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Abstract. We present a novel approach for generalizing the SWAP gate to higher

dimensions. We construct a regular quantum gate composed entirely in terms of the

generalized CNOT gate to cyclically permute the states of d qudits for d prime. A

key feature of the construction design relates to evaluating the periodicity of a family

of recurrence relations which we achieve by exploiting generating functions and their

factorization over the complex reals.
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1. Introduction

It is increasingly evident that much effort has been made into constructing optimal

quantum circuits in the sense that for a given quantum gate library there is no smaller

circuit that achieves a certain task. A reason for this concerted effort has been primarily

due to the difficulties associated with decoherence. Decoherence represents a major

threat for the practical realization of quantum computing and, unfortunately, occurs

when a quantum system interacts with the environment. Nevertheless, the library

of realizable quantum gates has helped to mitigate the threat of noise in a quantum

system. This is in addition to the considerable impact that the quantum gate library

already imposes on the design and efficiency of quantum circuitry. Indeed, while an

efficient use of computational resources serves to cap the total decohering time, quantum

circuitry designs that move toward an optimal use of computational resources are seen

as advantageous.

The minimization of quantum gate counts has been a concern of quantum

computing and researchers have focused on universal n-qubit gates that contain fewest

uses of CNOT gates (Möttönen et al (2004), Shende et al (2004, 2006) and Sedlák

and Plesch (2008)). The reason for this is due to the high cost associated with

experimentally realizing a CNOT gate (Möttönen et al (2004)). Constructing quantum

circuits that limit the use of CNOT gates have become a important aspect of research.
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However, characterizing the exact CNOT complexity for an arbitrary n-qubit operation

and constructing the corresponding quantum circuit is seen as an ambitious task, even

by numerical standards (Vidal and Dawson (2004)). Although researchers have done

considerable work optimizing their constructions (Nielsen (2006)), it is believed that the

study of quantum circuitry minimization will require different construction techniques

than those presently known.

In this paper, we concern ourselves with the construction of a quantum gate to

realize a generalized SWAP of d qudit systems. This gate cyclically shifts d qudit

subsystems for d prime and does something similar for d other than prime. The design

presented builds on previous work by Wilmott and Wild (2012), and similarly, restricts

itself to using only instances of the generalized CNOT gate. Interestingly, this design

uses a regular periodically repeating sequence of CNOT gates to realize the generalized

SWAP but, importantly, requires less gates than the design of Wilmott and Wild (2012).

The construction technique makes great use of modular binomial relationships and the

sequence design exploits recurrence relations and their associated generating functions.

The outline of this paper is as follows. In section 2, we introduce some preliminary

material to serve as the basis for our study. Section 3 describes our construction method

for a generalized SWAP gate. We demonstrate how the periodic nature of a family of

recurrence relations corresponds to a regular periodically repeating structure of CNOT

gates that realize a generalized SWAP of qudits. Finally, in section 4, we provide an

example of our design and implement a generalized SWAP of three qutrits.

2. Preliminaries

Let H denote the d-dimensional Hilbert space Cd and let us fix each orthonormal basis

state of the space H to correspond to an element of ring Zd of integers modulo d. In

this way, we have the basis {|0〉 , |1〉 , . . . , |d− 1〉} ⊂ H called the computational basis

whose elements correspond to the column vectors of the identity matrix Id. A qudit is

a d-dimensional quantum state |ψ〉 ∈ H that can be written as |ψ〉 =
∑d−1

i=0 αi |i〉 where

αi ∈ C and
∑d−1

i=0 |αi|2 = 1. The state space of an n-qudit state is the n-fold tensor

product of the principal system H = (Cd)⊗n which possesses the set of orthonormal

basis states that are given by |i1〉 ⊗ |i2〉 ⊗ · · · ⊗ |in〉 = |i1i2 . . . in〉 for ij ∈ Zd. A general

state of a qudit in the n-fold space is written

|ψ〉 =
∑

(i1i2...in) ∈ Zn
d

α(i1i2...in) |i1i2 . . . in〉 , (1)

where α(i1i2...in) ∈ C and
∑
|α(i1i2...in)|2 = 1.

Given a pair of d-dimensional Hilbert spaces HA and HB, let us consider the set of

d2 × d2 unitary transformations U ∈ U(d2) that act on the two-qudit quantum system

HA ⊗ HB. In particular, let CNOT ∈ U(d2) represent the generalized controlled-NOT

gate that has control qudit |ψ〉 ∈ HA and target qudit |φ〉 ∈ HB. The action of CNOT

on the set of basis states |m〉 ⊗ |n〉 of HA ⊗HB is

CNOT |m〉 ⊗ |n〉 = |m〉 ⊗ |n⊕m〉 , m, n ∈ Zd, (2)
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Figure 1. The CNOT gate; the control system |m〉 ∈ HA remains unchanged after

application whereas the state of the target system |n〉 ∈ HB is transformed under

modular arithmetic to the state |n⊕m〉 with m,n ∈ Zd.

h
t

t
h
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Figure 2. The SWAP gate illustrating the cyclical permutation of two qubits. System

HA begins in the state |ψ〉 and ends in the state |φ〉 while system HB begins in the

state |φ〉 and ends in the state |ψ〉.

with ⊕ denoting addition modulo d. Figure 1 illustrates the circuitry representation for

the CNOT gate. Figure 2 presents the well-known SWAP gate that permutes the states

of two qubits.

3. Towards an optimal generalized SWAP gate

We now turn to the construction of a generalized quantum SWAP gate determined

completely in terms of instances of the generalized CNOT. For d prime, the effect of the

gate is to cyclically permute the states of d qudit subsystems. For d other than prime,

the gate permutes the states of the inputs. Wilmott (2011) has shown that pairwise

swaps of two qudits that use only generalized CNOT gates cannot be implemented in

dimensions d ≡ 3 (mod) 4. Consequently, arguing a generalized SWAP of d qudit

subsystems entirely in terms of the generalized CNOT gate through a set of nearest

neighbour transpositions is not possible. We now outline the problem of a generalized

SWAP of d qudits before proceeding to discuss our solution method.

Problem 3.1 Consider a set of d qudit quantum systems, the first system A0 prepared

in the state |e0〉0, the second system A1 prepared in the state |e1〉1 and so forth, with

the final system Ad−1 prepared in the state |ed−1〉d−1 where e0, . . . , ed−1 ∈ {0, . . . , d− 1}.
We ask the question if it is possible to construct a regular quantum network entirely in

terms of generalized CNOTs to implement a generalized SWAP of d qudits such that the

output of the network places system A0 in the state |e1〉0, system A1 in the state |e2〉1
and so forth, with the final system Ad−1 being placed in the state |e0〉d−1.

The following result of Wilmott and Wild (2012) states that if a generalized SWAP

gate network swaps an arbitrary input basis state such as outlined in problem (3.1) then

the generalized SWAP gate swaps all possible dd sequences of input basis states.
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|ψ0〉 • · · · • • |ψ1〉
|ψ1〉 • · · · • • |ψ2〉
|ψ2〉 · · · |ψ3〉

. . . . . . . . .
|ψd−2〉 • · · · • • |ψd−1〉
|ψd−1〉 • · · · • |ψ0〉

Figure 3. A generalized SWAP gate for prime dimensions. This gate cyclically

permutes the states of d d-dimensional qudit states by repeatedly applying a

generalized CNOT gate on d2 − 1 successive pairs of states.

Theorem 3.2 (Wilmott and Wild (2012)) Let A0, . . . ,Ad−1 be d-dimensional systems

with bases |e0〉j , |e1〉j, . . . , |ed−1〉j, j = 0, . . . , d − 1, where e0, . . . , ed−1 ∈ Zd. Let

A = A0 ⊗ · · · ⊗ Ad−1. If a network implements a generalized SWAP on each basis

state |a0a1 . . . ad−1〉 = |a0〉0 ⊗ |a1〉1 ⊗ · · · ⊗ |ad−1〉d−1 of A where a0, . . . , ad−1 ∈ Zd then

the network implements a generalized SWAP on any input state |ψ〉 = |ψ0〉0 ⊗ |ψ1〉1 ⊗
|ψd−1〉d−1.

We now provide a construction method for a regular generalized quantum SWAP of d

qudits and we present this method in figure 3. The main result of this construction tech-

nique is that our regular generalized quantum SWAP gate identifies with the dth-order

recurrence relation aj+d = aj+d−1 + aj with the initial conditions a0 = · · · = ad−1 = 1.

Through an analysis of the recurrence relation aj+d = aj+d−1 + aj, we establish that,

for d prime, our regular generalized SWAP gate cyclically permutes the states of d sub-

systems after the application of d2 − 1 generalized CNOTs. For d other than prime, we

present similar findings.

Construction: Generalized quantum SWAP gate. Here we outline the construction

method for a regular generalized quantum SWAP gate as given in figure 3. We will

motivate the general case of a generalized SWAP of d qudits with an example of how

our design method implements a SWAP of four 4-dimensional quantum states. The

reason for this is two-fold; in addition to helping us to understand the design method

of a regular generalized SWAP of d qudits, the example also serves to underline the

implications for our design when we consider d other than prime.

Let k and l be positive integers. For non-negative integers j, let us consider the

function

f(j) =

(
j

k

)
mod l. (3)

We will use the periodic property of these integer functions to study a combinatorial

problem associated with constructing a generalized SWAP gate for d qudit systems. In

particular, we will illustrate how the set of modular binomial coefficients aj given by

aj =

j/d∑
i=0

(
j − (d− 1)i

i

)
mod d (4)



Towards an optimal generalized SWAP gate 5

aj (mod 4)︷ ︸︸ ︷
e1, e2, e3, e0, e0 ⊕ e1, . . .
↑ ↓↑

0 0 0 1 1 1 1 2 3 0 1 3 2 2 3 2 0 2 1 3 3 1 2 1 0 1 3 0 0 1 0 . . .

1 0 0 0 1 1 1 1 2 3 0 1 3 2 2 3 2 0 2 1 3 3 1 2 1 0 1 3 0 0 1 . . .

0 1 0 0 0 1 1 1 1 2 3 0 1 3 2 2 3 2 0 2 1 3 3 1 2 1 0 1 3 0 0 . . .

0 0 1 0 0 0 1 1 1 1 2 3 0 1 3 2 2 3 2 0 2 1 3 3 1 2 1 0 1 3 0 . . .

|e2〉
|e1〉
|e0〉

|e3〉 . . .

. . .

. . .

. . .fr fr rf r

f fr fr rf r

f fr fr rf r

f fr fr
xy

Figure 4. A quantum network composed entirely in terms of CNOT gates illustrating

the permutation of four 4-dimensional states. The columns of the array describe the

state of the system following the application of respective CNOT gates. In particular,

system A1 is in the state |e0 + e1〉1 following the application of the first CNOT gate.

Here the sum e0 + e1 is represented as the dot product of the row vector (e0, e1, e2, e3)

and the array’s column vector (1, 1, 0, 0)T.

relate to problem 3.1 and the construction of a regular generalized SWAP gate for d

qudits.

Figure 4 illustrates our design method to implement a SWAP of four 4-dimensional

quantum states via a regular sequence of CNOT gates that act on successive pairs of

quantum states. The columns of the array in figure 4 describe the states of the target

quantum systems after the corresponding CNOT gates have been applied. The up-down

arrow between the array and network indicates the correspondence between the system

A1 being in the state |e0 + e1〉1, where e0+e1 is calculated modulo 4, and the application

of the first CNOT gate. The sum e0 + e1 is represented as the dot product of the row

vector (e0, e1, e2, e3) and the corresponding column vector (1, 1, 0, 0)T. Therefore, the

array of integers modulo 4 has its rows indexed by {0, 1, 2, 3} and columns indexed

by time t = −3,−2,−1, 0, 1, 2, 3, . . . such that column t = 4s + j with j ∈ {0, 1, 2, 3}
corresponds to system Aj. We denote the entries in the array by bit, where i ∈ {0, 1, 2, 3}
and t = −3,−2, −1, 0, 1, 2, 3, . . . . Putting

at =
3∑
i=0

eibit, t = −3,−2,−1, 0, 1, 2, 3, . . . (5)

then, for t = 4s + j with j ∈ {0, 1, 2, 3}, the state of the system Aj is |a4s+j〉j. This

illustrates that Aj has been the target of s+ (1− δ0j) CNOT gates.

More generally, for a network of d systems of dimension d, the periodic arrangement

of CNOT gates with control system Aj and target system Aj+1 for j = 0, . . . , d−1, where

j + 1 = 0 for j = d − 1, means that the sequence (at), where |ads+j〉j is the state of
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system Aj at time t = ds + j with j ∈ {0, . . . , d − 1} and Aj has been the target of

s+ (1− δ0j) CNOT gates, satisfies the recurrence relation

at+d = at+d−1 + at (6)

for all t ≥ −d+ 1. This is because the CNOT gate replaces the state |ads+j〉j of Aj with∣∣ad(s+1)+j

〉
j

=
∣∣ads+j + ad(s+1)+j−1

〉
j
. With initial states |a−d+1〉1 = |e1〉1 , . . . , |a−1〉d−1 =

|ed−1〉d−1, |a0〉0 = |e0〉0 the terms of the sequence (at) may be written as at =
∑d−1

i=0 eibit
for sequences (bit) which satisfy the recurrences bi(t+d) = bi(t+d−1) + bit, i = 0, . . . , d− 1.

Indeed,

at+d−1 + at =
d−1∑
i=0

eibi(t+d−1) +
d−1∑
i=0

eibit

=
d−1∑
i=0

ei(bi(t+d−1) + bit) (7)

and

at+d =
d−1∑
i=0

eibi(t+d). (8)

We also note that, for i = 0, . . . , d− 2, the sequence (bit) is a translate of the sequence

(b(i+1)t) by 1 place. In fact, these sequences are all translates of one another. We begin

by considering the solution of the recurrence relation at+d = at+d−1 + at which we will

show to be at =
∑t/d

i=0

(
t−(d−1)i

i

)
.

Lemma 3.3 Let d be a positive integer. The sequence (aj) of integers defined by

aj =

j/d∑
i=0

(
j − (d− 1)i

i

)
(9)

satisfies the recurrence relation aj+d = aj+d−1 + aj having the initial conditions a0 =

· · · = ad−1 = 1.

Proof. Clearly the sequence (aj) as defined satisfies a0 = · · · = ad−1 = 1. Let l be a

non-negative integer and let m ∈ {0, . . . , d− 1}. Then

ald+m =
l∑

i=0

(
(l − i)d+m+ i

i

)
, (10)

and

ald+m+d−1 = a(l+1)d+m−1 =
l+1∑
i=0

(
(l + 1− i)d+m+ i− 1

i

)

= 1 +
l+1∑
i=1

(
(l + 1− i)d+m+ i− 1

i

)

= 1 +
l∑

i=0

(
(l − i)d+m+ i

i+ 1

)
. (11)
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Hence, we have

ald+m + ald+m+d−1 = 1 +
l∑

i=0

(
(l − i)d+m+ i+ 1

i+ 1

)

= 1 +
l+1∑
i=1

(
(l + 1− i)d+m+ i

i

)

=
l+1∑
i=0

(
(l + 1− i)d+m+ i

i

)
= a(l+1)d+m (12)

as required. �
The integer sequence (aj) is periodic since the recurrence relation is reversible and

the sequence must repeat as soon as d consecutive terms, of which there are only finitely

many possibilities, are repeated. Consequently, by relating the repeated application of

generalized CNOTs on successive pairs of quantum systems to the periodic nature of

the recurrence relation aj+d = aj+d−1 + aj, we have established a design method that

permutes the states of d qudits. This concludes the construction process for a generalized

SWAP of d qudits.

The remaining issue is to investigate the nature of the permutations induced by our

construction method for regular generalized SWAP gate of d qudits. This investigation

necessarily involves determining the period of the sequence (aj) for various d in order to

determine how many generalized CNOTs are required for our regular generalized SWAP

gate.

Lemma 3.4 (Rosen (2000))
∑k

i=0

(
j+i
i

)
=
(
j+k+1
k

)
for all j ≥ 0.

Lemma 3.5 Let p be prime and let j ≥ −1. Then for j = p − 1 (mod p), we have(
p+j
p−1

)
= 1 (mod p) and for j = 0, . . . , p− 2 (mod p), we have

(
p+j
p−1

)
= 0 (mod p).

Proof. Let us write
(
p+j
p−1

)
as a quotient of factorials, and consequently, we have it that(

p+j
p−1

)
= (p+j)(p+j−1)...(p)

(j+1)!
. Since there is a multiple of p in the numerator not cancelled by

a factor in the denominator except when j = p− 1 (mod p), the result follows. �

Theorem 3.6 (Lu and Tsai (2000)) Let p be a prime number and let a and k be any

positive integers. The integer function
(
j
k

)
modulo pa for j ≥ k has period pa+e where

e = blogpkc.

We now investigate the periodicity of recurrence relation aj+d = aj+d−1 + aj for

prime d and outline the implications of this result for our regular generalized SWAP

gate of d qudits.

Theorem 3.7 Let d be a prime. The integer sequence (aj) with coefficients defined by

aj =
∑j/d

i=0

(
j−(d−1)i

i

)
mod d has period d2 − 1.
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Proof. The sequence (aj) satisfies the recurrence aj+d = aj+d−1 + aj for all j. Since

a0 = a1 = · · · = ad−1 = 1, it is sufficient to show that ad2−1 = 1, ad2−2 = 0, . . . , ad2−d = 0.

This implies that aj+d2−1 = 1 for j = 0, . . . , d − 1, and so aj+d2−1 = aj for all j ≥ 0.

Now, for j = 0, . . . , d− 2,

aj+d2−d =

j+d2−d
d∑
i=0

(
j + d2 − d− (d− 1)i

i

)

=
d−1∑
i=0

(
j + i

i

)
. (13)

By lemma 3.4,

d−1∑
i=0

(
j + i

i

)
=

(
j + d

d− 1

)
mod d

=

{
0 mod d for 0 ≤ j < d− 1

1 mod d for j = d− 1.
(14)

Thus, the period of the sequence (aj) divides d2 − 1. Next, we show that Pa = d2 − 1

is the smallest period value. For i = 0,
(
j−(d−1)i

i

)
= 1 for all j ≥ 0. Let i be such

that 1 ≤ i < d2−1
d

. Then the sequence (cj) with cj =
(
j−(d−1)i

i

)
satisfies cj = 0 for

j = 0, . . . , di − 1 and cj = 1 for j = di and is periodic with period d for j ≥ di by

Theorem 3.6. Thus, ald = l + 1 for l = 0, . . . , d − 1. Now, any d consecutive terms of

a0, . . . , ad2−1 includes a term ald for some l and thus there cannot be d− 1 consecutive

0 and one 1 until we reach the terms aj with j = d2 − d, . . . , d2 − 1. This establishes

the result. �
Since the period d2− 1 is coprime to d, we note that at the completion of a cycle of

d2−1 generalized CNOTs, the states of the d subsystem will have cycled around. In fact,

since d2−1 = d−1 = −1 (mod d), the d qudits are cyclically shifted by one position and

the network implements a generalized SWAP gate; system A0 will be in the state |e1〉0,
A1 will be in the state |e2〉1, . . . , Ad−1 will be in the state |e0〉d−1. Again, this can be

seen by the following argument. The sequences (bit), i = 0, . . . , d−1, have period d2−1,

we have (b0t, . . . , b(d−1)t) equal to: (0, 1, 0, . . . , 0) for t = d2 − d corresponding to system

A0; (0, 0, 1, 0, . . . , 0) for t = d2− d+ 1 corresponding to system A1; . . . ; (0, . . . , 0, 1) for

t = d2 − 2 corresponding to system Ad−2; (1, 0, . . . , 0) for t = d2 − 1 corresponding to

system Ad−1.

Now we let d = pm with p prime and we seek to evaluate the period of the sequence

of integers aj =
∑j/pm

i=0

(
j−(pm−1)i

i

)
mod pm. We then outline the implication that this

result has on the nature of the permutation induced by our generalized SWAP gate.

Conjecture 3.8 We conjecture that the period of the integer sequence (aj) for aj =∑j/pm

i=0

(
j−(pm−1)i

i

)
mod pm is pm−1(p2m − 1); see table 1.
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d |(aj)|

2

3

4

5

6

7

8

9

3 = 22 − 1

8 = 32 − 1

30 = 2(24 − 1)

24 = 52 − 1

LCM(63, 728) = 6552

48 = 72 − 1

252 = 4(26 − 1)

240 = 3(34 − 1)

Table 1. The period values for integer sequence (aj) where aj =
∑j/d

i=0

(
j−(d−1)i

i

)
)

mod d, for small values of d.

Remark 3.9 Table 1 gives the period of the sequence (aj) for some initial values of

d. The period values for the sequences (aj) modulo all prime powers up to 3125 have

been confirmed and they all agree with the conjecture. If this conjecture is indeed true

then since gcd(pm, pm−1(p2m − 1)) = pm−1 6= 1, our quantum network does not produce

a generalized SWAP gate when m > 1. Although at the end of a cycle the systems are

shifted round, they are shifted pm−1 places and the systems return to their original states

after p applications of the network. Thus, the network provides a cyclic swap on each of

pm−1 groups of p systems, the systems of a group have indices congruent modulo pm−1.

In evaluating the period of the sequence (aj) for d = pm, m > 1, we have it the

sequence (aj) satisfies the recurrence aj+pm = aj+pm−1 + aj for all j. We are concerning

ourselves with the evaluation of the sequence coefficients aj =
∑j/pm

i=0

(
j−(pm−1)i

i

)
. To do

this, we seek a closed form for these sequence coefficients. We outline the main approach

taken.

Let A(z) be the power series
∑

j≥0 ajz
j and denote by [zj]A(z) the coefficient of zj

in A(z); thus [zj]A(z) = aj. Obtaining the generating function for A(z) is of particular

importance for our problem of period evaluation. Indeed, a generating function is a

clothesline on which we hang up a sequence of numbers for display (Wilf (1994)). The

jth term of the sequence (aj) is the coefficient of zj in the expansion of the generating

function as a power series. Therefore, in order to find the generating function associated
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the sequence (aj), we first recall that the sequence (aj) satisfies the recurrence relation

aj =


0 if j < 0

1 if j = 0, . . . , pm − 1

aj−1 + aj−pm otherwise.

(15)

We note that (15) can be expressed by a single equation;

aj = aj−1 + aj−pm + [j = 0]. (16)

Here [j = 0] adds 1 when j = 0. Now, to obtain the generating function for A(z), we

multiply both sides of equation (16) by zj and sum over j. Thus, we find
∞∑
j=0

ajz
j =

∞∑
j=0

aj−1z
j +

∞∑
j=0

aj−pmz
j +

∞∑
j=0

[j = 0]zj

=
∞∑
j=0

ajz
j+1 +

∞∑
j=0

ajz
j+pm + 1

= z
∞∑
j=0

ajz
j + zp

m
∞∑
j=0

ajz
j + 1. (17)

The generating function for A(z) readily demonstrated to be 1/(1 − z − zpm). We use

the following result from Graham et al (1994).

Lemma 3.10 (Graham et al (1994)) 1
(1−αz)i+1 =

∑∞
n=0

(
i+n
i

)
αnzn.

In seeking to evaluate the coefficients aj = [zj]A(z) = [zj]1/(1− z − zpm), let us

consider a finite sum of the series 1/(1− αz)i+1;

S(z) =
β1

(1− α1z)i1+1 + · · ·+ βN

(1− αNz)iN+1 . (18)

We see that [zj]S(z) is the finite sum of coefficients given by

[zj]S(z) = β1

(
i1 + j

i1

)
αj1 + · · ·+ βN

(
iN + j

iN

)
αjN . (19)

Let us now write A(z) = 1/B(z) where B(z) = 1 − z − zp
m

. We have the following

result.

Lemma 3.11 B(z) possesses a set of distinct roots.

Proof. Let us suppose that B(z) possessing a set of repeated roots. It then follows

that B(z) and its derivative B′(z) share a set of common roots (lemma 5.6, Herstein

(1975)). Now, since

B′(z) = −1− pm(z)p
m−1, (20)

a repeated root α satisfies B′(α) = 1 − pm(α)p
m−1 = 0, and consequently, αp

m−1 =

−1/pm. Whence, αp
m

= −α/pm. Furthermore, as B(α) vanishes, we have it that

1−α+α/pm = 0, or equivalently, 1−α(1−1/pm) = 0. We deduce that α = pm/(pm−1)

is the only candidate for a repeating root. Therefore, as a consequence of being a root
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of B′(z), it follows that α = pm/(pm − 1) should satisfy the equation αp
m−1 = −1/pm.

That is, (pm)p
m−1

(pm−1)pm−1 = −1
pm

. However, since (pm)p
m ≡ 0 (mod p) and −(pm − 1)p

m−1 ≡
−1 (mod p), this implies that α = pm/(pm − 1) is not a root of B′(z). Therefore, B(z)

possesses a set of distinct roots. �
By putting B(z) in the form B(z) = (z − b1) . . . (z − bpm) and then taking

reciprocals αk of bk, k = 1, . . . , pm, we establish a correspondence with the polynomial

(1− α1z) . . . (1− αpmz). It follows that

A(z) =
1

((1− α1z) . . . (1− αpmz))

=
β1

(1− α1z)
+ · · ·+ βpm

(1− αpmz)
(21)

for some βl, l = 1, . . . , pm. Note that 1/(1 − αz) is a special case of lemma 3.10 with

i = 0.

Theorem 3.12 Let αk, k = 1, . . . , pm, be reciprocals of the roots of B(z) = 1− z− zpm.

We claim that

[zj]A(z) =

pm∑
l=1

βlα
j
l , (22)

where βl = −αl/B′(1/αl).

Proof. We have

lim
z→1/αl

(z − 1/αl)A(z) = lim
z→1/αl

(z − 1/αl)S(z), (23)

where S(z) is the special case of (19) with il = 0. Now,

lim
z→1/αl

(z − 1/αl)A(z) = lim
z→1/αl

(z − 1/αl)
1

B(z)

= lim
z→1/αl

z − 1/αl
B(z)−B(1/αl)

=
1

B′(1/αl)
(24)

while

lim
z→1/αl

(z − 1/αl)S(z) = lim
z→1/αl

(z − 1/αl)

pm∑
k=1

βk
(1− αkz)

= lim
z→1/αl

βl(z − 1/αl)

−αl(z − 1/αl)

=
βl
−αl

. (25)

Consequently, βl = −αl

B′(1/αl)
, for l = 1, . . . , pm, since

lim
z→1/αl

(z − 1/αl)
βk

(1− αkz)
(26)

vanishes for k 6= l. The result follows. �
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Example 3.13 Theorem 3.12 allows us to efficiently evaluate the set of sequence

coefficients aj =
∑j/pm

i=0

(
j−(pm−1)i

i

)
mod pm for which we were able to conjecture that

the period value pm−1(p2m − 1). As an example, we present the case when pm = 4. The

generating function for this sequence is 1− z− z4 and the reciprocals of the roots of this

function are

α1 = − .8191725134,

α2 = .219447421− .9144736630ι,

α3 = .219447421 + .9144736630ι,

α4 = 1.380277569.

Since βl = −αl

B′(1/αl)
, we have

β1 = .1305102698,

β2 = .1610008758 + .1534011260ι,

β3 = .1610008758− .1534011260ι,

β4 = .5474879784.

The closed form for the binomial coefficients aj =
∑j/4

i=0

(
j−3i
i

)
is

aj = (.1305102698)(−.8191725134)j

+ (.1610 + .1534ι)(.2194− .9144ι)j

+ (.1610− .1534ι)(.2194 + .9144ι)j

+ (.5474879784)(1.380277569)j.

Input: for j from 0 to 20 do; aj mod d; end;

Output: 1,1,1,1,2,3,0,1,3,2,2,3,2,0,2,1,3,3,1,2,1. This example is interesting and should

be compared with figure 4 and table 1. Since the integer sequence aj =
∑j/4

i=0

(
j−3i
i

)
mod

4 has period equivalent to 2 mod 4, the corresponding generalized SWAP gate transposes

states of first and third quantum systems and the states of second and fourth quantum

systems.

Remark 3.14 Interestingly, the sequence (aj) can be identified as a hypergeometric

series of the form

pmFpm−1


−j
pm
, −j+1

pm
, . . . ,

(
−j+pm−1

pm

)
;− (pm)p

m

(pm−1)pm−1

−j
pm−1 ,

−j+1
pm−1 , . . . , −j+p

m−2
pm−1

 . (27)

The process of simply identifying a given hypergeometric series often reveals the closed

form of the series. Petkovsek et al (1996) provide a library of known hypergeometric

series together with their closed forms. Unfortunately, the library of closed forms listed

within does not include a closed form for the binomial sums
∑j/pm

i=0

(
j−(pm−1)i

i

)
.

Next we consider period of the sequence coefficients aj =
∑j/d

i=0

(
j−(d−1)i

i

)
mod d

for composite d with prime factorization d = pm1
1 . . . pmr

r . For such d, we determine the
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period of the integer sequence (aj) by first determining the period of (aj) mod pmt
t for

each t = 1, . . . , r. The period of (aj) mod pmt
t for t = 1, . . . , r is given by the j for which∑j/d

i=1

(
j−(d−1)i

i

)
mod pmt

t equals 1 and which has a preceding sequence (aj−d+1, . . . , aj−1)

= (0, . . . , 0) mod pmt
t . Since the mapping

λd,(pm1
1 ...pmr

r ) : Zd 7→ Zpm1
1
× · · · × Zpmr

r
(28)

is well-defined, the period of integer sequence (aj) mod d is readily established as the

lcm {|(aj) mod pmt
t |}

r
t=1. This claim coincides with the results of table 1.

Theorem 3.15 Let aj =
∑j/d

i=0

(
j−(d−1)i

i

)
mod d where d = pm1

1 . . . pmr
r . Consider

the set of sequences {(aj) mod pmt
t }, t = 1, . . . , r. Let |(aj)| denote the period of the

integer sequence (aj). Let {|(aj) mod pmt
t |} denote the period values of {(aj) mod pmt

t },
for t = 1, . . . , r, respectively. Then, the period of (aj) is lcm {|(aj) mod pmt

t |}, for

t = 1, . . . , r.

Having investigated the integer sequence aj =
∑j/d

i=0

(
j−(d−1)i

i

)
mod d for various d,

we recall the results of table 1. Firstly, table 1 outlines the number of generalized CNOT

gates required to implement a permutation of d qudits. This is in accordance with the

periodicity of the integer sequence (aj). Secondly, the use of these integer sequences

has permitted us to determine for which dimensions our construction will implement

a generalized SWAP of d qudits. In particular, we have a generalized SWAP gate in

those dimensions d for which the period of the integer sequence (aj) is equivalent to

−1 mod d. For dimensions d where a generalized SWAP gate is not possible then the

period of (aj) describes a permutation, other than the cyclic permutation sought, of

the d input qudit states. For example, figure 4 describes how translates of the integer

sequence (aj) mod 4 explains a permutation of four 4-dimensional states. Table 1 records

that for such dimensions the period of the corresponding integer sequence is equivalent

to 2 mod 4. Therefore, in this instance our network induces a permutation of the

four input 4-dimensional quantum states such that the state |e0〉0 of the first quantum

system A0 is transposed with the state |e2〉2 of the third quantum system A2 so that

the quantum system A0 is in the state |e2〉0 and the quantum system A2 is in the state

|e0〉2. Correspondingly, the state |e1〉1 of the second quantum system A1 is transposed

with the state |e3〉3 of the fourth quantum system A3 so that the quantum system A1 is

in the state |e3〉1 and the quantum system A3 is in the state |e1〉3. Observe also that the

period of the integer sequence aj =
∑j/6

i=0

(
j−5.i
i

)
mod 6 is obtained by the least common

multiple of the period values of the sequences
∑j/6

i=0

(
j−5.i
i

)
mod 2 and

∑j/6
i=0

(
j−5.i
i

)
mod 3.

The periods of these sequences are 63 and 728, respectively. By theorem 3.15, the period

of (aj) mod 6 is then 6552. However, since 6552 is equivalent to 0 mod 6, our network

acts trivially on the set of six input quantum states.

4. Swapping three qutrits

We now describe how our construction may be used to implement a generalized SWAP

of three qutrits. The design features closely follow those illustrated in figure 4.
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∑2
i=0 ci |i〉

∑2
i=0 bi |i〉

∑2
i=0 ai |i〉

∑2
i=0 ai |i〉

∑2
i=0 ci |i〉

∑2
i=0 bi |i〉h

t
h
t

t
h

h
t

h
t

t
h

h
t

h
t

Figure 5. A qutrit SWAP gate that cyclically permutes the states of three qutrits.

This gate is composed of eight two-qutrit CNOT gates.

In this instance, we make use of the integer sequence (aj) with coefficients aj =∑j/3
i=0

(
j−2.i
i

)
mod 3 to construct a regular network illustrating the cyclical permutations

of three qutrits. Figure 4 depicts the resulting network design. Here, we supposing that

the first quantum system A0 prepared in the state |a〉, the second system A1 prepared

in the state |b〉 and the third system A2 prepared in the state |c〉. Implementing the

qutrit SWAP depicted in figure 4, puts system A0 in the state |b〉, system A1 in the

state |c〉 and system A2 in the state |a〉. Appendix B explicitly describes the set of state

changes that arise during the application of this gate.

5. Conclusion

Using a regular periodically repeating sequence of CNOT gates, we constructed a

generalized SWAP gate that cyclically shift d qudit subsystems for d prime. For d

other than prime, our design induces a permutation of qudit subsystems. Our design

method made great use of modular binomial relations and illustrated that the problem

of quantum circuit design may be recast as a problem of period determination for

recurrence relations.
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Appendix A

We explicitly provide the set output states corresponding to the actions of the successive

CNOT gates depicted in figure 4 for the input state |a〉 ⊗ |b〉 ⊗ |c〉. The state of the
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system after the application of the initial CNOT gate is

a0b0c0 |000〉+ a0b0c1 |001〉+ a0b0c2 |002〉+ a0b1c0 |010〉+ a0b1c1 |011〉+

a0b1c2 |012〉+ a0b2c0 |020〉+ a0b2c1 |021〉+ a0b2c2 |022〉+ a1b0c0 |110〉+

a1b0c1 |111〉+ a1b0c2 |112〉+ a1b1c0 |120〉+ a1b1c1 |121〉+ a1b1c2 |122〉+

a1b2c0 |100〉+ a1b2c1 |101〉+ a1b2c2 |102〉+ a2b0c0 |220〉+ a2b0c1 |221〉+

a2b0c2 |222〉+ a2b1c0 |200〉+ a2b1c1 |201〉+ a2b1c2 |202〉+ a2b2c0 |210〉+

a2b2c1 |211〉+ a2b2c2 |212〉 . (A.1)

The action of the second CNOT gate on (A.1) is

a0b0c0 |000〉+ a0b0c1 |001〉+ a0b0c2 |002〉+ a0b1c0 |011〉+ a0b1c1 |012〉+

a0b1c2 |010〉+ a0b2c0 |022〉+ a0b2c1 |020〉+ a0b2c2 |021〉+ a1b0c0 |111〉+

a1b0c1 |112〉+ a1b0c2 |110〉+ a1b1c0 |122〉+ a1b1c1 |120〉+ a1b1c2 |121〉+

a1b2c0 |100〉+ a1b2c1 |101〉+ a1b2c2 |102〉+ a2b0c0 |222〉+ a2b0c1 |220〉+

a2b0c2 |221〉+ a2b1c0 |200〉+ a2b1c1 |201〉+ a2b1c2 |202〉+ a2b2c0 |211〉+

a2b2c1 |212〉+ a2b2c2 |210〉 . (A.2)

The action of the third CNOT gate given in figure 4 on (A.2) is

a0b0c0 |000〉+ a0b0c1 |101〉+ a0b0c2 |202〉+ a0b1c0 |111〉+ a0b1c1 |212〉+

a0b1c2 |010〉+ a0b2c0 |222〉+ a0b2c1 |020〉+ a0b2c2 |121〉+ a1b0c0 |211〉+

a1b0c1 |012〉+ a1b0c2 |110〉+ a1b1c0 |022〉+ a1b1c1 |120〉+ a1b1c2 |221〉+

a1b2c0 |100〉+ a1b2c1 |201〉+ a1b2c2 |002〉+ a2b0c0 |122〉+ a2b0c1 |220〉+

a2b0c2 |021〉+ a2b1c0 |200〉+ a2b1c1 |001〉+ a2b1c2 |102〉+ a2b2c0 |011〉+

a2b2c1 |112〉+ a2b2c2 |210〉 . (A.3)

The remaining CNOT gates of figure 4 yield the following respective outcomes;

a0b0c0 |000〉+ a0b0c1 |111〉+ a0b0c2 |222〉+ a0b1c0 |121〉+ a0b1c1 |202〉+

a0b1c2 |010〉+ a0b2c0 |212〉+ a0b2c1 |020〉+ a0b2c2 |101〉+ a1b0c0 |201〉+

a1b0c1 |012〉+ a1b0c2 |120〉+ a1b1c0 |022〉+ a1b1c1 |100〉+ a1b1c2 |211〉+

a1b2c0 |110〉+ a1b2c1 |221〉+ a1b2c2 |002〉+ a2b0c0 |102〉+ a2b0c1 |210〉+

a2b0c2 |021〉+ a2b1c0 |220〉+ a2b1c1 |001〉+ a2b1c2 |112〉+ a2b2c0 |011〉+

a2b2c1 |122〉+ a2b2c2 |200〉 (A.4)

a0b0c0 |000〉+ a0b0c1 |112〉+ a0b0c2 |221〉+ a0b1c0 |120〉+ a0b1c1 |202〉+

a0b1c2 |011〉+ a0b2c0 |210〉+ a0b2c1 |022〉+ a0b2c2 |101〉+ a1b0c0 |201〉+

a1b0c1 |010〉+ a1b0c2 |122〉+ a1b1c0 |021〉+ a1b1c1 |100〉+ a1b1c2 |212〉+

a1b2c0 |111〉+ a1b2c1 |220〉+ a1b2c2 |002〉+ a2b0c0 |102〉+ a2b0c1 |211〉+

a2b0c2 |020〉+ a2b1c0 |222〉+ a2b1c1 |001〉+ a2b1c2 |110〉+ a2b2c0 |012〉+

a2b2c1 |121〉+ a2b2c2 |200〉 (A.5)
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a0b0c0 |000〉+ a0b0c1 |012〉+ a0b0c2 |021〉+ a0b1c0 |120〉+ a0b1c1 |102〉+

a0b1c2 |111〉+ a0b2c0 |210〉+ a0b2c1 |222〉+ a0b2c2 |201〉+ a1b0c0 |001〉+

a1b0c1 |010〉+ a1b0c2 |022〉+ a1b1c0 |121〉+ a1b1c1 |100〉+ a1b1c2 |112〉+

a1b2c0 |211〉+ a1b2c1 |220〉+ a1b2c2 |202〉+ a2b0c0 |002〉+ a2b0c1 |011〉+

a2b0c2 |020〉+ a2b1c0 |122〉+ a2b1c1 |101〉+ a2b1c2 |110〉+ a2b2c0 |212〉+

a2b2c1 |221〉+ a2b2c2 |200〉 (A.6)

a0b0c0 |000〉+ a0b0c1 |012〉+ a0b0c2 |021〉+ a0b1c0 |100〉+ a0b1c1 |112〉+

a0b1c2 |121〉+ a0b2c0 |200〉+ a0b2c1 |212〉+ a0b2c2 |221〉+ a1b0c0 |001〉+

a1b0c1 |010〉+ a1b0c2 |022〉+ a1b1c0 |101〉+ a1b1c1 |110〉+ a1b1c2 |122〉+

a1b2c0 |201〉+ a1b2c1 |210〉+ a1b2c2 |222〉+ a2b0c0 |002〉+ a2b0c1 |011〉+

a2b0c2 |020〉+ a2b1c0 |102〉+ a2b1c1 |111〉+ a2b1c2 |120〉+ a2b2c0 |202〉+

a2b2c1 |211〉+ a2b2c2 |220〉 (A.7)

a0b0c0 |000〉+ a0b0c1 |010〉+ a0b0c2 |020〉+ a0b1c0 |100〉+ a0b1c1 |110〉+

a0b1c2 |120〉+ a0b2c0 |200〉+ a0b2c1 |210〉+ a0b2c2 |220〉+ a1b0c0 |001〉+

a1b0c1 |011〉+ a1b0c2 |021〉+ a1b1c0 |101〉+ a1b1c1 |111〉+ a1b1c2 |121〉+

a1b2c0 |201〉+ a1b2c1 |211〉+ a1b2c2 |221〉+ a2b0c0 |002〉+ a2b0c1 |012〉+

a2b0c2 |022〉+ a2b1c0 |102〉+ a2b1c1 |112〉+ a2b1c2 |122〉+ a2b2c0 |202〉+

a2b2c1 |212〉+ a2b2c2 |222〉 . (A.8)

Now, the state of the system recorded in (A.8) follows the application of the final CNOT

gate of figure 4. State (A.8) may be rewritten as

b0c0a0 |000〉+ b0c0a1 |001〉+ b0c0a2 |002〉+ b0c1a0 |010〉+ b0c1a1 |011〉+

b0c1a2 |012〉+ b0c2a0 |020〉+ b0c2a1 |021〉+ b0c2a2 |022〉+ b1c0a0 |100〉+

b1c0a1 |101〉+ b1c0a2 |102〉+ b1c1a0 |110〉+ b1c1a1 |111〉+ b1c1a2 |112〉+

b1c2a0 |121〉+ b1c2a1 |121〉+ b1c2a2 |122〉+ b2c0a0 |200〉+ b2c0a1 |201〉+

b2c0a2 |202〉+ b2c1a0 |210〉+ b2c1a1 |211〉+ b2c1a2 |212〉+ b2c2a0 |220〉+

b2c2a1 |221〉+ b2c2a2 |222〉 , (A.9)

and this has the required form |b〉 ⊗ |c〉 ⊗ |a〉.
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