV ou ) .

0Xy 0X3 0X3 00X, 0X, 00X

An important class of examples is as follows. Fix a polynomial F' € A and set:

oF oF oF
X1, X0} = — X9, X3} = — d {X3, X1} =——.
{X1, Xo} 0X; { X2, X3} ox, { X3, X1} X,
Since aing—)i = %g—g for all 1 <i,7 < 3, equation (1.4) is satisfied in that case. Such

a Poisson structure is called a Jacobian Poisson structure with potential F'. 1t is easy to
see that F' € Zp(A), so that K[F] C Zp(A) (with equality when F' is indecomposable, see
[13, Lemma 1]).

By example, taking F' = AX1X2X3 for A € K we obtain the Poisson affine space
K)\[Xl,XQ,Xg] with Ao = — X153 = dog = A.

We also refer to [25] where the authors study the Poisson prime ideals of Poisson

algebras endowed with Jacobian Poisson structures.
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1.1.3 Poisson spectrum

The spectrum of a (non-necessarily commutative) algebra A, denoted by Spec (A), is the
set of prime ideals of A. Recall that an ideal P of A is prime if whenever IJ C P for
some ideals I, J of A, then either I C P or J C P. Recall that when A is commutative P
is prime if and only if the quotient A/P algebra is a domain. It is easy to check that by
setting:

V(I):={P € Spec(A) | P2DI}

for all ideals I of A we define the closed sets of a topology on Spec (A). This topology is
referred to as the Zariski topology, and when speaking of the prime spectrum of a ring we

will always think of it endowed with this topology.

If A is a Poisson algebra, then the Poisson spectrum of A, denoted by P.Spec (A), is
the subset of Spec (A) consisting of Poisson ideals. Equivalently P.Spec (A) is the set of

ideals which are both prime ideals and Poisson ideals.

Remark 1.1.9. Usually the Poisson spectrum of a Poisson algebra is defined in more gen-
erality. A Poisson-prime ideal P is a Poisson ideal such that if whenever IJ C P for some
Poisson ideals I, J of A, then either I C P or J C P. It is clear that a Poisson and prime
ideal is a Poisson-prime ideal. If A is noetherian and the characteristic of the base field
is zero then the converse is true thanks to [11, Lemma 3.3.2]. When working in positive
characteristic latter on, we will restrict our attention on the study of Poisson and prime

ideals.

The Poisson spectrum P.Spec (A) can be endowed with the induced topology from
Spec (A). The closed sets are the sets:

Vp(I) := {P € P.Spec(A) | P D I}

for all ideals I of A. We remark that we can replace I by the smallest Poisson ideal
containing I without changing these sets, so the closed sets consist of the Vp(I) for all

Poisson ideals I.

Remark 1.1.10. Later on we will be dealing with homeomorphisms between Poisson spec-
tra. We remark that, in particular, such an homeomorphism and its inverse preserve

inclusions. More precisely for two Poisson algebras A and B and an homeomorphism ¢
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from P.Spec (A) and P.Spec (B) we have:

PCQ = ¢(P)C¢(Q), and

ICT = o (1) S (),

for all P,@Q € P.Spec(A) and all I,J € P.Spec (B). See [16, Assertion (a) of Lemma 9.4].

1.1.4 Ore extensions and Poisson-Ore extensions

In this section we present two classes of algebras, the so-called iterated Ore extensions
or skew polynomial rings from noncommutative ring theory, and their Poisson analogues:

iterated Poisson-Ore extensions.

1.1.4.1 Ore extensions

Good references for Ore extensions are [17] and [6]. Let R be a (not necessarily commu-
tative) algebra and o be an automorphism of R. A o-derivation of R is a linear map A

from R to R such that for all r,s € R we have:
A(rs) = o(r)A(s) + A(r)s.

In particular one can easily check that A(1) = 0 and that an id-derivation is just a deriva-

tion in the associative sense. Following [6, Section I.1.11], the notation T := R[z;0, A]

means that:
(1) T is a free left R-module with basis {z¢ | i > 0},
(2) T contains R as a subring and =z € T,
(3) ar =o(r)x + A(r) for all r € R,
(4) o is an automorphism of R and A is a o-derivation of R.

T is then called an Ore extension or a skew polynomial ring over R. Fxistence of
such objects can be proved, see [17, Chapter 1]. We have the following classical notations
Rlz; A] := R[z;id, A] when o = id, and R[z; 0] := R[z;0,0] when A = 0. To avoid confu-

sion when using the notation Rz; f] we will always state whether f is an automorphism
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or a derivation of R. There is a noncommutative version of the Hilbert Basis Theorem for

Ore extensions (see [6, Theorem 1.1.13] for instance).
Theorem 1.1.11. Let T := R[z;0,A] be an Ore extension and suppose that R is a
noetherian domain. Then T is a noetherian domain.

In particular, if R is a noetherian domain, then 7 satisfies the (left and right) Ore

conditions and admits a skewfield of fractions which we denote by Frac 7.

Iterated Ore extensions can be constructed inductively. Starting from an Ore extension
T1 = R[z1; 01, A1], an automorphism o9 of 71 and a og-derivation Ay of 77, we construct
the Ore extension 7o = T1[zr2; 02, As]. We can repeat this process. Therefore we say that

an algebra T is an iterated Ore extension over a ring R if it is of the form:
T == Tn = Rlz1;01,A1] -+ - [T05 00y An],

where 0; € Aut (7;—1) and A; is oy-derivation of T;_; for all 1 < i < n (with the convention

that 7o :=R).

Ezample 1.1.12. (1) Recall that the n-th Weyl algebra A, (K) is the algebra given by 2n

generators x1,...,%, and y1, ..., Yy, and relations:

for all 1 <14, j <mn, where [z,y] := zy — yz. A,(K) is an iterated Ore extension over

K[yl, e ayn]:
An(K) = Kly1, - - -, yn][z1; ay1H$2§ ay ]+ 70 ayn]

where 0,, is the usual partial derivative with respect to ;.

(2) Let g = (gi5) € M,,(K*) be a multiplicatively skew-symmetric matrix, i.e. such that
qji = qigl for all ¢,j. The quantum affine space Oq(K™) is the algebra given by n

generators x1,..., T, and relations:

ZL‘il‘j = Qijxjxi
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for all 1 <i,j < n. Og(K") can be expressed as an iterated Ore extension as follows:
Oq(K") = Kla][z2; 02 - - - [ o]

where o; is the automorphism of K[z1][z2; 02] - - - [x4-1; 05—1] defined by 0;(z;) = gi5z;

forall1 <j<i<n.

(3) Let ¢ € K*. The algebra of 2 x 2 quantum matrices R := O4(M>(K)) is the algebra

given by generators x11, 12, 21, 22 and relations:

-1
L1112 = qT12711, 11722 — T22T11 = (q —q )361296‘21, T12022 = qT22712,

1.5)
T11%21 = T21X11, L1221 = L21T12, T21T22 = qT22X2]-
R can be expressed as an iterated Ore extension over K[z11] as follows:
R = Klz11][z12; 012][721; 021] [222; 022, Aga], Where:
e 012 is the automorphism of K[z11] such that o12(211) = ¢ ta11,
e 091 is the automorphism of K[z11][x12;012] such that o91(711) = ¢ '21; and

o21(z12) = T12,

e 099 is the automorphism of K[z11][z12; 012][%21; 021] such that ooa(z11) = 211,

1 1

o22(z12) = ¢ 12 and o9(z21) = ¢ ‘221,

o Ay, is the ogs-derivation of the K[x11][z12; 012][%21; 021] such that:

Ago(z11) = (g7 — @)z12791 and Ao (712) = Aga(wa1) = 0.

1.1.4.2 Poisson-Ore extensions

The set of derivations of an associative algebra A is denoted by Der(A). This is a Lie

algebra for the commutator bracket.

Definition 1.1.13. Let A be a Poisson algebra.

(1) A Poisson derivation is a derivation a € Der(A) such that:
a({a,b}) = {a(a),b} + {a,a(b)} for all a,b € A.

The set of Poisson derivation of A is denoted by Derp(A).

18



(2) Let o € Derp(A). A Poisson a-derivation is a derivation § € Der(A) such that:

0({a,b}) ={d(a),b} +{a,d(b)} + a(a)d(b) — d(a)x(b) for all a,b € A.

We remark that a Poisson O-derivation is just a Poisson derivation. The definition of

a Poisson-Ore extension is based on the following result of Oh [33, Theorem 1.1].

Theorem 1.1.14. Let o and & be K-linear maps of a Poisson K-algebra A. Then the
polynomial algebra B := A[X] is a Poisson algebra with Poisson bracket extending the

Poisson bracket of A and satisfying:
{X,a} = a(a)X +d(a) for alla € A,

if and only if o € Derp(A) and § is a Poisson a-derivation of A.

Definition 1.1.15. Let A be a Poisson algebra, a € Derp(A) and ¢ be a Poisson a-
derivation of A. Set B := A[X]. The algebra B endowed with the Poisson bracket from
Theorem 1.1.14 is denoted by B := A[X;a,d]p and called a Poisson-Ore extension. As
usual we set A[X;alp := A[X;a,0]p when 6 = 0.

Poisson-Ore extensions satisfy the following universal property.

Proposition 1.1.16. Let B := A[X;«,d]p be a Poisson-Ore extension over a Poisson K-
algebra A and C be a Poisson K-algebra. If ¢ : A — C is a Poisson algebra homomorphism
and if there exists Y € C such that:

{Y.9(a)} = ¢(a(a))Y +¢(5(a))

for all a € A, then there exists a unique Poisson algebra homomorphism ¢ : B — C

sending X to'Y such that v = @ oi where i is the inclusion of A in B.

Proof. There is a well-defined K-algebra homomorphism ¢ : B — C given by:

o ( Z aiXi) = Z W(an)Y,

where a; € A for all i. Note that p(X) =Y and ¢(a) = ¢(a) for all a € A. It is clear

that this is the only possibility for ¢, so it only remains to show that ¢ is a Poisson
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algebra homomorphism. For all a,b € A we have ¢({a,b}) = ({a,b}) = {¥(a),¥(b)} =
{¢(a), ()}, and:

p({X;a}) = p(a(a) X +4(a)) = P(a(a))Y +9(0(a)) = {Y,9¥(a)} = {p(X), p(a)}.

The construction of Poisson-Ore extensions can easily be iterated. We say that R is

an iterated Poisson-Ore extension over A if:
R = A[X1; 01,01 p[X2; a9, 02)p - - - [Xns o, O] p

where A is a Poisson algebra, «; is a Poisson derivation of the Poisson subalgebra R; 1 :=
A[Xy;00,0]p - [Xi—1;04-1, 0i—1]p of R, and J; is an «;-Poisson derivation of R;_; for all

1 <i < n (with the convention that Ry = A).

Ezample 1.1.17. (1) The Poisson-Weyl algebra A (K) is an iterated Poisson-Ore exten-

sion over the abelian Poisson algebra K[Y7,...,Y,]:
AT]LD(K) = K[Yl‘) s 7Yn][X17 07 8Yl]P T [X’fl7 07 8Yn]P7

where Oy, denotes the usual partial derivative with respect to Y; for all 1 <1¢ < n.
The following computations show that the maps dy; are Poisson 0O-derivations. For

all 1 <k, Il <nandall 1l <p,qg<1iwe have:

aYi({vaXq}) = 0= {0, (Xp), X¢} + {Xp, 0y, (Xg) },
Ay, ({Xp, Yi}) = 0y, (0m) = 0 = {9v;(Xp), Ya} + {Xp, O, (Vi) }-

(2) A Poisson affine n-space Kx[X1,...,X,] is an iterated Poisson-Ore extension over
K:
K[X1][X2; o] p -+ [Xns an]p,

where «; is the Poisson derivation of the Poisson affine space Ky, ,[X1,..., X;—1]
such that a;(X;) = A\j; X for all 1 < j < i < n and where A\j_q is the (i—1) x (i —1)

submatrix of A obtained by deleting rows and columns indexed by k£ > i. The

20



following computations show that the maps «; are Poisson derivations. For all

1< k,l <i<n we have:
a;i({ Xk, Xi}) = i M Xa X)) = Mo (Xe) Xp + A Xroi(Xp) = Mg (i + i) X5 X4,
and:

{ai(Xn), X} + { Xk, i (X0)} = (Nik + M) { Xk, Xi} = M (ir + Xin) X X

(3) The 2 x 2 Poisson matrix variety A := O(M>(K)) can be expressed as an iterated

Ore extension over K[X1;] as follows:
A = K[X11][X12; a12] p[X21; 21| p[X22; 22, d22] p, Where

e 9 is the Poisson derivation of K[X11] such that a12(X11) = — X711,

e (91 is the Poisson derivation of K[X11][X12; aq2]p such that ag(X11) = —X11

and Oégl(Xm) = 0,

® (99 is the Poisson derivation of B := K[X11][X12; 12| p[X21; a21]p such that

a2(X11) =0, az(Xi2) = —Xi2 and a(Xg1) = —Xoy,

e 099 is the Poisson ags-derivation of B such that d9o(Xi2) = d22(X21) = 0 and
022(X11) = —2X12X01.

Remark 1.1.18. It is not necessarily obvious whether a given polynomial Poisson algebra A
can be expressed as a (iterated) Poisson-Ore extension. In all the examples we saw it was
possible to use the “canonical generators” of a polynomial Poisson algebra to express it as
an iterated Poisson-Ore extension. This is not always the case as the following example
demonstrates. Let A = C[X,Y] with {X,Y} = X2 + Y2, The Poisson algebra A cannot
be expressed as a Poisson-Ore extension in the generators X and Y since we would need

to have:

{X,C[Y]} CC[Y]X +C[Y] or {Y,C[X]}CC[X]Y +C[X].

But with the generators X’ := X +¢Y and Y’ := X — Y of A it is easy to check that:

(XY} = —2iX'Y".
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Thus A can be expressed as a Poisson-Ore extension in the generators X’ and Y’. More

precisely A is a Poisson affine space and we have:
A= CIX|[Y'; alp,

where « is the Poisson derivation of C[X'] such that a(X’) = 2iX’. Note that we only

used a linear transformation here.

1.2 Semiclassical limit

Roughly speaking the semiclassical limit process is a way to obtain a Poisson algebra from
a given noncommutative algebra. This process is explained in [12, Section 1.1.3] or [16,
Section 2.1]. We recall here the commutative fibre version as described in [12, Section

1.1.3] since this is the version we will use later on.

Let B be a principal ideal domain containing K, and fix h € B such that the ideal
hB is maximal in B. Suppose that R is a not necessarily commutative torsion-free B-
algebra such that the quotient A := R /AR is commutative (note that h is central in R by
definition of R). Then the algebra A becomes a Poisson K-algebra as follows. Since A is
commutative, for all ;s € R the commutator [r, s|] := rs — sr belongs to the ideal h'R and
there exists a unique element ~y(r, s) € R such that [r, s] = hy(r,s). We set % = (r, ).

Finally, it is easy to see that for all 7, s € R the (well-defined) formula:

[r;s]

{r+hR,s+hR} := +hR

defines a Poisson bracket on A.

Definition 1.2.1. The Poisson algebra defined above is called the semiclassical limit at
h of the noncommutative algebra R, and the algebra R is called a quantisation of the
Poisson algebra A. For any ¢ € K such that the central element h — ¢ is not invertible in
R the algebra A, := R/(h — q)R is called a deformation of the Poisson algebra A. The

diagram of Figure 1.1 illustrates this situation.

Note that there exists a so-called filtered/graded version of the semiclassical process

which is suitable in particular for enveloping algebras of Lie algebras, see [16, Section
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deformation

Figure 1.1

2.4]. The two constructions are linked in [16, Section 2.5]. We now give examples of the

semiclassical limit process explained previously. More examples can be found in [12], [16]

or [18].

Ezample 1.2.2. (1) Let R := A;(K[t]) be the algebra over K[t] given by generators z,y
and relation xy — yx = t. We have A := R/tR = K[X,Y] where X := z + tR and
Y :=y + tR. Therefore A is a Poisson algebra with Poisson bracket given by:

(X,Y}= [x;y] +IR =1,

ie. A is the first Poisson-Weyl algebra AF(K). We remark that the algebra
A1 = R/(t — 1)R is isomorphic to the first Weyl algebra A;(K), so that A;(K)
is a deformation of Af'(K). This justifies the name Poisson-Weyl algebra given to

AP(K).

(2) Let R = Oy(M2(K[t*!])) be the K[t*!]-algebra of 2 x 2 quantum matrices, where
the relations are identical to the relations in (1.5), but where ¢ is replaced with .
We have A = R/(t — 1)R = K[X11, X12, Xo1, X92] where X;; := x;; + (t — 1)R for
all 1 < 4,7 < 2. The Poisson structure we obtain on A is exactly the one given in

(1.3). For example we compute:

L1122 — T22211

{X11, Xoo} = ] +({t—-1R
|
_ (t t ).%12.%'21 + (t . 1)R
t—1
t Yt —-1)(t+1

= t_l(t -+ 1)$12$21 + (t — 1)R

= 2X12X01.

(3) Let g be a finite dimensional Lie K-algebra with basis {1, ...,2,}. Then the algebra
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Ui(g) is the K-algebra given by generators z1,...,z, and ¢ with relations:
rix; — xjx; = tlxg, ]y and it = tay,

forall 1 <4,j < n. The algebra Uy := U;(g)/tU;(g) is isomorphic to the commutative
polynomial algebra S(g) = K[X1,...,X,], where X; = x; + tU(g), and we obtain a

Poisson bracket on Uy given by:
{ X, X5} = [wi, zjlg + tU(9)

for all 1 < 4,5 < n. We retrieve the Kirillov-Kostant-Souriau Poisson structure
from (4) of Examples 1.1.3. We remark that the algebra Uy := Ui(g)/(t — 1)Us(g) is

isomorphic to the enveloping algebra U(g) of g, so U(g) is a deformation of S(g).

Let R := O(txij)((K[til])") be a quantum affine space, where (\;;) € M,(Z) is a
skew-symmetric matrix. R is the algebra given by generators z1, ..., z, and relations
TiT; = t)‘ifa?ja:i. We remark that R is a domain and that ¢ — 1 is central in R.
Moreover the quotient algebra R := R /(t — 1)R is commutative and it is easy to see

that R = K[X1,...,X,], where X; := x; + (t — 1)R for all 1 <i < n. Then, for all

1 <14,7 <n, we have:

NG — g
(X, X} = —xftx . STt —1)R
thii — 1
= )\inin.

Thus R is the Poisson affine space Ky, y[X1, ..., X,]. For ¢ € K*, we have:

j
R/(t—q)R = O(qM‘j) (Kn)’

thus the quantum affine space (’)( ) (K”) is a deformation of the Poisson affine space

Nis
q
K(,\ij)[Xl, ..., X,]. We remark that we only dealt with the so-called uniparameter
case, i.e. when all the deformation parameters are all powers of a same element

g € K*. To take into account the multiparameter case, some adaptations have to

be made such as in [22], [16, Section 2.3] or [18, Section 2.2].
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More examples will be given in Chapters 4 and 7.

1.3 Spectra of quantum tori and Poisson tori

Quantum (resp. Poisson) tori are helpful when studying quantum (resp. Poisson) affine
spaces. In this section we recall classical results about quantum and Poisson tori. Let
(Aij) € My(Z) be a skew-symmetric matrix and set g;; := ¢4 for all i,j where q €
K\ {0,1}. Note that (g;;) is a multiplicatively skew-symmetric matrix. The quantum

torus associated to the matrix (g;;) is the K-algebra denoted by 7T given by genera-

tors xfl,...,:cfl and relations x;x; = ¢jjzjz; for all 1 < 4,5 < n. We denote by
T = K()\Z.j)[de, ..., X:FY the Poisson torus associated to the matrix ()\;;) as defined

in Example 1.1.8.

The algebra T is a deformation of T" in the sense of Section 1.2. Indeed by setting R for

t:l:l] +1 x:l:l

the algebra generated over K| by generators 27, ..., z:! and relations z;x; = tNiz;z;

forall 1 <i,j <n, we easily see that T = R/(t—q)R and that T"= R/(t—1)R as Poisson

algebras.

For all o := (a1,...,a,) € Z™ we set % := 27" --- 20 € T. Thus, as a vector space,

T has a K-basis of the form {z% | « € Z"}. The map o from Z" x Z" to K* defined by:

n
o(0.8) = T] 4"

i,j=1

for all a, 8 € Z", allows us to express the commutation relations in T as follows:
2P = o(a, B)xPz®

for all a, 8 € Z™. The following result is due to Goodearl and Letzter [20].

Lemma 1.3.1. We have:

(1) Ewery ideal of T is generated by its intersection with Z(T).

(2) Set X :={ae€Z" | o(a,—)=0}. Then:
Z(T)=K[z% | a € X].
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Proof. Assertion (1) is exactly assertion (1) of [20, Proposition 1.4] and assertion (2) is

[20, Lemma 1.2]. O

On the Poisson side we have similar results. The assignment X := X{" ... X € T
for a := (a1,...,q,) € Z™ allows us to identify the Laurent polynomial algebra T with

the group algebra KZ™. The induced Poisson structure on KZ" is given by:
{X* X7} = b(a, X7, (1.6)

for all o, B € Z™, where b is the skew-symmetric bilinear form from Z" x Z" to K defined
by:
n
b(a, B) = Y aidijBj,

ij=1
for all o, € Z™. The following result is due to Vancliff [36]. The author of [36] was

working over C but the result is still true over more general base fields.

Lemma 1.3.2. We have:

(1) Ewvery Poisson ideal of T is generated by its intersection with Zp(T).

(2) Set S:={ae€Z"|bla,—)=0}. Then:
Zp(T)=K[X* | aef].
We give a proof of this result since it only appears in the literature over the field C.
Proof. We start by proving assertion (2). It is clear from equation (1.6) that:
KX | ae S] C Zp(T).

Reciprocally, let f € Zp(T) and write f = ) yn ao X®, where the scalars a, are almost

all zero. Then for all g € Z™ we have:

0={X"f} =" aub(B,a)X**7,

aEZLm™

and since the monomials X®t# are linearly independent we have b(B,a) = 0 as long as
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aq 7# 0. Therefore:

f= ZaaXo‘ e KXY | a€s].
ags

Thus we obtain Zp(T) = K[X“ | a € S] and assertion (2) is shown.

We now prove assertion (1). First notice that from assertion (2) we easily deduce that

T is a free Zp(T)-module with basis {X7 | v € I'} for a transversal I of S in Z".

Let P be a Poisson ideal of T'. For f € P we can write f = Zf\il fiX"i, with f; € Zp(T)
and v; € I' for all 1 <4 < N and N minimal. We will show by induction on N that if
Zi]\il fiX7i e P, with f; € Zp(T)\ {0} and v; € T for all 1 <1i < N, then f; € P for all
1 << N.

For N =1 the result is trivial since X7 is invertible. We now suppose that the result
is true for N — 1 and we will show that it is still true for N. Let f = Zf\;l fiX7% e P,
with f; € Zp(T)\ {0} and 7; € T for all 1 < i < N. Since P is a Poisson ideal, for all
« € Z" we have:
N
{Xaa f}X_a = Zflb(OZ?’VZ)X% €P.
i=1
Thus for all a € Z™ we have {X¢, f} X~ — b(a,yn)f € P, i.e.:
N-1
> filb(e, %) = blo, ) X" € P.

i=1

Since T' is a transversal, we have v; — yn ¢ S. Thus there exists a € Z" such that
b(c,v1) —b(a,yn) # 0. But then by the induction hypothesis we obtain that fi(b(«, ;) —
b(a,yn)) € P, ie. fi € P. Therefore we have:

N
f=hX" =) fiX"eP
=2

with f; € Zp(T) \ {0} and ~; € T for all 2 < i < N. Thus by induction hypothesis we

obtain f; € P for all 2 < ¢ < N. This conclude the induction.

We just have shown that P C T'(Zp(T) N P). The reverse inclusion is trivial, and we

conclude that P is generated by its intersection with Zp(T). O
In particular these lemmas show that if Z(7) (resp. Zp(T')) is trivial, then T (resp.
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T') is simple (resp. Poisson simple).
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Chapter 2

The characteristic-free Poisson

deleting derivation homomorphism

The aim of this chapter is to extend the Poisson deleting derivation homomorphism defined
in characteristic 0 in [18] to the prime characteristic case. We first introduce the notion of
higher Poisson derivation in Section 2.1. We use these higher Poisson derivations to over-
come the characteristic problem, and thus define the characteristic-free Poisson deleting
derivation homomorphism in Section 2.2. Section 2.3 is concerned with the compatibil-
ity of the characteristic-free Poisson deleting derivation homomorphism and the action of
a torus acting rationally by Poisson automorphisms on the Poisson-Ore extension under
consideration. This will be used later to prove the quadratic Poisson Gel’fand-Kirillov

problem for torus-invariant prime factors of certain iterated Poisson-Ore extensions.

2.1 Higher Poisson derivation

The main tool to build Poisson birational isomorphisms between (certain) iterated Poisson-
Ore extensions and Poisson affine spaces is the existence of higher derivations which are
compatible with Poisson brackets. We define those higher derivations and give some of
their properties. Higher derivations, also called Hasse-Schmidt derivations, have been

previously studied in particular for their links with field extensions, see [38] or [39].
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2.1.1 Definition and first properties

Definition 2.1.1. Let A be a Poisson K-algebra, o € Derp(A) and n € K.
(1) A higher derivation on A is a sequence of K-linear maps (D;) := (D;){2, such that:
n
Dy =idy and D, (ab) = > D;(a)D,_;(b) for all a,b € A and all n > 0. (A1)
1=0

In particular D; is a derivation of A. Therefore we say that 6 € Der(A) extends to a
higher derivation if there exists a higher derivation (D;) on A such that D; =4§. A
higher derivation is iterative if D;D; = (’tj )Diﬂ for all 7, 7 > 0, and locally nilpotent

if for all a € A there exists n, > 0 such that D;(a) = 0 for all i > n,.

(2) A higher derivation (D;) is a higher a-skew Poisson derivation if for all a,b € A and

all n > 0:

Du({a,b}) = 3 [{Di(a), Dui(8)) +i(a(Dn (@) Di(b) ~ Dila)a(Dai(b)))]. (A2)

i=0
(3) A higher a-skew Poisson derivation is a higher (n, «)-skew Poisson derivation if for

all i > 0:

Dia = aD; + inD;. (A3)

(4) We say that the derivation ¢ of a Poisson-Ore extension A[X;«,d]|p extends to a
higher (n, «)-skew Poisson derivation if there exists a higher (n, a)-skew Poisson

derivation (D;) on A such that D; = 4.

Note that if A is finitely generated, say by ai,...,ax, a higher derivation (D;) is
uniquely determined by the D;(a;) for all 1 < j < k and all i > 0 thanks to Axiom (Al).

Remark 2.1.2. Let A be a K-algebra and § € Der(A) which extends into an iterative higher
derivation (D;). By induction we obtain 6" = D} = n!D,, for all n > 0. Therefore we

have the following:

(1) In characteristic 0, the only iterative higher derivation (D;) on A such that D; = §

is given by:
571

D, =
n!

for all n > 0. This iterative higher derivation is called the canonical higher derivation

associated to §. Note that (D;) is locally nilpotent if § is locally nilpotent.
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(2) In characteristic p > 0 we have D} = 0 and obtain no information on D, that way.
One can show that the higher derivation (D;) is uniquely determined by the D, for
k > 0. More precisely for n = >/ nip”® the p-adic decomposition of n we have:

nolnl! st nm!

See [38, Section III], the result for fields being trivially adapted for K-algebras. In

particular, we have D; = % for all for i < p.

Ezample 2.1.3. Suppose K is of characteristic zero. Let R = A[X; «, d]p be a Poisson-Ore
extension where A is a Poisson K-algebra. If there exists n € K* such that da = ad + nd
then it follows from [18, Lemma 3.6] (with s = —n) that:

"({a,b}) = > <7> ({6"(a), ™ ()} + md(a)ad™(b) — 16'(a)d™ (D))

l+m=n

for all a,b € A and all n > 0. From this it is easily shown that the canonical higher
derivation (%) is an iterative higher (7, «)-skew Poisson derivation. The examples given
in [18] provide a large family of a-derivations ¢ satisfying da = ad + nd for some scalar

n € K*, which extend to higher (7, a)-skew Poisson derivations.

Ezample 2.1.4. Let A :=K[X] and ¢ := 0x € Der(A). By setting:

X =0,
D;(X) = 1 =1,
0 ¢>1,

we define an iterative higher derivation on A extending §. For all ¢, k > 0 we can compute:

(Y x*=1 k>,
0 k< 1.

Di(X*) = (2.1)

Note that in characteristic zero the sequence (D;) and (%) coincide. From (2.1) we see
that (D;) is locally nilpotent. We now form the Poisson-Ore extension B := A[Y;a, d]p,
where o := X0x € Derp(A) (note that A is Poisson abelian). The higher derivation (D;)
satisfies Axioms (A2) and (A3) of Definition 2.1.1 for n = 1 and « previously defined.
Therefore ¢ extends to an iterative, locally niplotent higher (1, «)-skew Poisson derivation

on A.
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We conclude this section by two technical lemmas.

Lemma 2.1.5. Let A be a Poisson K-algebra, let B C A be a Poisson subalgebra generated,
as an algebra, by a finite set {b1,...,by}. Let (D;) be a higher derivation on A. If
D;(b;j) € B for alli >0 and all 1 < j <k, then Dy(B) C B and D,({B,B}) C B for all

n > 0.

Proof. We proceed by induction on the length of the monomials in the generators. For
monomials of length one we have D,,(b;) € B for all n,j > 0 by hypothesis. Let T" be a
monomial of a given length and b a generator. Suppose that D, (T) € B for all n > 0.
Then
n
Dp(Tb) = > Di(T)Dn_i(b) € B
i=0

by the induction hypothesis. This conclude the induction. Since {B, B} C B we have
D,({B,B}) C B. O

Lemma 2.1.6. Let A be a Poisson K-algebra generated, as an algebra, by a finite set
{a1,...,ax}, and let (D;) be a higher derivation on A. If (D;) is locally nilpotent on a;
for all 1 < j <k, then (D;) is locally nilpotent on A.

Proof. As in Lemma 2.1.5 we do an induction on the length of the monomials. If the
length of a monomial is 1, the hypothesis gives the result. Suppose by induction that (D;)
is locally nilpotent on a monomial 7. Then there exists p > 0 such that D;(T") = 0 for all
i > p. Fix a generator a; of A. By hypothesis there exists ¢ > 0 such that D;(a;) = 0 for

all ¢ > q. Thus we have:

Dy(Ta;) =Y Di(T)Dyi(a;) =0
1=0

for all n > p+ g, i.e. (D;) is locally nilpotent on Ta;. O

2.1.2 Higher derivation and localisation

The following proposition gives a criterion for a sequence of K-linear maps to be a higher
(n, «)-skew Poisson derivation. This will be used later to extend a higher (7, a)-skew

Poisson derivation to certain localisations. For 5 € Derp(A), the Poisson bracket of A
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uniquely extends to a Poisson bracket on the formal power series algebra A[[X]] by setting
{X,a} = B(a)X. This Poisson algebra is denoted by A[[X;f]]p. The Poisson bracket of

two elements of A[[X;(]|p is given by:

O ax’ )y bxit=>" ( > ({ai b} + iaiB(b;) —jﬁ(ai)bj)>Xn7

i>0 §>0 n>0  it+j=n

where all the a;s and the bjs are in A. We remark that we have just extended by continuity
the Poisson bracket of A[X; 3]p to its completion A[[X]]. Note that the Poisson derivation
B of A extends to a Poisson derivation of A[[X;S]]p by setting B(X) = nX for any n € K

since:

BUX,a}) = (B%(a) +nB(a)) X = {B(X),a} + {X, B(a)}.

Proposition 2.1.7. Let (D;)2, be a sequence of K-linear maps on a Poisson K-algebra

A with Dy =ida, o € Derp(A) and n € K.

(a) (D) is a higher a-skew Poisson derivation on A if and only if the K-linear map
U A— A[[X;—a]lp given by a — > :2, Di(a)X" is a Poisson algebra homomor-
phism.

(b) Extend « to a Poisson deriwation on A[[X;—a]lp by setting a(X) = nX. Assume
that (D;) is a higher a-skew Poisson derivation. Then (D;) is a higher (n, a)-skew
Poisson derivation if and only if the diagram of Figure 2.1 is commutative.

A[[X; —allp =% A[[X; —a]lp
v v

A

A

«

Figure 2.1

Proof. (a) It is obvious that ¥ is a K-algebra homomorphism if and only if (D;) satisfies
Axiom (Al). Let a,b € A. We need to check that the equality ¥({a,b}) = {¥(a), V(b)}
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is equivalent to Axiom (A2):

{W(a), ¥(h)} = Z{D (b)X7}
= Z{D )}XH —iDj(a)aD; ()X + jaDi(a)D;(b) X
_Z<{D ;(6)} + jaDi(a)D;(b) — iDi(a)aD; (b)) X+
- Z% +Z (Di@), D;(0)} + iaD;(a) Di(b) — iDi(a)aD; (b)) X"

Since ¥({a,b}) = >, 50 Dn({a,b})X™ and {X™ | n > 0} is a basis of A[[X]], the equiva-

lence is shown.

(b) We show that Yo = a¥ is equivalent to Axiom (A3). Let a € A. Then we have:

a¥(a) = Z a(D;(a)X")

>0

=" aDi(a)X’ + Di(a)a(X?)
>0

=" (aDi(a) + inDy(a)) X",
>0

On the other hand, we have:

Hence Ya = oV if and only if (D;) satisfies Axiom (A3). O

Proposition 2.1.8. Let o € Derp(A), n € K and (D;) a higher (n,a)-skew Poisson
deriwation on a Poisson K-algebra A. Let S be a multiplicative set of reqular elements of

A. Then (D;) uniquely extends to a higher (0, a)-skew Poisson derivation on AS™1L.

Proof. A derivation 3 of A extends uniquely to AS~! by:
Blas™) = B(a)s™' —as™2p(s) fora € A and s € S. (2.2)

So we can uniquely extend o and D; to AS™!. Moreover if 3 € Derp(A) then after

extension 3 € Derp(AS—!). Now suppose that (D;) extends to a higher (7, a)-skew
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Poisson derivation on AS™!. For a € A and s € S, we apply D,, to the equation al~™! =
(as71)(s171) to get:

This implies:

thus proving uniqueness.

Let ¥ : A — A[[X; —a]]p be the K-linear map defined in Proposition 2.1.7 and let:
®: A[[X;—a]lp — ASTY[X; —o]]p

be the canonical embedding. Consider the map I' := ® o ¥ from A to AS™![[X;—a]]p
and note that I' is a K-algebra Poisson algebra homomorphism by Proposition 2.1.7, since
(D;) is a higher a-skew Poisson derivation on A. For all s € S, the constant term of
['(s) is a unit in AS~! and so I'(s) is a unit in AS7![[X; —a]]p. Hence I' extends to a
K-algebra homomorphism I : AS™! — AS™L[[X; —a]]p such that [V(as™!) = T'(a)T'(s) L.

A straightforward computation shows that I' is a Poisson algebra homomorphism.
We consider the diagram of Figure 2.2, where a has been extended to a Poisson deriva-
ASTY[X; —a]lp —— ASTY[X; —a]]p

I I

AS—! AS—!

o

Figure 2.2

tion of AS~![[X;—a]]p via (2.2) and a(X) = nX. Since I'(a) = ZiZO(Di(a)l_l)Xi, and
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(D;) is a higher (1, «)-skew Poisson derivation on A for all a € A we have:

al'(a) = Z a((Di(a)l_l)Xi)

>0

=> a(Di(a) 1™ X" + (Di(a)1 (X"

>0

= (aDi(a)1™" +inDji(a)1™ )X’
1>0

=> (Dia(a)1™ ) X" =Ta(a).

i>0

Since I' is a K-algebra homomorphism and « a K-derivation we have:

al“’(asil) = a(r(a)r(s)il)

=T"a(as™).

Thus the diagram of Figure 2.2 is commutative, as desired.

Define a sequence (D;) on AS~! such that D;(as™1) is the coefficient of X in I (as™!)
for all as™' € AS~!. Then, by Proposition 2.1.7, we conclude that this sequence is a

higher (7, a)-skew Poisson derivation on AS™! extending (D;) on A, as requested. O

2.2 Deleting derivation homomorphism

Let A[X;a,0]p be a Poisson-Ore extension, where A is a Poisson K-algebra and set S :=
{X™ | n > 0}. The set S is a multiplicative set (of regular elements) and we denote
by A[X*';a,d]p the localisation S _I(A[X ;0] p). Poisson brackets extend uniquely by
localisation, so A[X*!; a, §]p is also a Poisson algebra, called Poisson-Ore Laurent algebra.

Suppose that the derivation 0 extends to an iterative locally nilpotent higher (7, a)-skew
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Poisson derivation (D;) with n € K*. We define a map 6 : A — A[X*!; o, §]p by setting:

1 .
0(a) =) —Di(a)X " forallac A
>0

Note that this sum is finite since (D;) is locally nilpotent.

Proposition 2.2.1. The K-linear map 0 : A — A[X*';a,6]p is a Poisson algebra homo-

morphism and satisfies the following identity:
{X,0(a)} = 0(a(a)) X for all a € A.

Proof. 6 is an algebra homomorphism because (D;) satisfies Axiom (Al). Let us show

that 6 respects the Poisson bracket using Axiom (A2) and the iterativity of (D;).

(b)} = Z{ D;( 1D b) X7}
4,720

=2 ({D D;(b)}X
j>0

D;(){Dia), X7}X " + Difa){X ", D; (1)} X 7)

— Z ) ({D D;(b)}X "7 + jD;(b)(aDi(a)X + D1 D;(a)) X 771
1j>0

—iDj(a) (aD; ()X + D1 D;(1) X7

- Z H—]( i(a), D;j(b)} + jaD;(a)D;(b) — iDj(a )OéDj(b))X*i*j

7J>0
+ 2 ] (JD )D1D;(a) — iDi(a)Dle(b))X—i—j—l
>0
=y H—]( D;(b)} +iaD;(a)Di(b) — iDi(a )aDj(b)>X,i,j
>0 !
+ Z niti ( i+ 1)D;(b)Dit1(a) —i(j + 1)Di(a)Dj+1(b)>X—i—j—1
,J>O
= Z > ({D i(b)} + i(aD;(a)D;(b) —Di(a)aDj(b)))X—t
t>0 z+J t
- Z J+l 7 D;(0)Di(a )Xt~ Z %D( )Dy(b) X~ F
]l>1 i1 n
= Z —Di({a,b})X
t>0
= 0({a,b}).
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Finally we use Axiom (A3) and the iterativity of (D;) to show that {X,0(a)} =
(a(a))X. Indeed, we have:

(X.0@) = 3 —{X. D)X~
>0
;Z.(oz(Di(a))X + DiDj(a)) X"

Il
1M
o

I
|
Q

(Dif@) X1+ ;< 1) Dy (@)X
>0

a(Di(a)) X 43 %z’Di(a)X_i“
i>1

(a(Di(a)) + inD;(a)) X "

N
o
=

v
=

I |
M 'EM S

%
(en)
Im 2

D;(afa)) X!

Il
M ‘

v
(e}

I
>
—

Q
—

S
~—
~—r

We are now ready to state the main result of this section.

Theorem 2.2.2. Let A[X;a,0]p be a Poisson-Ore extension, where A is a Poisson K-
algebra. Suppose that ¢ extends to an iterative, locally nilpotent higher (n, «)-skew Poisson
derivation (D;) on A with n € K*. Then the algebra homomorphism 6 : A — A[X*1]
defined by:

b(a) =3 ~Difa) X~

i>0

uniquely extends to a Poisson K-algebra isomorphism:
0: A[Y*a]p — A[XE:a,6]p
by setting 6(Y) = X.

Proof. Clearly @ extends uniquely to a K-algebra homomorphism from A[Y*!] to A[X*!]
by setting 6(Y) = X. In view of Proposition 2.2.1 we know that 6({a,b}) = {6(a),0(b)}
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for all a,b € A. Moreover, for all a € A we have:

0({Y,a}) = 0(a(a)Y) = 0(a(a))0(Y) = 0(a(a)) X = {X,0(a)} = {0(Y).0(a)}.

Thus 6 is a Poisson algebra homomorphism from A[Y*!;a]p to A[X*!;a,d]p.

To conclude we show that € is bijective. First, let f € A[Y*!] be a nonzero Laurent
polynomial. We can write f = ", a;Y*, where I, m are two integers with [ < m, and

a; € Afor all i € {l,...,m} with a,, # 0. Observing that:

0(a:Y") =) Dk(az)X’ F— X'+ Z — Dy(a;) Xk
k>0 77 k>1 77

for all 4, we can write 0(f) = a, X™ + > Lb; X, for some j < m and where b; € A for
all j <i < m. Thus 6(f) # 0, and F is injective.

For the surjectivity, we already have (Y *!) = X*! so we just need to check that
A C Im(0). Let a € A. Since (D;) is locally nilpotent, there exists [ > 0 such that
Di(a) = 0. If I < 1, we have #(a) = a and so a € Im(f). Assume [ > 1 and write
f(a) = a+zﬁ ]IL IZD (a)X . Since D;_;D;(a) = (ﬁ)Dl(a) =0fori=1,...,0l—1, we have
Di(a) € Im(0) for alli =1,...,1 —1 (we proceed by induction on /). Thus #(a) — a is in

the image of # and so does a. Thus 6 is surjective. O
We set B := A[X;a,d]p and S := {X? | i > 0} so that we have BS~! = A[X*!; a, 6] p.
We deduce immediately the following result.
Corollary 2.2.3. BS™! contains a Poisson subalgebra B’ isomorphic to A[Y;alp, and
we have B'S™' = BS~'. In particular we have:
Frac (A[X;a,d8]p) = Frac (B') = Frac (A[Y;o]p).

Proof. Take B’ := 6(A[Y; a]p). O

When char K = 0, Remark 2.1.2 and Example 2.1.3 show that Theorem 2.2.2 is [18,
Theorem 3.7].

Ezample 2.2.4. Recall from Example 2.1.4 the Poisson-Ore extension B := K[X]|[Y; «, d]p,
where a := XJx and 6 = Jx so that we have {Y, X} = XY +1. Recall that the derivation
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0 extends to an iterative, locally nilpotent higher (1, «)-skew Poisson derivation on K[X]

given by:
X =0
Di(X)=<1 i=1
0 ¢>1.

Therefore we can apply Theorem 2.2.2 to B, and we have a Poisson algebra isomorphism:
K[X][Z*5 a)p 2 K[X][YEL, o, 8] p

sending Z to Y. And so, by Corollary 2.2.3, there is inside K[X][Y*!, o, §]p a Poisson
subalgebra isomorphic to the Poisson affine plane K[X][Z;a]lp = Kx[X, Z], where A €
M, (K) is the skew-symmetric matrix such that A1 = —1. This is the algebra 6 (K[X, Z]) =
K[X',Y], where X’ := 6(X) = X + Y. In this case it is easy to verify that:

VX 1={V,X}=XY+1=Y(X+Y ) =YX"

We conclude by saying that Frac B = K(U, V') with {U,V} = -UV.

2.3 Case where a torus acts rationally: H-equivariance of

the deleting derivation homomorphism

Let A be a finitely generated Poisson K-algebra. By an (algebraic) torus we mean a
group of the form (K*)" for some r > 0. Suppose that a torus H is acting by Poisson K-
algebra automorphisms on a Poisson-Ore extension B := A[X; a, §]p such that H(A) = A.
This means that there is a group homomorphism ¢ from H to the group of Poisson
automorphisms of B (an automorphism o of B is a Poisson automorphism is we have
o({a,b}) = {o(a),o(b)} for all a,b € B). For h € H we set h(a) := ¢(h)(a) for all a € B.
We suppose that the indeterminate X is an H-eigenvector, that is for all h € H there
exists u € K such that h(X) = uX (note that  # 0 since h is an automorphism). Finally

we assume that H commutes with the derivation «.

We show that under these assumptions the torus H is also acting by Poisson automor-
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phism on the Poisson-Ore extension A[Y;«a]p. Let h € H and set h(X) = pX for a scalar

pu € K*. Then H is also acting by automorphisms on A[Y;a]p via:

n n
h( Z aiYi) = Z h(a;) 'Y
1=0 =0

for all h € H. Note that h(Y) = pY. Moreover this action respects the Poisson bracket

of A[Y; a]p since:

h({Y,a}) = h(a(a)Y) = h(a(a)h(Y) = pa(h(a)Y = p{Y, h(a)} = {h(Y), h(a)}.

These H-actions extend uniquely by localisation to A[X*'; a, d]p and A[Y*!; a]p since
X and Y are H-eigenvectors. With a desire of clarity, we sometimes distinguish between
the actions of h € H on A[X*';q,6]p and A[Y*!;a]p by using subscripts: hx and hy.
The following lemma gives conditions under which these actions commute with the deleting

derivation homomorphism 6 defined at the beginning of Section 2.2.

Lemma 2.3.1. Suppose that 6 extends to a higher (n, a)-skew Poisson derivation (D;) on
A with n € K*. We denote by {ai,...,a;} a set of generators of A. If for all n > 0 and

all 1 <1 <[ we have:

h(Dn(ai)) = M”Dn(h(ai))
then hx0 = Ohy, that is the diagram of Figure 2.3 is commutative.

hx

A[Xil;a76]P A[Xil;av(s]P
; ] ]9
+1 +1.
A[Y a]P hy A[Y 706]]3
Figure 2.3

Proof. For all 1 <i <[ we have:

i (6(60)) = 3 e (Dylas) (X
k>0

1
= Z —kuka (hy(al)) ,ukaik
k>0
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= G(hy(a,-)),
since hx(a) = h(a) = hy(a) € A for all a € A. We conclude by noting that:
hx (0(Y)) = hx(X) = pX = pf(Y) = 0(uY) = 0(hy (Y)).

O

Ezample 2.3.2. Recall the Poisson-Ore extension B := A[Y;a,d]p, where A := K[X],
a := X0x and ¢ := Jx extends to an iterative, locally nilpotent higher (1, «)-skew Poisson

derivation (D;) on A given by:

X 1=0
Di(X) = 1 =1
0 2>1.

The torus H = K* acts rationally by Poisson algebra automorphisms on B via h(X) = hX
and h(Y) = h71Y for all h € H. It is clear that H also acts rationally by Poisson algebra
automorphisms on A[Y;alp via the same rule. Fix h € H. The corresponding eigenvalue
for Y is p := h~'. Therefore the assumptions of Lemma 2.3.1 are satisfies since for all

1 > 0 we have:

One can check that indeed h and 6 commute.

h(O(X)) = (X +Y 1) =hX + (h7'Y) " = hX + hY L = (h(X)).

In the next chapter we will see how the material developed in this chapter can be
used to understand the structure of the field of fractions of certain iterated Poisson-Ore

extensions.
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Chapter 3

A quadratic Poisson

Gel’fand-Kirillov problem

A Poisson algebra (which is a domain) satisfies the quadratic Poisson Gel’fand-Kirillov
problem if its field of fractions is isomorphic to the field of fractions of a Poisson affine
space, see Section 3.1 for more details. In this chapter we give a positive answer to
the quadratic Poisson Gel'fand-Kirillov problem for Poisson algebras satisfying suitable
conditions (see Section 3.3) and some of their quotients (see Section 3.4). This is achieved
through repeated use of the characteristic-free Poisson deleting derivation homomorphism
constructed in the previous chapter. In Section 3.2 we give some preliminary results which
show that, after deleting the last derivation in an iterated Poisson-Ore extension, moving
the last variable in first position does not affect the existence and properties of the needed
higher Poisson derivations corresponding to the other variables. This is crucial as it allows
for inductive use of the characteristic-free Poisson deleting derivation homomorphism in
order to prove the main result of Section 3.2, namely Theorem 3.3.1. This theorem shows
that, under suitable assumptions, there is a Poisson algebra isomorphism between the field
of fractions of an iterated Poisson-Ore extension and a Poisson affine space, i.e. the iterated
Poisson-Ore extension under consideration satisfies the quadratic Poisson Gel’fand-Kirillov

problem.

Concerning Poisson prime factors of an iterated Poisson-Ore extension A, Theorem
3.3.1 tells us that they satisfy the quadratic Poisson Gel’fand-Kirillov problem if the cor-

responding Poisson prime factors of the Poisson affine space B do (assertion (2) of Theorem
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3.3.1). In characteristic zero, a Poisson prime factor of a Poisson affine space is always
Poisson birationally equivalent to a Poisson affine space over a purely transcendental ex-
tension of the base field, see [18, Theorem 3.3]. However in prime characteristic this is not
clear anymore, and we restrict ourselves to the Poisson prime ideals which are also invari-
ant under the action of a torus H. In Section 3.4.2 we show that, under mild hypotheses,
there are actually only finitely many H-invariant Poisson prime ideals in a Poisson affine
space. Moreover, we explicitly describe all these ideals. As a consequence, the correspond-
ing quotient algebras of B satisfy the quadratic Poisson Gel’fand-Kirillov problem, and so
we conclude from Theorem 3.3.1 that all H-invariant Poisson prime quotients of A satisfy

the quadratic Poisson Gel’fand-Kirillov problem.

3.1 The Quadratic Poisson Gel’fand-Kirillov problem

The quadratic Poisson Gel’fand-Kirillov problem is a problem of birational equivalence for
polynomial Poisson algebras. It is a Poisson analogue of the quantum Gel’fand-Kirillov

Conjecture.

We say that a Poisson K-algebra A which is a domain satisfies the quadratic Poisson

Gel’fand-Kirillov problem if there exists a Poisson K-algebra isomorphism:
Frac A = Kx(X1,...,Xn),

for an integer n > 1 and a skew-symmetric matriz X € M, (K).

Recall that Kx(X1,...,X,) denotes the field of fractions of the Poisson affine n-space
Ka[X1,...,X,] (see (3) in Examples 1.1.3).

Remark 3.1.1. Tt is possible to relax the requirement in the problem set up above (as
n [18]) by allowing the Poisson K-algebra isomorphism to hold between Frac A and a
Poisson affine field L, (X1, ..., X;) for some field extension K C L (an integer ¢ > 1, and a
skew-symmetric matrix g € M;(K)). This version is used in [18] to include Poisson prime
quotients of Poisson affine spaces (essentially to take into account that some indeterminates
can become Poisson central in the quotient). It is also worthwhile noting that in this

version the matrix g must take its coefficients in K and not in L.

44



3.2

Preliminaries

In order to extend the results of the previous chapter to iterated Poisson-Ore extensions, we

need to know the behaviour of a higher Poisson derivation when reordering the variables.

This is the objective of the next two lemmas.

Lemma 3.2.1. Let A be a Poisson K-algebra and R = A[X; a, §]p[Y*; B]p be an iterated
Poisson-Ore extension, where f(A) C A and S(X) = AX for A € K.

Then R = AlY*Y Bp[X; o, 0| p, where B = Bla, &/|a=a, §|a =09, (V) =-\Y
and §'(Y) = 0.

If b = ad +n6 in A, then §'a’ = /8’ +nd' in A[Y*EL; B]p.

Suppose further that § extends to a higher (n, «)-skew Poisson derivation (D;) on A
and that BD; = D;B + i\D; for all i > 0. Then &' extends to a higher (n,a/)-skew
Poisson derivation (D)) on A[Y*; B]p such that the restriction of D} to A coincides

)

with D; for alli >0, and D)(Y) =0 for all i > 0.
Keeping the assumptions of (3) above, we have:

(a) If (D;) is iterative, then (D)) is iterative.

7

(b) If (D;) is locally nilpotent, then (D)) is locally nilpotent.

7

Proof. (1) Since f(A) C A and {X,Y} = —AXY we can switch the variables X and Y in

the expression of R as a Poisson-Ore extension over A. The new maps we get are those

described in (1).

(2) We only check the equality on a monomial aY? € A[Y*!] since the derivations involved

are K-linear.

8/ (aY?) = 8'(c (a)Y' 4 ad/ (YY)
= §'(d/(a)Y") + &' (—iraY™)
=8/ (a)Y?) — X&' (a)Y' + 0" (Y)a)
= (6aa) — iX6(a))Y"
= (ad(a) +nd(a) — ird(a))Y"

= (/8 + nd')(aY™).
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(3) Define a sequence of K-linear maps D/ : A[Y*L; 8'|p — A[Y*L; 8']p for all i > 0 by

Dg( 3 ajyﬂ') = 3 Dy(ay)Y?.

j=—m j=—m

We check that (D!) is a higher (1, a’)-skew Poisson derivation on A[Y*!; 3']p satisfying
all conditions of (3). First, it is clear that D}(a) = D;(a) for all a € A. Moreover
Di(Y) = D;(1)Y =0 for i > 0 and D} = id on A[Y*!; 8']p. The following computation
shows that ¢’ extends to (D}):

m m m m

Dll( ) anj> =Y Di@)Y?= ) 6(a)Y’ :5/( 2. ajyj)

j=—m j=—m j=—m j=—m

It just remains to establish Axioms (A1), (A2) and (A3) of Definition 2.1.1 on mono-
mials of A[Y*!] (since the Poisson bracket is K-bilinear and the D/ and the D; are K-linear

maps).

First, for all a,b € A and all i,j € Z:

D, ((aY")(bY7)) = Dy(ab)Y't?

Hence Axiom (A1) is proved. Next

D, ({aY",0Y7}) = D} [({a, b} + B (b)a — ' (a)b) Y]
= [Dn({a,b}) +iDyn(B(b)a) — iDn(B(a)b)] Y+

Z [{Dk i (D)} + k(aDy_g(a) Di(b) — Dk(a)aDn_k(b))} yiti
+1 Z D,,—1(a) Dy B(b)Y"H

—J Z Dy (b)DyB(a)Y,

k=0
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whereas

S {Dj(aY?), D}y (5Y7)} + k(o' D} _4(aY ") Dy(5Y7) — Dy(aY*)o' D), _1(bY7))

k=0
=3 ({Dkl@), Do 4(0)} + iDx(@)' Dy 4(8) = j5' Dila) Do (1) )Y+
k=0
+ ) " kDy(b) (D (a)Y" + Dy_p(a)e/ (Y)Y
k=0

ka:(a) (aDn—k(b)Y] + Dn—k(b)a/(yj))yz

[l
/N =~
i M:
o

{Di(a), Dp_p(b)} + iDy(a)BDp_p(b) — jﬁpk(a)pn_k(b))yiﬂ

i
[e)

NE

+ Y kD (b) (aDy—k(a) — iADy_g(a)) Y

b
Il
o

NE

kDg(a)(aDp—g(b) — jAD,_(b)) Y

i
o

n

{Dk(a), Do (0)} + k(aDy (@) Dy(b) — Di(a)aDy_4(b)) )Y+

Eon
o

n

+i Y Dp(a)BDn—i(B)Y™ —iX> " kDp_p(a) Dy(b)Y'™
k=0 k=0
—J ZDn k() (BDx(a) = kADg(a)) Y™+
-y ({Dk #(0)} + k(aDy_y(a) Dy (b) — Dk(a)apn,k(b)))yiﬂ'

k=

+iY  Dy_p(a)(BDg(b) — kAD(b)) Y™

[e=]

— 3> Dni(b)(BDg(a) — kADy(a)) Y.

(In the last step of this computation we used a change of variable &’ = n — k in the second
sum). Since Dy — AkDy = Dy for all kK > 0, Axiom (A2) is established. And finally, we
get Axiom (A3) by computing:

(o' Dj + inDj)(aY"!) = o/ (Di(a)Y") + inDi(a)Y'
= (aDji(a) — ND;(a) + inD;(a))Y"

= (D;afa) — )\lD,-(a))Yl
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forall?>0and !l € Z.

(4a) If (D;) is iterative on A, then
1+ 1+
DD (ar") = DiDs @) = DDy = (T )iyt = () ot ar)

for all a € A, | € Z and i,j > 0. Hence (DY) is iterative on A[Y*!; 5] p.

(4b) Suppose that (D;) is locally nilpotent on A. Using Lemma 2.1.6 we only need to check
that (D!) is locally nilpotent on a set of generators of A[Y*!]. We take AU {Y*!}. For
all @ € A and ¢ > 0 we have Dj(a) = D;(a), so that (D})"(a) = 0 for n >> 0. Moreover
D!(Y) = 0 (which implies Di(Y ') = 0) for all i > 0. The result is shown. O

Lemma 3.2.1 can be generalised as follows.

Lemma 3.2.2. Let A be a Poisson K-algebra and set:
R:= A[Xy;01,01]p - [Xn; an, 6n] p[Y 5 Bl p,

where B(A) C A and B(X;) = N X; with \; € K for all 1 < i <n. We also set Ry := A
and Rj = A[Xl;a1,51]p e [Xj;ozj,éj]p fO?“j = 1, R %

1) Then R = A[Y*TL: 3p[X1;¢),8,]p- - [ Xn;: ), 0" 1p, where ' = B|a, &|r = i,
11 AR

n»-n

6ilr; = 0i, i (Y) = =NY and 6j(Y) =0 foralli=1,...,n and j =0,...,i—1.

2) Set R := A[Y*L 8p[X1: 04,8 ]p---[Xi; o, 6] p and Ry = A[Y*L 8'|p. For all i,
j 1,01

Jr =g g
if dicii = ;i + ;i on R;_1, then .ol = oo +n;id. on R._,.

(3) Suppose that each 0; extends to a higher (n;, o;)-skew Poisson derivation (Dj )32,
and that BD;, = D; 1B+ kXD on Ri—1 for alli and k. Then each 0, extends to a
higher (1;, a;)-skew Poisson derivation (Dj ;)32 on Ri_;, where Dj, coincides with

Diy on Rj, for j <i, and D;,(Y) =0 for k > 0.
(4) Keeping the assumptions of (3) above, we have:
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a) If (D; ;)2 is iterative, then (D’ ,)%°  is iterative.
o/ k=0 i,k/ k=0

b) If (D; 1), is locally nilpotent, then (D’ ;)% . is locally nilpotent.
) k=0 ik k=0

Proof. We prove all the results together using induction on n, based on Lemma 3.2.1.
When n = 1 the result is exactly Lemma 3.2.1. Suppose that the assertions (1), (2), (3)
and (4) are true for the rank n — 1. We apply Lemma 3.2.1 to the iterated Poisson-Ore
extension R = R, _1[Xp; an, 0, p[Y T B]p. By assertion (1) of Lemma 3.2.1 we obtain
that:

R = Ry [Y™; 8] p[ X, 53] p,

where 5* = B|Rr, ., @R, . = Qn, 65 |R, , = 0n, @ (Y) = =\ Y and 65 (Y) = 0. Moreover
by assertion (2) of Lemma 3.2.1 we have 6}, = 0% 41,6 on R, _1[Y*; 3*]p. Assertion
(3) of Lemma 3.2.1 shows that the derivation ¢ extends to a higher (7, o )-skew Poisson
derivation (DZ,k);é”;o on R, 1[Y*!;3*]p, where D;;k coincides with D,,  on R,_1, and
D} (Y) =0 for all kK > 0. Finally (Dy, ;) is iterative (resp. locally nilpotent) if (D, )
is iterative (resp. locally nilpotent) by assertion (4) of Lemma 3.2.1. The lemma then

follows from the induction hypothesis. O

3.3 A positive answer to Quadratic Poisson Gel’fand-Kirillov

problem

The theorem below gives conditions under which (a quotient of ) a suitable iterated Poisson-
Ore extension is Poisson birationally equivalent to (a quotient of) a Poisson affine space.
Recall that a Poisson prime ideal P of a Poisson algebra A is a prime ideal which is also a
Poisson ideal, i.e. such that {a,u} € P for all a € A and u € P. Suppose that K is infinite.
Let B be a Poisson K-algebra supporting a torus H-action by Poisson automorphisms. An
ideal I of B is said H -invariant if H(I) = I. The torus action is said rational if the action
is semisimple (B is the direct sum of its eigenspaces) and the corresponding characters are

all rational, see [6, Theorem I1.2.7] and Section 3.4.1.

Theorem 3.3.1. Let A = K[X1]|[X2; a2, 02]p - [Xn; an, 0n]p be an iterated Poisson-Ore

extension such that each derivation §; extends to an iterative, locally nilpotent higher
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(03, cvi)-skew Poisson derivation (D; )32, with n; € K* on:
Ao = K[X1][X2;09,0)p - [Xi—1;04-1,6i-1] p-

Suppose furthermore that for all 1 < j < i < n there exists \jj € K such that o;(X;) =
Nij X, and a; D, = Dj oy + kXijDjy for all k > 0. Let X = (\ij) be the skew-symmetric

matriz in M, (K) whose coefficients below the diagonal are the above scalars. Then:
(1) There exists a Poisson algebra isomorphism between Frac A and Kx(Y1,...,Y,).

(2) For any Poisson prime ideal P in A, there exists a Poisson prime ideal Q in the
Poisson affine space B = Kx[Y1,...,Y,] such that the fields Frac A/ P and Frac B/Q

are isomorphic as Poisson algebras.

(3) Assume that the torus H = (K*)" is acting rationally by Poisson automorphisms
on A such that each X; is an H-eigenvector, and B is endowed with the induced H -
action (for allh € H and all 1 < i < n there exists p; € K* such that h(X;) = ;i X;;
then the action of h on the generatorY; of B is given by h(Y;) = u;Y;). Moreover we
suppose that h(Di,k(Xj)) = ufDi,k (h(Xj)) foralll1<j<i<nandk>0. Then,
for any H-invariant Poisson prime ideal P in A, there exists an H-invariant Poisson
prime ideal Q in B = Kx[Y1,...,Y,] such that the fields Frac A/P and Frac B/Q

are isomorphic as Poisson algebras.

Proof. We prove these results all together by three inductions: first on n, second on the
number d of indices ¢ for which d; # 0 and finally on the maximum index ¢ for which d; # 0

(this last induction being downward). If d = 0 then set ¢ :=n + 1.

If n =1o0rt=n+1 the result is shown. Indeed if n = 1, Frac (K[X]) = K(X) and
if t =n+1, then d =0 and A = K[X ][ X2;a2]p- - [Xn;an]p = Ka[X1,..., Xy] = B. So

we can assume that n > 2 and ¢t < n.

Let P be a Poisson prime ideal in A. Assertion (1) is satisfied when P = @ = 0 in (2).
Assertions (2) and (3) are shown simultaneously. The proof splits in three cases: first if
X, € P, next if X,, ¢ P and ¢t = n, and finally if X,, ¢ P and ¢ < n; each case will be
solved by a different induction. Note that, for all 1 < i < n, the H-actions on A and B
induce, by restriction, H-actions on the subalgebras A; and B; := Ky, [X1, ..., X;]|, where

A; is the upper left ¢ x i submatrix of A\. When P is an H-invariant ideal of A we also
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consider the induced action of H on A/P. These actions are all rational actions by Poisson

automorphisms, such that the generators of the algebras considered are H-eigenvectors.

First case: X, € P. Consider the Poisson algebra homomorphism ® : 4,, 1 — A/P
defined by ®(X;) = X; for all i < n. Since ® is surjective, there exists a Poisson prime
ideal P’ = ker(®) in A,_1 such that A/P = A,_1/P’. Moreover it is clear that P’ is H-
invariant if P is H-invariant since the diagram of Figure 3.1 is commutative for all h € H.

By the first induction (on n), there exists an (H-invariant if P is H-invariant) Poisson

A o A/P

h h

Ay g > A/P
Figure 3.1

prime ideal @’ in the algebra B,,_; such that Frac A,,_1 /P’ = Frac B,,—1/Q’. Observe that
Q = Q' + BY, is an (H-invariant if P is H-invariant) Poisson prime ideal in B such that
B,—1/Q = B/Q. Thus Frac A/P = Frac B/Q.

Second case: X, ¢ Pandt =n. So d, # 0. Set A" = A,_1[Y;a,|p. Since 6,
extends to an iterative, locally nilpotent higher (9, a,,)-skew Poisson derivation (D, 1)72
on A,_1, it follows from Proposition 2.2.2 that A, _1[X; ay, d,]p = A, 1[Y ' an]p and
so A[X,;1] 2 A'[Y~!. Thus there exists a Poisson prime ideal P’ = P[X, 1] N A’ in A’
such that Frac A/P = Frac A’/ P’, where P/ = 0 if P = 0. As in Section 2.3, the action of
H on A,_1 extends to A,_1[Y*!; a,]p by setting h(Y) = p,,Y (where p,, € K* is defined
by h(X,) = unX,). Then, if the ideal P is H-invariant, the ideal P’ is H-invariant since
the Poisson isomorphism A, _1[ X' o, 6nlp = An_1[Y T ] p commutes with all h € H
(choose {Xi,...,X,,—1} for a generating set of A,_1 and apply Lemma 2.3.1 with A,_;
as coefficient ring). Finally, the number of nonzero maps among 02, ...,0,—1 is d — 1, so

the induction step (on d) gives the result for Frac A’/ P’ and so for Frac A/P.

Third case: X, ¢ P and t < n. Thus 6, = 0. By Lemma 3.2.2 we can write A[X,,!]

in the form:

AX M = KIX][XY o | p[Xos o, 85]p -+ [Xn—15 01, 01,4 ] P,

n
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where o}(X;) = X\;X; for j < i and j = n, and each ¢, extends to an iterative, locally

nilpotent higher (7;, a})-skew Poisson derivation (Dj ;)72 on:
i1 = KX][X an]p[Xas 0, 6l - [Xim1s 01, 6;_4]p.

It is clear that we have a;D’; = D’ o} + kXi; D}, and h(ng(Xj)) = ufD;k (h(X;)) for

all1<j<i<n,all k>0 and all h € H, since by Lemma 3.2.2 we have:

D; (X;) j<iandk>0,
k(X)) =4 X, j=nand k=0,
0 j=nand k> 1.

We can now use the induction hypothesis since the derivation ¢} is nonzero (; restricts to
d¢) and occurs in position ¢ + 1 in the list 0,0,05,...,0,,_;. And thus the induction on ¢

gives our conclusion. O

By Example 2.1.3, when char K = 0, the hypotheses of [18, Theorem 3.9] imply those
of our Theorem 3.3.1 (except Assertion (3)). Hence Assertions (1) and (2) of our Theorem

3.3.1 generalise [18, Theorem 3.9] to any characteristic.

3.4 Quadratic Poisson Gel’fand-Kirillov problem for quo-

tients by H-invariant Poisson prime ideals

Assertions (2) and (3) of Theorem 3.3.1 tell us that H-invariant Poisson prime factors of the
iterated Poisson-Ore extensions under consideration are Poisson birationally isomorphic
to H-invariant Poisson prime factors of Poisson affine spaces. In this section, we go one
step further and prove that these factor algebras satisfy the quadratic Poisson Gel’fand-
Kirillov problem under some mild assumptions on the torus action (Hypothesis 3.4.1) and

the base field K.

More precisely, set [1,n] := {1,...,n} and W := Z([1,n]), the set of subsets of [[1, n].
The key is to show that, under a suitable H-action, the only H-invariant Poisson prime
ideals of a Poisson affine space B = Ky, )[Y1,...,Yx] are the ideals J,, := (Y; | i € w),

where w € W. This is achieved in Section 3.4.2. As a consequence the H-invariant
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Poisson prime factors of B are again Poisson affine spaces over K, and therefore satisfy
the quadratic Poisson Gel’fand-Kirillov problem. We conclude from Theorem 3.3.1 that
H-invariant Poisson prime factors of the iterated Poisson-Ore extensions considered also

satisfy the quadratic Poisson Gel’fand-Kirillov problem.

From now on, we require that the field K is infinite.

3.4.1 Assumptions on the H-action

In this section we recall some classical facts on rational torus action and present the

hypotheses we need in the following section.

Let 7 > 0. Suppose that the torus H = (K*)" is acting rationally by Poisson auto-
morphisms on the iterated Poisson-Ore extension A = K[X1][X2; a2, 02]p - - [Xn; an, On]p
such that each X; is an H-eigenvector, and suppose that there exist scalars A;; for all
1 < j < i < nsuch that o;(X;) = A;;X;. The rational character group X(H) of H is

identified with the group Z" via the bijection:

7 — X(H)

z=(z1,... ) — ((hl,...,hr)n—>h”fl---h§r).

Since H is a torus, the rationality of the action means that A is the direct sum of
its H-eigenspaces, and the corresponding eigenvalues are rational characters of H (i.e.
they are homomorphisms of algebraic varieties (K*)" — K*), see [6, Theorem I1.2.7]. Fix
1 <i<n. Forall h € H we have h(X;) € KX; since X, is an eigenvector. Thus we obtain
amap f, from H to K* such that h(X;) = f,(h)X;. The map f, is called the character
or the H-eigenvalue associated to the eigenvector X;. Since the H-action is rational the

character L is rational, and L € Z" under the correspondence previously described. For

p= (1, ptr) €Z" and v = (v1,...,vp) € L7, we set (p|lv) == D7 pivi.

In the following we restrict our attention on Poisson algebras satisfying Hypothesis

3.4.1. In Section 4 we will present many examples of such algebras.
Hypothesis 3.4.1. For all 1 < i < n, there exists 7, € Z" such that:
o \jj = (lz’i]) forall 1 <j <73
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o pi:=(1,lf,) € K*.

Form the skew-symmetric matrix A € M, (K) whose coefficients below the diagonal
are the \;; and, as in Assertion 3 of Theorem 3.3.1, endow B = K,[Y1,...,Y,] with the
rational H-action by Poisson automorphisms induced by the H-action on A. Note that for

all 1 <1 < n, the indeterminate Y; is an H-eigenvector with associated character L ez,

3.4.2 H-invariant ideals in Poisson affine spaces

For w € W we set w := [[1,n]] \ w. Assume w # (). Recall that we set Jy, := (Y; | i € w).
We denote by S, the multiplicative set of B/J,, generated by the Y; + J,, for i € w, and
consider the algebra:

T = (B/Jy)S,

We set w = {l1,...,ls}, where 1 <} < -+ < Iy < nand s € {l,...,n}. For all
ie{l,...,s},set U;:=Y), + Jy and for all 1 < j <i < n, set )\;j := A\;1;- Then T is the
Poisson torus T' = K )\;j)[Ulil, ..., UF], where (A};) is the skew-symmetric matrix whose

coefficients under the diagonal are the scalars )\;j defined above.

Since the ideal J,, and the multiplicative set S,, are generated by H-eigenvectors, the
torus H is acting rationally by Poisson automorphisms on 7T and for all 1 < i < s the
indeterminate U; is an H-eigenvector with associated character u; := f, . Moreover for

all i € {1,...,s}, we set 7, = 7,, and p; = pi,- Thus we have \j; = (vi[u;) for all

1<j<i<sand p;=(ylu;) € K* forall 1 <i<s.

Lemma 3.4.2. Let (mq,...,ms) € Z°\ (0,...,0) and suppose that U := U™ ---Ul's
is a Poisson central element in T. Then there exists h € H such that h(U) = eU with
e e K\ {0,1}.

Proof. We can assume that mg is nonzero. Otherwise replace s by the largest ¢ such that
m; # 0 in the following. Start by noting that U € Z,(T") implies that 0 = {U, U} =
(Zi<s mi)‘;i)UUs’ Le. Zi<s ml)‘lsz =0.

Let i < s. Set v := (u1,...,pr) € Z". Thus we have X; = 37", yijv; with the
notation u; = (v1,...,v) € Z". Let ¢ € K* and set hs := (¢",...,¢") € H. Still
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identifying X (H) with Z", we have:

hs(U;) = w;(hs)U; = (¢")"* -+ (¢"")""U; = q)\;iUi

for all 4 < s, and:

hs(Us) = @s(hs)Us = q(Z;MS)US = quUs-

So hs(U) = gi<s MiNaigPiMs ] = ¢Ps™s . By the assumptions on the ground field made at
the beginning of Section 3.4, we can choose g such that ¢#s™s £ 1 (note that plms # 0),

and the result is shown. O

The following proposition characterises the H-invariant Poisson prime ideals of T

Proposition 3.4.3. If I is an H-invariant Poisson prime ideal of T', then I = (0).

Proof. Suppose I # (0). By Lemma 1.3.2, there exists a nonzero Poisson central ele-
ment V € I. Write V.= \U™! + --- + A\ U™ with my,...,my € Z° pairwise distinct,
A, ..., A\, € K* and k£ > 0. Suppose that V is chosen in such a way that k is minimal. If

k =1, then V is invertible and I = T', a contradiction, thus we suppose k > 1.

The monomials U™, ... U™ are Poisson central, invertible and U™+ (U™1)~! = U™
with m = my —my € Z°\ (0...,0). Thus by Lemma 3.4.2 there exists h € H such that
(U™ (U™)~1) = U™ (U™ )~ with ¢ € K\ {0, 1}. Since Uy, ..., Us are h-eigenvectors,
then so are U™ ... U™ and we can write h(U™) = ;U™ with v; € K* forall 1 <i < k.
Consider now the Poisson central element W =V — v 'h(V) € I. We have:

k k

W= (1 — vy DU™ =D N(1— vy HU™.
=1 1=2

Since U™ (U™ )~ = h(U™ (U™ )~) = vy 'U™ (U™ )" we have vpv7 ! # 1 and so
W #£ 0. Thus W is a nonzero Poisson central element of I which can be written as a sum

of at most £ — 1 monomials. This contradicts the choice of k. O

Recall that the Poisson prime spectrum of B, denoted by P.Spec (B), is the subset of
Poisson ideals in Spec (B). For all w € W we define a subset of P.Spec (B) by setting:

P.Spec ,(B) = {1 € P.Spec(B) | IN{YV1,....Y,} ={Yi |ie w}}.
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These subsets form a partition of P.Spec (B).

Proposition 3.4.4. The only H-invariant Poisson prime ideals of B are the ideals:

Jw=(Y; | i€ w)

for allw e W.

Proof. Let I be an H-invariant Poisson prime ideal of B. There exists w € W such that
I € P.Spec ,(B). If w={1,...,n}, then J, is a maximal ideal and thus I = J,,.

Suppose w # {1,...,n}. Then J,, C I and I/J, is a Poisson prime ideal of B/.J,
which does not intersect the multiplicative set S,,. Thus P = (I/J,,)S,,! is a Poisson prime
ideal of the Poisson torus T' = (B/J,)S,!. Since I is H-invariant and all elements of S,
are H-eigenvectors, the ideal P is H-invariant. Proposition 3.4.3 implies that P = (0) and
so I = J,, as desired. ]

Combining Proposition 3.4.4 and Theorem 3.3.1 we obtain the main result of this

section.

Theorem 3.4.5. Let A be an iterated Poisson-Ore extension satisfying all the hypotheses
of Theorem 3.3.1. Assume that Hypothesis 3.4.1 is satisfied and that K is infinite. Then,
for any H-invariant Poisson prime ideal P of A, the field of fractions Frac A/ P is Poisson
isomorphic to a Poisson affine field Kyi(Z1,. .., Zm), where m < n and X' € M,,(K) is a

skew-symmetric matrix.

Proof. By Theorem 3.3.1 we have Frac A/P = Frac B/Q where B = Ky[Y1,...,Y,] and Q
is an H-invariant Poisson prime ideal of B. By Proposition 3.4.4 there exists w € W such
that Q = J,. Then B/Q = Ky/[Y; | i ¢ w], where X is the skew-symmetric submatrix of

A obtained by deleting rows and columns indexed by ¢ € w. The result follows. O

Theorem 3.4.5 is new even in characteristic zero. In the following chapter, we prove
a result that shows that the hypotheses of Theorem 3.4.5 are satisfied for large classes of

polynomial Poisson algebras.
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Chapter 4

Semiclassical limit and examples

In this chapter we give examples of Poisson K-algebras satisfying the hypotheses of Theo-
rem 3.4.5, so that they satisfy the quadratic Poisson Gel’fand-Kirillov problem described
in Section 3.1. Most of our examples actually arise as semiclassical limits of quantum alge-
bras described in [23, Section 5]. In order to prove a transfer result, one needs to address
the existence of higher Poisson derivations on the Poisson algebras considered. Contrary
to the characteristic zero case, higher derivations in prime characteristic seem not to be
well understood. However, we can ensure their existence in arbitrary characteristic by the
semiclassical limit process. This mainly relies on the fact that we can define a quantum
analogue of a higher derivation independently of the characteristic of the base field, as
long as the deformation parameter is transcendental over the base field (this is always the
case in the setting of the semiclassical limit process). Our transfer result (Theorem 4.1.3)
states, in particular, that this quantum analogue of a higher derivation induces a Poisson
higher derivation on the semiclassical limit. More generally Theorem 4.1.3 gives conditions
on a quantum algebra under which its semiclassical limit satisfies the quadratic Poisson
Gel’fand-Kirillov problem. In Section 4.2 we illustrate our results with many examples in-
cluding (coordinate rings of) matrix Poisson varieties or more generally (coordinate rings

of) determinantal Poisson varieties.

We continue to assume that the ground field K is infinite.
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4.1 Existence of higher Poisson derivation

We start this section by recalling the notion of g-integers and g-binomial coeflicients, where

q is a nonzero non-root-of-unity element of K[t*!]. Our conventions are as follows. For all

0 <k <iwe set:

By convention (0)!; = 1. In the following, we will use g-integers in the case where g = t"

for n € Z.

The following proposition gives the existence of a higher (7, «)-skew Poisson derivation
on a Poisson-Ore extension which is the semiclassical limit of a suitable Ore extension. Let
A be a K[t*!]-algebra, ¢ be a K[t*!]-linear automorphism of A and A be a K[t*!]-linear
o-derivation of A. Recall that the multiplication in the Ore extension R := A[z; 0, Al is
defined by:

za = o(a)xr + A(a)

for all a € A.

Proposition 4.1.1. Let A be a torsion free K[tT']-algebra. Consider the Ore extension

R = Alz;0,A] and suppose that R := R/(t — 1)R is a commutative K-algebra. Then:

(1) R is a Poisson-Ore extension of the form A[X;«,d|p, where A := A/(t — 1)A,

X :=7Z, a € Derp(A) and § is a Poisson a-derivation of A. More precisely, we
have:
—id A
a=2"1 and § == ——|
t—1 lt=1 t—1lt=1

meaning that for all a € A we have a(a) = J(t@l_ah:l and 0(a) = ?ﬁal) lt=1-

(2) Suppose furthermore that Ao = t"cA for some integer n € K* and that:
AY(A) C (t—1)"(0)mA

for all i > 0. Then 6 extends to an iterative, higher (n,a)-skew Poisson derivation
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(D;) on A, which is locally nilpotent if A is locally nilpotent. More precisely, D; is
defined by:

Di(a) = (@_Al)(a()z);t) ‘tzl

foralla € A.

Proof. (1) First note that (t — 1)R = (¢t — 1)Alx; 0, A], where (t — 1).A is a (o, A)-stable
ideal of A (that is we have o ((t — 1)A) = (t — 1).A4 and A((t — 1)A4) C (¢t — 1).A). So the

corresponding quotient algebra is of the form:
R=R/t-1)R=(A/(t—1)A)[X] = A[X].

See for instance [6, Definition I1.5.4]. We already know that R is a Poisson algebra, so it
just remains to prove that R is a Poisson-Ore extension. Since R is commutative, for all

a € A we have:

0=7a—az = (o(a) —a)r+ A(a) = (c(a) — a) X + A(a).

So (o(a) —a) € (t—1)A and A(a) € (t —1)A for all a € A. The Poisson bracket between

a € A and X is given by:

., ola)—a A(a)
X, :7‘ X ’ .
{ a} t—1 =1 +t—1t:1
We set
a::U_ld andé:ziA‘ .
t—1 =1 t—1lt=1

One can easily check that a and § are well defined, that € Derp(A) and that ¢ is a

Poisson a-derivation on A. Thus:
{X,a} = a(@)X +4(a)

for all a € A, and the algebra R is a Poisson-Ore extension of the form A[X; «, d]p.

(2) We claim that one defines an iterative, higher (7, a)-skew Poisson derivation (D;)
on A by:

Dj(a) = <(7§_A11)(f(2)!w))t_1
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for all i > 0 and all a € A. First, since A%(A) C (t — 1)%(i)n.A, it is straightforward to
see that the map D; is well-defined for all ¢ > 0. It remains to check that (D;) satisfies all

the relevant axioms of Definition 2.1.1. Axiom (A1) follows from the fact that o(a) =@

for all a € A. Set d; = A for all i > 0. Then (A3) follows easily from the identities:

()l¢n

di(o —id) = t" (0 —id)d; + (t™ — 1)d;

for all ¢ > 0. The higher derivation (D;) is iterative since d;d; = (ZJ;] ) tn d;iyj. Moreover, it

is clear that (D;) is locally nilpotent if A is.

The verification of (A2) involves more computations, so the details are given here. Let

u,v € A. Then one can easily check that:
n .
dn(uv) =Y 0" di(u)dn—i(v),
i=0

so that for all a,b € A we have:

n—1 n—1

a, b 1 n—1 n—1
dnG h D =1 <z;a di(a)dp_i(b) — ga di(b)dp_i(a) + dn(a)b — dn(b)a>.
Observe that for i < n:
o™ d;(a)dp_i(b) = z_: 0" (o —id)di(a)dy—i(b) + di(a)dn—i (D).
j=1

Thus:

1 S
- (t—1) zz; (;0 o
_ z_:g” o — id)di(b)dn—i(a)>
j=1

Dividing by (¢ — 1)", and then projecting onto R, we get:

D({@.B}) = Y ADi(@). Dams®} + Y i(aDu-il@Di(h) ~ aDui(5) Di(a)):
=0 =1
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This proves (A2). O

Ezample 4.1.2. Let A := K[t*! z] and let R := Aly; o, A] be the Ore extension such that
the automorphism o is defined by o(t) =t and o(x) = tz, and such that the o-derivation
A is defined by A(t) = 0 and A(z) =t — 1. We obtain the following commutation rule in
R:

yr —tey =t — 1.

We have R:=R/(t — 1)R = K[X,Y], where X := 7 and Y := 7. Therefore we have:
R =K X][Y;«,d]p,

where o = X9x and 6 = 0x. Indeed:

and:

Moreover we have:

T k=0
APMa)=<S -1 k=1
0 k>1,

so that AF(x) € (t — 1)* (k) K[tH!, z] for all k > 0. We deduce that:
AFK[EEL 2]) C (6 — D)F (k) K[t 2] forall k> 0.

Since moreover Ao = to A, the assertion (2) of Proposition 4.1.1 shows that the derivation
0 extends to an iterative, locally nilpotent higher (1, a)-skew Poisson derivation on K[X].

One may check that:

X =0
Di(X) := 1 i=1
0 2>1
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Note that the Poisson algebra obtained and this higher derivation are those presented in

Example 2.1.4.

We can now state the main result of this section.

Theorem 4.1.3. Let R = K[tT![z1][xo; 02, As] - - - [2n; 00, Ay be an iterated Ore exten-
sion over K[t*!], and denote by R; the subalgebra K[t |[x1][x2; 00, Ag] - - - [xj5 04, Aj] for
1 <j <n. We make the following assumptions:
(H1) The torus H = (K*)" is acting rationally by K[t=']-algebra automorphisms on R
such that for all i € {1,...,n}:

e the indeterminate x; is an H-eigenvector with associated character L.;
and

o there exists v, € Z" such that n; == —(v,|f,) € K*;
(H2) For all 2 <i <n, we have A;jo; = t"o;A;;
(H3) For all 2 <i<mn and k >0, we have A¥(R;_1) C (t — D)* (k)i Ri_1;

(H4) The automorphisms o; satisfy o;(x;) = thisx; for 1 < j <i < n, where \;j := (L|i])

Assume that R := R/(t — 1)R is commutative. Then, for any H-invariant Poisson
prime ideal P of R, the field Frac R/ P is Poisson isomorphic to a Poisson affine field.
Proof. We only need to check that R satisfies all hypotheses of Theorem 3.4.5.

e First, we show that R is an iterated Poisson-Ore extension of the form
R = K[Xl][X27 a2, 52]1:’ e [X’ru Qp, 571]]37

where each ¢; extends to an iterative higher (1;, o;)-skew Poisson derivation (D; )3, on
R = K[X1][X2; a2,02]p - - - [Xi—1; @i—1,0;—1]p. This result is proved by induction on n

using Proposition 4.1.1. The case n = 1 is trivial.
For 1 <7 <n—1, assume that R; = K[X1][X2; a2, d2]p - - [Xi; a;, 0;]p. Then we have:

Rn Rnfl
Rn = = Xn; n76n
(- DR, ~ G- DR, Foni s Ounlp

= K[X1][X2; a2, 2] p - - - [Xn; an, On] Py
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since (t — 1)Rp—1 is a (on, Ay )-stable ideal of R,,—1. Note that

on(xj) —x; thni — 1
an(Xj) = ntj_l ]t:1: t—1 xjt:lz)\anj

forall 1 <j <n.

Hypotheses (H2) and (H3) ensure that Assertion 2 of Proposition 4.1.1 applies, so
0y, extends to an iterative higher (1, ay,)-skew Poisson derivation (Dn,k)zozo on R, 1. It
follows from Proposition 4.1.1 (and the induction hypothesis) that for 2 < j < n and

k > 0 we have
AF
J

Diji=—? |
PR DR (k) =1

e The next step is to show that for 2 < j < ¢ < n and k£ > 0, we have the relations

aiDj,k = Dj,kai + k)\iij,k-

First we show by induction (on k) the following identities:
aiA? = ki A?UZ‘, (4.1)
for2<j<i<n. Ifk=1and 1< <y, then we have
ai(wjer) = oi(0j(@)z) + Aj(xr)) = AN g5 4 03N (),
and
oi(x5)oi(zy) = TN (05 () + Aj(2y)) = TN 4 19 Aoy ().

So 0;Aj(x) = thiAjoi(z;) for all 1 <1< j < i < n, as desired. Assume the result proved

at rank k. Then we have
O'iA?—i_l = (JZAJ)A;c = t)\ijAjUz‘Ag; = t(k+1)>\ij A?—’_l()'i,

and (4.1) is proved.

Now it follows from (4.1) that:

(07 — id)AF = "M AF(0; — id) 4 (4 — 1) A%
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Next, dividing both sides of this equation by (t — 1)¥*1(k)!,»; , and then projecting on
R;_1, we obtain:

OziDij = DijOéi + k)\iij,k~

e Then we show that the torus H is acting rationally by Poisson automorphisms on
R. Since (t —1)R is H-invariant, we can consider the induced action of H on the quotient
algebra R. This is a rational action by automorphisms. Moreover this action respects the

Poisson bracket of R. Indeed for f,g € R, by setting F = f and G = g, we have:

uiran=n((29)], ) = (D))

t—1
_ ([ (Jt“ le( )])‘t = {h(1),h(@)}

for all h € H.

e Fix h € H and set h(x;) = pjz;, where p; € K* for all 1 < j < n. We are now going
to show that:
h(Dir(X;)) = 1 Dix (h(X;))

forall 1 <j<i<mnandallk>D0.

We start by observing that, for £ > 1 and 1 < j < i < n, we have:
w7 (2g) = 0i(AF T (ag)zi + Af ().
Thus:

Af(x5) = 2 A (z)) — o0(AF ()

= 2 A7 (ay) — TN AR (@ ).
Then it follows from an easy induction (on k) that for all h € H and k > 0 we have:
h(AF () = pjnd AF (). (4.2)
Indeed, when k = 1, we have:
h(Ai(x5)) = h(zizj — ze;) = papAi(e)).
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Next, assuming the result proved at rank (k — 1) we get:

h(AF(z))) = h(z; A (@) — 00T AR (4)2;)
= piwipipy AF (wg) = TN AT (@) i
= /-lequf(x])v

k
Aj

as desired. As D],k = W 1

, we deduce from (4.2) that:

h(D; (X)) = pi Di s (h(X;))

)

for all £ > 0 and for all 1 < j < i < n, as required.

e We conclude by noting that Hypothesis 3.4.1 is clearly satisfied with p; = —n; =
(v,|f,) for all 1 < i < n since X; is an H-eigenvector with associated character f, for all

1 <i<n.

Hence all hypotheses of Theorem 3.4.5 are satisfied and so for any H-invariant Poisson

prime ideal P of R, the field Frac R/P is Poisson isomorphic to a Poisson affine field. [

When dealing with examples, the following lemma allows us to check Hypothesis (H3)

of Theorem 4.1.3 only on the generators of the algebra under consideration.

Lemma 4.1.4. Let A be a finitely generated K[t™']-algebra and form the Ore extension
R = Alz;o,A] with Ao = t"oA for an integer n € K*. Let {ai,...,a,} be a set of
generators of A. If the conditions A%(ay,) € (t—1)(i)!yn.A are satisfied for allk € {1,...,n}
and i > 0, then:

AY(A) C (t— 1)) A.

Proof. The result follows from an easy induction using the generalised quantum Leibniz

formula:

Ai(ab) = Z (2) oA @A)

k=0

for a,b € A. d

Ezample 4.1.5. We continue with the notation of Example 4.1.2. It is straightforward to see
that the torus H = K* acts rationally on R = K[t*!, z][y; o, A] by K[t*!]-automorphisms
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via:

h(z) =hz and h(y)=h"ty forall heH.

Thus x is an H-eigenvector with associated character f, := 1 and y is an H-eigenvector
with associated character f, := —1. Moreover, for v := 1 € Z we have 1 = (v | f,) and
(v ] fy) € K*. Hence Hypothesis (H1) of Theorem 4.1.3 is satisfied. Hypotheses (H2),
(H3) and (H4) are then easy to check with the computation of Example 4.1.2. Therefore
Theorem 4.1.3 can be applied. For any H-invariant Poisson prime ideal P of the Poisson-
Ore extension:

R=7R/({t—1)R =K[X][Y;a,d]p,

the field Frac (R/P) is isomorphic to a Poisson affine field.

4.2 Examples

In this section we present several families of Poisson algebras satisfying the hypotheses
of Theorem 4.1.3. Many iterated Ore extensions are described in [23, Section 5], and
it is shown that lots of them actually satisfy the hypotheses of Theorem 4.1.3. As a
consequence, their semiclassical limits and their quotients by H-invariant Poisson prime
ideals satisfy the quadratic Poisson Gel’fand-Kirillov problem. This includes (but is not

limited to) the semiclassical limits of:

e single parameter coordinate rings of odd-dimensional quantum Euclidean spaces;
e single parameter coordinate rings of quantum matrices;
e single parameter coordinate rings of even-dimensional quantum Euclidean spaces;

e single parameter coordinate rings of quantum symplectic spaces.

In this section we provide a detailed study of these examples. In particular, in the case
of the coordinate rings of quantum matrices, we exhibit a family of H-invariant Poisson

prime ideals: the so-called determinantal ideals.
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4.2.1 Semiclassical limit of the coordinate ring of m xp quantum matrices

The single parameter coordinate ring of quantum matrices A := Oy (M, ,(K[t'])) is the

K[t*1]-algebra given by mp generators x11, 12, . . . , Tmyp and relations:
t_lxklxij 1>k, g=1
till'klxij 1=k, j>1

LTl =
TiT4j 1>k, jg<l
[ TkiTij — (t — t_l)zcijil 1>k, 7 >1.

This algebra can be presented as an iterated Ore extension over K[t*!]

O (M p(K[E'])) = K[t [211][w12; 012, A12] -+ [Trap} Tmp, Ampl,

where the indeterminates are ordered using the lexicographic order, where o;; is the K[tF1]-

automorphism of the appropriate subalgebra of O, (Mmuv(K[til])) defined by:

t~ Loy ifi>kand j=1
oij(xR) = t~ oy ifi=Fkand j >1
Tkl ifi>kandj#I,

for all (k,1) <}y (i,7), and where A;; is the K[t*!]-linear o;;-derivation such that:

—(t—tYapxy ifi>kandj>1
Ajj(wg) = o
0 otherwise

for all (k,1) <jex (4, 7)-
Observe that the torus H = (K*)™*P acts rationally on A by automorphisms via:
h(t) =t and h((L’Z]) = hihmﬂxij
forall 1 <i<mand 1< j<p. So x;; is an H-eigenvector with associated character:

Lj:(0,...,0,1,0,...,0,1,0,...,0) c Zmtp,

where the 1s occur in i-th and (m + j)-th positions. For 1 <i < m and 1 < j < p, we
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define:

V= 1,...,1,0,—1,...,—1,-2,—1,...,—-1) € Z™P,

where the 0 occurs in i-th position and the (—2) in (m+7)-th position. We have (lij ]LJ) =
—2forall 1 <i<mand1l<j<p Tosummarise, if char (K) # 2, Hypothesis (H1) of

Theorem 4.1.3 is satisfied. For (k,1) <oy (4,]) We have:

-1 ifi>kandj=1
(vlf) =94 -1 ifi=Fkandj>1
0 ifi >k and j # 1.

Note that for all (k,1) <}y (4,7) we have o;(zr) = £ likl):z:kl. Thus Hypothesis (H4) of

Theorem 4.1.3 is satisfied.

One can easily check that A;jo;; = tQUiinj forall 1 <i¢<mand 1< j <p. Thus,
Hypothesis (H2) of Theorem 4.1.3 is satisfied. Let A;; be the subalgebra of A generated

over K[t*!] by z11, x19, . .. ,xij—1. Note that A?fj(xkl) =0 for all n > 2 and:

—(t =)t + Dagjzy  ifi>kand j>1
Aij(r) =
0 otherwise.
So we have Al(zp) € (t —1)"(n)lpAi; for all (k1) <joy (i,7) and all n > 0, and
Hypothesis (H3) of Theorem 4.1.3 is satisfied thanks to Lemma 4.1.4. So, if char K # 2,

then we can apply Theorem 4.1.3 to A.

Let A = O(Mpp(K)) = A/(t —1)A = K[X11, ..., Xpp) be the semiclassical limit of
A, where X;; = x;; + (t — 1) A. For (k,1) <jox (4,7), the Poisson bracket on A is given by:

_Xinkl if ¢ > k and j= l
—X;i X 1fz:kand]>l
{Xij, X} = Y
0 ifi>kandj<m

—QijXZ'l ifi >k andj > 1.

We deduce from the above discussion the following result.

Theorem 4.2.1. Assume that charK # 2. Let P be an H-invariant Poisson prime ideal
of A = O(Mmp(K)). The field of fractions of A/P is Poisson isomorphic to a Poisson
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affine field K, (Y1,...,Yy), where w < mp and p € M, (K) is a skew-symmetric matriz.

Note that when char K = 2, our methods do not apply to A. However in this case A
is already a Poisson affine space and the quadratic Poisson Gel’fand-Kirillov problem is

trivial.

4.2.2 Quotients by Determinantal ideals

Assume that char K # 2. Determinantal ideals are ideals of A = O (M, ,(K)) generated
by minors of a given size. More precisely set n := min(m,p) and let I C {1,...,m} and

J CA{1,...,p} with |I| = |J| < n. We denote by [I|J] the determinant:

[1|J] := det ((Xij)(i,j)eIxJ)-

Such a determinant is called a minor of size |I|. Forall k € {0,...,n—1}, the determinantal
ideal Py, is the ideal generated by all (k+ 1) x (k+ 1) minors of A. Note that P}, contains

all minors of size bigger than k 4+ 1 by Laplace Expansion.

Fix 0 < k <n — 1. We claim that the Poisson field Frac (A/P}) is Poisson isomorphic
to a Poisson affine field. For this, we just need to show that Py is an H-invariant Poisson
prime ideal by Theorem 4.2.1. First, it is well known that Py is a prime ideal, see for
instance [7, Theorem 6.3]. Moreover, Py, is clearly H-invariant, so to apply Theorem 4.2.1
to A/Py, it only remains to prove that Py is a Poisson ideal. It is probably well known,
but we have not been able to find the statement in the literature. The following lemma

(re-)establishes this result.

Lemma 4.2.2. For all0 < k < n —1, the ideal Py is a Poisson ideal of A.

Proof. Note that any minor of A is the coset of a so-called quantum minor of A. See [19,
Introduction| for more details about quantum minors. In [19, Lemma 5.1] the authors give
(in the square case) commutation relations between quantum minors and generators of .4
which easily lead (by semiclassical limit) to the following Poisson brackets between minors
and generators of A in the square case. Set N = max(m,p). We consider the Poisson

algebra B := Oy(My(K)). Let r,c€ {1,...,N} and I,J C {1,...,N} with [I| = |J]| > 1.
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For 1 <i< j <N, wedefine [i,j] := {i,i+1,...,j}. The semiclassical limit process gives
us the following Poisson brackets in B/(¢t — 1)B = O(My(K)).

e If r € I and c € J, then {X,, [I|J]} = 0.

o If r € and ¢ ¢ J, then:

{Xoe, U]} = =[] Xe =2 Y (=) 0 {eb\ {5} Xy
jeJj>c

o If r ¢ I and c € J, then:

{ X, 1]} = [N X e +2 Y (1)U {r)\ {i}] ] X

i€l i<lr

o If r¢ I and c ¢ J, then:

{Xoe 1171} =2 D (=) U {r}\ i} ) X

el i<r

=2 Y ()N U e\ (Y] Xy

JjeJ j>c

Since we have O (M, ,(K)) is a Poisson subalgebra of O(My(K)), the above formulae
show in particular that {ch, [I\J]} €Ppforall [I|lJ]e Pralll <r<m,alll <ec<p
and all 0 < k <n—1, i.e. Py is a Poisson ideal of O(Mm,p(K)) forall0<k<n-1. O

We are ready to conclude by the following result.

Theorem 4.2.3. Let 0 < k < n — 1. The field of fractions Frac A/Py is Poisson iso-
morphic to a Poisson affine field K, (Y1,...,Yy), where v < mp and p € M,(K) is a

skew-symmetric matriz.

4.2.3 Semiclassical limits of the coordinate rings of quantum odd di-

mensional Euclidean spaces

Assume that char K # 2. Let ¢ be an indeterminate. We denote by ¢'/2 a fixed square root

of ¢ inside an algebraic closure of K(¢). The coordinate ring of quantum odd-dimensional
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Euclidean space, is the K[til/ 2]-algebra R given by generators w, 1, . .

relations:

wy; = ty;w

_ 1
wx; =t x;w

_ 1
Yiy; =t Yy
CEZ'CE]' = t.Tjﬂfi

_ 1
Yyix; =t T;Y;
TiYj = 1Y;Ti

vy = yiwi + (77 = )+ (1 - Py
1<i

R can be presented as an iterated Ore extension as follows:

ey Yn, L1, .-, Ty and

for all 4,
for all i,
i > j,
t> 7,
P>,
L7

for all .

R = K[ti1/2] [w]yr; or[z1; 71, Ad] - [Yny O] [T} Toy Anl,

where for all 1 < j <i<n:

7i(y;) = ty;, ai(y;) ="'y,
7i(xj) = txj, oi(z;) =t xj,
7i(yi) = i, oi(w) =t 'w,

7i(w) = tw,

Ai(y;) = Ai(zj) = Ai(w) =0,

(4.3)

and  A;(y) = (Y2 — 32 w? + Z(l — )y

I<i

We now check that R satisfies the assumptions of Theorem 4.1.3. The torus H = (K*)"+!

acts rationally by K[t+1/2]

h(w) = hpt1w,
h(z;) = hiz,

h(yz) = h?ﬂ-lh;lyi-
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For all 1 <+¢ < n, the indeterminate x; is an eigenvector with associated character:
fi :==(0,...,0,1,0,...,0) € Z"",

where the 1 is in i-th position. Similarly for all 1 < ¢ < n the indeterminate y; is an

eigenvector with associated character:
gi :=(0,...,0,-1,0,...,0,2) € Z",
where the —1 is in ¢-th position. Finally w is an eigenvector with associated character:
e:=(0,...,0,1) € Z"*,
For 1 <i < n set:
7= (1,...,1,2,0,...,0,1) € Z""" and y:=(-1,...,-1) € Z"

where the 2 is in i-th position. For 1 < j < ¢ < n we have:

(ile)=(ilfi))=(ilg)=1, (4.4)
and for all 1 < ¢ < n:

s (4.5)

Therefore Hypothesis (H1) is satisfied. It is easy to check that A;7; = t~27;A; for all

1 <i < n, and Hypothesis (H2) is then satisfied. For all 1 < i < n we have:

Ai(y) = (t—1)(— 2%+t + Dw? — Z(l +t)yiz;) and A2(y;) =0,

<t

and by Lemma 4.1.4 we obtain Hypothesis (H3). Hypothesis (H4) follows from (4.3), (4.4)

and (4.5). By the semiclassical limit process we obtain the Poisson algebra:

R:=R/(t—1)R=K[W,Yi,...,Yn, X1,..., X,
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with Poisson bracket given by:

(W, Y;} =WY; for all i,
{W, X;} =-WX; for all 4,
{Yi,Yj} = Y3y 0>
{Xi, X;} = XiX; P> 7,
{Vi, X;} = -YiX; i> ],
{Xi,Y;} = X3 i # J,
{X;, Y} ==3W?—2) XY, for all i.
1<

By Theorem 4.1.3 the Poisson algebra R and all its H-invariant Poisson prime quotients

satisfy the quadratic Poisson Gel’fand-Kirillov problem.

4.2.4 Semiclassical limits of coordinate rings of even-dimensional quan-

tum Euclidean spaces

Assume that char K # 2. Let R be the K[t*!]-algebra given by 2n generators z;,y; for

1 <7 < n and relations:

yiy; =t iy i <j,

Tix; = tr;T; 1< 7,

Tiy; =ty i # 7,

TiY; = Y i + Z(l — t_2)yl£L'l for all 3.
I<i

R is an iterated Ore extension as follows:
R = K[tE[y1][z1; 1] [y2, 02][2; T2, Aa] - - - [Yn, O] [T} Ty A,

where for all 1 < j <i<n:

i(y;) =t 'y;, oi(y;) = ty;,
Ti(xj) = t_lfpj, O'Z'(CL‘j) = tl‘j, (46)
7i(Yi) = Yi,
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Aiyj) = Ai(;) =0, and  Ai(yi) =Y (1 -t )y,

I<i

We now check that R satisfies the assumptions of Theorem 4.1.3. The torus H = (K*)"+!

acts rationally on R by K[t*!]-automorphism by setting for all 1 <i <n and all h € H:

h(acz) = hixi, and h(yz) = hlhn_i_lhi_lyi.
For 1 <i < n, the indeterminate x; is an eigenvector with associated character:
fi :==(0,...,0,1,0,...,0) € Z"",

where the 1 is in ¢-th position. For 1 < i < n, the indeterminate y; is an eigenvector with

associated character:
gi :=(1,0,...,0,-1,0,...,0,1) € Z"*1,
where the —1 is in ¢-th position, and y; is an eigenvector with associated character:
g1 :=(0,...,0,1) e Z"1,
For 1 < i < n set:

vi=(=1,...,-1,-2,0,...,0,—1) € Z"*1,
7 = (=2,0,...,0) € Z"t,

v = 1,...,1) ez,

where the —2 is in i-th position in ;. For all 1 < i < n, the element ~; corresponds
to the indeterminate x;, and the element v corresponds to the indeterminate y;. For

1 <j <i<n we have:

(vi | f3)=— (vi | 9i) =0,

(vi | fi) = (I fi) = )
(Vi | 95) = (v1g5) =

m | fi)= m|g)=
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Therefore (H1) is satisfied since (y; | fi) = =2 and (v | g;) = 1 for all 1 <i < n. It is easy
to check that A;7; = t21;A; for all 1 < i < n, and (H2) is then satisfied (note that since
the o;-derivation associated to y; is zero, the condition (H2) for o; is trivially satisfied).

For all 1 <7 < n we have:
Aily) = (t=1)> t72(t+ Dy and  AZ(y;) =0,
I<i

and by Lemma 4.1.4 we obtain Hypothesis (H3). Hypothesis (H4) follows from (4.6) and

(4.7) since for all 1 < j < i <n we have:

7ily;) = ¢ L9y, oiy;) =t 191y,
Ti(w;) = +(vi | fj).’Ej, oi(z) = +( | fj)afj,
Ti(yi) = ¢ | gi)yia T1(y1) = ¢ | gl)yl.

By the semiclassical limit process we obtain the Poisson algebra:

R=R/(t—-1)R=K[Y1,...,Y, X1,...,X],

with Poisson bracket given by:

{Vi,Y;} = -V i < J,

{Xi, X;} = X;X; it <],

{Xi, Y} = - XY i # J,

{X;,Y;} = 22)@3 for all 4.
1<i

By Theorem 4.1.3 the Poisson algebra R and all its H-invariant Poisson prime quotients

satisfy the quadratic Poisson Gel’fand-Kirillov problem.

75



4.2.5 Semiclassical limits of coordinate rings of quantum symplectic

spaces

Assume that char K # 2. Let R be the K[t*!]-algebra given by 2n generators z;,v; for

1 <7 < n and relations:

YiYi = ty;yi i < J,

Tixr; = t_lxj:ni 1< 4,

ziy; =ty i # 7,

Ty =t Py + 2:(75_2 — 1)yx; for all i.
I<i

R is an iterated Ore extension as follows:

R = K[t [yi][z1; 7] [y, 02) [22; 72, Ao - - - [Yns 0n[n; T, Anl,
where for all 1 < j < i <n:

ily;) =t 'y, oiy;) =t~ 'y,
Ti(z)) = txj, oi(zj) = twj, (4.8)
Ti(y:) =t 2y;,

Ai(y)) = Aiwy) =0, and  Ay(y) =Y (72 = Dy

I<i

We now check that R satisfies the assumptions of Theorem 4.1.3. The torus H = (K*)"+!
t:l:l]

acts rationally on R by K|[t*"]-automorphisms by setting for all 1 <i <n and all h € H:
h(z;) = hizi, and  h(y;) = hihnsih; Ly
For 1 <i < n, the indeterminate x; is an eigenvector with associated character:

fi :==(0,...,0,1,0,...,0) € Z"",

where the 1 is in ¢-th position. For 1 < ¢ < n, the indeterminate y; is an eigenvector with
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associated character:
gi :=(1,0,...,0,—-1,0,...,0,1) € Z"*1,
where the —1 is in ¢-th position, and y; is an eigenvector with associated character:
g1 :=(0,...,0,1) € Z"1,
For 1 <i < n set:

vi=(1,...,1,2,0,...,0,-1) € Z""' and ~:=(1,...,1,-1) € Z"",

where the 2 is in i-th position. For all 1 < ¢ < n, the element v; corresponds to the
indeterminate x;, and the element  corresponds to the indeterminate y;. For 1 < j <i <n

we have:
(vi | f5) =1, (vi | 9i) = 2,

(i | fi) =2, (v [ f5)=1, (4.9)

(vi | g5) = -1, (v1]gj) =—1.

Therefore (H1) is satisfied. It is easy to check that A;7; = t~21;A; for all 1 < i < n, and

(H2) is then satisfied. For all 1 <14 < n we have:

Ai(yi))=(1-1) thz(l +tyr; and  AZ(y;) =0,

I<i

and by Lemma 4.1.4 we obtain Hypothesis (H3). Hypothesis (H4) follows from (4.8) and

(4.9). By the semiclassical limit process we obtain the Poisson algebra:
R:=R/(t—1)R=K[Y1,...,Y,, X1,..., X,],

with Poisson bracket given by:

Y., Y;} =YY, 1 <7,

{Xi,Xj} = *X]’Xl' 1< j,

{Xi, Y} = - X;Y; i # J

{X:,Y;} = —2X,Y; — 2ZXIYZ for all 4.
1<i
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By Theorem 4.1.3 the Poisson algebra R and all its H-invariant Poisson prime quotients

satisfy the quadratic Poisson Gel’fand-Kirillov problem.

4.2.6 An example in dimension 5

Let R be the K[t*!]-algebra given by generators x1, 2, 3, 4, r5 and relations:

Toxy =t ‘a1, x4Ty = xoxg + (1 — t)x3,
x3r1 = 123 + (1 — )29, 5Ty = txows + t(1 —t),
x4r1 = txyzy + (1 — 1), T4z =t 234,
T5x1 = tx1T5, x5r3 = w325 + (1 — t)2y,
Tr3xTo = t_lxgxg T5Ty = t_1x4:v5.

R can be expressed as an iterated Ore extension as follows:
R = K[t [21][x2; 02, Ao] - [355 05, As],

where:

(4.10)

with the convention that o; and A; are defined on z;_; only when 1 < j < ¢ < 5. We
now check that R satisfies the assumptions of Theorem 4.1.3. The torus H = (K*)? acts
t:tl]

rationally on R by K[t*=']-automorphisms by setting for all h = (hy, he) € H:

h(xz) = hghl_lm'g 1=

hilai  i=4,5.

For 1 <14 <5, we denote by f; the character associated to the eigenvector z;. We have:

f1:=(1,0), fo:=(0,1), f3:=(-1,1), fa:=(-1,0), and f5:=(0,-1).
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One can check that Hypothesis (H1) is satisfied with the elements of Z? defined as follows:

72 :=(—=1,0), 13:=(0,-1), 74:=(1,0), and ~5:=(1,1).

It is easy to see that A;o; = to;A; for i = 2,3,4,5, so that Hypothesis (H2) is satisfied.
From (4.10) and Lemma 4.1.4 we obtain Hypothesis (H3). Finally easy computation leads
to Hypothesis (H4). By the semiclassical limit we obtain the Poisson algebra:

R:=R/t-1)R=K[Xy,...,Xs),

with Poisson bracket given by:

{X1, Xo} = X1 Xo, { X2, Xy} = X3,

{X1, X5} = Xo, {X2, X5} =1 XoX5,
{X1, Xy} =1- X1Xy, {X3, X4} = X3Xy,
{X1, X5} = X1 X5, { X5, X5} = Xy,

{ X2, X3} = X2 X3, { X4, X5} = Xu X5,

By Theorem 4.1.3 the Poisson algebra R and all its H-invariant Poisson prime quotients

satisfy the quadratic Poisson Gel’fand-Kirillov problem. In particular:

Frac R = Ky (Y1,...,Ys),

where:
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Chapter 5

Poisson deleting derivations
algorithm and the canonical

embedding

For the rest of this thesis we turn our attention to the study of the Poisson spectra of
certain polynomial Poisson algebras. In this chapter we introduce the Poisson deleting
derivations algorithm which consists of applying several times the Poisson deleting deriva-
tion homomorphism to a (certain) iterated Poisson-Ore extension, keeping track of the

generators at each steps.

In Section 5.1 we introduce the class P of iterated Poisson-Ore extensions we will study.
The Poisson deleting derivations algorithm is then defined in Section 5.2. For a Poisson
algebra A € P the algorithm returns generators for a Poisson affine space A. Recall
that the Poisson spectrum of a Poisson algebra is the set of prime ideals that are also
Poisson ideals. In Section 5.4 we define and study an embedding, the so-called canonical
embedding, from the Poisson spectrum of A to the Poisson spectrum of the Poisson affine
space A. Poisson spectra of Poisson affine spaces are well understood, and this knowledge
together with the canonical embedding will help us to understand the Poisson spectrum
of the Poisson algebra A. In particular we study a partition of the Poisson spectrum of
A indexed by (some) subsets of {1,...,n} for some integer n. Moreover, the canonical

embedding behaves nicely with this partition. Indeed, if 5, is a part of the partition
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(w C {1,...,n}), then the canonical embedding induces an homeomorphism from S,, to

its image.

In Section 5.5 we add the hypothesis that a torus H = (K*)" acts rationally by Poisson
automorphisms on the Poisson algebra A € P. Firstly we study the compatibility of the
Poisson deleting derivations algorithm with the torus action. Then we recall that a torus
action leads to another partition of the Poisson spectrum as defined in [15] (when the

characteristic is zero). We show that in fact these two partitions coincide in Section 5.5.3.

5.1 A class of iterated Poisson-Ore extensions

In this section, we introduce the class of Poisson algebras that we will study in the re-

maining chapters of this thesis.

Hypothesis 5.1.1.

(1) A=K[X1][X2;a2,02]p - [Xn;an,ds]p is an iterated Poisson-Ore extension over K.

We set A; := K[X1]|[Xo; a2,02]p -+ [Xi; a4, 0i]p for all 1 <i <mn.

(2) Suppose that for all 1 < j < i < n there exists \;; € K such that o;(X;) = \i; X;.

We set \j; := =X forall 1 <j <7< n.

(3) For all 2 < i < n, assume that the derivation J; extends to an iterative, locally

nilpotent higher (7;, a;)-skew Poisson derivation (D; )32, on A;_1, where n; € K*.
(4) Assume that a;D; 1, = Dj oy + kXijDj g, for all 2 < j < i <nand all k> 0.

Notation. We denote by P the class of iterated Poisson-Ore extensions which satisfy Hy-
pothesis 5.1.1.
Remark 5.1.2.
o If A =K[X][Xo;a2,d]p - [Xn;an,d,)p € P, then the intermediate Poisson alge-
bras A; also belong to P.

e When char K = 0, Hypothesis 5.1.1 can be simplified. Suppose that for all 2 <i <n
the derivation d; is locally nilpotent and that we have [d;, ;] = 1;0; with n; € K*.
Then we claim that hypotheses (3) and (4) of Hypothesis 5.1.1 are satisfied. Indeed

recall that by Example 2.1.3, for all 2 < i < n the derivation J; uniquely extends to

81



an iterative, locally nilpotent higher (7;, a;)-skew Poisson derivation on A4;_1, namely

the sequence of K-linear maps:

(Dik) = (if) E

Hence hypothesis (3) is satisfied. Moreover one can deduce hypothesis (4) as follows.

For all 1 <[ < j < i <n we have:

ai ({ X5, Xi}) = 00 (X)) X; + 0;(X0))

= Nt A + i) X X + 6;(X;), and:
ai({X5, Xi}) = {ea(X), Xi} + {X, ea(X0)}

= (Aij + Xa) (o (X0) X + 6;(X0))

= NN + Xij) Xa X5+ Xijdj (X)) + 0 (i (X7)).

Thus we obtain «;d; = dja; + A\i;0; for all 1 < j <4 < n. By induction using the

iterativity of §; we obtain for all £ > 0 and all 1 < j < i < n that:

051596 = 5;6041 + k)\zjéf (5.1)

54

k
J

By dividing by k! both side of (5.1) we obtain hypothesis (4) since D; = 2. To

summarise: in char K = 0 hypotheses (3) and (4) reduce to hypothesis (3’):

(3’) Assume that for all 2 < ¢ < n the derivation ¢; is locally nilpotent and that

[0i, ;] = m;0; for some n; € K*.

In characteristic zero we can characterise Poisson algebras of the class P for n = 2.
Let A = K[X][Y,,d]p € P. We have a(X) = AX for some A € K, and one can
check that ¢ is locally nilpotent if and only if 6(X) = p € K. If 4 = 0 then A is
the Poisson affine plane A = K,[Y, X]. If u # 0 by setting X’ = !X we obtain
{X")Y} = AX'Y + 1. Moreover the equality [§,a] = nd for some nonzero scalar
7 implies that A = 7 is nonzero. Therefore either A is a Poisson plane (possibly
the abelian polynomial Poisson algebra in two variables), or A is isomorphic to the
Poisson-Ore extension K[U][V;AU0y,dy]p for some A € K* by an isomorphism
sending X to uU and Y to V.
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In the next sections we will need to use inductive arguments to define and study the
Poisson deleting derivations algorithm. In the induction step we will need to re-arrange
the order of the indeterminates of an iterated Poisson-Ore extension in P. The following
lemma will ensure that the new Poisson algebra is still in P, so that one can apply
the deleting derivation homomorphism to this new algebra, and thus proceed with the

induction.

The restriction of a linear map f to a subspace V of its domain will be denoted by
flv.
Lemma 5.1.3. Let A € P with 6j41 = --- = 6, = 0. With the notation of Hypothesis

5.1.1, we have the following.

(1) We can write A= Aj_1[Xjt1; Bjr1lp - -+ [Xn; Bl p[Xj; af, 05] p where:
o Bila;, = aila;_, forall j <i<n and B3;(X;) = Mg X; for all j <1 <1,
° a;]A];l =a; and a;-(Xl) = M\ Xp forall j <1<n,
® 0%la; , =0; and 63(X;) =0 for all j <1 <n.
2) 0" extends to an iterative, locally nilpotent higher (n;,c;)-skew Poisson derivation
J 7073
(D},k)iio on Aj_1[Xjy1; Bj+1lp - - - [Xn; Bnlp such that the restriction OfD;',k to Aj_4
coincides with Dj . for all k >0, and D;,k(Xl) =0 forallk >0 and all j <1 < n.

(3) A= Aj1[Xj41; Bj1lp - [Xn; Bulp[Xj5 0, 651 p also belongs to P.
Proof. (1) Since {X;, X;} = A\; X; X for all j < I < n, the order of the variables X, ..., X,
can be changed. The resulting Poisson («y-)derivations are those described above.

(2) This is an easy induction using Lemma 3.2.1.

(3) This follows directly from (1) and (2). O

5.2 Poisson deleting derivations algorithm
Let A = K[X1][Xo;a2,02]p - [Xn;am,dn]p € P. We continue using the notation of
Hypothesis 5.1.1.

We are now ready to describe the Poisson deleting derivations algorithm. For j run-

ning from n + 1 to 2 we define, by a decreasing induction, a sequence (X j,..., X, ;) of
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(algebraically independent) elements of Frac A and we set C; := K[X1,..., X, ;]. For
j =n+1 we set (Xl,ja--an,j) = (Xl,...,Xn) so that Cp,p1 = A. Fix 2 < j < n.
Suppose that the sequence (Ui,...,Uy) := (X1 j4+1,...,Xn j+1) is defined and that the

algebra Cj1 satisfies the following hypothesis:

Hypothesis 5.2.1.

(1) Cjq1 is isomorphic to an iterated Poisson-Ore extension of the form:

K[X1] - [Xj5 05,051 p[Xj11; Bj1]p - - [Xni Bulp

by a Poisson isomorphism sending U; to X; for 1 <i <mn.

(2) Foralll € {j+1,...,n}, the map [ is a Poisson derivation such that 5(X;) = A X
for all 1 < i <1 and we have BiD; . = D; 51 + kXD p for all 1 < i < j and all
k>0.

Note that (1) of Hypothesis 5.2.1 allows us to express Cj41 as the iterated Poisson-Ore

extension:

K[Ul] [Ujvajvé] [ j—l—laﬁj-i-l] [Un§/8n]P7

where by abuse of notation we denote again by «;, 8; and é; the maps induced by the
isomorphism of (1) of Hypothesis 5.2.1. In particular, for all 1 < i < j, the derivation J;
extends to an iterative, locally nilpotent higher (7;, a;)-skew Poisson derivation (D; )32,
on the Poisson subalgebra K[Uy,...,U;—1]. The sequence (Vi,...,V,) = (X1,4,..., X5 ;)

is then defined as follows:

U; t 2> 7,
Vi = _ .
kz>:0 o =D; (U, )U k 1 <j.

Proposition 5.2.2. Under the assumptions made since the beginning of Section 5.2, we
have:

(1) The algebra C; is isomorphic to an iterated Poisson-Ore extension of the form.:

K[Xq] - [Xjo1505-1,05-1]p[Xj; Bilp - - - [Xn; Bulp

by a Poisson isomorphism sending V; to X; for 1 <i <n.
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(2) For all j <1 <mn, the map B is a Poisson derivation such that 5j(X;) = A\; X; for
all 1 <1 <1 and we have BiD;, = D; 1.1 + kXNiD;y, for all 1 <i < j and all k > 0.

(3) Set S; ={U}' | n >0} ={V}" | n>0}. We have C’ij_l = j+1Sj_1.
Proof. By Hypothesis 5.2.1 and Lemma 5.1.3 we can write:
Cipr =K[U1] - [Uj-1;0j-1,0;-1]p[Uj11; Bjialp - - [Un; Byl p[Uj; o, 851 p,

where ] for all j <1 < n and o} and §; are defined as in assertion (1) of Lemma 5.1.3.
In particular 5;- extends to an iterative, locally nilpotent higher (nj,oz;)—skew Poisson

derivation (D’ ;)22 on the Poisson algebra:

—

Cjp1 = K[U1]--- [Uj1;5-1,05-1]p[Ujs15 B 1] P - - - [Uns Bl p-

Therefore by applying Theorem 2.2.2 to the Poisson algebra Cj+1[UJ,a],5J] p we get a

Poisson algebra isomorphism:

—

0: Crni (U aflp = Cra[UF5 e, 67l
C/'JE S a — H(a),
Uj — Uj.

In particular, for all 1 < ¢ <n with i # j, we have 8(U;) = V; since:

1 1 L
1 > o Du(Un)U; <],

0(Ui) =Y —Dj,(U)U; " = ¢ 10 g ’
>0 i U; 1> 7.

Moreover U; =V}, thus we have:
0(Cin[Us; ejlp) = KWi] -+ [Vi—1; 051, 0j-1]p[Vis1; Bjalp - [Vas Bul e[V ol p = €,

and by Corollary 2.2.3 we get C; S j+1S . This proves assertion (3).

Since {V;,V;} = A;;V; V] for all j <1 < n we can bring back Vj in the j-th position:
Cj =K[Vi] - [Vimis a1, 6] p[V5i Bl -+ [Vas Byl p,
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where for all j <1 < n, the map f] is a Poisson derivation such that g/'(V;) = \;V; for

all 1 <4 <. This proves assertion (1).

Finally, the fact that 8Dy, x = Dy i)' + kX Di i for all 1 <m < j <1 <n and all

k > 0, follows directly from the equalities:

® B1Dm i = DB + kXD for all 1 <m < j <l <nandall k>0,
o 5(U;) =AU forall j <l <mandall 1 <i<lI,
° Oéj(Ui) = >\jiUi foralll <i< j,

o B/(Vi)=N;Viforallj <l<mandalll<i<lI.

This proves assertion (2). O

Corollary 5.2.3. The algebra A := Cy is a Poisson affine space. More precisely, by

setting T; := X9 for all 1 <1 <n we have:
A= K/\[Tl’ s 7Tn]a
where X is the skew-symmetric matriz defined by A := (i) € Mp(K).

We illustrate in details the Poisson deleting derivations algorithm on an example in

Appendix A.1.

5.3 Fields of fractions of A and A

In this section we show that there exists a localisation of A € P isomorphic to a Poisson
torus. Set X for the multiplicative set in A generated by the Ty, ...,T},. For 2 < j < n we

define sets X, as follows:
Yo:=3% and 2j+1 = CjJrl N Z]’.

Proposition 5.3.1. We have:

(1) ¥; is a multiplicative set of C; containing {X;—1j,...,Xn;} for all2 < j<n+1.

(2) For2 < j <n we have CjEj_l = j+12j_4:1 as Poisson subalgebras of Frac A.
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Proof. If j = 2 assertion (1) is trivial. Let 2 < j < n and assume that assertion (1) is
satisfied for this j. Since ¥; contains {Vj_1,...,V,} (recall that V; = X, j forall 1 <i <mn)

the multiplicative set ¥;,1 contains U; = V] for j <1 < n. And assertion (1) is proved.

We now prove assertion (2). From assertion (1) we obtain in particular that S; =

{Uj | n>0}={V" | n>0} C E;NE;11. Thus by Proposition 5.2.2 we have:

Cin1 CCnS; =08 C oyt

Since ¥,;11 € X, we have CjHZ;_&l C CjEj*l. Reciprocally let a € C}-E;l and write

a = clal_l for some ¢; € Cj and 01 € X;. Since X; C C; C Cij_l = j+1Sj_1 we
can write o1 = cng_l and ¢; = 0333_1 for some co,c3 € Cj41 and some s2,53 € 9.
So a = c352(cos3)” ! with c3s9 € Cjt1 since S; € Cjy1. Moreover cps3 = 015253 €
_ ¥ ; . . — -1 . -1
Y; N Cjp1 = Xjq1 since S € ¥;. We conclude that a = cgsa(cas3)™ € Cj+12j+1, ie.

CjEj_l C Cj+12j_+11 and assertion (2) is proved. O

In particular we have proved the following theorem.

Theorem 5.3.2. There exists a multiplicative set S in A such that:

AST = AxT = RO\, L TEY.

This theorem shows in particular that all the Poisson algebras of the class P satisfy
the quadratic Poisson Gel’fand-Kirillov problem, retrieving assertion (1) of Theorem 3.3.1.
Moreover the algorithm provides explicit generators for Frac A such that Frac A is a Poisson

affine field in these generators.

5.4 The canonical embedding

Recall that for a Poisson algebra B we denote by P.Spec (B) its Poisson spectrum, i.e.
the set of prime ideals of B which are also Poisson ideals. P.Spec (B) is endowed with the
induced Zariski topology. In this section we focus on the behaviour of the Poisson spec-
trum of an iterated Poisson-Ore extension A € P under the Poisson deleting derivations

algorithm. We show that there is an embedding between P.Spec (4) and P.Spec (A). This
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is done by showing that, at each step of the algorithm there is an embedding between

P.Spec (Cj+1) and P.Spec (C}).

Throughout this section, we use the notation of Hypothesis 5.1.1 and as previously we

fix 2 <j <n,and set U; := X; ;11 and V; := X ; for all 1 <7 < n.

5.4.1 The embedding ¢; : P.Spec (Cj41) = P.Spec (C))
Recall that U; = V; and set:

I'9(C;) = {P € P.Spec (Cj) | V; ¢ P}, I'}(C;) = {P € P.Spec(C;) | V; € P},

F?(Cj+1) = {P € P.Spec (CjJrl) | Uj ¢ P}, F}(CjJrl) = {P € P.Spec (Oj+1) | Uj S P}

These sets partition P.Spec (C;) and P.Spec (Cj41). Since we have C’ij_l = j+15j_1’
contraction and extension of ideals provide bijections between F?(Cj) and F?(Cj+1) (it is
easy to show that the contraction or the extension of a Poisson ideal is again a Poisson

ideal). More precisely we have the following result.

Lemma 5.4.1. There is an homeomorphism <pg : F?(Cjﬂ) — F?(Cj) given by @?(P) =
PSj_1 NCj for P € F?(Cj+1). Its inverse is defined by (go?)*l(Q) = QSJ-_I N Cjt1 for
Q € TY(C)).

We now want to compare F}(Cj+1) and F}(Cj). For, we denote by (Uj)p the smallest
Poisson ideal in Cj41 containing U; and for all 1 < i < n, we denote by U; the image of

U; in the Poisson algebra Cj11/(U;) p.

Lemma 5.4.2. The map g; : C; — Cj11/{U;)p given by gj(V;) = U; for all 1 <i<n is

a surjective Poisson algebra homomorphism.

Proof. The map g; is the composition of the quotient map 7 : Cj 11 — Cj41/(U;)p with
the algebra isomorphism ¥ : C; — Cjy1 defined by ¥(V;) = U; for all 1 < ¢ < n.
Thus clearly g; = o U is a surjective algebra homomorphism. Note that 7 is a Poisson
algebra homomorphism whereas ¥ is not, so we cannot conclude directly. We show that

9 ({Vi, Vi}) = {9;(V&),g;(Vi)} for all 1 <1 < k < n. First if £ > j we have:

i ({Vie, Vi}) = g; 0V Vi) = AuUieUp = {Us, Ui} = {g;(Vi), 9;(Vj) }.
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(Note that when k = j we have Uy = 0). If k < j we have ¥ (3x(V})) = 6x(U;) and:

9 ({Vi, Vi}) = g5 M ViVi 4+ (V) = MaUiUs + g5 (0:(V2))

= MaUiUp + 6x(U1) = {Us, Ui} = {9;(Vk),9;(V1)}.

Set N; :=ker(g;). Then since C;/N; = Cj41/(U;)p there is an homeomorphism:
@1 TH(Cyi1) = {P € PSpec (Cy) | N, C P}

defined by @}(P) = g;l(P/<Uj>p) for P € Fjl-(CjH). Since V; = U; € N; we have
{P € P.Spec (Cj) | N; € P} CT}(Cj) and:

Lemma 5.4.3. There is an increasing and injective map cpjl- : Fjl-(C'jH) — F}(Cj) defined
by (p}(P) = gj_l(P/<Uj)p) for P € F;(Cj_i_l), which induces an homeomorphism on its

image.
We can now define a map ¢; : P.Spec (Cj4+1) — P.Spec (C}) by setting:

¢(P) if P € T(Cjr1),

pilP)=9q | 3
goj(P) if Pe Fj(cj-i-l)-

As a direct consequence of Lemmas 5.4.1 and 5.4.3 we get the following result.

Proposition 5.4.4. The map ¢; : P.Spec(Cj11) — P.Spec(Cj) is injective. For e €
{0,1}, the map p; induces an homeomorphism from I'5(Cj11) to ¢; (F?(Cj_i_l)) which is a
closed subset of I';(C}).

5.4.2 The canonical partition of P.Spec (A)

Definition 5.4.5. We set ¢ := @y0---0¢p,. This is an injective map from P.Spec (C, 1) =
P.Spec (A) to P.Spec (C2) = P.Spec (A) and we refer to it as the canonical embedding.

Let W := 2([[1,n]]) denote the powerset of [1,n]. For w € W, we set:

P.Spec,(A) := {P € P.Spec (4) | PN{T1,...,T,} ={T; | i € w}},
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where we recall that the Tjs are the generators of the Poisson affine space A. Note that

these sets form a partition of P.Spec (A4). For all w € W we set:
P.Spec,,(A) := ¢~ (P.Spec ,(4)),
and W, for the set of w such that P.Spec,,(A) # 0, i.e.:
Wp = {w € W | P.Spec,,(A4) # 0}.

Note that W}, is not empty since we always have ¢((0)) = (0) € P.Spec 4(A4). We obtain
a partition of P.Spec (A):

P.Spec(A) = | | PSpec,(4) and 1<|Wp|<|[W|=2"
weWp,

Definition 5.4.6. This partition of P.Spec (A) will be called the canonical partition, the
elements of W, will be called the Cauchon diagrams associated to A, or Cauchon diagrams

for short. Finally, for w € W}, the set P.Spec ,(A) is called the stratum associated to w.

Note that the set W} depends on the expression of A as an iterated Poisson-Ore
extension. We compute the sets of Cauchon diagrams for two examples in Appendices A.2

and B. See also Section 7.2.

5.4.3 A membership criterion for Im(p)

The following results help us to understand whether a given Poisson prime ideal of A
belongs to the image of the canonical embedding. This will be useful to understand better
the canonical partition and when dealing with examples. We start this section with a

membership criterion for Im(y;). Recall that N; = ker(g;) was defined in Section 5.4.1.

Lemma 5.4.7. Let Q € P.Spec (C;). Then:
Q € Im(yp;) < (either U; =V; ¢ Q, or N; C Q).

Proof. This is clear since the map go? is a bijection from F?(Cj+1) to F?(Cj) and the map

go} is a bijection from F}(Cj+1) to {@Q € P.Spec (Cj) | N; C Q}. O
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Set f1 = idP.Spec(Z)' For all 2 < j < n we define a map f; : P.Spec(Cj+1) —

P.Spec (A) by setting f; := fj—1 o ¢j. In particular we have f,, = . Note that the f;s

are injective maps. We deduce from Lemma 5.4.7 the following membership criterion for

Im(e).

Proposition 5.4.8. Let Q € P.Spec (A). The following are equivalent:
* Q€ Im(p),

o for all2 < j <mn we have Q € Im(f;_1) and
either X ; = Xjj+1 ¢ fj__ll(Q); or Nj C fj__ll(Q)-
Remark 5.4.9. To understand Nj it is enough to understand (U;) p since N; = W=1((U;) p),
where the algebra isomorphism ¥ : C; — Cj4q is defined by ¥(V;) =U; forall1 <i <n
(see proof of Lemma 5.4.2). As {U;,U;} = \;;U;U; 4 0;(U;) for all i € [[1, j —1]], we deduce
that:
(U;,6;(Us) i € [1,5 = 1]) € (Uj)p-

By minimality of (U;)p, the reverse inclusion will be satisfied if the left hand side is a
Poisson ideal. However this is not always the case as the following example demonstrates.
Let A be the iterated Poisson-Ore extension A := C[X][Y;3,A|p[Z;«,d]p, where =
—X0x, a:=X0x — Y0y, A :=0x and 6 := Y?0x, so that:

{V, X} =—-XY +1,
{Z,X}=XZ+Y?,

{Z,Y}=-YZ.

One can check that A € P, but that (Z,Y?) is not a Poisson ideal of A. This example

will be studied in more detail in Section 7.2.2.

5.4.4 Topological and algebraic properties of the canonical embedding

In this section we investigate the topological and algebraic properties of the canonical
embedding. We start with some useful results that will be used in this section as well as

later on.
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Lemma 5.4.10. Let P € P.Spec (Cj4+1) and Q := ¢;(P) € P.Spec (Cj). For j <1 <n we
have:

UeP <<= VeqQ.

Proof. Tt I = j, then (U; € P) <= (P €Tj(Cj1)) and (V; € Q) <= (Q € T}(Cy)),
and the result is given by Proposition 5.4.4. We distinguish between two cases when [ > j.

First, if P € F?(Cj+1), then we have:
UeP = U€ePS' = Vi=UeCnPS'=Q,

and:

VieQ = VieQS' = U=VeC;unQS;'=P

Next, if P € F}(Cﬁl), then we have:

— P
UeP = U e — == gi(V)e
({Uj)p

We deduce the following easy corollary. For @ € Tm(yp), we set Pj := f;1(Q) €
P.Spec (Cj) for all 2 < j < n+ 1. Note that in particular we have Q = P».

Corollary 5.4.11. Let Q € Im(yp) and fir 1 <1 <n. Then we have:
Ti=Xip€P < X € P,
forall2 <k <Il+1.

Proof. We proceed by induction on k. For k = 2 the result is trivial. Assume that the result
is shown for some 2 < k < [. By Lemma 5.4.10 we have Xj ;41 € Pry1 <= Xi € Py

and the result follows. O

This corollary can be improved as follows. Let 1 < j < n and w € W. Set X,, :=
fj_l(P.Specw(Z)) C P.Spec (Cj41). When j > 2, we also set Y, := ]fl(P.Specw(Z)) -
P.Spec (Cj), so that X, = goj_l(Yw) since f; = fj—1 0 ¢;. Note that the sets X, and Y,

can be empty.
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Lemma 5.4.12. Let P € X,,. For j <l <n we have:

lew < U eP.

Proof. Note that since | > j we have U = X;, =Tj forall 2 <k < j+ 1. If j =1, we
have X,, = P.Spec ,(A) and the result comes from the definition of P.Spec,,(A). Assume
that j > 2 and the result shown for j — 1. Since [ > j > j — 1 we obtain by Lemma 5.4.10
that Uy € P <= V) € ¢;(P). Moreover ¢;(P) € Yy, thus the induction hypothesis shows
that:

lew <= Vieypj(P) < U eP.
This concludes the induction. O

Lemma 5.4.13. The set fj(X,) is a closed subset of P.Spec,,(A), and f; induces (by

restriction) an homeomorphism from X, to f;j(Xw).

Proof. The result is trivial if j = 1. Assume that j > 2 and that the result is shown for

j — 1. By Lemma 5.4.12 (applied to [ = j for j and j — 1) we have:

(Xw C F?(CjJrl) and Yy, C F?(Cj))a

=
= (Xy CT}(Cjt1) and Y, € T3(CY)).

So in both cases we have X,, C I'(Cj+1) and Yy, C T'5(Cy) for € € {0,1}. Therefore we
have ¢;(Xw) = Yy N Z where Z = ¢;(I'5(Cj41)) with € € {0,1}. By Proposition 5.4.4,
Y., N Z is a closed subset of Y, and ¢; induces an homeomorphism from X, to Y,, N Z.
By the induction hypothesis f;_1 induces an homeomorphism from Y, to f;—1(Y,,) which
is a closed subset of P.Spec ,(A4). Thus fj_1(Y, NZ) is a closed subset of f;j_1(Yy,) (as the

image of a closed subset by an homeomorphism), and so is a closed subset of P.Spec ,(A).

Since fj(Xw) = fj—1 0 ¢;(Xw) = fj—1(Yw N Z), the first assertion is proved.

The map f; : Xy — fi(Xw) = fj—1(Yw N Z) is the composition of the two maps
0j Xw = YyNZand fj_1: YyNZ — fj_1(YyNZ) which are both homeomorphisms. [J

When j = n we have f; = ¢ and X,, = P.Spec,(A), for all w € W. We deduce the

following result.
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Theorem 5.4.14. Let ¢ : P.Spec (A) — P.Spec (A) be the canonical embedding and w €
Wp. Then ¢(P.Spec ,(A)) is a (non empty) closed subset of P.Spec ,(A), and ¢ induces
(by restriction) an homeomorphism from P.Spec ,(A) to ¢(P.Spec ,(A)).

In a lot of examples (when the Poisson algebra considered is supporting a suitable torus
action for instance, see Theorem 5.5.6) the inclusion of the previous theorem is actually
an equality:

©(P.Spec ,(A4)) = P.Spec ,(4).

However this is not true in general as the following example demonstrates.

Ezample 5.4.15. Assume that char K = 0. Let B = Kx[X1, X2, X3] be the Poisson affine

space where:

00 -1
A=10 0 -1
1 1 O
Observe that o := _Xlaixl —XQ% is a Poisson derivation of B and § := (X, +X2)BLX3 a

Poisson a-derivation of B. Thus we can form the Poisson-Ore extension A = B[X4; a, ] p.
Note that § is locally nilpotent and that we have o = ad + §. Thus by Remark 5.1.2
we have A € P, and we can apply the deleting derivations algorithm (note that there
is only one step in the algorithm). The Poisson algebra A is the Poisson affine space

K}\/ [Tl, TQ, T3, T4] where:

0 0 -11

N L
1 1 0 0
-1 -1 0 0

and where T} = X3, Th = Xy, T3 = X3+ (X1 + XQ)X;1 and Ty = X4. The canonical

embedding is the map ¢ from P.Spec (A) to P.Spec (A4) defined by:

PST'nA X, ¢ P,
g_l(P/<X4>p) X, € P,

P+

where S is the multiplicative set of A generated by X4, and where:




T; i—>XZ—|—<X4>p for i=1,...,4.

Firstly we show that {4} € W, C W = 2([1,4]). Set P := (X4)p = (X4, X1 + X2).
One can check that P € P.Spec(A). Since X4 € P, we can define a Poisson algebra
isomorphism A/P = A/o(P) by sending X; + P to T; + ¢(P) for 1 < i < 4 (this will
be done in more generality in Lemma 5.4.18 later). Therefore we have Ty € ¢(P) and
11,15, T3 ¢ ©(P). Hence ¢(P) € P.Spec (4 (A) and {4} € W}, (more generally the set of

Cauchon diagrams of A is computed in Appendix B.).

Secondly, since {4} € W}, Theorem 5.4.14 tells us that the set (P.Spec {4}(A)) is a

non-empty closed subset of P.Spec (43(A4). We will show that this inclusion is strict. For

@Q € P.Spec 44(A) we have Ty € ¢(Q) € P.Spec 43(A), thus (T4, Ty + T2) C ¢(Q) by

Lemma 5.4.7. Hence we have the following inclusion:

¢ (P.Spec {4}(A)) C {P € P.Spec {4}(Z) | Ty € P, TY + T> € P} C P.Spec {4}(Z).

But it is clear that (Ty) € P.Spec (4 (A). Thus:

¢ (P.Spec (4} (A)) & P.Spec (13 (A).

In a similar fashion we can also show that {3,4} € W}, and that:

gp(PSpec {3,4} (A)) g P.Spec {3,4} (Z)

To conclude this section we prove two results. We give a criterion for a Poisson prime
ideal to belong to the image of the canonical embedding, and we exhibit a non empty

subset of Wp.

Proposition 5.4.16. Let w € W}, P € P.Spec,(A) and Q € P.Spec ,(A) such that
©(P) C Q. Then Q € Im(yp).

Proof. We prove by induction that @ € Im(f;) for all 1 < j <n. When j =1 the result

is trivial since f; is the identity on P.Spec(A). Suppose that @@ € Im(fj_;) for some

2 < j < n. Since fj = fj_1 0 ¢; it is enough to show that f]jl(Q) € Im(p;). First
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we remark that ¢(P) C @ implies that fj__ll(go(P)) C fj__ll(Q) by Lemma 5.4.13 (with j

replaced by j — 1). We now distinguish between two cases.

Assume that U; ¢ f;l(go(P)). Then by Corollary 5.4.11 we have T; ¢ ¢(P) and so
j ¢ w. But then by Lemma 5.4.12 we have U; ¢ fj__ll(Q) and thus fj__ll(Q) € Im(y;) by
Lemma 5.4.7.

Assume that U; € fj_l(go(P)). Then:

N; C @i (f;1(0(P) = i1 (0(P)) € £;24(Q),

and Lemma 5.4.7 shows that f;_ll(Q) € Im(ypy).
This concludes the induction. The result follows by taking j = n. O

Proposition 5.4.17. Set W = {w € W | §; = 0 for alli € w}. Then W C Wh.
Moreover for w € W we have p(P.Spec ,(4)) = P.Spec ,,(A).

Proof. Let w € W and set Q := (T; | i € w) € P.Spec,,,(A). We show that Q € Im(¢p).
For, we will prove by induction that @ € Im(f;—1) for all 2 < j < n+1. For j = 2
the result is clear. Now suppose that @ € Im(f;_1) for some 2 < j < n. To show that
Q € Im(f;) it is enough to show that f]fl (Q) € Im(yp;) since f; = fj_10p;. As previously
we set Pj := ]-__11(62) € P.Spec (C}). By Lemma 5.4.7 we have P; € Im(y;) if and only
if either X ;11 ¢ Pj, or N; € P;. We now distinguish between two cases. First suppose
that j ¢ w. Then T ¢ @ and by Lemma 5.4.11 we have X ;11 ¢ P;, i.e. Pj € Im(yp;).
Now suppose that j € w. Next T; € () and by Lemma 5.4.11 we get X; ;11 € P;. But

since j € w we have ¢; = 0 and N; = (X j11). Therefore N; C P; and P; € Im(g;).

The second assertion follows from Proposition 5.4.16 since we just showed that for all

w € W we have (T; | i € w) € Im(yp). O

In particular this proposition shows that we always have {0, {1}} C W}, for A € P.

5.4.5 Poisson prime quotients of A and A

In this section we study the behaviour of the Poisson prime quotients of a Poisson algebra

A € P under the deleting derivations algorithm.
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5.4.5.1 Poisson prime quotients of (11 and C}

Fix 2 < j < n, let P € P.Spec(Cj+1) and set Q := ¢;(P) € P.Spec(C}). As usual, to
simplify notation we set U; := X; j41 and V; := X ; for all i. We also set D := Cj41/P

and F := C;/Q. Finally, we set d; :=U; + P and ¢; :=V; + Q for all 1 <i < n.

Lemma 5.4.18. If d; = 0, then there is a Poisson algebra isomorphism between E and

D sending e; to d; for all1 <i <n.

Proof. d; = 0 means that P € F;:(Cj+1) and QQ = g].*l(P/<Uj>p). Thus we have a surjective

Poisson algebra homomorphism:

Civ1/(Uj)p

C; —
’ P/(Uj)p

= Cj/ P,

whose kernel is Q. O

Lemma 5.4.19. Assume that dj # 0 and set S; = {d} | n > 0}. Then there is an

injective Poisson algebra homomorphism A : E — D.S’iji1 defined by:

Aler) = .
Z nikD],k(Uz)dj k 1< 7,
k>0 "

where D; 1(U;) := D; 1(U;) + P.

Proof. By assumption P € F?(C’j+1), SO QS]l = PS;1 is an ideal in C'ij*l = j+1S;1

and we have the following identifications:

1

C;8;t  Cinsyt Do
T

—1 —1
QS; PS;

12

Thus the canonical embedding of C; in CjS’;l induces a well-defined injective Poisson

algebra homomorphism A from E to DSijf1 whose expression is clear from the equalities:

Py %Dj,k(Ui)Uj—’“ i < j.
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From Lemma 5.4.18 and Lemma 5.4.19, we can state:

Corollary 5.4.20. D and E have the same Poisson field of fractions (if U; ¢ P, we

identify E with its image in DSj_1 by A so that we have DSij_1 = Egj_l).

5.4.5.2 Poisson prime quotients of A and A

From the previous section we deduce the following results about the Poisson prime quo-
tients of A and A. Let P be a Poisson prime ideal of A and set Q := (P). For all

2<j3<n+1 we set:

o Pj:=pjo---0p,(P) € P.Spec(Cj), in particular P,41 = P and P = Q;
e Dj:=Cj/P;, D=Dyi1 =A/P and D := Dy = A/p(P);
o d;j:=X;j+Pjand t; =d;p forall 1 <i<n.

Finally we set G := Frac (D). From Corollary 5.4.20 we deduce that all the algebras D;

have the same Poisson field of fractions G.

Proposition 5.4.21. Let 2 < j < n+ 1. There is a Poisson algebra homomorphism

vj : Cj — G sending X; j to d; ; for 1 < i < n. Its image is D; and its kernel is P;.
Lemma 5.4.18 and Lemma 5.4.19 give us an algorithm to obtain the generators d; ; of

Dj from the generators d; j11 of Dj 1.

Proposition 5.4.22. Let 2 < j <n.

(1) If dj,j+1 =0 then d@j == di,j+1 fOT all 1 S 7 S n.

(2) If dj j+1 # 0, then dj j41 is invertible in G and we have:

di,j+1 (D

diﬂ' - —k . .
> ,Tlﬂﬁl(Dj,k(Xi,j+1))dj,j+1 t<J-
k>0

Let w the element in W}, such that P € P.Spec,(A4). Then Q € P.Spec,(A4) and for
all 1 <4 <n we have:

ti#0 <= i¢w.
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Set w = W \ w and let II be the multiplicative set of D generated by the t; for i € w. For

2 < j <n+1 we define sets II; as follows:
Il :=1I and Hj+1 = Dj+1 N Hj.

Proposition 5.4.23. Then we have:
(1) II; is a multiplicative set of D;j which contains {d;j | j —1 < i < n and d; ; # 0},
forall2 <j<n+1.

(2) For all2 < j <n we have Dﬂ'[;l = D]-HH;_&l (as Poisson subalgebras of G).

Proof. (1) We proceed by induction. If j = 2 the result is clear. Assume that assertion
(1) is true for some 2 < j < n. We show that this assertion is still true for j + 1. First
note that it is clear that II;; is a multiplicative set of D;,1. We now distinguish between

two cases. If d; j11 = 0, we have d; j11 = d; ; for all 1 <i < n, so:
{di,j-i-l | j § ) S n and d@j.ﬁ.l 75 0} = {d@j | j S /) S n and di,j 75 O} g Hj N Dj+1 = H]‘_H.

If dj,j—i—l 75 0 we have di,j—i—l = d@j € Hj N Cj+1 for all 7 < ¢ < n thus {di,j—l—l ‘ 1<t <

n and d; j41 # 0} C II; 4. Thus assertion (1) is shown.

(2) Let 2 < j < n. If djj;1 = 0, we have d; j41 = d;j for all 1 < ¢ < n and
the result follows. Assume that dj;y1 # 0. Assertion (1) tells us, in particular, that
S; = {d;{j+1 | n >0} C1Iljyy. Since djj+1 = d;; we also have S; C II; and by Proposition
5.4.20 we obtain:

1

= -1 _
Dj1 € DjS; = D;S;  C DyII; .

We can then conclude as in Proposition 5.3.1. O

We deduce the following theorem on the Poisson structure of the fields of fractions of

the Poisson prime quotients of A.
Theorem 5.4.24. There exists a multiplicative set S’ in A/P such that (A/P)S'~! =

(A/Q)TI~Y and thus Frac (A/P) = Frac (4/Q).

In particular this theorem says that in order to prove the quadratic Poisson Gel’fand-

Kirillov problem for the Poisson prime quotients of A it is enough to prove it for the Poisson
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prime quotients of the Poisson affine space A. We retrieve Assertion (2) of Theorem 3.3.1

with the addition that the ideal @ is now characterised by the canonical embedding.

5.4.6 Conditions under which 7; belongs to @ € Im(yp)

As usual let P € P.Spec(A) and set Q := ¢(P) € P.Spec (A). In this section we prove a
result which gives conditions under which a generator T of A belongs to Q. We now fix
some notation. For 2 < j <n+1set Pj := @jo---0py(P) € P.Spec(Cj) (P = Py41 and
Q = P), as well as D := Cj;1/Pj41 and E := Cj/P;. For 2 < j < n+ 1 we denote by
Cf_gl (resp. Cj<j ) the Poisson subalgebra of Cj11 (resp. C}) generated by U; (resp. V;)

for all 1 <14 < j. More precisely we have:

Oy = K[U7][Ua; 002, 8] p -+ [Uj—1; 051, 85-1] p,

C7 = K[Wi][Va; a2, 82l p - - [Vi—1; 0521, 651 p.

In particular by Proposition 5.2.2 there is a Poisson algebra isomorphism 6; from C’ﬁzl to

Cj<j sending U; to V; for all 1 <17 < j.

Fix 2 < j < n and assume that U; ¢ Pj+1. We denote by D</ (resp. E<7) the Poisson
subalgebra of D (resp. FE) generated by d; := U; + Pj1 (resp. e; := V; + P;) for all
1 <7 < j. The following lemma shows that we can induce the homomorphism 6; to the

quotient under certain conditions.

Lemma 5.4.25. Assume that U; ¢ Pj1 and that Djyk(Cﬁfl NPjt1) € Pjyq for all k> 0.
Then there exists a unique Poisson algebra homomorphism @ from D<J to E<J sending

d; toe; for all1 <i < j.

Proof. Note that it is enough to show that Qj(CﬁflﬁPjH) - C;jﬂPj. For c € CﬁflﬁPjH
we have:

1 _ .
0i(c) =Y _ —Dji(c)U;* e C.
k>0 i

Since U; ¢ Pj11 we have Pj = Pj+1S;1 N C; where S{l is the multiplicative set generated

by U;. By assumption, for all k > 0 we have Dj;(c) € Pjt1, so for all k > 0:

1 _ -
= Djr(QU; " € P Syt
J
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Thus 0;(c) € Cj<j N P;, and the proposition is proved. O

We can now state the main result of this section.

Proposition 5.4.26. Assume that Dl’k(C’lfrllﬂPlH) C Py forallk>0andalll <1 <j.
If:

Xjj+1 € Pip1 = Xij11 € Pj

for some 1 <1i < j, then T; € Q.

Proof. We first prove by a decreasing induction that X;; € B for all i < [ < j + 1.
The base of the induction is precisely the hypothesis of the proposition. Assume that

Xi41 € Pryq for some i <1 < j.

Case 1: If T} = X; o = Xj 141 € Pi41, then by Lemma 5.4.18 there is a Poisson algebra
isomorphism between C;/F; and Cj41/P41 sending X;; + P, to X; 41 + Py for all 1 <

t <n. Thus X; ;11 € P41 implies that X;; € P, and the result is shown in that case.

Case 2: If T} = X2 = Xy 141 ¢ P41, then by Lemma 5.4.25 there is a Poisson algebra
homomorphism between (Cpy1/P11)<! and (C;/P,)<! sending X; ;11 + P41 to X;; + Py
for all 1 <14 < [. Therefore X; ;1 € P41 implies that X;; € P, and the result is shown in

that case.

In particular when | = ¢ + 1 we obtain X;;11 € P;41. Then by Lemma 5.4.11 we

conclude that T; € QQ and the proposition is shown. ]

5.5 Torus action and the Poisson deleting derivations algo-

rithm

We keep notation from the previous sections. In particular A is a Poisson algebra of the
class P. In Section 5.5.1 we introduce a rational torus action by Poisson automorphisms
on A and study its compatibility with the deleting derivations algorithm. In particular,
this allows us to improve Theorem 5.4.14. In Section 5.5.2 we introduce a partition of
P.Spec (A), the so-called H -stratification, where H is a torus acting rationally by Poisson

automorphisms on A. The H-stratification is defined in [15, Section 4] and is a Poisson
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version of the Goodearl-Letzter H-stratification (see [6, I11.2]), which is used to deal with
spectra of certain noncommutative noetherian rings. Finally in Section 5.5.3 we com-
pare the canonical partition of P.Spec (A) with the H-stratification, and show that they

coincide.

5.5.1 Compatibility of the torus action and the Poisson deleting deriva-

tions algorithm

Let A € P and r > 0. Suppose that the torus H = (K*)" is acting rationally by Poisson
automorphisms on A such that each X; is an H-eigenvector. We study the compatibility
of the deleting derivations algorithm with this action. The action of H on A uniquely
extends to Frac A. The following lemma shows that for all 2 < j < n + 1 the torus H is
also acting rationally by Poisson automorphisms on the algebra C; such that each X; ; is

an H-eigenvector.

Lemma 5.5.1. For h € H set h(X;) = 1 X;, where p; € K* for all 1 <i < n. Assume
that h(Dj,(X;)) = ué?Dj7k(h(Xi)) foralll <i<j<nandk>0. Then h(V;) = u;V;

foralll1 <i<n.

Proof. Recall that V; = X; ; for all 1 <7 < n. Thus the result is trivial when j =n + 1.
Assume that the result is true for the rank j + 1, i.e. that we have h(U;) = p;U; for all
1<i<mn.Ifi>j wehave h(V;) = pu;V; since V; = U;. If i < j then

RV = " (D (U) A(US)
k>0 nj

_Z k“?D’f )) 7kUj7k
>0 77]

= Z Dk wiU, _k

k>0 ]

= u;Vi.

In particular H acts rationally by Poisson automorphisms on the Poisson affine space

A, and for all 1 < i < n the indeterminate 7} is an H-eigenvector.
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Remark 5.5.2. If char K = 0, the hypothesis of Lemma 5.5.1 can be simplified. We claim
that, for a fixed h € H, the assumption:

h(Dji(Xi)) = puiD;(h(X;)) forall 1<i<j<n and k>0,

is trivially satisfied. Indeed we show by induction that for all £ > 0, all h € H and all

1 <1< 73 <n we have:
h(67(X0)) = o5 (h(X3)).- (5.2)

5k
This will prove the claim since when char K = 0, we have D;; = ;7 for all £ > 0 and all
2 < j < n. We now proceed with the induction. Fix h € H and set h(X;) = p; X;, where

i € K* for all 1 <i <n. Suppose k= 1. For 1 <i < j <n we have:

h(6;(Xi)) = h({X;, X1} — (X)) X))
= i ({ X5, Xi} — A Xi X5)

= pind;(X1) = ;65 (M(X1)).
Now suppose that equation (5.2) is satisfied for a rank k. We have:

h(0¥H(X3)) = h({X;, 05 (X))} — 065 (X)) X;)
= {A(X;), " (X))} — h(8¥a;(X1) — 1;kd;(X0)) h(X;)
= A THXG, 0T (X))} — g (ROF (N X)) — mikhdf (X0)) X
_ Mf+1<{XJ:5f (X))} — (\adkh(Xy) + njkdfh(Xl))Xj>
= (0 BAOR) — (S0 + mbath0) X,
= pEFL (X, O5R(X)} — oy 85 h(X0) X;)

= JELS () = A,
This concludes the induction.

Recall that an ideal I of a given algebra endowed with a torus action is h-invariant

(with h € H) if h(I) = I. If h(I) = I for all h € H, then [ is said H-invariant. Let
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1 <j <mn. For an ideal I in Cj41 we set:

(H:1):= () h(I).

heH

Equivalently (H : I) is the largest H-invariant ideal contained in I. Moreover if I is a
Poisson ideal then (H : I) is a Poisson ideal. Indeed since each h € H acts by Poisson
automorphisms on Cj4 the ideal h(I) is a Poisson ideal for all h € H. However when I is
a prime ideal is it not clear whether (H : I) is also prime. It is true under the assumptions
that K is infinite and that the algebra we are working with is noetherian, see for instance
[6, Proposition I1.2.9]. For simplicity we assume that char K = 0 for the remainder of
this chapter. In particular Remarks 5.1.2 and 5.5.2 apply. The subset of P.Spec (Cj41)
consisting of H-invariant ideals is denoted by H-P.Spec (Cj41). By the previous discussion

if P € P.Spec (Cj41) then (H : P) € H-P.Spec (Cj41).

Recall that (U;)p is the smallest Poisson ideal in Cj1; containing U; (equivalently

containing (Uj)).

Lemma 5.5.3. The ideal (U;)p is an H-invariant ideal of Cjy1.

Proof. Set I := (H : (Uj)p). We will show that I = (U;)p. Note that U; € I since Uj is

an H-eigenvector. Therefore we have:
(Uj) € 1< ({Uj)p.

Since (Uj)p is a Poisson ideal, the ideal I is a Poisson ideal, and by minimality of (U;)p

we conclude that (Uj)p = I. This shows that (U;)p is H-invariant. O

We can now prove that h € H commutes with the embedding ;.

Lemma 5.5.4. Let 2 < j <n. If P € P.Spec(Cjt1) and h € H we have:
#; (h(P)) = h(p;(P)).

Proof. Recall that S; = {Ul' | n > 0}. Assume first that P € F?(Cj+1), i.e. that
Uj ¢ P. Since U; is an h-eigenvector (Lemma 5.5.1) we have h(P) € F?(Cj+1). Thus
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;i (h(P)) = C; N h(P)S;! = C; N A(PS; ") and:
i (h(P)) = h(Cj) NA(PS; 1) = h(C;N PSS ) = h(p;(P)).

Assume now that P € F;(Cj+1). By Lemma 5.5.3 the ideal (Uj) p is H-invariant, so h € H
induces a Poisson automorphism h of Cj1/(U;)p sending U; + (U;)p to h(U;) + (U;)p.
Recall from Lemma 5.4.2 the Poisson homomorphism g; : C; — Cj11/(U;)p sending V; to

Ui + (Uj) p. In view of Lemma 5.5.1 the diagram of Figure 5.1 is commutative.

Cj % Cj+1/{Uj)p

h :

Cj 7; Ci+1/(Uj)p
Figure 5.1

Since (U;)p C P we have (U;)p C h(P) and h(P/{U;)p) = h(P)/{U;)p. Thus, using
the commutativity of the diagram of Figure 5.1 and the fact that h and h are bijec-
tive maps, we have gj_l(h(P)/<Uj>p) = h(gj_l(P/<Uj)p)). This means that ¢;(h(P)) =
h(g;(P)). O

We deduce that h € H commutes with the canonical embedding.

Lemma 5.5.5. Let P € P.Spec (A) and h € H. We have:

(1) (h(P)) = h(p(P)).
(2) If P € P.Spec,,(A) for some w € Wp, then h(P) € P.Spec,,(A).

Proof. Assertion (1) comes from Lemma 5.5.4 and the equality ¢ = pg0---0¢,. If
P ¢ P.Spec ,(A), then ¢(P) € P.Spec ,(A). Since T} is an h-eigenvector for all 1 <i <n
we have ¢(h(P)) = h(p(P)) € P.Spec ,(A), thus h(P) € P.Spec ,(A). O

Recall that, by Proposition 3.4.4, the only H-invariant Poisson prime ideals of the

Poisson affine space A are the ideals:

Jw = (T; | i € w),
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for all w € W = Z([[1,n]), provided that Hypotheses 3.4.1 is satisfied (recall that we
assume that charK = 0). We can now state the following improvement of Theorem

5.4.14.

Theorem 5.5.6. Assume that Hypothesis 3.4.1 is satisfied and let w € Wp,. Then:
¢(P.Spec ,(A)) = P.Spec ,(4).

Proof. By Theorem 5.4.14, ¢(P.Spec ,,(A)) is a closed subset of P.Spec ,,(A4) so there exists

a proper ideal I in A containing J,, = (T} | i € w) such that:

¢(P.Spec ,(A)) = {Q € P.Spec ,(A) | Q D I}.

Let Q € ¢(P.Spec,,(4)), and write Q = ¢(P) for some P € P.Spec,,(A). For h € H we
have h(Q) = ¢(h(P)) € ¢(P.Spec,,(A)) by Lemma 5.5.5 and thus I C h(Q). By setting
J:=(H:Q), we have J,, CI CJ CQ, so:

({Tl,...,Tn}ﬂJw) - ({Tl,...,Tn}ﬂJ) - ({Tl,...,Tn}ﬂQ).

But since J € H-P.Spec (A) we can write J = J, for some w’ € W by Proposition 3.4.4.

Hence w C w’' C w, so J = Jy and I = J,,. O

Remark 5.5.7. In particular this theorem shows that the Poisson algebra A from example
5.4.15 cannot be endowed with a rational action satisfying Hypothesis 3.4.1 and such that

the generators of A are eigenvectors.

5.5.2 Stratification of P.Spec (A)

In this section we present another partition of P.Spec(A) for A € P. This partition
was introduced in [15, Section 4] for Poisson algebras endowed with torus actions. More
precisely, let > 0 and suppose that B is a Poisson K-algebra and that a torus H = (K*)"

acts on B by Poisson automorphisms. For any J € H-P.Spec (B) of B we set:

P.Spec ;(B) = {P € P.Spec(B) | (H : P) = J},
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and we obtain a partition:

P.Spec (B) = |_| P.Spec ;(B),
JeH-P.Spec (B)
since for all P € P.Spec(B) we have (H : P) € H-P.Spec(B) (recall that charK = 0).
This partition is called the H -stratification of P.Spec (B) and each set P.Spec ;(B) is called
an H-stratum. For the remainder of this chapter we want to consider both the canonical
partition and the H-stratification for a given algebra A € P. We gather the assumptions

we need for this in the following list. For A € P we suppose that:

e a torus H = (K*)" is acting rationally by Poisson automorphisms on A such that
each X; is an H-eigenvector,

e H satisfies Hypothesis 3.4.1,

e charK = 0.

Note that by Lemma 5.5.1 these assumptions imply that H acts rationally by Poisson
automorphisms on C; for all 2 < j < n+1. Thus we can consider the H-strata P.Spec ;(C})
for all J € H-P.Spec (Cj).

5.5.3 Canonical partition and H-stratification

In this section we show that the canonical partition and the H-stratification are actually

the same partition of P.Spec (A).

Lemma 5.5.8. Let ¢ € {0,1}, 2 < j <mn, and J € H-P.Spec(Cj11). If J € I'5(Cjt1),
then:
P.Spec ;(Cjy1) € T5(Cjt1).

Similarly, if J € H-P.Spec (Cj) NT'5(C}), then:
P.Spec () € T5(C)).

Proof. Assume that J € H-P.Spec (Cj4+1) and recall that U; = X ;11. If e = 1, we have
Uj € J and if P € P.Spec ;(Cj+1) we deduce that U; € P, since J C P. Assume that e = 0,
so that U; ¢ J, and suppose that there exists P € P.Spec ;(Cj41) such that U; € P. Then,

107



since U; is an H-eigenvector we have U; € (H : P) = J, and we reach a contradiction.

Thus U; ¢ P. We deal similarly with the second assertion of the lemma. O

We obtain the following result on the image of a H-strata in P.Spec (C)41) under the
embedding ¢;.
Lemma 5.5.9. Let 2 < j <n and J € H-P.Spec (Cj11). Then:
(1) J = ¢;j(J) € H-P.Spec (C).

(2) ¢;(P.Spec ;(Cj+1)) C P.Spec ;(C;).
Proof. We obtain assertion (1) by Lemma 5.5.4 since for all h € H we have:

h(J) = hip; (1) = @i (W(])) = ¢;(J) = J".

Let P € P.Spec ;(Cjt1) and set Q := ¢;(P). We have (H : P) = J and we want to show
that (H : Q) = J'. Let € € {0,1} such that J € I';(Cj+1). Then we have P € I'5(Cj1)
by Lemma 5.5.8. So @ and J’ belong to Y. := ¢, (Fj(CjH)). Recall that Y; is a closed
subset of I';(C}) (Proposition 5.4.4), thus there exists an ideal I € C; such that:

Y. ={T eT5(C)) | T2 I}

Since J C P and ¢; is increasing on F;(Cj+1), we have J' C Q. But J' is H-invariant
so we have J' C (H : Q). We set J" := (H : Q). Since Q € I';(C}), Lemma 5.5.8 shows
that J” ¢ Fj(Cj). Since J' € Yz, we have I C J' C J”, so that J” € Y.. In particular
J" € Im(gp;) and we set J"” := ;' (J") € T5(Cj11). For h € H, we have J' C J" C h(Q)
i.e.:

@i(J) € @i (J") C pi(h(P)).

Recall that J and J" belong to I'5(Cj+1). Moreover h(P) € I'5(Cjt1) since h(P) €
P.Spec ;(Cj11) and J € I'5(Cj+1), see Lemma 5.5.8. By Proposition 5.4.4 we deduce that
J C J" C h(P) for all h € H. Therefore we have:

JCJ"C(H:P)=J,
so that J” = J. Thus ¢;(J") = ¢;(J) and we obtain (H : Q) = J' as desired. O
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The following lemma shows in particular that there are only finitely many ideals in

H-P.Spec (A).

Lemma 5.5.10. Let J € H-P.Spec (A) and w € W}, such that J € P.Spec ,(A). Then:
(1) #(J) = Ju-

(2) P.Spec j(A) C P.Spec,,(A).

Proof. By Lemma 5.5.5 we have:

for all h € H, so ¢(J) € H-P.Spec(A). Since moreover ¢(.J) € P.Spec,,(A) we obtain
©(J) = Jy by Proposition 3.4.4. This proves assertion (1).

By Lemma 5.5.9 we have ¢(P.Spec ;(A4)) C P.Spec (A) = P.Spec ; (A), and asser-
tion (2) will follow if we show that P.Spec ; (A) C P.Spec,,(A4). Let @ € P.Spec ; (4).
Then J,, C @ and we have:

{ﬂ‘zew}:me{Tlv7Tn}ng{T177T7L}

Assume that there exists i € w := [1,n] \ w such that T; € Q. Then T; € (H : Q) = Jy

since T} is an H-eigenvector, a contradiction. Therefore @Q € P.Spec,(A) and assertion

(2) is proved. O
We can thus conclude by the following theorem.

Theorem 5.5.11. Let A € P and suppose that a torus H = (K*)" is acting rationally by
Poisson automorphisms on A such that each X; is an H-eigenvector. Moreover assume

that H satisfies Hypothesis 3.4.1 and that char K = 0. Then, the canonical partition:

P.Spec(A) = |_| P.Spec,(A)
weWp,

coincides with the H -stratification:

P.Spec(A) = |_| P.Spec ;(A).
JeH-P.Spec (A)
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The canonical partition is independent of the choice of the torus H, and the H-
stratification is independent of the expression of A as an iterated Poisson-Ore extension,

thus we obtain the following corollary.

Corollary 5.5.12. With the hypotheses of Theorem 5.5.11, the H -stratification is inde-
pendent of the choice of the torus H, and the canonical partition of the expression of A as

an iterated Poisson-Ore extension.
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Chapter 6

Poisson primitive spectrum

In this chapter we turn our attention to the Poisson primitive spectra of the algebras of
the class P. In particular the Poisson deleting derivations algorithm allows us to prove the
Poisson Dixmier-Moeglin equivalence for these algebras when char K = 0. We first recall
what is the Poisson Dixmier-Moeglin equivalence in Section 6.1. Then in Section 6.2, we
give the proof of this equivalence for the Poisson algebras of the class P. Even better,
we show that the Poisson primitive ideals are exactly the Poisson prime ideals that are
maximal in their strata. Finally in Section 6.3 we prove a transfer result for the Poisson
Dixmier-Moeglin equivalence of Poisson-Ore extensions. For, we first need to generalise

some results of Chapter 5. In all this chapter we assume that char K = 0.

6.1 Poisson Dixmier-Moeglin equivalence

In representation theory one often wants to classify the simple modules of a given algebra.
It is usually a difficult problem and one can focus first on studying their annihilators,
the so-called primitive ideals. Dixmier [10] and Moeglin [30] studied these ideals for en-
veloping algebras of finite dimensional Lie algebras. They gave algebraic and topological
characterisations for primitive ideals in these algebras. Let R be a noetherian algebra. A
prime ideal P of R is said rational provided that the field Z(Frac R/P) is algebraic over
the ground field. The ideal P is said to be locally closed if the point { P} is locally closed
in Spec (R) (with respect to the Zariski topology). Dixmier and Moeglin showed that for

all finite dimensional complex Lie algebras g, the set of primitive ideals, rational ideals and
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locally closed ideals of U(g) are equal. More generally, we say that the Dizmier-Moeglin
equivalence holds for a given noetherian algebra if the sets of primitive ideals, locally closed
ideals and rational ideals coincide. This equivalence has been proved for several families
of algebras such as quantised coordinate rings, see [21] for instance, or twisted coordinate

rings [4].

A Poisson version of the Dixmier-Moeglin equivalence for Poisson algebra is investi-
gated in [32], [15] or [3] for instance. Let A be a Poisson K-algebra and P € P.Spec (A).
The ideal P is said locally closed if the point { P} is a locally closed point of P.Spec (A). Re-
call that the Poisson centre of a Poisson algebra B is the Poisson subalgebra Zp(B) := {a €
B | {a,—} = 0}. The ideal P is said Poisson rational provided the field Zp (Frac (A/P))
is algebraic over the ground field K. For J an ideal of A, there is a largest Poisson ideal
contained in J that is called the Poisson core of J. Poisson cores of maximal ideals of A
are called Poisson primitive ideals. As recalled in [16], for a solvable finite dimensional
complex Lie algebra g, the set of primitive ideals of U(g) is homeomorphic to the set
of Poisson primitive ideals in S(g), the symmetric ideal of g endowed with the Kirillov-
Kostant-Souriau Poisson bracket (see 4 of Examples 1.1.3). Moreover it is shown in [31,
Corollary 8] that the annihilator of a simple Poisson module is a Poisson primitive ideal.
We say that the Poisson Dixmier-Moeglin equivalence holds for the Poisson algebra A if

the following sets coincide:

(1) the set of Poisson primitive ideals;
(2) the set of locally closed Poisson ideals;

(3) the set of Poisson rational ideals.

It is shown in [32] that we have the inclusions (2) C (1) C (3) for all finitely generated
Poisson algebras over a base field of characteristic zero. However the inclusion (3) C (2) is
not always satisfied as there exist counter-examples in all Krull dimension d > 4, see [3].
The Poisson Dixmier-Moeglin equivalence holds for several families of Poisson algebras
such as Poisson tori [32], Poisson algebras supporting torus action [15], [18] and Poisson
algebras with generalised Jacobian Poisson structures [26] for instance. In the next section
we show that the algebras of the the class P also satisfy the Poisson Dixmier-Moeglin

equivalence.
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6.2 Poisson Dixmier-Moeglin equivalence for the algebras

of the class P

It is known that Poisson affine spaces satisfy the Poisson Dixmier-Moeglin equivalence,
see [15, Example 4.6] for instance. In this section this fact together with the canonical
embedding will allow us to prove the Poisson Dixmier-Moeglin equivalence for all algebras
of the class P. All algebras of the class P are finitely generated, therefore it only remains
to show the Poisson rational ideals of A € P are also locally closed. We will freely continue

to use the notation of Chapter 5. Recall that for an ideal I of a Poisson algebra A we set:
Vp(I) ={Q € PSpec(A) | Q 2 I} and Wp(I)={Q € P.Spec(A) | Q 2 I}.

The following lemma is a Poisson version of [6, Lemma I1.7.7].

Lemma 6.2.1. Let A be a Poisson algebra and P € P.Spec (A). Then P is locally closed
if and only if the intersection of all the Poisson prime ideals properly containing P is an

ideal properly containing P.

Proof. Let T be the intersection of all the Poisson prime ideals of A properly containing
P. If P ¢ Z, then W(Z)NV(P) = {P}, i.e. {P} is a locally closed point of P.Spec (A).
Conversely, if P is locally closed, then there are ideals I and L in A such that V(I) N
W(L) = {P}. Let Q € P.Spec(A) such that P ¢ Q. Then Q € V(I) and so Q ¢ W(L),
ie. LC @ and L CZ. We conclude that P ¢ L+ P C 7. O

Hence P is locally closed if and only if the intersection of all non trivial Poisson prime

ideals in A/P is non trivial.

Proposition 6.2.2. Let A € P. Then Poisson rational ideals of A are Poisson locally

closed ideals.

Proof. Recall that by applying the Poisson deleting derivations algorithm to the Poisson
algebra A we get a sequence of Poisson algebras C'; where j runs from n+ 1 to 2 such that
Cpt1 = A and Cy = A is a Poisson affine space. We will show by an increasing induction
on j that all Poisson rational ideals of C; are locally closed. When j = 2 the algebra Ais

a Poisson affine space and the result comes from [15, Example 4.6]. Assume that for some
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2 < j < n the Poisson rational ideals of C; are locally closed. Let P € P.Spec (Cj41) be a

Poisson rational ideal. We distinguish between two cases: either U; € P, or U; ¢ P.

Case 1: If U; € P, then by Lemma 5.4.18 we get a Poisson algebra isomorphism between
Cj+1/P and Cj/p;(P). Thus we get:

Zp (Frac (%)) =7Zp (Frac (%C(zg))),

and the Poisson prime ideal ¢;(P) is rational in C; since by assumption P is rational in

Cjt+1. Therefore by the induction hypothesis ¢;(P) is locally closed in Cj. By Lemma

6.2.1 we can write:

ﬂ Q # {0}, where @ € P.Spec (Cj/cpj(P)),
Q#0

or equivalently using the isomorphism Cjyq1/P = C;/p;(P):

ﬂ Q # {0}, where @ € P.Spec (Cj+1/P),
Q#0

which means that P is locally closed in C}1.

Case 2: If U; ¢ P, then by Lemma 5.4.19 we get the equality:
C;S1/QS = Cja8;7 1/ PST
which leads to the isomorphism:

Zp(Frac <%>> ~ Zp(Frac (%(ZD)))

Therefore ¢;(P) € P.Spec(C;) is Poisson rational, and so is locally closed. We now

introduce a few pieces of notation:

F} ={Q € PSpec(Cj) | ;(P) & Q and V; ¢ Q},
Fj :={Q € P.Spec(C}) | ¢;(P) & Q and V; € Q},
Fii1 :={Q € P.Spec(Cj11) | P & Q and U; ¢ Q},
Fji1 :={Q € PSpec(Cjt1) | P & Q and Uj € Q},
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QeF) QEF; QeF),, QEF

Let Z be the intersection of all the Poisson prime ideals of Cj1 properly containing P.

We have:
(P locally closed) — (P c I) — (P ¢ (T2 N 7;1“)). (6.1)
By the induction hypothesis we have:
0i(P) & (7}0 N 7;1) so that ¢;(P) = PS]-_1 nNc; & 7;0
Since the map ; restricts to an homeomorphism from ]:j0 41 to ]-"]Q we have:
@j(P)SZEO — P§7}0+1~

Therefore there exists a € (’7}0+1 \ P). Moreover by definition we have U; € (7;1+1 \ P).

Since P is a prime ideal and a,U; ¢ P it clear that:
alj € (7;‘0+1 N T \P),

and by (6.1) we obtain that P is locally closed. This concludes the induction. The case

j = n gives us the result for C,11 = A. O
We are now ready to state the main results of this section.

Theorem 6.2.3. Let A € P. Then A satisfies the Poisson Dixmier-Moeglin equivalence.
We deduce the following corollary which links the Poisson primitive ideals of A with

the Poisson primitive ideals of A.

Corollary 6.2.4. Let A € P. Then for all P € P.Spec (A) we have the following equiva-
lence:

P is Poisson primitive in A <= ¢(P) is Poisson primitive in A.

We can also describe the primitive ideals of A € P inside their strata, namely they are

exactly the maximal ideals in their respective strata.
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Proposition 6.2.5. Let A € P. Suppose that w € Wp and let P € P.Spec ,(A). Then:

P is Poisson primitive <= P is mazimal in P.Spec ,(A).

Proof. First suppose that P is a Poisson primitive ideal. Then ¢(P) € P.Spec,,(A) is
Poisson primitive in A by Corollary 6.2.4. By [15, Theorem 4.3, Example 4.6], ¢(P)

is maximal in P.Spec,(A4). Now let P’ € P.Spec,(A) be such that P C P’. Since ¢

induces an homeomorphism from P.Spec ,(A) to ¢(P.Spec,,(A4)) C P.Spec,,(A), we have

©(P) C ¢(P') inside P.Spec,,(A). By maximality of ¢(P) we get ¢(P) = ¢(P’), i.e.
P = P', and P is maximal in P.Spec ,(A).

Conversely, suppose that P is maximal in P.Spec,(A). Then ¢(P) is maximal in
¢ (P.Spec ,(A)) by Theorem 5.4.14. Recall that ¢(P.Spec ,(A)) C P.Spec,,(A) by The-
orem 5.4.14, and let Q € P.Spec,,(A) such that ¢(P) C Q. By Proposition 5.4.16 we
have Q € Im(yp), i.e. @ € ¢(P.Spec,,(A)) and by maximality of ¢(P) in ¢(P.Spec ,(A))
we have Q = ¢(P). Therefore p(P) is maximal in P.Spec,,(A). By [15, Theorem 4.3,
Example 4.6] this shows that ¢(P) is Poisson primitive in A. We conclude by Corollary
6.2.4 that P is Poisson primitive in A. O

Ezxample 6.2.6. The algebra A of Example 5.4.15 satisfies the Poisson Dixmier-Moeglin
equivalence. Note that this algebra is not covered by [15, Theorem 4.3].

6.3 A transfer result for Poisson-Ore extensions

In this section we prove a transfer result for Poisson-Ore extensions. More precisely, we
show that, under certain assumptions on 4, if the Poisson-Ore extension A[X;a]p satis-
fies the Poisson Dixmier-Moeglin equivalence, then the Poisson-Ore extension A[X;«, d]p
satisfies the Poisson Dixmier-Moeglin equivalence. We first need to extend some results
of Section 5.4. We will construct a canonical embedding for a Poisson-Ore extension
B := A[X;a,d]p which can be “deleted” (i.e. satisfying the assumptions of Theorem
2.2.2).
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6.3.1 Poisson deleting derivation homomorphism and canonical embed-

ding for A[X;«,d|p

We recall the Poisson deleting derivation homomorphism in characteristic zero.

Theorem 6.3.1. [18, Theorem 3.7], or see also [Theorem 2.2.2]. Let B := A[X;«a,d]|p
be a Poisson-Ore extension, where A is a Poisson K-algebra. Suppose that [0, o] = nd for

some nonzero scalar 1. Then there is a Poisson algebra isomorphism from A[Y*;a]p to

A[XTY a,0]p such that:

9(@) _ Z l'(sll(a)Xfi’

= nt il
and 0(Y) = X.
Set S := {X?|i >0}, so that BS™! = A[X*!;q,d]p. Note that we define a Poisson
derivation of A’ := 0(A) by setting o/ := oot
Corollary 6.3.2. The Poisson subalgebra B := §(A[Y;a]p) = 0(A)[X;]p of BS™! is

Poisson isomorphic to A[Y;a]p, and we have BS™' = BS™1.

We will now define an embedding from P.Spec (B) to P.Spec (B). First, we partition

P.Spec (B) and P.Spec (B) by the following sets:

I'°%(B) = {P € P.Spec(B) | X ¢ P}, I'(B) = {P € P.Spec(B) | X € P},

I'%(B) = {P € P.Spec(B) | X ¢ P}, I''(B) = {P € P.Spec(B) | X € P}.

Since BS™! = BS™1, contraction and extension of ideals provide bijections between I'°(B)

and I'°(B).

Lemma 6.3.3. There is an homeomorphism ¢ : T'%(B) — TI'%(B) given by ©°(P) :=

PS™INB for P € T%(B). Its inverse is defined by (¢°)~H(Q) := QSN B for Q € T°(B).
We denote by (X)p the smallest Poisson ideal of B containing X and by @ the image

of a € A in the Poisson algebra B/(X)p.

Lemma 6.3.4. There is a surjective Poisson algebra homomorphism g : B — B/{X)p.
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Proof. First notice that there is a Poisson algebra homomorphism f from 6(A) to B/(X)p

given by f(f(a)) :=a for all a € A. Now since:

{X,f(0(a)} = {X,@} = a(a)X = f(c/(0(a))) X

for all a € A, the Poisson algebra homomorphism f extends by universal property of
Poisson-Ore extension (see Proposition 1.1.16) to a Poisson algebra homomorphism g

from B = 0(A)[Y;d/]p to B/(X)p, sending Y to X. The map g is clearly surjective. [
Set N := ker(g). Then there is an homeomorphism:
@' :Tj(B) — {P € P.Spec(B) | N C P}
defined by ¢!(P) := g~ (P/(X)p) for P € T'}(B). Since X € N we have:
{P cPSpec(B) | N C P} CTY(B).

Therefore we obtain the following lemma.

Lemma 6.3.5. There is an increasing and injective map @' : TY(B) — T'Y(B) defined by
oY (P) = g~ Y (P/(X)p) for P € TY(B), which induces an homeomorphism on its image.

We define a map ¢ : P.Spec (B) — P.Spec (B) by setting:

@ (P)if X ¢ P,

p(P)=q
e (P)if X € P.

We have:

Proposition 6.3.6. The map ¢ : P.Spec (B) — P.Spec (B) is injective. For e € {0,1},
the map ¢ induces an homeomorphism from T'°(B) to ¢(T'°(B)) which is a closed subset
of T¢(B).

We now study the behaviour of the Poisson prime quotients of a Poisson-Ore extension

B = A[X;«a,d]p under the deleting derivation homomorphism. Let P € P.Spec(B) and
set Q := ¢(P) € P.Spec (B).
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Lemma 6.3.7. If X € P, then there is a Poisson algebra isomorphism between B/Q and
B/P.

Proof. Since X € P, we have P € T''(B) and Q = g~ !(P/(X)p). Thus there is a surjective

Poisson algebra homomorphism:

whose kernel is Q. O

We set S :={X'+P|i>0}and 5" :={X"+Q |i>0}.

Lemma 6.3.8. If X ¢ P, then there is a Poisson algebra isomorphism (E/Q)y_l ~

(B/P)S .

Proof. By assumption P € T%(B), so @QS~! = PS~! is an ideal in BS~! = BS~!. Thus:

-1 BS™t  BS™!
0SS 1 PSS

~ (B/P)S .

(B/Q)S

Both isomorphisms come from the fact that PNS =Q NS = 0. O

6.3.2 Transfer result

We now prove our transfer result for Poisson-Ore extensions. The proof is essentially the

same as the proof of Proposition 6.2.2.

Theorem 6.3.9. Let A be a finitely generated Poisson K-algebra, o € Derp(A) and 6
be a locally nilpotent Poisson a-derivation such that da — ad = nd for some monzero
scalar m. If the Poisson-Ore extension A[X;alp satisfies the Poisson Dizmier-Moeglin
equivalence, then the Poisson-Ore extension A|X;«,d|p satisfies the Poisson Dixmier-

Moeglin equivalence.

Proof. Since A is finitely generated, B =: A[X; «, d]p is finitely generated. Thus, by [32],
locally closed Poisson ideals of B are Poisson primitive ideals, and Poisson primitive ideals

are Poisson rational ideals. Therefore it only remains to show that Poisson rational ideals
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of B are locally closed Poisson ideals. Note that since the algebra B = 0(A)[X;d/]p is
Poisson isomorphic to A[X;a]p, the assumption of the theorem tells us that B satisfies
the Poisson Dixmier-Moeglin equivalence. Let P € P.Spec (B) be a Poisson rational ideal.
Recall that P is locally closed if and only if the intersection of all non trivial Poisson prime

ideals in B/P is non trivial. We distinguish between two cases: either X € P, or X ¢ P.

Case 1: If X € P, then by Lemma 6.3.7 we get a Poisson algebra isomorphism between
B/P and B/p(P), and the result follows.

Case 2: If X ¢ P, then by Lemma 6.3.8 we obtain the isomorphism:

Zp (Frac (%)) ~ Zp (Frac <¢éBP))>'

Therefore p(P) € P.Spec (B) is Poisson rational, and so is locally closed. We set:

FO:={Q e PSpec(B) | p(P) ¢ Q and X ¢ Q},
F':={Q e P.Spec(B) | ¢(P) ¢ Q and X € Q},
H? :={Q e P.Spec(B) | P ¢ Q and X ¢ Q},
H':={Q € P.Spec(B) | P ¢ Q and X € Q},

=@ T':=()Q R:=(]Q ad R':=[)Q

QeF? Qer! QEHO QeM!
Let Z be the intersection of all the Poisson prime ideals of B properly containing P. We

have:
(P locally closed) — (P c I) — (P ¢ (R°n Rl)). (6.2)

By the induction hypothesis we have ¢(P) G (T° N T?), so that ¢(P) & T7°. Since the

map ¢ restricts to an homeomorphism from H° to F° we obtain:
e(P) & T? = P¢ R

Therefore there exists a € (R”\ P). Moreover by definition we have X € (R!\ P). Since
P is a prime ideal and a, X ¢ P it clear that:

aX e (ROORl\P>,
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and by (6.2) we obtain that P is locally closed.

We also get for free the following corollary.

Corollary 6.3.10. For all P € P.Spec (B) we have the following equivalence:

P is Poisson primitive in B <= ¢(P) is Poisson primitive in B.
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Chapter 7

Comparison of Spectra and

Poisson spectra

In this chapter we study the link between the spectrum of a quantum algebra and the
Poisson spectrum of its Poisson analogue. More precisely, Cauchon [8] uses his deleting
derivations algorithm to obtain information on the spectra of the algebras of a class Q
of iterated Ore extensions (i.e. the algebras satisfying the hypotheses of [8, Section 3.1]).
Often the algebras of the class Q are deformations of Poisson algebras of the class P.
In the algebraic deformation context we can see both a given algebra R of the class Q
and its Poisson analogue A as quotients of the same iterated Ore extension. The goal of
this chapter is to compare the spectrum of R with the Poisson spectrum of A in such a

situation. We now make precise the context we will work with in this chapter.

7.1 A class of iterated Ore extensions and a question

Suppose that R; is an iterated Ore extension over K[t*!]

Ry = K[t [z1][w2; 02, Aa] - - - [0 0y Ay,
such that for all 2 < i < n:

° Rfi denotes the subalgebra of R; generated by t*¥! z1, ..., z;_1,
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0; is the automorphism of R;* such that o;(t) = t and o;(x;) = tiz; for all
1 < j <, where the A;js are integers,

A,; is a locally nilpotent o;-derivation of R’ such that A;(t) = 0,

e 0;A; = t"A,0; for some integer 7; € K*|
o AR C (t — 1)k (k) RS for all k > 0,
e A:= R;/(t —1)R; is commutative.

Notation. We denote by R the class of algebra satisfying such hypotheses.

Let R; € R. For a non root of unity ¢ € K* the element ¢t — ¢ is central in R; and we
denote by R, the quotient algebra R, := R;/(t — q)R;. Recall from [8, Section 3.1] that

an iterated Ore extension:
R = K[z1][z2; 02, Ag] - - - [x0; 00, A,

belongs to the class Q if for all 1 <7 < n:

e 0; is an automorphism of the appropriate subalgebra such that o;(x;) = ¢;;x; with
gij € K* forall 1 < j <1,
e /\; is a locally nilpotent o;-derivation of the appropriate subalgebra,

e 0;A; = ;A;0; for a non root of unity /; € K*.

Thus it is clear that R, € Q. Moreover the algebra A = R;/(t — 1)R; is a Poisson algebra
which belongs to the class P thanks to Theorem 4.1.3. In the language of Section 1.2 the
algebra R, is a deformation of the Poisson algebra A, and A is the semiclassical limit of

the algebra R; at ¢t — 1.

Fix a non root of unity ¢ € K* and consider the algebra R,. Since R, € Q, Cauchon’s
deleting derivations algorithm can be applied. In particular we obtain a partition of the
spectrum Spec (R,) of R, indexed by a subset W' of W = Z([[1,n]]) (see [8, Notation
4.4.1]). On the other hand the Poisson algebra A belongs to the class P and, as shown in
Section 5.4.2, we obtain a partition of the Poisson spectrum P.Spec (A4) of A indexed by
a subset W}, of W. Recall that the set W’ is the set of Cauchon diagrams of R, and W},
is the set of Cauchon diagrams of A. As it is often the case in deformation-quantisation
theory that quantum objects and their Poisson analogues share similarities, it is natural

to ask whether or not these sets coincide.
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Question 7.1.1. Let R; € R and assume that charK = 0. Do the sets W’ and W}

coincide?

In Section 7.2 we answer positively Question 7.1.1 for two examples in small dimensions.
The general strategy is the same: in both situations we describe explicitly the sets W’
and Wp. Firstly, using Lemma 5.4.7 it is possible to exclude some elements of W. Then
we exhibit ideals belonging to the remaining strata. The major difficulty, especially in the
second example, is that at some point we have to check the primality of some given ideals.
This is doable here because of the small dimensions we are working with, but this won’t
generalise in higher dimensions, especially when the algorithm involves several steps. A

third example is given in Appendix B.

In Section 7.3 we answer positively Question 7.1.1 for the algebra of m x p quantum
matrices over K[t*1], that we denote by Ry := Oy (M p(K[t*!])). It is well known that
the algebra R; belongs to the class R (the details are given in Section 4.2.1). Cauchon
gave a combinatorial description of the set W' in [9, Théoreme 3.2.1]. More precisely there
is a bijection between W' and the set G consisting of all m x p grids with black or white
boxes satisfying the property that if a box is black, then every box strictly to its left is
black or every box strictly above it is black. We will show that, when char K # 2, the
set W}, of Cauchon diagrams for the matrix Poisson variety A = O(Mp,,(K)) is also in

bijection with the set G answering positively Question 7.1.1 for Oy (M, ,(K[t£1])).

When char K = 2 the Poisson algebra A = O(M,y,,(K)) is a Poisson affine space. In
that case, the Poisson deleting derivations algorithm is trivial and we have Wj, = W.
However W’ C W since the deformation parameter ¢ is not a root of unity. To generalise
Question 7.1.1 to positive characteristic one would like to compare the Cauchon diagrams
of A with the Cauchon diagrams of R, when g is a root of unity. For instance, in char K = 2,
one would like to compare W with the set W’ obtained by taking ¢ to be a primitive
second root of unity. However there is no primitive second root of unity in a field of
characteristic 2. More generally, in a field of characteristic p > 0 there is no primitive
root of unity of order divisible by p. This shows that Question 7.1.1 cannot be directly

adapted to the positive characteristic case.
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7.2 Examples

In this section we answer positively Question 7.1.1 for two examples. We suppose that

charK = 0.

7.2.1 The quantum-Weyl algebra and its Poisson analogue

We recall from Example 4.1.2 the Ore extension R; = K[t*!][z][y; 0, A] where o is the
automorphism of K[t*1][x] such that ¢(z) = tx and o(t) = t, and A is the o-derivation of

K[t*!][x] such that A(x) =¢— 1 and A(t) = 0. In particular we have:

o yr =txy+t—1,
e Ao =toA,

o AF(x) € (t — DR (k) LKt 2).

Thus R; € R. We first consider the Poisson algebra A := R;/(t — 1)R; € P, then the
algebra R, := R;/(t — q)R; € Q for a non root of unity ¢ € K*. In this small example
we will actually be able to describe explicitly all the elements of the non empty strata of

Spec (R,) and P.Spec (A). We require the field K to be algebraically closed.

7.2.1.1 Poisson Spectrum of A

We have A = K[X][Y; a, §]p with o := X O0x and § := Jx. The Poisson deleting derivations
algorithm returns (after one step) the Poisson affine space A = K[X'][Y;a]p with X’ =
X + YL Since (Y)p = (Y,1) = A, Lemma 5.4.7 gives us the following equivalence. For

all @ € P.Spec (A) we have:

(Qem(p)) = (Y £Q). (7.1)

Therefore for all P € P.Spec (A) we have o(P) = PS™'N A, where S = {Y? | i > 0}. We
want to find the set W, C W = {0, {1}, {2}, {1,2}} of Cauchon diagrams of A. Recall
that by Proposition 5.4.17, we always have {0, {1}} C W}. From the equivalence (7.1) it
is easy to see that:

we Wp < 2¢w.
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Thus W = {0,{1}}. In the remainder of this section we describe the non empty strata
of A.

Lemma 7.2.1. We have P.Specy(A) = {(0)}.

Proof. We denote by T the localisation of A at the multiplicative set consisting of its
(nonzero) monomials. Then T = K;[X'*!, Y*!] is a Poisson torus and there is a 1 — 1

correspondence:
P.Spec ¢(A) = {P € P.Spec (A4), X", Y ¢ P} +— {Q € P.Spec (T)}.

By Lemma 1.3.2 we have Zp(T) = K and so P.Spec (T') = {(0)}. Therefore we obtain
P.Spec¢(A) = {(0)} since ¢ (P.Spec y(A4)) C P.Spec y(A). O

We now consider the stratum P.Spec (13 (4).

Lemma 7.2.2. We have:
P.Spec {1}(A) ={{(XY +1),(XY+1,Y —-)), Ae K*}.

Proof. Since P.Spec4(A) = {(0)} we obtain ¢(P.Spec {1}(A)) = P.Spec 13(4) by Lemma

5.4.1, and therefore to understand P.Spec 1 (A) it is enough to understand P.Spec 1 (A).

There is a 1 — 1 correspondence:
{P € P.Spec (A) | (X') C P} +— P.Spec (A/(X")),
and we have:
P.Spec (A/(X')) = P.Spec (K[Y]) = Spec (K[Y]) = {{Y = A) | A e K}.
So we conclude that:
P.Spec{l}(Z) = {XNV (XY =X\ | e K*}.

To finish the proof we need to compute cp_l(P.Spec {1}(2)). First we will show that
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e({(XY +1)) = (X'). We have:

(XY +1,X} = X(XY + 1),

(XY +1,Y} = -Y(XY +1).

So (XY 4 1) is a Poisson ideal. Moreover we have A/(XY +1) =2 K[Z*1], so (XY + 1) is
a prime ideal. Therefore (XY +1) € P.Spec (A). We now compute the image of (XY +1)

by the canonical embedding.
(XY + 1)) = (XY + )STTnA={(XY +1)fY " | f€ A i>0}nA
So X'=X+Y 1= (XY +1)Y ! e p(XY +1)) and:
(X') € o((XY +1)). (7.2)
We now show that (XY + 1) C ¢ 1({X")). Tt is clear that (X’) € Im(¢), and we have:
eI XN) = (XNSTTNA={X"fY " | f€ A, i>0}NA.

Thus XY +1=X'Y € o~ 1({X')) so that:

(XY +1) C o ((X)). (7.3)

Notice that by definition we have = '((X")) € P.Spec (13(A). Moreover (XY + 1) also
belongs to P.Spec1;(A). Indeed, we already showed that X' € ¢((XY + 1)), and if
Y € o((XY + 1)), then Y € (XY + 1), a contradiction. Thus both ¢=1((X’)) and

(XY +1) belong to P.Spec (13 (A). Since ¢ induces an homeomorphism from P.Spec 11,(A)

to P.Spec (13 (A4) we deduce from equations (7.2) and (7.3) that:
P({XY +1)) € (e (X)) € ((XY +1)),
Le. p((XY 4+ 1)) = (X’). In the same way we can show that for all A € K* we have:

P((XY +1,Y = \) = (X", Y = \).

127



Therefore we obtain:

P.Spec 13(A) = {(XY + 1), (XY + 1,Y = ) | A € K*}.

We conclude that the Poisson spectrum of A can be represented as follows:
0 C(XY +1) C(XY+1,Y — 1), (7.4)

for all A € K*. The Poisson primitive ideals are those which are maximal in their strata

(Proposition 6.2.5), i.e. the ideals:
(0) and (XY +1,Y—X) forall X\eK*.
Remark 7.2.3. For all A € K* we have:
(XY +1,X - N = (XY +1,Y + 271,

since X —\ = —)\((XY +1) - XY+ )\_1)). This explains the apparent lack of symmetry
in X and Y in (7.4).

7.2.1.2 Spectrum of R,

Let ¢ € K* be a non root of unity. R, is the Ore extension R, = K[z]y;o, A] with
o(x) = gr and A(z) = ¢ — 1, so that:

yr =qry +q— 1.

Note that this algebra is isomorphic to the first quantum-Weyl algebra A?(K) since g # 1.
We will show that the set of Cauchon diagrams for R, is also W’ = {0}, {1}}. We denote by

¢ the canonical embedding from Spec (R4) to Spec (R;) (see [8, Definition 4.4.1]), where

1

the algebra R, is a quantum affine plane in the generators 2’ := z +y ! and y.

Suppose that 2 € w € W’ and let P € Spec,(R,). Then y € ¢(P), i.e. y € P by [8,

128



Lemme 4.3.3]. But then:

q—1=yx —qxy € P,
a contradiction. This shows that W/ C {0, {1}}.

e Secondly suppose that 2 ¢ w € W. Then y does not belong to any ideal in Spec w(ﬁq).

Thus Spec ,,(R,) C Im(p) by [8, Lemme 4.3.1] and so w € Wp.

Therefore we have W' = {0,{1}}. In particular W' = W, and Question 7.1.1 is

positively answered for the algebra R;. We will now compute the strata Specy(R,) and

Spec (13 (1)

Lemma 7.2.4. We have:

Spec y(Ry) = {(0)},

Spec (13(Rg) = {{zy + 1), (zy + Ly = ) [ A e K*}.

Proof. Recall that ¢ is not a root of unity and that the field K is algebraically closed.
Therefore, by [6, I11.1.2] we obtain:

Specy(Ry) = {(0)},
Spec (13(Rq) = {(z'), (2", y = A) [ A € K*}.

Since ¢(Specy(R,)) € Specy(R,) we obtain that Specg(R,) = {(0)}. Notice that the
element zy + 1 is normal in R, and that, since R,/{zy + 1) = K[X*!], the ideal (zy + 1)

is prime in R,. We now show that:

p((zy +1)) = (2'). (7.5)

Since:

p((zy +1)) = (zy + 1)S™ N Ry,
where S = {y' | i > 0}, the equality 2’ = (zy + 1)y~! shows that:

(@) € o((zy + 1)) (7.6)
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Now note that (z') € Spec{l}(ﬁq) C Im(¢p). So we have:
P ((2)) = ()T N Ry,
and the equality xy + 1 = 2’y gives us
(wy+1) C o7 ({2"). (7.7)

It is easy to see that both ¢ ~!({z')) and (zy + 1) belong to Spec (13 (Ry). Since ¢ induces

an homeomorphism from Spec 13 (1) to Spec 13 (F,) we deduce from equations (7.6) and

(7.7) that:

e((zy +1)) C (e~ ((2")) C o((zy + 1)),

Le. o({(zy+ 1)) = (/). In a similar way we obtain that:
p((zy+ Ly = X)) = (',y = A),
for all A € K*. Since go(Spec{l}(Rq)) = Spec {1}(R7q), this shows that:

Spec 13 (Ry) = {{zy + 1), (xy + L,y — A) | A € K*}.

We can now represent the spectrum of R, as follows:
(0) € (xy+1) C(zy+1Ly—A),

for all A € K*. Note that from our descriptions of Spec (R,) and P.Spec (A) we can easily

deduce that these two spectra are homeomorphic.

7.2.2 An example with a two step algorithm
Let R; be the iterated Ore extension over K[t*!] given by:

R, = K[til][a:] ly; o1, A1][z; 02, Ag],
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where:

e 0y is the automorphism of K[t*1][x] such that o1(z) = t "'z and o1 (t) = t,

e A is the oj-derivation of K[t¥1][x] such that Aj(z) =t — 1 and Aq(t) = 0,

e 0y is the automorphism of K[t¥!][x][y; o1, A1] such that oo(z) = tx, o2(y) =ty
and o9(t) = t,

o A, is the oo-derivation of K[t¥!][x][y; o1, A1] such that Ay(z) = (t — 1)y* for some
integer £ > 1 and Aa(y) = Aa(t) = 0.

Therefore we have ¢ € Z(R;) and the relations:
yr=tloy+t—1, zz=trz+ (t—1)y* and zy=t"lyz.
One can check that we have:
Aoy =t 'o1Ay  and  Agoy = t1+k02A2.
Moreover for all ¢ > 0 we have:
Aj(z) € (1)1 (t = D'K[tH][2]  and  A(z) € ()l (¢ — DK [2][y; 01, Aal.

Finally, it is clear that the quotient algebra A := R:/(t — 1)R; is commutative. Therefore
R, e R.

7.2.2.1 Cauchon diagrams for A
A is the iterated Poisson-Ore extension:
A =K[X][Y;a1,61|p[Z; az, d2] P,
where oy = —X0x, aa = X0x — Yy, 61 = Ox and 62 = Y*9x. We have:

{V,X} = —-XY +1,
{(Z,X}=XZ+Y",

{(Z,Y}=-YZ.
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Note that this is actually a Jacobian Poisson structure whose potential is:

1
W:=XYZ+—Yktl _ 7
k+1

In particular we have K[W]| C Zp(A). When k = 2 we retrieve the Poisson algebra given
in Remark 5.4.9. Note that the derivation d; (resp. d2) extends to a locally nilpotent
iterative higher (—1, ay)-skew (resp. (k + 1, a)-skew) Poisson derivation on K[X] (resp.
K[X][Y; a1, 61]p).

We now compute the set W, of Cauchon diagrams of A. The deleting derivations
algorithm gives us new indeterminates:
<X’:aX—%4j¥fYkZ_ﬂ
k+1
Y =Y,
b

X'=X'-v'l=Xx
MRS

k-1 -1
YYZT Y,
with a sequence of iterated Poisson-Ore extensions:

Ay = K[X][Y;01,8]p[Z; a2, 62]p = 4,
Az = K[X'[Y;01,6]p[Z; 0] p,

Ay = K[X"[Y;a1]p[Z; a0]p = A.

The algebra A is the Poisson affine space Ky[X",Y, Z], where A\j2 = —\13 = X23 = 1. Note
that we have W = XY Z. The canonical embedding is the composite map ¢ = @2 o 3,
where ¢3 : P.Spec (44) — P.Spec (A3) and @2 : P.Spec (A3) — P.Spec (A2) are defined

as in Section 5.4.1.

Lemma 7.2.5. We have Wp, = {0, {1}}.

Proof. Let w € Wp, and P € P.Spec,(A). Suppose first that 2 € w. Then Y € ¢(P)
and by Corollary 5.4.11 we obtain Y € ¢3(P). We now distinguish between two cases:
either Z € ¢3(P), or Z ¢ ¢3(P). Suppose that Z € ¢3(P), then the Poisson algebra
isomorphism A/P = A3/p3(P) (Lemma 5.4.18) shows that Y € P. Suppose now that
Z ¢ p3(P). Then:

Y € p3(P)[Z7 ' INnA=P.

132



Therefore in both cases we have Y € P. But then:
1={Y, X} + XY € P,

a contradiction to the primality of P. Thus 2 ¢ w.

Suppose now that 3 € w. Then Z € ¢(P), and Z € P by Corollary 5.4.11. But then:
YE={Z,X\-XZeP,

and by primality of P we have Y € P. We conclude as previously that this is impossible
and 3 ¢ w.

We proved that Wp, C {0, {1}}. The reverse inclusion can be obtained from Proposition
5.4.17. Thus we have Wp, = {0, {1}}. O

In the remainder of this section we compute explicitly the preimage of the ideal (X”) €

P.Spec (13(A). We claim that the ideal (W) of A is a Poisson prime ideal such that
e((W)) = (X"). We start by justifying that (W) € P.Spec (A).

First we show that W is irreducible in A. Suppose that W = G1G2 with G1,Gy €
K[X,Y, Z]. Since degy (W) = 1 we can suppose that G; = AX + B and G2 = C, where
A, B,C € K[Y, Z]. But then we have AC =Y Z and BC = %HY]“‘H — Z. From the first
equality we deduce that up to a nonzero scalar we have C' € {1,Y, Z, Y Z}. Suppose that
C # 1. Then from the second equality, either Y or Z must divides T-lHYkH — Z. This is
a contradiction and G2 = C =1, i.e. W is irreducible. We conclude that (W) is a prime

ideal since A is a unique factorisation domain. Moreover since W € Zp(A) it is clear that

(W) is a Poisson ideal.

Now consider the ideal (XY —1) of As. It is easy to check that (X'Y —1) € P.Spec (A43),
and that Y, Z ¢ (X'Y — 1). In particular we have:

P2((X'Y —1)) = (XY - DY N4,

and since X” = (X'Y — 1)Y 1, it is clear that (X”) C ¢o((X'Y —1)). Thus we have
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X"€e (XY —1)) and Y, Z ¢ @2((X'Y — 1)), so:
<X,Y - 1> S P.Spec {1}(A3) = @51 (PSpec{l}(Z))
Note that (X”) € Im(¢2) since Y ¢ (X”), and so we have:
3 (X)) = (XY™ N 4s.

Because X”Y = X'Y — 1 it is clear that (X'Y — 1) C ¢, ' ((X")). Since both the ideals

(X'Y —1) and @5 ' ({(X"")) belong to P.Spec (11 (43) and since 3 induces an homeomorphism

from P.Spec (13(A3) to P.Spec 1}(A) we obtain that:

P2 (XY = 1)) = (X").

We have Z ¢ (X'Y — 1), so (XY — 1) € Im(y2) and:
P (XY 1) = (X'Y —1)[Z71n A

Since W = X"Y Z = (X'Y — 1)Z we have (W) C 3 ((X"Y —1)). On the other hand by
a degree argument one easily deduce that Y, Z ¢ (W). Thus we have:

o3((W)) = (W)H[Z7 N As.

Therefore we get that (X'Y — 1) C p3((W)) since X'Y —1 = WZ~1. Tt is clear that
@3 ((X'Y — 1)) belongs to P.Spec (13(4). Moreover we deduce from Y,Z ¢ (W) that
Y,Z ¢ ((W)), and that X" = WY 127! € o((W)). Therefore o((W)) € P.Spec (1}(A4)
and (W) € P.Spec;3(A4). Since g3 induces an homeomorphism from P.Spec 1}(A) to
P.Spec {13 (A3) we finally obtain that:

p3((W)) = (XY —1).
‘We conclude that:

P((W)) = 20 3((W)) = (XY — 1)) = (X").

134



7.2.2.2 Cauchon diagrams for R,

We now consider the algebra R, := R;/(t — ¢)R; for a non root of unity ¢ € K*. We

express 12, as an iterated Ore extension as follows:
Rq = K[]?] [y’ g1, Al] [Za g2, AZL

where the o;s and the A;s are defined analogously as at the beginning of the section,

replacing ¢t by ¢. We have the relations:

1

yr=q ry+q-1,

zx =qxz+ (¢ — 1)yk,

2y = q 'yz,

where k > 1 is an integer. We can apply Cauchon’s deleting derivations algorithm to R,

and we will compute the set W’ of Cauchon diagrams of R,. We can show that:
{0y cw' {0, {1}}

similarly to the way we showed that {0} C W}, C {0,{1}} in the previous section. The
tools needed are either in [8], or can be easily deduced from it. Only one detail requires
explanation. Suppose that y* € P for some prime ideal P € Spec (Rq). To pass from
y* € P to y € P, we need complete primeness of P. One can show that all prime ideals
of R, are completely prime by [6, Theorem I1.6.9]. Indeed there is an action of the torus
K> on R, given by A(x) = Az, A(y) = A~y and A(2) = A~17F2 for A € K* and satisfying

the appropriate assumptions.

We will now show that {1} € W’. For this, we need the following elements that we

obtain by deleting the variables z and y.

r k4 —1
TETYC VR

/,

-1
o= — qy! k_4 k-1 -1

=2+q¢ =Y 2 - ,

w1 49— 1

w:=2"yz = 2yz +q qu_ly —qz.
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Note that w € Z(R,). We denote by (w) the ideal generated by w inside R, and by (z)
the ideal generated by the normal element z” inside R7q. Since FTq is a quantum affine
space it is clear that (z”) € Spec (R,). We will show that ¢((w)) = (2”). First we need to
justify that (w) € Spec (R,). We denote by ¥ the multiplicative set generated by y and z
in ﬁq. If we denote by S the multiplicative set generated by y and z in R, one can show,
adapting [8, Proposition 3.3.1], that both ¥ and S satisfy the Ore conditions, that ¥ = S
and that we have the equality:

RS ' =R,S7

The prime ideal (z”) of R, induces a prime ideal J in R,X~!. Since w = z"yz, the ideal
J is generated by w (inside R,X ! = R,S™1). Set I := J N R, € Spec (R,). We will show
that I = (w), proving that (w) is a prime ideal. Since w € J N Ry it is clear that (w) C I.
Reciprocally let u € I. Since v € J we can write u = wa, where a € PTQE_I = RqS_l.
Therefore there exists s € S such that as € R,. All elements of S are of the form By’z’
for some scalar § € K* and integers 4,5 > 0. Thus by rescaling u if necessary we can
assume that 8 = 1. Now choose 7,7 minimal such that uy’z? = wa’ with the property
that o’ := ay'z’ belongs to R;. We will show that i = j = 0. Suppose that j > 1. Then
all monomials in wa’ = uy'z? must contain z. Write o/ = Y 12! € R, where the r;s are

polynomials in x and y. Then:

wa' = Z wr2l = Zrlwzl = Z ri(zy — q) 2T + Z raz,

where a € K[y] is nonzero. But then, since uy’z’ = wa’ we must have roa = 0, i.e. 7o = 0.

Therefore we can write @’ = a”z for some a” € R,;. But then we have:

wy'z’ 1t = wad”,

for some a” € R, contradicting the minimality of j. We conclude that j = 0. Suppose
now that i > 1. Then all monomials in uy® = wa’ must contains y. We now decompose a’
in the basis {z%12“2y% | u = (u1,u2,u3) € N3} of R, (this is indeed a basis since y and z

g-commute). We express @’ in this basis:

a = Z Ay 22 y" € Ry,
u
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where the scalars ), are almost all zero. Then by writing w = qrzy + pyFtl — gz, where

€ K* we have:

!/
wa' = g Azt wz"2y"s
u

— § )\QQU2+1$U1+1ZU2+1yug+1

u

4 Z H)\EQUQ(k+1)$ulzu2yu3+k+l
u

_ Z /\quulzw‘*‘ly“?
u

But then, since uy’ = wa’, all monomials of wa’ must contain y. Therefore we must have
Ay = 0 when uz = 0, i.e. @’ = a”y for some a” € R,. But then uy'~! = wa” with a” € R,.
This contradicts the minimality of 4, so ¢ = 0, and, finally, u = wa for some a € Ry, i.e.
u € (w). We have shown that I = (w), in particular (w) is a prime ideal in R,. It is now

easy to check that ¢({(w)) = (z”) thanks to the equality w = 2"yz.

We can finally conclude that W’ = {0, {1}} = W}, answering positively Question 7.1.1
for the algebra R;.

7.3 Cauchon diagrams for matrix Poisson varieties

In this section we give a combinatorial description of Cauchon diagrams for the matrix
Poisson varieties. Assume that char K # 2. Recall from Section 4.2.1 that the coordinate
ring of the variety of m x p Poisson matrices A = O(MWP(K)) is the polynomial algebra

K[X;; | 1<i<m, 1<j<p]endowed with the Poisson bracket given by:

Xinkl if ¢ < k and 7 =1,
Xii X ifi=Fkand j<lI,
{Xij, X} = ’
0 ifi<kandj>I,

2X1'1ij if i <k and ] <.

We showed in Section 4.2.1 that A is the semiclassical limit of an iterated Ore extension
belonging to the class R. Therefore the Poisson algebra A belongs to the class P. In

Section 7.3.1 we will show how the Poisson deleting derivations algorithm applies to A.
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As usual we will denote by Wj, C W = P([[1,m] x [1,p]) the set of Cauchon diagrams
for A.

We denote by G the set consisting of all m x p grids whose boxes are colored either in

black or in white. There is a bijection:

E: W —G

w — Cy,

where C,, is the m X p grid such that for all (i, j) € [1,m] x [1, p]] the box in position (i, 7)
is black if and only if (,7) € w. For later purpose we set we := £~ 1(C) € W for C € G.
We want to understand the set of Cauchon diagrams W, under this bijection. We denote

by G the subset of G defined as follows.

Definition 7.3.1. The set G consists of all m x p grids with black or white boxes satisfying
the following property. If a box is black, then every box strictly to its left is black or every

box strictly above it is black. We will refer to this property as the Cauchon property.

Figure 7.1: An example of an element C € G for m =4 and p = 5.

For the element C € G of Figure 7.1 we have:

710 ={(1,1),(1,2), (1,4),(2,4), (3,1), (3,2),
(3:3),(3,4),(3,5), (4,1), (4,2), (4,4)} € P([[1,4] x [1,5]).

In Section 7.3.3 we will prove that ¢ induces by restriction a bijection between W, and
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7.3.1 Poisson deleting derivations algorithm and matrix Poisson vari-

eties

From Section 4.2.1 we obtain the following:

e A can be expressed as an iterated Poisson-Ore extension:

A = K[X11][X12; 212, 012]p - - - [ Xomp; Omp, Omp) P

for suitable maps cu,, and d&,,, where the indeterminates are ordered in the lexico-
graphic order.

e Forall (1,2) < (u,v) < (m,p) the Poisson a,,-derivation d,, extends to an iterative,
locally nilpotent higher (2, v, )-skew Poisson derivation (D, ;) on the appropriate
Poisson subalgebra. A short computation (based on the formula of Proposition 4.1.1)

leads to:

Xij k=0
Duwi(Xij) = —2X;, Xy k=1
0 k>1,

for all (1,1) < (7,7) < (u,v).

We now make explicit the Poisson deleting derivations algorithm in the context of
matrix Poisson varieties. For u € (([1,m] x [1,p]]) \ {(1,1), (m,p)}), we will often denote
by u~ (respectively u™) the largest (respectively smallest) element of [1, m] x[[1, p]] which is
smaller (respectively larger) than u, with respect to the lexicographic order. By convention

we set (1,1)" := (1,2), (m,p)” := (m,p—1) and (m,p)" := (m,p+1).

The Poisson deleting derivations algorithm (Section 5.2) returns for all (1,2) < (u,v) <
(m,p)" a matrix (Xi(f’v))ij € My, p(Frac A). For (u,v) = (m,p)* the matrix is given by
(XZ.(]W)*)U = (Xij)ij' Then, assuming that the matrix (Xi(;’”)+)ij is known, the matrix

(Xi(f ’U))ij is obtained as follows:

(u)t
xwo) . ) i
: + + + o
gl Xi(]y,v) _ x W) Xq(;;’”) (Xéﬁ’v) ) ! if i <wand j<w.

w

ifi >wuworj>wv,
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Set (u,v)” := (u~,v"). The subalgebra of Frac A generated by the XZ(;L’U) is denoted
by C(y)- This is an iterated Poisson-Ore extension of the form:

Crumy = KX)o (X0 ol 6 1p[Xsal, ) p - (X595l ],

u"vT? Ut U U uv ) uv mp ) -'mp

for suitable maps a;; and d;;. We have C(,, )+ = A and we set A:=C9), and (Tij)ij =

(XZ.(jl’Q) )U In particular A is a Poisson affine space in mp indeterminates. For all w € W
we set:

Ju =Ty | (i,) € w) € P.Spec,,(A).

7.3.2 Some reminders

In this section we recall some results from Section 5.4 adjusting notation to the context
of matrix Poisson varieties. Let (1,2) < (u,v) < (m,p). There is an injective map ¢y )

from P.Spec (C(y,0)+) to P.Spec (Cy,,)) defined by:

—1 3 (U,U)+
Py PS(W)) N C(uw) if Xoo ¢ P,
(P(u,v)( ) o -1 (u,v)t . (u,v)t
Ilun) (P/(Xw’ >p) if Xy e P,
where S(uﬂ]) is the multiplicative set of C(u,v)+ generated by X&%’U)Jr = Xl(ﬁ,’”), and where:
Cluw)+
g(uvv) : C(’LL,U) — ’Uj’U +
(Xt(w’ ) ) p

X X (X

is a surjective Poisson algebra homomorphism. By setting ¢ := p1,2) 0+ 0 9 p), We

obtain the canonical embedding ¢ : P.Spec(A) — P.Spec(A). We also define for all

(1,1) < (u,v) < (m,p) an injective map f(,, from P.Spec(C(,,)+) to P.Spec(4) by
setting f(1,1) 1= idp gpec @) a0 fuw) = fuw)~ © Pluw)- For Q € Im(p), we set P, ) =
f(::fu)f(Q) € P.Spec (C(u,v)) for all (1,2) < (u,v) < (mvp)+ and P := P(m,p)+ = @_1(62)'

Note that we have P(;9) = Q. We now recall the following membership criterion for
Im(p(y,0)), where N, .y = ker(geuw))-
Proposition 7.3.2. [Lemma 5.4.7] Let Q € P.Spec (C(y,,)). Then:

Q € Im(p(y,)) = ( either Xq%’”) = Xl(f;’”)+ & Pluvy, or Nywy € Q )
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Corollary 7.3.3. [Corollary 5.4.11] Let (1,1) < (u,v) < (m,p), and @ € Im(p). We

have the following equivalence:

T =X €Q = X" € Py
We will often use this corollary without reference in the following.

7.3.3 Cauchon diagrams for O(MmW(K))

In this section we give a combinatorial description of the set W}, of Cauchon diagrams for
the Poisson algebra O(M,, ,(K)). More precisely we prove that £(W},) = G. The following

definition will make the next proofs more readable.

Definition 7.3.4. Let R be a K-algebra. The matrix M = (m;;) € My, ,(R) is a Cauchon

matriz provided that for all (7,7) € [[1, m] x [1, p]] we have:

(mij:0) — (mkj:()for all £ <i, or my; = 0 for alllgj).

Note that to a Cauchon matrix M = (m;;) € My, ,(R) we can associate a unique
element Cy; of G (of size m x p) by colouring in black the box in position (4, ) if and only

if m;; = 0. We are just saying that the shape of the Os in M forms an element of G.

Proposition 7.3.5. We have {(Wp) C G.

Proof. Let w € Wj,. We have to show that C,, := &(w) € G. Since w € W, there exists an
ideal P,, € Im(¢) NP.Spec ,(A), and we set Py, ) := f(;’lv)_(Pw) for all (1,2) < (u,v) <
(m,p)*, so that P12y = Py. Note that Cy, € G if and only if (T,-j + Pw)ij € Mmyp(Z/Pw)
is a Cauchon matrix. We prove, by a decreasing induction on (u,v), that the matrix
(Xi(;"v) + P(u’v))l.j € M p(Cluw)/Puw)) is a Cauchon matrix for all (m,p)* > (u,v) >
(1,2). The case (u,v) = (1,2) will give the result.

Initialisation: Assume (u,v) = (m,p)*. If XZ-(jm’p)+ € Py p)+, then:

m,p)t m,p)t m,p)t m,p)t
{XZ(] D) 7Xs(t P) }: _2Xi(t p) XS(] p) Ep(m,p)+
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for all s < ¢ and all ¢ < j. On the other hand, if Xﬁ;ﬁ’pyr ¢ Pl p)+ for some s < i,
then we have Xz(tm P e Py py+ for all ¢ < j by primality of P, ,+. This concludes the
initialisation.

Induction step: Assume now that (XZ»(;“’U)+ + P(u,v)+)ij € Mp,p (C(u7v)+/P(u,U)+) is a Cau-

chon matrix for some (m,p) > (u,v) > (1,2) and let us show that (Xi(j%“) + Pluy));; €

ij
(uv)

My p (C(u,v)/P(u,v)) is also a Cauchon matrix. Assume that X" € Puw).-

Case 1: If (7,7) < (u,v), then we conclude in the same manner as in the initialisation.

Case 2: If (7,j) = (u,v), then we have Xi(;’j) = x) € P 4) so Xi(;’j)+ € P j+ and
the induction hypothesis tells us that Xi(ti"j)+ € P j+ forall 1 <t <j, or Xg.’j)+ € P+

forall 1 <s <iq.

Since Xi(;’j " € P j+, Lemma 5.4.18 gives us a Poisson algebra isomorphism between
Cijyr/Paj+ and Cg 5/ P j) sending the coset of Xg)’j)+ to the coset of Xéz’j) for all

(1,1) < (a,b) < (m,p). Therefore we have Xi(f’j) € P

o forall1 <t <j,or X\7 e P,

J)

for all 1 < s <4, and this concludes this case.
Case 3: If (¢,7) > (u,v), then we distinguish between 2 cases.

Case 3.1: If X&%’vﬁ € Py )+, then the isomorphism Cp, y+/Pruvy+ = Cluw)/Pluw)

allows us to conclude in the same manner as in Case 2 above.

Case 3.2: Assume now that Xq(ﬁ,’v)+ ¢ Pryv)+- Since (i, j) > (u,v) we have i > u, and:

()t _ ()
Xij " =Xy € Pluw) N Cluw) € Pluw)+

. . . (u,w)t . (u,w) T
The induction hypothesis tells us that X, € Pypy+ forall 1 <t <j, or X s €

)

Py )+ for all 1 < s <. Note that these two cases are not symmetric.

Case 3.2.1: If Xi(tu’vﬁ € P+ forall 1 <t < j, then, since ¢ > u, we have:
X(uﬂv) —_ X(uﬂ))+ .
. =X, € Plywy+ NCluw) C Py forall 1 <t <.

ot

This concludes this case.
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Case 3.2.2: If XL(E;-L’U)+ € P(u’v)+ for all 1 < s <4, then for all 1 < s < ¢ we have:

X(y,v) _ X§?7U)+ when s > u or j > v,
K Xﬁ?’w - ng’v)+X£?’U)+ (Xz(;i’vﬁ)fl when s < w and j < v.

So when s > u or j > v, we have Xg’v) € Pyt NCuw) C Py forall 1 < s <.

Otherwise, when s < v and j < v, we have:

X0 = x (0

- Xﬁl"“)+X£?’”)+ (XY € Pryayr (Suayt) ™ N Cuy = P

uv

§?7U)+ and Xl(;;’v)+ belong to P, )+ as s,u < i (recall that S(uw)+ 1s the multi-

plicative set of C, )+ generated by X&Z’U)Jr). So Xg;’v) € Py for all 1 < s < and this

since X

concludes the induction. O

Conversely, we will prove that £71(G) C W, in the next proposition. For this purpose,
we use Proposition 7.3.2 which requires an explicit description of N(, . This is the goal

of the next lemma. Recall that char K # 2.

Lemma 7.3.6. We have

(xe) ifu=1orv=1,
(i) x ) x ) k) e [Lu— 1] x [L,u—1])  otherwise.

u—lvuv—

Nuw) =
Proof. For convenience of notation we write Yj; = XZ.(;L’U)+ for all (1,1) < (4,7) < (m,p).
By Remark 5.4.9 if we show that the ideal:

I :=< Yy, 0u(Yir) | (k1) < (u,v)” >
is a Poisson ideal of C(, ,)+, then the lemma is proved since we have:

<Y > ifu=1lorv=1,

< Yuv, Yo Yur | (K1) € [1L,u— 1] x [1,0—1] > otherwise.

Firstly it is clear that {Yy,,a} € I for all a € C(,4)+. This solves the case where u = 1 or
v = 1. We now assume that u and v are both strictly greater than 1. It remains to prove

that {Yj,Ye, Yij} € I for all (k1) € [1,u— 1] x [1,v — 1] and all (4, ) € [[1,m] x [1,p],
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by considering all the possible cases. If (i,j) > (u,v), then an easy computation prove
that {Yj,Ye,Yij} € I for all (k1) € [1,u —1] x [1,v —1]]. Now if (¢,j) < (u,v), then we

set:

f = {kaYul> EJ} = ka{Yula YY%]} + Yul{kaa szg}

We will prove that f € I by examining all possible cases for (1,1) < (7,7) < (u,v).

o If (i,7) = (u,v), then f =2Y%, Yy, Yy € I.

o Ifi=wandl <j<wv,then f =Y, Y,uYy €1.

o If (4,5) = (u,l), then f=0¢€ I.

e Ifi=wand 1< j <, then f =Y}, YuY, € 1.

e Ifk<i<wandv<j<p,then f=2Y;;Y,;Y;, €1, since Y,;Y;, € 1.
o [fk<i<wandj=wv,then f =Y, Y,Yi € 1.

e Ifk<i<wuandl<j<w,then f=0¢€l.

o Ifk<i<wuandj=I, then f=—-Y,Y,Y; €l

o Ifk<i<wand1l<j <l then f = —-2Y,;Y},Yy € I since Y,;Ys, € I.
o Ifi=Fkandv<j<p,then f =YY,V €1l

e If (i,j) = (k,v), then f =0.

e lfi=Fkand!l<j<w,then f=-Y,Y,; Y, €I

o If (i,j) = (k,1), then f = —2Y}, Y Yi € I.

o Ifi=kand1<j <l then f = —2Y},Yy;j Y — YioYuYs; € I since Yy, Yy, € 1.
o If1 <i<kandv<j<p,then f=0.

e I[fl1<i<kandj=w,then f=—-Y, Y, Y € 1.

o If1<i<kandl<j<w,then f=-2Y,Y;Y); €I since Y,;Y;, € I.

o If 1 <i<kandj=I then f = —-2Y,;Y;,Yi; — Y3, Y Yy € I since Y,;Y5, € 1.
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e lfl1<i<kandl<j<Ithen f=—-2Y,Y,; Yy — 2Yy,;Y;, Yy € I since Yy, Yy, € 1
and Y, Y, € 1.

We are now ready to prove the remaining inclusion.

Proposition 7.3.7. We have £71(G) C Wh.

Proof. Let C € G. We want to show that we := ¢71(C) € Wp. Note that to show
that we € W it is enough to show that J,, € Im(yp). We show by induction that
Juwe € Im(f(ye)) for all (1,1) < (u,v) < (m,p). The case (u,v) = (m,p) will then give the

result since f(,, ;) = ¥
If (u,v) = (1,1) we have [, ) = idp gpec (2) and the result is trivial.

Assume that Jy, € Im(f(,.)-) for some (1,2) < (u,v) < (m,p), and set:

P(u,v) = f(;,ly)— (ch) € P.Spec (C(u,v))

Since fruw) = fuw)~ © P(up) it is enough to prove that P, .y € Im(¢(y))-

)+

Case 1: If Ty ¢ Jue, then Ty = X5 = X5 ¢ P, and P € PO, (Cluw)-

So by Proposition 7.3.2 we have indeed P, ,) € Im(¢(y,,))-

Case 2: If Ty € Jue, then Toy = X5 = XU € Py and P € Pl (Clu).
By Proposition 7.3.2, we have P, ) € Im(¢(y,)) if and only if N, ) € P, ). Therefore,
by Lemma 7.3.6, we will get the result if we show that Xq(;;’v) € Py forall 1 <1 <w,or
that X,S;’U) € P(u,v) for all 1 < k£ < u. Since C € G, the matrix (Tij + ch)ij is a Cauchon
matrix. Therefore, Ty, € Jy, implies that T, € Jy, for all 1 <1 < wv, or T, € Jy, for all

1<k <u.

Case 2.1: If T}y € Jy, for all 1 < | < v, then we prove by induction on j that

X 1(;1” ) e P jy for all 1 < j <w. If j =1, the result comes from the equivalence:

Tu € Juw, <~ Xl(;;’l)+ = XS;’Z) € P,y (Corollary 7.3.3).
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Assume now that X7 ¢ P,y for some j € {l,...,v—1}. We show that Xq(;;’j)+ €

ul

Plujy+-

Case 2.1.1: If Xl(;;’j) ¢ P.,j), then we have:

Therefore:

as required.

Case 2.1.2: If Xl(;;’j) € P( then we have:

u,j)>

P
S Ol CY )
uj

In particular:
Pyt

<Xz(5’j)+ )P

) (X7 €

l.e.
Pluy+
T
<Xf:;7.7) >P

U

(39" 1 (x09%,) €

(ua.j)+ . 3
Thus X, € Py j+ as desired.

So in all cases, by taking j = v, we get that Xf;;’v) € Py ) for all 1 <1 < v, which

proves the result in that case.

Case 2.2: If Ty, € Jy, for all 1 < k < u, then we prove by induction on (i,j) that

X(i’j) € P(

P ij) forall 1 < &k < wand all (1,2) < (4,7) < (u,v). If (i,5) = (1,2), we have

X]SJQ) = T € Jue = P 2) for all 1 <k < u. Assume now that for some (1,2) < (i, ) <
(u,v) we have Xlgi;j) € P ) for all 1 <k < u, and let us show that X,iﬁ,’j)+ € P+ for

all 1 < k < wu. As usual we distinguish between 2 cases.

Case 2.2.1: If Xl.(;’j) € P j), then by Lemma 5.4.18 we obtain a Poisson algebra iso-

morphism Cy; j)/ P jy = Cijy+/FPujy+ sending for all (1,1) < (u,v) < (m,p) the coset
(27]) (iz.j)+ ('L?]) N 3 (ivj)+ L.

of Xy’ to the coset of X" . Thus X, 77 € P(w) implies that X~ € P(m)+ for all

1 <k < u, as desired.
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Case 2.2.2: If XZ(;’J) ¢ P(l,j)? then P(i,j)+ = P(Z,j) (S(L]’)-&)_l N C(z,])+ Now fOI' all

1 <k < wu we have:

)+

(i7]
ka

( ‘7 j
Xy’

X(i’j) ifk>iorov>jy,
kv .. .. .. o
o XETXE (X BT itk < and v < .

)+ — X]E?J), X(z’])+ — (17]) and X(z’.])+ — X(ZJ)’ we get:

Since ij i v i i

x0T X7 if k> iorv>
’ XD+ XX U (XS if k< idand v < .

Moreover k and ¢ are smaller than u, so we have X ,gi)] ) e P; 5y and Xi(z’j ) e P j)- Thus:

X]E,l]’])X(ZJ) (X(ZJ))_I c P(%J) (S(i7j)+)_1’ and so:

v i
(izj)+ -1 _
Xp € Py (Sag+) NClgyr = gy
This finishes the induction.
We conclude this case by taking (7,j) = (u,v) to get X,S:’v) € Py forall 1 <k <u,
as desired. O
By gathering Propositions 7.3.5 and 7.3.7 together, we get the following result:

Theorem 7.3.8. Let w € W. The following are equivalent:

(1) we Wp,

(2) Juw € Im(e),

(3) Cy € G,

(4) ¢ 1(P.Spec ,(A)) # 0.

Since J,, C Q for all Q) € P.Spec,,(A), Proposition 5.4.16 and the equivalence (1) <=

(2) shows that for all w € W}, we have P.Spec,,(A) C Im(p). Therefore we have:
¢(P.Spec,(A)) = P.Spec ,(A) when w e Wp,

i.e. the inclusion of Theorem 5.4.14 is actually an equality in the case of matrix Poisson
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varieties. When K is infinite, this could also have been deduced from Theorem 5.5.6 since

there exists a torus action on A satisfying the appropriate assumptions.

Theorem 7.3.8 also shows in particular that there is a bijection between the sets Wp,
and G. This answers positively Question 7.1.1 in this situation, since the set of Cauchon
diagrams W' for the algebra of m x p quantum matrices is also in bijection with G as

shown in [9, Théoréme 3.2.1].

It is conjectured in [16] that Spec (Og(Mmp(K)) and P.Spec (O(My, ,(K)) should be
homeomorphic. Our work on the combinatorial side goes in the same direction as this
conjecture. In future work we would like to compare topologically these two spectra using

both Cauchon’s algorithm and our algorithm.
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Appendix A

The algorithm in an example

In this appendix, we apply the Poisson deleting derivations algorithm to a polynomial
Poisson algebra of dimension 5. In this example there are 3 steps in the algorithm. We
express the generators of the Poisson algebras obtained at each step in terms of the gener-
ators of the Poisson algebra we started with. Then, using the properties of the canonical
embedding derived in Chapter 5, we compute the set of Cauchon diagrams for this Poisson

algebra. Let K be an arbitrary field.

We endow the polynomial algebra A = K[X7, ..., X5] with the Poisson structure given
by:

{X1, Xo} = X1 Xo, { X2, Xy} = X3,

{X1, X5} = Xo, {X2, X5} =1 X2X5,
{X1, Xy} =1-X1Xy, {X3, X4} = X3Xy,
{X1, X5} = X1 X5, { X3, X5} = Xy,

{X9, X3} = X2 X3, {X4, X5} = XuX5.

The algebra A is an iterated Poisson-Ore extension:

A = K[X1][X2; ao] p[X3; a3, 83] p[X4; i, 04 p[X55 a5, 05] P,
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where:

i(Xi-1) = = X1, 6i(Xi-1) =0,
a;(Xi—2) =0, 0i(Xi—2) = —Xi—1,
@i(Xi-3) = Xi_3, 6i(Xi—3) = —1,
i(Xi—4) = Xi_4, 0i(Xi—a) =0,

with the convention that o; and J; are defined on X;_; only when 1 < j <4 < 5. It is
shown in Section 4.2.6 that the Poisson algebra A is the semiclassical limit of a suitable
iterated Ore extension. It is then easy to show that A € P. In particular, for 3 < i <5,
the derivation §; extends to an iterative, locally nilpotent higher (1, c;)-skew Poisson
derivation (D;)32, on K[X1,...,X;_1]. Thanks to Proposition 4.1.1 we can be more

explicit:

A¥(z))
D (X)) = L g
ik (X;) (t — 1)k(k)! li=1

for all 1 < j < 4, and all k¥ > 0, where the map A; is defined in Section 4.2.6. Thus, we

can give the values of theses higher derivations on the generators of A. We obtain:

X1 k=0
D3p(X1)=4 —Xy k=1

0 k>1,

and D3 ,(X2) =0 for all k£ > 0. Also:

Xy k=0
Dyp(X1) =49 -1 k=1

0 k>1,

X k=0
Dyp(Xo) =4 —X3 k=

0 k>1,
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and Dy (X3) =0 for all £ > 0. Finally D5 ,(X1) =0 for all £ > 0,

Xo k=0
Dsp(Xo)=¢q —1 k=1

0 k>1,

X3 k=
Dsp(X3) =4 —X, k=

0 k>1,

and D5 ,(X4) =0 for all & > 0.

A.1 Poisson deleting derivations algorithm

Since A € P we can apply the Poisson deleting derivations algorithm. First, for all
1 <7 <5 we relabel the generators of A by setting X;¢ := X;, and we set Cg := A. For
each 2 < j <5 we will compute the generators of the Poisson algebra C;. The first step
of the algorithm corresponds to deleting the derivation 5. We obtain the Poisson algebra
Cs:

Cs = K[X15][Xo5; o] p[ X355 3, 03] p[X 4,5 a4, 64] P[ X5 55 5] P,

where:

X555 = X56 = X5

Xas =Xy =Xy

X35 = X36— X4,6X5:é = X3 — X4 X!
X2,5:X2,6_X5:1 = Xy — X5

Xi5=X16=X1.

These generators are obtained from the deleting derivation homomorphism formula (see

Theorem 2.2.2) and the higher derivation (Ds ), computed above. For instance, since
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75 = 1, we have:

Xs5=> Dsi(Xs6) X504 = Xa6— Xa6X54.
k>0

Similarly we obtain the Poisson algebra:

Cy = K[X1 4][ X245 a2) p[ X345 3, 03] p[ X4 45 ca] p[ X545 5] P,

where:

X54 = X555 = X5,

Xaa = Xu5 = Xy,

Xsa=Xz5= X3 — XuX5'!,
Xou=Xo5— X35X, 5 = Xo— XX, ',

Xia=X15— X5 =X - X; "
The Poisson algebra Cj is given by:

C3 = K[X 3][X2,3; a2] p[X3.3; 3] p[Xa,3; aa] p[ X5 3; 5] P,

where:

X53=Xs54=X55= X5,
Xy3=Xy4=Xy5= Xy,
X33 =X34=X35=X3— XuX;",

Xoz=Xoy=Xo5— X3,5X4_7§ = Xo— X3X, 7,

B X2_X71 X2X5—1
Xig=Xia—XouXgl=X1 - ——2 5 =X - ——"
1,3 14 24434 1 X3 — X X1 XX - Xy

Since there are no more derivations to delete, the algorithm terminates. So we obtain the

Poisson affine space A = Cy = C3 generated by:

T5 = X5,
T4 — X4,

T = X3 — X4 X5 1,
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Ty = Xo — X3X; 1,
XoX5—1

TN=X - —.
! XX — Xy

The Poisson brackets between these generators are given by:

{T5, Tu} = —TuT5, {1y, Tr} =0,

{15, T3} = 0, {1y, Th} =Ty,
{15, Tr} = ToT5, {13, T} = —ToT3,
{T5, Th} =1 T, {13, Th} =0,

(To, T3} = —TyTh, (o, T1} = ~T\Ts.

A.2 Cauchon diagrams

We compute the set of Cauchon diagrams W, C W = Z([1,5]) for the Poisson algebra

A. Recall that we have the following injective maps:

w5 : P.Spec (Cg) — P.Spec (C5),
¢4 : P.Spec (C5) — P.Spec (Cy),

w3 : P.Spec (Cy) — P.Spec (Cs).

It is easy to check that (X56)p = Cs, (Xa5)p = Cs and (X34)p = (X2.4, X34). Therefore

by Lemma 5.4.7 we have:

P € P.Spec (C5) N Im(gp5) < X5,6 = X575 ¢ P,
Q € P.Spec (C4) NIm(ps) = Xy5 = X414 ¢ Q, (A1)

I € PSpec(C3) NIm(p3) < (Xgu=T5¢1 or (Ip,Ts) C1I).

We have P.Spec (4) = P.Spec (Cg) and P.Spec (A) = P.Spec (C3), and the canonical em-

bedding is the injective map ¢ from P.Spec (A4) to P.Spec (A) defined by ¢ := p30¢40 ps.
e Firstly it is easy to show that:
{041}, {2},{1,2}} < wp € 2([1,3]).
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The first inclusion comes from Proposition 5.4.17 since 61 = d9 = 0. Moreover
suppose that 5 € w € W, and let P € P.Spec,(A). Then T5 € ¢(P), and by
Corollary 5.4.11 we have X5 € ¢5(P) € Im(¢5), a contradiction to (A.1). We show

similarly that 4 ¢ w for all w € Wp.

e Moreover one can show that if 3 € w € W, then 2 must belong to w, i.e. that
we have {3} ¢ W}, and {1,3} ¢ Wj. Suppose that 3 € w € Wy, and let P €
P.Spec,,(A). We have T5 = X34 € ¢(P). Since p(P) € Im(p3), we must have
(T5,T3) C @(P). This implies that T € ¢(P) and that 2 € w.

e We reduced our investigation to the following situation:

{0, {1}, {2}, {1,2}} C wp € {0,{1},{2},{1,2},{2,3},{1,2,3}}.

We will show that the undecided sets {2,3} and {1,2,3} also belong to Wp,. For, we
exhibit ideals belonging to the appropriate strata. The details are left to the reader;

methods from Section 7.2 can be used for instance. We have:

P((X2X5 — 1, X3X5 — X4)) = p3 0 0a({X25, X35))
= p3((X2,4, X34))

- <T23 T3>7
so that (X2X5 — 1, X3X5 — X4) € P.Spec 5 33(A4). Also we have:

(X1 Xy — 1, X0 X5 — 1, X3X5 — Xu)) = p30pa((X15X45 — 1, X035, X35))
= 3((X1,4, Xo4, X34))

- <T17T27T3>7

so that (X1Xy — 1, X2X5 — 1, X3X5 — X4) € P.Spec;53,(A). One can also find
elements of the strata associated to {1}, {2} and {1, 2}:

(X1 X3X5 — XoX5 — X1 Xy + 1)) = 30 04((X15X55 — Xa5))
= p3((X1,4X34 — X24))

= <T1>’
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e((XoXy — X3)) = 30 p4((X25X45 — X35))
= ¢3((X2,4))

= (Th),

(X1 X4 — 1, X0 Xy — X3)) = p30pa((X15Xu5 — 1, Xo5X45 — X355))

= p3((X1,4,X24))

= (Th,T3).

We conclude that Wp = {0, {1},{2},{1,2},{2,3},{1,2,3}}. Note that in this example
we have W ¢ Wh.
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Appendix B

Question 7.1.1 for an algebra

without torus action

In this appendix we answer positively Question 7.1.1 for the following algebra. Let R; be

the iterated Ore extension:
Ry = K[tEY[21, 2] [x3, 03][24; 04, Ad],

where:

e 03 is the automorphism of K[t™!][x1,zs] such that o3(t) = t, o3(x1) = tz; and
o3(z2) = tag,

e 04 is the automorphism of K[t*!][z1, x2][x3, 03] such that o4(t) = t, o4(x1) = t 12y,
o4(r2) =t 'zy and oy(x3) = 23,

o Ay is the oy-derivation of K[t*!][z, z2][x3, 03] such that Ay(t) = Ay(z1) = Ay(zs) =

0 and Ay(z3) = (t — 1)(x1 + z2).

It is easy to check that R; € R. Suppose char K = 0. We now compute the sets W,
and W' of Cauchon diagrams for the algebras A := R;/(t — 1)R; and Ry := R;/(t — q) Ry,

for a nonzero non root of unity q € K.
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B.1 Cauchon diagrams for A := R;/(t — 1)R;

The Poisson algebra A is the Poisson-Ore extension A = Kx[X1, X2, X3][X4; «, §] p, where
)\12 = 0, )\13 = )\23 = —1, o= —Xlaixl — XQ%XZ and § := (Xl + Xg)aixg We have:

{X4, X1} = - X1 Xy, {X3, X1} = X1X3,
{X4, Xo} = — X0 Xy, {X3, Xo} = X0 X3,
{X4, X3} = X1 + Xo, {X2, X1} =0.

Note that this Poisson algebra appears in Example 5.4.15. Since the derivation ¢ is locally
nilpotent and that we have [§,a] = §, the derivation § uniquely extends to an iterative,
locally nilpotent higher (1, a)-skew Poisson derivation:
51’
= (5),
on Kx[X7, X2, X3]. The deleting derivations algorithm (there is only one step) leads to
the Poisson affine space A = Ky/[T1, Ty, T3, Ty] where:

0 0 -1 1

v_ |0 0 11
1 1 0 0
-1 -1 0 0

and where T 1= X1, T := Xo, T3 := X3+ (X1 + XQ)X4_1 and Ty := X4. The canonical

embedding is the map ¢ from P.Spec (A) to P.Spec (A) defined by:

PS1n4A Xi¢ P,
g ' (P/(X4)p) X4€P,

P+

where S is the multiplicative set of A generated by X4, and where:

_ A
A s
g (X1)p

T, — Xi+ (X4)p.
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Let w € W and assume that 4 ¢ w. Then (T; | i € w) € Im(yp) by Lemma 5.4.7 and:
¢ '((Ti | i € w)) € P.Spec,,(A).

In particular this shows that Z([1,3]]) € W} (alternatively, we obtain the same result
from Proposition 5.4.17). We can actually be more precise and give the explicit preimages

of the ideals (T; | i € w) for w € Z([1, 3]):

T, T5)) = (X1, X2 + X3Xy),

(

(

(

(Th, Tz)) = (X1, X2),

(

(T, T3)) = (Xo, X1 + X3X4),
(

(T, Ty, T3)) = (X1, X, X3).

The methods we use to prove these equalities are the same as the one used in Section 7.2
and in Appendix A.2. We illustrate the case w = {3}. Let Q := (T3). Since Ty ¢ @ we
have @ € Im(y) and:

e HQ)=QST ' NA={fT3T;" | f€ A, i>0}NA.
Set P := <X1 + Xo + X3X4>. Since:
X1+ Xo+ X3 Xy = Xu(X3+ (X1 + X2) X 1) =TuT5 € o 1(Q),

we have P C = 1(Q). It is easy to see that X1 + Xo + X3X4 € Zp(A), so the ideal P is a
Poisson ideal. Moreover one can check that X7 + Xo + X3X}4 is irreducible in A, so P is

also a prime ideal. Therefore P € P.Spec (A). It is clear that X4 ¢ P so we have:

p(P)=PS ' nA={f(X1+Xo+X3X0)X;"| fE€A i>0}nA
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Since:

Ty = X3+ (X1 +X2) X, ' = (X3Xa+ X1+ X2) X, € o(P),
we have Q C ¢(P).

We know that Xy = Ty ¢ o(P), and that T3 € ¢(P). One can check that 77 and T»

do not belong to ¢(P) as follows. Suppose that 71 = X; € ¢(P) and write:
Ty = X1 = f(X1+ X2+ X3X4) X,
for some f € A and some 7 > 0. We have:
X1 X5 = f(X) + Xo + X3Xy), (B.1)

and by a degree argument we deduce that f € K[X5, X3, X4]. By seeing equation (B.1) as
an equality of two polynomials in the variable X; and with coefficients in K[Xs, X3, X4]
we obtain:

f=Xi, and 0= (X2+ X3X4)f,

which is impossible. Thus 77 = X1 ¢ ¢(P). We conclude similarly that we have
Ty = X3 ¢ ¢(P). Therefore we have P € P.Spec 5)(A). Note that by definition we
have ¢ ~1(Q) € P.Spec (3,(A4). Since ¢ induces an homeomorphism from P.Spec (3)(4) to
¢ (P.Spec {3}(A)), the inclusions P C ¢~ 1(Q) and Q C ¢(P) give us ¢(P) = Q, i.e.:

e ((T5) = (X1 + Xo + X3X4).

We now deal with the remaining elements of W. Assume that 4 € w € W}, and let

Q@ € P.Spec ,(A) NIm(p). By Lemma 5.4.7 we must have:
(Th + T2, Ty) C Q,

or equivalently:

(X1 4 X2, X4) C o HQ).
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Thus for 4 € w € W}, and Q € P.Spec ,(A)NIm(yp) we must have the following equivalence:

(lew)e (T1eQ)e (X1 Q)& (Xoep Q) & (1eQ) & (2€w).

This means that the sets {1,4},{2,4},{1,3,4} and {2, 3,4} do not belong to Wp. On the

other hand it is easy to see that:

(X1 + X2, Xy) € P.Spec 4)(4),

(X1 + X2, X3, X4) € P.Spec (343 (A),
(X1, X2, X4) € P.Spec (1 541 (A),
(

XI,X27X3’X4> E P.SpeC {1’2’374}(14),

using the fact that when X; € P € P.Spec(A), there is a Poisson algebra isomorphism
from A/P to A/@(P) sending X;+ P to T;+p(P) for 1 < i < 4 (Lemma 5.4.18). Therefore

we obtain:

ng = '@([[173]]) U {{4}7 {374}7 {17274}7 {L 2’374}}'

B.2 Cauchon diagrams for R, = R,/(t — q)R;

The algebra R, is given by generators x1, x2, x3, x4 and relations:

-1
T2X1 = T1T2, T4x1 = q X124,

-1
T3T1 = qr1T3, Tyx2 = q ~X2X4,
T3To = qT2T3, 423 = x3xg + (¢ — 1) (21 + x2).

R, can be expressed an in iterated Ore extension, and Cauchon’s deleting derivations

algorithm can be applied. The algebra E is the quantum affine space in the generators:
t1 =21, to:=ax9, tz:=a3+q(rr+ao)ry’, and ty = x4,

associated to the matrix A’ defined in the previous section. We denote again by ¢ the

canonical embedding from Spec (R,) to Spec (Ry) ([8, Definition 4.4.1]). By [8, Proposition

4.3.1] it is clear that all ideals in Spec (R,) which do not contain ¢4 belong to Im(y). Thus
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if 4 ¢ we W then w € W since:
(ti | i € w) € Im(yp).
Now suppose that x4 € P € Spec (R,). Then the image of P by ¢ is given by:

g (P/(za)),

where g is the surjective algebra homomorphism from R, to R,/{z4) sending ¢; to x; + (z4)
for all i ([8, Notation 4.3.1]). Thus a prime ideal R, containing t4 will belong to Im(¢) if
and only if it contains ker g. There is a vector space isomorphism ¥ from R, to R, sending
tht el to ot el for all 4y, g, 43,74 > 0. So we can write g = 7o ¥ where 7 is the
canonical projection, and thus it is enough to understand (z4) since kerg = U~1({x4)).

First note that we have:

T4,T
xr1 + X9 = [ 4 3] €<.734>.

qg—1
One can check that (x4) = Rqx4 + Ry(x1 + x2), where by R,x4 we denote the right ideal

generated by z4. It is now easy to see that:
kerg = th4 + Fq(tl + tg).

Thus a prime ideal in R, containing ¢4 belongs to Im(y) if and only if it contains ¢; + ts.
This shows that if 4 € w, then w € W’ if and only if ((1 € w) <= (2 € w)). In particular

we have:

~(ker g) € Spec 143 (Ry),
~!((ker g, t3)) € Spec (3 4(Ry),
“H(tr, ta, 1)) € Spec (1,241 (Ry),

¥
¥
¥
@ ' ((t1, t2, 13, t4)) € Spec 4 9.3 43 (Ry)-
We conclude that:

W' = 2([[1,3]) U {{4},{3,4},{1,2,4},{1,2,3,4} },

so that W’ = W}, and Question 7.1.1 is verified for the algebra R;.
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