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Abstract

This thesis investigates the non-abelian dynamics of D-Brane systems in String
Theory, specifically focussing on the fate of the open string Tachyon. Starting from
the action of two coincident non-BPS D9-branes, we investigate kink configura-
tions of the U(2) matrix tachyon field, considering both symmetrised (Str) and
conventional (Tr) prescriptions for the trace over gauge indices of the non-BPS
action. Non-abelian tachyon condensation in the theory with Tr prescription, and
the resulting fluctuations about the kink profile, are shown to give rise to a theory
of two coincident BPS D8-branes.

Next we investigate magnetic monopole solutions of the non-abelian Dirac-
Born-Infeld (DBI) action describing two coincident non-BPS D9-branes in flat
space. These monopole configurations are singular in the first instance and require
regularization. We discuss a suitable non-abelian ansatz which describes a point-
like magnetic monopole and show it solves the equations of motion to leading
order in the regularization parameter. Fluctuations are studied and shown to

describe a codimension three BPS D6-brane, a formula is derived for its tension.

Finally, we investigate the dynamics of a pair of coincident D5 branes in the
background of & NS5 branes. We extend Kutasov’s original proposal to the non-
abelian case of multiple D-Branes and find that the duality still holds provided
one promotes the radial direction to a matrix valued field associated with a non-
abelian geometric tachyon and a particular parametrization for the transverse
scalar fields is chosen. Analytic and numerical solutions for the pair’s equations
of motion are found in certain simplified cases in which the U(2) symmetry is
broken to U(1) ® U(1). For certain range of parameters these solutions describe
periodic motion of the centre of mass of the pair bouncing off a finite sized throat

whose minimum size is limited by the D5 branes separation.
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CHAPTER 1
INTRODUCTION
1 The Birth of a New Theory

One can safely say that the two greatest achievements of human thought within
the area of theoretical physics are the invention of Quantum Mechanics (QM) and
the complete formulation of the General theory of Relativity (GR). The first is the
completely counter-intuitive notion that the universe at extremely small scales is
intrinsically probabilistic, there is no real sense in trying to explore the universe
in its most intimate form with the hope of extracting certain answers. Though
ideologically and philosophically difficult to digest quantum mechanics in its most
mathematical form has led to some of the greatest theoretical models of previously
puzzling experimental observations and, through many more of these, has become
an undeniable truth about the nature of the universe we live in. Thanks to an ad-
hoc quantisation of phase space we have gained a complete understanding of the
energy levels of the harmonic oscillator, thanks to the wave-particle interpretation
of light we have defeated the double-slit experiment, thanks to the quantisation of
the orbital radius we have unveiled the true beauty of the atom, and many many

more.

However, it is only during the field theory revolution of theoretical physics
that Quantum Mechanics has shown its true unpredictable power. Quantum Field
Theory, which as the name suggests involves the quantisation of fields, forms the
backbone of all modern theoretical understanding of particle interactions. By
merging quantum field theory with the mathematical framework describing the
symmetries of our universe theoretical physicists have unified three fundamental
forces into one model, creating what is currently the most successful theoretical
model of the universe: the Standard Model. The Standard Model describes the
interactions of particles through electric, weak and strong forces, it is the Bible

of any particle physicist and is the crowning achievement of complex research
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originating from Quantum Mechanics. Its theoretical foundations awarded five
years of Nobel prizes [[] alone and uncountable further results were obtained in
areas of research which, by the essential nature of the theory, the Standard Model
embraces and reinforces. It is based on the fundamental notion that oscillations
in quantum fields generate particles and that these fields form representations of

the symmetry group

G = U(1) ® SU(2) @ SU(3) (1.1)

where U(1) ® SU(2) is the symmetry group of the Electro-Weak forces and
SU(3) that of Quantum ChromoDynamics (QCD) describing the interactions of
quarks and the strong force. Forces are mediated by interchange of virtual par-
ticles, called gauge bosons which are massless for long range forces (such as the
photon for the electromagnetic force) or massive for short range forces (the case of
gauge bosons in representations of a non-abelian symmetry group is not so simple,
in this case the indefinite propagation of such massless bosons is restricted by self-
interactions). To account for the observed mass of the Weak force gauge bosons
the model relies on spontaneous symmetry breaking and predicts the existence of
a yet unobserved (but long sought after) Higgs boson, a further Nobel prize to be
awarded upon its confirmation. Until the Higgs boson is observed, one is allowed
to call this a “weakness” of the Standard Model, together with the numerous free
parameters which are adjusted according to experimental observations rather than
determined from the theory itself (such as the strength of the coupling constants

and masses of particles).

The Standard Model is an incredibly successful theory of three fundamental
forces, however four are believed to exist in nature. The fourth is the force of
gravity whose description has followed a very different path, diametrically opposite
to that originating through the studies of Quantum Mechanics. Gravity is the
domain of Einstein whose revolutionary thought and lifetime of research led to
a completely different understanding of this force. Einstein related the force of
gravity to the geometry of space-time itself, postulating that it is the latter that

in its full mathematical description encapsulates the behaviour of gravity and

IThese were in chronological order: 1969 - Gell-Mann, 1979- Glashow, Weinberg, Salam,
1999- t’Hooft, Veltman, 2004- Gross, Wilczek, Politzer, 2008- Kobayashi, Maskawa, Nambu
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that the two descriptions are interchangeable, i.e. gravity produces geometry as
a geometry is a form of gravity. What then is the source of this geometry? What
“makes” gravity? Well, it is nothing but matter, mass or energy. This is the core

structure of Einstein’s equations

1 81G
Ruy - 59/“, -+ Ag/“’ = FTHV (12)

where R, is the Ricci tensor formed from the metric g,, which encapsulates
the geometry of space-time and thus describes gravity, A is the cosmological con-
stant, G' is Newton’s gravitational constant and T}, is the Energy-Momentum
tensor describing the matter content of space-time. Hence, matter creates geom-
etry and geometry is gravity and objects that move and exist in the geometry
formed from this matter experience its form of gravity. As a straight line de-
scribes the path of least length between two points on a sheet of paper, objects
in a gravitational field follow geodesics of the geometry they live in. The gravita-
tional field, and thus the geometry of space-time is something which is dynamic,
produced by sources of energy and constantly evolving to adjust for changes in its
matter content. Light itself is just a traveller through the geometry and suffers
from the same laws as any (massless) observer, it bends and follows geodesics
of the gravitational field. Since the observation of the bending of light due to
massive objects GR has been confirmed in numerous experiments (Eddington’s
famous solar eclipse experiment is an example) and, on a par with QM for the very
small, is the best model for how gravity behaves in our universe. It comprises the
more classical motion (in its Newtonian approximation) of a ball thrown on earth
up to motion of planets and the dynamics and geometrical nature of the universe
as a whole. The theory has given birth to the study of Cosmology and it forms

the essence of modern theories of the origin of the universe (such as inflation).

Therefore the modern theoretical physicist is armed with two weapons with
which to fight the constant struggle to determine the real nature of the universe.
In his right hand he holds Quantum Mechanics, with which he can study the very
small structures of atoms and particle interactions, on the other he has General
Relativity which gives him the power to master the geometrical structure of the

universe. A natural question arises: can he put his hands together to form one big

10



CHAPTER 1. INTRODUCTION

weapon, a Grand Unified Theory (GUT) with which he can answer any question
scaling from the extremely small to the extremely large, which flows smoothly
between QM and GR, a quantum theory of gravity? The answer is not fully
known, attempts at unifying QM with GR in a brute force way by quantising
the metric g, seem to fail from any angle the problem is approached, the theory
of the canonically quantised graviton is non-renormalizable. The theories work
extremely well by themselves but fail to work together. A new, radical approach

to the problem is needed.

2 String Theory

String Theory is a possible answer to the problem. It is a candidate for a
consistent theory of quantum gravity and a general unifying theory of all the forces
E]. The basic idea at its core, and from which its name derives, is to abandon the
concept of zero-dimensional point particles and assume that the most basic object
in nature is a one-dimensional string of length of the order of the Planck length
l, = 1.6 x 107%m. Then as per the frequency of oscillation of a guitar string
taut between two end points creates different notes, different modes of oscillation
of the fundamental string form different particles, one of which is the graviton.
Thus, string theory is a theory of strings whose oscillation modes are quantised
to form all ordinary QFT particles plus the graviton. In this sense string theory
generates its own geometry (it is a source for the graviton) and is a quantised
theory of gravity. Both open strings and closed strings (those that form a closed
loop) can exist and are essential to complete the theory. This section is devoted to
introducing and summarising the main mathematical ideas and formulations for
consistent string theories and the main results and key concepts these theories give
birth to. Many of the results and concepts investigated below are general to string
theory and not directly in contact with the work presented in this thesis, they are
however important in gaining a more general understanding of the completeness
of the theory before delving in the more intricate details of the particular topic
investigated. When results are reached which have a more important connection

with material in the thesis these are pointed out and dealt with in more detail. The

2there exist other attempts to create such a theory, e.g. Loop Quantum Gravity, Causal sets,
Causal Dynamical Triangulations.

11



CHAPTER 1. INTRODUCTION

notation used and overall treatment of the ideas presented follow [7], for details

on calculations of the presented material the reader is referred to this source.

A natural point to start off with is writing a suitable action describing the
dynamics of the string. The first step to consider in order to achieve this is
the presence of the extra dimension imposed by dropping the notion of a point
particle. For a free particle the action is derived by minimising its world-line, the
trajectory the particle sweeps moving through space-time. For a string embedded
in space-time, its motion will sweep out a world-sheet rather than a line, and this
is the object which needs to be minimised. Thus if ¢ and 7 are the coordinates
of the world-sheet and X*(7,0) describes its embedding, we can write an action

for its area in Minkowski space as

Sne = —T/dO'dT\/(X S X')2 - X2X"2 (1.3)

or .
Sp=—5T / d*o/—hh*?0,X 05X (1.4)
(with "= 2 and ' = ;£), which are the Nambu-Goto and Polyakov actions

for the bosonic string of tension 7" with world sheet metric h*?. The two actions
are equivalent in the sense that they yield the same equations of motion. The
resulting equations for the string embedding obey the wave equation with general
solution given by closed string or open string mode expansions composed of sums
of equal numbers (N, = Ng) of right-movers X% and left-movers X} with the
appropriate boundary conditions. The condition N;, = Npg is not imposed by
hand, it is a requirement for the theory to be consistent. It is derived by requiring
that the modes of the quantised stress-energy tensor (which obey the Virasoro

algebra) describe physical (positive norm) states. For the closed string,

1 1 1 1 -
X = 5.73” + 513])"(7 —0) + §l3 Z ﬁaﬁe’m"“’”) (1.5)
n#0
7 1 w 1 2, 1 i 1 ~p,—2in(t+o)
Xt = 3% +§lsp (T+0)+§lszﬁane (1.6)
n#0

where z# is a centre of mass position and p* is the total string momentum

12



CHAPTER 1. INTRODUCTION

describing the free motion of the string centre of mass. A similar expansion
exists for the open string solution and the quantisation procedure follows that

of the closed string very closely, we will not present this here. The parameter

1

[s known as the string length scale, is related to the string tension by T' = 5——

where o/ is the open string Regge slope parameter o/ = %l? The terms in the
sum (a | o;i‘n) represent the string excitation modes. Here is the key idea of string
theory: it is these modes of oscillation which are quantised. By imposing canonical
commutation relations on the excitation modes

[y al] = [af,, aly] = 0" 0mn,  lah.ar] =0 (1.7)

with a# = \lﬁoz“m and a/# =

T Vm

\/%o/im one obtains the familiar algebra of quan-

tum mechanical harmonic oscillators with the addition of negative norm states
[a%,,al’] = —1. These states are unphysical and can be successfully removed from
the theory to obtain a consistent spectrum of physical states of the quantised
bosonic string, however one must pay the price for this: it can only be achieved
in D = 26 space-time dimensions. This is a new ingredient of any quantum the-
ory, the emergence of new space-time dimensions above the four that we live in.
Clearly, a consistent theory of low energy physics has to make touch with the well-
known four dimensional quantum field theory of the Standard Model, this is a far
from trivial task and one which string theorist are yet to complete. Furthermore,
even though a state may be physical in the sense of having positive norm, it may
be the case that the particle it describes has negative mass, i.e. it is Tachyonic.
Tachyons are particles which travel faster than light, they are naturally emerging
from spectra of string theory and denote an instability of the system. Due to
their unphysical nature they cannot be part of a unified theory of gravity plus the
Standard Model, they must be removed manually. From the open string sector

we obtain

e a Tachyonic state with negative mass? o/ M? = —1
e a massless vector boson in the vector representation of SO(24) and

e a symmetric traceless second rank tensor representation of SO(25) , i.e. a

single massive spin-two state.

13
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Note the appearance of a tachyonic state. From the closed string sector the

spectrum consists of

a Tachyonic ground state

a trace term singlet of SO(24), a massless scalar called the dilaton ®(X),

a symmetric traceless representation of SO(24), a massless spin-two particle:

the graviton g,,(X), and

e an antisymmetric second rank tensor representation of SO(24), which is a

massless two-form gauge field B, (X).

Hence, the graviton appears naturally in the spectrum of the closed bosonic
string upon quantisation of its oscillation modes. This is, in its simplest form, the
major achievement of string theory. It is a theory which sources the graviton in a
quantised context: it is a quantum theory of gravity. We can consistently couple

the graviton to the string world sheet by allowing a term in the action of the form

1
Sy =

4o

/ VhhoB g, (X)0, X 05 X" d*2 (1.8)
M

2(r—i0) the conformal coordinates on the string world sheet .

with z = e
Note the resemblance to the Polyakov action [1.4] which considered only the flat
space case of g,, = 7,,. We have previously mentioned that Tachyonic states
represent unphysical particles and need to be removed, however what are the roles
of the new massless scalar and antisymmetric tensor particles? Firstly consider
the antisymmetric second rank bosonic gauge field B, (X). String theory contains
many antisymmetric forms of distinct dimensions. In the more common case of
one dimension (the usual gauge field A, of electrodynamics) one naturally couples

the form to the world line of a charged particle

S Car o

where ¢ is the charge of the particle and 7 is its world-line parameter, hence

3the change of coordinates o, 7 — z is done here purely for notational convenience

14
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when the rank of the form is increased it makes sense to consider generalised

couplings of the form

1

4o’

Sp

/ € B, (X)0u X" 05 X" d*z, (1.10)
M

with €*? the rank-two totally antisymmetric tensor. As particles which couple
to the Maxwell field are charged, so are strings which couple to two-forms, and
therefore these describe in general charged couplings of the string world-sheet.
The dilaton plays a fundamentally new and important role in string theory, its

appearance in the string action is in a term of the form

1 2
Se = /M\/M(X)Rg(h)d 2, (1.11)

where h is the world-sheet metric and Ry(h) is the corresponding Ricci scalar.
Consider the case where the dilaton is a constant, then Sg is simply the topological

invariant quantity

x(M) = % /M VhRy(h)d*z, (1.12)

which is the Euler characteristic of M, it is a quantity derived from topolog-
ical features of the world-sheet. String scattering amplitudes are closely related
to zero-dimensional particle scatterings, however one must make sure to replace
the world-lines of particles with the world-sheets of strings, as one did for the
construction of their action. Therefore to calculate string scatterings one needs
to sum over all surfaces spanned by interacting open and closed strings. Consider

the partition function for scattering amplitudes of strings
Z = /Dh/DX”...e‘S[h’X""} (1.13)

where [ Dh means the sum over all Riemann surfaces (M,h) and S is the
overall string action containing the factors from the two-form, the graviton and
the dilaton shown above. Then if the dilaton is a constant & = ¢ this contributes
an overall factor of e=?0X(M) to the partition function, i.e. it can be interpreted
as a string coupling g, = e~?. This is a beautiful result, string theory sources

it’s own coupling strength by making it the vacuum expectation value (VEV) of

15



CHAPTER 1. INTRODUCTION

the dilaton field, which fully illustrates its role. Note that in o/ dimensions the
dilaton is dimensionless and thus appears at next order (1 loop) in a coupling
expansion, this is not to be expected from a usual coupling. This is indeed a
more general result of string theory as a whole, all dimensionless parameters in
string theory can be derived from VEVs of scalar fields, the theory has no free
parameters (except [5). Indeed this seems to be an improvement over the well-
known Standard Model, which is abundant in free parameters, and is a promising

sign of a healthy theory.

Therefore the bosonic string hints at a complete theory of quantum gravity
with no free parameters in D=26 space-time dimensions (except l5). However, it
is unsatisfactory if it is required to describe nature for two main reasons: firstly,
it lacks a clear understanding of how to eliminate the extra dimensions, secondly
and of equal importance the spectrum contains no fermions. Fermions account
for all the leptons and quarks present in the Standard model and must arise
naturally in any theory which endows itself the task of merging it with gravity.
The incorporation of fermions in string theory has been coined the “first string
theory revolution” and has led to the invention of the Superstring[} Superstring
theory is the union of string theory with supersymmetry, a symmetry which relates
fermions to bosons. The theory of supersymmetry has been extensively studied
in the literature (for a review see [8,9]). Its major claim is that the universe at
higher energies possesses an extra symmetry which interchanges a boson with a
fermion. Hence, for every boson and fermion we see in nature there should exist
a high energy supersymmetric partner, the sfermion and the bosino. Up to the
present day, none of these supersymmetric partners have been observed in particle

accelerators.

There are two distinct procedures to include supersymmetry in string theory,
the Ramond-Neveu-Schwarz (RNS) [10] formalism which is supersymmetric on
the string world-sheet, or the Green-Schwarz (GS) [11,|12] formalism which is
supersymmetric on background Minkowski space-time. The two formulations are
equivalent in the sense of obtaining the same spectrum for the superstring, however

the RNS formalism appears mathematically simpler to present. The theory can

4The notion of the superstring was present before the “first string theory revolution” which
in fact originates from the miraculous Eg gauge group anomaly cancellations, but it is during
this same period that its true potential was appreciated

16



CHAPTER 1. INTRODUCTION

be most elegantly expressed on superspace, an extension of ordinary space-time
to include anti-commuting Grassmanian numbers. Fields defined on superspace
are called superfields. In the RNS formalism one extends the string world-sheet
and defines a string super-world-sheet with coordinates (¢, 04) where o = (7, 0)
are the usual string world-sheet coordinates and 64 = (6_,0,) are anticommuting

Grassmann coordinates, i.e.

{64,05} = 0. (1.14)

The Supercharges which generate supersymmetry transformations of the super-

world-sheet coordinates are

QA = —-— — (pO‘H)Aaa, (1.15)

where p® are two-dimensional Dirac matrices obeying the Dirac algebra {p®, p°}
2% and § = ip%0. It is possible then to introduce general superfields Y*(o%, 6)
on the super-world-sheet by considering a general expansion in powers of 6 (in

Dirac notation),
_ 1.
Y#(0®, 0) = X* (%) + 0yH (o) + 5993“(00‘), (1.16)

where Y#(c®) = (¢, ¢!) is a Dirac spinor obeying (classically) {¢*, ¢} =0
and B*(0®) is an auxiliary field added to the theory to ensure the supersymmetry
transformations close off-shell. Then by the action of the supercharges on the

superfield §Y* = [éQ), Y*] one obtains the supersymmetry transformations

SXH = et (1.17)
SY* = p9a X" e + Bre (1.18)
SB* = ep® 0", (1.19)

which interchange fermions and bosons. From these a supersymmetry invariant

string-world-sheet action can be derived

S = ﬁ / Lod*0DY" DY, (1.20)

17
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% + (p“0) 40, is the supercovariant derivative and a very similar

procedure follows that of the bosonic string to produce the full spectrum of the

where Dy =

superstring. There are however new ingredients, by ensuring that the variation of
the action vanish one finds that there are distinct possibilities on the boundary
conditions for the fermions. In the open string sector in light-cone gauge one sets
wi‘a:() =t ‘0:0 = 0 and is faced with the option of choosing the relative sign at
the other end of the string. One choice are Ramond boundary conditions, where

one sets

dji|a=ﬂ' - djli‘a:ﬂ’ (121)

in which case the most general mode expansion for the fermionic field satisfying

its equations of motion takes the form

W (o, 7) \/_ > dhemintr) (1.22)

(n€z)

Y (o, T) Z dre=(T+o) (1.23)

(neZ

where d! are the modal expansion coefficients similar to the o/ for the bosonic
string. A Majorana condition on the fermions requires that these satisfy d", =

d“T. If instead we pick the Neveu-Schwarz boundary conditions

then the modal expansion takes the form

1 )
Yo, 1) = ﬁ Z prein(r=o) (1.25)
(n€Z+3)
W (o, 7) 7 D phentrt) (1.26)
(n€Z+ )

where the major difference in the two choices is the modes being integers or half
(odd) integers. In the closed string sector both choices also exist: imposing the
boundary conditions 14 (o) = £1)1 (04 m) one can write similar modal expansions

over integers or half (odd) integers. As per the bosonic string, one quantises the

18
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modes of oscillation of the superstring, but crucially one needs to impose anti-

commutator relations on the fermionic modes, hence

{b¢7 bg} = 77’“/5r+s,0 (127)
{dﬁf, d?} = 77/“/67“+8,0 (128)

which also give rise to negative norm states. Their elimination follows a very
similar procedure to that of the bosonic string, however with the superstring one
finds that the negative norm states can only be consistently eliminated in D = 10
dimensions. Even though this is still far from the goal of making contact with
a four-dimensional theory it is a vast improvement over the D = 26 dimensions
imposed by the bosonic string alone: supersymmetry has dramatically reduced the
number of extra dimensions the theory imposes. Note that the fermionic modes
furnish a representation of the Dirac algebra {I'*,T"} = 2n*” which means that
there exists degenerate ground states such that df |a> = %ng|b>. Therefore there
exists a natural relation between the fermionic modes and the Gamma matrices of
the Dirac algebra I'* = \/§d§ which is crucial for chirality operations, as mentioned

later in this section.

The spectrum of open superstring theory, or type I superstring theory, has

N =1 Supersymmetry, for the open string in the NS sector it consists of

e a Tachyonic scalar ground state

e a massless SO(8) vector + tower of massive states
whilst from the Ramond sector we obtain

e a 32-component spinor ground state

e a tower of excited states representing space-time spinors.

The 32 component ground state spinor can be further decomposed by applying
Majorana and Weyl conditions, which leads to two possible ground states repre-

senting the different ten-dimensional chiralities. The Tachyonic ground state can

be consistently removed by taking a GSO projection (see [7] for details), this also

19



CHAPTER 1. INTRODUCTION

makes the spectrum manifestly supersymmetric. This projection is not a choice,
it is required to obtain modular invariance without which there are anomalies in
global world-sheet diffeomorphisms which would render the theory inconsistent.
From the open string type I theory one forms the closed string, type II, spectrum
by coupling left-movers and right-movers. This gives a choice between four possi-
ble sectors: the R-R, R-NS, NS-R and NS-NS sectors, plus the choice of chirality
of the ground state. For type IIB string theory, one couples the left and right
moving sectors of the Ramond sector with the same chirality whilst for type ITA
string theory the chiralities are opposite. This leads to a total of sixty four states

in each of the four massless closed string sectors

e NS-NS: ITA=IIB, one scalar (dilaton), an antisymmetric two-form gauge

field and a symmetric traceless two-tensor (the graviton)

e NS-R and R-NS , a spin 3 gravitino and a spin 3 fermion (dilatino). The
gravitinos differ in chirality in type ITA whilst have equal chiralities in type
IIB.

e R-R, type ITA: one-form vector gauge field and a three form gauge field.
IIB: a scalar gauge field (O-form), a two-form gauge field and a four-form

gauge field.

Note the appearance of the fermions, in particular the gravitino and dilatino
which are superpartners to the graviton and dilaton. Hence the spectrum can
be consistently freed of negative norm states and Tachyonic states by reducing
the space-time dimension to D = 10 and more importantly it now contains both
bosons and fermions. Furthermore, one can obtain phenomenologically more ap-
pealing string theories by mixing superstring sectors with bosonic string theory
sectors. Heterotic string theories are obtained in this way by combining the left
moving degrees of freedom of bosonic string theory with the right moving de-
grees of freedom of superstring theory. These theories are excellent candidates for

models of grand unification based on the SO(32) and Fg ® Eg gauge groups.

Superstring theory is therefore even more appealing then its bosonic cousin
as a consistent quantum description of gravity. It has reduced the number of
required space-time dimensions and has included a complete spectrum of fermions.

However, it relies on supersymmetry, which remains an unobserved feature of
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nature, the dimensions are still greater than the four we observe and it is not
unique, one has the theory of the open string, both ITA and IIB theories of the
closed string and two classes of heterotic theories. How do we then make sense of
the multitude of possible theories? Which one is the one we should use to create
a theory of everything (TOE)? It was only during the “second string revolution”
that these questions were answered. It turns out that all superstring theories are
connected by dualities. A duality is a fundamental concept of theoretical physics,
it states that if two systems are dual then they possess the same physics, and
there exists a precise map which takes you from one description to the other.
This happens in superstring theory as well, there are maps (or dualities) which
link superstring theories together. T-duality maps a superstring theory to another
superstring theory in a T-dual geometry. The simplest example of this is provided
by the closed bosonic string compactified on a circle. The space-time geometry
is M = R*! x S!. where the circle S' has radius R. This endows “modified”

periodic boundary conditions to the embedding coordinates on the S*

X®(o+m,7) = X*(0,7) + 2T RW, (1.29)

where W is the winding number, the number of times the string wraps the
closed circle. Following usual Kaluza-Klein theory, the momentum along the com-
pact dimension will be quantized, i.e.

P == (1.30)

where K is an integer called the Kaluza-Klein excitation number describing
the momentum mode excitation level. The equation for the mass of the modes of

the spectrum of the compactified bosonic string is
K\? (VR 2
R o

where N;, and Ny are the number of left-movers and right-movers respectively

o M? = o + 2N, + 2Np — 4, (1.31)

(N, # Ng due to the compactification). This equation is invariant under the
map (R — %, W — K ), which describes the T-duality of the bosonic string. It

indicates that the bosonic string compactified on a circle is dual to a bosonic string

21



CHAPTER 1. INTRODUCTION

compactified on a circle of inverse radius, with winding modes and Kaluza-Klein
modes interchanged. It is quite a counter-intuitive geometrical result which can
only be understood by realising that the radius in question is small (of the order
of the string scale) and that ordinary geometrical concepts break down at these
scales, as they should in a theory of quantum gravity. T-duality is a consequence
of the string being a one-dimensional object, indeed if the above analysis was
repeated with a point-particle we would find that its winding mode W = 0 and
therefore no duality exists. The presence of the duality is in fact independent of the
size of R. The interchange between winding number and Kaluza-Klein excitation
number is indicative of a map between the spectra of dual open string theories,
from it it can be shown that T-duality maps (in the compact direction) Xr —
—Xgr and X — Xp. This is an essential fact that allows us to extend T-duality to
the closed sector of superstrings (as these are built from combinations of left and
right moving sectors of open strings). Imagine compactifying ten-dimensional
superstring theory on a circle. The bosonic coordinates map in the same way
as bosonic string theory under T-duality and world-sheet supersymmetry ensures
that the fermionic coordinates map in the same way as the bosonic ones, vy, — ¢,
and Yr — —1gr. The latter relationship means that the chirality of the ground
states is reversed under T-duality (recall the relation between the fermionic zero
modes and the Dirac Gamma matrices previously mentioned), and since this is
the only thing distinguishing between the ITA and IIB superstring theories we can
deduce that ITA theory compactified on a circle of radius R is T-dual to IIB theory

on a circle of radius %. Furthermore, T-duality maps the ITA and IIB coupling
constants ,
1B _ % 114
= — 1.32
gs Rgs ( )

IIB

5 7 corresponds to a perturbative expan-

hence a perturbative expansion in g

ITA
s

sion in ¢g;'* and T-duality holds order by order. Hence the two theories are directly
linked by a duality, i.e. they possess the same physical content. Analogously to the
map between a compactifying radius and its inverse, S-duality maps a string the-
ory with coupling constant g to a different string theory with coupling i. When
one is strongly coupled the other is weakly coupled. S-duality can be understood
as an extension of the common electric-magnetic duality of Maxwell’s equations,
together with the Dirac quantisation condition. A simple example is N' = 4 su-

per Yang-Mills under the electric-magnetic duality (i.e. switching electric and
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47
gym”

and T dualities together form an intricate network which links string theories, the

magnetic parameters) combined with the coupling transformation gy, —

results of dualities on each theory presented so far are listed in the table below!]

Theory T-duality S-duality
Heterotic Type I SO(32) Heterotic Type I Es ® Fx Type I open string
Heterotic Type I Ey ® FEg Heterotic Type I SO(32) M-theory at g, — 00
Type ITA superstring , R, g Type IIB on %, Js M-theory g; — o0
Type 1IB superstring, R, g Type IIA on %, Js Type 1IB on R, gis
Type I open string Type I’ open string Heterotic Type I SO(32)

The last of these dualities, those regarding the open string, deserve special
attention. The map (Xr — —Xg, X1 — X) of bosonic right moving and left
moving coordinates translates to a transformations on the boundary conditions of
the open string. T-duality maps open strings with Neumann boundary conditions
into open strings with Dirichlet boundary conditions, on a dualised geometry.
Therefore it switches strings with momentum to strings with winding in the com-
pactified direction. It is as if the dual open string is stuck to a hyperplane of the
dual geometry. In effect, the dual string has end points which are bound on a
membrane. Membranes where open strings end are called Dirichlet Branes (D-
Branes) and are an essential and incredibly important ingredient of string theory.
The key point here is that, whereas intuitively one might think that these objects
are simply mathematical hyperplanes of a specified geometry, they are in fact
physical objects per se. They also exist in closed string theories such as IIB and
ITA superstring theory where they couple to gauge forms by providing a similar
hypersurface coupling as that of the string-world-sheet. Hence a Dp brane, or a

brane which spreads in p dimensions can couple to a p+ 1 form through its world

SFor the case of Heterotic Fg ® Fg and Type IIA superstring theory M-theory at strong
coupling is not precisely an S-dual theory as we shall see below. However we present it here as
so to illustrate the general picture of the intricate web of dualities that exist throughout string
theory. Also, the T-dual to type I open string theory, type I’ theory,, is simply an orientifold

projection of type IIA theory compactified on a dual circle of radius %
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volume

q oxHt Qe+t
S = / Ao v o (1.33)

where g, denotes the charge carried by the Dp brane, p, indicates the gauge
form indices and o, are the coordinates on the brane world-volume. These branes
are thus electrically and magnetically (through standard Hodge duality) charged
and carry flux. They also have a definite tension or energy, they are all in all
physically independent real objects appearing in string theory. In type ITA theory
the spectrum of the R-R sector carries p-forms with odd dimensions, hence the
theory contains Dp branes with even dimensions to which these forms can couple.
Similarly type IIB theory contains p-forms of even dimensions and Dp branes of
odd dimension. D-branes which are charged under a p-form coupling are stable,
those that don’t are unstable and give rise to an open string spectrum which carries
a Tachyon. Hence, in both type II superstring theories any dimension Dp brane
exist, but only those that couple to (p—1) forms are stable. The unstable D-branes
are thought to decay via emission of closed string radiation. The fate of Tachyons
on unstable D-branes, and the investigation of their dynamical description, forms

the core of this thesis.

With the idea that Dp branes describe physical hypersurfaces where strings
can end one is naturally led to the generalisation to multiple membranes. Indeed
a string can have both end points on one-brane or one end point ending on one
brane and the other on another brane. In this way there would be a theory of one
string stretching between two D-Branes. It is in general a good idea to assign a
label to the end point of a string, this will provide it with additional degrees of
freedom. Chan-Paton factors associate N degrees of freedom to string end-points.
By letting one end-point carry a fundamental representation of the N degrees
of freedom and the other the anti-fundamental representation one can describe
a gauge theory with U(NN) symmetry. This result is most easily understood in
string scattering calculations where the Chan-Paton factors appear explicitly in
amplitudes contributing identically to standard U(N) gauge indices. In terms of
strings on D-branes, when there are n non-coincident D-branes strings stretching
between them describe a U(1)" gauge theory. When instead these branes coincide,

the symmetry is enhanced to U(n). Thus we see that by assigning Chan-Paton

24



CHAPTER 1. INTRODUCTION

factors to end points of strings we can easily include gauge symmetries, both
abelian and non-abelian, in superstring theory. This is a crucial step in making
contact with the non-trivial gauge symmetry of the Standard Model, equation [I.1]
Given the fact that D-Branes are physical objects in their own right, we are faced
with the challenge of finding a suitable action that describes their dynamics and
that includes their gauge symmetry. The D-Brane action arises as a p-dimensional
generalisation of an attempt by Born and Infeld to eliminate the infinite self-
energy of the charged point particle in classical Maxwell theory. This resulted in
the abelian bosonic Dirac-Born-Infeld action for the Dp-brane which is central to
this thesis and has its own section dedicated to it.

In summary, the theory of superstrings and D-Branes is a consistent theory
of quantum gravity in D = 10 dimensions which includes both the graviton and
fermions in its spectrum. Its major flaws are that it relies on supersymmetry
which hasn’t been observed yet, and that there still is no direct contact to the
four dimensions we observe. The first of these problems, and possibly the simplest
to conceptualise, is being dealt with through a constant struggle to find supersym-
metric partners of known particles at increasingly high energies in modern day
particle accelerators . There is hope that with the Large Hadron Collider (LHC)
up and running we might observe a supersymmetric partner below the energies of
14 T'eV. This does not mean that if the particle is not observed below this energy
scale then supersymmetry is ruled out. The second however is one which must
be dealt with far from the laboratory and only through the complex process of
theoretical modelling. There are two main lines of thought with what to do with
extra dimensions: the first asserts that the extra dimensions are simply too small
to be observed at our scales of energy, i.e. they only really make a noteable im-
pact at scales close to the string scale, the second is that the extra dimensions are
simply unaccessible to us, we live on a hypersurface of a higher-dimensional world
in which we cannot detect the extra dimensions (which may indeed be very large)
at least at the energies accessible to present technology. The first of these is the
idea of Kaluza-Klein Compactification, the second is generally called Brane-World
Scenario (BWS).

In Kaluza-Klein compactification, one compactifies the ten-dimensional space-
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time of superstring theory on a product manifold of the form

M = M, ®Cq (1.34)

where M, is Minkowski space and Cg is a six-dimensional suitable chosen
manifold which gives promising phenomenological theories in the compactification.
The idea is that the scale of the extra six dimensions of the compactified manifold
are of the order of the string scale and thus by far too small to be detectable in
present day experiments. The obvious choices are compactifications which lead to
a theory with the Standard Model gauge group in four dimensions and which break
supersymmetry down to N = 1 as this is the only supersymmetry consistent with
chirality of the fermions. Therefore the compactifying manifold has to be chosen
very carefully, if for example one should try compactifying on the simple six torus
then no supersymmetry would be broken and this would make no contact with
phenomenological models. It turns out that the most promising compactifying
manifolds are of Calabi-Yau type. These are special kinds of n-folds which are
Kahler and have SU(n) holonomy. Being complex, it is three-folds (which have
six real dimensions) which are used for compactifications from ten dimensions.
Much progress has been achieved in compactifying the heterotic superstring on
Calabi-Yau three folds, the problem is that the precise number of such three
folds is unknown, and indeed whether this is a finite number is also not known
although some are known to be related to each other by Mirror Symmetry. Also,
compactifications result in the presence of massless scalar fields, or moduli fields,
which should not be there as we know from experimental observations (for example
the dilaton or the radial modulus). Models have been constructed in which all
moduli fields are stabilised by flux compactifications, in which higher dimensional
fluxes are compactified to provide potentials for the moduli fields, but a complete
consistent reduction to the D = 4 Standard Model by a Kaluza-Klein reduction

is still to be achieved.

The alternative to the Kaluza-Klein method of taking very small compacti-
fied dimensions is the Brane-World Scenario. In this model the world we live in
is believed to reside on a three dimensional brane, which is itself embedded in
the full ten dimensional space-time. The fields of the standard model live on the

brane and only gravity is allowed to permeate the full space-time. Within the
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context of string theory this idea seems to have a natural explanation as open
strings, which generate the fields we see, would be stuck by their ends to the
three brane whilst only closed strings, which describe gravity through the gravi-
ton, can travel outside the brane in the full space-time. In fact, by making the
outside space-time warped one can find suitable models which solve the hierarchy
problem of the Standard Model, that is to explain the large differences in energy
scales between standard model sectors (for example why the quark masses are so
much lighter than the Planck scale, the scale at which quantum gravity effects
become important). This space introduces a warp factor which warps all scales
on the visible sector brane compared to the Planck scale (see [13}/14] for a review
on the subject). Brane world scenarios also play an important role in models of
supersymmetry breaking where the idea of us living on an independent brane is
combined with a hidden sector brane, somewhere along an extra dimension of the
full space-time, in which supersymmetry breaking occurs and can be mediated to
us by an appropriate mechanism (see [15] for a review on the subject). Both the
Kaluza-Klein compactification method and the Brane-World Scenario are promis-
ing models for making contact between string theory and the real world. On one
side the major challenge is to determine exactly how many Calabi-Yau three fold
compactifications exist, and hence which one is the more promising one for phe-
nomenological models and how to consistently eliminate moduli fields from the
resulting theory. On the contrary, Brane-World Scenarios provide excellent can-
didates for resolving hierarchy issues but lack a complete understanding of their
high energy completion, there is no direct low energy string theory solution which
results in acceptable models of Brane-worlds, not to mention that branes have

never been directly observed.

Being theories at the order of the string scale, and thus at extremely high
energies, there is a more direct method of establishing some connection between
more accessible energy scales and superstring theories. If superstring theory de-
scribes a theory of quantum gravity at the order of the Planck scale, what is its
low energy limit? What do we obtain if we reduce the energy scale of superstring
theories manually? The answer to these questions has led to one of the greatest
theoretical discoveries of string theory and one which has important implications

for a concrete theory of everything. The low energy action of type ITA superstring
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theory is ten dimensional type IIA supergravity, its bosonic part consists of

S =Sns+ Sr+ Scs (1.35)

where Syg involves fields from the NS sector and Sk and Scg involve R-R

sector fields. More specifically,
1 10 —2® 1 2
Sns = 52 d"x\/—ge R +40,90"® — §|H3| (1.36)
K

with 2k% = %(27@)8, ® being the usual scalar field of superstring theory and
Hj is the three-form field strength,

1

1A _ - 10 — 2 12
SHA = %2/(1 y/ g(\FQ\ +|F4\) (1.37)

where F; and Fj are two-form and four-form field strengths with

Fy=dAs + Ay A Hs (1.38)
and .

with B, the R-R two-form. Similarly the low energy bosonic action of type 1B
superstring theory is type IIB supergravity, with equal Syg but different R — R
sector actions, which results from the difference in the R-R sector superstring

fields. The bosonic part of D = 11 supergravity is

1 1 1
S =— d“:c\/ -G (R - §‘F4|2) — —/Ag N F4 A F4 (140)

2K3 6

with x1; the eleven dimensional gravitational coupling constant, and by com-
pactifying this on a circle and integrating out the modes in the compact dimension
one obtains the ITA supergravity action quoted above ([1.37)). Hence it seems that
the low energy limit of type ITA superstring theory corresponds to the compactifi-
cation of eleven dimensional supergravity, a natural question arises: since D = 10

supergravity is the low energy limit of D = 10 superstring theory, is this D = 11
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supergravity also a low-energy limit of some D = 11 theory? And fundamen-
tally, since all the superstring theories are related to each other via dualities, is
this high energy theory the high-energy limit of all superstring theories? The an-
swer is yes, to both questions. The eleven dimensional supergravity action, from
which one can achieve type IIA supergravity and by dualities all other low energy
limits of superstring theores, is the low energy limit of M-theory. M-theory is a
non-perturbative version of string theory that contains no strings, its name was
introduced by E. Witten but its true significance is unknown (“magical”, “myste-
rious”, “mother” and “membrane” are all candidates) . Precisely for this reason,
its lack of a perturbative expansion, it is not well understood but evidence for its
existence is overwhelming. This includes the interpretation of D0 branes in type
ITA superstring theory as the first Kaluza-Klein excitation states of the eleven
dimensional massless supergravity multiplet compactified on a circle. The mass
of the DO branes is given by (l,g,)~! and the mass of the compactified eleven

dimensional supergraviton is
N\ 2

where N is an integer which describes a tower of states in the compactification.

Hence for the first state N = 1 we require that
Ry = 15gs. (1.42)

Therefore the radius of compactification is proportional to the string coupling
constant and hence the decompactification limit R;; — oo corresponds to the
strong coupling limit of type ITA superstring theory. This decompactification
limit should lead us directly to M-theory, as D = 11 supergravity is its low energy
limit. Hence the strong-coupling limit of type ITA superstring theory is nothing
but M-theory. Recall however that the fundamental objects of M-theory are not
strings, so indeed one can extend this correspondence further and postulate that
the fundamental string in type ITA superstring theory is simply derived from a
two-dimensional brane in M-theory wrapped on a circle. Similarly the D4 brane
would be a five dimensional membrane wrapped on a circle (the D6 brane doesn’t
follow this identification, being the magnetic dual of the D0 brane it is interpreted

as a Kaluza-Klein monopole in eleven dimensions). The dynamics of these M2
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and M5 branes, which are the fundamental objects of M-theory, has been cap-
tured in terms of trialgebras by Bagger and Lambert [16-18|. Further evidence
for the existence of this high-energy theory comes from dualities regarding the
heterotic string, where it is eventually shown that M-theory compactified on % is
dual to Fg ® Eg heterotic string theory in ten dimensions. From these and many
more we can say there is compelling theoretical evidence that all superstring the-
ories are daughters to one fundamental high-energy theory in eleven dimensions.
The study of M-theory is complex due to its non-perturbative nature and to the

present day little is known about it.

Through the implementation of this web of dualities string theorists have linked
the five superstring theories together first, then all of these to a larger parent
theory called M-theory. This is a major achievement and indeed gives us hope
that if string theory is the way the universe works then we have truly made gigantic
steps towards its full understanding. However the story doesn’t end here. There
is a further duality arising from string theory which encapsulates the beautiful
essence of its dual gauge/gravity description. One knows that higher dimensional
supergravity theories, such as those derived in the low energy limits of superstring
theories possess gravitational solutions describing extended black-hole like objects
called p-branes. For theories such as superstring theory, where we have seen that
extended objects arise naturally as hypersurfaces on which string end points can
end, there is a natural interpretation in identifying the two. Polchinski [19] showed
that indeed p-branes and D—branes can be interpreted as the same objects, and
that therefore the latter arise naturally as gravitational solutions of superstring
theory. In this sense the D-branes are sources of geometry, and thus of gravity.
Now since gauge fields live on branes through string excitations, does there exist
a way to link the gauge theory derived from strings to the gravitational geometry
sourced by the branes the strings end on? Originally, the answer to this question
was derived by considering stacks of N parallel D3 branes. In general the link
works as follows: the near-horizon geometry of a collection of coincident D-branes
in the limit that this number is large is dual to the world-volume gauge theory
of the corresponding branes. For the specific case of a stack of N D3 branes, the

near horizon geometry corresponds to five-dimensional anti-de-Sitter space times

30



CHAPTER 1. INTRODUCTION

a five-sphere

M = AdS5 ® Ss, (1.43)

and the low energy world-volume gauge theory is simply N’ = 4 Super-Yang-
Mills in four dimensions, which is conformal. The duality works as follows: the
integer N which is the number of stacked D3 branes corresponds to the rank of
the gauge group, the coupling constants from the string side and Yang-Mills side
are matched through the relation g% ,, = 4mg,, the radius of the AdS; is related
to the t'Hooft parameter A\ = g% ,,N of the gauge theory by R = /\%lS and the
generators of the Killing isomotries of the geometry correspond to the generators
of the superconformal group in four dimensions. Boundary values of bulk fields act

as sources for conformal operators in the dual field theory through the relation [20]

<€ f¢00> _ o(=Suslio) (1.44)

where ¢g is the boundary value of the bulk field ¢ and S,; denotes the bulk ac-
tion evaluated on-shell. This duality, proposed by Maldacena [21], was named the
AdS/CFT correspondence and its implications are gigantic. It relates a strongly
coupled gauge theory to a theory of pure gravity. Through this correspondence
calculations in strong coupling non-perturbative regimes of field theory can be per-
formed by the dual gravitational picture, this is the essence of the developments
in understanding models of QCD [22] (AdS/QCD) in which strong coupling cal-
culations are essential and in condensed matter theory [23-H25] (AdS/CMT) in
which models of holographic superconductivity can be constructed by describing
a condensate in the field theory as a black hole developing a hairy profile in the
gravitational picture. These are just two of a vast literature of applications of
the correspondence, for a review see [26] . Whilst the duality remains a conjec-
ture and has not been fully proven it is widely accepted as true in the theoretical
community, with increasing number of calculations in the gauge and gravity side

confirming it.

In conclusion, already in its bosonic formulation by considering quantisation of

the open and closed string modes of oscillation string theory produced an ideolog-
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ically revolutionary and mathematically elegant theory of quantum gravity. The
graviton, the particle which mediates the force of gravity, appears naturally in the
spectrum of the closed bosonic string. However so do Tachyons, particles which
are unphysical and must be removed from the theory in order to make contact
with more realistic models of the universe. Furthermore, the theory is only free
of negative norm unphysical states in D = 26 dimensions, far greater than the
four we observe and contains no fermions. At this stage string theory seems only
a plausible idea but lacks the real mathematical modelling to describe anything
which is phenomenologically promising. When string theory is fused with super-
symmetry the idea takes a significant step further towards its goal. Superstring
theories consistently include fermions, the graviton and reduce the required num-
ber of dimensions to D = 10. But there are five of them, and which one should be
used to best describe nature? In fact, all superstring theories are part of a joined
picture through dualities. These include T-duality, which is a perturbative duality

between string theory compactified on a circle of radius R to a similar string the-

o

R?
via gs — g%' We observed that progress can be made in attempting to eliminate

ory on and S-duality which relates weak coupling to strong coupling theories
the extra number of dimensions by Kaluza-Klein compactification and that the
most phenomenologically promising manifolds on which to compactify are of the
Calabi-Yau form. Through T-duality, which interchanges Neumann with Dirich-
let boundary conditions for strings, higher dimensional physical objects called
D-Branes were discovered and it was understood that these were simply the fa-
miliar p-brane solutions in supergravity known time before. Hence D-branes are
sources of geometry and therefore gravity and through their couplings to gauge
fields are also charged. Through them we constructed models which could indeed
describe more common features of the universe and resolve hierarchy issues, the
Brane-World Scenarios. We observed that the low energy effective supergravity
action of type IIA superstring theory can be interpreted as coming from a higher
dimensional D = 11 theory compactified on a circle. Through dualities we there-
fore postulated that the high energy limit of this theory is unique and common to
all string theories and that it describes their high energy unification into one par-
ent theory, called M-theory: the best candidate for a real Theory of Everything.
Finally we mentioned that there exists strong evidence for a further duality which
relates a gauge theory at strong coupling with a purely gravitational picture. The
AdS/CFT correspondence holds within it the potential for achieving the unthink-
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able, it gives hope to string theorists to test results directly in a laboratory.

Of all the areas touched on by string theory, of which the above are only some,
this thesis investigates aspects of non-abelian D-Brane world-volume dynamics
specifically focussing on the fate of Tachyons on unstable D-Branes. In sections
and |3| we provide an introduction to the specifics of the subject, with a detailed
derivation of the non-abelian DBI action of coincident D-Branes and an overview
of previous research on Tachyons and their abelian dynamics. We will present
here Sen’s conjectures [27] and illustrate the general method by which solitonic
solutions for the abelian Tachyon profile generate world-volume theories of co-
dimension branes. We also give a detailed presentation of Kutasov’s work [28]
on unstable D-Brane dynamics in the proximity of NS5 branes and introduce
the symmetry between this setup and that of the unstable Tachyon. Section {4 is
devoted to extending above investigations to their corresponding non-abelian the-
ories. The kink Tachyon solution is investigated in the case of multiple coincident
branes and next we demonstrate similar procedures for the case of a monopole
solution. Later in the section we investigate the idea of a geometrical Tachyon
interpretation in a multiple brane non-abelian set up. We will see here that there
are new non-trivial features arising from the non-abelianity of the system. Finally,
in section[5] we provide a summary of the conclusions obtained and point out areas

of further work.
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THE EFFECTIVE TACHYON DBI
ACTION

1 The non-abelian DBI action of coincident Branes

In this section we derive the non-abelian action for NV coincident Dp-branes by
T-dualising the non-abelian action for coincident D9-Branes. The end result is a
crucial starting point for further analysis in this thesis. The analysis follows [29]

to which the reader is referred to for complete details.

The theory of type ITA and type IIB superstrings contains many fields of vary-
ing rank. These include the string frame metric G, (note the change in notation
from the previous chapter g, = G, ), the dilaton ¢ and the anti-symmetric two-
form B,,. As explained in chapter [I, these fields couple to higher dimensional
world volumes and this leads to a natural construction of appropriate actions for
D-Branes. The general argument for the analysis that will lead to the end result
is the following: we will start with the action generated by considering D9-branes
which are space-filling and thus have no transverse scalar fields and T-dualise in
directions along the world volume of the D-brane. This will give co-dimension one
Dp — D(p — 1) branes which will allow us to write the full action of D(p < 9)-
branes including the transverse scalar fields. To this purpose we recall the action
of T-duality on the background fields

Gy = — 5 _ £ (2.1)
EE e = —— .

" ny 7 ny

- GG, — BB ~ B

G 5 G L — Hy=vy Hy VZ,I7 G = 1y 29
M M ny ry ny ( )

~ B,G, —G,,B ~ G

B L, = B L — Hy—vy Ky VZ'J7 B = —HY 2.3
K K ny Y ny ( )
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where y denotes the coordinate with respect to which T-duality is applied
whilst u, v denote the rest of the coordinate directions. To make contact with the
previously introduced geometric concept of T-dualizing, if y is made periodic on a

circle, i.e. y = y + 27 R then after T-duality the new radius becomes R = % and

the coupling constant shifts by gs = gjés. If we define a ten-dimensional matrix

E,uzz = G;U/ + Bp,l/ (24)

then we can define the action of T-duality on multiple world-volume directions

1,7 =p+1,....,9 on it by

By = Ew — E4EYEy, E,; = FE,E%, Ej;=F9 (2.5)

with a,b = 0,1, ....,p denoting the remaining coordinate directions and E%
being the inverse of Ej;;. Similarly the transformation of the dilaton takes the

simple form
e*? = e*det (EV). (2.6)

The starting point is the non-abelian D9-Brane action with U(N) symmetry
[29]

Sppr = —Ty / d"oTr (e_q) v/ —det (Gap + Bap + >\Fab)> (2.7)

with Ty = W, A = 27ma’ and there is no need to include a pull-back
due to the absence of transverse scalar fields. Note that one can consistently
include the fermionic degrees of freedom in the DB action and make it manifestly
supersymmetric, for simplicity we will not include the full fermionic DBI action
here. The DBI action makes one crucial assumption: that the fields are “slowly
varying”, i.e. it ignores higher derivatives of fields appearing in the action, this
approximation will be assumed throughout this thesis. As mentioned in chapter
the world-volume theory of N coincident branes admits non-abelian U(N) gauge

symmetry, captured by the usual non-abelian definitions for gauge fields, field
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strengths and covariant derivatives

A, = AT, (2.8)
Fouy = 0,Ay — OyAq + i[Ag, Ay (2.9)
D,®" = 0,9" + i[A,, D], (2.10)

with 7T}, being N x N matrices satisfying Tr(7,7,,) = NOpm. Let us first illus-
trate why one cannot simply perform the non-abelianisation of the DBI action
manually, that is promoting fields to matrices, derivatives to covariant derivates,
field strengths to include commutators and taking an overall Trace. When we T-
dualise on a direction along the D-Brane world volume y = 2P then the resulting
theory will be that of a D(p—1)-Brane with y being an extra transverse direction.
Therefore the role of the pth gauge field must switch to that of a transverse scalar
field

A, — D, (2.11)

which means that the corresponding p-component of the field strength becomes

F, — D, P 2.12
p P

Therefore in the non-abelian case where F,;, has an extra commutator term

the above relations show that T-duality transforms

D,®" — i[®F, ®'] (2.13)

and therefore this generates new world-volume interactions between the scalars
that would simply be missed by a conventional ad-hoc abelian to non-abelian
promotion of the fields. The complete process of promoting the DBI action to the
non-abelian case has to be performed by T-duality step by step. We proceed to
T-dualise on 9 — p coordinates x' = p + 1,....,9 therefore if D = det(E,, + AFy)

then this becomes

. Euy— EiEVE;y + AFyy,  Eo, B + AD,®?
D:det( ’ b+ Abab - Bk B ) (2.14)

—E*Ey, — ADy® B 4+ i\, ]
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and by defining the following matrix
Q) = 5 +iA[®', O¥] By (2.15)

and using the fact that upon addition to a matrix of multiples of columns and
rows of the same matrix the determinant remains invariant [J one can show that

the above determinant reduces to

D = det (P [Eab + B (Q7 - 5)”’Eﬂ'b] + )\Fab> det(E9)det(QY).  (2.16)
where P[Gw] = G, gﬁz gﬁz is the usual pull-back to the brane world volume.

Using the transformation of the dilaton
6_¢

et =

(2.17)

the second factor in the determinant cancels from the overall resulting action and

integrating out the compactified directions we obtain the change in the tension

Ty — [] (2rR) (2.18)

i=p+1

which combined with the transformations for the radii and couplings

s e (2.19)
Ri—> S Js — s 98 2.19
R; Hi=p+1 R;

gives an overall pre-factor which is exactly 7}, = 1 - Hence combining
gs(2m)P(a’) 2

these results together we obtain the T-Dual action for N coincident Dp-Branes

Sppr = —Tp/dp+10Tr (e‘d)\/—det (P[Eap + Eai(Q™' = 6)9 Ejp] + A\Fop) detQé) :
(2.20)

The second determinant contains the intrinsic non-abelian nature of the action

and provides the scalar potential for the theory, as can be seen from the interaction

Lthis is easily verified in the case of abelian entries for the matrix, but in the non-abelian
case this relation is not trivial and requires special care
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terms arising from its expansion in the flat space limit (G, = 7, and B, = 0)

\/det@Qi =1 — %2[@, P)[®", 7] + ... (2.21)

The Chern-Simons action involving the R-R couplings to the D9-brane is
Scspe = Ho / Tr (CeB+’\F)1O. (2.22)

and its promotion to the non-abelian case follows the same procedure of T-
dualisation, the end result is quoted below for completeness but is not investigated
further in this thesis. The full result for the complete Chern-Simons coupling

action is

Sos = pyp / Tr (Ple™e™ CleP ) (2.23)

where i denotes the interior product by ®° regarded as a vector in the trans-

Verse space. ﬂ

2 Effective Tachyon DBI action

As previously stated, the distinguishing feature between stable (BPS) branes
and unstable (non-BPS) branes is the presence of a negative mass Tachyonic mode
in the spectrum of open strings on a non-BPS brane. Also, BPS branes are charged
under RR (p+1) form gauge fields of string theory, whilst non-BPS branes are not.
One would really like to investigate the dynamics of the Tachyonic mode, however
this is not an easy task. Since the mass of the Tachyonic mode is of the same
order of magnitude as that of the other heavy modes of the string, one cannot
simply work with a low energy effective action which results by integrating out

other heavy modes of the string. Nevertheless it is convenient to state the results

2Therefore, as an example, this operator acting on the two form Cs is simply

. 1 L
ipieCo = PIO'CH = icfj [, 7] (2.24)
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of the analysis in terms of an effective action S.ss(7),...) obtained by integrating
out all positive mass fields. Here ... stands for the massless Bosonic fields. This

is the approach we will use here.

From the analysis of the D-Brane actions [2.20] above we can easily include this

mode into a Tachyonic effective action. For the abelian case [30]

Sr=-T, / "oV (T)\/—det (A,) (2.25)

where

Ay = Ny + A,TO,T + A9, X0, X" + AFp, (2.26)

(note that we use g, = 1, and B, = 0) and V(7') is the Tachyon potential
(which sometimes includes the tension 7)) which we will discuss later in this
section and X* denote the remaining transverse scalar fields. Here 0 < p,v < p
and (p+1) < I <9. Note how the Tachyon appears simply as an extra scalar
field supplemented by a suitable potential which must generate an instability.

This potential has three requirements

e it is symmetric under 7' — =T
e it has a maximum at 7' =0

e its minima are at T = +o0o where it vanishes.

These conditions are easily understood, a small displacement from around the
origin must grow exponentially, signifying an instability of the system. With these
conditions satisfied the above action [2.25|is expected to be a good effective field
theory description for the Tachyon field under the further conditions that T is
large and that second and higher derivatives of T" are small. Hence we should
keep in mind that this is at best simply an approximation to the full Tachyon
action in string theory and it admits correction terms. Nevertheless, it is an
excellent starting point to describe Tachyon dynamics. Altough the exact form of
Tachyon potential is still unknown, there are different proposals in the literature.

For instance, the one which is consistent with S-matrix element calculation is
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given by [31]
1
V(T) = Ty (1 + ma/m>T? + 5(7ro/m2T2)2 +O(T®)) (2.27)

with Ty the tension of the D9-brane and m? = —ﬁ the Tachyon mass. The one

obtained from boundary string field theory (BSFT) computations is [32,33]
V(T) = Tye ™™ 7% (2.28)

In particular, the potential (2.27) can be obtained from (2.28)) by expanding the
latter around the Tachyonic vacuum, 7" = 0. There has been a more phenomeno-
logically agreeable string theory result proposal which takes the form [34-36]

V)= —To (2.29)

cosh (%)

we will see the latter result being important in later sections of this thesis, but
for now choose to work with the most general form of the potential and simply
leave this as arbitrary. By making use of the pull-back notation we can extend

the action to the curved space case

Sp = / GV (T) \/_det (Plguw + Bu) + AFo + A0, TO,T) (2.30)

with Plg,,] = 9u0,X?9,X? which reduces to the previous action m in the
flat space limit g, = 1, By = 0 and the tension 7T}, is included in the Tachyon
potential. Its non-abelian generalisation follows closely the derivation of the co-
incident D-Brane action presented before. Hence we begin with the non-abelian
Tachyon effective action for coincident D9 branes, and apply T-duality rules to
derive the most general Dp-Brane Tachyon effective action. The Tachyon action

of two coincident D9’s is

S—=_T, / d"oTr (MV(T) \/ —det (G, + By + AF,, + A (D, TD,T + D,TD,T))
(2.31)
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where we recognise the usual fields and

T
DT—a

B2 Hon

—i[A,,T). (2.32)

This action has an overall U(2) symmetry. Note that from this action one
can arrive at an effective action for a Dp-anti-Dp-brane pair proposed in [30] by
projecting it with (—1)Z where FJ, is the spacetime left-handed fermion number.
In this case, the gauge group is U(1) x U(1) and so there are two massless gauge
fields AE}) and A,(f), a complex Tachyon field T and scalar fields X (11), X (12) cor-
responding to the transverse coordinate of individual branes. In particular, the

action reads

S = —/dp'Hx V(T, X(Il) — X(IQ)) <\/—detG(1) + \/—detG(2)> (2.33)

where

Gy = N + 270’ FY) + 0, X0, X[y + 7/ (D, T)"(D,T) + ! (D,T)*(D,T).
(2.34)
This action has the nice property of admitting a vortex solution whose world

volume action is given by the DBI action of a stable D(p — 2)-brane [30].

In [37] another form of the effective action for a coincident non-BPS D9-brane

pair has been proposed. It is given in terms of the symmetrized traceﬂ [29,138]

S = —Str / d¥x V(T)e—¢\/ —det (g 12 + B 1o + 27/ D, TD,T + 27/ F,,).

(2.35)
Various couplings in this action are consistent with the appropriate disk level
S-matrix elements in string theory. In the above action the Str prescription
means specifically that one has to first symmetrize over all orderings of terms
like F,,, D,/ T and also individual T" that appear in the potential V(T"), and thus
that the square root factor appearing in the action has to be understood as an
infinite series expansion. The Tr or Str forms of the action are thus very different

when one has carried out the individual symmetrizations mentioned above. As

3Str(My ... M,) =Tr Yo Mi... M, where ) _is a sum over all permutations of matrices
in My ... M, divided by n!.
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we discussed before, by projecting this action with (—1)*Z one can obtain the
effective action of a Dg-anti-Dg-brane pair. However, for this action there are
no known solutions corresponding to a vortex whose world volume is given by
the DBI action of a stable D7-brane. This is symptomatic of a deeper difference
between the two prescriptions. As we will see in section [4] different choices for the

Trace prescription lead to significantly different results.

Even though the trace prescription may require a symmetric completion, mak-
ing it completely symmetric between non-abelian expressions of the form £, D, T
and individual T’s appearing in V' (T'), the covariant derivative Tachyon terms ap-
pearing in [2.31] are written in symmetric form directly. Applying the standard
T-duality transformationson ¢ = p+1,...... , 9 coordinates will yield the action for
coincident Dp branes. The gauge fields in these directions become

X

A; 2.
=5 (2.36)

and the Tachyon remains unchanged, T = T. Hence the covariant derivative

on the Tachyon field becomes

DT = —%[Xi, 7] (2.37)

using the fact that under the transformation the transformed field must be
independent of the coordinates o*. The T-duality transformations are with

1

Fab - Faba Fai = XDaXi (238)
~ ) . . ~ 1 .
Iy = —%[XZ,XJ], Fia = =1 DaX". (2.39)

The transformations of the determinant .16] result in

B — det Eu + AFup + AD,TD,T Eoj + Do X7 —iD,T[X?, T]
= dae ~ . , ~ . . . .
Eb— DyX' —i[ X', T\D,T Ey — (X', X9] — L[Xi, T|[X7,T)
(2.40)

_ 1
A

which is the same expression as in [2.5] augmented with the Tachyon terms.
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Upon manipulations of the determinant one obtains

D = det <P[Eab + By (Q7 = 6)7 By + Ay + Tab) det(Q)det(E7)  (2.41)

which is exactly the result obtained before 2.16] with in addition some extra

Tachyon coupling terms of the form
Q) =0, — ;[Xi,Xk]Ekj — ;[Xi,T][Xk,T]Ekj
T = AD,TD,T — D,T[X", TI(Q)i;[X?, T| D, T
— iBoi(Q")i[X7, T\DyT — iDT[X', TI(Q )] Eyy
—iD XY Q)i [X7, T)DyT — iD,T[ X", T)(Q ")y Dy X7

(2.42)

which gives the final non-abelian Tachyon DBI action as

Sp =T, / "o

x Tr (e‘¢V(T)V’(T, Xi)\/ —det (P[Eab 4 B (Q=1 = 8)7 Ep] + A\Fy + Tab>
(2.43)

which we recognise as the usual action of N coincident branes with the extra

Tachyon couplings. The Trace prescription is symmetric in orderings of matrices.

It has been suggested however that the above Tachyon action is inconsistent
with Tachyon scattering calculations involving Tachyons carrying internal degrees
of freedom, as is the case here. Namely the Pauli Matrix factors carried by the
Tachyons cannot be ignored in amplitude calculations and give results which origi-
nate from a field theory which possesses Chan-Paton factors explicitly [39]. There-
fore the action needs to be modified to take this into account and the Tachyon

field is promoted to carry an internal Pauli matrix 7% = T'o? with ¢ = 1,2. Then
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an action consistent with the above scattering calculations takes the form

Sppr = —% / "o STr <V(TiT")\/ 1+ %[Ti,Tj][Tj,Ti]
(2.44)

X \/—det (nab + /\Fab + /\DaTi (Q_l)ij DbTJ>>

with
QY = ,6" —i[T", TY). (2.45)

The presence of the extra O(T?) coupling comes from the Pauli matrix terms
carried by the Tachyon field. Here the trace prescription is written in terms of the
symmetrized trace STr to denote the symmetrisation procedure explicitly. The
potential has an expansion of the form [2.27 Note that in the case of the modified

action above one needs to calculate the full form of the pre-potential term

2
%STr <V(TiTi)\/1 ¥ [Tz‘,Tj][Ta‘,Ti]) - (1 - gT2 + %T“ + ) 1+T"+...)

and hence the extra terms are not believed to change the overall sign of the
potential, which is therefore still expected to vanish as ' — co. Both and
are the main forms of the actions we will use in the rest of the paper, from these

we will investigate Tachyon dynamics and, more generally, D-Brane dynamics in
String Theory. E|

4One should note that other forms have been suggested in the literature, one important one
with direct links to results presented below is that due to Kluson [40], which we won’t discuss
further
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1 Tachyon Solutions and Sen’s Conjectures

The major question we are interested in in determining Tachyon dynamics is
whether the Tachyon potential V(T') has a local minimum, and if it does, then
how does the theory behave around this minimum? The answer to this question

has been summarised by A. Sen [27] in three conjectures

e V(T) does have a pair of global minima at T' = £Tj for the non-BPS Brane.
At this minimum the tension of the original D-Brane configuration is exactly

canceled by the negative contribution of the potential V(T"). Therefore

V(To)+ T, =0 (3.1)

where

T, = v/2(2m) g (3.2)
Therefore the total energy density vanishes at the Tachyon minima.

e Since there is no energy density at the Tachyon minima 7" = +7j and be-
cause the non-BPS brane carries no RR charge it seems natural to conjecture
that the minimum describes a vacuum without any D-Brane. Hence upon
quantising the theory around this minimum we expect there to be no open
string states in the perturbation theory (as open strings must end on D-
Branes). This is of course not what we expected, since in conventional field
theories the number of perturbative states doesn’t change as we go from one

extremum of the potential to another.
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e Even in the absence of perturbative physical states in the minimum of the
potential there are non-trivial time independent classical solutions to the
equations of motion for the Tachyon derived from Sess(7,...). The con-
jecture is that these solutions describe lower dimensional D-Branes. Some
examples include the following (the case of the kink solution and vortex so-
lution on the D anti-D brane pair will be investigated in detail further along
this thesis as they illustrate the general method to achieve their non-abelian

extensions):

1. The effective action admits a one-dimensional 7'(z?) kink solution, such
that the limits 27 — o0 correspond to the limits T — 4T}, with the
solution interpolating between the two minima around x” = 0. Since
the energy density vanishes at T" = £7{ the energy density must be
concentrated around a (p— 1) dimensional hypersurface around a? = 0.
Hence the kink solution describes a BPS D-(p-1)-Brane in the same

theory. This result will be shown in full later in this section.

2. The Brane-AntiBrane system admits a similar solution with the imag-
inary part of the Tachyon set to zero and the real part taking the kink
profile. This describes a non-BPS D(p — 1)-Brane, and is thus non

stable as compared to the above solution.

3. The Brane-AntiBrane system Dp — Dp also admits vortex solutions for
the Tachyon field. Here the Tachyon is a function of two coordinates
2P and 2P~ !,

T =Tof (p)e” (3.3)

where

p= /@ 2+ (@2, 0= tan ( j_f:) (3.4)

xZ

and the function f(p) has the property
f(o0) =1, f(0)=0. (3.5)

Hence the energy density of this solution vanishes as p — oo and given
that the gauge fields fall off sufficiently quickly at large p then the net
energy density is concentrated around the p = 0 region. This is a co-

dimension two solitonic solution describing a BPS D(p — 2)-Brane in
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the same theory. This specific conjecture will also be verified explicitly

in subsequent sections of this thesis.

4. If rather than taking the case of the single brane we focus on a pair of
coincident non-BPS branes then, as we saw before, the effective field
theory around 7' = 0 contains a U(2) gauge field and the Tachyon field
contains four degrees of freedom contained in a two-by-two hermitian
matrix transforming in the adjoint representation of the gauge group.
From the standard theory of Chan-Paton factors we know that the (ij)
component of the matrix represents the Tachyon in the open string
sector beginning on the i-th D-Brane and ending on the j-th D-Brane.
There is a whole family of minima of the Tachyon potential found by

taking the Tachyon in the configuration

1 0
T:T0<0 _1> (3.6)

which represents Tachyons at their respective minima on either Brane.
Then the family of minima is obtained by performing an SU(2) rotation
of this configuration, to obtain minima of the form T' = Tyn,;o* where
o' are standard Pauli matrices. This breaks the SU(2) part of the
gauge group down to a U(1). The theory thus describes a 't Hooft-
Polyakov monopole solution, depending on three spatial coordinates z°
(i =1,2,3) given by

T(a) = TO%, Fo (o) a2 e 2 (3.7)
with F}; denoting the standard gauge field strength. The energy density
of the solution is concentrated around x* = 0 and it describes a BPS
D(p — 3)-Brane in the same theory. This solution is fully investigated
in section [4| of this thesis, an initial analysis is presented later in this

section.
Therefore, by combinations of the above results, if we start with sufficient
numbers of non-BPS D9-Branes or D9 — D9-branes we can describe any lower

dimensional D-Brane by giving the Tachyon profile a classical solitonic solution.
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These are in effect descent relations between p-dimensional branes.

Up to this point we have discussed time independent solutions for the Tachyon
field, however a vast literature on time-dependent configurations exists [35,41-58].
Indeed a natural question is what happens if one displaces the Tachyon from
the maximum of the potential and lets it roll down to a minimum? Also, since
D-Branes act as sources for closed string fields, a time dependent string field
configuration such as the rolling Tachyon acts as a time dependent source for
closed string fields, and thus produces closed string radiation. This radiation can
be computed with standard scattering techniques [36,[59-61] and has led to the
formulation of the open string completeness conjecture [62] which states that the
complete dynamics of a D-Brane is captured by the quantum open string sector
without need to consider the coupling of the system to closed strings. Indeed the
closed sector provides a dual description (details for this can be found in [27]).
Furthermore, rolling Tachyon solutions provide important avenues for Tachyon
driven inflation models [63-73]. We will not discuss the very interesting area of
time dependent cosmological Tachyon solutions further, however time dependence
plays a crucial part in the geometrical Tachyon interpretation of unstable D-Brane

systems as will be shown in section [2| of this chapter.

1.1 The classical Kink Solution and the D(p — 1)-Brane

We begin by analysing the descent relation Dp — D(p — 1) from a Tachyon
kink profile on a non-BPS Brane [30]. Therefore we start off with the action for
a non-BPS Dp brane [2.25 The energy momentum tensor associated with this

action is

T = —V(T) (A™")" V—detA (3.8)

where the subscript s denotes that only the symmetric part of the matrix A,

is taken. When the Tachyon takes the kink profile, it depends on one coordinate
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x = xP only, hence the components of the energy-momentum tensor become

V(T)
1+ (0,1)°
T. =0 (3.9)
Top = =V(T)V1+ (0:T)nas
where a, 5 =0, ....,p — 1. This results in the energy-momentum conservation
equation
0Ty =0, (3.10)

i.e. T, is independent of x. However, for the kink solution T — +oo as
x — £oo and V(T') — 0 in this limit, hence T}, must vanish as z — oo and since
it is independent of x by it must vanish for all z. This in turn implies that we
must have either 7" = 400 or 0,7 = oo (or both) for all . Therefore the solution
is singular, but as will be shown below has finite energy density. To work with

this singularity consider a field configuration of the form

T(x) = f(az) (3.11)

where

f(—=u)=—=f(u), [f'(u)>0 VYu, f(Foo)= o0, (3.12)

and the constant a serves as the regularisation constant which will eventually
be taken to infinity to reproduce the singularity. Note that in the a — oo limit we
recover precisely the singular behaviour of the kink solution. The a — oo limit
is a direct consequence of the nature of the DBI action. Being this an infinite
expansion higher order terms will have different scaling powers with respect to a
which do not remain under control. Taking a truncation of the action would yield
a regular kink solution. In this regularisation limit this ansatz for the Tachyon
field satisfies the Tachyon equations of motion and is thus a classical solution to
the system (see [30]). From the energy-momentum equations T, vanishes

in the a — oo limit and

Top = —ansV (f(az))f'(az), (3.13)

49



CHAPTER 3. ABELIAN TACHYON DYNAMICS

from which the integrated 7,3 associated with the codimension one soliton is

o)

Tog™ = —anag / ) dzV (f(ax)) f'(ax) = —1ag / dyV (y), (3.14)

[e.9] — 00

where y = f(ax). Note that this depends only on the form of the potential
V(y) and not on the function f(ax), hence the energy-density result is independent
of the regularisation procedure used to derive it. Since y = f(ax) the greatest
contribution to the integral comes from a region of x of width % around =z = 0,

which approaches a delta function as a — oo. Therefore

o0

Tos = nosdla) [ gV (o) (3.15)

—0o0

which is what we would expect from a D(p — 1)-Brane provided we associate

the integral f;o dyV (y) to its tension, i.e.

L=V, T [ Vi (3.16)

[e.9]

Hence, before analysing the world-volume theory of fluctuations around this
solution we have clear indication that the resulting theory is that of a codimension
D(p—1) brane. Note however that we started with an action believed to be valid
in the limit that derivatives of the Tachyon are small. Therefore the above result
can in principle be spoilt be higher derivative Tachyon corrections. However, the
agreement between the properties of the soliton and those of the D(p — 1)-Brane
suggest that these higher derivatives arrange themselves so as not to spoil this

result.

Let’s proceed to investigate the theory of fluctuations for the bosonic fields
around the kink solution to reproduce the DBI action of the D(p — 1)-Brane. The

general method of analysis presented here is central in derivations of results shown
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later in the thesis. Consider a fluctuation ansatz of the form

T(z,8) = fla(z —t(E)))

A:(2,6) =0 (3.17)
Au(,8) = aa(§)

Yi(z,8) =y ()

where £ for 0 < o < (p — 1) are coordinates tangential to the kink world-
volume. Hence fields denoted by lower case letters will be our fluctuations over
the upper case ones. We denote with Y/ the remaining transverse scalar fields
(previously X7) to avoid confusion with coordinates z*. With this ansatz A,
defined in (with units o/ = 1) yields

Ape =1+ a2(f/)2
Aa:oz - Aax = _a2(f/)2ao¢t (318)
Anp = (a*(f)? — 1)0ut0st + aug

with [/ = f'(a(x — t(£))) and

Gap = Nap + fap + 0ay Oy’ + OatOpt (3.19)

where fo3 = 0nap — Oga,. This determinant can be easily evaluated by adding
multiples of the first row and first column to other rows and columns. Hence we

define R .
Auﬁ = A#ﬁ + Auraﬁt7 Aws = A/m

- . . - . (3.20)
Aau = Aoa/ + Amuaata ALBV = Aa:l/
so that
det(A) = det(A) = det(A). (3.21)
In components the matrix AW reads
Aazx =1+ a2 ! 27 Aaza = leam = aat7
- () (3.22)

Aag = Qap
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and hence

det(A) = a®(f')? (det(a) +0 (%)) : (3.23)

Substituting this into the action (with the tension 7, absorbed inside the

Tachyon potential) we obtain in the a — oo limit
—/dpf/de(f)af’\/ —det(a) (3.24)
which upon the change of variables y = f(a(x — t(£))) becomes

S=-T, /dpfx/—det(a) (3.25)

which is precisely the world-volume action of a BPS D(p—1)-Brane identifying
the field ¢ as the coordinate 2P associated with the p-the direction. But what about
other fluctuation ansatze for the fields? Will these lead to different results? There
is a nice argument due to Sen which shows that this is not the case. Consider the

more general ansatz
Yi(z,6) =y'(¢ +anx—t () (©)
Ar(x,€) = do(&) + Z falz = 1(€))dn) (3.26)

Aa(,€) = aa(€) + an v = 1()al" (&) — é(x, §)dat,

where f,(u) obey the same condition of being smooth functions which vanish
at u = 0 and which are bounded (also including the points u = +00). Then it can
be shown that the resulting action will be independent of y(€), a™(€) for n > 1
and ¢, (&) for n > 0. Hence at the Tachyon vacuum a finite deformation of the A4,
and the Y7 leaves the action unchanged, and hence all such field configurations
are identified at a single point in configuration space. It is therefore postulated
that all such transformations are related to each other by a local transformations,
and hence all such deformations associated with ¢(x, €),yL(€) and a”(€) should be

regarded as pure gauge deformations.
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Therefore the soliton kink configuration for the Tachyon on a non-BPS Dp-
Brane describes the effective theory of a BPS D(p — 1)-Brane, as conjectured
in [27]. In Section {4 of this thesis we will investigate non-abelian kink solutions
on a pair of coincident non-BPS Branes and derive similar results on descent
relations linking pairs of non-BPS to pairs of BPS D-Branes. The next section will
demonstrate a very similar procedure to the above by analysing vortex solutions of
the D — D brane system, this will serve as a perfect introduction to the monopole

analysis presented later in the same section.

1.2 Vortex Solution on the D — D system

This section will perform a similar analysis to that of the kink solution on a
non-BPS D-Brane for the case of the vortex on a D — D Brane-anti-Brane pair.
Apart from elucidating a key result on the main subject of this thesis it will re-
inforce the mathematical trickery presented previously, providing a very natural
next step in complexity of calculations which will lead nicely to the results pre-
sented in the later section on non-abelian Tachyon dynamics (see chapter 4)). For
this setup, the Tachyon is complex as it originates from a string stretched between

the brane and the anti-brane, these having opposite orientations.

The starting point will be the Tachyon effective action on the brane-anti-brane

pair
S =— / &V (T,Y] - YY) <\/—detA1 + \/—detA2> (3.27)
where
Ay =t + Fy + 0,705 + (D) (DLT) 4 DTV (D,T)  (329)
and

F, =0,A, —9,Al, D,T = (9,—iA,+iA2)T. (3.29)
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For small T the potential behaves as

1 [ AN R 4
HE(Z(T —5 | [T +oqT))

I

V(rY! -Yy) =T, (3.30)

with 7, denoting the tension of the individual Dp-branes. The analysis for the
vortex solution proceeds in similar fashion to that of the kink, hence the energy-

momentum tensor is given by
™ = —V (T,Y{ - Y{) [\/—detAl (A7) + /=det A, (A;l)’;”] (3.31)

with the subscript S denoting symmetrisation, and we will use a vortex ansatz of

the form

T(r.60) = f(r)e”, A}= A3 = >(r) (3.32)

1
2
where r and 6 denote the polar coordinates in the (z7~*, 2P) plane and f(r) and

g(r) are real functions of r which satisfy

f(0)=0, f(oo) =00, g(0)=0, g'(0)=0 (3.33)

and all other fields vanish. This background yields

CdetA = —detAs = | (1+ (F)?) (% + PP(1— g)?) + i(g’)Z (3.34)

with ’ denoting differentiation with respect to r, and non-zero components of the

energy-momentum tensor given by

Top = —2na5V(T>\/ (L+(2) (2 + F(1-9)7) + i(W

T, = -2V(T) (0% (- 9) /3 (L5 () 07+ 0 - 97) + Sy

Too = —2V(T) (1 + (1)) / J (14 (FR) (2 + P20 - 9) + 1 (@)
(3.35)
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with V(T) = V(T 0).

As per the kink solution, the energy conservation equation

T, = 0, T, = 0 (3.36)

means that 7, must be a constant, and since V' (T) vanishes exponentially at large
T we see that T, vanishes there also unless g(r) is singular. However it can be
shown [30] that g varies monotonically between zero and one. This is achieved by
a careful consideration of how the function g(r) must behave in order to minimise
the integrated energy momentum tensor and thus be a solution of the equations
of motion. Indeed if the function exceeds the value 1 in some range, then we
can replace it by another function equal to the original when this is less than
1 and equal to 1 when this is greater, which thus minimises f drdfTy, further,
showing that the original g(r) cannot be a solution of the equations of motion if
it exceeds 1. The same argument applies to the lower bound and the fact that
the function cannot have any local maxima. Hence T, vanishes at infinity and by
the conservation equation, must vanish everywhere. This can either be achieved
if V(T) = 0 or the denominator is infinite, which requires f and/or §' to be
singular. Now V/(7') is certainly not zero close to r = 0 so, in parallel to the kink

ansatz, we look for function profiles of the form
f(r) = f(ar), g(r)=g(ar) (3.37)

and take the a — oo limit to reproduce the singularity. In this limit we obtain

—detA, = —det A, = a(f'(ar))?

r® + flar)*(1 = g(ar))* + }1 (ff((zg) ]

Top & —Q%ﬁV(f(ar))af’(ar)\/ 24 far (1 glar))? + (9/@”‘))

f'(ar)
r? + flar)*(1 — g(ar))?

o ar)y 12 + 1ar(1 — glar))? + 3 (400)°

T, = =2V (f(ar))

(3.38)

note how indeed 7)., vanishes in the a — oo limit as argued above. However the
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integral over (r,6) of T,s gives the (p — 2 + 1) dimensional energy-momentum

tensor T3 on the vortex. Substituting the relations

y=flar), #y)=a'f(y), 3(y)=glar) = glar(y)) (3.39)

this reads

] R ] 1 A
Tog' = —4mnag / dyV(y)\/ )+ (1= §W)* + 59 (1) (3.40)
0

which further simplifies to

0o - 1
T;}grteft = _47T77a,8/ dyV(y)\/y2(1 _ g(y))Z + Zlg/(y)2 (341)
0

in the a — oo limit as 7(y) vanishes when this is taken. Hence in similar fashion
to the kink solution the overall energy-momentum vortex tensor is independent
of the choice of f(y). However, it does depend on the shape of g(y), which is in

turn determined by its equation of motion

1 9'(y)
~0y |V(y)
! V= a)? + 19 (v)? V= a)? + 19 ()

(3.42)

Hence it is the potential V(y) which fully determines T7¢"*". Most of the
contribution to the energy-momentum tensor is concentrated in a region in r
space of width é around the origin (this was also the case for the kink solution),

in the limit that ¢ — 0 we have

gy)?  (3.43)

N

T = —amnsd @) [ V0 - s+

which can be interpreted as an energy-momentum tensor localised on a (p—2)-
dimensional surface. This agrees with the identification of the vortex solution as

a D — (p — 2)-Brane, where we recognise the tension of the brane as

Tpy = dr /0 ) dyw.y)\/ PO 5()P + W) (3.44)
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This shows that at least at the level of energy-momentum the Tachyon vortex
solution on a Brane-anti-Brane corresponds to a BPS D(p — 2)-Brane in the same
theory. Note that if we take a BSFT potential profile of the form V (y) = Voe ¥
then [3.42] admits the analytic solution

gy) =1—e 3 (3.45)

which gives the following tensions for the Dp-branes

Rt
b (3.46)

1%
7;_2 =27 0

NI

in units where 2ra’ = 1 (the first result is derived from the kink relation for the
D(p — 1) tension [3.16)). By making the choice V; = V2T, and 8 = 1 we obtain

ISI%‘

T, T,
o ’ (3.47)
T,

2 2m

o

which reproduce the correct descent relations.

As we did before for the kink, we now proceed to demonstrate this descent
relation in full by analysing the world-volume theory of fluctuations around the
vortex background. The coordinates transverse to the brane world-volume of the
vortex are denoted by z* with (p — 1) < ¢ < p and those tangential to it as £~ for

0 < a < (p— 2) and re-express the vortex ansatz in Cartesian coordinates

Azl = _AZQ = Bz(£)> T(:L‘) = f(%), (348)
where
() = 2 59(0), Byle) = 5g(r), Jla) =), (349
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fields
Aj(2,8) = hilr = t(8)],  Al(x,€) = —hilx — (8],
AL@.6) = ~hofe = HENOLE + aa(6), 0
Ai(:ﬁ',f) = —hi[x — 1(£)]0a t'+ aq(§),
Yi(x, &) =T (x,6) =y'(€), T(x,€) = flz—t(&)],

with lower case letters denoting the fluctuation fields on the vortex world-
volume. Following calculations identical to that of the kink, evaluating the com-
ponents of the matrices A; 5 and adding rows and columns of the matrix to the

same matrix in the following way

Ayar = Ayar + Aibal’, Ay = Asiv (3.51)
Ayus = Ayus + AuiOst’, Ay = A

for 0 < p, v < p, one can show that the resulting action after taking the determi-
nant det(A,) becomes

S:—Q/dp1§/drd9V(f(a7’))af'(ar)

X \/7"2 + f(ar)?[1 — g(ar)]? + }1 (?ZEZ;?) (3.52)
X y/—detaqg

where
ap = Tap + fap + Oaly' Osy" + Oat'Oat’ (3.53)

and r = |z — t(&)], 0 = tan " (aP7! — tP71(€))/(xP — tP(€))]. Performing the

integrals over r and 6 this yields

S = —E_Q/dplﬁx/—detaag (3.54)

which is the world-volume action on a BPS D(p — 2) brane, with ¢’ and y’
interpreted as coordinates transverse to the brane, and a, as the gauge field on

the brane world-volume, as was the goal to show. Hence we have shown explicitly
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the descent relations working for the abelian cases of the kink on a single non-
BPS brane and the vortex on the Brane-anti-Brane system. The answer to the
natural question of what happens when one considers multiple branes and thus
a non-abelian promotion of such theories is explored in chapter 4| of this thesis,
which focusses on non-abelian kinks on multiple non-BPS brane systems and the

non-abelian monopole solution leading to a co-dimension D(p — 3)-Brane.

As shown in this section, one particularly interesting aspect of Tachyon dy-
namics that is captured by the various effective descriptions is the existence of
solitonic configurations of the Tachyon field |74], including singular Tachyon kink
profiles [30}/75-77] which describe codimension one BPS branes as well as more

exotic objects such as vortex solutions in Brane-anti-Brane systems.

More generally, Tachyon condensation has long been an interesting aspect of
D-brane physics (for a comprehensive review see [27]). Study of the dynamics
of open string Tachyons has provided a fertile arena for studying various aspects
of non-perturbative string theory. A growing body of research has developed in
open string field theory (for a review see 78] or [79,80] for more recent works)
boundary string field theory, (BSFT) [32}33,81-85] and various effective actions
around the Tachyon vacuum [37,86-89] to demonstrate Sen’s results [90-94] con-
cerning the fate of the open string vacuum in the presence of Tachyons. In related
developments, it was also shown that D-brane charges take values in appropriate
K-theory groups of space-time. A major result is that all lower-dimensional D-
branes can be considered in a unifying manner as non-trivial excitations on the
appropriate configuration of higher-dimensional branes. In type IIB superstring
theory, it was demonstrated by Witten in [95] that all branes can be built from
sufficiently many D9-anti-D9 pairs. In type IIA superstring theory, Horava de-
scribed how to construct BPS D(p — 2k — 1)-branes as bound states of unstable
Dp-branes [74].

In the next section we aim to introduce the geometrical interpretation of the
Tachyon in the abelian setup and, as per the case of Tachyon descent relations

presented above, leave its non-abelian extension to a later section of the thesis.
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2 NS5 Branes and the Geometrical Tachyon

In previous chapters we have introduced the concept of S-duality as the trans-
formation that links weak to strongly coupled theories through inversion of the
coupling constant g — gs = gis. In string theory it is the dilaton that plays
the part of the string coupling and, as we have seen, this appears in terms of an
exponential in D-Brane actions. Hence the S-duality inversion of the coupling can
be recast in terms of the dilaton by g, = e® — g, = e® where ¢ = —¢. This in
turn implies a re-definition of the string length, i.e. o/ = g;'@ from which we
can deduce the action of S-duality on D-Branes by analysing the resultant dual
forms for the tension. Hence for example the D-String (or the D1-brane) tension
is mapped to

! L T (3.55)

= —
Ti 2mal g, 2w
which is the tension of the fundamental string in the dual string theory. Similarly

the D3-Brane tension is mapped to

1 1

=7 3.56
(27T)3Cy'295 - (27T)35/2§3 75 ( )

Ts =

which is the tension of a D3-Brane in the dual theory. The case of the D5 brane
in type IIB superstring theory is however more interesting, consider the map of

the D5-brane tension

1 1 .
o= Gayarg, ~ Gaparg (3:57)

the dual tension is not the tension of a D5-Brane. In fact, since under the duality
the R-R two form is mapped to the NS-NS two form the latter brane is magneti-
cally charged under the latter. This type of brane is called an NS5 brane and it
is a soliton solution in the NS-NS sector of the theory [96].

Kutasov [97,98] has presented intriguing links between systems of unstable
D-branes and the DBI effective action of open string Tachyon modes of non BPS
D-branes. The former can be considered for example as a probe BPS D-brane
moving in a background geometry which breaks all remaining supersymmetry.

An example of such a geometric background is that due to k coincident NS5
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branes [99]. It then emerges that one can associate the radial motion of the probe
brane in this background with that of the open string Tachyon of non BPS D-
branes. Such an association gives the former a geometrical interpretation, hence

the notion of ‘geometric Tachyons’, as we will shortly show.

We consider a stack of & NS5 branes in type II string theory, then although D-
Branes might be BPS their motion in the vicinity of the stack is unstable since the
NS branes and D-Branes preserve different halves of the now completely broken
supersymmetry. This is indeed not surprising as the gravitational picture formed
by the stack is that of an infinite throat along which the string coupling grows
without bound, which denotes a physical instability.

Let us proceed to study the abelian system in a bit more detail (see [97]),
this will serve as a good illustration for the later section in which the non-abelian
generalisation is presented. The stack of k parallel NS5 branes is extended in
(z!, 2%, ....2%) directions and localised in (29, .....z") directions. We are interested
here in the dynamics of a BPS Dp-brane in the vicinity of the NS5’s, we take
this brane to be parallel to the fivebranes and pointlike in directions transverse to
it. We label the world-volume of the brane by x* where = 0,1, ....p with p < 5.

The background fields around £ parallel NS5 branes are

ds* = G gpdz?dz® = n,,detdz” + 6, H (x™)dz™dz" (3.58)
62(‘13—‘130) — H(xm)
Hopp = —€1,, 0,0 (3.59)

where the index A = (u,m) with m denoting the transversal directions. The
function H(z™) is the harmonic function describing k five-branes, H,,, is the
field strength of the Kalb-Ramond B-field and & is, as usual, the dilaton field.

For coincident NS5 branes the harmonic function H (z™) reduces to

ki

H=1+-—

(3.60)

where r = |Z| is the radial coordinate away from the five-branes in the transverse
R* labeled by (29,---,2%) and I, = v/’ is the string length. The dynamics of
transverse scalar fields on the D-Brane (X%(z,)......, X%(z,)) is governed by the
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DBI action

S, = —7;/dp+10'6_(¢_¢0)\/—d6t (G + Bu) (3.61)

where the standard pull-back on the fields inside the determinant is im-
plied. As mentioned in chapter [2| this action is expected to be reliable for the case
of small string coupling, i.e. e? << 1, which in this case is not a trivial constraint
as we will soon see. We consider the special case where all the fivebranes are placed
at £ = 0 and we restrict to purely radial fluctuations of the Dp-Brane in the
transverse R* labelled by 2™. For this case there is only one excited field on the
brane: R(z#) =/ X™X,(z*), and the B field vanishes. With this simplification

the induced metric takes the form

Gy = N + H(R)D, RO, R (3.62)

and the DBI action becomes

1

This is similar to the Tachyon DBI action with the field strength F),, and the
remaining transverse scalar fields X’ vanishing and in fact one can map one into

the other using the relation

ar kl?

= =/ = —5 .64

iR H(R) 1+ 72 (3.64)
where the Tachyon potential becomes

T

=ty

(3.65)

This map has an analytic solution given by

1 VE? + R2 — VL,
T(R) = /K2 + R? 4+ —\/kl InY-=: 3.66
&) 2 VEZ + R2 + VI, (3.66)

up to an additive constant. In the limit of close proximity R — 0 and being far
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away from the brane stack R — oo the solutions become

R

T(R — 0) = Vkl,In 7. .

T(R— )= R

which give limiting behaviours for the Tachyon potential as
! V(T — ) &
— —0) X ex
T, P

1
V(T — ~1-—
T ( 00)

T
Vkl,
b (3.68)
2772’

and therefore for large positive T" we recognise the long range gravitational at-
traction between the D-Brane and the fivebranes. In the opposite case, where
T — —oo the potential vanishes exponentially. Note that even in proximity of
the fivebranes there is no perturbative string Tachyon, as indeed no fundamental
string can stretch between the D-Branes and the NS5 branes. Hence in this case
the Tachyon field acquires a geometrical meaning as the radial distance between
the D-Brane and the fivebranes.

This system has interesting solutions to the equations of motion for the radial

mode

o 1T
2 _ p
R YT (3.69)

where F is the conserved energy of the system, for the case of vanishing angular

momentum and in the region R << vkl one can solve this exactly and obtain

l— Ty cosh ¢
R EVEI, Vi,

(3.70)

where ¢t = 0 is (by choice) the time at which the D-Branes reach maximal dis-
tance from the fivebrane stack. Substituting this into [3.58 we can determine the
behaviour of the dilaton (and thus of the string coupling) as a function of time

sTp t
o _ 9 P cosh

E -V,

e (3.71)
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and thus we see that the above solution is only reliable when ¢,7, << E << 7,

® << 1 region in which quantum effects are not

where we are safely in the e
important. Whilst the solution remains valid, it describes oscillatory motionﬂ of
the Dp-Branes which go from one side of the fivebranes to the other, passing
through them twice in each cycle. Under the geometrical Tachyon mapping (R —
T) this dynamics has interesting analogues in rolling Tachyon solutions. Indeed it
appears that as the D-Brane approaches the fivebranes it behaves as a pressureless
fluid, which is very similar to late time behaviour of unstable D-Branes. Also, due
to the open-closed completeness conjecture presented above (see discussion above
section of this chapter) we can interpret the D-Brane as shedding energy into

modes which live on the NS5 branes as it approaches them.

Kutasov’s original model was further investigated and extended in [76}100-
112]. Cosmological applications of geometrical Tachyons were considered in |76,
113H118| following Sen’s original rolling Tachyons ideas in [45]. A subsection of
chapter [4] is dedicated to extending this study to the case of parallel Dp-Branes
approaching the stack of NS5’s, we will show that new non trivial dynamics is
seen and investigate further the meaning of the geometrical Tachyon map in a

non-abelian context.

Lthe oscillation is in proper time 7, i.e. with regards to an observer on the Branes, where
—dt2 = GoodT2
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CHAPTER 4

NON-ABELIAN TACHYON
DYNAMICS

1 Non-Abelian Tachyon Kink

In chapter (3| [30], the world-volume theory of the singular kink soliton so-
lution (suitably regularised) where a single real Tachyon field ‘condenses’ on a
single non-BPS D-brane in a flat background was investigated using the effective
Dirac-Born-Infeld (DBI) framework. Remarkably, it was shown that the effective
theory of fluctuations about the Tachyon kink profile, that depends only on a
single spatial world-volume coordinate, are precisely those of a co-dimension one
BPS brane. Furthermore, it was also shown that in brane-antibrane systems, in
which a single complex Tachyon field is present, vortex solutions to the equations
of motion exist, that naturally depend on two spatial worldvolume coordinates.
Analysis of the fluctuations in this case show that they describe a co-dimension
two BPS D-brane. Monopole solutions in certain truncations of Tachyon models
have also been found and initial investigations suggest that the corresponding ef-
fective theory of fluctuations about this background correspond to co-dimension
three BPS D-branes [119] (see the next section).

In this section we wish to investigate the process of Tachyon condensation
starting from the effective description of two coincident non-BPS D9-branes as
proposed by Garousi in [86] (see chapter 2, equation [2.31). As we mentioned
previously, this theory describes a non-abelian version of the DBI action in which
the Tachyon field transforms in the adjoint representation of the U(2) gauge sym-
metry of the coincident non-BPS D9-brane world volume action. Crucially, in the
original construction of this action and its generalisation to coincident non-BPS

Dp-branes, a standard trace prescription (which we denote as T'r) was taken over
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the gauge indices. Another prescription, motivated by string scattering calcula-
tions (at least to low orders in o’ [29,38]) is to take the symmetrized trace (which
we denote by Str) over gauge indices. In both cases the expression being traced
over is the same but the Str prescription results in significantly more compli-

cated terms in the action compared to T'r (see the discussion in chapter 2, below
equation [2.31]).

The effective theory of coincident non-BPS D9-branes is the simplest example
of a multiple non-BPS brane action since there are no matrix valued coordinate
fields present perpendicular to the branes. We shall show that singular Tachyon
profiles exist which can be regularised in a way that preserves the U(2) symme-
try. We will see that studying the most general fluctuations about this profile
yields precisely the non-abelian DBI action of two coincident D8-branes. The
only caveat is that our proof relies on assuming the standard 7Tr as opposed to
the Str prescription for tracing over gauge indices in the DBI action of both
the non-abelian non-BPS D9-brane action and the non-abelian D8-brane action.
Whilst it is possible that Tachyon condensation in the non-BPS action using Str
could lead to the Str form of the action for two coincident D8-branes [29,38], the
exact mechanism for this to happen seems beyond a straightforward extension of
the method Sen used in the case of a single non-BPS brane [30]. In this sense the
Str prescription presents a challenge for non-abelian Tachyon condensation and

deserves further investigation.

As a simple check of the non-abelian Tachyon condensation we also consider
the case of non-abelian Tachyon kinks where the U(2) symmetry is spontaneously
broken to U(1) ® U(1). The resulting effective theory of fluctuations is shown

to lead to the sum of two DBI actions of separate BPS D8-branes, as expected.

The structure of the following sections is as follows. First, we study regularised
kink profiles in the matrix valued Tachyon field that preserve the U(2) symmetry
and derive the effective world volume theory of its fluctuations. Here we also
discuss the issues of T'r vs Str prescriptions and why the latter seems problematic
as far as Tachyon condensation is concerned. Finally we extend these results to
kink profiles that spontaneously break U(2) — U(1) ® U(1).

We begin our calculations by working with the action we retain the Trace

prescription throughout the analysis. To simplify our calculations we set B,,, = 0,
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G = M = (—1,1,...,1) and take a constant dilaton ¢ consistent with the flat
background. We also set the gauge fields to zero. The latter will be reintroduced

when we consider fluctuations around the kink solution.

1.1 Energy-momentum tensor and equations of motion

In this section we shall compute the energy-momentum tensor and the equa-
tions of motion associated with the actions (2.31) and (2.35). In particular the
energy-momentum tensor associated with the action (2.31)) is given by

T = =TrV(T)V—detG Gy, (4.1)
where curly brackets denote symmetrisation and we defined
G, = N + By + 7o (D, TD,T + D, 7D, T) + 21/ F,,, . (4.2)

A similar expression holds for the symmetrized trace form of the action but with
Tr replaced by Str.

Following Sen [30], we show that the kink solution consistent with the energy-

momentum conservation and the equations of motion (e.0.m) is given by

T T

v =g

with gauge fields set to zero, x = 2° a direction longitudinal to the system and a

T(x) = fla 1,) (4.3)

an arbitrary dimensionless constant that we should take to infinity at the end. The
function f(u) can be any real function with the property that f(u — +o00) — +o00
and f'(u) > 0, Vu. As a matter of fact, eq. is a way of regularizing the
Tachyon singular solution (as per the abelian case) which comes from the energy-

momentum conservation condition 0,7, = 0: the latter implies that

VD
V1+ 2710/ 0,70, T

Tyw = (4.4)

must be independent of . Therefore, since for x — oo we have that T,, — 0
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thenﬂ T, = 0,Vz. We conclude that T is singular, namely
T =400 and/or 9,7 =400 Vz (4.5)

and this singularity is regularized by taking the constant a in (4.3) to infinity.
However, one can also show that this kink solution has finite energy density re-

gardless of the way of regularizing the singularity.

Let’s compute now the equation of motion for the Tachyon (keeping the gauge

fields non-zero), in particular, varying eq. (4.3)) w.r.t. T" we obtain:

mo'D, (V(T)\/—detG (G~ (D,T6", + DMT55)> . axg(Tﬂ V—detG =0 (4.6)

where we use the properties of the trace to permute all the various sources of 67
factors that arise in the variation of the action. When one uses the symmetrized
trace form of the action (2.35)) the equations of motion for T are:

ov (T
2y [m’DP (V(T)\/—detG (G)"™(D,T5! + D“T(S,’j)> - %\/—detG] ~0
(4.7)
where ) accounts for all symmetrical permutations of the matrices inside the

squared brackets in the previous expression.

We now verify that the kink solution eq. (4.3)) satisfy the equation of motions
(4.6)) in the a — oo limit. In this case:

-1 0 ... 0
0o 1 .. 0

G = N + 270,70, T = o ‘ ‘ @1, (4.8
0 ... 0 (1+2a%(f)?

where ' denotes differentiation w.r.t. the dimensionless argument of f. It follows
that
—detG =1+ 2d°n(f)? =~ 2a°n(f')? (4.9)

'Recall that for a kink solution lim,_,., T — oo and we assumed that the Tachyon potential
is zero at infinity.
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and

(G = {n"” + (HT%(J”)? — 1) 555;} ® 1. (4.10)

Substituting eqs. (4.3), (4.9) and (4.10)) into eq. (4.6)) one obtains
/ 1\ oV (T)
21’0, <V(T)\/ —detG (G™) 8IT> — ——2V/—detG

or
= 21vVa'd, (V(T) = 2227T(f’)2af/> B a‘gé?) 1+ 2a27(f)2

~ V2ra/9,V(T) — V2raf a\g(TT) = (4.11)

where in the last step we have taken the large a limit. Notice that since the solution
is such that both 7" and D,T commute (indeed they are both proportional
to the identity in group space), then it is equally a solution of the equations of
motion derived from the Str procedure eq. in the background in which the

gauge fields are set to zero.

1.2 Study of the fluctuations

We proceed to study the fluctuations around the solution (4.3|) which preserve
the U(2) symmetry. These fluctuations correspond just to shifts in the argument
of the function f (a\/ia). The analysis is similar to chapter [30], however, we
now have two copies of the usual abelian Tachyon profile filling out the diagonal
elements of the matrix Tachyon field, thus representing the two coincident D8-

branes.

o T— f((a— O

As a warmup calculation we consider a fluctuation of the type

T = f<%<x1 —H&))1a, (4.12)

where £ denotes all the coordinates tangential to the kink world-volume
and t(¢) the field associated with the translational zero mode of the kink.
Taking the group trace, T'r or Str, in the action (2.31)) or (2.35]) in the case

where the Tachyon profile and its derivatives are proportional to the identity
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as in eq. (4.12), will thus give us two identical D8-brane actionﬂ. Indeed,
for the fluctuation (4.12]),

—detG =1+ 21a*(f")? (1 + n*P0,tdst) (4.13)

and we obtain

S = —Tr / d°¢ dz V (f) V2raf'\/1 + noBo,tdst

= —2V2ma / d°6 dx V (f) f'\/1 + noBo,tdst (4.14)

Oé,

and by a substitution y = f(75(z — ¢(£))) one finds
S = -2V 27?0// dyV (y) /dgf 1 4+ n*P0,t0st (4.15)

which upon the identification Ty = 27/ ffooo dyV (y) we recognize as the
action describing two identical D8-branes (with no separation) with a single

translational fluctuation mode ¢(§) turned on.

o T= (= (als — 19(6).))
Of course it is well known that the full DBI action for coincident BPS DS-
branes should involve a nonabelian theory in which the single coordinate
perpendicular to the D8-brane worldvolume is a U(2) matrix-valued field
and the resulting action has local U(2) gauge invariance. Thus we would
like to show how such an action appears by looking at the most general
fluctuations around our original kink solution 7" = f (\/%x)]b. To this end,
let us keep the fluctuations in the gauge field zero for the time being and

consider fluctuations of the Tachyon profile of the form:

a a
T = f(ﬁ(x]lz —t (f)O’a)) (416)
where 0% = (0% = 15, 0%), 0% being the Pauli matrices and we should regard
f as a matrix-valued application expressed as an infinite power series of its

argument. The above ansatz for the fluctuations is a natural non-abelian

INote that in the determinant under the square root the symmetric D,TD,T term is auto-
matically diagonalized in the gauge indices.
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generalization of the one that Sen used to describe fluctuations of regularized

Tachyon kink in the abelian case [30].

If in the first instance, we make use of the quadratic approximation for the

determinant:
detG,, = 1y + 210 9,TO'T + O(a’?) (4.17)

the action in the large a limit becomes

S=—Tr / A2V (F)V2rar/ 2\ 15 + Ot0°t (4.18)

where t is the U(2) matrix t*o,,.

In obtaining the above we have implicitly assumed that d,f = _\/QJ f0at

while 0, f = \/627 f' is identically the case since the dependence on z is

via the unit matrix 1, in f. In fact, there is a subtlety associated with

the former relation: since d,t and ¢ do not commute in general, there is an
ordering issue that means that for general functions f, differentiating w.r.t.
&% one cannot simply use the chain rule and express the result as —\/% f'0at.

There will be various symmetric ordering of d,t and ¢ that spoil this.

However there is at least one example, namely when f(u) is linear in its
argument (with positive coefficient so that f’ > 0 everywhere as required)
where the chain rule will hold and no ordering problems occur when differ-

entiating.

The linear form of f has another interesting feature. If we had started with
the Str form of the action, then as discussed above this implies symmetriza-
tion w.r.t. F,,,D,T and T. For linear f we see that it follows that this
T'r procedure immediately implies a similar Str procedure where we replace
T with t. This is exactly what we would expect if we require that the Str
procedure is the one that correctly describes coincident D8-branes with ¢

the single transverse coordinate to the world volume.

Finally it is interesting to observe that as pointed out in [30], the linear
Tachyon profile seems to play and important role in the BSF'T description

of Tachyon vortex solutions discussed in [32}33].

For all these reasons the linear form of f seems to be singled out as being

special. For now we will leave f in its generic form but bear in mind these
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1ssues.

The action looks of the right form, i.e., it is a non-abelian DBI action
(though with the gauge field fluctuations yet to be included). However, one
faces taking the square root of the function f? which is matrix valued and
is thus non trivial. One has to diagonalize the matrix f first in order to take
its square root and obtain a closed form expression. The terms inside the
second square root part of the action are proportional to the identity and

so we can diagonalize them by a U(2) transformation directly [}

S = —\/%aTr/dloxV(f)\/f’Q\/Ilqu@at@at
= —\/%aTr/dl%UT V(H)U U f2U \/15 + Ont0°t

= —V2raTr / A0z V(UTfU) UL f2U /15 + Ot . (4.19)

Now,

a

L (wly +(€o))U = (U

i

— ( (q;+t° 12+\/ﬁa3)>(4.20)

UTF( (x1ly +t%0,)U)

Q
1" 3

= ((z+1°)12 + UTt’alU))

This diagonalization then describes a matrix of the form:

f (gl + 8+ Vi) 0

a,(ﬂ2+ta(§)0a))U = : 0 f( (e \/ﬁ))

UTf(

AP

D(f1, f2) (4.21)

2Note that whilst the results following from this action are for general f, in order to write
this action in the first place one assumes that either f is linear or the DBI action arranges itself
so as to be possible to factorise powers of f’ in the way written in this action

72



CHAPTER 4. NON-ABELIAN TACHYON DYNAMICS

where

fo= f( “a,<x+t0+m>>,
fo = f( (x+t0—ﬂ)).

We also note that the matrix used to diagonalize f only depends on the
variables t(£) which means that UTf'U = (UTfU)" and so the action (4.19))

becomes

S = —\/ﬁaTT/dloxD(V(fl),V(fg))D(f{,fg)\/]lg+0ataat
= —\/%aTr/dloxD(V(fl)f{,V(fg)fé)\/112+6at80¢t. (4.22)

5

/

B

Substituting for the variables y = f; and z = f; we obtain the generalization

of Sen’s procedure for the non-abelian case:

S = —\/%Tr/d%p (/OO dyV(y),/_oo sz(z)) V1 + 0,t0°t

—00 [e.e]

= -TyTr / d?x\/ Mg + Otdt (4.23)

which we recognize as the non-abelian DBI action for the coincident D8-
branes (with gauge fields set to zero) upon identifying the tension Ty =
V2ra! ffooo dyV (y). In order to be sure that in the a — oo limit one really
is in the vacuum of the theory we must look at the potential for the matrix
form of T the requirement that V' (f(£oc)) = 0 is enough to ensure that.
Now one might also try and arrive at the Str form of the above action, by
starting with the Str form of the Tachyon action for non-BPS D9-branes
(2.35]). The terms inside the square root part of the action are diagonal in
U(2) space and so one can imagine expanding out the square root factor
in a power series and them symmetrizing over terms involving 9,7 and
T in V(T). The problem one encounters then is that integrating over dz
by making the change of variables as above does not look feasible due to
the non-commutation between f and 0,t terms. That is, even using the
cyclic properties of T'r, terms obtained through Str cannot be factorized

into terms involving just powers of f times those involving 0,t. Therefore,
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it seems that a straightforward generalization of Sen’s procedure to show
that non-abelian Tachyon condensation via kink solitons in coincident non-
BPS brane theories gives rise to coincident Dp-branes is only possible in the
T'r prescription rather than Str. It is interesting to see here a parallel to the
problem of Str vs T'r prescriptions in trying to realize vortex (as opposed
to kink) solutions in brane-antibrane systems obtained from coincident non-
BPS D9-branes [37].

Working within the T'r prescription, let us now proceed to include the gauge
field fluctuations and to go beyond the quadratic approximation of the deter-
minant used before, to include all higher order terms. We take the following

ansatz for the gauge fields [30]:

Ap(2,8) =0,  Au(z,8) =a(§)so,, (4.24)

Now let us pause briefly to comment on the action of the covariant derivative
D,, on the function f appearing in the ansatz eq. for the Tachyon kink.
Just as we mentioned earlier when discussing the action of 0, on f, the
commutator terms [A,, f| cannot, in general, easily be expressed in terms
of f" and [A,,t] which is what we would have hoped if we are to promote
the action eq. to one that is locally U(2) invariant. There are again
ordering issues arising form the non-commutativity of [A,,¢] and ¢. Taking
f(u) linear in its argument avoids this as before. For now let us just keep
f in our expressions but have in mind that it is likely to be constrained

a

to be linear if we assume that D, T = —ﬁf’Dat. We can proceed with

calculating the determinant of the matrix in the action using the ansatz
(4.16) for the Tachyon field and (4.24)) for the gauge fields. We obtain

Gew = (14 27af?) (4.25)
Gow = —2ma’f?D,t (4.26)
Gop = ma*f?(DatDgt + DgtDyt) + anp (4.27)

where a,p = Nap + 27’ F,5. Now we can make use of Sen’s trick [30] of

adding rows and columns of the same matrix to simplify the computation
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of the determinant. In particular, we have

. 1 1
Guﬁ = G/_LBIQ + éG#ngt + §D/3tG#I (4.28)
Gue = G (4.29)
and finally:
Gow = Goply+ GoyDyt 4.30
Gow = Ga 4.31)

from which we obtain
émz - (1 + 27@2]‘./2)12; Gma - Gar - Dat(g)ao-aa Gaﬂ - &aﬁ (432)

where
&aﬁ = (lag + Data(g)Dﬁtb(g)O'aO'b . (433)

This means that overall

det(Gp) = det(G) = 270 fPdet (i) + 0(%) S (39
The last equation is precisely the generalization of the result Sen obtained
to the case of local U(2) gauge covariant quantities. Note that in the above
manipulations we have taken f’ to commute through expressions involving
U(2) matrices. For general f this would not be the case but for linear f, f’
is simply proportional to the 2 x 2 identity matrix as noted earlier, so this

is justified.

We can now substitute this result into the action to obtain
S = —\amaTr / A0 DOV () FL V() o)y —det(dns)  (4.35)

which is the full non-abelian DBI action for two coincident D8-branes (using
the T'r prescription) once the usual parameter substitutions are performed

and the resulting integral over x identified with the D8-brane tension Tg:

S = —TxTr / d?x\/ —det(dgg) - (4.36)
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Now one should also show, as a further check, that the solutions of the
equations of motion arising from the action coincide with the solutions
as derived from the original coincident non-BPS D9-brane action ,
upon using the non-abelian Tachyon profile given in eq. . This check
was done explicitly by Sen in [30] in the case of Tachyon condensation on
a single non-BPS Dp-brane. The calculation in our case would follow quite
closely that of Sen, just extended to the non-abelian case relevant to two

coincident D-branes.

1.3 Breaking U(2) to U(1) ® U(1)

As further check on our generalized Sen ansatz eq. , we can consider
modifying the argument of f so that the corresponding kink solution breaks U(2)
symmetry and thus should describe a pair of separated D8-branes after conden-
sation. This amounts to allowing a vacuum expectation value to one of the U(2)
adjoint fields ¢*. In particular, we set ¢(£) — ¢(£)+co3, where ¢ denotes a constant
v.e.v. related to the separation of the two D8-branes along their single transverse
direction. In this case we expect to break the U(2) invariance of the theory down
to U(1) ® U(1). The resulting action of fluctuations about this vacuum config-
uration should split into two abelian DBI actions, i.e., two distinct determinant
terms each carrying a single U(1) gauge field and perpendicular scalar fluctuation
field, that describe the separate D8-branes.

We start by introducing the v.e.v. ¢ and obtain a modification of eq. (4.33))

due to this shift: in particular

Gaﬁ = daﬂ = Qup + 8at85t - iaat[Ag, t] - i[Aa, t]aﬂt - [Aa, t] [Aﬂ, t]
—icOut [Ag, 03] — ic[An, 0305t — c[Aa, 1)[Ag, 03] — [Aa, 05][Ag, 1]
—[An, 05][Ag, 03] (4.37)

where the covariant derivatives appearing in eq. (4.33]) have been expanded out
explicitly. To proceed we make use of a different parametrization of ¢ that makes

explicit the Goldstone modes associated with U(2) symmetry breaking: we set

ta(J'a = UT({012 + 7?30'3)(] (438)
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where U = expﬁ(ﬂ‘n*?"z) and we pick a preferential gauge in which

(t%0,) = Utloc U =11, + 203 (4.39)
(A%,) = U(A%)UT — (0,U)UT. (4.40)

In this gauge, the fluctuations ¢ are diagonal andE|

OatOst = (0at°05t° + 0at?0pt*) 1y + (0ut’Opt® + 0ut>05t") 03
Dut [Ag, 1] 2it°0a1° (Ajor — Ajoy) — 26°0,t° (Ao + Ajor)
(Ao t][Ag, 1] = 4(t*)? (—ALAL — AZA% +i (AZAp — ALA%) 03)  (4.41)

with similar expressions holding with various ¢* are replaced by the v.e.v. ¢. Now
we redefine the gauge fields so as to absorb the v.e.v. ¢ by setting A% = Qicflfx for
1 = 1,2. Substituting these expressions and taking the large ¢ limit one obtains

to leading order

Gag = Tap+ Faglo 4 F2g03 + (0at°05t° + 0t°05t%) 1 + (0t 0st* + 0at°05t" )03
(0at’ (Ao — Aos) + (o <+ ) + i (0at®(Apor + Ajo2) — (o 4+ 3))
+(ALAL + AZAR L, — i (AZAL — ALAY) 03 (4.42)

The fields A%, i = 1,2 are non-propagating to lowest order in a 1/c expansion and
a consistent solution of their equations of motion is to set AL, = A% = 0. The
limit of large ¢ corresponds to considering the two coincident D8-branes as being

separated by a distance that is large compared to the string length v

We use this and redefine the field strengths and scalar fields associated to each

«

in group space the matrix G, reduces to

é _ Nap + FOléﬁ + aa¢laﬁ¢1 0
o 0 Nop + F2y + 020567

3We drop the prime sign from the gauged form of A/, and the tilde on 9,3,
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hence,

~ —det(Nap + Fly + 0,000 0
\/ —det(Gap) = \/ (s Oﬂ a

VﬂMMw+E%+%W%W)

and finally defining éfw = Tap + Fog+0a0'05¢" and éi,@ = Tap + F5+ 0a®0p0?

we find that the action becomes

5= —vara [ @b (V) Iy=aet(Gl) + VUt 0et(GEy) ) - (003

After performing the usual change of variables and using the descent relation
between Ty, Ty and V, we recognise this as being the U(1) ® U(1) symmetric

abelian DBI action for two separate D8-branes.
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2 Dirac-Born-Infeld Tachyon Monopoles

2.1  Monopole Solution in the D8-D6 System

In this section we will discuss how to obtain a Dp — D(p — 3) brane descent
relation via a monopole solution for the tachyon profile |[120]. The construction
of this solution involves a t’Hooft-Polyakov monopole in SU(2) Yang-Mills The-
ory [121}/122]. Just as in the case of kink and vortex solitonic tachyon solutions
of the full DBI non-BPS actions, as previously analysed by Sen, these monopole
configurations are singular in the first instance and require regularisation. We dis-
cuss a suitable non-abelian ansatz which describes a point-like magnetic monopole
and show it solves the equations of motion to leading order in the regularisation
parameter. Fluctuations are studied and shown to describe a co-dimension three
BPS D6-brane and a formula is derived for its tension. In order to introduce
the full world-volume calculation we present first an energy based method which
serves to illustrate the descent relation and its main result without delving in

complex calculations [120].

To obtain two parallel D8 branes we will start off with two non-BPS D9 branes
and use a kink solution for the Tachyon to arrive at the D8’s via the method of
tachyon condensation Dp — D(p — 1) illustrated above. We start off with the
action

2

T 1
S =TSTr / dze @ (]1 + (D, T)(D"T) + §FWFW> (4.44)

which can be considered as the two-derivative truncated form of 2.31] with the
BSFT potential and a symmetrisation implied over 72, D,T and F,,. The

equations of motion derived from this action take the form

2 1 2
> K—ZDMD“T — Z7(1- D, TD'T + 5FWFW)> e—i} 0
a
o (4.45)

2 2
2 [0 () e o] <0

g

where ) _ denotes the symmetrisation over U(2) matrices described above. These

equations present a particularly interesting solution with non-vanishing gauge
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field:
T = .I'g]I + (I)
W(r)1 (4.46)

Ai = €qijTj—— 5045

2

with a,7 and j running from 6 to 8 and o,_5 are the usual sigma matrices.

The scalar field ® is given by

b = TLq —04—5- (447)

The scalar field and the gauge field take the exact form of the Prasad-Sommerfield

limit of the t’"Hooft-Polyakov monopole solution,

C 1 W(r)zl C

Fr) = tanh(Cr) 1 r sinh(Cr)

(4.48)

and accordingly the solution satisfies the Bogomol'nyi equation B; + D;® = 0
where B; = ¢€;;,Fj;. The part proportional to the identity in the solution for 7'
is precisely what we expect in order to construct the D8’s from non-BPS D9’s,
i.e. a kink-like profile. We proceed now to show that the rest of the solution
corresponds to a D6 brane localised between the D8’s. To do so, consider the
energy of the system

T2

E=TSTr / d’ze="e (I —0,T)* +20,T + (D;T + B;)* — 2(D;TB;)) (4.49)

given that the solution satisfies the BPS equations I — dyT = D;T + B; = 0
the above provides an energy bound for the solution. Evaluating this energy for

the solution above gives

E—TSTr (NE / d*z] [S (%)} °°OO (4.50)

o [ fan [ asi|s( ) )

with S(X) denoting the step function. Hence the first term in this expression
shows the energy of two parallel D8 branes as we were expecting, however the

second term involves an integral over d°z which suggests that this corresponds
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to a D6 brane, at least at the level of energy considerations. Using the gauge

symmetry to diagonalise ® such that

C
T— ("7 0 (4.51)
0 Tg — ¢

(where the function F'(r) is expanded around r — 00), then the magnetic field
also becomes diagonal
1 €T;

and the energy evaluates to

b - tevraro [an (s(2502) s (B02)) gy

with Vols the five-dimensional volume. Hence these step functions indicate
that the energy-density of the D6 Brane is localised on the line segment —C'/2 <
xg < C'/2 and therefore the solution corresponds to a D6 brane suspended be-
tween parallel D8 branes. Therefore this initial investigation has shown that a
monopole solution for the Tachyon is related to a descent relation to a D(p — 3)

brane, which we now proceed to investigate in full.

Monopole solutions in certain truncations of tachyon models have already been
studied in [119] as shown above. In [123] the authors extended their results to
include all higher derivatives using the boundary string field theory (BSFT) ap-
proach and thus argued the ansatz for the tachyon monopole introduced in [119]
survives higher derivative corrections. However, in this section we wish to inves-
tigate magnetic monopole solutions arising from the full non-linear non-abelian
DBI like action, i.e., without assuming an action truncated in an expansion in
derivatives of the tachyon field. From our understanding of the DBI tachyon kink
and vortex solutions discussed above, we expect (and find) that such monopole
solutions will again be singular in the first instance and require regularisation.
We find solutions that are in perfect agreement with those obtained in BSF'T and
so provides an independent check of the tachyon monopole ansatz first presented
in [119,/123].
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Our starting point will be the effective description of two coincident non-BPS
D9-branes proposed in [37]. As discussed, this theory describes a non-abelian
version of the DBI action in which the tachyon field transforms in the adjoint
representation of the U(2) gauge symmetry of the coincident non-BPS D9-brane
world volume action. In the original construction of this action and its generali-
sation to coincident non-BPS Dp-branes, a standard trace prescription (which we
denote as Tr) was taken over the gauge indices. As mentioned earlier, the other
prescription, motivated by string scattering calculations (at least to low orders
in o [29,38]) is to take the symmetrized trace (which we denote by Str) over
gauge indices. In both cases the expression being traced over is the same but the
Str prescription results, in general, in significantly more complicated terms in the
action compared to T'r. Throughout this section we will adopt the Str procedure
and we will find that its implementation in the case of a tachyon monopole profile

is straightforward and leads to the correct expression for the D6-Brane tension.

The structure of the analysis is as follows. We begin in section with a ‘t
Hooft-Polyakov monopole like ansatz for the U(2) non-abelian DBI tachyon world
volume theory and show how it leads to the correct expression for the resulting
D6 brane tension, realised as a co-dimension 3 solution of the equations of motion,
with a suitable regularisation. In section a study of the fluctuation spectrum
about these monopoles shows them to be precisely described by a DBI action of a

single BPS D6 brane in flat space, in the limit where the regularisation is removed.

Finally in Appendix [A] we show how the tachyon monopole ansatz satisfies

the correct Dirac quantisation of magnetic charge.

2.2 The ‘t Hooft-Polyakov Monopole and the DBI action

We begin by reviewing an effective DBI action for the coincident non-BPS D9-
brane pair [37]. This system is unstable and it contains a tachyon in its spectrum,
in particular, around the maximum of the tachyon potential, the theory contains a
U(2) gauge field and four tachyon states represented by a 2 x 2 hermitian matrix-

valued scalar field transforming in the adjoint representation of the gauge group.

We therefore start with action with a full symmetrised trace prescription,

for the potential we shall only assume that a family of minima can be found by
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taking (up to a SU(2) rotation)

T = ( +§° _OOO ) (4.54)

which represent the tachyon on the first D-brane at its minimum 75 = +o0o and
the tachyon on the second D-brane at its minimum 7y = —oo. We shall also
assume that the potential vanishes at T = T;,. The monopole solution of the DBI
action corresponds in taking the tachyon and the gauge fields to depend
on three worldvolume coordinates z;, with ¢ = 1,2, 3 whereas o, 5 = 0,4...9 will

label the other worldvolume coordinates including time.

Apart from a U(1) subgroup, the effective theory of two unstable D-branes,
admits as a solution the ‘t Hooft-Polyakov monopole, which in the limit of zero-

size core is of the form

Tr-0
T() = tr)—",
1 T;

Al(l’) = éeijkr—gak (455)

where r is the radial distance from the origin in the three transverse directions
E|. In [124] it was shown that the limit of zero-size core correctly reproduces also
the Ramond-Ramond couplings of a D6-brane. It is actually more convenient to

work in spherical coordinates
xy=rcosf, xo=rsinfcos¢, x3=rsinfsing (4.56)

to make use of the spherical symmetry of the solution. In these coordinates the

tachyon takes the form

T=tr)z, o (4.57)
and the gauge fields
1 1.
A, =0, AQ:—QSinexd,r-a, A¢:581n0xgr-a (4.58)

4A similar ansatz was proposed by [119] in the context of a truncated tachyon DBI action
and later extended to include all higher derivatives via BSFT in [123]
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where z¢ = 9,z° and :Efﬁr = 0,0,x" and so on. The covariant derivatives of the

tachyon are
D, T =t(r)ax,-oc, D¢T=DyT=0, (4.59)

the gauge field strength
1.
Fo=F,=0, Fy= —gsin Oz, -0 . (4.60)
Finally, the determinant becomes:
—detG = (14 AD,TD,T) (r*sin® 6 + N’ F,) . (4.61)
We now compute the energy-momentum tensor
T — _STy (V(T)\/—detG(G‘l)“”> (4.62)

The elements with one r-component are

V(T) \/7"4 sin® 0 + N2 Fy,
V1+ D, TD,T ’
Ty = Toy=0. (4.63)

T.,., = —STr

From the previous expressions it is clear that the conservation equation for the
r-component reduces to 0, T,, = 0. If we assume that the potential vanishes at
infinity, then T, must vanish everywhere because of the conservation equation,
hence T, should vanish for all . However, for r close to the origin, the potential
is finite and T, doesn’t vanish and so at least for small r we require () to blow

up. This forces us to consider a regularization of the form
T =t(kr)z, - o (4.64)

such that in the k& — oo limit ¢'(r) goes to infinity while keeping ¢(r) fixed. In

particular, in the large k limit:
D, TD,T = k*t*(z, - 0)* (4.65)
and the energy-momentum tensor which goes like T}, ~ 1/k vanishes everywhere
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as required. This shows that the monopole solution is indeed a solution to the
conservation equation and hence a consistent solution of the system e.o.m. Let us
now calculate the tension associated with the D6-brane: the energy-momentum
tensor along the directions orthogonal to the monopole is

Tng = 1 STt | V(T) \/ (1+AD,TD,T) (7«4 sin? 0 + )\2F92¢> (4.66)

which, by taking the large k-limit and by performing the following coordinate

transformation,

y=1tkr), r=ry)=k"t"1(y), (4.67)

becomes, after integrating over the x; world-volume coordinates
int L\3/2 2
T)5 = 75)\ Nag STr | | dyd(—cos8)do V(T (y))(z, - o) (4.68)

In a similar fashion to the kink and vortex calculations seen in chapter (3| [30] most
of the contribution to T3 comes from a small region in r space centered around

%. We can identify the tension of the D6-brane as:
1
To = NS / d(— cos 0)do dyV (y)(z, - o)? (4.69)

The tension of the D6-brane is determined only by the tachyon potential. Now
we try to evaluate the previous expression by choosing an explicit expression for

the tachyon potential. One which gives a lot quantitative agreements with string

theory results is i

V(T) = Cosk\l/(i\/Tj_rT) = V2T, ; EQi(ﬁ?Z;;)(!xT or (4.70)

where E; is ¢th Euler number. We see that in order to compute the tension of the

D6-brane we need to evaluate

STr [(z, - 0)*™] = Tr [(z, - 0)*"] =2 . (4.71)

1,T2)

SFor example, this potential reproduces the correct tachyon mass £ ~ Tr (D#TD“T - 5
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Therefore, the tension becomes

= V2T A3 24 / dy = 27V )3 T; . (4.72)

I
o Y cosh(v/7y)

which correctly reproduces the D-brane tension descent relation between the Ty

and the Tg tension.

2.3 World-volume action and the monopole

This section is devoted to analyzing the world-volume fluctuations of the
tachyon monopole background described in the previous section. We plan to
show that the world-volume theory of the monopole condensed on a Dp-brane
results in a D(p-3)-brane, described by an action with a U(1) gauge theory. Al-
though our analysis involves the presence of non-abelian tachyon and gauge fields,
what follows is similar to [30] because all our computations are carried out inside
the STr operation, in which objects are effectively commutative. We begin by

recasting the ansatz for the monopole in the following way:

(@) = f(r)zio;
A(Z) = g(r)ejrzjor (4.73)

where g(r) = 1/(2r?) and f(r) = ¢(r)/r. We make the following ansatz for the
fluctuating fields:

(&) = f(P) (@i — ¢i(€))o
§) = Al(f—q;(f)) (P)eijr(; — 05(§))o%
&) = —AT,8)0a0" + aa(§) @1 (4.74)

77,6 = TG -
A
Au

&1

%%L

In the previous expressions, ¢;(£) are scalar fluctuations which depend on the

worldvolume coordinate of the D-brane and we have defined

7 = (2 = 6:(€)) (2" — ¢'(6)) (4.75)
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Using the fact that at the end we have to take the symmetrized trace we can write

aaT - - a¢iaiT and [Aau T] = - thbi [A“T] to obtain
DuT = —D,T 9 (4.76)
and similarly, using the fact that 9,4; = —0,¢°0;A; and defining f.5 = Oa5 —

Jpaq, we have

Fa,B = Ejaa¢iaﬁ¢j + focﬁ]l

Faj - _8a¢iF;'j
E = _F’ijaad)j 5

From these we can proceed to compute the matrix elements of our determinant,
by defining
Yij = AD/TD;T + \F; (4.77)

Gag G
GW — B J —
Gzﬂ Gij
Nag + /\faﬂ + gijaagbigﬁqu - a¢igij
—9ij05¢’ 0ij + 9ij

we have

Next, we introduce a new matrix C?W whose elements are Gau = Go + 0,0'Gyy
and G,-V = (;,, namely

g Gz Gy Gz Gy 0 0

Gig Gij

If we were considering matrices whose elements were commuting, then clearly
detG,, = detG ww because in that case the determinant would be invariant under
the addition of a multiple of a row(column) to another row(column). This property
follows from the fact that if each element in a row(column) is a sum of two terms,

the determinant equals the sum of the two corresponding determinants. In our
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case the entries of the matrix G, are su(2) algebra-valued elements and therefore
it is not clear a prior: whether in this case that result should hold. However,

notice that also in our case

detG = Gap +G?:¢ Gig Gaj+ Gaa¢ G
i ij
_ Gaﬁ Gaj aa¢iGiﬁ aa¢iGij (479)

and the latter determinant is zero because 0,¢°, being proportional to the identity
in group space, commutes with all the other elements and, therefore, detG,, =
detéuy. Using the same arguments, we perform a final redefinition by introducing

~

the matrix CNJW whose elements are éuﬁ = éuﬁ + éuj(“)[g(bj and éuj = (,;, namely

- Gos Gaj Gog G Ga; 0 A
Guu — N B N J = ) B ) J + ) J aﬁ¢J
Gz‘g Gij Gzﬂ Gij Gij 0
_ ( Nap + fa,B + 8a¢i8/3¢i aoa¢i >

(4.80)
030; Gij

Now, we take the determinant of the previous expression. Notice that the deter-
minant of Gj; is given by upon the replacement of r by | — <;§(%)| This
determinant has an explicit factor of k£ which becomes dominant in the large k
limit, hence, we can ignore the off-diagonal contributions in computing detGW.
We have

—detéwj ~ —detGy; detéag (4.81)

So substituting this into the action gives:

S = —)\I/QSTr/d7§/drd(— cos 0)do V (t(kr))kt (kr)

X \/T4 sin? 0 + A2y, \/— det(Gop) (4.82)
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Performing the coordinate transformation in (4.67)) and taking the large k-limit,

we find
1
S = —§A3/28Tr/d7§/dyd(—cose)d¢

X V(y)(z, - 0)*/ = det Gog
- _T / A7/ — det Gug (4.83)

where

éaﬁ = Tag + /\faﬁ + aagblaﬂgbz (484)

This we recognize as the action of a BPS D6-brane, with the correct U(1) gauge
theory.

There is therefore a natural non-abelian extension of Sen’s descent relations for
Tachyon condensation regarding the Kink solution and the conjectured relation
between a Dp and a D(p — 3) brane via condensation into a monopole solution is
proven from the world-volume analysis shown above. In the next section, moti-
vated by the discussion introduced in the previous chapter, we attempt to perform
a similar non-abelian extension of Kutasov’s geometric Tachyon interpretation.
This will provide a more complete analysis of non-abelian D-brane world-volume
dynamics and a more general understanding of non-abelian Tachyon systems in

String Theory.
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3 Non-Abelian Geometrical Tachyon

In section [2| of the previous chapter we introduced Kutasov’s geometric inter-
pretation of the Tachyon field. We showed how the dynamics of a D-Brane moving
in the vicinity of a stack of NS5 branes is unstable and can be directly described
by a non-BPS Tachyon DBI action under a mapping where the Tachyon field is
identified with the radial mode of the D-brane dynamics.

In this section we want to investigate what happens if we consider not just
a single probe D-brane but rather a coincident pair of probe D-branes moving
in the background of k£ coincident NS5 branes. For k large, this coincident pair
of branes can still be regarded as probes in the sense that one may neglect the

back-reaction on the geometry to first approximation.

The analysis proceeds as follows: in the first two sections we consider different
ansatze for the scalar fields which realise the map of the unstable D-brane system
to one described by a non-abelian Tachyonic mode. Next we show the importance
of a careful choice of definition for the harmonic function H describing the NS5
branes background and we stress the differences between the matrix and function
approach. Finally we make use of a symmetry breaking ansatz to expose a sim-
plified version of the non-abelian system and give solutions for the equations of
motion of the Tachyonic field, these will be shown to reduce to the known single

brane results in the abelian limit.

3.1 Multiple D-branes in the NS5-brane background

Consider a stack of k parallel NS5 branes in type II string theory, stretched in
the directions x# = (¢,x',...,2°), p =0,...5, and localised in z™ = (2°,...,2%),
m = 6,...9. Then the background is that shown in [3.58 and we will make use of
it here. We are interested in the dynamics of two coincident BPS D5 branes in the
background of the five-branes. We can label the world-volume coordinates of the
D-branes by £#, and by using reparametrisation invariance on their world-volume

we set &H = xt.

The low-energy dynamics of the D5-brane pair is described by a non-abelian

U(2) gauge theory [29] (see also [38]). The dynamics of the open string sector light-
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est degrees of freedom, namely the adjoint valued scalar fields (X°(&#), ..., X9(&#))
which describe the position of the pair in the transverse directions (z°...,z7%),
the non-abelian gauge field A, as well as the lightest degrees of freedom of the
closed string sector, namely the metric G4, the dilaton ¢ and the Kalb-Ramond

field B4p is governed by the non-abelian DBI action [2.20

S p—
- T / dS2 STr <e—<¢—%> \/ —det (P [Epy + Epum (Q71 = 0)™ E,] + AF) det@m)

with

AN=27l? Eap=Gap+Bap, and Q™ =" +i\X"™ X" Ep,. (4.85)
The field strength F,, = 0,A, — 0, A, —i[A,, A,], P denotes the pullback to the
brane world-volume and STr denotes the symmetrised trace.
3.2 Fuzzy-sphere ansatz for the bulk scalars

‘Fuzzy sphere’ configurations for the adjoint scalars X in the previous non-
abelian DBI action have been considered in the past [29,76,/125,/126] . Let us
generalise for the moment and consider the case of N coincident D5-branes rather
than just two and consider the following ‘fuzzy sphere’ ansatz for the transverse
scalar fields:

X' =R(x"ot, i=1,2,3, (4.86)

where o' give some N x N matrix representation of the SU(2) algebra
[Oéi, Ozj] = 2ieijkak . (487)

We define the physical radius of the 5-dimensional transverse space as

R (a") = %Z Tr [X'(2")?] = N*CR(a")? (4.88)
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where C' is the Casimir of the particular representation of the generators under

consideration, defined by the identity
3
Y ala’ =Cly (4.89)
i=1

Now, given this ansatz the DBI action becomes

1 L. AR2H(1 - 2AR?H) ool
= —T5 | d®zSTr | —=/1 + N2HO,RO*Raici + 4
S 5/ x STr \/ﬁ\/ + 0,RO°Ra‘tal + [T IR Heaia, 0,RO*R
X \/ 1+ 4A2R4H2aiai) (4.90)
with
k2
H=1+4——5— (4.91)
R2aiat

where it is understood that H is an N x N matrix. Note that the symmetrized

trace in the action ensures that one cannot simply replace all o’a’ by the Casimir

C, there will be ordering issues which spoil this.

This action resembles a modified DBI action in flat background of N non-BPS
D5-branes proposed in [39], namely

1
SDB] = —T5/d61’ STI‘ (V(Eﬂ)\/l + 5 [T;,E] [E,E]

X \/_det (nab + /\aaﬂ (Q_l)ij alﬂ})) (492)

where

Qij = Indij — i [Tz,TJ] (4.93)

with T} = T'oy and T, = T'oy and there is no sum over ¢, j, with the inclusion of an
extra term with a o‘a; factor in the denominator. Now we proceed to study the
two limits of large and small R, which correspond to the probe D-branes being
close and far from the NS5’s respectively. The results quoted in these sections
are for the case where we ignore the contribution from the extra term, however
bear in mind that this term is present and unless it can be ignored by taking a

particular region of R space it may spoil these. It is not clear a priori whether
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this region exists or not and certainly deserves further attention, the difficulties
arise because of the extra factors of a;a' in the denominator which in order to
investigate require a full expansion of the square root factor and order by order

matching of the terms after performing the symmetrised trace manually.

3.3 The limit of Large radius

In this section we are looking for a limit of R space in which H — 1. Hence
we need R* >> kl? but, to obtain an expandable DBI action which is crucial
to performing calculations involving the Symmetrised Trace we must also have
AR? = 27I2R? << 1. In the approximation where we can safely ignore the second
term in the extra contribution in the square root (assuming this approximation
is consistent with the above limits for R) we obtain that the DBI action (4.90)

becomes:

1
S =T / dSzSTr (J_ﬁ\/l + X20, R0 Rav,amy/ 1 + 4/\2R4anan> o (4.94)

Expanding both square roots and performing the symmetrised trace manually

we find that this action is dual to

S =—T;5 / d°xSTr (V(TiTi)\/ 1+274 \/1 + X@aTaaTaioﬂ') (4.95)

under the map T = 2\2R'CN (where A = (/2\ and C is the Casimir of
the N dimensional representation generated by the «;) up to order A2R* which
given the choice of limit means this term is small and higher order terms are
progressively less important. This is simply the largeﬁ T expansion of ,
where to carry out this expansion one needs to be careful in the choice of 1 = 1,2
as detailed in [39)].

6large here is a slight misnomer, with the map used we still have T* << 1, which is important
for the latter action to be expandable
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The potential takes the form:

120kI2)\
V(T =1- = s .
V(T?) 57 (4.96)

which is simply the long range gravitational attraction between the D-branes and

the five-branes.

3.4 The limit of Small radius

In this section we are looking for a region of R-space where

kl?
o~ (4.97)

R2
which is achieved for R? < ki?. However we still want to have a DBI action which
is expandable, hence we also need R? > A\?kl%, which is a sensible enough region
provided R? is not too small compared to k% originally (recalling that A\ = 27[2).

We take the approximation where the extra term can be ignored to obtain:

S = T / dz STr (%\/ 1+ A?%lgaa}?aa Raiaiy/1 + 4A2(k;zg)2aiai>
If we set .
T = VklIn \/%S (4.98)
the previous action becomes,
S = T3 / d®x STr <ef%ls V1 +4X2(kl2)2aiain/1 + >\28GT8“T0@041>

which is the Tachyon-DBI action with Tachyon potential which is corrected from
T
the usual ev#s by terms which are derived by expanding the action, taking the

symmetrised trace and matching terms order by order.

Therefore the fuzzy sphere ansatz seems to provide a valuable avenue in order
to form a duality between the NS5 system and Garousi’s Tachyon action, at

least for the case in which the above mentioned approximation is valid. This is
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however not a trivial approximation and it’s validity must be investigated further
by explicit expansion of the DBI actions and order by order matching of the terms

before the duality can be claimed true overall.

3.5 Commutative Ansatz

Here we shall consider a different ansatz to that in the previous section. In-
spired by [97], where purely radial fluctuations of the fields on the branes give a
geometrical description of a dual Tachyonic system, we re-write the non-abelian
action in terms of a radial “direction” defined as X™X,, = R?, and we parametrize

the scalar fields as
X" = (0.6, 0)R (4.99)

where f™ are angular functions with f™f,, = 1 and R is an adjoint valued U(2)
matrix which we rewrite as a linear combination of U(2) adjoint matrices o, in

the following way
R = R,(£)a” (4.100)

where we have also included the U(1) field Ry and defined oy = 1. With
this parametrization it is clear that the commutator of the scalar fields vanishes
[X™ X™ = 0, in particular, @™ = ¢ . Thus in contrast to the fuzzy sphere

ansatz of the previous section, one might call this a ‘commutative’ ansatz.

The action of the D5-brane pair becomes:

1
S =—T; / d®r STr (\/—ﬁ \/—det (M + HD,R*D, Rbaycxy, + Fm/)) (4.101)

where

H=1+ il (4.102)
XX, '
where again it is understood that H is an N x N matrix, and
X"X,, = (Roag)? + 2Ry Rl + (Rie;)? (4.103)

This action resembles that of two non-BPS D5-branes proposed in [86] in the case
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of vanishing transverse scalar fields:

S=-T; / dSz STr (V(T) \/ —det (g + AD,TD,T + /\FW)) L (4.104)

3.6 The limit of Small radius
In the limit in which Ry ~ Ry ~ Ry ~ R3 ~ 0 the action (4.101)) reduces to

S =

0, Ro0" Rya3 + 20, Ry0*Ricv; + 0, RIO*Ricv;cv;
(R0&0)2 + 2R0Ria0ai + (Riai)Q

—T5 d®z STr—\/l + ki2-£

If we set
T = Vkl,In (R"a,,) = In R (4.105)

the above action becomes

S=— / Sz STy <V(T) W) (4.106)

and in this limit the potential is given by

e
Vi,

If we define T" = T™aq,, then in order to obtain an explicit expression for the
different components T™ of the Tachyon matrix we would expand (4.105) and

match order by order each 7™ components on the l.Lh.s. with the respective a,,

V(T) = -2 evin (4.107)

component on the r.h.s.

There is an important point which must be noted here. The map is non-
linear and hence to show that the duality truly holds one needs to show that this
non-linearity is consistent in the symmetrisation procedure. The result quoted
above for the dual action is true only under a symmetrisation with respect to the
original field R, and not the new field 7', which is what it would have to be in
order for it to be the Tachyon DBI action. In order to show that this action is
dual even under the symmetrisation procedure one needs to expand the original

action in terms of R, perform the symmetrisation and then match order by order
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under a linear map for 7. For this case this is a hard task due to the difficult

powers of a;o; appearing in the expansion.

Note that this form of the map allows one to map the fully non-abelian actions,
including the covariant derivatives. In particular, using eq. (4.105)), under the STr

we have that

D.R

OuR + i[Au, R] (4.108)
— VELeV T 9,T + iVkly e [Ag, T] = VE, e DT (4.109)

where in the second line we used the fact that [f(R), 0,.] = f'(R)[R, 04] for f(R) a

continuous power series function of a matrix R = R%v, (see . This means that

LDaRD“R = D, TD*T + VL I

> D,T]. 4.110
R2 R2? [exp \/Els’ ] ( )

The symmetrized trace STr in the action will ensure that the commutator vanishes
everywhere, so the non-abelian map including the covariant derivatives is realised

in this limit.

3.7 The limit of Large radius

In the other case, namely when Ry ~ Ry ~ Ry ~ R3 — 0o the map is realized
if we set

T=R (4.111)

and it is trivial to map the components of T" with those of R. In this case the

Tachyon potential becomes

Ty 1 k2
T+ 7

which is the long-range gravitational attraction between multiple D5-branes and
the NS5 branes.

In this limit it is trivial to map the covariant derivatives in the action, one

simply has D,T = D,R and also note that there are now no symmetrisation
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issues in matching the actions.

3.8 General solution

Given the ansatz in eq. , we would like to show that one can find a
general map for all values of R between the two actions and .
In [97], it was shown that for the case of a single probing D-brane (where now R
is a function rather than a matrix) one could map the two systems by finding an

analytical solution to the following differential equation:

ar

T = VH(R) (4.113)

and by identifying the Tachyon potential with the harmonic function H as follows:

V(T) = ;5( = (4.114)

In the small and large R limits the map gave useful insight into the dynamics
of the probing brane and provided useful information regarding rolling Tachyonic
solutions [97] and the nature of unstable D-brane systems. In the non-abelian

case, the general requirement to realise the map is
STr(HD,RD,R) = STr(AD,TD,T) (4.115)

When the system is promoted to a non-abelian one such a map is still possible.
However, one needs to be careful with the choice of definition of H. One possibility
is that H can be thought of as a matrix, in which case H(RR) depends in a general
way on the matrix product of R, or we could understand H to depend on R via the
non-abelian distance H(Tr(R?)) so that H is a function and not a matrix. We will
see in the following analysis that the choice is important. Careful string scattering
calculations should reveal the true form of the Harmonic function appearing in the
non-abelian DBI action and we think that once these calculations are performed
the functional form of H will be obtained. However, being unaware of this result
in the present literature, we decided to pursue both routes and obtain significantly

differing results.
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3.9 H function

Consider the case where H is chosen to be a function. We will show here
that analytical solutions for T'(R®) still exist and furthermore that they yield
the expected single brane results of [97] in the abelian limit. We consider the

simplifying case where the gauge fields are turned off.
In this case we define a physical radius as

3
1 1. -
R =) XX = NTrR2 =R+ R+ R3+ R (4.116)

m=1
With this choice one hadl

Kl kl2

H(XmX™) = 14—
( A 3 R o Sy Ty ey

(4.117)

In this case we can solve the full map analytically. For every value of R we need

T = /H(R2)I,R . (4.118)

If we write T'= T™«,,, then for each m = 0,...3 we have to solve

to solve

kl2
9, T™ = (|1 : 9,R™. 4.119
8 \/+R3+R%+R§+R§“ (4.119)

In the abelian case with a single D5-brane we would find the solution

k;l2 VEE2 4+ R? —
1 + k2 + R? + = TF*(R 4.120
/ \/k;l2+R2+\/_l (&) | )

where T*" refers to the Tachyon field of the single probe brane case of [97]. B

contrast, in the non abelian case we have to solve, for example, for the m = 0

"Notice that another ansatz which makes H a function is H (X™X™) ~ TrH (X™X™).
This ansatz would lead to different results from those we find below and we do not pursue this
approach any further.
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component

kl2 , 1 (Ro d’
/ 1+ deo = —iy/d? + klgE <Z sinh <7) ,m (4121)

where we define d*> = R} + R% + R3 for simplicity and E(z,w) is the incomplete
elliptic integral of the second kind. Although it is trivial to take the limit in
which d — 0 on the Lh.s., one has to take care with this limit on the r.h.s. due
to divergences appearing in the argument of the elliptic integral . In order to
explore the differences between the abelian and non-abelian case it is instructive
to expand the explicit expression for the integrand on the L.h.s. in the limit in
which R} + R3 + Rj < R} Then we obtain:

2 1 —1 ( Vkls
1 d2 Risinh (_Ro )

T, = TF(R —— | K2+ R -

0 ( 0)+4R§ s VEl,

~o((@)

the second term here denotes the non-abelian corrections to the abelian result.

For reference we write below the full solution for all m

i 1 R? - R?,
R*—R2 | " ki2+ R2 - R2,

i sinh™!

(R — iz K2 + B2 — R

for m = 0,1,2,3. where R> = R2+ R} + R+ R? and R, corresponds to the

component of T}, one wants to solve for and ¢(R/7™) is an integration constant.

3.10 H Matrix

In this case we would like to solve the map (4.115)) where H is in general a
non-diagonal matrix. The map is non-trivial (in the case where no particular limit
for R is taken) unless H is diagonalised, this can be achieved by choosing an a

priori diagonal ansatz for R. In this case the full U(2) symmetry of the problem
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would be broken to U(1) ® U(1). To illustrate this take R = R0y + R®03, then

N RV 0\ [ dr'+ar? 0
0 /11— % 0 dR°—dR?
(4.122)

and substituting for R, = R+ R} R_. = R - R* T, =T+ T3 and T_ =

T° — T3 then one arrives at the map

kl2

dT, = /1— —2dR, (4.123)
Ry
kl2

dT- = [1— —=dR_ (4.124)
R 2

which has as solutions two copies of the solution found in [97]. In particular, the

action

1
_ 4 _ o
S = T5/d xSTr\/_ (ﬂ HOL,RO R) (4.125)

becomes

Sy = —T5/d4x (eﬂl V1= 0,T.0°T, + evVis /1 — aaT_aaT_) (4.126)

which is the U(1) ® U(1) symmetric double copy of the single brane case. This
is to be expected from a diagonal ansatz, the D-brane probes effectively separate

and have independent single probe dynamics.

3.11 Dynamics of the Coincident Brane set-up

In the case where H is regarded as a diagonal matrix we have seen the effec-
tive action is just the direct sum of two independent actions each describing the
dynamics of a single probe D5-brane, which has already been investigated in [97].
Regarding H as a function of the non-abelian distance defined in eq. pro-
duces a dynamical system where there is a non-trivial interaction between the
probe branes if we choose to separate them (which breaks U(2) — U(1) x U(1)) .

Such an interaction vanishes in the flat space limit, as one would expect because
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then the probe branes are fully BPS and no force exists between them whether

separated or coincident.

We take a symmetrical parametrization of the scalar fields, and demand that

they depend only on time ¢ via
X7() = 70,6, R(E) (4.127)

Starting from the following actionlﬂ

1
S = —T5/d6,17 STr (\/—ﬁ\/—d€t (77/“, + H@uR(‘?VR)) s (4128)

we make a diagonal ansatz for the scalar field R

R = RQO'O + R30'3 (4129)
and finally we set
= Ro+ R

One finds the action (4.128)) reduces to

S =Ty J%;%§<\M.—H¢2+ 1—}{%) (4.131)

where the harmonic function H is now given by

Kl

H=1+
X2+¢2

(4.132)

The equation of motion that follows in the limit in which ¢ ~ y < ki2 is

& (i +d (0 ki)

¢ N ¢ 9 =0
2 42 . 21 42 ; 21 42 ; 9, 19 .\ 3/2 o
/{:l? /Xlergd) — 2 klg /% — @2 /% — ¢? klg (Xlergd) _ ¢2>
(4.133)

8We set again the gauge fields to zero manually
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with an analogous one in which x and ¢ are interchanged. Exact solutions to these
equations are hard to find but one can consider the conservation of the energy
which results in a simpler first order differential equation. The energy E of the
system is defined as

E=Pyp+Px—L (4.134)

and we investigate the following ansatzﬂ
1

o = §(R0 +C) (4.135)
1

X = §(R0 -0C) (4.136)

where C'is a constant. In the small Ry limit the conservation of the energy gives

2 2(C°+ R} ATZ(C*+ RY)

Ry = 4.137
’ l2 B2 (ki2)? (4.137)
By imposing reality of the solution one obtains an important inequality
2kI? 472
) -1 4.138
Ri+C*~ E2 7 (4.138)

we see that there are solutions at a critical energy E..;; = 275 which can escape

to infinity.
The energy equation (4.137) has analytical solutions for C' non-zero

2 T2 T2 27202
S+ 2RO iy 1+ 2R 2y,
e\ T T T T cl’—E2+2T§C’2]

(4.139)

where ¢; is an integration constant. In Figure 1 we present a plot of this solution

Ry = +iCJacobiSN

(with given choice of signs ) for certain values of the parameters E| k, [, ¢; and the
parameter C' = 0,0.01,0.1. They all correspond to the regime where the throat
approximation to H is valid. The case C' = 0 corresponds to the abelian case
where Ry(t) describes motion which is isomorphic to that of a single probe brane

in an infinite throat, with energy less than the critical energy required to escape

9by a slight abuse of notation we have used the notation Ry though it is not strictly exactly
the same as the quantity occurring in eq. (4.129).
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to infinity [97]. What is particularly interesting in the case where C' 2 0 is that
the solutions appear to bounce, at least if we identify the solutions with negative
values of Ry as separated probe branes moving up the throat. This does not
involve patching two distinct solutions together dis-continually, it is an issue with
how to exactly interpret the negative Ry solutions. After all only R* = R2 + C?
makes sense in this setup. Looking at Figure 4.1 we see that plotting RZ would
mean that the solution is “bouncing” as described above. Looking at the harmonic
function H it is clear that in the case C' # 0, the geometry seen by the probes is
one of a finite cutoff throat, with C' acting as a cutoff parameter. So the resulting
centre of mass dynamics of the separated probe pair is equivalent to a single probe

brane moving in a cutoff throat background.

In this interpretation, the sub-critical energy probe falls down the throat but
then reflects off the boundary and back up the throat reaching a certain maximum
distance, the motion being repeated forever. It’s clear from the plots that the
period of oscillation increases with decreasing C'. This makes sense as in the limit
C' — 0 we recover the solution found in [97] which does not oscillate (at least not
in coordinate time ¢ ) but corresponds to an infalling probe brane taking infinite
coordinate time to reach the throat bottom. By patching the two solutions (which
differ by a minus sign) together in the regions where Ry(t) is negative one finds
an explicit change of sign in the velocity Ro(t) of the branes as they reach the
throat cutoff, as is expected from a perfectly elastic bouncing solution. We now

investigate the behaviour of the string coupling with time using the relation
e*? = g,H(Tr(RR)) (4.140)

In Figure 4.2 we show a plot of the effective string coupling using the solution
(4.139), valid in the throat approximation. The thick curve corresponds to the
abelian case C' = 0 and shows, as one expects, a rapidly increasing effective string
coupling as the probe falls down the infinite throat. Thus after some time ¢t = t,,,4,
the solution is no longer within the perturbative string approximation. As argued
in [97], the value of t,,,, depends analytically on the energy F of the probe and
there is an energy ‘window’ g,75 < E < T5 for which the probe brane moves in

the throat and remains within perturbation theory.

By contrast , the case where C' # 0 (regular and dashed curves in Figure 2),
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—04f

Figure 4.1: Plots of Ry vs t. The bold curve has C' = 0 and corresponds to the

abelian case. The continuous regular curve corresponds to C' = 0.01, and finally

the dashed curve to C' = 0.1. In all cases we have chosen 22 10, ¢4 =0 and

B2
k2 =1

we see the effective coupling as oscillating in time as the probes oscillate in the
throat. By choosing the value of E and/or C it is possible to control the motion
such that the string coupling is always in the perturbative regime and for the

probes to remain in the throat region for all time.

Due to the complexity of the solution (4.139) one cannot derive a simple ex-
pression for a bound on the energy and/or C' in order for the above to hold, even
for small C'. Instead one has to use the full expression for the JacobiSN function

for C' # 0 and thus we are limited to numerical plots as in Figure 2.
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Figure 4.2: Plots of the effective string coupling e? vs t. The bold curve has C' = 0
and corresponds to the abelian case. The continuous regular curve corresponds
to C' = 0.01, and finally the dashed curve to C' = 0.1. In all plots we have chosen

2]33252 =10, ¢; = 0 and ki? = 1. The value of g, = 0.0001.
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CONCLUSIONS

This thesis has concentrated on non-abelian aspects of D-Brane world-volume
dynamics, specifically focussing on the fate of the open string Tachyon. In chapter
we initially considered the generalisation of Sen’s Tachyon condensation mech-
anism to the formation of two coincident BPS D8-branes on the world volume of
Tachyon kink-like configurations of two coincident non-BPS D9-branes. We found
a natural extension of Sen’s regularisation of the singular Tachyon kink profile, to
the case of U(2) Tachyon valued field in the latter theory. What is apparent is the
very different properties of the Str vs T'r prescription in taking the gauge trace
in the non-abelian, non-BPS DBI action. The former leads to a series of very
complicated terms that mix D,T’, F,, and more problematically individual 7" in
the Tachyon potential V(T'). In particular, the latter consequence of taking Str
over gauge indices makes it very difficult to see Tachyon condensation occurring
in a way that is calculable and which yields the Str prescription of the action of
two coincident BPS D8-branes.

Starting with the T'r prescription however, we have explicitly shown that
Tachyon condensation gives rise directly to the BPS action of two coincident
D8-branes. This stark contrast between the Str and T'r prescriptions, parallels
similar issues found by Garousi in [37] regarding the existence (or not) of vortex
solutions in Brane-anti-Brane actions derived from coincident non-BPS D9-brane

actions with T'r or Str prescriptions.

Regarding further work in this area, firstly, it would be interesting to investi-
gate non-abelian Tachyon condensation, along the lines presented in this thesis,
where one starts with e.g. two coincident non-BPS Dp-branes with p < 9. Then
one expects to find the action of two coincident D(p—1) BPS branes after Tachyon
condensation. The resulting action should presumably have the same structure as

the one proposed by Myers [29]. Since the latter action is obtained via T-duality
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of the coincident D9-brane action, understanding the details of how non-abelian
Tachyon condensation works in this case would allow us to see if T-duality ‘com-
mutes’ with it. On the other hand, since the Myers action has a Str prescription,
it is by no means obvious how one may realise such actions through the process of
non-abelian Tachyon condensation. Secondly, there are obvious extensions of our
results to the case of multiple coincident non-BPS D9-branes and Tachyon con-
densation leading to the action of multiple coincident BPS D8-branes. Finally, it
would be interesting to show how one can inherit the correct Wess-Zumino terms
for the BPS D(p — 1) branes from those that are part of the non-BPS action re-
cently proposed in [127,|12§].

Next, we investigated co-dimension 3 magnetic monopole solutions arising from
the DBI-like action of two coincident non-BPS D9-branes. We showed the exis-
tence of singular monopoles that require regularisation in a similar fashion to the
kink and vortex soliton solutions investigated by Sen in [30]. An analysis of the
fluctuations shows that in the limit where the regularisation is removed, we recover
the correct DBI action corresponding to a single BPS D6-brane. This extends the
earlier results found by using truncated DBI like actions |[119]. Our results are
complementary to those presented in [123] within the BSFT framework, where
the authors showed that the basic Tachyon monopole ansatz survives all higher
order derivative corrections. Our results put magnetic monopoles alongside kinks
and vortices as the possible products of Tachyon condensation occurring in the
full non-linear, non-BPS DBI actions and which yield fluctuation spectra that are
described by the full DBI action corresponding to co-dimension 1, 2 and 3 BPS

branes.

These results were obtained within the framework of the non-BPS action pre-
sented in [37]. Recently, [39], a modified version of this action (based on the
results of [129,/130]) has been proposed (this was important also in the discussion
in chapter . In this modified version, the Tachyon field carries internal Pauli ma-
trices o1 and 0y and was obtained by considering the disk level S-matrix element
of one Ramond-Ramond field and three Tachyon fields. In [39] the modified action
was shown to be consistent with the S-matrix element of one gauge field and four
Tachyon fields. The modified action amounts to a multiplication of the Tachyon

potential V(T;) in the symmetrized trace version of the non-BPS action [37] by
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a factor \/1 + 3[T;, TH)[T;, T;] where T; = To;, i = 1,2. For large Tachyon field
values it was argued in [130] that one may compute the Str by expanding V(T;)
and that such modifications resulted in effectively the potential V' (T") being multi-
plied by a factor of T#. The resulting modified potential still vanishes as 7" — oo,
so Tachyon condensation is still expected to occur. Indeed one might argue that
since the Tachyon field configurations describing kinks, vortices and as we have
shown, monopoles, are ‘large’ almost everywhere in the regularised theory (the
Tachyon field is infinite everywhere except at the maximum of V(7') where it is
zero, in the unregularised theory) this large T approximation is justified. Never-
theless it would be interesting to see the details of Tachyon condensation in such
a modified DBI action, including an analysis of the fluctuation spectrum, and to
see if they give the same results starting with the unmodified action in [37]. A
first glance shows that at the very least, the formulae for the various tensions of
the co-dimension 1, 2 and 3 BPS branes will change in that V(T") will be replaced
by V(T)T*.

Note that we have only discussed Tachyon condensation in flat space. When
one considers curved backgrounds there are non-vanishing Ramond-Ramond forms
and thus Wess-Zumino (WZ) terms appear in both the actions of BPS and non-
BPS branes. Therefore it is natural to consider the origin of such Wess-Zumino
terms when BPS D-branes emerge as a result of Tachyon condensation. This has
been studied some time ago in [124] in the case where a normal trace (as opposed
to symmetrized trace) prescription is taken for the WZ term in the non-BPS D-
brane action. More recently [128] and [127] have studied higher order derivative
corrections to the WZ terms in non-BPS D-brane actions via disk amplitude S-
matrix calculations. It is certainly an interesting question to consider how such
corrections modify the results of |[124] when one considers Tachyon condensation

producing codimension 1, 2 and 3 BPS D-branes.

Finally we attempted to generalise the notion of Kutasov’s geometric interpre-
tation of the open string Tachyon, in the scenario where a D-brane is moving in a
background geometry of k& NS5 branes that render the system non-BPS [97]. The
generalisation we investigated considered a pair of coincident probe Db5-branes
moving in this background instead of a single probe D5 brane discussed in [97].
The single real geometric Tachyon field that appears in the single probe case is,

in the simplest scenario, related to purely transverse radial motion of the probe.

109



CHAPTER 5. CONCLUSIONS

This system is abelian in that there is a U(1) gauge theory on the probe brane

world volume.

When we consider the case where, for example, one has as a probe two co-
incident D5-branes, then the situation becomes more subtle. Firstly the probe
world-volume now supports non-abelian U(2) gauge fields and secondly, as is well
known, the coordinates transverse to this probe stack become matrix valued.
This latter phenomenon raises the question of how one interprets the geometri-
cal quantities such as the harmonic function H sourced by the NS5 branes. In
one interpretation, we can define a notion of non-abelian distance in the trans-
verse matrix geometry via the quantity 7r(X™X™) where X™ are the matrix
valued transverse coordinates. Then H(X™) can be thought of as a function via
H = H(Tr(X™X™)). Another possible interpretation is that H becomes a matrix
through its dependence on X™.

Both definitions seem to give rise to well defined actions since ultimately the
Lagrangians are matrix valued objects in each case and Str is taken over all free
gauge indices. However as we have shown, the resulting definition of the matrix
valued geometric Tachyon field and the resulting dynamics is different in the two

interpretations.

As an illustration of this we saw that in the case where H is treated as a
function of non-abelian distance defined above, the Tachyon map can be found
exactly and in the limit where the U(2) adjoint valued radial coordinate R is
dominated by the terms proportional to the 2 x 2 identity matrix, we recovered

the single probe brane Tachyon map of Kutasov.

On the other hand, a general solution for the Tachyon map in the case of H
being a matrix is very complicated and its explicit form is not known. However we
found that at least in the symmetry breaking case where U(2) — U(1) x U(1) the
system reduces to two non-interacting copies of single geometrical Tachyon fields.
By contrast, the same U(2) breaking configuration of the probe stack, in the case
where H is a function and not a matrix, yields a dynamical system involving two

coupled geometric Tachyon fields.

In this case we found analytic expressions for homogeneous time dependent
solutions at least in the situation where we consider only diagonal degrees of

freedom in the non-abelian Tachyon field, which corresponds to U(2) symmetry
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breaking. Interestingly we found oscillating or ‘bouncing’ solutions in this case
where the separation parameter between the two D5 probes acting as an effective
cutoff on the NS5 brane infinite throat.

It would be very interesting to find (even numerically) dynamical solutions
which involve the full non-abelian degrees of freedom in the U(2) valued Tachyon
field in the action [2.43] including non-vanishing gauge fields. Another extension
is to look at different arrangements of background NS5 branes other than the
point like ones considered in this thesis. For example one can also consider the k
NS5 branes arranged around a ring of finite radius. This is a known supergravity
solution and the corresponding metric and harmonic function are known [131,]132].

This would extend to the non abelian case the results found in [106].
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APPENDIX A

DIRAC QUANTIZATION OF
MAGNETIC CHARGE

To evaluate the magnetic charge associated to the ansatz (4.55), we need
to have a definition of the magnetic field. In a U(2) gauge theory, there is no
unambiguous definition, but in a spontaneously broken theory, with unbroken
group U(1), provided that the fields are close to the vacuum, a magnetic field can
be defined:

1 A
EM __ a a
FEM = 5FWT (A.1)

where 7 is a unit vector that points along the direction of the ‘Higgs’ field (in
xa

the present case the adjoint tachyon field 7%). In particular, T = - and the

physical magnetic field becomes:

Bi = §€iij1jk = Z__LEleF}k7 . (A2)
To find the total magnetic flux which is equal to the magnetic charge m, we have
to integrate the magnetic field over S2 , the 2-sphere at infinity. The magnetic
charge m enclosed in some Gaussian surface ¥ enclosing the magnetic charge

density is given by

1 a
m= [ BdS;=lim < [ e;F8%—dS; (A.3)
S2 T

Sgo r—00

Now dS; = eijkda:j A dx*, so

o L
m =t 5

¢ .
/ Fi=—da’ A da* (A4)
S2 T
in polar coordinates, we can write

da? A da® = 0,57 (1,0, ¢) 02" (r, 0, ¢) dE™ N dE™ (A.5)
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where £, n = 1,2, correspond to the coordinates ¢ and ¢. We have

m — lim - F& 0,02 (r, 0, $)D,2* (r, 0, )de™ A de™
r—00 S2 T
— lim F;¢Md9d¢ (A.6)
r—00 S2

where the S? has radius r. Using the definition of 2%(r, 6, ¢) and the expressions

derived before for Fyy we find

m = —%/ sin @ dfdy = —2m (A.7)
S

2
The Dirac quantization of magnetic charge requires that

S (A.8)

e

for a charge m magnetic monopole where e is the electric charge. From the
definition of the covariant derivative of the tachyon field T it is clear that e = —1.

So for an n = +1 magnetic monopole, the magnetic charge is

m = mn —27 . (A.9)
e
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APPENDIX B

PROOF OF COMMUTATION
RELATION

In this appendix we wish to prove the relation
[f(R),00] = ['(R)[R,00] + O([,]) (B.1)

for f(R) a continuous power series function of the matrix R and o, the usual
Pauli Matrices, O([,]) denotes terms which are pure commutators involving the
matrices R and o, which will be unimportant due to the explicit symmetrisation

over the Trace in the action.

Proof: Let f(R) be a continuous power series function of the matrix R, then

f=Y eR" (B.2)

for some coefficients c,,.

Hence

[f(R),04] = cn[R™, 04)

¢ (R R, 0, + [R", 04)R)

2
> n[R"'R, 0] (B.3)
2

114



APPENDIX B. PROOF OF COMMUTATION RELATION

which becomes
=Y ca (R"'[R, 0] + [R" R, 0,]R)
= Zn: en (R"[R, 00] + R"?[R",04]R + [R"™*, 04| R?) (B.4)
_ééqJR”ﬂRmﬂ+JW4(Rm¢m—{RJRJ$)+UW4¢MR5
but
R"?[R,[R,0,)] = 2[R"", Ro,] (B.5)

and hence all such terms arising in the expansion are pure commutator terms.

By induction one derives

=Y (nR"'[R,0.) +O(]) = F(R) +0O(]) (B.6)

which is the result set out to prove.
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