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1 Introduction

Since about 25 years transplanckian-energy gravitational scattering has been the target of

numerous investigations. The original thrust was focused on the scattering among point-

like particles [1, 2] or light strings [3] (see also [4]). One of its main goals was to understand

how an effective curved geometry originates from studying collisions in flat D-dimensional

space-time. A more ambitious aim was to find out whether and how unitarity of the

S-matrix is preserved in all regimes within a consistent quantum-gravity framework.

Indeed, at sufficiently high energy and at any finite order in perturbation theory,

(partial-wave) unitarity bounds are already violated even at large impact parameters. This
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problem was neatly solved [2, 3] by an all-loop resummation of the leading high-energy

contributions: in the point particle case these exponentiate (in impact parameter space)

leading to an elastic-unitarity-preserving eikonal S-matrix at leading order in the small

parameter GD
√
sb3−D, where D is the number of non-compact space-time dimensions and

GD is the Newton constant in D dimensions

S(E, b) = 1 + 2iδ(s, b) + · · · → exp (2iδ(s, b)) , δ(s, b) ∼ ~
−1GDsb

4−D . (1.1)

This small parameter controls the typical gravitational deflection angle, θ ∼ (Rs/b)
D−3 .1

In the case of string-string collisions the above c-number factorization and exponentiation

fail below a certain impact parameter bD ≫ ls ≡
√
2α′~ . 2 They can only be recovered [3, 5]

at the price of promoting the conventional eikonal phase to an eikonal operator

δ(s, b) → δ̂(s, b) ∼
∫ 2π

0

∫ 2π

0

dσu
2π

dσd
2π

: δ(s, b+ X̂u(σu, τ = 0)− X̂d(σd, τ = 0)) : , (1.2)

where X̂u(σ, τ) and X̂d(σ, τ) are independent free bosonic fields in two dimensions contain-

ing only oscillation modes. The intuitive meaning of this operator [3, 5] is that the gravitons

responsible for the transplanckian scattering are exchanged between two arbitrary points

on the two colliding strings at a Lorentz contracted instant τ = 0. More physically [6], the

eikonal operator should ensure inelastic unitarity in the regime in which tidal forces induce

substantial excitations of the incoming strings. However, in order to fully understand how

unitarity works, and the precise microscopic nature of the transitions induced by such tidal

forces, it would be necessary to consider, at tree level, the individual inelastic transitions

whose shadow is collectively taken into account by the elastic loop amplitudes. This issue

will be one of the main objectives of this paper, although we will discuss it explicitly not

in the context of string-string collisions but in the slightly different context of string-brane

collisions that we shall illustrate in a moment.

Understanding how unitarity is preserved at arbitrary impact parameter in string-

string collisions has proven to be a much more difficult task. Nice progress was made [5, 7, 8]

in the so-called stringy regime (ls > RS , b) in which one does not expect black-hole forma-

tion to occur. In the opposite regime (Rs > ls, b), in which black-hole formation is expected

to occur on the basis of classical collapse criteria [9–12], only a crude approximation was at-

tempted [13]. While this approximation could reproduce semi-quantitatively the expected

critical points for gravitational collapse [13–16], it has failed, so far [17, 18], to explain how

unitarity is preserved beyond such critical points (i.e. in the supposed collapse regime).

In order to address such questions in an easier context we have recently turned our

attention [19] to the collision of a light closed string off a stack of N parallel Dp-branes (at

large N and small string coupling), where the effective metric, rather than being produced

by the collision itself, should be, up to possible corrections, the known classical one gen-

erated by the branes. When the volume of the branes is compactified on a p-dimensional

1Here RD−3
s =

8πΓ(D−1

2
)GD

√
s

(D−2)π
D−1

2

is the Schwarzschild radius for a mass
√
s in D non-compact dimensions.

2We use units in which c = 1 and, in the following sections, we shall also set ~ = 1 thus identifying l2s
with 2α′.
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torus, one obtains a point-like 1/2-BPS object in 9−p non-compact spatial dimensions with

a mass proportional to the Dp-brane tension and thus very large at weak string coupling.

The study of the high-energy scattering of a fundamental string on this kind of target,

although it does not represent a standard black hole with a macroscopic horizon, is non

trivial and the construction of an explicitly unitary string S-matrix very interesting. The

S-matrix does in fact allow to test the regime of validity of the classical gravity solution

as an effective description of the Dp-branes and to explore the small b regime in which the

energy of the incoming string should dissipate through the creation of many open string

excitations on the branes.

With these motivations in mind, in [19] we have computed the high-energy (Regge)

limit of the elastic scattering of a massless closed string state, belonging to the NS-NS

sector of type II string theory, on a maximally supersymmetric Dp-brane system. It turns

out that also in this case the tree-level amplitude, the disk diagram, diverges with the

energy of the incoming string violating unitarity at sufficiently high energy. Neglecting

string-size effects unitarity is again recovered by summing the contributions to the elastic

amplitude coming from surfaces with any number of boundaries. The sum of these terms

exponentiates into a phase, as in the previous case of a string-string collision,

S(E, b) = 1 + 2iδ(s, b) + · · · → exp (2iδ(s, b)) , δ(s, b) ∼ E b

~

(
Rp
b

)7−p
, (1.3)

where R7−p
p ∼ gNl7−ps is the characteristic scale of the geometry produced by the branes.

Taking into account string size effects, the eikonal phase becomes once more an eikonal

operator which contains the bosonic oscillators of the superstring corresponding to the 8−p
directions transverse to the world-volume of the Dp-brane and to the momentum of the

fast-moving string

S(s, b) = e2iδ̂(s,b) , δ̂(s, b) =

∫ 2π

0

dσ

2π
: δ(s, b+ X̂(σ, τ = 0)) : . (1.4)

All calculations are done in flat Minkowski space-time with suitable conditions imposed on

the closed strings by the presence of the Dp-branes, but the final results show the curved

space structure generated by the presence of the Dp-branes. In particular, in the zero-

slope limit α′ → 0 one reproduces the eikonal computed with a curved space formalism in

field theory.

Present derivations of the eikonal operator are somewhat indirect in that the existence

and nature of such an operator is argued on the basis of the imaginary part of a higher-loop

elastic amplitude which, in principle, only provides some inclusive sum over intermediate

excited string states, rather than a precise microscopic description of each produced string.

In previous work the eikonal operator was indeed mainly used to study the absorption of

the elastic channel due to the excitation of the massive modes of the string and to identify

the average excitation mass [5]. To this aim all that is required is the algebra satisfied by

the modes of the bosonic fields X̂.

The information on the high-energy string dynamics encoded in the eikonal operator

is by far more detailed. Its matrix elements give in fact the asymptotic behaviour at high
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energy of the transition amplitudes between four (in the case of a string-string collision) or

two (in the case of a string-brane collision) arbitrary string states, resumming to all orders

the perturbative series. For the evaluation of these matrix elements it is necessary to give

a precise definition of the eikonal operator by specifying the Hilbert space on which it acts,

an issue that has never been clarified in the previous literature on the subject.

Although the eikonal operator is the result of an all-loop resummation, to complete

its definition it is enough to consider string amplitudes at tree level. To identify the

correct Hilbert space it is in fact sufficient to study the eikonal phase, the operator δ̂(s, b),

which gives the asymptotic behaviour at high energy of the tree-level two-point (four-point)

amplitudes between arbitrary string states. In this paper we will present two independent

derivations of the eikonal phase, one in the light-cone gauge and the other fully covariant,

thus giving a precise meaning to the operators X̂ in eqs. (1.2) and (1.4).

We will first derive δ̂(s, b) by quantizing the string in a light-cone gauge adapted to

the kinematics of the high-energy scattering, that is with the spatial direction of the light-

cone chosen along the direction of the large momentum. This derivation is based on the

Green-Schwarz three-string vertex and shows that the free fields X̂ can be identified with

the transverse string coordinates in the light-cone gauge.

That the eikonal operator can be interpreted as acting on the space of the physical

states of the string quantized in a specific light-cone gauge is of course not unexpected.

It is quite natural given the kinematics of the high-energy scattering in the Regge limit,

which is characterized by the presence of one privileged direction of large momentum, and

it is also clearly suggested by the original papers [3, 5]. Moreover both the eikonal operator

for string-string collisions and for string-brane collisions can be derived (at large impact

parameters and to first order in the string corrections, i.e. in l2s/b
2) by quantizing in the

light-cone gauge the string sigma-model for an effective curved background. In the first

case, [20–22] the relevant background is the Aichelburg-Sexl metric [23], the shock-wave

generated in first approximation by one of the two colliding strings, in the second case [19]

it is the Penrose limit of the extremal p-brane solutions of Type II supergravity.

Once the Hilbert space has been identified, one can proceed to consider the implications

of the eikonal operator for the high-energy string dynamics. The simple way in which the

dependence on the string coordinates X̂ enters in δ̂(s, b), as a shift of the impact parameter,

and the absence of the worldsheet fermions ψ lead to interesting selection rules for the

possible transitions. The class of states that can be reached from any given initial state

in a high-energy collision can be readily identified. The form of the inelastic amplitudes,

which can only involve the external polarizations and the momentum transferred, is also

very constrained. Since the matrix elements are evaluated in the light-cone gauge, the

initial and final state of a transition as well as the tensors that appear in the amplitudes

derived from the eikonal operator are characterized only by their transformation properties

with respect to the transverse SO(8) group.

The natural question then arises about what is the covariant dynamics responsible for

the simple properties of the eikonal operator in the light-cone gauge. This represents the

other main topic of our paper. To answer this question one needs to recall that in the

Regge limit the string amplitudes are dominated by the exchange in the t-channel of the
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states of the leading Regge trajectory, which carry, for a given mass, the highest spin. The

effect of the exchange of the whole leading Regge trajectory can be summarized by the

exchange of a single effective string state, the Reggeon3 [24–26]. The covariant dynamics

captured by the eikonal operator is precisely the exponentiation of the Reggeon exchange

at tree level.

The Reggeon vertex operator considerably simplifies the derivation of the Regge limit of

the covariant string amplitudes and gives their high-energy behaviour directly in a neat and

factorized form. For instance a four-point function reduces to the product of the Reggeon

propagator and the three-point couplings of the external states to the Reggeon. Similarly

a two-point function in the Dp-brane background reduces to the product of the Reggeon

tadpole and the holomorphic and antiholomorphic part of the three-point couplings of the

external states to the Reggeon.

This very specific factorization in the t-channel, which isolates a single coupling to a

process-independent intermediate state, is the first major simplification that occurs in the

covariant dynamics. The covariant equivalent of the selection rules and of the high-energy

amplitudes given by the eikonal operator in the light-cone gauge are then to be found in

the properties of the three-point couplings of the covariant states to the Reggeon.

The form of these couplings is restricted to be a contraction of the polarization tensors

with the metric, the momentum transfer and the longitudinal polarization vectors of the

massive states. The longitudinal polarization vectors appear in the asymptotic behaviour

at high energy since their components increase with the energy of the massive state (as

in the well-known problem of unitarity-violating amplitudes in the standard model in the

absence of or for a very heavy Higgs boson). It is of course essential in order to derive the

correct high-energy behaviour of a string amplitude which involves massive states to take

the factors of the energy carried by the longitudinal polarizations into proper account.

We will review the derivation of the Reggeon vertex and present a detailed discussion

of the evaluation of string amplitudes with massive states in the high-energy limit. The

structure of these amplitudes is interesting on its own and may help to clarify the dynamics

of the massive string spectrum, whose typical states transform as traceless irreducible

tensors of mixed symmetry, the generic representations of the Lorentz group.

The Reggeon vertex will allow us to provide a very simple and fully covariant deriva-

tion of the eikonal phase. To achieve this we will choose a basis of physical states adapted

to the kinematics of the high-energy scattering, the basis of the DDF operators [27]. Al-

though only the SO(8) symmetry group of the space transverse to the collision axis is

manifestly realized in this basis, it has the advantage that all the physical states can be

easily enumerated and their couplings to the Reggeon become elementary. We will show

that when expressed in this basis the tree-level scattering matrix in the Regge limit can

be written in a compact operator form which coincides with the operator δ̂(s, b). This

covariant derivation of the eikonal phase thus leads to the identification of the modes of

the free fields X̂ in eqs. (1.2) and (1.4) with the bosonic DDF operators.

3We refer to this effective string state and to the corresponding vertex operator as the Reggeon, since it

describes the high-energy dynamics in the Regge limit [24, 25]. It is also called the Pomeron, especially in

the context of the string/gauge duality [26].
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The two interpretations of the eikonal operator presented in this paper, either as an

operator written in the light-cone gauge or as a covariant operator written in terms of

the DDF basis, are of course connected since there is a direct correspondence between the

DDF operators of the covariant string and the physical states in the light-cone gauge. The

simple matrix elements of the eikonal phase as an operator in the light-cone gauge are

indeed precisely the simple couplings of the DDF operators to the Reggeon.

It is interesting to understand in more detail the link between the matrix elements

of the eikonal phase and the scattering amplitudes written in the basis of the covariant

string states. The former contain only tensors with well-defined transformation properties

with respect to the SO(8) symmetry group of the transverse directions while the latter are

expressed in terms of ten-dimensional tensors and of physical polarizations characterized

by their transformation properties with respect to the little group SO(9). The first step to

relate the covariant amplitudes with the matrix elements of the eikonal operator is clearly

to decompose the covariant tensors with respect to the transverse SO(8). Each covariant

amplitude thus gives rise to several subamplitudes labeled by representations of SO(8) and

expressed in terms of tensors living in the space transverse to the collision axis.

The restricted number of linearly independent amplitudes allowed at high energy re-

sults in the decoupling of a large number of covariant states. At every mass level, for a

given SO(8) representation one can find the linear combinations of SO(8) components of

the covariant states that do not couple to the Reggeon and the linear combinations which

are produced with a specific form of the amplitude. We will show that, once written in

this high-energy basis, the covariant amplitudes precisely match the matrix elements of the

eikonal phase.

The discussion in this paper will be based on the string-brane system but the analysis

for the case of string-string collisions would be very similar. Our main examples will thus

be two-point inelastic disk amplitudes involving massive strings. In most cases we will

consider explicitly only transitions from an initial massless state.

A comparison between disk amplitudes and matrix elements of the eikonal operator

was attempted in two interesting previous papers [28, 29] for the states of the leading

Regge trajectory. The results obtained in these works for the Regge limit of the scattering

amplitudes are however correct only when the non-vanishing components of the polarization

tensors are restricted to the transverse directions, since the energy factors that enhance

the contribution of the longitudinal polarizations were not taken into account.

The rest of the paper is organized as follows. Section 2 is devoted to the kinematics of

the high-energy scattering of a string on a collection of N Dp-branes. In section 3 we show

how the operator δ̂(s, b) can be derived by a systematic study of the transition amplitudes

at tree level in the light-cone GS formalism, provided the light-cone direction is judiciously

chosen. We also anticipate that the result can be rewritten in a covariant form using the

bosonic DDF operators. In section 4 we analyse in detail the structure of the inelastic

amplitudes implied by the light-cone eikonal phase, illustrating the general case with the

transitions from the massless NS-NS sector to the first two massive levels of the superstring.

In section 5 we turn to a fully covariant derivation of the transition amplitudes in

the Regge limit. We begin with a review of the Reggeon vertex, where we emphasize the
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importance of taking into account the longitudinal polarizations when counting the powers

of the energy and describe the essential steps necessary to evaluate the high-energy limit

of the massive string amplitudes. We then explicitly derive the Regge limit of the inelastic

amplitudes from the massless NS-NS sector to the first two massive levels of the superstring.

Finally we discuss our covariant derivation of the eikonal phase, which exploits the simple

couplings of the DDF operators to the Reggeon.

We give in this section a complete and detailed description of the transitions to the

second massive level for two main reasons. The first is that it is at this level that the

first examples of holomorphic string states transforming as tensors of mixed symmetry

appear. The dynamics of these states, which are generic in the string spectrum, has not

been explored much in the past, although they may provide some useful lessons on the

symmetries of string theory and on the consistent interactions of fields of higher spin

(for more details and references see for instance [30]). The second reason is that these

amplitudes neatly display all the important features of the relation between the covariant

and the light-cone calculations.

This is the subject of section 6, which is devoted to the comparison between the

scattering amplitudes with covariant external states and the matrix elements of the eikonal

phase. We shall proceed in both directions. To relate the covariant amplitudes with the

matrix elements of the eikonal phase it is sufficient to decompose the covariant tensors with

respect to the transverse SO(8) and to perform a change of basis to a high-energy basis

of states, characterized by their couplings to the Reggeon. To relate the matrix elements

of the eikonal phase with the covariant amplitudes, it is sufficient to identify the linear

combination of covariant states that corresponds to a given light-cone state. This problem

is well-known and is usually addressed by studying the action of the generators of the

full Lorentz group on the light-cone states. We shall address it using the DDF operators

which make the connection between the light-cone and the covariant states somewhat more

transparent. In section 7 we summarize our results and draw our main conclusions.

Some additional details can be found in a few appendices. In appendix A we state our

conventions for describing the physical states of the RNS superstring in the old covariant

quantization. In appendix B we collect some formulae for the kinematics of the high energy

string-brane scattering in a convenient reference frame. In appendix C we review the DDF

operators and discuss their main properties. In appendix D we discuss some properties of

the polarization tensors of the massive states, in particular of those of mixed symmetry,

and give the explicit expressions for the decomposition of the polarizations of the covariant

states in the second massive level with respect to the transverse SO(8).

2 Kinematics of the eikonal scattering

The process that we will analyse in this paper is the scattering of a perturbative closed

string state (the probe) from a stack of Dp-branes (the target) at high energy E and fixed

momentum transfer t. In this section we then begin by discussing the kinematics which is

relevant for a string-brane collision.

– 7 –
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The Dp-branes are static and aligned along the first p space-like directions. We indicate

the (incoming) momenta of the two states by the SO(1, 9) vectors pµr (r = 1, 2), with

p2r = −m2
r , and their spatial part by ~pr (without loss of generality we assume ~pr to be

orthogonal to the Dp-branes). We also set p̂r = ~pr/|~pr|. The Regge limit we are interested

in corresponds to taking the energies of the two closed strings very large while keeping the

momentum transfer q = p1 + p2 fixed and typically small (corresponding to a large impact

parameter for the collision4).

The identification of the left and right moving parts of the closed strings absorbed or

emitted by the Dp-brane is described by a diagonal matrix Rµν

Rµν = δµν , µ, ν = 0, . . . , p , Rµν = −δµν , µ, ν = p+ 1, . . . , 9 . (2.1)

The two kinematic (Mandelstam-like) invariants characterizing this process can be chosen

as follows

t = −(p1 + p2)
2 , s = −1

4
(p1 +Rp1)

2 = −1

4
(p2 +Rp2)

2 ≡ E2 , (2.2)

where in the second equation we used momentum conservation along the Neumann direc-

tions and E > 0 will denote, hereafter, the common energy of the incoming and outgoing

closed string. Scalar products among the external momenta and the reflection matrix can

be expressed in terms of the variables s, t and the masses of the external states

2p1p2 = −t+m2
1+m

2
2 , prRpr = −2s+m2

r , 2p1Rp2 = 4s+ t−m2
1−m2

2 . (2.3)

The physical polarizations of a massive string state can be described by introducing a

basis of nine space-like polarization vectors. For a massive state with a non-zero space-like

momentum ~pr we first define the longitudinal polarization vector vr

vµr = −mr

|~pr|
t̂µ +

Er
|~pr|

pµr
mr

=
|~pr|
mr

t̂µ +
Er
mr

p̂µr , vrpr = 0 , v2r = 1 , (2.4)

where t̂ is the unit vector in the time direction.5 The remaining physical polarizations are

given by eight unit vectors transverse both to pr and to vr.

Since at high energy the longitudinal polarizations of the massive states play a special

role, in the following sections we will express the covariant amplitudes in terms of the

basis of physical polarizations that can be attached, in the way just described, to each

state taking part in the scattering process. In order to do this it is sufficient to decompose

every tensor contracted with the polarization of one of the external states along the basis

of physical polarizations pertaining to that state. For instance, when the momentum q

transferred to the Dp-branes is contracted with the polarization of the second external

state, one can use the decomposition

qρ ≡ pρ1 + pρ2 =
E(t+m2

2 −m2
1)

2m2

√
E2 −m2

2

vρ2 +
t+m2

2 −m2
1

2m2
2

pρ2 + q̄ ρ , (2.5)

4We recall from [3, 5] that, in eikonal approximation, the typical transverse momentum carried by an

individual graviton is of order ~b−1, the overall momentum transfer in the collision q ∼ θE being shared

among many gravitons.
5Some additional formulae for the kinematics in a convenient reference frame are collected in appendix B.
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where q̄ is perpendicular to both v2 and p2. Notice that the difference between q and q̄ is

small, (q − q̄)2 ∼ t/s as it can been seen by using (2.4) and (2.5). We define q9 = q − q̄,

since in the frame introduced in appendix B this vector is aligned with the ninth direction.

Similar decompositions hold for the Minkowski metric η and the reflection matrix R

ηρσ = − pρ2
m2

pσ2
m2

+
8∑

i=1

ŵρi ŵ
σ
i + vρ2v

σ
2 ≡ − pρ2

m2

pσ2
m2

+ η̂ρσ , (2.6)

Rρσ = −2E2 −m2
2

m2
2

(
pρ2
m2

pσ2
m2

+ vρ2v
σ
2

)
+

p∑

i=1

ŵρi ŵ
σ
i (2.7)

−
8∑

i=p+1

ŵρi ŵ
σ
i − 2E

√
E2 −m2

2

m2
2

(
pρ2
m2

vσ + vρ
pσ2
m2

)
,

where ŵi, with i = 1, . . . , 8, is a set of unit vectors spanning the space perpendicular to p2
and v2, while η̂ is the metric in the space transverse to p2.

Our main example in this paper will be the inelastic process where a massless string

state of momentum p1 is excited by the tidal forces of the Dp-brane6 gravitational field

and emerges as a massive string state of momentum p2, with p
2
2 = −m2. Setting v2 = v,

m1 = 0 and m2 = m, the high-energy limit of (2.5) reads

q̄ = q − m

2
v

(
1 +

t

m2

)
− t+m2

2m2
p2 +O(1/E2) , (2.8)

and from (2.7) we have

p2
η +R

2
= −p1

η +R

2
=
E2

m2
p2 +

E
√
E2 −m2

m
v . (2.9)

The polarizations of the massless state can be written in terms of vectors ǫk that satisfy

both a transversality and a light-cone gauge constraint

ǫkp1 = ǫke
+ = 0 , k = 1 . . . 8 . (2.10)

At high energy it is natural to identify the light-cone vectors with the large components

of the external momenta in the frame where the D-branes are at rest, thus connecting the

gauge choice with physical quantities in the problem. We then define the light-cone vectors

as follows
√
2(e−)µ = lim

E1→∞
pµ1
E1

= − lim
E2→∞

pµ2
E2

, (e+)µ = (−(e−)0, ~e−) . (2.11)

The direction e− defines the large relative boost between the perturbative states and the

D-branes, while e+ is the complementary null direction satisfying e+e− = 1. When the

polarizations ǫk’s are contracted with q and v we have

ǫkq = ǫkp2 ∼ q̄k , ǫkv ∼ − q̄
k

m
, (2.12)

where we neglected terms of order O(1/E2) in the large E expansion. These relations will

be useful in section 5 in order to express the covariant amplitudes in terms of tensors with

non-trivial components only in the space transverse to the collision axis.

6We will limit ourselves to the case p ≤ 6 so as to have an asymptotically flat region.

– 9 –



J
H
E
P
1
1
(
2
0
1
3
)
1
2
6

3 The eikonal phase from the light-cone GS vertex

The eikonal operator exp(2iδ̂(s, b)) was introduced in [3, 5] to provide a manifestly unitary

description of high-energy string-string collisions below a critical impact parameter bD at

which string excitations due to tidal forces become important, as briefly reviewed in the

introduction. In this paper we shall focus on the eikonal operator for the high-energy

scattering of a string on a collection of N Dp-branes [19], the process described in the

previous section, but a very similar analysis could be performed for the former process.

Exponentiation of the eikonal phase operator δ̂(s, b) was proven in [3, 5] by considering,

at each loop order, the leading terms in a high-energy expansion. It provides the so-called

leading eikonal operator, giving, in the present context, the leading term in an expansion

in powers of
Rp

b , where Rp is the scale of the curved Dp-brane background

R7−p
p = gN

(2π
√
α′)7−p

(7− p)VS8−p

, VSn =
2π

n+1
2

Γ(n+1
2 )

. (3.1)

On the other hand, the eikonal operator is supposed to resum all string (α′/b2) corrections
to the leading eikonal phase. One can also argue [7] that the leading eikonal operator gives

the correct description of the high-energy scattering for any value of the impact parameter

provided the string coupling g is sufficiently weak, i.e. when Rp (or Rs in the case of

string-string collisions) is smaller than the string length scale ls.

A similar exponentiation is conjectured to occur also at non-leading order in
Rp

b , but

the exact structure of δ̂(s, b) for that case is not known.7 For this reason, here we will limit

our attention to the leading eikonal operator whose phase is given by the operator [19]

δ̂(s, b) =
1

4E

2π∫

0

dσ : A(s, b+ X̂) : , A(s, b) =

∫
d8−pq̄
(2π)8−p

eiq̄bA(s, q̄) . (3.2)

Here A(s, b) is the Fourier transform in impact parameter space of the disc amplitude in

the Regge limit

A(s, q̄) =
R7−p
p π

9−p
2

Γ
(
7−p
2

) Γ

(
−α

′t
4

)
e−iπ α′t

4 (α′s)1+
α′t
4 , (3.3)

q̄2 = −t and X̂ is a free bosonic field, without zero modes and evaluated at τ = 0, with

components only along the 8 − p spatial directions transverse to the collision axis and to

the brane

X̂i = i

√
α′

2

∑

n 6=0

(
ain
n
einσ +

āin
n
e−inσ

)
, [ain, a

j
m] = nδijδn+m,0 . (3.4)

In order to fully understand how inelastic unitarity works, it is necessary to identify pre-

cisely the Hilbert space on which this operator acts. The aim of this section is to show

7In [19] we have computed the next-to-leading correction to the eikonal phase in the field theory limit.

We plan to come back to its modification due to string-size corrections in a forthcoming paper.
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that, not unexpectedly, the leading eikonal operator acts on the space of the physical states

of the string quantized in the light-cone gauge, with the spatial direction of the light-cone

chosen along the direction of the large momentum appearing in the process. The free fields

X̂i in eq. (3.4) should then be identified with the transverse string coordinates and the

modes ain, ā
i
n with the light-cone oscillators. In section 5 we will derive the eikonal phase

from the covariant dynamics and we will show that the modes ain are then naturally iden-

tified with the bosonic DDF operators. The two interpretations are of course equivalent,

as a consequence of the one-to-one correspondence between the DDF operators and the

physical states in the light-cone gauge.

The idea of the derivation presented in this section is simple. We will use the light-

cone 3-string vertex [31, 32] in the Green-Schwarz formalism, which encodes the interaction

among three generic string states, to write an operator that generates all the tree-level

amplitudes in the Dp-brane background with two arbitrary string states. In order to do

this we first need to specialise the GS vertex to the case where only one of the three states

is off-shell, while the remaining two are arbitrary on-shell states.

We then take the high-energy Regge limit, sending the energy E of the two external

states to infinity while keeping finite the momentum transfer t, the momentum squared of

the state exchanged between the string probe and the target. As we will see, provided the

light-cone direction is aligned to the direction of the large momentum, the structure of the

GS vertex considerably simplifies in the limit. The final step consists in contracting the

off-shell leg with the closed string propagator and with the boundary state that describes

the coupling of an arbitrary string state to a collection of Dp-branes.

In order to simplify the analysis in this section, we will consider the limit of large

impact parameter b or, equivalently, of vanishing momentum transfer t. This corresponds

to exchanging only the graviton between the probe and the target, since, on one hand, only

the massless states contribute for small momentum transfers, and, furthermore, states with

the highest spin dominate at high energy. We will show that the final result coincides with

the phase of the eikonal operator in eq. (3.3) in the limit of large impact parameter b. This

is sufficient to identify the oscillators that appear in the eikonal operator as the bosonic

string modes in the light-cone gauge. In any case the covariant derivation of the eikonal

phase discussed in section 5 will be valid for arbitrary value of the momentum transfer and

not only for massless exchanges.

It is also worth noticing that the calculation is split into two independent parts, of which

the first - the GS vertex - captures the emission of an off-shell graviton from the high energy

probe while the second describes how the graviton propagates and then interacts with the

target. The same factorized form will be displayed by the covariant amplitudes, with the

GS vertex replaced by the three-point couplings of the external states to the Reggeon and

the information about the target carried by the Reggeon tadpole in the given background.

Let us now start our first derivation of the eikonal phase by recalling the GS light-

cone vertex. In this approach, the left moving part of the light-cone states is described

by a set of bosonic oscillators Ain transforming as a vector of SO(8) and a set of fermionic

oscillators Qan transforming as a spinor of SO(8). These operators refer to (and depend

from) the choice of the light-cone vectors (2.11) but we omit for simplicity a label referring
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to that choice. The left moving part of the spectrum is obtained by acting with the raising

operators Ai−n and Qa−n on a degenerate massless ground state which we indicate with |i〉
and |ȧ〉. The first ket represents eight states transforming as a vector of SO(8), while the

second one is a spinor of SO(8) (the dot over the spinor index indicates that the vacuum

chirality is opposite to that of the fermionic oscillators). In both kets we understand the

eigenvalue p of the momentum. A closed string state at level n, carrying momentum p with

p2 = −4n/α′, is given by the product of a left moving and a right moving part satisfying

the level matching condition.

Following the previous literature on the subject, we indicate with α and p̄j the projec-

tions of the momentum p respectively along e+ and along the transverse space (spanned

by the vectors ŵj)

αr ≡
√
α′

2
2p(r)e+ , p̄

(r)
j ≡

√
α′

2
p(r)ŵj , r = 1, 2, 3 , j = 1, 2, . . . 8 , (3.5)

where the label r distinguishes the three different states that appear in the vertex. We

shall treat independently the left and the right moving parts and describe the interaction

in each sector by means of the vertex introduced in [31]. The full vertex can be written

as a vector living in the tensor product of three closed string Hilbert spaces, one for each

light-cone state involved in the interaction. The chiral part of the vertex is given by

|VGS〉 =
√

2

α′

(
Pi − α1α2α3

n

αr
N r
nA

r
−n,i

)
VbVf |Vi〉+ . . . , (3.6)

where we understood the usual delta function imposing momentum conservation along the

ten spacetime directions and the dots stand for terms that vanish on-shell. As we shall

explain after eq. (3.19), these terms will not be relevant for the derivation of the eikonal

phase at large b. The zero-mode structure |Vi〉 of the vertex is

|Vi〉 =
1

α1
|ijj〉+ 1

α2
|jij〉+ 1

α3
|jji〉+ α1 − α2

4α3
|aai〉+ α1 − α3

4α2
|aia〉

+
α2 − α3

4α1
|iaa〉+ 1

4
γijab (|baj〉+ |bja〉+ |jba〉) , (3.7)

where the γ’s are the SO(8) gamma matrices, all sums over repeated indices are understood

and the kets with three indices are just the tensor product of the vector or spinor ground

states for each external string state; finally these kets are normalized as in [31]

r〈i|j〉r = δij , r〈a|b〉r =
2

αr
δab . (3.8)

Most of the complexity of the vertex is in the exponentials Vb and Vf

Vb = exp

(
1

2
Ar−n,iN

rs
mnA

s
−m,i + PiN

r
nA

r
−n,i

)
, (3.9)

Vf = exp

(
1

2
Qr−n,aX

rs
mnQ

s
−m,a − Sa

n

αr
N r
nQ

r
−n,a

)
. (3.10)
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The operators Pi and Sa stand for the following combinations of the bosonic and fermionic

zero-modes

Pi ≡
√
α′

2

(
αrp̄

(r+1)
i − αr+1p̄

(r)
i

)
, Sa ≡ αrQ

(r+1)
0a − αr+1Q

(r)
0a , (3.11)

which, with the cyclic identification between r = 4 and r = 1, are independent of the choice

of r = 1, 2, 3. Finally, the Neumann coefficients encoding the actual value of the various

couplings are

N rs
nm = −nmα1α2α3

nαs +mαr
N r
nN

s
m , Xrs

nm =
nαs −mαr

2αrαs
N rs
nm , (3.12)

N r
n = − 1

nαr+1

(
−nαr+1

αr

n

)
=

1

αrn!

Γ
(
−nαr+1

αr

)

Γ
(
−nαr+1

αr
+ 1− n

) . (3.13)

In the kinematic configuration described at the beginning of this section, the above vertex

drastically simplifies if one chooses the direction of the null vectors as in (2.11). In the

Regge limit the energy E of the states r = 1, 3 is much larger than the momentum ex-

changed which, for a single graviton exchange, is extremely small and this is reflected in

the asymptotic results for the αi. At leading order in E, we have

α1 ∼
√
α′ 2E , α2 = −

√
α′q9 , α3 ∼ −

√
α′ 2E , (3.14)

where q9 ∼ O(1/E), see eq. (B.6). By using (3.14), this means that we have to take α1 and

α3 large and α2 small.8 Also we set to zero all the oscillators of the string labeled by r = 2,

since we wish to identify that state with the graviton exchanged between the probe and

the target. Then the only surviving Neumann coefficients are N1 and N3, which become

Pi ∼
√
α′

2
α1p̄

(2)
i → −

√
2α′Eq̄i , N1

n → (−1)n−1

α1n
, N3

n → − 1

α1n
, (3.15)

where q̄ is the momentum introduced9 in (2.5). Several other simplifications occur in this

limit. We first note that the second and the fifth terms in (3.7) dominate over the others

implying that the two energetic external states always share one index. Then, from the

second equation in (3.12) we see that X13 is subleading with respect to N13 and similarly

the term proportional to Sa in Vf is subleading with respect to the one proportional to Pi
in Vb. This means that all terms containing fermionic oscillators Qqa can be neglected in

the high-energy scattering we are interested in. Finally there is a hierarchy also within Vb
and within the prefactor of the full vertex (3.6): from (3.15) we see that the combination

PiN
r=1,3 is finite in the large E limit, while N13 vanishes in the same limit; similarly in the

8The states labelled here by r = 2 and r = 3 have momenta −q and p2 respectively according to the

notations of section 2.
9With a slight abuse of language we use the same symbol to indicate both the momenta of this section

and the 10D vector q̄ orthogonal to v and p2 introduced in the previous section, because the two objects

are identical in the non-trivial 8D space.
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prefactor, the term Pi dominates over the other one. Thus, instead of the full vertex (3.6),

we can use the simplified expression

|VGS〉 ∼
√

2

α′
Pi
α2

exp

{√
α′

2

∞∑

n=1

q̄ℓ
n

(
A3

−nℓ + (−1)nA1
−nℓ
)}[

|jij〉+ α1 − α3

4
|aia〉

]
. (3.16)

We can now easily derive the high-energy scattering amplitude describing the interaction

between a string probe and a stack of Dp-branes at large distances. Schematically this

process is described by

|W 〉 = κ10τpN

2
2〈B|P

(
κ10|VGS〉|ṼGS〉

)
∼ R7−p

p π
9−p
2

Γ
(
7−p
2

) 2〈B0|
1

−t
(
|VGS〉|ṼGS〉

)
, (3.17)

where |B〉 is the GS boundary state [33] for the Dp-branes written in terms of the oscillators

in the Hilbert space labelled by r = 2 and P is the string propagator. The normalisations

on the l.h.s. are the standard gravitational coupling κ10, related to the string length and

coupling by 2κ210 = (2π)7α′4g2, and the tension of a single Dp brane

τ2p =
π

κ210

(
4π2α′)3−p . (3.18)

The final relation in (3.17) is obtained by implementing the high-energy and large impact

parameter limits: the boundary state is truncated to its zero-mode sector |B0〉, the string

propagator reduces to the field theory one and we can use the simplified version of the

3-string vertex in eq. (3.16). The zero-mode structure gives

2

α′
PhRhkPk
α2
2(−t)

=
α2
1

α2
2

q̄2

t
= −α

2
1

α2
2

(
1 +

q29
t

)
∼ −4E2

q29
− 4E2

t
, (3.19)

where R is the reflection matrix (2.1). Since we are restricting ourselves to the contribution

due to the exchange of the massless states, we have first to take the impact parameter to

be large and then take the high-energy limit. Then we can neglect the first term of the final

expression in (3.19) because it does not have a pole in t. For the same reason, it is possible

to neglect the terms that vanish on-shell in (3.6). These contributions are proportional to∑
r P

−
r , where

P−
r =

2

αr

[
α′

2

p̄2r
2

+
∞∑

n=1

(
A

(r)
−nA

(r)
n + nQ

(r)
−nQ

(r)
n

)]
. (3.20)

In [31] it was shown that there are terms that vanish on-shell and depend on τ0 ≡∑
r αr ln |αr|, while more recently other terms of this type were proposed in [34] (see for

instance, eq. (5.1) of that paper). However, in our calculation only the string r = 2 is kept

off-shell and in the corresponding Hilbert space we focus only on the massless sector. Thus

all the extra terms in (3.6) must be proportional to −t, which is the momentum squared

of the exchanged graviton. Again those contributions would cancel the pole in (3.20) and
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thus can be neglected. We then have

|W 〉 ∼ R7−p
p π

9−p
2

Γ
(
7−p
2

) 4E2

−t exp

{√
α′

2

∞∑

n=1

q̄ℓ
n
(A3

−nℓ + (−1)nA1
−nℓ)

}[
|j〉1|j〉3 +

α1

2
|a〉1|a〉3

]

× exp

{√
α′

2

∞∑

n=1

q̄ℓ
n
(Ā3

−nℓ + (−1)nĀ1
−nℓ)

}[
|j̄〉1|j̄〉3 +

α1

2
|ā〉1|ā〉3

]
. (3.21)

It is more natural to write this result as an operator on a single Hilbert space instead

of a product of two kets in two different spaces. This can be done by taking the adjoint

of the objects labelled with r = 1, i.e. by transforming |i〉1 and |a〉1 into 3〈i| and 3〈a|,
and A1

−nℓ into (−1)n+1A3
nℓ. After this the square parenthesis in (3.21) becomes just the

identity operator on the zero-mode sector, as it follows from (3.8), and we can rewrite the

two exponentials in terms of an auxiliary string field

X̂i(σ) = i

√
α′

2

∑

n 6=0

(
Ani
n

einσ +
Āni
n

e−inσ

)
. (3.22)

So we can write (3.21) in an operator form as follows

W (q̄) ∼
∫
dσ

2π
: eiq̄X̂(σ) :


R

7−p
p π

9−p
2

Γ
(
7−p
2

) 4E2

−t


 , (3.23)

where we included an integral over σ which is trivial when the matrix elements of W are

taken between closed string states satisfying the level matching condition.

In this derivation we took into account only the contributions due to the graviton

exchange and thus the result obtained captures reliably only the first term in the small t

expansion. It should be possible to adapt the derivation discussed in [35] and extend our

light-cone calculation of the eikonal phase to include the contribution of all the string states

exchanged between the string probe and the D-branes. We will not perform this calculation

here because, as already mentioned, the covariant derivation of the eikonal phase presented

in section 5 does take into account the full string dynamics in the Regge limit. As we will

show, the complete result can be obtained by replacing the round parenthesis in (3.23)

with the Regge limit of the full elastic tree-level string amplitude A in eq. (3.3), not just

with the graviton pole,

W (q̄) = A(s, q̄)

∫
dσ

2π
: eiq̄X̂(σ) : . (3.24)

Multiplying W by eiq̄b and taking the Fourier transform to write the result in terms of the

impact paramenter b instead of the momentum transferred q̄ we find

W (b) =

∫
d8−pq̄
(2π)8−p

W (q̄)eiq̄b ≡
2π∫

0

dσ

2π
: A
(
s, b+ X̂

)
: , (3.25)
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which coincides with eq. (3.2), the phase of the leading eikonal operator for string-brane

collisions [19], after including a factor 2E for the relativistic normalization of the external

states, W/2E = 2δ̂.

This analysis then shows that the exact meaning of the oscillators ain in eq.(3.4) is that

of the bosonic oscillators Ain
10 of light-cone quantization, with the light-cone axis aligned

with the direction of the large momenta. As anticipated at the beginning of this section,

it is also possible to recast eq. (3.25) in a covariant form (i.e one that does not depend on

using a particular gauge) by exploiting the one-to-one correspondence between the light-

cone states and the DDF operators [27], that we review in appendix C. It is precisely in

this latter form that the eikonal phase will be given by the covariant derivation discussed

in section 5.

Having identified the Hilbert space on which the eikonal operator acts, we can proceed

to discuss its main properties and what information it can provide on the string dynamics

in the Regge limit, which will be the subject of the next section.

4 High-energy inelastic amplitudes from the eikonal phase

We describe in this section the essential properties of the eikonal operator and what can

be learned from its simple structure on the high-energy string dynamics. The discussion

will be based on the light-cone RNS superstring so as to make the comparison with the

covariant formalism of section 5 more direct. We shall illustrate the general case by deriving

from the eikonal operator the inelastic amplitudes for transitions from the massless NS-

NS sector to the first two massive levels. We will also describe a method to provide a

covariant characterization of the string states excited by the tidal forces during a string-

brane collision, using the DDF operators [27] of the NS sector of the superstring [36] to

identify the linear combination of covariant string states that corresponds to a given light-

cone state.

As shown in the previous section, the bosonic fields X̂ in the leading eikonal operator

e2iδ̂(s,b) , δ̂(s, b) =
1

4E

2π∫

0

dσ

2π
: A(s, b+ X̂) : , (4.1)

can be interpreted as the transverse string coordinates in a light-cone gauge aligned with

the direction of the large momenta. The most interesting feature of this expression is that

the string modes appear as a simple shift of the impact parameter b by the string position

operator X̂. This structure reflects the incoherent scattering of the individual bits of the

string when α′s≫ 1. Another feature of the eikonal operator is that it contains the light-

cone modes of the bosonic fields X̂ but not those of the fermionic fields. It is important

to appreciate that since we are in the light-cone gauge the shift b 7→ b + X̂ describes

10The discussion in this section was based on the Green-Schwarz light-cone formalism but we could

have also used the Ramond-Neveu-Schwarz string quantized in the light-cone gauge. Given that the eikonal

operator is written only in terms of the bosonic oscillators and that the bosonic fieldsX of the two formalisms

can be identified, we would have obtained exactly the same results.
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the dynamics not only of the string excitations polarized along the directions transverse

to the collision axis but also of the string excitations polarized along the longitudinal

direction. This simple description of the longitudinal polarizations and the absence of

the fermionic modes are a consequence of the superconformal invariance of the covariant

worldsheet theory.

The matrix elements of the eikonal operator between two closed string states give

the high-energy behaviour of the corresponding two-point amplitudes in the Dp-brane

background. The physical information contained in these matrix elements can be most

clearly displayed by first labeling the light-cone states according to their mass and their

representation with respect to the transverse SO(8) and then classifying the independent

contractions between the polarization tensors of the external states and the momentum

transfer that can appear in the amplitudes.

The eikonal operator is the result of an all-loop resummation of string amplitudes, as it

is clear from the fact that the string coupling appears in the exponent. Since in this paper

we shall only consider tree-level amplitudes, it is sufficient to study the matrix elements of

the eikonal phase δ̂(s, b), which are related to the string scattering matrix at tree-level by

W (s, b) = 4E δ̂(s, b). To derive the scattering amplitudes it is more convenient to work in

momentum space and write

W (s, q̄) = A(s, t)

∫ 2π

0

dσ

2π
: eiq̄X̂ :≡ A(s, t)

∞∑

n,m=0

∆n,m(q̄) ∆̄n,m(q̄) , (4.2)

where the operators ∆n,m generate by definition all the transitions between an initial level

m and a final level n. For instance the inelastic transitions from the ground state to the

first two massive levels are due to the operators

∆1,0 = −
√
α′

2
q̄iAi−1 ,

∆2,0 =
α′

4
q̄iq̄j Ai−1A

j
−1 −

√
α′

8
q̄iAi−2 . (4.3)

Level by level we organize the light-cone string spectrum in irreducible representations of

the transverse SO(8) group. The irreducible SO(8) representations are traceless tensors of

type (n1, n2, . . . , nr) which can be represented by Young diagrams with r rows of length

ni.
11 The polarization of a state in the representation corresponding to the Young diagram

(n1, n2, . . . , nr) will be written as follows

ω
(n1,n2,...,nr)
i1...in1 ;j1...jn2 ;...;k1...knr

, (4.4)

where the semicolons separate groups of indices in the rows of the diagram. The tensor is

antisymmetric in the indices belonging to the same column and normalized, ω · ω = 1. To

simplify the notation we do not use the semicolon for totally antisymmetric tensors and

often omit the label (1) on vectors. For instance

ω
(2,1)
ij;k , (4.5)

11Additional details on our conventions for the irreducible SO(n) tensors can be found in appendix D.
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SO(8) representation Matrix element 〈ω|∆10|ǫ〉

|ω(2)〉 = ω
(2)
ij A

i
−1B

j

− 1
2

|0〉 −
√

α′

2 ǫ
i ω

(2)
ij q̄

j

|ω(1,1)〉 = ω
(1,1)
ij Ai−1B

j

− 1
2

|0〉
√

α′

2 ǫ
i ω

(1,1)
ij q̄j

|ω(0)〉 = 1√
8
Ai−1B

i
− 1

2

|0〉 −
√
α′

4 ǫq̄

Table 1. Matrix elements of the eikonal phase for transitions from the massless sector to the

first level.

is a tensor antisymmetric in the couple (i, k) and satisfying the relation

ω
(2,1)
ij;k + ω

(2,1)
jk;i + ω

(2,1)
ki;j = 0 . (4.6)

Let us now analyse in detail the inelastic transitions from the massless states of the NS

sector. This will be sufficient to understand the general case. In the light-cone gauge the

massless NS state is a vector of SO(8)

|ǫ〉 = ǫiB
i
−1/2|0〉 . (4.7)

Since the eikonal phase contains only the bosonic oscillators, level by level the states that

can have a non-vanishing matrix element12 with the ground state are only those created

by the action on the vacuum of one B−1/2 and any number of bosonic modes A−n. The

relevant states in the first level are 64 and they are displayed together with their matrix

elements in table 1.

The remaining 64 NS states of the first level are

|ω(1,1,1)〉 = 1√
6
ω
(1,1,1)
ijk Bi

− 1
2

Bj

− 1
2

Bk
− 1

2

|0〉 , |ω(1)〉 = ωiB
i
− 3

2

|0〉 , (4.8)

and since they contain either more than one mode B− 1
2
or the higher mode B− 3

2
their matrix

elements with the eikonal operator vanish. This means that the inelastic transitions from

the ground state to these states are subleading in energy.

The second level contains 352 states with a non-vanishing inelastic amplitude in the

Regge limit. They transform in the following SO(8) representations

2× • (4.9)

and their explicit form and matrix elements are collected in table 2. We see that the set

of the representations that can be reached from the ground state in a high-energy collision

comprises the same representations present at level one, created now by the action of the

modes Ai−2, together with two new rank three tensors and two vectors. The remaining 800

12As already pointed out in footnote 4, at high energy and large impact parameter the eikonal phase is

controlled by soft dynamics: hence, the in and out states can be taken to have the same momentum, which

we leave understood in the following equations.
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SO(8) representation Matrix element 〈ω|∆20|ǫ〉

|ω(3)〉 = 1√
2
ω
(3)
ijkA

i
−1A

j
−1B

k
− 1

2

|0〉 α′√
8
ǫi ω

(3)
ijkq̄

j q̄k

|ω(2,1)〉 =
√

2
3ω

(2,1)
ij;k A

i
−1A

j
−1B

k
− 1

2

|0〉 − α′√
6
ǫi ω

(2,1)
ij;k q̄

j q̄k

|ω(2)〉 = 1√
2
ω
(2)
ij A

i
−2B

j

− 1
2

|0〉
√
α′

2 ǫi ω
(2)
ij q̄

j

|ω(1,1)〉 = 1√
2
ω
(1,1)
ij Ai−2B

j

− 1
2

|0〉 −
√
α′

2 ǫi ω
(1,1)
ij q̄j

|ω(1)〉 = − ωi

4
√
35

[
8Ai−1A

j
−1B

j

− 1
2

−Aj−1A
j
−1B

i
− 1

2

]
|0〉 − α′√

35

(
ǫq̄ωq̄ + α′t

8 ǫω
)

|λ(1)〉 = λi
4 A

j
−1A

j
−1B

i
− 1

2

|0〉 −α′t
8 ǫλ

|ω(0)〉 = 1
4 A

i
−2B

i
− 1

2

|0〉 −
√
α′

4
√
2
ǫq̄

Table 2. Matrix elements of the eikonal phase for transitions from the massless sector to the

second level.

states of the NS sector transform in the following representations of SO(8)

2× 2× • (4.10)

Their explicit form in terms of the string modes is easily derived and always involves more

than one B− 1
2
or the higher modes B− 3

2
and B− 5

2
. As in the previous case, this implies that

the inelastic amplitudes for the transitions from the ground state to any of these states are

subleading in energy.

It is in the second level that we find the first example of a degenerate SO(8) represen-

tation, the two vectors |ω(1)〉 and |λ(1)〉. The degeneracy of the representation is matched

by the presence in the amplitudes of two independent contractions between the momentum

transfer and the polarization tensors

ǫq̄ ωq̄ , ǫω t . (4.11)

The basis chosen for the vectors in table 2 has the property that only the state |ω(1)〉 can
be produced at large values of the impact parameter since its amplitude contains a term

ǫq̄ ωq̄, without powers of t that would cancel the graviton pole.

The allowed representations and couplings for the transitions from the massless sector

to the higher levels follow a similar pattern. At level l one obtains all the SO(8) repre-

sentations and couplings present at level l − 1 together with two new rank-(l + 1) GL(8)

tensors of symmetry type (l + 1) and (l, 1)

l boxes︷ ︸︸ ︷
l boxes︷ ︸︸ ︷

(4.12)

These two tensors are not traceless and they generate a series of lower rank irreducible

SO(8) tensors when the traceless and the trace part are separated. The resulting pattern of
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SO(8) representations in the light-cone gauge can be compared with the pattern followed by

the covariant SO(9) representations derived in the next section and displayed in eq. (5.19).

In general two string states in the SO(8) representations r1 and r2 can be connected

by the eikonal phase if they are created by exactly the same fermionic modes and if there

is at least one non-vanishing contraction between a subset (including the empty set) of the

bosonic indices of their polarization tensors such that the two Young diagrams obtained

from the original ones by removing the boxes corresponding to the contracted fermionic

and bosonic indices consist of a single row.

Whenever an SO(8) representation r appears in a given level with multiplicity cr, as it

is the case for the two vectors in the second level, there will also be cr linearly independent

contractions of the polarization tensors of the initial and final state and the momentum

transfer q̄. The possible inequivalent couplings can be read from eq. (4.2) and have a very

simple form. In the case of a transition from the massless sector they are for instance

ǫkωki1...1n−1 q̄
i1 . . . q̄in−1ta , ǫkq̄kωi1...1n q̄

i1 . . . q̄intb , a, b ∈ N . (4.13)

The higher powers of t appear whenever we take the trace in a couple of transverse indices

to decompose the GL(8) tensors into irreducible SO(8) tensors.

It is worth recalling that, so far, we have only discussed the exponent appearing in

the eikonal operator. When the full operator is considered also transitions produced by

the repeated action of δ̂(s, b) should be taken into account. Moreover, since the eikonal

operator is the exponential of a normal-ordered operator, to put the exponential itself in

normal-ordered form one has to apply the Baker-Campbell-Hausdorff formula. As discussed

in detail in [5], this produces the exponential damping of each exclusive transition that is

necessary in order to ensure unitarity.

In order to complete our discussion of the properties of the eikonal operator it remains

to illustrate one more feature, the fact that not all the light-cone states obtained by acting

on an initial state only with the bosonic modes have non-vanishing transition amplitudes

in the Regge limit. In fact the opposite is true, as the number of the partitions of the level

increases there are more and more linear combinations of light-cone states that decouple

at high energy. This is a consequence of the restricted number of inequivalent amplitudes

allowed by the eikonal operator, cfr. eq. (4.13).

The simplest example of this decoupling occurs at level three. The inelastic transitions

from the ground state are in this case determined by the operator

∆3,0 = −1

6

(
α′

2

) 3
2

q̄iq̄j q̄k Ai−1A
j
−1A

k
−1 +

1

4

α′

2
q̄iq̄j Ai−1A

j
−2 −

1

3

√
α′

2
q̄iAi−3 . (4.14)

There are two linearly independent (2, 1) tensors that can be formed using the states

Ai−1A
j
−2B

k
− 1

2

|0〉 . (4.15)

Consider the following orthonormal basis

|ω2,1〉1 =
1√
2
ω
(2,1)
ij;k

(
Ai−1A

j
−2 −Aj−1A

i
−2

)
Bk

− 1
2

|0〉 ,

|ω2,1〉2 =
1√
6
ω
(2,1)
ij;k

(
Ai−1A

j
−2 +Aj−1A

i
−2

)
Bk

− 1
2

|0〉 . (4.16)

– 20 –



J
H
E
P
1
1
(
2
0
1
3
)
1
2
6

The inelastic high-energy amplitudes are

1〈ω2,1|∆3,0|ǫ〉 = 0 , 2〈ω2,1|∆3,0|ǫ〉 =
α′

2
√
6
q̄iq̄jω

(2,1)
ij;k ǫ

k , (4.17)

and therefore only the state |ω2,1〉2 is produced at high energy, consistently with the fact

that at level three there is only one independent contraction for tensors of type (2, 1).

The examples discussed so far show that the inelastic scattering amplitudes in the

Regge limit can be easily derived using the eikonal operator. What is still missing in

order to fully characterize a given transition is the knowledge of the linear combinations

of covariant states that corresponds to the light-cone states taking part in the collision.

One way of deriving this information is to study the behaviour of the light-cone states,

which are labeled by their transformation properties under the transverse rotation group

SO(8), with respect to the action of the full ten-dimensional Lorentz group. In this section

we shall present a different method which is based on the DDF operators [27], reviewed

in appendix C, since this method makes the relation between the description of the high-

energy dynamics in the light-cone gauge and the covariant description discussed in the next

section more direct.

The method works in the following way. Let us assume that all the covariant vertex

operators in the string spectrum at level l are known and let us decompose them with

respect to the transverse SO(8). Consider now a light-cone state at level l. Using the one-

to-one correspondence between the light-cone modes and the DDF operators, we interpret it

as a covariant state created by the operators A−n,j and B−r,j . Performing then the integrals

in eq. (C.2) we obtain an explicit expression for the state in terms of the modes of the

worldsheet fields Xµ and ψµ. From this expression we can identify the linear combination

of SO(8) components of the covariant vertices that corresponds to the given light-cone

state. We will discuss some explicit examples of this method at the end of section 6.

5 The eikonal phase from the covariant dynamics

The string eikonal operator gives a remarkably compact description of the high-energy

dynamics in the Regge limit. It constrains the class of states that can be excited in a

string-string or string-brane collision as well as the form of the interaction vertices. As

shown in section 3, the eikonal operator becomes very simple when written in a light-cone

gauge adapted to the high-energy process under study. The aim of this section is to describe

the covariant dynamics that gives rise to such a simple operator.

From the covariant point of view the dynamics simplifies because in the Regge limit

the dominant interactions among strings and D-branes are those mediated by the exchange

in the t-channel of the states of the leading Regge trajectory. The exchange of this set

of states leads to the characteristic Regge behaviour (α′s)a(t) displayed by the tree-level

string scattering amplitudes in the limit of large energy s and fixed momentum transfer t.

This universal variation of the amplitudes with a t-dependent power of the energy can be

understood as due to the exchange in the t-channel of an effective string state, the Reggeon.
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In the Regge limit the integrals that define the tree-level string amplitudes are domi-

nated by the region of small worldsheet distances. This fact has the important consequence

that it is possible to describe the emission of a Reggeon in terms of a local vertex operator

VR [24–26] and to write any scattering amplitude for a process involving two sets of states

at large relative boost in a simple factorized form. Consider for instance a four-particle

process with particles 1 and 2 in the initial state and particles 3 and 4 in the final state.

In the Regge limit, defined as |t′| = |p1 + p3|2 ≪ |s′| = |p1 + p2|2, this amplitude is

A(s′, t′) ∼ ΠR C13R(s
′, t′)C24R(s

′, t′) , (5.1)

where ΠR denotes the Reggeon propagator, which is process independent, while C13R

and C24R denote the couplings of the Reggeon to the two sets of states, which can be

easily derived by evaluating the corresponding three-point functions with the vertex VR.
Similarly, for a two-point amplitude in the background of a collection of Dp-branes, the

main focus of this paper, one has

A(s, t) ∼ Π
Dp

R C12R(s, t) C̄12R(s, t) . (5.2)

In this case the Reggeon is absorbed by the D-brane and the function Π
Dp

R represents the

Reggeon tadpole in the D-brane background, which is again independent of the external

states, while C12R and C̄12R are the holomorphic and the antiholomorphic parts of the

three-point couplings of the two external states to the Reggeon.

In the following we will review the construction of the Reggeon vertex operator for

the superstring. We will then apply this formalism to derive the Regge limit of string

amplitudes with massive states. When evaluating the high-energy limit, it is important

to remember that S-matrix elements involving the longitudinal polarizations of a massive

particle contain, for purely kinematic reasons, additional powers of the energy, as shown in

eq. (2.4). We will explain how these factors of the energy are taken into proper account by

the contractions of the Reggeon vertex with the tensor part of the physical vertex operators

of the massive string states.

Since the high-energy scattering at fixed momentum transfer is always dominated by

the exchange of the Reggeon, all tree-level amplitudes will share the same ΠR or Π
Dp

R

and therefore the same energy dependence. The different inelastic processes will be dis-

tinguished by the couplings of the Reggeon to the external states which can be expressed

as the contraction of the external polarizations with a tensor formed using the metric, the

momentum transfer q and the longitudinal vector v. We will give explicit examples of these

tensors for all the transitions from the massless NS sector to the first two massive levels of

the superstring.

Once the high-energy dynamics has been formulated in terms of Reggeon exchange, it is

possible to provide a simple covariant derivation of the eikonal phase. This derivation shows

in a clear and direct way how the operator δ̂(s, b) emerges from the full covariant dynamics.

The covariant equivalent of the eikonal phase is the operator that associates to every

couple of physical string states their three-point function with the Reggeon. While these

couplings have a somewhat complex form when the external states are chosen to transform
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in irreducible representations of the covariant little group, they become elementary if one

chooses a basis adapted to the kinematics of the high-energy scattering, the basis of the

DDF operators. In this basis the tree-level scattering matrix in the Regge limit takes a

compact form that, as we will show, coincides with δ̂(s, b) in eq. (3.2), with the modes of

the fields X̂ identified with the bosonic DDF operators.

5.1 The Reggeon vertex operator

The general form of a string amplitude in the Regge limit displayed in eqs. (5.1)–(5.2) can

be derived by first noticing that the worldsheet integral is dominated by the region of small

distances [24–26] and then by analysing the energy dependence of the relevant factorization

channel. The relation between the Regge limit and the limit of short worldsheet distances

is a consequence of the fact that the essential dependence of a string amplitude on the

external momenta is contained in the correlation function of the exponential part (eikX) of

each vertex operator. For a four-particle process the dependence of this correlator on the

Mandelstam variables is for instance

e−
α′t′

4
ln |z|2−α′s′

4
ln |1−z|2 , z =

z13z24
z14z23

. (5.3)

When s′ is large and t′ finite the integral over z is dominated by a neighbourhood of the

origin of size α′s′|z|2 ≤ 1 .

The class of states that contribute at leading order in energy can then be easily iden-

tified and shown to be process independent by factorizing the amplitude in the t-channel

on a complete set of string states. The contribution of the states of level l are suppressed

by a factor of |z|2l, where z is the parameter controlling the factorization in the t-channel.

As |z|2 is of order 1/(α′s) in the Regge limit, we require that the increase in the power of z

with the mass level is compensated by an equal increase in the power of s in the three-point

couplings. The final step is to show that the sum over the intermediate states together with

the integral over the worldsheet are equivalent to the insertion of a single local operator,

the Reggeon, in the three-point couplings with the external states.

Let us focus on the case of a two-point amplitude on the disc, but the result, as it should

be clear from the discussion, is general [26]. We start from the following representation of

the disc amplitude with two closed strings13

A12 =
α′

8π

∫
d2z 〈0|V(−1,−1)

(S1,S̄1)
V(0,0)

(S2,S̄2)
zL0−1z̄L0−1|Dp〉 , (5.4)

where on the left there is the SL(2,C)-invariant vacuum state and on the right the boundary

state corresponding to the collection of N Dp-branes.14 As usual, the vertex operators V
factorize in a holomorphic and an antiholomorphic component and, following a standard

13In our conventions d2z = 2dRezdImz.
14We consider here explicitly the case of a transition between states of the NS sector. The discussion for

the transitions between states of the R sector is similar, with the external vertices both in the − 1
2
picture.

Transitions between the NS sector and the R sector are subleading in energy since at level l the highest

spin that can be exchanged in the t-channel in the R sector is equal to l + 1
2
and then lower than the spin

l + 1 of the states of the leading Regge trajectory.
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notation, the superscripts on the vertices refer to the picture of each component. For

a closed string state at level l labeled by the left and right SO(9) representations (S, S̄)

we write

V(S,S̄) =
κ10
2π

VS V̄S̄ =
κ10
2π

ǫµ1...µr V
µ1...µr
S ǭν1...νs V

ν1...νs
S̄

, (5.5)

where we extracted from the normalization of the vertex operators an explicit factor κ10
2π .

The polarization tensors are normalized as ǫµ1...µrǫ
µ1...µr = ǭµ1...µr ǭ

µ1...µr = 1 and the overall

normalization of the vertices is fixed by the requirement that the corresponding state has

unit norm. Finally left-right symmetric states will be simply written as VS .
Let us insert a complete set of string states in the picture (−1,−1), labeled by a triple

(l, nl, n̄l) where l is the level and nl, n̄l the set of all the remaining left and right quantum

numbers needed to identify the state, including its momentum. The disc amplitude then

becomes a sum of products of three-point couplings on the sphere and one-point functions

on the disc with Dp-brane boundary conditions

A12 =
α′

8π

∑

(l,nl,n̄l)

∫
d2z (zz̄)l−1−α′t

4

〈
V(−1,−1)

(S1,S̄1)
V(0,0)

(S2,S̄2)
V(−1,−1)
l,nl,n̄l

〉
S

〈
V(−1,−1)
l,nl,n̄l

〉
Dp

. (5.6)

In order to identify the states that give the leading contribution in the Regge limit we

need to determine the scaling with the energy of the three-point correlators. A state can

contribute to the Regge limit only if the power of the energy in its three-point couplings

with the external states matches its level. The only operators with this property are the

operator Ql whose holomorphic part is

Ql =
1√
l!
ψ+

(
i

√
2

α′∂X
+

)l
eikX , l ≥ 0 , (5.7)

where X(z, z̄) = X(z) + X̄(z̄) and X+ = e+X, ψ+ = e+ψ are the components of the

string fields along the light-cone directions defined in eq. (2.11). In order to see this note

that there are only two possible sources for the factors of the energy in the three-point

couplings. The first one is related to the contractions of the operators ∂rX+ in the vertex

of the intermediate state with the exponential part of the external states
√

2

α′
∂rX+(z)√

α′E
eip1X1(w) ∼ ∂r−1

z

(
1

z − w

)
eip1X1(w) , (5.8)

√
2

α′
∂rX+(z)√

α′E
eip2X2(w) ∼ −∂r−1

z

(
1

z − w

)
eip2X2(w) . (5.9)

The second possibility follows from the contractions of the operators ∂rX+ or ∂rψ+ with

the tensor part of the external states

i

√
2

α′
∂rX+(z)√

α′E
i

√
2

α′
∂sXρ(w)√

α′E
∼
√

2

α′
vρ

m
∂r−1
z ∂s−1

w

(
1

z − w

)2

, (5.10)

∂rψ+(z)√
α′E

∂sψρ(w) ∼
√

2

α′
vρ

m
∂rz∂

s
w

(
1

z − w

)
, (5.11)
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where v is the longitudinal polarization and m the mass of the state. This second class of

contractions is very important for all the massive states of the string spectrum. Since in

both cases one can only obtain one factor of E, all the operators that contain derivatives of

X+ higher than the first or fermionic fields in addition to ψ+ give a subleading contribution,

because the power of z in eq. (5.6) grows faster than the power of the energy in the coupling.

The result of this analysis is that the class of operators that contribute to the Regge limit

is universal, independent on the external states and is given by eq. (5.7).

Since all other contractions yield subleading contributions, we can then restrict the

sum over the intermediate states in eq. (5.6) to the states of the leading Regge trajectory

with all the polarization indices in the x+ direction. Notice that the amplitude for their

exchange has the largest power of the energy compatible with helicity conservation. For

this class of states the one-point function on the disc in (5.6) is independent of l

〈Ql〉Dp =
τpκ10N

2
=

1

κ10

π
9−p
2

Γ(7−p2 )
R7−p
p , (5.12)

where Rp is the scale of the Dp-brane background, given in eq. (3.1), and τp the tension of

a single Dp-brane, given in eq. (3.18). In conclusion, we find

A12 =
α′

8πκ10

π
9−p
2

Γ(7−p2 )
R7−p
p

∞∑

l=0

∫
d2z (zz̄)l−2−α′t

4

〈
V(−1,−1)

(S1,S̄1)
V(0,0)

(S2,S̄2)
Ql

〉
S
. (5.13)

It is precisely the inclusion of this infinite series of operators that gives rise to the Regge

behaviour of the amplitude (α′s)α(t) [24–26], while the leading singularity in t accounts

only for the graviton pole. The final step in the derivation is to express the previous sum

over the three-point couplings of the intermediate states as a single three-point coupling

with an effective vertex operator. This can be achieved by first summing the exponential

series and then performing the integral over z. The result can be written as follows

A12 = Π
Dp

R (t)
〈
V

(−1)
S1

V
(0)
S2
V

(−1)
R

〉 〈
V̄

(−1)

S̄1
V̄

(0)

S̄2
V̄

(−1)
R

〉
, (5.14)

where the Reggeon vertex for the superstring in the −1 picture is

V
(−1)
R =

ψ+

√
α′E

(√
2

α′
i∂X+

√
α′E

)α′t
4

e−iqX . (5.15)

A factor of
√
α′E for each string field along e+ has been included in VR so as to make the

sphere correlator in eq. (5.14) energy independent. Then the dependence on the energy,

which is universal, is included in the Reggeon tadpole which, in our case, coincides with

the function A introduced in eq. (3.3)

Π
Dp

R =
π

9−p
2

Γ(7−p2 )
R7−p
p Γ

(
−α

′t
4

)
e−iπ α′t

4 (α′s)1+
α′t
4 . (5.16)

In writing eq. (5.14), we also extracted for convenience from the three-point couplings the

factor that gives the normalization of the sphere amplitude setting

〈O〉 ≡ α′κ210
32π3

〈O〉S . (5.17)
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As anticipated, the two-point function on the disc has been expressed as the product of a

single three-point coupling on the sphere and the Reggeon tadpole on the brane.

The OPEs with the energy-momentum tensor and with the supercurrent show that

the Reggeon vertex (5.15), although it carries an off-shell momentum q, behaves as a su-

perconformal primary of dimension one half at high energies [25] (i.e. terms in the OPEs

violating the superconformal invariance exist, but are suppressed by powers of 1/E). This

guarantees that, for our purposes, the correlation functions of the Reggeon with physi-

cal string states are well-defined and in particular invariant under global superconformal

transformations. Also we can use the OPE with the supercurrent to obtain the Reggeon

vertex in the 0 picture

V
(0)
R =

[
− 2

α′
∂X+∂X+

α′E2
− iqψ

ψ+∂X+

α′E2
− α′t

4

ψ+∂ψ+

α′E2

](√
2

α′
i∂X+

√
α′E

)α′t
4

−1

e−iqXL . (5.18)

In explicit calculations of the 3-point correlators in (5.14), it is convenient to move the

superghost charge from the Reggeon to the (S2, S̄2) vertex so as to have both external

states in the simpler (−1,−1) picture and use eq. (5.18) for the Reggeon vertex.

The factorization of the scattering amplitudes and the form of the Reggeon vertex

result in some simple selection rules for the inelastic transitions in the Regge limit, which

represent the covariant version of the selection rules discussed in section 4 for the eikonal

phase. In order to identify the SO(9) representations that can be related by the exchange

of the Reggeon and the structure of the corresponding couplings, let us first analyse the

possible contractions of the fermionic fields. The first term in eq. (5.18) can only connect

components of the vertex operators of the external states with the same number of fermionic

fields, while the second and the third also components containing two additional fermionic

fields. When the variation in the number of fermionic fields is due to the second term, one

of the two additional indices of the polarization tensor must be longitudinal. When it is

due to the third term, both additional indices must be longitudinal. In order to have a

non-vanishing three-point coupling all the remaining fermionic fields must be contracted

among the two external states, which results in the contraction of the corresponding indices

of the two polarization tensors.

As for the bosonic fields, there are three types of contractions. They can be contracted

between the two external states, giving the contraction of the indices of the external po-

larizations, or with the exponentials, giving the contraction of the polarizations with the

momentum transferred q, or with the ∂X+ operators in the Reggeon vertex, giving the

contraction of the polarization with the longitudinal vector v.

As a result, two external states transforming in the SO(9) representations with Young

diagrams Y1 and Y2 can be connected by Reggeon exchange if the following two conditions

are fulfilled. First of all they should respect the selection rules described above for the

fermionic indices. Moreover there should be at least one non-vanishing contraction between

a subset (including the empty set) of the bosonic indices of their polarizations such that,

when the boxes corresponding to the contracted bosonic indices and to the fermionic indices
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are removed from the original diagrams, the two resulting Young diagrams have at most

two rows.

Let us apply these selection rules to the case of the inelastic transitions from the ground

state to the massive states at level l. The exchange of a Reggeon in the t-channel allows

to excite only the following three classes of SO(9) representations with one, two or three

rows
n boxes︷ ︸︸ ︷

n boxes︷ ︸︸ ︷ n boxes︷ ︸︸ ︷

︸ ︷︷ ︸
m boxes

︸ ︷︷ ︸
m boxes

(5.19)

For the first class there are no constraints on the indices of the massive polarization tensor

and the integer n can take all the values from zero to l. For the second and the third class

the integers n and m, with n ≥ m, can take all the values from zero to l − 1 such that

n + m ≤ l − 1. The polarization index in the third row and all the polarization indices

in the second row, except the first one, must be longitudinal. The values of the integers

n and m that actually appear at level l depends on the physical spectrum of that level,

which can be read for instance from the generating function discussed in [37].

As a final remark, let us emphasize that the discussion above is limited to tree level

and therefore to the exchange of a single Reggeon. The leading high-energy contributions

of the higher-genus surfaces which are resummed by the eikonal operator take into account

the exchange of an arbitrary number of Reggeons. As already mentioned in section 4

this has two main consequences: on one hand one should take into account transitions

mediated by multiple Reggeon exchange and therefore given by the repeated application

of the previous rules, on the other hand every exclusive transition will be exponentially

suppressed as required by unitarity.

5.2 Regge limit of the covariant string amplitudes with massive states

We now show how the Reggeon vertex considerably simplifies the evaluation of the Regge

limit of the string amplitudes and discuss how to take into proper account the factors of

the energy carried by the longitudinal polarizations of the massive states.

In the evaluation of the three-point couplings it is convenient to take both external

states in the −1 picture and the Reggeon in the 0 picture. We write the three-point

couplings as the product of an holomorphic and anti-holomorphic part

C(S1,S̄1),(S2,S̄2),(R,R) =
κ310
(2π)3

CS1,S2,RC̄S̄1,S̄2,R , (5.20)

where

CS1,S2,R = 〈VS1(p1)VS2(p2)VR〉 , (5.21)

and similarly for the anti-holomorphic part. We will also isolate the tensor structure which

is specific to a given process by writing

CS1,S2,R = ǫµ1...µrζν1...νsT
µ1...µr;ν1...νs
S1,S2,R

. (5.22)
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Here and in the following the polarizations of the initial and of the final states will be

denoted by ǫ and ζ, respectively. For compactness, we will often write directly the tensors

TS1,S2,R rather then the couplings CS1,S2,R. However, the contraction with the external

polarizations will always be understood and we will make use of momentum conservation,

of the mass-shell condition and of the physical state conditions to simplify our equations.

In the following we will derive the inelastic amplitudes for transitions from the NS-NS

ground state to the first two massive levels of the string spectrum, which is equivalent to

evaluating the holomorphic couplings with the Reggeon of one massless and one massive

state. Once we know the holomorphic couplings, we know all the amplitudes for a given

level due to the factorized form of the scattering amplitudes

Ag,(S,S̄) = Π
Dp

R Cg,S,RC̄g,S̄,R . (5.23)

Let us begin with the elastic amplitude. The massless vertex in the −1 picture is

V µ
g (p) = ψµeipX e−ϕ , (5.24)

and we need to evaluate

Tµ;ρg,g,R = 〈V µ
g (p1)V

ρ
g (p2)VR〉 . (5.25)

In this case only the contractions of the Reggeon with the exponential part of the vertex

operators give a non-vanishing result and we find

Tµ;ρg,g,R = ηµρ . (5.26)

The Regge limit of the elastic amplitude is therefore

Ag,g = Π
Dp

R Cg,g,RC̄g,g,R = ǫµνζ
µν π

9−p
2 R7−p

Γ
(
7−p
2

) e−iπ α′t
4 (α′s)1+

α′t
4 Γ

(
−α

′t
4

)
. (5.27)

The three-point functions for transitions to the first and to the second level will display

a more interesting structure. They are given by tensors Tg,S,R formed from the metric η

and the vectors q and v and reflecting the symmetry properties of the external states. It is

worth noticing that the covariant amplitudes depend on the masses of the external states

also in the high energy limit, as a consequence of the contractions in (5.10) and (5.11) and

the kinematic relations in (2.8) and (2.12). The masses can be eliminated and the results

expressed only in terms of α′ using the relation m2 = 4l
α′ for states at level l.

Due to the physical state conditions, the tensors Tg,S,R can be rewritten in terms of

SO(8) tensors living in the space orthogonal to the collision axis. If the polarizations of the

external states are similarly decomposed into irreducible SO(8) components, each covariant

amplitude generates a class of amplitudes labeled by SO(8) representations. It is after this

decomposition that the selection rules and the simple structure of the high-energy limit of

the S-matrix elements predicted by the eikonal operator and discussed in section 4 become

evident, as we will explain in detail in section 6.
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5.2.1 Transitions to the first level

The simplest inelastic transitions are those from the massless sector to the first massive

level. The NS sector of the first massive level contains 128 physical states: a rank-2

traceless totally symmetric tensor S2 (44 components) and a rank-3 totally antisymmetric

tensor A3 (84 components). The corresponding vertex operators in the −1 picture are

V ρα
S2

= i

√
2

α′ ψ
ρ∂XαeipX e−ϕ ,

V ραγ
A3

=
1√
3!
ψρψαψγeipX e−ϕ . (5.28)

Let us evaluate

Tµ;ραg,S2,R
= 〈V µ

g (p1)V
ρα
S2

(p2)VR〉 . (5.29)

Since this is the first example where it is important to take into account the longitudinal

polarizations of a massive state, we describe this calculation in some detail. In this case

not only the contraction of the Reggeon with the exponential part of the vertex operators

are relevant at high energy but also the contractions with their tensor part. We find15

Tµ;ραg,S2,R
= −

√
α′

2

[
ηµρ

(
qα − 2

α′

(
1 +

α′t
4

)
vα

m

)
+
qµ

m
vρ
(
qα − t

2m
vα
)]

. (5.30)

The first term in the previous expression comes from the first term in the Reggeon vertex,

contracted both with the exponentials and with the ∂Xρ of the massive state. The second

term comes from the second term in the Reggeon vertex, the qψ part contracted with

the massless vertex and the ψ+∂X+ part with the massive vertex. The third term in the

Reggeon vertex clearly does not contribute to this transition. We can write

Tµ;ραg,S2,R
= −

√
α′

2

[(
ηµρ +

qµ

m
vρ
)(

qα − m

2

(
1 +

α′t
4

)
vα
)
+
qµ

2
vρvα

]
. (5.31)

We can simplify further this expression defining

Qα = qα − t

2m
vα , q̄α = qα − m

2

(
1 +

t

m2

)
vα , δµρ⊥ = ηµρ +

qµ

m
vρ . (5.32)

When contracted with the physical polarization tensor of the massive state, the vector q̄

coincides with the momentum transfer in the directions transverse to the collision axis, see

eq. (2.8); similarly eq. (2.12) ensures that the tensor δ⊥ reduces to the Kronecker delta in

the transverse directions when the first index is contracted with the massless polarization

and the second with the massive one. In the following we will use the same symbol δ⊥ for

both the Kronecker delta in the transverse directions and the tensor defined in eq. (5.32).

By using the symmetry properties of the polarization S2, the final result can be written as16

Tµ;ραg,S2,R
= −

√
α′

2

[
δ
µ(ρ
⊥ q̄α) +

qµ

2
vρvα

]
. (5.33)

15In this subsection m indicates the mass of the string states at the first massive level, m2 = 4/α′.
16Groups of indices are symmetrized or antisymmetrized always with weight one. For instance A(ρBα) =

1
2
(AρBα +AαBρ) and A[ρBα] = 1

2
(AρBα −AαBρ).
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The three-point coupling with the state A3 can be derived following the same steps. In

this case only the second term in the Reggeon vertex contributes and the result is

Tµ;ραγg,A3,R
=

√
6

m
ηµ[ρqαvγ] , (5.34)

which can be rewritten, using the antisymmetry in the indices ρ, α, γ , as follows

Tµ;ραγg,A3,R
=

√
6

m
δ
µ[ρ
⊥ q̄αvγ] . (5.35)

5.2.2 Transitions to the second level

The NS sector of the second massive level contains 1152 bosonic physical states in the

following six irreducible representations of SO(9)

. (5.36)

The corresponding normalized vertex operators in the −1 picture are [38]17

V ραγ
Z = − 1√

2

2

α′∂X
ρ∂Xαψγ eipX e−ϕ ,

V ραγω
Y = i

√
3

8

√
2

α′∂X
(ρψα)ψγψω eipX e−ϕ ,

V ραγ
U = − 1√

6

[
2

α′∂X
ρ∂Xαψγ + 2∂ψ(ρψα)ψγ

]
eipX e−ϕ ,

V ραγωξ
X =

1√
5!
ψρψαψγψωψξ eipX e−ϕ , (5.37)

V γω
V =

i

5

√
2

7

√
2

α′

[
(η̂ρα∂X

ρψα)ψγψω − 7

2

(
∂2Xγψω − 2∂Xγ∂ψω

)]
eipX e−ϕ ,

V γ
W =

1

8
√
22
η̂αρ

[
− 2

α′∂X
γ∂Xαψρ + 5

2

α′∂X
ρ∂Xαψγ + 11∂ψρψαψγ

]
eipX e−ϕ ,

where η̂ is the transverse metric as defined in (2.6) and the overall normalizations have

been chosen so as to normalize to one the string states ζZραγV
ραγ
Z , ζYρα;γ;ωV

ραγω
Y etc. In this

subsection m indicates the mass of the string states at the second massive level, m2 = 8/α′.
In the second level we find the first examples of tensors of mixed symmetry in the

holomorphic superstring spectrum, namely the states Y and U . The vertex VY describes a

tensor of type (2, 1, 1) which can be obtained from a generic tensor by first symmetrizing in

ρα and then antisymmetrizing in ργω. Similarly the vertex VU describes a tensor of type

(2, 1) which can be obtained from a generic tensor by first symmetrizing in ρα and then

antisymmetrizing in ργ. In the list above we showed explicitly only the symmetrization

in ρα of the tensor part of the physical vertices, since the antisymmetrization can be

left understood due to our convention of choosing the polarization tensors as manifestly

antisymmetric in the column indices.

17In the list given in [38] there are typos in the vertices for U and V .
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The three-point couplings with one massless state, one state S of the second level and

the Reggeon can be derived following the same steps as for the first level and are completely

characterized by the tensors Tg,S,R. In the following we will display for each state of the

second level the corresponding tensor, first in terms of the metric η and the momentum

transfer q and then in terms of the transverse tensors δ⊥ and q̄ defined in eq. (5.32).

According to the selection rules for the transitions mediated by Reggeon exchange,

the totally antisymmetric rank-five tensor X is not produced at high energy in transitions

from the ground state. The coupling for the state Z is

√
2Tµ;ραγg,Z,R =

(
ηµγ +

qµ

m
vγ
)[

α′

2
QρQα − t

2m2
vρvα

]
− 1

m
ηµγ (Qρvα +Qαvρ) , (5.38)

and in terms of δ⊥ and q̄

√
2Tµ;ραγg,Z,R = δµγ⊥

[
α′

2
q̄ρq̄α +

1

m
(q̄ρvα + q̄αvρ)− t

2m2
vρvα

]

+
q̄µ

m2
(q̄ρvα + q̄αvρ) vγ +

q̄µ

m
vρvαvγ . (5.39)

The coupling for the state Y is

√
8

3
Tµ;ραγωg,Y,R =

√
α′

2

3

m
ηµ[αqωvγ]Qρ +

√
α′

2

3

m
ηµ[ρqωvγ]Qα , (5.40)

which, after using the symmetry properties of ζYρα;γ;ω, can be written in terms of δ⊥ and q̄

√
8

3
Tµ;ραγωg,Y,R =

√
α′

2

4

m
δ
µ[ρ
⊥ q̄ωvγ]q̄α +

√
α′

2
2 δ

µ[ρ
⊥ q̄ωvγ]vα . (5.41)

The coupling for the state U is

√
6Tµ;ραγg,U,R =

(
ηµγ +

qµ

m
vγ
)[

α′

2
QρQα − vρvα

t

2m2

]
− ηµγ

1

m
(Qρvα +Qαvρ)

− 1

m
ηµρ (qαvγ − qγvα) +

1

m
ηµα (qγvρ − qρvγ)

+
t

2m2
(ηµαvγvρ + ηµρvγvα − 2ηµγvαvρ) , (5.42)

where the first line comes from the first term in the vertex VU and the following two lines

from the second term. Using the symmetry properties of ζUρα;γ and m2 = 8/α′, this result
can be written as follows in terms of δ⊥ and q̄

√
6Tµ;ραγg,U,R =

α′

4
q̄α
(
δµγ⊥ q̄ρ − δµρ⊥ q̄γ

)
+
α′m
8
q̄α
(
δµγ⊥ vρ − δµρ⊥ vγ

)
+
α′m
8
δµα⊥ (q̄γvρ − q̄ρvγ)

−α
′

4
q̄µvα (q̄γvρ − q̄ρvγ)− α′t

8
vα
(
δµγ⊥ vρ − δµρ⊥ vγ

)
. (5.43)
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Finally let us give the results for the last two vertices in Eq (5.37)

√
7

2
Tµ;γωg,V,R =

1

2

√
α′

2
ηµ[γqω] − 1

m

√
2

α′ η
µ[γvω]

(
1 +

α′t
2

)
+
α′

8
qµq[γvω] , (5.44)

8
√
22Tµ;γg,W,R = qµ

(
5α′

8
Qγ − vγ

2m

)
+ 5

[
9t

2m2
ηµγ − qµvγ

m

(
1− 9t

2m2

)]

+
11t

2m2

(
ηµγ +

qµvγ

m

)
+ 11

qµ

m2

(
Qγ +

m

2
vγ
)
, (5.45)

and in terms of the transverse quantities δ⊥ and q̄

√
7

2
Tµ;γωg,V,R =

α′

4
q̄µq̄[γvω] +

1

2

√
α′

2
δ
µ[γ
⊥ q̄ω] − 3α′t

16
δ
µ[γ
⊥ vω] , (5.46)

8
√
22Tµ;γg,W,R = 2α′q̄µq̄γ +

28t

m2
δµγ⊥ +

8

m
q̄µvγ . (5.47)

5.3 Covariant derivation of the eikonal phase

As we have seen, the high-energy behaviour of the tree-level two-point amplitudes between

arbitrary string states in the background of a collection of Dp-branes can be described in a

simple and elegant way in terms of Reggeon exchange. We can summarize this dynamical

information in an operator WR(s, q) defined as follows

WR(s, q) = Π
Dp

R

∑

i,̄i,j,j̄

|Si, Sī〉C(Si,Sī),(Sj ,Sj̄),R
〈Sj , Sj̄ | , (5.48)

where the sum is over the complete physical spectrum of the string.

As discussed in the previous subsection, if we choose a basis of physical states which

transform in irreducible representations of the covariant little group, the couplings CSi,Sj ,R

can be expressed in terms of tensors TSi,Sj ,R. These tensors, which are written in terms

of the metric, the momentum transfer and the longitudinal polarization vector, have an

interesting structure reflecting the symmetry properties of the external states. However

their explicit form becomes more and more complex as the mass of the string states increases

and in order to evaluate them one also needs to know level by level the covariant spectrum

of the string.

There is another choice of basis, the basis provided by the DDF operators [27], which

allows to easily enumerate the physical states18 and in which the couplings to the Reggeon

become elementary, although in this basis only the SO(8) symmetry group of the space

transverse to the collision axis is manifestly realized. The simple couplings of the DDF

operators to the Reggeon make it possible to represent the formal sum in eq. (5.48) in a

compact operator form. We will show that the result coincides with δ̂(s, b), the phase of

the eikonal operator. Using the Reggeon vertex we can then derive the eikonal phase from

the full covariant dynamics and identify the modes of the string coordinates X in δ̂(s, b)

with the bosonic DDF operators.

18Although in [36, 41, 42] only the DDF operators for the NS sector were explicitly discussed, the

construction can be easily extended to the R sector by acting with the operators defined in eq.(C.2) on the

Ramond ground state and taking r ∈ Z in the definition of the fermionic operators.
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In order to derive the eikonal phase, we need to consider transitions between two

generic NS states or two generic R states, the transitions from the NS to the R sector

being subleading in energy. Let us describe explicitly the couplings of two NS states to the

Reggeon. As reviewed in appendix C, a generic physical state of the NS sector at level l

and carrying momentum p is generated by the action of a finite collection of bosonic and

fermionic modes

{A−na,ia , B−rb,ib}a,b , l = Na +Nb −
1

2
Na =

∑

a

na , Nb =
∑

b

rb , (5.49)

on a vacuum state carrying a momentum pT = p + (Na +Nb) k which satisfies p2T = 2
α′ .

The null vector k has the property that kpT = 2
α′ . Finally the GSO projection requires

that Nb is a half-integer.

To represent the external states S1 and S2 in a string-brane collision we need two

collections of modes labeled by two couples on indices (a1, b1) and (a2, b2), two momenta

pT,i and two null vectors ki, i = 1, 2. We choose the two null vectors proportional to e+,

ki = λie
+. In the high-energy limit they can be identified since the boost parameters

coincide, λi ∼
√
2

α′E . The transverse polarization vectors of the initial and final state will be

denoted by ǫ and ζ, respectively. Consider now the coupling of two generic DDF vertices

of the NS sector to the Reggeon

CS1,S2,R = 〈V (−1)
S1

(z1)V
(−1)
S2

(z2)V
(0)
R (z3)〉 . (5.50)

Since the DDF operators do not contain X− and ψ−, in evaluating the correlation functions

one can simplify the vertices of both the Reggeon and the external states by retaining only

the following terms

V
(0)
R (z)∼

(√
2

α′
i∂X+(z)√

α′E

)α′t
4

+1

e−iqX(z) ,

A−n,j(z) ∼ −i

√
2

α′

∮

z
dw (ǫj)µ∂X

µe−inkX ,

B−r,j(z) ∼ −i

∮

z
dw (ǫj)µψ

µ(ik∂X)
1
2 e−irkX . (5.51)

From eq. (5.51) we see that since there are no transverse fermions in the Reggeon vertex,

for a non-vanishing result the two states must be created by the action of exactly the same

fermionic DDF operators. It is easy to verify that the contour integrals in the definition of

the B−r,j reduce to the ones appearing in the scalar product between the two states and

then give simply the contraction between the corresponding polarization vectors, ǫζ. The

action of the operator WR(s, q) on the fermionic modes B−r,j then reduces to the action

of the identity operator.

As for the bosonic modes, it is always possible to contract all of them with the ex-

ponential part of the Reggeon vertex, with the only constraint imposed by momentum

conservation in the x+ direction. The contractions with the Reggeon of the transverse
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bosons ǫja∂X in the definition of the modes A−na,ja give

√
α′

2

ǫja1 q̄

w1 − z3
e−ina1kX(w1) , −

√
α′

2

ζja2 q̄

w2 − z3
eina2kX(w2) , (5.52)

respectively for the initial and the final state. Evaluating the contour integrals the depen-

dence on the zi disappears, as required since all the vertices are conformal primaries. The

result is then simply to replace every bosonic mode in the initial state with −
√

α′

2 ǫia1 q̄ and

every bosonic mode in the final state with
√

α′

2 ζja2 q̄. A similar substitution holds for the

antiholomorphic part and one should also impose the constraint

∑
na1 −

∑
na2 −

∑
n̄ā1 +

∑
n̄ā2 = 0 . (5.53)

Finally, there are also contractions between the DDF operators whenever some of the

bosonic modes that create the initial and the final state coincide. As it was the case for the

fermionic modes, these contractions simply give the scalar product between the bosonic

DDF operators, ǫζ, and clearly respect the constraint in eq. (5.53).

A similar analysis can be performed for the transitions between two generic states of

the Ramond sector, taking the external states in the −1
2 picture and the Reggeon vertex

in the −1 picture, and it leads to the same conclusions.

The action of WR(s, q) in the DDF basis is therefore extremely simple. It acts like the

identity on the fermionic modes B−r,i. Its action on the bosonic modes is non-trivial and

consists in replacing any number of A−n,i satisfying the condition in eq. (5.53) with the

momentum transfer q̄. This operator can then be written as follows in terms of the DDF

operators

WR(s, q) = A(s, t)

∫ 2π

0

dσ

2π
: eiq̄X := A(s, t)

∫ 2π

0

dσ

2π
eiq̄X

<

eiq̄X
>

eiq̄X̄
<

eiq̄X̄
>

, (5.54)

where the integral over σ enforces the constraint in eq. (5.53) and

X> = i

√
α′

2

∞∑

n=1

An
n

einσ , X< = −i

√
α′

2

∞∑

n=1

A−n
n

e−inσ , (5.55)

with similar expressions for X̄. This is precisely the operator δ̂(s, q̄) in (4.2) which, as this

derivation shows, can be interpreted as a covariant operator expressed in the basis of the

DDF operators.

6 The eikonal operator and the covariant amplitudes

The derivation of the eikonal phase given in the previous section shows that, although the

individual amplitudes with covariant external states may have a somewhat complex tensor

structure, all the dynamical information, including the longitudinally polarized states, can

be summarized in a simple operator. The aim of this section is to understand in detail the

relation between the scattering amplitudes of the covariant states and the matrix elements

of the eikonal operator.

– 34 –



J
H
E
P
1
1
(
2
0
1
3
)
1
2
6

The first step is to decompose the covariant tensors with respect to the SO(8) group

used to define the light-cone gauge, namely the symmetry group of the space transverse

to the collision axis. Each SO(9) representation then breaks into several SO(8) compo-

nents whose couplings to the Reggeon have the simple structure of the basic couplings in

eq. (4.13). We shall call the set of all the SO(8) components of the covariant physical states

at a given level the covariant basis for that level.

To show that the covariant and the light-cone calculations precisely match it is neces-

sary to perform a change of basis from the covariant basis to a high-energy basis. The latter

is characterized by the following dynamical property: every subspace of states transforming

in the same representation of SO(8) is decomposed into two orthogonal sets, containing

states having a vanishing or a non-vanishing coupling to the Reggeon respectively.

Let us define the high-energy basis more precisely. Generically a given SO(8) repre-

sentation r will appear in the decomposition of several covariant states and with several

linearly independent couplings. If dr is the degeneracy of the representation and cr the

number of the inequivalent couplings, there will be dr − cr linear combinations of elements

of the covariant basis that decouple at high energy. The states in the cr-dimensional or-

thogonal subspace are those with a non-vanishing coupling to the Reggeon. For each SO(8)

representation we choose an orthonormal basis in the dr−cr and cr-dimensional subspaces.

The set of all these states forms the high-energy basis.

The covariant and the high-energy basis are related by a unitary transformation. Once

rewritten in the high-energy basis, the dynamical information derived from the covariant

amplitudes reproduces the list of SO(8) representations that can be excited at high-energy

and the corresponding transition amplitudes derived from the eikonal phase. Since the

high-energy basis is given explicitly in terms of linear combinations of SO(8) components

of covariant string states, we obtain in this way a covariant characterization of the light-

cone states that are created by the action of the eikonal phase on a given initial state.

We will perform in detail the comparison between the eikonal phase and the covariant

amplitudes for the inelastic transitions from the massless NS-NS sector to the first two

massive levels of the superstring, finding perfect agreement with the results derived in

section 4. It is interesting to note that this precise agreement is found only after the

explicit dependence of the covariant amplitudes on the masses of the external states is

rewritten in terms of α′ using the relation m2 = 4l
α′ for states at level l.

The comparison is straightforward for the first level, since in this case there is no

degeneracy in the SO(8) representations that appear in the decomposition of the covariant

states and therefore the covariant and the high-energy basis coincide. The first degenerate

representations appear in the second level, which will be studied in detail since it clearly

exemplifies all the generic features of the relation between the covariant amplitudes and

the matrix elements of the eikonal operator.

When decomposing the SO(9) representations with respect to the transverse SO(8),

we will write the polarization tensors of the covariant states as products of longitudinal

vectors v and of SO(8) polarization tensors ω having non vanishing components only in the

transverse directions, vαωα... = 0. We will use the following notation for the component of

the polarization of a covariant state S transforming in the (n1, n2, . . . , nr) representation
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of SO(8)

ζS,(n1,n2,...,nr) . (6.1)

The decomposition with respect to the transverse SO(8) followed by the unitary transfor-

mation just described simplifies the form of the covariant amplitudes and reduces them to

the matrix elements of the eikonal phase. It is also interesting to proceed in the opposite

direction and to provide a covariant characterization of the light-cone states of a given

matrix element. This is the well-known problem of finding the covariant representations

which can be formed by combining the physical states in the light-cone gauge. As discussed

at the end of section 4, a possible way to derive this information is to first identify a light-

cone state with a covariant state using the DDF operators and then to find to which linear

combination of SO(8) components ζS,(n1,n2,...,nr) of physical SO(9) states it corresponds.

This procedure will be illustrated with a few specific examples at the end of this section.

6.1 SO(8) decomposition of the covariant amplitudes: first massive level

The two SO(9) representations in the first level have the following decomposition with

respect to the transverse SO(8)

7→ + + • , (6.2)

and

7→ + . (6.3)

We decompose the polarization tensors into irreducible SO(8) components. For S2 we have

ζS2,(2)
ρα = ω(2)

ρα , ζS2,(1)
ρα =

√
2ω(ρvα) , ζS2,(0)

ρα =
1

3
√
8

(
−δρα⊥ + 8vρvα

)
, (6.4)

and for A3 we find

ζA3,(1,1,1)
ραγ = ω(1,1,1)

ραγ , ζA3,(1,1)
ραγ =

√
3ω

(1,1)
[ρα vγ] . (6.5)

The decompositions above can be easily derived by writing a tensor with the correct sym-

metry properties using ω, v and the Kronecker delta in the transverse directions δ⊥ and

requiring that it is traceless and normalized. The couplings of the covariant states to the

Reggeon are given by the tensors in eq. (5.33) and eq. (5.35). When contracted with the

SO(8) polarizations we find

Tµ,ραg,S2,R
ζS2,(2)
ρα = −

√
α′

2
δµρ⊥ ω(2)

ρα q̄
α ,

Tµ,ραg,S2,R
ζS2,(1)
ρα = 0 ,

Tµ,ραg,S2,R
ζS2,(0)
ρα = −

√
α′

4
q̄µ , (6.6)

and

Tµ,ραγg,A3,R
ζA3,(1,1,1)
ραγ = 0 ,

Tµ,ραγg,A3,R
ζA3,(1,1)
ραγ =

√
α′

2
δµρ⊥ ω(1,1)

ρα q̄α . (6.7)
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Note that the vector and the rank-3 antisymmetric tensor of SO(8) decouple at high energy.

The remaining representations and couplings are in perfect agreement with those derived

using the eikonal operator and given in table 1. The states in the first massive level that can

be excited in the high energy scattering of a massless NS-NS state on a stack of Dp-branes

are therefore

S = ζS2,(2)S2 , A = ζA3,(1,1)A3 , I = ζS2,(0)S2 , (6.8)

for a total of 64 degrees of freedom. The covariant and the high-energy basis coincide for

the first level.

6.2 SO(8) decomposition of the covariant amplitudes: second massive level

We perform now the same analysis for the second level, since it neatly displays all the

generic features of the relation between the covariant amplitudes and the matrix elements

of the eikonal phase. The explicit expressions for the polarization tensors that correspond

to the various SO(8) components of the covariant states of the second level are listed in

appendix D.

The state Z in the (3) of SO(9) has the following decomposition with respect to SO(8)

7→ + + + • . (6.9)

The coupling of the covariant state Z to the Reggeon is given by the tensor in eq. (5.39).

Contracting this tensor with the polarizations in the list in eq. (D.5) we find

Tµ;ραγg,Z,R ζ
Z,(3)
ραγ =

α′
√
8
δµγ⊥ ω(3)

ραγ q̄
ρq̄α ,

Tµ;ραγg,Z,R ζ
Z,(2)
ραγ =

2√
6m

δµγ⊥ ω(2)
γρ q̄

ρ =

√
α′

12
δµγ⊥ ω(2)

γρ q̄
ρ ,

Tµ;ραγg,Z,R ζ
Z,(1)
ραγ =

1

2
√
165

(
−3

2
α′q̄µq̄ω +

α′t
8
ωµ
)
,

Tµ;ραγg,Z,R ζ
Z,(0)
ραγ = − 1

2
√
11

3

m
q̄µ . (6.10)

Note the presence of two inequivalent couplings for the vector component. The state Y in

the (2, 1, 1) of SO(9) has the following decomposition with respect to SO(8)

7→ + + + . (6.11)

From the coupling of the covariant state Y to the Reggeon in eq. (5.41) we derive the
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following couplings for its SO(8) components

√
8

3
Tµ;ραγωg,Y,R ζY,(2,1,1)ρα;γ;ω = 0 ,

√
8

3
Tµ;ραγωg,Y,R ζY,(1,1,1)ρα;γ;ω = 0 ,

√
8

3
Tµ;ραγωg,Y,R ζY,(2,1)ρα;γ;ω =

√
α′

2

4√
3m

δµγ⊥ ω(2,1)
ρα;γ q̄

αq̄ρ =
α′
√
3
δµγ⊥ ω(2,1)

ρα;γ q̄
αq̄ρ ,

√
8

3
Tµ;ραγωg,Y,R ζY,(1,1)ρα;γ;ω = −

√
4α′

7
δµα⊥ ω(1,1)

αγ q̄γ . (6.12)

Note that all the tensors with more than two antisymmetric indices decouple. The state

U in the (2, 1) of SO(9) has the following decomposition with respect to SO(8)

7→ + + + . (6.13)

Using the coupling of the covariant state U to the Reggeon in eq. (5.43) and the polarization

tensors in eq. (D.9) we find

√
6Tµ;ραγg,U,R ζ

U,(2,1)
ρα;γ =

α′

2
δµγ⊥ ω(2,1)

ρα;γ q̄
αq̄ρ ,

√
6Tµ;ραγg,U,R ζ

U,(2)
ρα;γ = −2

√
2

m
δµγ⊥ ω(2)

γρ q̄
ρ = −

√
α′δµγ⊥ ω(2)

γρ q̄
ρ ,

√
6Tµ;ραγg,U,R ζ

U,(1,1)
ρα;γ = 0 ,

√
6Tµ;ραγg,U,R ζ

U,(1)
ρα;γ = −

√
7

28

(
3α′q̄µωq̄ +

5

4
α′tωµ

)
. (6.14)

Note the decoupling of the vector component of U , similar to the decoupling of the vector

component of the state S2 in the first level. The state V in the (1, 1) of SO(9) gives a

two-form and a vector of SO(8). Using the coupling in eq. (5.46) we find

Tµ;γωg,V,Rζ
V,(1,1)
γω =

√
α′

2
√
7
δµγ⊥ ωγω q̄

ω ,

Tµ;γωg,V,Rζ
V,(1)
γω =

α′

4
√
7
q̄µq̄ω − 3α′t

16
√
7
ωµ . (6.15)

Finally the state W in the vector representation of SO(9) gives a vector and a scalar of

SO(8). The coupling in eq. (5.47) gives

8
√
22Tµ;γg,W,Rζ

W,(1)
γ = 2α′q̄µωq̄ +

28

m2
tωµ ,

8
√
22Tµ;γg,W,Rζ

W,(0)
γ =

8

m
q̄µ . (6.16)

6.3 From the covariant to the high-energy basis

We now compare the SO(8) tensors and couplings given by the covariant amplitudes for

the second level with those given by the eikonal phase, deriving the unitary transformation

that connects the covariant and the high-energy basis.
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Let us start with the tensors of rank 3, namely the (3) and the (2, 1) representations.

The (3) representation of SO(8) appears only in the covariant state Z

F = ζZ,(3) Z , (6.17)

and it is produced with the same amplitude as given by the eikonal operator, cfr. eq. (6.10)

and table 2. Consider now the (2, 1) representation of SO(8). This representation appears

in the covariant states Y and U and provides the simplest example of a degenerate SO(8)

representation. Since there is only one independent coupling to the Reggeon, there is a

linear combination of the (2, 1) components of Y and U that decouples at high energy. The

new basis is easily identified as well as the corresponding couplings to the Reggeon19

H1 =
1

2

(
ζY,(2,1) Y −

√
3ζU,(2,1) U

)
, Cg,H1,R = 0 ,

H2 =
1

2

(√
3ζY,(2,1) Y + ζU,(2,1) U

)
, Cg,H2,R = − α′

√
6
ǫαω(2,1)

αρ;γ q̄
ρq̄γ . (6.18)

The coupling to the Reggeon of the state H2, which is the one produced at high energy in

the (2, 1) representation, coincides with the coupling given for this representation by the

eikonal operator, cfr. table 2.

Let us now turn to the rank-two tensors. The (2) appears in Z and U and the high-

energy basis is

S1 =
1√
3

(√
2ζZ,(2) Z + ζU,(2) U

)
, Cg,S1,R = 0 ,

S2 =
1√
3

(
ζZ,(2) Z −

√
2ζU,(2) U

)
, Cg,S2,R =

√
α′

2
ǫµω(2)

µρ q̄
ρ , (6.19)

again in agreement with the eikonal operator, cfr. table 2. The (1, 1) appears in Y and V

and the high-energy basis is

A1 =
1√
7

(
ζY,(1,1) Y +

√
6ζV,(1,1) V

)
, Cg,A1,R = 0 ,

A2 =
1√
7

(√
6ζY,(1,1) Y − ζV,(1,1) V

)
, Cg,A2,R = −

√
α′

2
ǫµω(1,1)

µρ q̄ρ . (6.20)

Similarly the SO(8) scalar appears in Z and W and the high-energy basis is

I1 =
1√
11

(√
2ζZ,(0) Z + 3ζW,(0)W

)
, Cg,I1,R = 0 ,

I2 =
1√
11

(
3ζZ,(0) Z −

√
2ζW,(0)W

)
, Cg,I2,R = −

√
α′

4
√
2
ǫµq̄

µ . (6.21)

In both cases we find agreement with the eikonal operator, cfr. table 2. Finally the vector

of SO(8) appears in Z, U , V and W . This is the first case in which there are degenerate

SO(8) representations both in the covariant and in the high-energy basis, the two vectors

19We leave understood that the polarizations ζS,(r) in the definition of a state of the high-energy basis

transforming in the representation r of SO(8) are all formed using the same transverse polarization ω(r).
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in table 2. Since for the vector there are two inequivalent couplings, we will find two

linear combinations that decouple at high energy and two linear combinations with a non-

vanishing coupling to the Reggeon, related by a unitary transformation to the states in

table 2. A basis for the two-dimensional space of vectors of SO(8) that do not couple to

the Reggeon is

B1 =
5
√
15

22
ζZ,(1) Z +

√
77

22
ζV,(1) V +

4
√
2

22
ζW,(1)W ,

B2 = − 1

11

√
35

3
ζZ,(1) Z +

1

2

√
11

6
ζU,(1) U +

1√
11
ζV,(1) V − 7

22

√
7

2
ζW,(1)W . (6.22)

In the two-dimensional space of vectors of SO(8) that couple to the Reggeon we choose the

basis that corresponds to the one in table 2

B3 =
1

4

(√
21

11
ζZ,(1) Z +

√
15

2
ζU,(1) U −

√
5ζV,(1) V −

√
35

22
ζW,(1)W

)
,

B4 = −1

4

(√
5

33
ζZ,(1) Z −

√
7

6
ζU,(1) U −

√
7ζV,(1) V +

13√
22
ζW,(1)W

)
. (6.23)

It is easy to verify that the couplings of these two vectors to the Reggeon are indeed

Cg,B3,R = − α′
√
35
ǫµ

(
q̄µq̄γ +

α′t
8
δµγ⊥

)
ωγ , Cg,B4,R = −α

′t
8
ǫµδ

µγ
⊥ λγ , (6.24)

in agreement with table 2.

The analysis of the second level is now complete. The states in the second massive

level that can be excited in the high-energy scattering of a massless state on a stack of

Dp-branes are therefore

F , H2 , B3 , B4 , S2 , A2 , I2 , (6.25)

in the following irreducible representations of SO(8)

• , (6.26)

for a total of 352 degrees of freedom. All the other SO(8) components of the covariant

states at level two decouple from the ground state in the Regge limit. All the covariant

amplitudes for the SO(8) tensors in the high-energy basis agree with the matrix elements

of the eikonal phase.

6.4 From the light-cone to the covariant states

Having described in detail how to relate the covariant dynamics to the light-cone dynam-

ics encoded in the eikonal operator, we now discuss a method to proceed in the opposite

direction. This method, based on the DDF operators introduced in appendix C, allows to

connect level by level the light-cone states with linear combinations of the SO(8) compo-

nents of the covariant states.
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The DDF operators are in one-to-one correspondence with the light-cone states and

the SO(8) symmetry rotating the transverse polarization vectors ǫj is the only part of

the Lorentz group manifestly realized. All massive states will then appear decomposed

in SO(8) representations. The fact that the DDF operators are constructed using the

worldsheet fields Xµ and ψµ of the covariant theory will allow us to identify for any SO(8)

representation in the light-cone gauge the corresponding linear combination of the SO(8)

components of the covariant states.

The spectrum of the physical states of the NS sector of the superstring is generated

by the action on the vacuum state in eq. (C.1) of the DDF operators in eq. (C.2), followed

by the GSO projection on states with definite worldsheet fermion number. The GSO

projection preserves only the states containing an odd number of B−r,j , so the first non

trivial physical state is obtained by applying the operator B− 1
2
,j to the vacuum in eq. (C.1)

B− 1
2
,j |pT ; 0〉 = −(ǫjψ− 1

2
)|pT − 1

2
k; 0〉 ,

(
pT − 1

2
k

)2

= p2T − pTk = 0 . (6.27)

These are the eight physical polarizations of the massless states corresponding to the co-

variant vertex operator in eq. (5.24) with momentum p = pT − k/2.

At the first massive level we have three types of states: those created by the action

of B−3/2, those created by the action of three B−1/2 and finally the states with one B−1/2

oscillator and one A−1 oscillator. In this case the correspondence between the light-cone

and the covariant states is unambiguous since there is a unique way to combine the SO(8)

representations into SO(9) representations. The first two sets of states can be immediately

identified with the covariant states with polarizations ζS2,(1) and ζA3,(1,1,1). Similarly the

symmetric, antisymmetric and trace part of the states created by the action of A−1,jB−1/2,k

correspond to the covariant states with polarizations ζS2,(2), ζA3,(1,1) and ζS2,(0).

Let us show how the previous identifications can be derived using the DDF operators,

focusing on the states A−1,jB−1/2,k, which are the only ones in the first level produced in

a high-energy collision of a massless state with a Dp-brane. This analysis will allow us to

introduce all the tools that are necessary to apply the method to a general light-cone state

in the higher massive levels, where the correspondence between light-cone and covariant

states is not already completely fixed by the decomposition of the SO(9) representations.

We have

|ζjk〉 ≡ A−1,jB− 1
2
,k|pT ; 0〉 = −A−1,j(ǫkψ− 1

2
)|pT − 1

2
k; 0〉 , (6.28)

where we have performed the contour integral present in the definition of the B DDF

oscillator; by carrying out explicitly the integral in the definition of A we get

|ζjk〉 = ǫjµǫ
k
ν

[
αµ−1ψ

ν
− 1

2

− (kψ− 1
2
)ψµ− 1

2

ψν− 1
2

− (kψ− 3
2
)ηµν + (kψ− 1

2
)(kα−1)η

µν

]
|pT − 3

2
k; 0〉 ,

=

[
αj−1ψ

k
− 1

2

− (kψ− 1
2
)ψj− 1

2

ψk− 1
2

+ δjk
(
(kψ− 1

2
)(kα−1)− (kψ− 3

2
)
)]

|p(1); 0〉 , (6.29)

where p(1) = pT − 3
2k and for simplicity we defined αj−1 = (ǫj)µα

µ
−1 and similarly for the

ψ oscillators. This approach can obviously be used for any other light-cone state and, as
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explained at the end of section 4, provides an algorithm to map the light-cone spectrum in

the NS formalism into the covariant spectrum. In order to make this mapping fully explicit

we need however some extra work. Consider first the antisymmetric combination

|ζajk〉 =
1

2
(|ζjk〉 − |ζkj〉) =

[
1

2

(
αj−1ψ

k
− 1

2

− αk−1ψ
j

− 1
2

)
− (kψ− 1

2
)ψj− 1

2

ψk− 1
2

]
|p(1); 0〉 . (6.30)

It is straightforward to show that the following state

|Σ[MN ]〉 =
[
αM−1ψ

N
− 1

2

− αN−1ψ
M
− 1

2

+ (p(1)ψ− 1
2
)ψM− 1

2

ψN− 1
2

]
|p(1); 0〉 , (6.31)

is spurious when the indicesM,N run over the space orthogonal to the momentum p. This

means that it is physical and at the same time it can be written as G−1/2 acting on another

state20

|Σ[MN ]〉 = G− 1
2
ψM− 1

2

ψN− 1
2

|p(1); 0〉 . (6.32)

Then by using (6.31) in (6.30), we can rewrite the antisymmetric state as follows

|ζajk〉 =
1

2
G− 1

2
ψj− 1

2

ψk− 1
2

|p(1); 0〉 − 1

2

[(
pT +

1

2
k

)
ψ− 1

2

]
ψj− 1

2

ψk− 1
2

|p(1); 0〉 . (6.33)

Of course we can neglect the first line because it is a spurious state; then let us focus on

the combination pT + k/2: it is orthogonal to both the momentum of the state and the

eight polarizations ǫi. Then this combination must be proportional to the unit vector vµ

describing the ninth physical polarization present in the description of the massive state.

It is straightforward to generalize this relation and the corresponding expression of the

momentum of the massive state to the nth massive level

v = − 1√
2n

(
pT +

(
n− 1

2

)
k

)
, p(n) = pT −

(
n+

1

2

)
k , p(n)v = 0 . (6.34)

Thus we can rewrite the antisymmetric state (6.33) as

|ζajk〉 =
1√
2
ψv− 1

2

ψj− 1
2

ψk− 1
2

|p(1); 0〉 . (6.35)

where ψv− 1
2

= vµψ
µ

− 1
2

. In this form it is clear that ζajk corresponds to ζ
A3,(1,1), the SO(8) part

of the covariant state A3 in eq. (5.28) and eq. (6.5), where one of the Lorentz indices is along

the v direction and the remaining two are in the eight-dimensional space perpendicular to

the light-cone directions e±.
The same approach can be followed to rewrite the symmetric and the trace parts of

|ζij〉. By using (6.34) it can be checked that

|ζstjk〉 ≡ 1

2
(|ζjk〉+ |ζkj〉) =

[
δjk
(

1

2
√
2
|s2〉+

1

3
|s1〉
)
+

1

2

(
αj−1ψ

k
− 1

2

+ αk−1ψ
j

− 1
2

)

− 1

6
ηjk

(
ηρσ −

p
(1)
ρ p

(1)
σ

(p(1))2
− 3vρvσ

)
αρ−1ψ

σ
− 1

2

]
|p(1); 0〉, (6.36)

20It is a zero norm state that is decoupled from the physical spectrum. This kind of states were first

considered in [39].
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where |si〉 are spurious states whose explicit expression can be found at the end of the

appendix A. Then eq. (6.36) becomes

|ζstjk〉 =
1

2

[
αj−1ψ

k
− 1

2

+ αk−1ψ
j

− 1
2

− δjk

3

(
8∑

i=1

αi−1ψ
i
− 1

2

− 2αv−1ψ
v
− 1

2

)]
|p(1); 0〉 . (6.37)

Separating the traceless and the trace part of the previous tensor, one can see that these

states indeed correspond to the covariant SO(8) components ζS2,(2) and ζS2,(0) in eq. (5.28)

and eq. (6.4).

A similar analysis can be performed for the higher massive levels. As an example let

us consider here the two of SO(8) present at level two in the light-cone spectrum. It

is not difficult to build two light-cone states transforming as tensor of type (2, 1) of SO(8).

The first one is

√
2A−1,ℓ|ζajk〉 =

1√
2

[
(kψ− 1

2
)ψℓ− 1

2

(
αj−1ψ

k
− 1

2

− αk−1ψ
j

− 1
2

)
(6.38)

− αℓ−1

(
αj−1ψ

k
− 1

2

− αk−1ψ
j

− 1
2

− 2(kψ− 1
2
)ψj− 1

2

ψk− 1
2

)]
|p(2); 0〉 ,

where p(2) = pT − 5
2k and, for the sake of simplicity, we assumed that ℓ 6= j 6= k. Notice

that the state (6.38) has unit norm and can be written as a linear combination of the states

|ω(2,1)〉 introduced in the second line of tble 2

√
2A−1,ℓ|ζajk〉 =

1√
3

(
|ω(2,1)
α 〉 − |ω(2,1)

β 〉
)
,

(ω(2,1)
α )ℓ′j′|k′ =

1

2

(
δℓℓ′δ

j
j′δ

k
k′ + δℓj′δ

j
ℓ′δ

k
k′ − δℓk′δ

j
j′δ

k
ℓ′ − δℓj′δ

j
k′δ

k
ℓ′

)
, (6.39)

(ω
(2,1)
β )ℓ′j′|k′ =

1

2

(
δℓℓ′δ

k
j′δ

j
k′ + δℓj′δ

k
ℓ′δ

j
k′ − δℓk′δ

k
j′δ

j
ℓ′ − δℓj′δ

k
k′δ

j
ℓ′

)
,

where the state |ω(2,1)
α 〉 is obtained from the polarization ω

(2,1)
α and, of course, ω

(2,1)
β is just

ω
(2,1)
α with j and k exchanged.

The relation between (6.38) and the SO(8) components ζY,(2,1) and ζU,(2,1) of the

covariant states Y and U in eq. (D.7) and eq. (D.9) is far from obvious, but this state

must be a linear combination of them. Again, in order to make this connection manifest,

one needs to eliminate a spurious state from the expression obtained by using the DDF

operators

|ψ̂〉 =
√
2

[
A−1,ℓ|ζajk〉+

1

4

(
|Sjl;k〉 − |Skl;j〉

)]
, (6.40)

where

|Sjl;k〉 = G− 1
2
α
(ℓ
−1ψ

j)

− 1
2

ψk− 1
2

|p(2); 0〉 , (6.41)

is explicitly given in eq. (A.12). The state |ψ̂〉 has norm equal to 1. Using eqs. (6.34) for

n = 2, one can rewrite k in (6.38) in terms of p(2) and v. The terms with p(2) in (6.40)

cancel and then it is straightforward to check that

|ψ̂〉 =
√
2

[
−1

2
(|Yα〉 − |Yβ〉)−

1

12
(|Uα〉 − |Uβ〉)

]
, (6.42)
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where the kets on the r.h.s. represent the covariant states Y and U with a specific choice

of the polarization. Their explicit expressions are21

|Uα〉 =
(
αℓ−1α

j
−1ψ

k
− 1

2

− αk−1α
(j
−1ψ

ℓ)

− 1
2

− 3ψ
(ℓ

− 3
2

ψ
j)

− 1
2

ψk− 1
2

)
|p(2); 0〉 =

√
6|ζU,(2,1)α 〉 , (6.43)

and similarly for |Uβ〉. The states |ζU,(2,1)α,β 〉 are obtained from the state, corresponding to

the vertex operator VU in eq. (5.37), with the same polarizations introduced in (6.39) and

with the indices restricted to those of SO(8). Similarly

|Yα〉 = α
(ℓ
−1ψ

j)

− 1
2

ψk− 1
2

ψv− 1
2

|p(2); 0〉 = 1√
2
|ζY,(2,1)α 〉 , (6.44)

is obtained from the state corresponding to the vertex operator VY in (5.37) contracted

with the (2, 1) tensor in (D.7) where the ω’s are again those introduced in (6.39) and the

indices are restricted to those of SO(8). It is easy to check that

√
2A−1,ℓ|ζajk〉 = − 1√

3
(|H2α〉 − |H2β〉) , (6.45)

where H2 is the state introduced in (6.18), while the orthogonal state within the same

SO(8) representation is

1√
6

[
− (|Yα〉 − |Yβ〉) +

1

2
(|Uα〉 − |Uβ〉)

]
= − 1√

3
(|H1α〉 − |H1β〉) , (6.46)

where again H1 is the state introduced in (6.18). In terms of the DDF oscillators eq. (6.46)

corresponds to √
2

3

(
B

(ℓ

− 3
2

B
j)

− 1
2

Bk
− 1

2

−B
(ℓ

− 3
2

B
k)

− 1
2

Bj

− 1
2

)
|pT ; 0〉 . (6.47)

7 Conclusions

The leading eikonal operator represents one of the rare examples of resummation of the

complete perturbative series of string theory. Its simple and somewhat intuitive structure,

which generalizes to an extended object the eikonal phase of a point particle, encodes

a wealth of information on the high-energy string dynamics. To make this information

accessible in every detail, we completed the definition of the eikonal operator showing that

it acts on the Hilbert space of physical string states in the light-cone gauge, with the spatial

direction determined by the collision axis. Once this is established, it is possible to evaluate

and give the correct interpretation to its matrix elements which capture the asymptotic

behaviour at high energy of arbitrary four-point or arbitrary two-point amplitudes, in the

case of a string-string or a string-brane collision respectively.

From the covariant point of view, the high-energy dynamics described in the light-cone

gauge by the eikonal operator is the multiple exchange of effective Reggeon states. Using

21As mentioned above, we are assuming that all indices in Y and U are different; the full expressions,

including the terms necessary to ensure the tracelessness condition, can be found in (A.7)–(A.8).
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the Reggeon operator we were able to provide a simple and fully covariant derivation of

the eikonal phase.

We also discussed the asymptotic high-energy behaviour of the covariant string ampli-

tudes with massive states, explaining how to take into account the longitudinal polariza-

tions in a simple way. We illustrated our methods by calculating all the transition ampli-

tudes from the massless NS-NS sector to the first two massive levels of the superstrings.

In this way we could show in detail how the simple properties of the matrix elements of

the eikonal operator emerge from the covariant amplitudes.

The covariant dynamics of the massive string spectrum is an interesting topic on its

own. The second massive level provides several useful examples, including states transform-

ing as tensors of mixed symmetry. In the Regge limit the external massive string states

can be considered approximately massless and the amplitudes discussed in our paper may

help to understand the consistent interactions of massless fields of higher spin.

Equipped with a detailed understanding of the leading eikonal operator, it is possible

to generalise the analysis of the string high-energy scattering in several directions. An

interesting problem is to derive an eikonal operator which includes the classical corrections

in Rp/b. It is possible that new qualitative features arise: for instance, the shift b→ b+ X̂,

which gives the string eikonal operator starting from the leading eikonal phase, might not

be enough to capture the full dynamics already at the first subleading order.

Another interesting extension of our results is to study the high-energy string-brane

scattering in the stringy regime b ≪ ls. In this case, the effects of the t-dependent phase

in eq. (3.3) are not exponentially suppressed and, in order to restore unitarity, one should

enlarge the Hilbert space of the eikonal operator to include also the open string oscillators.

Finally it should be possible to extend our analysis to more complicated D-brane bound

states that represent the microstates of macroscopic black holes. In this case, it would be

interesting to generalise the approach of [40] and see whether and under what conditions the

tidal forces present in the string high-energy scattering can distinguish different microstates.
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A Conventions

In this appendix we collect our conventions for the description of type II string theories

in flat space in the RNS formalism. The standard bosonic coordinates describing the

embedding of the string in spacetime are indicated by Xµ(z, z̄), with z = eτ+iσ where τ and
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σ are the usual variables parametrising the (Euclidean) worldsheet. We use the greek letters

α, β, µ, ν, . . . for the 10-dimensional indices and a mostly plus metric η = (− + . . . +).

When describing a massive string state, we use the capital latin letters I, J, . . . for the

9-dimensional indices that live in the space orthogonal to the momentum pµ and the small

latin letters i, j, . . . for the 8-dimensional indices that live in the subspace orthogonal to

both pµ and the longitudinal polarization v, see for instance eq. (B.4). The 2D equations

of motions imply that the Xµ are a combination of a holomorphic and an anti-holomorphic

part and similarly the worldsheet spinors ψµ have a holomorphic and an anti-holomorphic

component

Xµ(z, z̄) = Xµ(z) + X̄µ(z̄) , ψµ(z, z̄) =

(
ψ̄µ(z̄)

ψµ(z)

)
. (A.1)

The OPE’s of these fields are

Xµ(z)Xν(w) ∼ −α
′

2
ηµν log(z − w) , ψµ(z)ψν(w) ∼ ηµν

z − w
, (A.2)

and similarly for the anti-holomorphic fields, while the corresponding mode expansions and

commutation relations (in the NS sector) are

Xµ(z) = qµ − i

√
α′

2
αµ0 log z + i

√
α′

2

∑

n 6=0

αµn
n
z−n , ψµ(z) =

∑

r∈Z+ 1
2

ψµr z
−r− 1

2 , (A.3)

[qµ, αν0 ] = iηµν
√
α′

2
, [αµn, α

ν
m] = ηµνn δm+n , {ψµr , ψνs } = ηµνδr+s ,

where tilded (left) and untilded (right) operators are completely independent and thus

(anti)commute. The left part of the Fock space is built on the vacuum state |p; 0〉 defined
by the following relations

αµ0 |p; 0〉 =
√
α′

2
pµ|p; 0〉 , αµn|p; 0〉 = ψµr |p; 0〉 = 0 , if n ≥ 1, r ≥ 1

2
, (A.4)

and the right part is built on a vacuum state |p; 0̄〉 defined in a similar way. The physical NS-

NS spectrum is obtained by taking the tensor product of a left and a right state annihilated

separately by L0 − 1/2, Gr and L̄0 − 1/2, Ḡr, with r ≥ 1/2, where

Gr =
∑

n∈Z
α−nψr+n , Lm = L(α)

m + L(ψ)
m , (A.5)

L(α)
m =

1

2

∑

n∈Z
: α−nαn+m : , L(ψ)

m =
1

2

∑

r∈Z+ 1
2

(
r +

m

2

)
: ψ−rψm+r : .

Finally physical states |ph〉 should obey the level-matching condition L0|ph〉 = L̄0|ph〉 and
the GSO projection selects the states with an odd number of ψ oscillators both in the left

and in the right part.
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For completness we list the standard N = 1 super-Virasoro algebra satisfied by the

generators introduced above

{Gr, Gs} = 2Lr+s +
d

2

(
r2 − 1

4

)
δr+s,0 ,

[Ln, Gr] =

(
1

2
m− r

)
Gr+n , (A.6)

[Ln, Lm] = (n−m)Ln+m +
d

8
m(m2 − 1)δn+m,0 ,

where d = 10 is the space-time dimension.

We conclude this appendix, by giving the explicit expressions of the states used in

section 6.4. With the definitions given above, it is straightforward to check that the states

below are physical (here p(2) = pT − 5
2k)

|Y(I[J)HK]〉 =
1

2

[(
αI−1ψ

J
− 1

2

+ αJ−1ψ
I
− 1

2

)
ψH− 1

2

ψK− 1
2

−
α−1,Lψ− 1

2
,L

d− 3

(
2η̂IJψH− 1

2

− η̂IHψJ− 1
2

− η̂JHψI− 1
2

)
ψK− 1

2

−
α1,Lψ− 1

2
,L

d− 3

(
η̂IKψJ− 1

2

+ η̂JKψI− 1
2

)
ψH− 1

2

]
|0, p(2)〉 , (A.7)

which reduces to (6.44) when all indices are different and K = v,

|U(I[J)K]〉 =

[
3

2

(
ψI− 3

2

ψJ− 1
2

+ ψJ− 3
2

ψI− 1
2

)
ψK− 1

2

− αI−1α
J
−1ψ

K
− 1

2

+
1

2
αK−1

(
αJ−1ψ

I
− 1

2

+ αI−1ψ
J
− 1

2

)

−3

2

ψ− 3
2
,Hψ− 1

2
,H

d− 2

(
2η̂IJψK− 1

2
− η̂IKψJ− 1

2
− η̂JKψI− 1

2

)

+
α−1H α−1H

2(d− 2)

(
2η̂IJψK− 1

2

− η̂KJψI− 1
2

− η̂KIψJ− 1
2

)

−
α−1H ψ− 1

2
,H

2(d− 2)

(
2η̂IJαK−1 − η̂KJαI−1 − η̂KIαJ−1

)
]
|0, p(2)〉 , (A.8)

which reduces to (6.43) when all indices are different, and

|Z(MNP )〉 = α̂M−1α̂
N
−1ψ̂

P
− 1

2

+ α̂M−1α̂
P
−1ψ̂

N
− 1

2

+ α̂N−1α̂
P
−1ψ̂

M
− 1

2

− 1

d+ 1

×
[
η̂MN η̂QR

(
α−1,Rα−1Qψ

P
− 1

2
+ 2α−1,Rψ− 1

2
,Qα

P
−1

)

+η̂MP η̂QR
(
α−1,Rα−1Qψ

N
− 1

2

+ 2α−1,Rψ− 1
2
,Qα

N
−1

)

+ η̂NP η̂QR
(
α−1,Rα−1Qψ

M
− 1

2
+ 2α−1,Rψ− 1

2
,Qα

M
−1

)]
|0, p(2)〉 , (A.9)

where α̂M−1 = αM−1−
pM (pα−1)

p2
and analogously for ψM− 1

2

. Also the following states are physical
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(here p(1) = pT − 3
2k)

|s1〉 =

(
G− 1

2
p(1)α−1 +

1

2
G− 3

2

)
|p(1); 0〉 (A.10)

=

(
3

2
p(1)ψ− 3

2
+ p(1)ψ− 1

2
p(1)α−1 +

1

2
α−1ψ− 1

2

)
|0, p(1)〉 ,

|s2〉 = −G− 1
2

(
(vψ− 1

2
) (p(1)ψ− 1

2
)− 2vα−1

)
|p(1); 0〉 (A.11)

=
(
2vψ− 3

2
+ (vψ− 1

2
)(p(1)α−1) + (vα−1)(p

(1)ψ− 1
2
)
)
|0, p(1)〉 ,

|Sjl;k〉 = G− 1
2
α
(ℓ
−1ψ

j)

− 1
2

ψk− 1
2

|0, p(2)〉 (A.12)

=

[
(p(2)ψ− 1

2
)α

(ℓ
−1ψ

j)

− 1
2

ψk− 1
2

+ ψ
(ℓ

− 3
2

ψ
j)

− 1
2

ψk− 1
2

+ αℓ−1α
j
−1ψ

k
− 1

2

− αk−1α
(ℓ
−1ψ

j)

− 1
2

]
|0, p(2)〉 .

Since they are explicitly written as super-descendant, these states are spurious.

B Explicit formulae for the kinematics

In this appendix we collect some formulae relevant for the kinematics discussed in section 2

in a particular reference frame. In order to simplify the comparison with the light-cone

computation discussed in section 3, it is convenient to choose the spatial momentum of the

outgoing massive particle to be aligned along the same direction of ~e±; then we have

pµ2 =
(
−E, 0p; 08−p,−

√
E2 −M2

)
, (B.1)

where the first p+ 1 directions are parallel to the (Neumann directions of the) Dp-branes

and the entries after the semicolon are along the Dirichlet directions. Then the light-cone

directions defined in (2.11) read

(e+)µ =
1√
2
(−1, 0, . . . , 0, 1) , (e−)µ =

1√
2
(1, 0, . . . , 0, 1) . (B.2)

The most direct way to describe the physical polarization of massive particles is to introduce

9 vectors perpendicular to their momentum. For instance, in the case of the outgoing

state (B.1) we have the unit vectors ŵi

ŵ1 = (0, 1, 0p−1; 08−p, 0) , . . . , ŵ8 = (0, 0p; 07−p, 1, 0) , (B.3)

and, as the ninth one, vµ corresponding to the longitudinal polarization

vµ2 =

(√
E2 −M2

M
, 0p; 08−p,

E

M

)
. (B.4)

In terms of the DDF construction reviewed in appendix C, these massive state can be

generated by choosing

pT = (sinhα, 0p; 08−p, coshα) , k = e−α
√
2e+ = e−α(−1, 0p; 08−p, 1) , (B.5)
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where k2 = 0 and kpT = 1 for any α (this parameter can be used to obtain the desired

energy in (B.1)). The possible momenta of the ingoing particle take the following form

pµ1 =
(
E, 0p; p̄1,

√
E2 −M2 + q9

)
, (B.6)

qµ=9 =
t+M2

2
√
E2 −M2

, (p̄1)
2 + (qµ=9)2 = −t ≡ (p1 + p2)

2 , (B.7)

where p21 = 0. Finally ǫµk indicates the (left) part of the polarisation of the massless NS-NS

state. Since we are focusing on a massless state we have eight independent polarisations.

It is convenient to choose them as follows

ǫµk =

(
p̄k1

E +
√
E2 −M2 + q9

, δik,−
p̄k1

E +
√
E2 −M2 + q9

)
. (B.8)

This implies that we can neglect the pµ1 part in qµ and write pµ2 in place of the latter

ǫkq = ǫkp2 = ǫµ=0
(
E +

√
E2 −M2

)
∼ p̄k1 , (B.9)

where in the final step we kept only the leading term in the high energy expansion.

We now wish to decompose the indices α and ρ of the massive states in 8D part (i, j)

and the component along v ≡ v2, see eq. (B.3) and (B.4). Then it is convenient to rewrite

ǫµ in terms of their v-component and 8D part

ǫkv =
ǫµ=0

M3

[
(E2 −M2)

3
2 + (E2 −M2)E − E2

√
E2 −M2 − E3

]
∼ − p̄k1

M
, (B.10)

where again in the last step we implemented the high energy limit. The polarisation of the

massive state (of momentum p2) can be written in terms of tensor products of the vectors

ŵi and v.

C Reminder of the DDF construction

In this appendix we collect a few known results about the DDF operators and states [27]

to be used in the main body of the paper. We do so by using their generalization to the

NS sector of the superstring presented in [36].22 As usual we will discuss explicitly the

construction for the left movers. Identical considerations apply to the right movers.

One first introduces an auxiliary tachyon-like momentum pT and the corresponding

tachyonic state

|pT ; 0〉 , p2T = 1 . (C.1)

22In this appendix, except for the expansion of the fermionic coordinate ψ in terms of the oscillators, we

follow the notation of ref. [36] where dimensionless variables are used. In this notation the string coordinate

is given in eq. (A.3) for α′ = 2.
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The physical states in the NS sector of the superstring can be constructed by acting on

this ground state with the DDF oscillators23

A−n,j = −i

∮

0
dz (ǫj)µ (∂X

µ + in(kψ)ψµ) e−inkX(z) , (C.2)

B−r,j = i

∮

0
dz (ǫj)µ

(
∂Xµ (kψ)− ψµ(k∂X) +

1

2
ψµ(kψ)

(k∂ψ)

(k∂X)

)
e−irkX(z)

(ik∂X)
1
2

,

where n (r) is a positive integer (half-integer), k is an arbitrary null vector whose scalar

product with pT is one (pTk = 1), and ǫj is any one of the eight unit vectors perpendicular

to ~k and with a trivial time component. The spectrum of the physical states of the NS

sector of the superstring is generated by the action on the vacuum state in eq. (C.1) of

the DDF operators in eq. (C.2), followed by the GSO projection on states with definite

worldsheet fermion number. The GSO projection preserves only the states containing an

odd number of B−r,j , so the first non trivial physical state is obtained by applying the

operator B− 1
2
,j to the vacuum in eq. (C.1)

B− 1
2
,j |pT ; 0〉 = −(ǫjψ− 1

2
)|pT − 1

2
k; 0〉 ,

(
pT − 1

2
k

)2

= p2T − pTk = 0 . (C.3)

These are the eight physical polarizations of the massless states corresponding to the co-

variant vertex operator in eq. (5.24) with momentum p = pT − k/2. We shall be interested

in the massive states obtained by acting on the above massless one by applying any number

of A−n,i DDF operators. Since each one of them carries a momentum −nk the outcome

will be a state of total momentum

p = pT − (n+
1

2
)k , n =

∑
nk , p2 = −2n . (C.4)

The generic (right moving component of a) state can thus be seen as a collection of photons

moving in the direction of k together with a single tachyon moving in a different direction.

In a convenient Lorentz frame we can take the latter to move in the opposite direction to

k, in other words we can restrict the kinematics to the 2-dimensional space given by k. In

this frame, defined modulo a Lorentz boost α along this axis, we can write the different

vectors as follows

k = e−α (−1, 0p; 08−p, 1) ,

pT = (sinhα, 0p; 08−p, coshα) ,

p =
1

2

(
eα + 2ne−α, 0p; 08−p, e

α − 2ne−α
)
. (C.5)

The latter expression coincides with the 4-momentum p2 given in (B.1) provided we identify
√
α′

2
E = −1

2
(eα + 2ne−α) ,

α′

2
M2 = 2n , (C.6)

the overall minus sign being there because this is an outgoing string.24

23The fermionic DDF oscillators B−r,j were originally constructed in refs. [41, 42].
24We have reinserted α′ because E and M of appendix B have dimension of an energy.
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We shall be interested in a high-energy process where, in the rest frame of the branes,

the components of p are large for the two external, generic, closed string states. This

corresponds to the limit of large boost parameter, α ≫ 1, in which the momenta carried

by the “photons” of the DDF operators are, instead, very small (of order e−α). In this

regime p1, as given in (B.6), is also of the same form as in (C.5) and in the limit we have

p1 → −p2 →
1

2
eα(1, 0p; 08−p, 1) . (C.7)

If we now impose on the string coordinates in (C.2) the particular light-cone gauge cor-

responding to setting to zero the string oscillations of k∂X and kψ, the contour integrals

become simple (since nkp = n for any p) and the DDF bosonic oscillators reduce to the

modes of the transverse bosonic coordinates in that particular light-cone gauge. From eq.

(B.4) we see that, at large α, this is precisely the gauge choice that allows us to obtain our

simple eikonal operator.

D Polarizations of the massive string states

The massive string states transform in irreducible representations of the little group SO(9)

and can be described in terms of irreducible tensors ζ of the Lorentz group which satisfy

a transversality condition of the form pµiζµ1...µi...µn = 0 (where p is the momentum of

the state) in all their indices. We restrict our discussion to the left movers and use the

following standard notation for the symmetrization and the antisymmetrization of a group

of n indices

T(i1...in) =
1

n!

∑

σ∈Sn

Tσ(i1)...σ(in) , T[i1...in] =
1

n!

∑

σ∈Sn

sign(σ)Tσ(i1)...σ(in) , (D.1)

where the sum is over all the elements σ of the symmetric group Sn.

To every irreducible tensor one can associate a Young diagram which specifies its

symmetry type. We write the vertex operators and the corresponding string states as

the product of a polarization tensor ζ and a polynomial in the string fields or modes

with the same symmetry properties as the polarization tensor. A generic rank-n tensor

can be projected onto its irreducible components by the action of the Young symmetrizer

corresponding to a Young diagram with n boxes. According to our conventions the Young

symmetrizer first symmetrizes the indices in the rows and then antisymmetrizes the indices

in the columns. The polarization tensors are therefore totally antisymmetric in the indices

corresponding to the columns of the diagram. Moreover if we denote by σ1 . . . σk the indices

of a given column and by ν any index of the column to its right, the polarization tensors

satisfy the following identity

ζ...[σ1...σkν]... = 0 . (D.2)

Since we are considering the irreducible representations of an orthogonal group, every tensor

is also traceless in every couple of indices. Finally the polarization tensor of a generic string

state is normalized to one

ζµ1...µnζ
µ1...µn = 1 . (D.3)
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Using the previous identities the normalization coefficients of the massive vertex operators,

as for instance those in eq. (5.37), can be easily derived.

As discussed in section 6, to relate the covariant amplitudes and the matrix elements

of the eikonal phase it is necessary to decompose the covariant tensors with respect to the

SO(8) symmetry group of the space transverse to the collision axis. The covariant polar-

ization ζC of a state C in a given representation of the little group SO(9) then decomposes

into several polarizations ζC,(n1,...,nr) transforming as irreducible tensors of SO(8) of type

(n1, . . . , nr). Taking into account the transversality condition satisfied by the polariza-

tion tensors ζC , the SO(8) components ζC,(n1,...,nr) can be written explicitly in terms of

the longitudinal vector v, the Kronecker delta δ⊥ in the transverse space and an SO(8)

polarisation tensor of the required symmetry type ω(n1,...,nr) and satisfying ω · ω = 1.

In section 6 we gave the explicit form of the ζC,(n1,...,nr) only for the states of the first

massive level. Here we collect the formulae for the reduction of the polarization tensors of

the states of the second massive level. The state Z in the (3) of SO(9) has the following

decomposition with respect to SO(8)

7→ + + + • , (D.4)

or in terms of the polarization tensor

ζZ,(3)ραγ = ω(3)
ραγ ,

ζZ,(2)ραγ =
1√
3

(
ω(2)
ρα vγ + ω(2)

αγ vρ + ω(2)
γρ vα

)
,

ζZ,(1)ραγ =
1√
330

((δ⊥ρα − 10vρvα)ωγ + (δ⊥αγ − 10vαvγ)ωρ + (δ⊥γρ − 10vγvρ)ωα) ,

ζZ,(0)ραγ =
1√
88

(δ⊥ραvγ + δ⊥αγvρ + δ⊥γρvα − 8vρvαvγ) . (D.5)

The state Y in the (2, 1, 1) of SO(9) has the following decomposition with respect to SO(8)

7→ + + + . (D.6)

We decompose the polarization tensor accordingly

ζY,(2,1,1)ρα;γ;ω = ω(2,1,1)
ρα;γ;ω ,

ζY,(1,1,1)ρα;γ;ω =

√
3

2

(
ω(1,1,1)
ργω vα + ω

(1,1,1)
α[γω vρ]

)
,

ζY,(2,1)ρα;γ;ω =
1√
3

(
ω(2,1)
ραγ vω + ω(2,1)

γαω vρ + ω(2,1)
ωαρ vγ

)
,

ζY,(1,1)ρα;γ;ω =

√
2

7
3

(
ω
(1,1)
[ργ vω]vα − 1

6
ω
(1,1)
[ργ δ⊥ω]α

)
. (D.7)

The state U in the (2, 1) of SO(9) has the following decomposition with respect to SO(8)

7→ + + + , (D.8)
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or in terms of the polarization tensor

ζU,(2,1)ρα;γ = ω(2,1)
ρα;γ ,

ζU,(2)ρα;γ =
1√
2

(
ω(2)
ρα vγ − ω(2)

γαvρ

)
,

ζU,(1,1)ρα;γ =
1√
6

(
2ω(1,1)

ργ vα + ω(1,1)
αγ vρ − ω(1,1)

αρ vγ

)
,

ζU,(1)ρα;γ =

√
7

4

(
ωγvρvα − ωρvγvα − 1

7
ωγδ⊥ρα +

1

7
ωρδ⊥γα

)
. (D.9)

The state V in the (1, 1) of SO(9) gives a two-form and a vector of SO(8). Decomposing

the polarization tensor we find

ζV,(1,1)γω = ω(1,1)
γω , ζV,(1)γω =

1√
2
(ωγvω − ωωvγ) . (D.10)

Finally the state W in the vector representation of SO(9) gives a vector and a scalar of

SO(8). The corresponding polarization tensors are

ζW,(1)γ = ωγ , ζW,(0)γ = vγ . (D.11)
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