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Homogenization of oxygen transport in biological tissues

Anastasios Matzavinos and Mariya Ptashnyk

(Received 00 Month 20XX; final version received 00 Month 20X X)

In this paper, we extend previous work on the mathematical modeling of oxygen transport
in biological tissues [23]. Specifically, we include in the modeling process the arterial and
venous microstructure within the tissue by means of homogenization techniques. We focus
on the two-layer tissue architecture investigated in [23] in the context of abdominal tissue
flaps that are commonly used for reconstructive surgery. We apply two-scale convergence
methods and unfolding operator techniques to homogenize the developed microscopic model,
which involves different unit-cell geometries in the two distinct tissue layers (skin layer and
fat tissue) to account for different arterial branching patterns.

Keywords: Oxygen transport; homogenization; two-scale convergence; unfolding method;
thin domains; arterial branching pattern; tissue engineering; DIEP tissue flap; reconstructive
surgery.

AMS Subject Classifications: 35-XX, 74Q10, 74Q15, 96-XX

1. Introduction

Flow of blood and delivery of oxygen within a tissue is an area of intense research
activity [11]. At the larger end of the scale, flows through branching vessels have
been studied extensively [5, 31, 32]. At the capillary scale, detailed experimental
and simulation studies of flows in the microvasculature have been carried out [13,
24, 30, 33|, taking into account such factors as changes in the apparent blood
viscosity with vessel diameter, and separation of red blood cells and plasma at
bifurcations [20].

A more coarse-grained approach, pursued by several authors, has been to treat
blood flow through the vascular network as akin to fluid flow through a porous
medium. On a smaller scale, this approach was used by Pozrikidis and Farrow
[29] to describe fluid flow within a solid tumor. More recent work by Chapman
et al. [7] extended this approach to consider flow through a rectangular grid of
capillaries within a tumor, where the interstitium was assumed to be an isotropic
porous medium, and Poiseuille flow was assumed in the capillaries. Through the
use of formal asymptotic expansions, it was found that on the lengthscale of the
tumor (i.e., a lengthscale much longer than the typical capillary separation) the
behavior of the capillary bed was also effectively that of a porous medium. A
more phenomenological approach was taken by Breward et al. [6], who developed a
multiphase model describing vascular tumor growth. Here, the tumor is composed
of a mixture of tumor cells, extracellular material, and blood vessels, with the model
being used to investigate the impact of angiogenesis or blood vessel occlusion on
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tumor growth. A similar model was used by O’Dea et al. [28] to describe tissue
growth in a perfusion bioreactor.

Matzavinos et al. [23] adopted a similar multiphase modeling approach to inves-
tigate the transport of oxygen in abdominal tissue flaps, commonly used for plastic
and reconstructive surgery. Among existing types of abdominal tissue flaps, the
deep inferior epigastric perforator (DIEP) flap is a central component in the current
practice of several reconstructive surgical procedures [14]. Nonetheless, complica-
tions such as fat necrosis and partial (or even total) tissue flap loss due to poor
oxygenation still remain an important concern. Gill et al. [12] reported that in
their study of 758 DIEP cases, 12.9 percent of the flaps developed fat necrosis and
5.9 percent of the patients had to return to the operating room. In view of these
data, Matzavinos et al. [23] investigated computationally the level of oxygenation
in a tissue given its size and shape and the diameters of the perforating arteries.
The approach adopted in [23] considered a multiphase mixture of tissue cells, ar-
terial blood vessels, and venous blood vessels, distributed throughout a domain of
interest according to specified volume fractions.

In this paper, we improve upon the coarse-grained description of [23] by employ-
ing a homogenization approach that takes into account the detailed microstructure
of arterial and venous blood vessels. The microscopic model under consideration
tracks the flow of blood in a specified geometry of arteries and veins within a tissue
flap and the transport of oxygen in arteries, veins, and tissue. A two-layer tissue
architecture is adopted that involves different unit-cell geometries (accounting for
different arterial branching patterns) in the two distinct tissue layers. We apply a
combination of two-scale convergence methods [3, 27] and unfolding operator tech-
niques [8-10] to homogenize the microscopic model. Our main results are Theorems
2.1, 2.2, 2.5 and 2.6 on the macroscopic equations for the blood velocity fields and
the oxygen concentrations under different scaling assumptions for the two tissue
layers. Moreover, in Theorems 5.3 and 5.6, we generalize to thin domains existing
convergence results for the periodic unfolding method.

Derivations of the effective macroscopic equations are important for an accurate
numerical simulation of the oxygen distribution in biological tissue. To address
different structures of tissues, we consider two different cases which correspond to
different scaling regimes: (i) the depth of the skin layer is of the same order as the
representative size of the microstructure and (ii) the depth of the skin layer is much
larger than the size of the microstructure, but much smaller than the depth of the
fat tissue. For both cases we obtain the Darcy law as the macroscopic equation for
blood flow in fat tissue. In the skin layer, we reduce the interface at the bound-
ary of the fat tissue layer to two dimensions and obtain the Darcy law with the
force term defined by inflow or outflow of blood from the fat tissue layer. We obtain
reaction-diffusion-convection and reaction-diffusion equations as macroscopic mod-
els for oxygen transport in blood and tissue oxygen concentrations, respectively.
The transport of oxygen between tissue and arterial blood on the surface of the
blood vessels is represented by the reaction terms in the macroscopic equations.
Additionally, in the macroscopic equations for the oxygen concentration in the skin
layer, we obtain the source terms defined by the inflow and outflow of oxygen from
the fat tissue layer.

The main difference in the results for the two cases is that the unit cell problems
are distinct, hence we obtain different effective permeability tensors and diffusion
matrices. Thus we obtain different flow velocity and oxygen concentration transport
equations depending on the relationship between the thickness of the skin layer
and the structure of the blood vessel networks. The macroscopic equations derived
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Figure 1. Two dimensional schematic representation of a three-dimensional rectangular domain repre-
senting an abdominal tissue flap. The top layer of unit cells (denoted by A€ in the text) corresponds to
the dermic and epidermic layers of the skin, whereas the remainder of the domain (denoted by € in the
text) corresponds to fat tissue. Only the arterial blood vessels are shown in the fat tissue layer. Arteries
(in red) and veins (in blue) are shown in the skin tissue layer, which is characterized by the presence of
arterial-venous connections, i.e. geometric regions where arteries and veins meet.

from the microscopic description of the processes take into account the microscopic
structure of blood vessels network and provide a more realistic model for the oxygen
transport in biological tissues.

The literature on the homogenization of fluid flows in porous media is vast (see,
e.g., [2, 4, 16, 25, 34] and the references therein). Some representative results in this
area are as follows. The macroscopic equations for water flow between two porous
media with different porosities were first derived in [19]. A multiscale analysis of the
Stokes and Navier-Stokes problems in a thin domain was conducted in [22], where
the authors considered applications to lower-dimensional models in fluid mechanics.
Various results on the multiscale analysis of reaction-diffusion-convection equations
in perforated domains with reactions on the surfaces of the microstructure can
be found in [1, 16-18]. Macroscopic equations for elliptic and parabolic reaction-
diffusion equations posed in domains separated by a thin perforated layer (e.g., a
sieve or a membrane) were derived in [10, 26]. From a mathematical perspective,
the novelties of this paper include (a) the analysis of the flow between a fixed-size
domain (fat tissue layer) and an e-thin layer (skin layer) under an appropriate
scaling of the transmission conditions, and (b) a different scaling of the reaction-
diffusion-convection equations than the one commonly used in the literature (see,
e.g., [26]).

The paper is organized as follows. In section 2, we collect the main results of
the paper. In section 3, we formulate the microscopic model to be analyzed in the
remainder of the paper, initially under the assumption that the depth of the top
(skin) layer has the same length scale £ as the unit cell of the fat tissue layer. In
section 4, we define the notion of weak solution used in the paper, and in section 5
we provide a priori estimates for the solutions of the microscopic model and prove
convergence results for the unfolding operator for functions defined in thin domains.
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(a) Lower layer unit cell (b) Upper layer unit cell

a

Figure 2. Two-dimensional schematic representation of the two distinct, three-dimensional unit-cell ge-
ometries used in the microscopic model: (a) unit-cell geometry corresponding to the lower layer, i.e. the
fat tissue layer; (b) unit-cell geometry corresponding to the upper layer, which represents the dermic and
epidermic layers of the skin. Only the arterial blood vessels are shown in the fat tissue layer.

These estimates are used in combination with an unfolding operator approach [8—
10] to prove the convergence of the solutions of the microscopic equations as £ — 0.
In sections 6 and 7 we derive the homogenized, macroscopic equations for the blood
velocity fields (in arteries and veins) and the oxygen concentrations (in arteries,
veins, and tissue), respectively. Finally, in section 8, we relax some of the scaling
assumptions of the previous sections, and we assume that the depth of the top
(skin) layer is of a different length scale than the unit cell of the fat tissue layer.

2. Formulation of the main results

In this section, we collect the main results of the paper. The notation used is
further explained in section 3. As discussed in the introduction, we are mainly
concerned with the derivation of macroscopic equations for oxygen transport in
a two-layer tissue architecture using different scaling assumptions for the distinct
layers. The microscopic geometry that leads to the macroscopic models of this
section is discussed in sections 3 and 8.

2.1. Macroscopic coefficients and unit cell problems

First, we formulate the macroscopic coefficients and the unit cell problems that
will be obtained in the derivation of the macroscopic equations. We differentiate
between two cases which correspond to skin tissue layers of different relative thick-
nesses (see section 3 for an explanation of the terms involved).

Case 1

If the thickness of the skin layer (see Fig. 1) is of the same order as the microscopic
structure, then the macroscopic permeability matrices ; and K for the blood flow
are defined by

g 1 : . 1
/Cﬂz/w“ydy, K = / @y (y) dy, 1
l ‘Y’ Y, l,j() | 7. j () ()

|Z
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where wli and @™ are solutions of the unit cell problems

{—uAywli—l—Vywli—ei, divwa:O iny, i=1,...,n, l=a,v, @)

w =0 on Iy, w!, m Y, — periodic,
and
—pAQ" + V" = ey, divyw™ =0 in Zg, m=1,...,n—1,
(2uSyw™ —7™I)n x n =0, W™ n=0 on Z9 . (3)
O™ =0 on Ry UZL, w™, #™  Z — periodic.

The macroscopic diffusion coefficients A; and A, in the limit equations for the
oxygen concentration are given by

A’Lj _ / D’Lj + Dzk it B d ,
I Y] v { l (y) ; 1 (y) Oyk] Y

i1 L n .
A= | [Pl + 30 D) g, o

~J

k
where [ = a,v, s and m = av, s. The functions w; and w,, are solutions of the unit
cell problems

—divy(Dl(y)(Vywlj +ej))=0 inY, forli=a,v,s, j=1,...,n, (5)
Di(y)(Vyw] +e;) - n=0 onTy, w] Y — periodic
and
—divy (D (y) (Vyiily +€j) =0 in Zyp,
Dm(y)(vy’uﬂn +e)-n=0 on Ry, on Z0 U ZL (6)
Wi, Z—periodic, form=av,s and j=1,...,n— 1.
Case 2

If the thickness of the skin layer is (a) considerably larger than the characteristic
size of the microscopic structure and (b) significantly smaller than the thickness
of the fat tissue layer, then, in the fat tissue layer, the macroscopic permeability
tensors K;, [ = a,v, and the macroscopic diffusion coefficients A, a = a,v,s,
are identical to those defined in (1) and (4). However, different permeability and
diffusion coeflicients are obtained for the macroscopic equations describing the
blood flow and oxygen transport in the skin layer. Specifically, we obtain

- 1 4 . 1 . LI )
o= L / Siy)dy, AT = = / D) + 3 D ), @, )| dy, (7
2] )2, Z | 2



July 29, 2015 Applicable Analysis A’Matzavinos'M Ptashnyk accept'2015

where m = av, s, and @' and W, are solutions of the unit cell problems

—pAG VT = e, divy@ =0  in Zg, @®
ot=0 on Eav, o, 7 7 — periodic.
and
—divy (Do (y) (V@ + €7)) = 0 in Z,,  m=av,s, ©)
Do (y) (VWi 4 €j) -1 =0 on Ry, Wiy, Z — periodic .

2.2. Macroscopic equations for velocity fields and oxygen
concentrations

Given the definitions of the macroscopic coefficients and the unit cell problems in
section 2.1, we are now in a position to state the theorems that are proved in the
remainder of the paper. We start by defining the spaces

H(div; Q) = {v € L*(Q)", divv € L*(Q)},
W(Q) ={we H(Q), w=0 on I'p}.

Case 1

The main results of the paper under the scaling assumptions of Case 1, as discussed
in section 2.1, are theorems 2.1 and 2.2. These provide the macroscopic equations
for the blood velocity fields (in arteries and veins) and oxygen concentrations (in
arteries, veins, and tissue) respectively. The notation used in the statements of the
theorems is introduced in section 3.

THEOREM 2.1 The sequence of solutions of the microscopic model (22)~(27) con-
verges to functions v € H(div;Q), p — p) € W(Q), ¥9, € L*(A), and p € H'(A)
that satisfy the macroscopic equations

V? = —K;Vpy, div(K;Vp) =0 in Q,
p=7p on A, (10)
p=p; on T'p, KVp-n=0  ondQx(~L,0),

where | = a,v, and

V0 = —2KV;p, 2divg (KV3p) = KoVpa -1+ Ky Vpy -1 in A,

. ) (11)
KV;p-n=0 on OA.

THEOREM 2.2 The sequence of solutions of the microscopic model (28)—(35) con-
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verges to a solution of the macroscopic equations

0,0,¢c; — div(A; Ve, — V?CZ) = Nv(es — @) in Qp,
0s0ics — div(AsVes) = Z Ay(ep — es) 0][ ds dy cs in Qr,
l=a,v

a(t,z,0) = é(t, 1), cs(t,2,0) = és(t, ) on Ar,

. 12
(AVe —vig) - n= 0 on (0Q\ (AUTp)) x (0,7), 12)
Cl(tv '1") = Cl,D(tv 33‘) on FD,Tv
AsVes-n=0 on (OQ\ A) x (0,7),
a(0,z) = d(z), ¢s(0,2) = () in Q,

where 0; = |Yi|/|Y |, vi = [IW|/IY], | = a,v, and 05 = |Y5|/|Y|. Moreover, in the
domain A, we have

OavOsé — divy (A Ve — V9, 6) = Rau(és — ¢) — > (AVe —vie) -n
l=a,v

0,0v65 — divg(AsViés) = Ran(é — &) — AVes -n— 6 ][ ds dy é, (13)

(AwVie—v28)-n=0 on (0,T)xdA, ¢&0,2)=&) in A,

AViés - n=0 on (0,T) x dA,  &,(0,2) =&%(&) in A,

where 0oy = |Zavl /|21, b5 = |Z,|/|Z], and Rav = AalRal/|Z] + Aol Rol/|Z]. The
macroscopic transport velocities v?, are given by

CJ

av

1 R . 1 . .
V?(m) = |Y|/Y vi(z,y)dy, ng(m) = ZA‘/Z Vau(Z,y)dy, [ =a,v. (14)

The solutions of equations (12)—(13) satisfy ¢ — ap € L*(0,T;W(Q)) N
HY0,T;L*(Q)) for | = a,v, and c¢s € L?(0,T; H*(Q)) N H*(0,T; L?()). Mo-
roever, ¢,¢s € L*(0,T; Hl(A)) N H(0,T; L2(A)) Finally, ¢, é&, € L®(Ar) and
¢ € LOO(QT) forl=a,v,s.

Case 2

If we consider the scaling assumptions of Case 2, then we have to introduce two
parameters: a parameter € > 0 that characterizes the length scale of the microstruc-
ture and a parameter § > 0 that represents the thickness of the skin tissue layer.

We first derive a system of “intermediate” equations by letting ¢ — 0 while
keeping ¢ fixed, as follows.

THEOREM 2.3 Ase — 0 the sequence of solutions of the microscopic model given
by (22), (24), (27), and (68)~(70) converges to functions v € H(div; Q), p} —p? €
W(Q), vo, € H(div; As), and p° € H'(As), respectively, with | = a,v, that satisfy
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the macroscopic model

V0 = KV, div(K;Vp) =0 n Q,

Ve, = —KV§°, div(KVp®) =0 in Ag,

KoVp) m+ KaVi n= KV m, g =5 on A, (15
KiVp) -n=0 on dQ\ (TpUA), ) =) on I'p,

IEVﬁ5~n:O on 8A5\A.

THEOREM 2.4 As e — 0 the sequence of solutions of the microscopic equations
(28)—(35) with & instead of € in the transmission conditions converges to functions
¢ —ap € L*0,T;W(Q)), & € L*0,T; H(Q)), ¢ € H'(0,T;L*(Q)), and & €
L2(0,T; H'(As)) N HY(0,T; L?(As)) that satisfy the macroscopic problem

0,0:¢5 — div(AVe) =) = My (e — &), in Qr,
Oa0r?d, — div(AgyVed, — V0,80 ) = Rauw(& — &3)), in Asr,
1, ~ - -
&= Z (AVe =) -n= g(AaUVégv &8 )-n  onAr,
l=a,v
5_ b ; (16)
(A —vic)) - n=0 on (0Q\ (AUTp)) x (0,7),
¢ =ap onT'p x (0,7),
(AVel -0 0 ).n=0 on (0As \ A) x (0,T),
& (0,z) = & (x) in Q, & (0,z) = &0(x) in As,
where l = a,v and j = av, s, and
0 8tc — div(As Vc Z Ay (e — c 0][ dsdy cg mn Qr,
l=a,v Y
050,80 — div(AVEl) = Ray —0 ][ dydy & in Asr,
(17)
A=, AV -n = gAsVég ‘n on Ar,
AVed n=0 on (OQ\ A) x (0,T), A0,2) =) inQ,
ANVE - n=0  on (0As\A) x (0,T),  &5(0,2) =&2%®x) in As.
Here the following notation has been used:
o |Zm| ’Yl’ 5‘v|év|‘|'5‘a|§a| |Fl|
Om:Tu = 770:777%@1): ~ ) [ =
7 m = av,s, 0 v 7 v = [k a,v, s,
and the macroscopic transport velocities are defined as
Vi@ =5 [ e, Sw= [ end 1=ae 0y
YT Jy, "1z
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Given these “intermediate” results, we derive the final macroscopic equations by
letting § — 0 in (15), as follows.

THEOREM 2.5 As d — 0 the sequence of solutions of the equations (15) converges
to functions v, € H(div;Q), p — p) € W(Q), Voo € L*(A), and p € H(A),
respectively, with | = a,v, that satisfy the problem

v, = —K;Vp, div(K;Vp;) =0 m €,
pi(2,0) = p(2) on A, P =p} on I'p, (19)
Voo = KV, divg (KV 3p) = KoVpa -0+ K, Vp, -1 on A,
KiVp-n=0 on 90\ (Tp UA), KVip-n=0 on OA.
THEOREM 2.6 As § — 0 we obtain the macroscopic problem

0,0:¢; — diU(AlVCl - Vlcl) = /\l'yl(cs — Cl), in Qp
0s0ics — div(AsVes) = Z i —cs) — 95][ ds(t,y)dy cs  in Qrp,

l=a,v Y.
a(t, #,0) = a(t, 2) es(t,2,0) = é4(t, 2) on Ag,

A (20)

(A Ve —vie) -n=0 on (0Q\ (AUTp)) x (0,T),
Cl(t, .%') =D on I‘D,Ty
AVe, -m=0 on (OQ\ A) x (0,7),
c(0,z) = ) (x) cs(0,2) = (x) in €,

where | = a,v, and in Ap we have

gavatéav - divzf:(dzaUVéav - Gavéav) = Rav(és - éav) - Z (.AIVCZ - Vlcl) -1,

l=a,v
0,065 — divy(AsVEs) = Raw(Caw — &) — AsVes -n — 58]4 ds(t,y)dy és,
Zs

(A0 Veay — Vavlan) -m =0,  ANVé,-n=0 on OAr |

a(0,2) = (1) (0, 2) = (&) in A.
(21)
Moreover, the solutions of equations (20) and (21) satisfy ¢ — ¢p €
L2(0,T;W(R)), ¢s € L*0,T; HL(2)) N HY0,T; L?(Y)), ¢ € HY0,T;L*(%)),
é; € L*(0,T; HY(A)) n HY(0,T; L2(A)) forl = a,v, j = av, s.

We remark that the structure of the macroscopic equations for the blood velocity
fields is the same in both cases, i.e. in Theorem 2.1 and Theorem 2.5. However,
the permeability tensors for the flow in the skin layer are different, since they
are determined by solutions of different unit cell problems; see equations (2), (3),
and (8). These results reflect the differences in the microscopic structure and the
microscopic equations for the skin layer in the two different cases. We also remark
that the factor of 2 in the macroscopic equations (11) is specific to Case 1.

A similar situation appears in the macroscopic equations for oxygen transport.
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In both cases, we obtain the same structure for the equations; see Theorem 2.2
and Theorem 2.6. However, the macroscopic diffusion coefficients and transport
velocities are different, as manifested by equations (4) and (7) for the diffusion
coefficients and equations (14) and (18) for the transport velocities. Again, these
results reflect the differences in the microscopic structure of the the skin tissue
layer in the two different cases.

Finally, the “intermediate” system obtained in Case 2, when we let € — 0 but
keep ¢ fixed, represents the macroscopic equations for the blood flow and oxygen
concentration in the two domains with different microscopic structures (skin layer
and fat tissue layer).

3. The microscopic model

We now introduce the microscopic model that leads to the asymptotic (macro-
scopic) results stated in the previous section. As in [23] we adopt a three-
dimensional rectangular geometry for a DIEP tissue flap with a two-layer tissue ar-
chitecture. The approach in this paper differs from that in [23] in that the geometry
of the vascular microstructure is explicitly defined. A two-dimensional schematic
representation of the three-dimensional geometry used is shown in Fig. 1. The top
layer of unit cells in Fig. 1 corresponds to the dermic and epidermic layers of the
skin, whereas the remainder of the domain corresponds to fat tissue. X

We denote the fat tissue layer by Q = Q x (—L,0), with some L > 0 and Q C R2.
The top (skin) layer is assumed to be thin as compared to the fat tissue layer
and is denoted by A® = Q0 x (0,¢) with A' = Q x (0,1), A = Q x {0}. The small
positive parameter € represents both the scale of the unit cell describing the arterial
branching pattern and the depth of the skin layer (this assumption is relaxed in
section 8).

The vascular microstructure is assumed to differ in the two layers of the domain.
Specifically, Q is constructed by a periodic arrangement of a (scaled) unit cell
Y =Y,UY,UY,, where Y, Y,, and Y, partition Y into the geometric domains
of arteries, veins, and tissue, respectively. Figure 2(a) shows an example of such
a unit cell that represents a specific arterial branching pattern for the fat tissue
layer. We define the domains occupied by arteries, veins and tissue in 2 as ), =
Int( Ugezs e(Yq +£)) NQ, QF = Int( Ugezs e(Yo +€)) NQ, and QF = Int( Ugezs
e(Ys+ §)) N 2, respectively. The small parameter € corresponds to the size of the
arterial microscopic structure. In particular, ¢ is the ratio between the size of the
periodically repeating unit cell and the size of the whole tissue domain.

Similarly, we define a (different) unit cell Z = Z, U Z,, U Z, that describes the
arterial and venous geometry in A°. We define A5 = Int(Uy,ecz2(Z4+ (1,0))) NAS,
AS = Int( Upezz e(Zy + (9,0))) NAS, and A5 = Int( Uyezz e(Zs + (1,0))) N A®
as the domains in A® of arteries, veins, and tissue respectively. Figure 2(b) shows
an example of a unit cell for A®. Throughout the paper, it is assumed that the
skin layer A® is characterized by the presence of arterial-venous connections that
facilitate the exchange of blood between the arterial and venous systems (see, e.g.,
[15, 23]). A simple example of an arterial-venous connection is shown in Fig. 2(b)

We first consider that the depth of the skin layer is of order €. This condition
is later modified in section 8. In the arteries and veins located in 2, blood is
assumed to flow with velocities v (z) and vi(z), respectively, according to the
Stokes equation with zero-slip boundary conditions. Specifically, we let pg(z) and
pS(x) denote the arterial and venous pressures, respectively, and we assume that

10
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Table 1. Macroscopic domains (see text for details)

| Notation | Description |
Q=Q x (—L,0) | Fat tissue layer
A =Qx {0} Upper boundary of €

A® =Q x (0,e) | Skin layer (scaling of section 3)
As = Q2 x (0,9) | Skin layer (scaling of section 8)

Table 2. Unit cell domains (see text for details)

| Notation | Description |

Y=Y,UY,UY, | Unit cell for

Yo, o,Ys CY Open subsets with Lipschitz boundaries I', and Ty,
Ya N Ytu = @

Z=272,U%Z,UZ, | Unit cell for A®

Loy Ly, Log C 4 Open subsets with Lipschitz boundaries R, and R,,
Za N Zy =

7= Za U Z) U 25 Unit cell for Ag

Loy Loy Log C Z Open subsets with Lipschitz boundaries R, and R,,
ZoNZy =10

ve, pS) and (v, pb) satisfy
a a v v

—e2u AVE + Vpf =0, divvi =0 in QF,
(22)
vi =0 on I'j,

where [ = a,v, and I} and I denote the outer surface of arteries and veins,
respectively, in 2. As usual, the scaling in the viscosity term is such that the
velocity field has a non-trivial limit as e — 0 (see, e.g., [16]). Similarly, we assume
that in the skin tissue layer A®, (v5,p%) and (V5,p5) satisfy

—2uAVF +VpE =0, divvi =0 in AS, 3)
VE=0 on Rf

where | = a,v, and R and R; denote the outer surface of arteries and veins,
respectively, in AS. We define 9Q = T'p U (9 x (—L,0)) U A, where T'p denotes
the lower horizontal boundary of the fat tissue layer, and impose the boundary
conditions

pi=p), vixn=0 onTpnadQs, vi=0 on (I x (—L,0))NI%, (24)

where [ = a,v. We consider Dirichlet boundary conditions for the blood velocities
on OA® = (002 x (0,e)) UAU (Q x {e})

Vi=0 ondQx(0,e)NIA, V=0 onQx{elndA;, I=a,v, (25)
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Table 3. Microscopic domains (see text for details)

| Notation | Description

0 = Int( e(Yo+¢& )) Arteries in fat tissue layer
£ez?

Q) = Int( U e(Yy,+€))NQ Veins in fat tissue layer
¢ezs

QO = Int( U e(Y )) N Tissue domain
¢ezs

A = Int( U e(Za+( 7],0))) N A® | Arteries in skin layer (section 3)
nez?

A = Int( U e(Zy + (n, 0))) N A® | Veins in skin layer (section 3)
nez?

AL = t( U e(Zs+ (n, O))) N A® | Tissue in skin layer (section 3)
neZ?

Al = Int< U € Z +£) > N As Arteries in skin layer (section 8)
£ez3

A = Int( U e(Z ) N As Veins in skin layer (section 8)
£ez?

A = Int( U € Z +¢) ) NAs Tissue domain in skin layer (section 8)
¢ezs

Table 4. Microscopic boundaries (see text for details)

| Notation | Description

e = U e(Ty +6) NN Boundaries of arteries in fat tissue layer
cezs

e = U ey +£6 NN Boundaries of veins in fat tissue layer
cezs

R; = U e(Rq + (1,0)) N A® | Boundaries of arteries in skin layer (section 3)
nEZ?

R; = U e(Ry + (n,0)) N A® | Boundaries of veins in skin layer (section 3)
nez?

R = U e(Ry + &) N As Boundaries of arteries in skin layer (section 8)
£ezd

R = U e(Ry + &) N As Boundaries of veins in skin layer (section 8)
¢cezs

and we impose transmission conditions on A:

(=282 Svi +pfI) -n=(—2e2uSVi +51)-n  on 00 NA, )
13

vi =V} on@Qfﬂf\,

m =

where [ = a,v, and Su denotes the symmetric gradient Su = 1/2(0,,u;j + Oz, u;)i;-
The £~! scaling in the velocity boundary condition balances the blood velocity field
in the skin layer with the depth of the layer.

We let ¢ denote the arterial-venous connections in A®. In other words, >¢ de-

12



July 29, 2015 Applicable Analysis A’Matzavinos'M Ptashnyk accept'2015

notes the n — 1-dimensional surfaces, where arteries and veins meet in A C R".
We impose continuity conditions for blood velocities and forces on 3¢, as follows.

(=282 SVE +p5l) - n = (—2e2uSVE +p51) -n on X°,
. (27)
on .

The oxygen concentrations in the tissue and the arterial and venous blood within
the fat tissue layer are denoted by ¢ (z,t), ¢ (z,t), and & (x,t), respectively. Sim-
ilarly, the corresponding concentrations in the skin tissue layer are denoted by
&E(x,t), & (x,t), and & (x,t), respectively. Oxygen in the blood is transported by
the flow and diffuses within the fluid. Hence, the equations describing oxygen trans-
port in the blood are given by

Oycf — div(D;Ve, —vic) =0 in Qf x (0,7), (28)
) 28
Lowes — Ldiv(DiVE —v56) =0 in Af x (0,T)

where | = a,v. Oxygen diffuses within the tissue with diffusion coefficient D%, and
it is assumed to decay and/or be consumed by the tissue cells at a rate proportional
to oxygen concentration. The equations for ¢5(x,t) and ¢é(z,t) are then

Byt — div(DEVEE) = —dics in Q5 x (0,7),
Lo,e5 — Ldiv(Deves) = —1dses in AZ x (0,7) .

The boundary conditions on the surface of the blood vessels describe the flux of
oxygen from the blood into the tissue at a rate proportional to the difference in
the oxygen concentrations.

(DjVe] —vee)) -n = —e(c]f —c) on I'} x (0,7, (30)
(DsVE —5&) -n= —eN(& — &) on RS x (0,7T),

for [ = a,v, and

DiVe; -n=e)(cf —¢c) on I'] x (0,7), (31)
. 31
DEVes m=ed(&E — ) on Re x (0,T),

where the constants A\; and 5\1, [ = a,v, are the oxygen permeability coefficients of
the arterial and venous blood vessels.

In addition to the exchange of oxygen between blood vessels and tissue, oxygen
in arterial blood is transported to the venous system through the arterial-venous
connections in the upper (skin) layer of the domain. In the following, we assume
continuity of concentrations and fluxes at the arterial-venous connections ¢

A
Cq =

&, (DEVE —vEE) -n= (DEVE —vE&E)-n on X x (0,T)  (32)

We also impose transmission conditions between the fat tissue layer and the skin
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layer

¢ =¢, (DiVe —vics) -n=2(DiVéeE —vies) -n on (097 NA) x (0,7), )
=¢, DVe -n=1DiVeE - n on (8QsNA) x (0,7),

cs

where | = a,v. We remark that the e~! scaling in (33) balances the oxygen flux
terms in the skin layer with the depth of the layer.

At the external boundaries we consider Dirichlet boundary conditions that define
the prescribed oxygen concentration at the arterial/venous blood vessel boundaries
and zero-flux boundary conditions at the tissue boundaries:

¢ =D n (I'pnosy) x (0,7), forl=a,v,

DiVe;-n=0 on ((89 x (—L,0)) N o%) x (0,T), forl=a,v, (34)
DiVE -n=0 on (Ip U (99 x (=L,0)) N9Ng) x (0,T),

DiVéE -n=0 on ((Q x {e}UIQ x (0,)) NIAZ) x (0,T), forl=a,v,s.

The initial conditions for the oxygen concentrations are given by
§(0,7)=c)(x) inQf, &(0,2)=¢ %) inAf, where [ =a,v,s (35)

In the following, we make use of the notation Qp = Q x (0,7, Qfp = Qf x (0,7),
I'pr=Tpx(0,T),00r = 02x(0,T), and Ajr = A7 x(0,T) forl = a,v,s. We also
use the notation Ar = A x (0,7, dAr = A x (0,T), and Z = Z N {x,, = 0}. The
diffusion coefficients Dy, ﬁf and the oxygen degradation rates d, (fi are defined by
Y -periodic and Z—periodic functions D;, ds and Dl, CZS, respectively. Specifically,

Di(z) = Dy(x/e), Df(z) = Dy(x/e), di(t, x) = ds(t,z /), and di(t, ) = dy(t, x/¢),

fora.a.t >0,z € Q, x € A° and | = a,v, s. Finally, the following assumption is
made throughout the paper.

Assumption 3.1 The following hold:

(i) The diffusion coefficients D; € L®(Y), D; € L>(Z) are uniformly elliptic,
ie., (Di(y)€, &) > Dol€|?, (Dy(2)€,€) > Dy|¢|? for all € e R™ and a.a. y € Y

and z € Z, where [ = a,v, s, and Dy > 0, Do > 0.
(i) It is assumed that ds, Oyds € L°((0,T) x Y) and ds, dyds € L®((0,T) x Z).
(iii) With respect to the initial conditions, it is assumed that ¢ € H?(Q)NL> (1),
Aeo € HQ(AE)HLOO(AE) I(z) > 0forz € Q, “EO( )>0forz e A®, ] =a,v,s,

AEO =0 =¢o 0 and cl( z) = ¢, p(0,z) on I'p, where | = a,v. Moreover,

_1||A€0||H2(AE) <C, ”é?’OHLoc(Aa) < C,
f@) = @), Di@)Vel(x)-n=_Di@)Ve @) n on 997 NA.

(iv) Tt is assumed that the boundary conditions for the oxygen concentration
in arteries and veins satisfy ¢ p € HY(0,T; H2(Q)) N L>=(Qr), dicp €

14



July 29, 2015

Applicable Analysis A Matzavinos'M Ptashnyk'accept'2015

L®(Qr) N HY0,T; L*(Q)), ap(t,z) > 0 ae. in Qr, and ¢ p(t,z) = 0 on
Ap, for I = a,v. A
(v) Finally, it is assumed that p > 0, \; > 0, A; > 0, and p{ > 0 for | = a,v.

4. 'Weak solutions and functional spaces

The microscopic system under consideration consists of equations (22)—(27) for the
blood velocity fields and pressures in arteries and veins, and equations (28)—(35)
for the oxygen concentrations in arteries, veins, and tissue. We now define a notion
of weak solution for the system of equations (22)—(35) and the functional spaces
that are used in this paper. We start by defining the spaces

V() ={ve H(Q), vxn=0 onTpnoQ;,
v=0 on I§U(IQ x (~L,0) N %)},

V(AD) = {v e HY(A), v =0 on RS and ((8Q x (0,£)) U (Q x {e})) N OAF},
W) = {we H(Q), w=0 onT'pnanNs},
W(Q)={weHY(Q), w=0onlp},

V() = {v e V(€), dive = 0}, Va(AS) = {v € V(A]), dive = 0},

where | = a,v. For ¢, € L*((0,0) x ) we make use of the notation

(9,0 = /O ’ /Q o dadt.

In the remainder of the paper we make use of the auxiliary variable p; instead
of pf, where

Pi(2) = pi(a) + o in O,

l = a,v. The introduction of p; allows us to focus on zero Dirichlet boundary
conditions for the pressure. Also, for the sake of notational simplicity, in what
follows we omit the tilde ~ and write p; instead of p;. We remark that the use of
vi xn=0onI'pNdQ; and divv] = 0 in )}, along with the fact that I'p is a flat
boundary, lead to d,,vj -n = 0 and, hence, (Svj -1, ¢;)r,nan: = 0 for vi € V4(Q7)
and ¢ € V(§2]), where [ = a,v.

We are interested in the existence of weak solutions to the system of equations

(22)-(35).

Definition 1 A weak solution of the problem (22)-(27) consists of functions vj €
Va(X), pi € L*(X), v € Vd(AlE), and pf € L*(A5), | = a,v, that satisfy the
equation

. 1
Z |:<2/1/82 Svlsv S¢l>Q‘f - <p?, div ¢l>le — z(p?7 ¢l,n>Qf:|
l=a,v
1 (36)
+ g l_Z: |:<2N/52 S\A/laa S¢l>1\lE - <]3‘l€, div ¢Z>AL£:| =0
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for all ¢, € V(€F) and b € V(Af) with ¢; = %él on AN 09 and ba = ¢ on XF.

A weak solution of the problem (28)—(35) consists of functions ¢ — ¢;p €
L20.T5W (), 0he € LA ), & € L20,T3 HYQS)), 5 € L0, T3 HY(AT))
HY0,T;L*(AY)), ¢ € L(Qf 7), and ¢f € L*(Af7), | = a,v,s, which satisfy the
equations

> i—aw [@th, Yiya: T + (D] — vicl, Va: r — e{Ni(cg — ¢f), ¢l>r;,T} (37)
= 2imap [<8tc§, Yi)asr + (DFVE —viel, Vs r — e(M(é5 — ), ¢1>R?7T] =0

for all ¢, € L2(0, T; W (Q)) and «; € L2(0,T; HY(A)) with ¢, = 1 on (ANIQS) x
(0,T) and v, = th, on X¢ x (0,T), and

<8tc§7 ¢S>Q§,T + <D§VC§, VwS>Q§,T + <diC§, ¢S>Q§,T
~ (@ s r + (DIVE, Vo) acr + (diE dodasr

=€ Z )\l - C ws r; o+ Z )\l )’IZJS>R[5,T7

l=a,v l=a,v

(38)

for all ¢, € L2(0,T; H'(QF)) and ¢ € L2(0,T; H*(A2)) with 15 = s on (AN
902) x (0,T), and ¢ — ¢ in L*(€%), & — éla’o in L*(A$) as t — 0, for | = a, v, s.

THEOREM 4.1 For each € > 0 there exists a unique weak solution of the micro-
scopic model (22)—(35).

Sketch of proof. A priori estimates similar to those shown below in Lemma 5.1,
along with well-known results on the well-posedness of the Stokes equations and
parabolic systems, ensure the existence and uniqueness of a solution to the system
(22)—(35). We remark that the Dirichlet boundary conditions for the pressure on
the boundary I'p, see (24), ensure the uniqueness of the pressure. [ ]

5. A priori estimates and convergence results

We now turn our attention to deriving a priori estimates for the weak solutions of
the microscopic model (22)—(35). The a priori estimates are then used in conjunc-
tion with the notion of two-scale convergence and an unfolding operator approach
to establish the convergence of the solutions as € — 0.

LEMMA 5.1  Under Assumption 3.1 the solutions of the problem (22)—(27) satisfy
the a priori estimates

IVillzz(oe) + € IVVE L2 + sy FVEIVVillzay) < C; (39)

\/1:: ! L

where | = a,v. Moreover, there exist extensions P;, PS5 and p* of pa, p5, and
P° = DgXa: + Poxa: respectively, such that

125 220 + 1P5 22 () 1P| 2(a) < C. (40)
\[
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Finally, the solutions of the problem (28)—(35), i.e. the oxygen concentrations in
arteries, veins, and tissue, satisfy the estimates

ei 1l 2o 0,122 (025)) + IV | L2 (0,1 x05) < €,

1 . 1 .
$||CZSHL<>°(0,T;L2(A7)) + %HVCZEHI;((O’T)XA?) < C,

ci(t,x) >0 a.e in Qp, ¢(t,r) >0 ae. in Afrp, )
(> ~E
il =0z ) + €7l e (a; ) < €

10eci | L 0,7:22(0)) + 19:V el || 20,7y x05)) < C,

1 N 1 .
%HQC?HLN(O,T;H(A?)) + %HatvclEHLQ((O,T)XAf)) <C,

where | = a,v,s. Here the constant C is independent of €.

Proof. Using vi = 0 on I'] and (8Q x (=L,0)) N 9%, and ¥§ = 0 on RS and
(8Q x (0,¢) UQ x {e}) N @A, and applying Poincaré’s and Korn’s inequalities
[2, 4, 17, 34], we obtain

VoI 0y + IVl T2 () < CE2ISVEITaqy), (12)
Vo112 gy + €IV Ta () < Ol SVEIIa (),

with a constant C' independent of €. Considering vj and v, where [ = a, v, as test
functions in the weak formulation (36), using the divergence-free property of the
blood velocity fields, and applying (42) imply the estimates in (39).

Due to the continuity conditions on ¥ we can define p° = pxa: + Pyxa:. As in
[2] we can construct a restriction operator, which is a linear continuous operator
RS : HY(Q)) — H () such that

(i) u € H}(9) implies R5a = u in Qf, where @ is an extension of u by zero in Q.

(ii) div u = 0 in € implies div(Rju) = 0 in Q.

(iii) For each u € H}(2) the following estimate holds

HRZEUHLz(Qf) + €||VRZEUHL2(Q;) <C [||U||L2(Q) + 6||VUHL2(Q)]

with the constant C being independent of . A similar restriction operator can be
defined for A° = Q% (0, ¢) as a linear continuous operator R : HA(A%) — HJ(AZ,),
where Aj, = A; UX® UA;. Using the properties of R and RE, where [ = a, v, we
can extend pj from )} into 2, and p° from Ay, into A°. These extensions satisfy
the a priori estimates in (40) (see e.g., [2]). In particular, for the construction of
the extension of p¢, we consider a linear functional F* in H~'(A¢) defined as

<F6’1/}>H*1,H3(A5) = <Vﬁ€,7€€¢>H717H&(AZU) for 1/1 S H&(AE),

Using equation (23), the properties of the restriction operator R and the estimates
in (39) we obtain

<F6a¢>H*1,H(}(AE) = <52MA‘721)77%6¢>H*1,H5(A§”) = —<52MV‘A’ZU»V7A3€¢>A;U3
[(F% ) - maaey| < C1ve [0l e ae) + el VUl e (as)] < Coe Vel Vil r2aey,
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where Vi, = vixa: + Vixa:. Thus

1
%HFEHHfl(AE) < Ce.

Additionally, we have (F©, ) g1 gi(pc) = 0 for all ¢ € Hj(A®) with dive) = 0 in
A®. Hence, there exists P° € L2(A°)/R such that F° = VP and, using the Nedas
inequality [22],

1 C
\[HP ||L2(AE)/R<\[ :

[ E= |51 (ae) < Coa.

In the same way as in [2] we obtain that P is an extension of . The fact that p*
is uniquely defined implies that P¢ € L2 (A®).

Using that ¢ — ¢ p =00on I'p N0 and ¢;,p = 0 on A, in conjunction with (a)
the divergence-free property of vi and vj, (b) the zero-boundary conditions for v;
and Vi, and (c) the continuity of concentrations on AN OAj, we obtain

1, .
(viel, V(i —ap)a: + g(V?C?, V) as = (vie,p, V(e[ — a,p))a:

L. .
—I—§<V}‘€ -1, |C?|2>AQ8A§ - %<Vl6 ‘n, | 2>[\m8Af < %HV?H%Z(Q;)

c,pll7 o (43)

g 2 2
+2 (IVeilagar) + IVerolap))
for some o > 0. Applying the trace inequality [17, 21] we obtain

el < C [l + 2IV0lEaa) | "
44
NwlZagas) < C [lwlFans) +2IVwlEang |

where | = a,v,s, C' is independent of ¢, I'y = T', UT,, and R; = R, U R,. Now
considering ¢f — ¢, p and ¢ as test functions in (37)—(38) and applying estimates
(43) and (44) we obtain the first estimates in (41).

In order to show the non-negativity of ¢f and &, we consider ¢;”~ = min{¢{, 0}
and ¢~ = min{¢f,0} as test functions to derive:

> [0l ) + 196 ey + elles Waqeyy — (Vi€ ™, Ve, ar]

l=a,v

e — | e — 1, e e
# X 20U Iy + SV gy + 167 gy — 297657 VD

l=a,v
= > @t g )R ren(Et e <C Y e Oy (TG R
l=a,v l=a,v

18
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Similarly, for the oxygen concentration in the surrounding tissue, we have
£,— |12 g,— 12 1 ~E,— |2 1 ~E,— |12
Orlles ™ 22 (o) + Ve T2y + ZOE T ILaae) + ZIVETL2as)

S (el Barsy + 165 Iaqs) — eMdes ™ 6 )rs = M5, &%) e

l=a,v
E,— &, ~E,— A6
< C Z |:€<cs e >Fla + <cs »C >Rl5:| 5
l=a,v
where cl‘E’Jr = max{0,c}} and élg’+ = max{0, ¢ }. Using the boundary conditions for

v, Vi, ¢f and ¢j, we obtain that
Y v L e VS Ve = 0
— (V] G V(G >Qf - E<Vl ¢ V(G )Af =

for [ = a,v. Combining the last two inequalities and applying estimates (44) and
the Gronwall inequality, we obtain that ¢, (¢,2) = 0 a.e. in Qj r and & (tz)=0
a.e. in A?,T for [ =a,v,s.

To show the boundedness of ¢§ and & we consider (¢ —A)™ and (& — A)™ as test
functions in (37)—(38), where A > lx_rzafs{supQT a,p(t,z),supg c(z), sup,- élao(x)}

—&,Y,

Then, due to the prescribed boundary conditions, we have

1 ~EAE A€
—<VIEC?,V(C<ZE - A>+>Ql€ - E<VZ CI,V(CI — A)+>AE =0

1

for | = a, v, and thus

> [atH(Cz8 — A) 7200 + IV(] = A7 (00) +ell(f = AT 17200

l=a,v,s
1 . 1 . R
RAICE AV H[T2as) + ZlIvie - A Zean + 1106 - A)+H%2(Rf)}

<O Y [l — AYF (e — A +{(E - AT G - A

l=a,v

Thus, applying estimates (44) together with the Gronwall inequality, we conclude
that (cj(t,x) — A)* = 0 ae. in Qf, and (G(t,2) — A)T = 0 ae. in Aj, with
l = a,v,s. Therefore, the second part of the estimates in (41) follows.

Finally, differentiating equations (28) and (29) with respect to time, and using (a)
0¢(c] —c,p) and 0y¢j, respectively, as test functions, and (b) the regularity assump-
tions on the initial values C? and éf’o, yield the estimates for the time derivatives
in (41). [ |

To derive the macroscopic equations we employ the notion of two-scale con-
vergence [3, 27] and the unfolding method [8, 9]. We denote by T : LP(Q]) —
LP(2 x Y]) the unfolding operator and by 72 : LP(I'§) — LP(Q2 x T}) the boundary
unfolding operator, for p € [1,00) (see, e.g., [8, 9]). As in [10, 26] we also define
unfolding operators in the thin layer A7 and on Rj, where [ = a,v, s, as follows.

Definition 2 For a measurable function ¢ on A® we define the unfolding operator
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7;61 as
TH)(,y) = 6(c[(@,0)/e] +ey) for d€h, yeZ.
For a measurable function ¢ on A7 we define the unfolding operator T2 as

T (@) (2, y) = ¢(el(8,0)/e] +ey)  for €A, ye 2.

For a measurable function ¢ on R} we define the boundary unfolding operator T2

as
T2 (@, y) = 6(el(,0)/e] +ey)  for €A, y€ Ry
The definition of the unfolding operator implies directly (see e.g., [10, 26]) that

1T, sy <€ V2O agy and eTH(V6) =V, T00(@) i A 2

Lr A><Z

Theorems 5.2 and 5.3 below are proven in the same manner as the corresponding
results in [8, 9]. For the convenience of the reader, we provide short sketches of the
proofs.

THEOREM 5.2 Let {w®} C WIP(A®), where p € (1,00) and l||w6||€VIP(AE) < C.
Then, there exist a subsequence (denoted again by w*) and functions w € whr(A)
and wy € LP(A; WYP(Z)) such that wy is Z-periodic and
T2 (wf) — w weakly in LP(A; WYP(2)),
T2 (Vw) = Viw + Vywy weakly in LP(A x Z) .
Sketch of proof. By rescaling w®(Z,y) = w®(Z,ey) and using the assumptions on
{w®} we obtain that there exists a function w € WhP(A) with @° — w in LP(A!)
and Vz0® — Vzw in LP(A'). Also, the assumptions on {w®} ensure that T2 (w®),

TH(Vwr), and V, T2 (w?) are bounded in LP(A x Z). Hence, T (w®) — w in
LP(A; W'P(Z)). We now define

Ve = 1(7;bl(w‘€) — MY(w®)),  where M (w |Z| / T2 (w

£

Using the assumptions on w® and applying Poincaré’s inequality, we have that

HvyVEHLp([\Xz) = Hﬁbl(vwe)nm(]\xz) < (h,
H‘/6 - gc ’ viw”L?([\xZ) < CZHVyV€ - viw”LP([\xZ) < 03,

where 9¢ = (y1 — a1/2,...,Yn—1 — an—1/2). Then, there exists a function w; €
LP(A;WYP(Z)) such that, up to a subsequence,

VE—§° - Viw—w, in LP(A;WYP(Z)).

Hence, we have the second convergence result stated in the theorem.
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The proof of Z -periodicity of wy follows the same lines as in the case of 7., see e.g.
[9]. Specifically, one considers the differences V¢(z, yjl) —Ve(z, y?) and gjjc’l -Viw—

ACO -Vzw, and shows that wy (&, yj) = wy (%, yj) in the weak sense for j = 1,...,n—
1 where y] (3/17-~-7Z/y 17aj7y]+17"‘7y7’b) y] (y17"'7yj 170 y]+17"'7yn)7
and Z = (0,a1) X ... x (0,ap—1). [ |

THEOREM 5.3 Let {w®} C WHP(AS) |, where p € (1,00) and | = a,v, s, with

oy <C VU B, < C

Then, there exist a subsequence (denoted again by w®) and a Z-periodic function
w € LP(A;WYP(Z))), such that

T (w®) — weakly in LP(A; WP (Z))),

eTXPN(Vu®) —= Vb weakly in LP(A x 7)) .

Proof. Due to the assumptions on {w®}, we obtain that 72" (w) is bounded in
LP(A; WP(Z))). Thus, there exists a function @ such that the stated convergences
are satisfied. The Z-periodicity follows by the fact that for ¢» € Co(A x Z),

/A ) {E*,bl(wf)(@ay-i- (6;,0)) — ﬁ*,bz(ws)(@,y)} W(#, y)didy
_ / T (W) (&, y) (W(E — eéj,y) — (&, y))didy -0 ase— 0,
AXZ;

where ¢é; are standard basis vectors for j =1,...,n — 1. |

To prove convergence results for the unfolding operator in the perforated thin
layer A7, with [ = a, v, s, we define an interpolation operator Q:’bl. First, we intro-
duce the notation:

Y=Int |J (Z+(k0), Aj=1Int U (Z +¢), c=Int | J e(Z+ (£,0)),
ke{0,1}4-1 £EES,
E) ={eZ" " e(V+(£,0) C A}, EE={eZ" ! e(Z+(£,0) C A}

Then, the definition of Q2" is similar to the one for perforated domains in [8].
Definition 3 The operator QX" LP(Aj ) — LP(0,T; leoo(Ag, x (0,¢))) for
€ [1,400] is defined by
1 A
QM (¢)(t,€€) = |Z|/ ¢(t,e(£,0) +ey)dy for £ € Z°, aa t € (0,T).
l Zl

For z € AE x (0,¢), Q5 (4)(t, x) is defined as the Q:- interpolant of QX" (¢)(t, £€)

at the vertices of the cell e([#/e] + Z) with respect to 21, ..., 2,_1 and constant in
Ty, for a.a. t € (0,T).

We remark that 8tQ:’bl(<Z>) = Q:’bl(ﬁt@ and 3t73:’bl(¢) = 0o — Q:’bl(@) =
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R:’bl(atgé). Lemma 5.4 and Theorem 5.5 below are proven in a similar manner as
the corresponding results in [8].

LEMMA 5.4 For all ¢ € Wl’p(AiT), where p € (1,400), the following estimates
hold

*,bl
19z (‘b)”LP((O,T)xA;X(O,a)) S CH¢HLP(A?,T)7
*,bl
V2 Q2 (¢)”LP((O,T)><[\§,><(O,5)) < CHV¢||LP(AiT)’
IRE (D) Lo (0.1yx 05, < CellVEllLo(az )
”VR:’bl(qﬁ)||LP((0,T)><A§,J) < CIVllrr(as )
*,bl
10: Q2 (¢)HLP((0,T)><A§,><(O,&)) < C“8t¢‘|Lp(AlE,T)7
10 RE (D) | o0,y xa5,) < CellOrdllo(as 1)
where the constant C' is independent of €.

THEOREM 5.5  Assume that the sequence {w®} <C LP(0,T;WHP(AS)) N

Wl’p(O,T;LP(Al‘E)), with p € (1,4+00), satisfies z—:_l||w5||’£p(07T;W1_,,,(Al€))A+

6_1||(9tw£pr((0 TyxAs) < C. Then, there exists a function w € LP(0,T; WP(A))
? 1

such that

ﬁbl(Q;’bl(wg)N) —w weakly in LP(AT; Wl’p(Z)),
’Ebl(Q?bl(wE)N) —w strongly in LP(0,T}; LIZ’OC(A; I/Vl“"’(Z)))7 (45)

TV Q" (wf)™) = Vaw  weakly in LP(Ar x Z),

where Q;"bl(wE)N is the extension by zero of Q:’bl(we) from (0,T") x Ag, x (0,¢) into
A%

Sketch of proof. The assumptions on w®, the estimates in Lemma 5.4, and the
definition of Q" ensure the boundedness of Q:’bl(w’f)”, its time derivative, and
V302" (w)™~ in LP(Ar). Hence, there exists a function w € LP(0,T; W'P(A))
such that QX" (w®)™~ — w weakly in LP(Ar) and strongly in LP(0, T; ¥ (A)), and

V05 (wf)™ = Vzw weakly in LP(Ar). Then, by the properties of T2 (see e.g.,
[10, 26]), and using the fact that Q"

two convergence results in (45).

Lemma 5.4 and the definition of Q:’bl ensure the boundedness of Q?bl(wE N o 0.)
in LP(0,T; WhP(K x (0,¢))), where K C A is a relatively compact open set and
Q2 (we) |f<x(0 ¢) Is constant with respect to 2. Then, using Theorem 5.2, we obtain

(w®) is constant in x,, we obtain the first

the existence of a function w, 3 € LP(Kp; WY2(Z)), which is constant in y, and

Z—periodic, such that
Ebl(v:gQ:’bl(’wE”K) — Viw + ngl i weakly in LP(KT X Z).

Due to the fact that w; g is a polynomial of degree less or equal to one in each y;,
j=1,...,n—1, and it is constant with respect to y, and Z-periodic, it follows that
w1,k is constant in y. Then, since V; Q2" (w®)™ is bounded in LP(A€ x (0,T)), and
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hence T2 (V3 Q" (wF)™) is bounded in LP(Ar x Z), we obtain the last convergence
in (45). |

The estimates for R;’bl(ws) along with the convergence of E*’bl(e_le’bl(ws)),

given by Theorem 5.3, (and by using Theorem 5.5) imply the following result.
THEOREM 5.6 Let {w®} C LP(0,T; WIP(A5)) n WHP(0,T; LP(AS)), p € (1,+00),
with %Hw5||1£p(07T;W1,p(Ala)) + %Hatwenip((o,T)fo) < C. Then there exist a subse-

quence (denoted again by {w®}) and functions w € LP(0,T; WHP(A)) and w, €
LP(Ap; WEP(Z))) such that wy is Z—periodic and

ﬁ*’bl(ws) —~w weakly in LP (Ar; WHP(Z))),
7;*’“(’[1)8) Sw Strongly m LP(O,T; L?oc([\; WLP(Zl)))a

72*’“ Vw®) — Viw + Vyw, weakly in LP AT X Z1) -
Yy

Finally, using the notion of two-scale convergence and the properties of the un-
folding operator, we can prove the following lemma.

LEMMA 5.7 The following hold.

1. There exist subsequences of {vi}, {pj}, {Vi}, and {p]} (denoted again by
{ve}, {pe}, {5}, and {p5}) and functions v, € L*($; H;er(Yl)), p € L2(2 x
Y)), vi € L2(A; HY(Z))), and p € L2(A x Z) such that v, is Z—periodic, p; =
ﬁ|[\sz’ and as € — 0

vi = vy, eVv] = Vv, i = P xa: = m two-scale,
ViV, eV =V, PT = p, i =Pxas =y two-scale.
2. There exist subsequences of {cj} and {¢;} (denoted again by {cf}, {¢5})
and ¢, € L*(0,T;HYQ)), 0y € L*(Qr), ¢f € L*(Qp; Hl(V)), & €

LA2(0,T; HY(A)), & € L*(Ar; HY(Z;)), and 0é; € L*(Ar) such that ¢} is
Z —vperiodic and as € — 0

() = ¢ weakly in L2(Qp; H'(Y)
() = a strongly in L*(0,T; L2 .(Q; H'(V)))), (46)
T () — Oy weakly in L?(Qr x Y)),
THVE) = Ve + Ve weakly in L*(Qr x Y)),
TH(E) = ¢ weakly in L*(Ar; H'(Z;)),
E*’bl(éi) — ¢ strongly in LQ(O, T; LZQOC(A; Hl(Zj))), )
8{7;*’“(6;) — O04¢; weakly in L*(Ar x Z;),

E*,bl(véi) — V¢ + vyé} weakly in L2(AT X Zj),
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and
T2(S) = ¢ weakly in L?(Qp x T),

A (49
ﬁb,bl(@j) — ¢ weakly in L*(Ar x Ray),
where I = a,v,s and j = av,s. Here, ¢5,, = ¢oXas + Exas, I's = Ta Uy, Rey =

RyURy, and Zy, = Int(Z, U Z,).

Sketch of proof. Due to the continuity of concentrations on 3¢, we can define &, =
CoXa: + Eoxas. The a priori estimates in (39), (40) and (41) along with (a) the
compactness theorem for two-scale convergence, (b) related convergence results for
unfolded sequences [3, 8, 22, 26, 27|, and (¢) Theorem 5.6 imply the convergence
results in the statement of the lemma.

The last two convergence results in (48) follow from the weak convergence of

T2(c5) and 7"(&) in L*(Qp; HY(Y)) and L2(Ap; H'(Z;)), respectively, along
with the trace theorem applied in H'(Y;) and H'(Z;), where | = a,v,s and j =
av, s. |

6. Derivation of macroscopic equations for velocity fields

We now derive the homogenized, macroscopic equations for the arterial and venous
blood velocity fields in the two tissue layers (skin tissue layer and fat tissue layer)
of the adopted tissue geometry. We start with Theorem 2.1, which is the first of
the main results of the paper.

Proof of Theorem 2.1. We first use the following test functions in (36):
(a) ¢u(z) = ey (x,2) with ¢y € C§°(Q,C2.(Y)) and ¥y(z,y) = 0 on 2 x Iy, and

per
(b) ¢i(z) = ey (2, %) with ¢ € C§°(A, Cpe.(2:C5°(0,1))) and 9(i,y) = 0 on
A x (R, URy).
Using the derived a priori estimates and applying the two-scale convergence of pg,
P, v, and P, established in section 5, we obtain that

‘Y’71<pa7divy¢a>ﬂ><Ya + |Y|71<pv7divy¢v>9><¥u + |Z|71<ﬁ, diquz»[\xzav = 0. (49)

The last equation implies that
(a) p € L3(Q; H(Y})) with Vyp; = 0 a.e. in Q x Y}, and
(b) p € L*(A; HY(Zyy)) with Vyp =0 ae. in A x Z,,

where [ = a,v. Thus, pa = pa(z), py = po(z) in Q and p = p(&) in A.

The two-scale convergence of vi and Vj at the oscillating boundaries I'f, Rj, and
A; N{x,, = €} is ensured by the a priori estimates (39) and the boundary estimate
(44). This implies that

vi(z,y) =0 on Q xIYy, Vi(z,y) =0 on A x (RiUZL), [=a,v(50)

where Z1 = 8Z4 N {yn = 1}. Using div v; = 0 in ] and considering v; €
C3(2; C35.(Y)), we obtain

per

0 = (divvj(z), ¥i(z,x/e)): = —(vi(z), Vihi(z,7/e) + 1/eVyihi(z,2/€))0:.
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The two-scale convergence of v; implies that

0 = lim (vj(x), Vyth(z, 2/e))o; = |V ["H{divyvi(@, y), hu(z, y)axy,- (51)

A~

Similarly, using divv; = 0 in A} with v = ¥ on X° and ¢ €
Ce°(A;C2.(Z;C3°(0,1))), we obtain

0 = lim (div V5, (), (& 2/))as, = =121 (Vau(, ), Vit (&,9)) 1.

e—0

= ‘Z‘il<divy{’av(i‘7 y)7 r&(j;, y)>[\xzava
where A% = A% U X*® U A;. Therefore, divyv; = 0 in 2 x ¥} and divyVe, = 0 in
A x Zgy, where | = a, v.

We now consider the normal velocity v; -n on AN OA7. The transmission condi-
tions (26) yield

<‘A’lE : nqu)(‘%7‘,i./8’0)>AﬂaAf = 5<VlE ’ na’(vb(j:a 0,5&/6, O)>/A\maAL€

= e(divvy, o(x, z/€))os +e(vi, Vib(z, z/€))o,

where ¢ € C"X’(K; ngr(Z; C>[0,1])), ¢ € C=(Q; C3e,(Y)) with ) =0 on T'p x Y,

and (&, 2/e,0) = ¥(#,0,%/e,0) on A. Then using divvj = 0 in ] and divyv; =0
in Q0 x Y}, along with the two-scale convergence of vi and v}, implies

217 Ve, (&, 5,0)) 3 o = 1Y 71 (Ve Vbl 9))axys = 0.

Hence, v; -n =0 on A x Z?, where Z{) =0Z; N {yn, =0}.

Using divv] = 0 in €] and taking ¢ € C*(12) yield
0 = lim (div Vi, ¥o; = lim | = (v, Vb)or + (vF 0, ¥)peyrrpon ] (52)

Applying two-scale convergence in the first term on the right-hand side of (52) and
integrating by parts imply

1 1
—{div] — - y)d — S y)dy -
([ f, o) 0)q + (g f veowtomv) (53)
= il—%W? -, wagm(FDuA)'
Since C§°(€2) is dense in L?(€2), the last equation yields
. 1 ;
div </ Vl(1’>y)dy) =0 a.e. in (), for I =a,v. (54)
Y1 Jy,

Taking 1 € C°°(Q) with 1(z) = 0 on I'p UA in (53), and using the calculations
above, we obtain

(Dl/‘ y v;(ny)dy) n=0 on 92x(-L,0). (55)
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Similarly, taking ¢ € C*(Q) with ¥ (z) = 0 on A in (53) we obtain

1
(v 0 iy = (pp [ ity me) (56)
These calculations imply that
i (v m )i = (o [ vibw)dymw) dor weCx@. (57
vy n, 1y oQ:NA — Y| YIVZ Y)dy -, Y A o '

We now consider a test function ¢ € C>°(Af), such that ¢ is constant in z,
and ¢(z) = 0 on dQ x (0,¢). Applying div¥¢(z) = 0 in AF with ¥5(z) = 0 on the
boundaries R, (9 x (0,¢)) N A, and (2 x {e}) N AAZ, along with v = V¢ on
3¢, yields

I . 1 1, L
0 = lim *<d1V VZW ¢>A§U = hII(l) ( - 5< av? x¢>A€ 7< - n, ¢>8Afwﬁf\)7 (58)

e—0 € e—

where Vg, = Vi xa: + Vi xA:. The transmission condition é{,ls ‘N = v{-non AOE?Q?
along with the two-scale convergence of ¥; and the convergence in (57) imply

‘ZA‘_1<‘A,(1”U7 v.@¢2>[\xza“ = <’Y‘_1V(l : ﬁv é)f\xya + <‘Y’_1V”U : ﬁv é)[\xyﬂ:

where 1 is the external normal vector to A N A. Thus

1 1 1 -
diVj;(,\/ f/avdy) :/ Vady-n—l—/ vydy-n on A, 59
Z| Jz Y| Jy, Y1 Jy, =)

av

where n is the external normal vector to 9Q N A, and

|Z|/ Va(z,y)dy -m=0 for z € OA.

Considering v& = vgxq: + Vixo: + € VaXAE + 5_1‘75XA5, we obtain

0:/ divvgda::/ vZ-nd:%+/ Ve -ndz,
Qe UAs T'pNoQe I'pnoQe

where QF, = QF U Q. Then the convergence in (56) yields

le\ A [/Y Va(.,y)dw/y vo(,9)dy| - ndi =0, (60)

a v

Considering div( Jy, Vady + [y vydy) =0 in © and using (60) imply

/A[/Y va(~,y)dy+/yv vv(~,y)dy} ‘ndi = 0. (61)

a

We now consider functions ; and 1,2 such that
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(a) ¥ € C®(QCL.(Y)), divyy = 0in Qx Y, ¢ = 0 on (90 x (—L,0)Ul'p) x Y
aAnd on ) x Iy, X A A A A
(b) ¥ € CF(A; C55,.(Z;C(0,1])), divyth = 0in Ax Z, ¢ = 0 on A x (Ray UZL,).

Then we choose ¢;(x) = (z, £) and qgl(a:) = 121(3:, Z), I = a,v, as test functions in
(36). The two-scale convergence of (v}, pj) and (v}, p;), with [ = a,v, implies

1
7 2 ((28ve Sydncrs = (o vt = 7 (o8- v o)
l=a,v
(62)
; <2NS Vav, y¢>A><Z <ﬁ7 diV;ﬂm[\sz = 0.
|1Z]
We consider functions v; and @ such that
(a) @Zjl € C5°(Q, Cpe,(Y)) with divyyy = 0, iy :AO on Q x I'y, aADd
(b) ¥ € C§° (A ngr(Z, C3°(0,1))) with divyyy = 0, divz(y,1)z,, = 0, and

(&, y) =0 on A X Ry,

Using the characterization of the orthogonal complement to the space of divergence-
free functions (see, e.g., [16]), we obtain the existence of p; € L*(Q x V})/R, pL, €

L?(A X Za)/R, and € H'(A)/R such that

L g
—p; e in Q x Y7, l=a,v,
L (63)

— UV oy + Viap + Vypr, =0 in A X Zg,.

- ,U'Ayvl + v:vpl + vypll =

Combining equations (63) and (62), and considering ¢ € C’OO(A Cg‘ér(Z; C*I0,1]))

with divy) = 0in Ax Z, (), 1)z, -n = 0on dA, and ¢ = 0 on Ax (R.,UZ2,UZL),

we obtain
270 Podivet) g, V1 a0 gy, YT (0t M)y, =01

Thus using equality (59) we obtain Pa =Py =p and p = 2p on A.
Relaxing now the assumptions on w and using 1/1 n=0onAxZ 0 imply

(21 SyVaw — Prpy])n x 0 =0 on A x 29

Setting p; = py — p; 7 Vs and omitting the bar for the sake of clarity, we obtain the
two-scale model

—pAyv; + Vap + Vypll =0, divyv; =0 inQxY, [=a,v
vi=0 onQxTy, vy, pi  are Y — periodic, (64)
p=p] onlpxY
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and
— AV +2Vip+ Vypl, =0, divyVa, =0 in A x Zg,
(2uSyVay — pry])n x n = 0, Vo =0 on A x 2%, (65)
Voo =0 on A x (Rgw U Z;v), Vavs ﬁ}w are 7 — periodic.
Finally, for (z,y) € Q x Y} and (2,y) € A X Zy,, we consider the ansatz
vi(z,y) ==Y O] (y),  pila,y) == Oupi(x)T(y),
j=1 j=1
(66)

n—1 n—1
Vao(@,y) = =2 0u, P@)0 (), Dhy(@,y) = =2 0, P(&)7 (1),
j=1 J=1

where | = a,v, and (w],7}), (&, #7) are solutions of the unit cell problems (2) and
(3) respectively. Applying the ansatz (66) to equations (64) and (65), and using
equations (54) and (59), yields the macroscopic equations (10) and (11) for v{(-) =
ﬁsz vi(-,y)dy, pi, V9,(-) = Tél me) Vau(+,y)dy, and p. The integral condition in
(61) ensures the well-posedness of the macroscopic model (11). Considering the
differences of two solutions pl1 — pl2 and p! — p% of (10) and (11), and using the
Dirichlet boundary conditions on I'p and the continuity conditions on A, we obtain
the uniqueness of the solution of the macroscopic model. |

7. Derivation of macroscopic equations for oxygen concentrations

In this section, we continue our derivation of the homogenized equations for the
microscopic system (22)—(35) by turning our attention to the oxygen concentrations
in arterial blood, venous blood, and tissue. Theorem 2.2 provides the macroscopic
equations dictating the dynamics of the various oxygen concentrations as € — 0,
and it complements Theorem 2.1 that was proven in the previous section. For the
remainder of this section, we define V4, (Z,y) = Va(Z, y)xz, (y) + Vo (Z,y)x 2, (y) for
a.a. (I,y) € A X Zow.

Proof of Theorem 2.2. We consider ¢;(t,z) = ¢} (t, x)+e¢?(t, z, Z), forl = a,v,
and ﬁ(t, x) = él(t, z) 4+ qug(t, &, %) as test functions in (37), where
(a) ¢} € C®(Qp) N L2(0,T;W(Q)) with ¢} (t,%,0) = ¢1(t,#) in Ap, and ¢} €
C6° (O3 Cper (Y))
(b) ¢1 € COO(AT) and ¢o € CSO(AT;COO (Z; 080(0, 1)))

per

Considering Q° = {z € Q : dist(z, 9Q) > §} and QIE’J = {z € Qf : dist(x, 09) > 6}

we can write

1

€ e _
<vl Cl7vwl>ﬂlyT - |Y|

(T2 VT2 (), T2 (V) e+ (V€ Vi)
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Due to the boundedness of ¢j and the a priori estimates for v;, we obtain

[(vier, Vi aes| < ClIVl L2 [HvﬁﬁleLz(Q;) + el Vil 128 vy

"‘”vy¢l2HL2(§25T><n) —0 as 00,

where Q% = {2 € Q : dist(x, Q) < §}. Applying the weak convergence of T*(v§),
the strong convergence of 7(V1);), the local strong convergence of 7(c}), and
letting € — 0 and § — 0 in that order, we obtain

(vVidl, Vo, = /Y [(vier, Vo + Vydi)arxy: -

In a similar way as for vj, the regularity of 2/3 and the a priori estimates and
convergence results for v;, and ¢; imply

av-av?

1 . . . .
g<\76 Con> V)N T — | Z| YNV a0é, Vi + Vyd2)i, vz, a €—0 and §—0.

The weak convergence of 7*(¢j) and 7*(Vc¢]), in conjunction with the strong
convergence of T*(v;) and TF(V4y), imply the convergence of (0icf,vi)a: T
and (D;V¢j ,Vzmgﬂ. Similar arguments pertaining to the unfolding operator

E*’bl and the convergence results for unfolded sequences prove the convergence

1 - 1,. A
of —(Oef,Y)a:r and —(D;VEf, Vip)p- 7. The weak convergence of T*(cf) in
€ €

L?(Qr x T}) and of ﬁ*’bl(élg) in L2(Ar x R;) (shown in Lemma 5.7) ensure the
convergence of integrals over I'j and Rj.
Thus, we obtain the macroscopic equations

1
Il > [(0ct, 1)arxv + (D) (Ve + Vye)) = vier, Vi + Vydi o)

l=a,v
1 . R ) . .
+— [@c, iz (Dan(y)(Val + V&) = Vaué, Vad + Vo) Aszm,]
|Z]
1 1 o
] D iles — @), ¢ xr, + 2 D NlEs = 8,00 3,y
l=a,v l=a,v

Furthermore, setting ¢; (t,z) = 0 in Qp, with [ = a, v, and qul(t, ) =0 in Ar we
obtain

1
v > (D) (Ve + Vyep) = vier, Vydi o,

l=a,v

. (67)
+@<Dav (y)(vcfcé + vyél) — VauC, qu§2>AT><Zav =0.

_ We now employ the divergence-free property of the velocity fields in {2 X ¥; and
A X Zg, and the zero-boundary conditions on I'; and R; U Z9, U ZL . These, and
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the fact that ¢; and é,4, are independent of y, yield

(vier, Vydi)ar v, = —(divy (vier), 67)a,xv + (vi e, ) arxov, =0, 1= a,v,
<‘A’av67 qug2>[\T><Z,w = _<divy({’av é)a ¢§2>[\T><ZM + <‘Afa’0 ‘nc, $2>AT X0Zaw 0.
Thus, taking first ¢o(t,#,4y) = 0 in A x Z and ¢ € CF° (QT,Cper(Y)) with
¢l (t,z,y) = 0fory € Y\, (t,z) € Qr, and then ¢o € C5°(Ar; C}?ST(Z, C5°(0,1)))
n (67), we have

(Di(y)(Ver + Vyel), Vot arxy, =0 for [=a,v,
(Dav(y)(Vat + Vye'), Vyda)g ., = 0.

Using the linearity of the equations above, we consider the ansatz
Lt z,y) = Z@xpltxwl y) for l=a,v, &t,a,y) = Z@ ety 2wl (y),

where wlj and @7, are solutions of the unit cell problems (5) and (6) respectively.
Then for qﬁlz =0 and ¢2 = 0, and using the ansatz for cll and ¢!, we obtain

r
Z/Q <’|Yl|’at0l o + (AVe — vVl — A ||yf|( Cz)qbll) dvdt

l=a,v

Z(w ~ 7 1 ~ R ~\ 7 ~
+/ | Z |8tc<;51—|-(./4 26— Vagr — Y )\l| l' — &)y | didt =0,
Ar

|| l=a,v

where A;, v}, Aqy and v, are defined in (4) and (14). From the continuity con-
ditions (33), we obtain ¢,(t,2,0) = é(t, 2), ¢ (t,2,0) = é(t, &) on Ar. Considering
(bll e C3°(Qr) and <;31 = 0 and integrating by parts result in the macroscopic
equations for ¢, and ¢, in (12)-(13). Considering

(a) ¢1 € COO(AT) ¢} € C*(Qr) with ¢/(t,z) = 0 on I'p and ¢} (¢,2,0) =
$1(t, %) on AT, and

(b) ¢ € C®(Ar), ¢p € C(Qr) with ¢{(t,z) = 0 on I'p and ¢;(¢,2,0) =
¢1(t, &) on Ar,

in that order, and integrating by parts result in the macroscopic equation for é

n (12)-(13). Similar arguments imply the macroscopic equations for cs and és.
The assumptions on the initial conditions ensure the existence of ¢°,¢? € H! (A)
such that &0 — &0, &0 — & in the two-scale sense. This and the two-scale
convergence of 0;cj, 0;¢° and 0;¢ imply that ¢;, ¢ and & satisfy the initial con-
ditions, where [ = a,v,s. Considering the equations for the difference of two so-
lutions of the macroscopic problem (12)-(13) yields the uniqueness of the solu-
tions. Finally, taking ¢, , ¢, é;, (¢ — A)*, (¢ — A)T and (& — A)™, for some
A > maxj—qus{supq, c,p(t,),supq ¢ (z),sup; ¢"(2),sup; ¢2(2)}, as test func-
tions in (12)-(13) we obtain the non-negativity and boundedness of the solutions
of the macroscopic problem. |
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(a) Lower layer unit cell ~ (b) Upper layer unit cell

Zy 7,
Re R,

Figure 3. Two-dimensional schematic representation of the two distinct, three-dimensional unit-cell ge-
ometries used in the microscopic model: (a) unit-cell geometry corresponding to the lower layer, i.e. the
fat tissue layer; (b) unit-cell geometry corresponding to the upper layer, which represents the dermic and
epidermic layers of the skin. Only the arterial blood vessels are shown in the fat tissue layer.
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Figure 4. Two dimensional schematic representation of the three-dimensional tissue layers discussed in
the text. The domain on the left (denoted by A% in the text) corresponds to the dermic and epidermic
layers of the skin, whereas the domain on the right (denoted by €2 in the text) corresponds to fat tissue.
Only the arterial blood vessels are shown in the fat tissue layer. Arteries (in red) and veins (in blue) are
shown in the skin tissue layer, which is characterized by the presence of arterial-venous connections, i.e.
geometric regions where arteries and veins meet.
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8. The ¢ scaling for the skin layer with 0 < £ << § << 1

In this final section, we consider an alternative scaling for the depth § of the skin
layer. Specifically, we assume that the adopted tissue geometry is characterized by
two distinct length scales: a scale § > 0 representing the depth of the skin layer
and a separate length scale € > 0 characterizing the distance between arteries. In
the remainder of this section, we assume that 0 < ¢ << § << 1, and we let first
¢ = 0 and then § — 0. Under this scaling, the skin layer has a depth of multiple
unit cells (of size €), and we assume that the arterial branching pattern is such
that flow of blood is permitted between neighboring unit cells in the skin layer.

8.1. Derivation of macroscopic equations for velocity fields

We first derive the macroscopic equations for the arterial and venous blood velocity
fields in the two tissue layers under the scaling assumption 0 < ¢ << § << 1. The
microscopic equations for the fluid flow in the main tissue are as in (22). In the
skin layer Ag, (V5,p5) and (V5, pf) are assumed to satisfy

—E2 AV VR =0, divvi=0 i Al )
~7 68
‘A/l — 0 on RZE,(S B
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where | = a,v. We impose appropriate transmission conditions on A

(=22 Svi +pfI) -n=(—2e2uSVi +51)-n  ondQ NA,
1 (69)

vi=5Vi on 00 N A,

where | = a,v, along with boundary conditions (24) at the external boundaries
and the continuity conditions given in (27). Moreover,

Vi =0 on dQx(0,8)NIA?, Vi=0 on Qx{6}NIAJ,  l=a,v. (70)

Proof of Theorem 2.3. Similarly to Section 4, we derive a priori estimates for
v; and vj. To derive the macroscopic equations (15), we first consider ¢;(x) =
swl( ,f) and ¢(z) = E?,b( ,%) with ¢ € C§°(2, e, (Y)), = C5°(As; Cpar(2)),
Yy = 0 on Q x I'y, and 1/1 = 0 on As X Rav as test functions for the microscopic
problem consisting of equations (22), (24), (27), and (68)—(70). Using the a priori
estimates and applying the two-scale limit, we obtain that p® = po(z), p’ = p’ ()
in Q and $° = p?(x) in As.

Choosing now ¢;(z) = ¥ (z,%) and d(x) = ¥ (z,%) as test functions, where

LSS

€ C(Q,02.(Y)) and ¥ € C§°(Ag; O (N)) with div,yy = 0 and div, = 0, as

per
well as ¢y =0 on Q x I'; and ¥ = 0 on As x R(w, we have

Z 1 | 1

Y] [<2MS Vi, Syt ey, = (o1 divatn)axy; — Z<P?’wz,n>Qij

. 7 (71)
~ ﬁ |:<2MSy\A/gU7 S@ﬂﬁ)Aaxzau _ <ﬁ67divx1&>A§X2au

Using the divergence-free property of the velocity fields vi and vi, we obtain that

diVyV? =0 inQxY], div(v?, 1)y, =0 inQ, [=a,v, )

divy\?fS =0 inAsx Z, d1v< =0 in Ay.

Vavs > Zow

Then considering ¢ € C*(Q) with ¢(z) = 0 on dQ \ A, and using the two-scale
convergence of vj, we have

0=-— lim<divvl€,w>ﬂls = |Y|71<V§S -1, ¢>Axy hm( : 7¢>AmaQs'

e—0 e—0

For ¢) € C®(A;) with 9(2) = 0 on A4 \ A, and using Vi = 6vi on AN A, we
obtain

11m<d1V Vam ¢> v,5 hi\% <5V2 -1, 1[}>8Qsm[\ + <6V1€; -n, @wagsm[x cw’ vw M 5]

e—0
= O[TV 0, ) gy + GV 0, 0) 5y — (217195, 45, 5 =0

Considering ¢ € C®(Q) and ¢ € C®(A;) with ¢(z) = 0, )(z) = 0 on A and
¥(xz) = 0 on I'p, and applying the divergence-free property of velocity fields and
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the boundary conditions we obtain that
(vi,1)y, m=00ndQ x (—L,0), (Vau, 1)z n=0on A0 x (0,0) UQ x {5}

By applying integration by parts in (71), and employing the fact that the
divergence-free space is orthogonal to the space of gradients of functions, we obtain
(in the same maner as in section 6) the macroscopic model

— MAyV? + Vp? + Vypll’(s =0, divyvf =0 in QxY],
— pA, 4+ VP 4 Vyped =0, divy¥3, =0  in As X Za,
vf =0 on £ xIYy, ffgv =0 on Ag x ]va,(;
7 2 vy m = 5,15,<vgv,1>zw m, g ok, 73
I=a
(v -mn 1)y, =0 on 90\ (TpUA), pf=7p) on I'p,
(¥°, - m, )7 =0 on 0As\ A,
V?, pll"s Y — periodic, va, p}w‘S 7 — periodic,

where p;° € L2(; L*(Y))/R), par € L*(As; L*(Zay)/R), and | = a,v. We now
consider the ansatz

= a1} () wi(y), P () ==Y Oa,p) (2) 7 (y).
=1 =1
= - Z 8wlﬁ6('r) &l(y)v pav x y Z 7
=1

where | = a,v, and (w},7}) and (&, 7") are solutions of the unit cell problems (2)
and (8). Using these along with (73) and (72) we obtain the macroscopic equations
n (15), where ¥{(-) = [V [y, v{(-,y)dy and ¥, (-) = |Z| " [5, Va,(.y)dy.

We remark that similar results have been obtained in [19]. We also note that
the Dirichlet boundary conditions on I'p ensure the uniqueness of the solution of
problem (15). [ |

Proof of Theorem 2.5. We rewrite the equations in (15) in weak form:

(KaVD2,Va)a + (Ko VDS, Vo + = (KVP°, V)a, =0 (74)

5(
for ¢ € W(Q), <Z> € H'(As) and o(x) = qg( ) for a.a. x € A. Considering p? + pl

and p° as test functions in (74), and using the continuity condition pl = on A
we obtain

L.
P llern) <€ S8y < C.
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Hence, considering p°(Z,y,) = p° (&, 6y, ), we obtain that
~§
|7 HL2 ix@ay <G IVap ||L2 Gx01) SO Vel (dx 0y < €9

and there exist subsequences, denoted again by p? and p°, and functions p; €
HY(Q), pe H' (A x (0,1)), p' € L*(A; H'(0,1)), with p being constant in z,, such
that

Pl —p in HY(Q), p° —p, Vsp® — Vap, 619, 7° — 9, p* in L*(A x (0,1)).

The continuity of pressures implies the boundary conditions for p, and p, in
(19). Considering ¢; € C§°(2) and ¢ = 0 as test functions in (74), and using the
weak convergence of p?, where | = a,v, we obtain the equations for p, and p, in

(19).

We now consider the test functions ¢; € C*(€2) N W () and ¢(z) = b1(2) +
8o (2, 2 /8) with ¢y € C’OO( ), 2 € C3°(A x (0,1)) and ¢(x) = ¢1(2) on A. Using
these in (74) and taking the limit as 6 — 0 we obtain

d ¢
o1 (

Z (KiVp; - 1¢1> +(K (pr + 0y, D en) §:§51 + ayn¢32en>[\x(0,1) =0.

l=a,v

Taking qAﬁl = 0 and using the fact that K does not depend on y, imply that pt
is constant with respect to y,. Finally, by considering first ¢; € C5°(A) and then

(;31 e C*® (X), we derive the macroscopic equation and boundary conditions for p
n (19). ]

8.2. Derivation of macroscopic equations for oxygen concentrations

We now turn our attention to the oxygen concentrations in arterial blood, venous
blood, and tissue, under the scaling assumption 0 < £ << § << 1 that was
delineated in section 8. Theorem 2.4 provides the macroscopic equations for these
quantities as € — 0 while keeping § fixed.

We consider the same microscopic equations as in (28)—(35) with the scaling
1/¢6 instead of 1/e in the transmission conditions (33). Also, for the initial data,

£0,0
e

we assume that 6~ () T ||Cz |z=(as) < C instead of the corresponding

assumption on the H?(A®) and L (Af)-norms.

Proof of Theorem 2.4. Similarly to Lemma 5.1 in Section 5 we can prove a
priori estimates and convergence results for ¢j and ¢}, where [ = a,v, s. We consider

Vi (t,w) = ¢ (t,x) + edf(t,w,x/e) and 4°(t,2) = i(t,x) + ea(t, v, x/e), with
¢ € C=(Qr) N LY0,T;W(Q)), ¢f € C5°(Qr,CRa(Y)), o1 € C®(Asr), and

v per
2 € C(As1,Coer(Z)), as test functions in (37) and (38). Similarly to the proof

per

of Theorem 2.2, using the convergence of 7*(cj) and 7.(¢5), along with the two-
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scale convergence of vi and v}, and letting ¢ — 0 yield

‘Y‘ Z atcl7¢l>QT><Yl <Dl( )(vcl +vycll’ ) Vi cl7v¢l +vyd)l>QT><YL

l=a,v

11 N - . A
+g@ [(@Cgm ¢1>A6,T><Za'u + <Dav(y)(vcgv + vycéf) - av av? V¢1 + Vy¢2>

11 N o ”
|Y| Z Al le >QT><FZ (5 ’ Z <>\Z(Cg o Cgv)’ ¢1>A5,T><§z'

l=a,v l=a,v

In order to derive the macroscopic model (16) we proceed in a similar way as in
the proof of Theorem 2.2. Choosing first ¢>11 = 0 and ¢; = 0 and applying the
divergence-free property and the boundary conditions for the velocity fields we
obtain

1y )(Vcl + vycz ) vy¢l2>QTXK =0, l=a,v,

(D
1 1,6 3
g( o) (VE, + Vylay): Vy¢2>A5,TxZw =0.

Then we consider the ansatz

ctt,xz,y) = Z@xjcltxwly) and ¢ twyzz é(t, z)wl, (y),

where wlj and @, are solutions of the unit cell problems (5) and (9), and we take

¢? =0 and ¢ = 0 to arrive at the macroscopic equations (16).

The macroscopic equations (17) for the oxygen concentration in tissue are de-
rived in a similar manner. Standard arguments pertaining to the difference of two
solutions imply the uniqueness of the solutions of the macroscopic model consisting
of equations (16) and (17). [ |

Proof of Theorem 2.6. Similarly to Lemma 5.1 we can derive a priori estimates
for ¢ and &,

I oo + 1l L= < C.

I lrzan) + IVa@allzzany < C, IV, llr2(an) < C6, (75)

10ue) | L2 () + g|’3téanL2(A5,T) + 1108, |l 12(as) < C

for | = a,v,s, m = av,s, where & (t,2,y,) = &, (t,&,0yn), AlT:Qx(O,l)x
(0,T), and the constant C is independent of §. Thus there exist functions ¢; €
12(0, 75 HY(9) 0 HY(0, T3 1(2)), 6 € L2(0,T; HY(AY)) 0 H(0, T; I(A1)), and
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¢l e L2(Ap; HY(0,1)), with &, being independent of x,, such that

& — ¢ in L2(0,T; HY(Q)), 8i) — 8y in L2(Qy),
&=l in L2(0,T; HY(AY)), 8,&, — dé,  in LE(AL),
- in L*(Q7), B = im in L?(AL), (70
6719, & — 9, ¢l in LA(AL),

where | = a,v,s and m = av, s. Finally, we use test functions

(a) ¢ € C3°(Qr) and ¢ = 0, and

(b) ¢ € C=(Qr), Ot ) = ¢1(t, &) + a(t, & £, xn/0), with ¢1 € C§°(Ar), ¢ €
C(Ar x (0,1)), and ¢y(t, ) = ¢1(t,2) on A

in that order. In the same way as in the proof of Theorem 2.5, using the conver-
gence results in (76), along with the convergence of ¥? and v, (ensured by the
convergence of VpéS and Vp?), taking the limit as & — 0, and applying the fact
that A, are independent of y,, we obtain the limit equations in (20) and (21).
The continuity conditions for c? and é? on Ar ensure the continuity conditions for
the limit functions ¢;, ¢; for | = a,v,s, j = av,s. The assumptions on the initial

data ensure the existence of é,¢ € H'(A) such that ¢%9(z,dy,) — ¢°(2) and

e (g, oyn) — ¢2(#) in L2(A x (0,1)). Then, using the convergence of dc) and

8tc§n, we obtain that the initial conditions for ¢; and é,, are satisfied. Standard ar-
guments imply the uniqueness of the solution of the macroscopic model consisting
of equations (20) and (21). [ |
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