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A massive superparticle action based on the generalised line element in N=1 global
superspace is quantised canonically. A previous method of quantising this action, based
on a Fock space analysis, showed that states existed in three supersymmetric multiplets,
each of a different mass. The quantisation procedure presented uses the single first class
constraint as an operator condition on a general N=1 superwavefunction. The constraint
produces coupled equations of motion for the component wavefunctions. Transformations
of the component wavefunctions are derived that decouple the equations of motion and
partition the resulting wavefunctions into three separate supermultiplets. Unlike previous
quantisations of superparticle actions in N=1 global superspace, the spinor wavefunctions
satisfy the Dirac equation and the vector wavefunctions satisfy the Proca equation.

The off-shell closure of the commutators of the supersymmetry transformations, that
include mass parameters, are derived by the introduction of auxiliary wavefunctions.

To avoid the ghosts arising in a previous Fock space quantisation an alternative
conjugation is used in the definition of the current, based on a Krein space approach.

Keywords: Superparticle; Supersymmetry.

1. Introduction

The dynamics for a supersymmetric relativistic point particle can be derived from
an action that is proportional to the length of the worldline in super-Poincare
spacetime1. The Hamiltonian analysis of the simplest superparticle action with N=1
supersymmetry1, reveals one first class constraint, the mass shell constraint, and
a second class constraint consisting of one four-component Majorana spinor. On
canonical quantisation, the first class constraint becomes an operator condition on
the superwavefunction. The second class constraints complicate the quantisation,
requiring the solution of the Dirac brackets2. The result is a chiral superwavefunc-
tion containing component wavefunctions that obey the Klein-Gordon equation. In
superfield theory, the chiral multiplet, composed of two complex scalars and a com-
plex Majorana spinor, is used in the Wess-Zumino model3. The Wess-Zumino model
defines an action from which the spinor wavefunctions are found to obey the Dirac
equation. However, the Dirac equation is not a direct consequence of the solution
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of the canonical constraints that arise from these super-Poincare invariant actions.
One aim of this paper is to derive the Dirac equation and higher spin wave equations
directly from the constraints arising from a super-Poincare invariant action.

In a previous attempt to obtain the Dirac equation from quantisation of a super-
particle action4 a more general N=1 supersymmetric line element was investigated5

by Volkov and Pashnev. The extended line element had an additional term quadratic
in the spinorial coordinates and is based on the most general form of the metric in
N=1 superspace 6. Inclusion of the new term in the line element avoided the second
class constraints that arise in other N=1 superparticle actions1,7,8 and therefore sim-
plified the quantisation. The model had one first class constraint that was quadratic
in fermionic as well as bosonic momenta. The fermionic momenta only appear as
part of supersymmetric covariant derivatives. To quantise the theory5, a Fock space
was constructed using a Clifford algebra of fermionic annihilation and creation op-
erators based on the supersymmetry generators and the supersymmetric covariant
derivatives. However, this approach is not suitable to derive wave equations and
the Dirac equation was not found for the spinor wavefunctions4. A further problem,
in this approach, was that the Fock space states that formed a vector multiplet
had negative norm5. A second aim of this paper is therefore to present an alterna-
tive method of quantisation the extended superparticle action5, in which there is a
physical interpretation of all the particle states such that ghosts states are absent.

The additional term in superparticle worldline contains a second mass parameter
that has interesting consequences in the quantisation. Instead of a single massive
supersymmetric multiplet, that arises in the quantisation of the restricted worldline
action, three supersymmetric multiplets were produced (two scalar multiplets and
one vector multiplet), each with a different mass5. This may be of interest in the
construction of models for particle physics, if the ghost states can be removed.
In superparticle quantisations based on restricted worldline actions, such as the
original N=1 model1 or the N=2 superparticle with central charges that produces
the hypermultiplet4,7,8,9, all the component wavefunctions have the same mass equal
to the mass parameter in the superparticle action.

The method presented here uses the first class constraint as an operator
condition7,8 on a general N=1 scalar superwavefunction in order to derive on-
and off-shell wavefunctions that form supersymmetric representations3,10,11. This
alternative method is used to demonstrate that the extended superparticle action
provides a valid model for supersymmetric quantum mechanics.

Sections 2 and 3 describe the superparticle action and Hamiltonian constraint.
In Sections 4 and 5 the canonical quantisation procedure is detailed. The action of
the operator constraint produces wave equations for each component wavefunction
in the superfield. The initial wave equations derived from the quantised constraint
are of second order in the spacetime derivatives but relate more than one compo-
nent wavefunction i.e. the wave equations are not diagonal and mix the component
wavefunctions.

However, in Section 6, transformations are derived from the original component
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wavefunctions (OCWFs) to a new set of transformed component wavefunctions
(TCWFs) that diagonalise the wave equations. The TCWFs are found to satisfy
the Klein-Gordon, Dirac and Proca equations for massive scalar, spinor and vector
particles. The presence of the two mass parameters in the transformation on the
wave equations produces three separate on-shell superfield multiplets that satisfy
wave equations of differing mass. The three masses are related by a simple algebraic
formula discovered by Volkov and Pashnev5.

In Sections 7, an action is derived for the OCWFs from which the original wave
equations can be calculated. The action is invariant to global supersymmetry trans-
formations. The variables in the action are the OCWFs and the conjugates of the
OCWFs. The form of the conjugation used is decided in subsequent sections based
on the demand that the terms from all the TCWF supermultiplets contribute to the
quantum probability with the same sign. The commutators of the supersymmetry
transformations for the OCWFs close without use of the wave equations (i.e. the
commutators close off-shell).

In Section 8, the global supersymmetry transformations of the TCWFs are de-
rived. The global supersymmetry transformations of the TCWFs involve mass pa-
rameters and are different in structure to the chiral and vector multiplets used in
standard supersymmetric field theory3,11. The commutators of the supersymmetry
transformations of the transformed spinor wavefunctions require use of the equa-
tions of motion for closure. Auxiliary component wave functions are introduced into
the TCWF multiplets that allow closure of the global supersymmetry transforma-
tion commutators off-shell. An action is derived for the TCWFs from which the
transformed wave equations can be derived. Auxiliary component terms are added
to this action to maintain the invariance, up to a total derivative, under the off-
shell supersymmetry transformations. However, if hermitian conjugation is used in
this action for the TCWFs a relative minus sign arises between a supermultiplet
representing particles of one mass and the two other supermultiplets representing
particles of two other masses. The relative sign in these terms indicates that if the
later two supermultiplets represent physical particles than the first supermultiplet
will represent ghost particles.

In Section 9, an alternative conjugation is used to define the actions for the
OCWFs and TCWFs. The conjugation is based on the Krein space approach to
states with indefinite probability. The action remains hermitian but terms from
each supermultiplet contribute to the probability with the same sign. A current is
defined with no ghost contributions.

2. The superparticle action

The following superparticle action5, with N=1 global supersymmetry, will be used
in this paper:

A =
∫ τf

τi

dτ

(
m

√
πaπa + M−1 ˙̄θθ̇ + iN−1 ˙̄θγ5θ̇

)
(1)



February 16, 2005 12:23 WSPC/INSTRUCTION FILE plfpaper4e-v2

4 P.L.FitzGerald

where

πa = ẋa − iθ̄αγaβ
α θ̇β (2)

and xa is a four-vector that represents the even spacetime coordinates, θα is a Ma-
jorana spinor (θ̄α = Cαβθβ , where Cαβ is the inverse charge conjugation matrix)
that represents the four odd Grassmann coordinates3,11, γβ

aα are the Dirac matri-
ces, τ represents the length of the particle worldline and m, M and N are mass
parameters. The quantisation without the line element terms containing M and N

was investigated previously by Casalbuoni1. The introduction of the additional term
containing M and N in the above action has significant effects in the quantisation
procedure.

3. The superparticle Hamiltonian

The superparticle action (1) has a single first class constraint2 in momentum phase
space:

G = (P aPa −m2) + M̄D̄D + iN̄D̄γ5D = 0 (3)

where

R =
(
M̄2 + N̄2

) 1
2 , M̄ = M−1

M−2+N−2 , N̄ = N−1

M−2+N−2 (4)

and

Dα = dα − i (γ · Pθ)α (5)

and P a and dα are the conjugate momenta to xa and θα and γ · P = γaPa.
The canonical Hamiltonian is zero and hence the Dirac Generalised Hamiltonian

is proportional to the constraint:

H = e((P aPa −m2) + M̄D̄D + iN̄D̄γ5D) (6)

where e (τ) is a Lagrange multiplier2. The Poisson brackets are:

{xa, Pb} = δa
b (7)

{θ̄α, dβ} = δα
β (8)

{d̄α, θβ} = −δα
β (9)

4. Operator constraints on superwavefunction

To perform the canonical quantisation the phase space variables are mapped to the
following operators:

xa −→ xa

P a −→ −i
∂

∂xa
= −i∂a

θα −→ θα

dα −→ +i
∂

∂θ̄α
(10)
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The even operators satisfy the commutator:

[xa, Pb]− = iδa
b (11)

and the odd operators satisfy the anti-commutator:
[
θ̄α, dβ

]
+

= iδα
β (12)

On canonical quantisation the constraint (6) becomes an operator acting on a
superwavefunction2. A scalar superwavefunction is chosen, as the simplest case, to
form a supersymmetric generalisation of the Klein Gordon equation:



−(2 + m2)
+M̄( ∂

∂θ
∂
∂θ̄

+ iθ̄γ · ∂ ∂
∂θ̄

+ i ∂
∂θ γ · ∂θ − θ̄θ2)

+iN̄( ∂
∂θ γ5

∂
∂θ̄

+ iθ̄γ · ∂γ5
∂
∂θ̄

+ i ∂
∂θ γ5γ · ∂θ + θ̄γ5θ2)


 Φ = 0 (13)

where 2 = ∂a∂a.
In this paper the superspace spinor coordinates have one supersymmetry (N=1)

and hence no internal symmetry group3,11. The expansion of the superwavefunction
contains two Dirac spinors, four complex scalars and a complex vector:

Φ = f + R1/2θ̄φ̃ + Rθ̄θg̃ + Rθ̄γ5θh̃

+Rθ̄γmγ5θvm + R3/2θ̄θθ̄χ̃ + R2θ̄θθ̄θk (14)

To simplify the wave equations, the additional mass parameter R is used above to
scale the component wavefunctions in order that they have the same mass magni-
tude.

5. Component wavefunction equations of motion

To simplify the equations of motion of the component wavefunctions the following
redefinitions of the component wavefunctions χ̃, φ̃, g̃ and h̃ are made

χ = Λ(1)
+ χ̃

φ = Λ(2)
+ φ̃

g =
(
M̄R−1g̃ + iN̄R−1h̃

)

h =
(
iN̄R−1g̃ + M̄R−1h̃

)
(15)

where

Λ(1)
± = (2R)−1 [(

R + M̄ ± iN̄
)

+ γ5

(
R− M̄ ∓ iN̄

)]

Λ(2)
± = (2R)−1 [(

R + M̄ ± iN̄
)− γ5

(
R− M̄ ∓ iN̄

)]
(16)

When the constraint (13) is applied to the superwavefunction (14), three sets of
coupled equations of motion are produced in an expansion in terms of θα. A set of
scalar wavefunction equations:

−(2 + m2)f + 8R2g = 0 (17)
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−(2 + m2)g −2f + 8R2k = 0 (18)

−(2 + m2)k −2g = 0 (19)

A set of spinor wavefunction equations:

−(2 + m2)φα + 4R2χα + 2Ri (γ · ∂φ)α = 0 (20)

−(2 + m2)χα −2φα + 2Ri (γ · ∂χ)α = 0 (21)

A set of vector-scalar wavefunction equations:

−(2 + m2)h + 4Ri∂ · v = 0 (22)

−(2 + m2)vb + 4Ri∂bh = 0 (23)

6. Solution of the equations of motion

It was shown in Section 5 that the OCWFs in the superwavefunction Φ (14) do not
satisfy wave equations that are suitable to describe the known types of particles.
However, three sets of wave equations (17-21) can be diagonalised by the follow-
ing transformations. The transformation for scalar wave equations (17-19) involves
purely algebraic parameters:

g(α) =
(
− m2

(α2 − β2)
f +

1
2
g − 2R

(α− β)
k

)
N(α) (24)

g(β) =
(

m2

(α2 − β2)
f +

1
2
g +

2R

(α− β)
k

)
N(β) (25)

g(m) = 2
1
2

(
− m

4R
f +

2R

m
g +

2R

m
k

)
N(m) (26)

where the masses α and (−β) are both positive

α = 2R +
√

4R2 + m2 (27)

β = 2R−
√

4R2 + m2 (28)

and

N(m) =
√

2 (29)

N(α) =

√
m2

α2
+ 1 (30)

N(β) =

√
m2

β2
+ 1 (31)

Substituting (24-26) into (17-19) produces the required Klein-Gordon equations
for the transformed scalar wavefunctions (24-26):

(2 + α2)g(α) = 0 (32)
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(2 + β2)g(β) = 0 (33)

(2 + m2)g(m) = 0 (34)

The transformation that will linearise the vector-scalar wavefunction equations
(22-23) involves parameters containing spacetime derivatives:

B(m)
n = 2

1
2

(
vn − i

4R

m2
∂nh + m−2∂n∂ · v

)
N(m) (35)

b(α) =
β

(α− β)
(
h + iβ−1∂ · v)

N(α) (36)

b(β) =
α

(β − α)
(
h + iα−1∂ · v)

N(β) (37)

The transformed scalars b(α) and b(β) satisfy the second order Klein-Gordon equa-
tions, while that of the wavefunction B

(m)
n satisfies the Proca equation for a massive

vector particle:
(
2 + α2

)
b(α) (38)

(
2 + β2

)
b(β) (39)

2B(m)
n − ∂n∂ ·B(m) + m2B(m)

n = 0 (40)

The vector-scalar set of equations (22-23) have five degrees of freedom off-shell
and on-shell represented by vm and h, and five degrees of freedom on-shell repre-
sented by B

(m)
q , b(α) and b(β). The transformation (35-37) is therefore only valid

on-shell in the TCWFs. The off-shell theory for the TCWFs will be completed in
Section 8.

The wavefunctions φα and χα are Dirac spinors with four off-shell complex com-
ponents each. The second order equations of motion that they satisfy (20-21) imply
that they also each have four on-shell complex components. Spinor wavefunctions
that satisfy first order Dirac equations of motion have four complex components off-
shell and two complex components on-shell. A transformation is therefore required
that will map the wavefunctions φα and χα onto four on-shell spinor wavefunctions
satisfying Dirac equations. Building on the procedure for the the scalar and vec-
tor transformations, linear combinations of the φα and χα equations of motion are
taken to produce new wavefunctions that satisfy Dirac equations with masses equal
to m, α and β. The transformation parameters involve spacetime derivatives. As
in the case for the vector-scalar wavefunctions, the transformation of the spinors is
only valid on-shell for the TCWFs.

The transformations for the spinor wave functions are:
(

ρ(m+)

ρ(m−)

)
= (8Rm)−1

R
1
2 N(m)

·
(

(2R + m) iγ · ∂ −m2 , 2Riγ · ∂ + 2R (2R−m)
(2R−m) iγ · ∂ −m2 , 2Riγ · ∂ + 2R (2R + m)

) (
φ

χ

)
(41)
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and
(

ρ(β)

ρ(α)

)
=

(
(4R (α− β))−1

R
1
2 N(α) , 0

0 , (4R (β − α))−1
R

1
2 N(β)

)

·
(

(2R− β) iγ · ∂ + m2 , 2Riγ · ∂ + 2R (2R− β)
(2R− α) iγ · ∂ + m2 , 2Riγ · ∂ + 2R (2R− α)

)(
φ

χ

)
(42)

The transformed spinor wavefunctions satisfy the following equations of motion:

(iγ · ∂ + m) ρ(m+) = 0 (43)

(iγ · ∂ −m) ρ(m−) = 0 (44)

(iγ · ∂ + β) ρ(β) = 0 (45)

(iγ · ∂ + α) ρ(α) = 0 (46)

The wavefunctions ρ
(α)
(5) = γ5ρ

(α), ρ(β), ρ
(m+)
(5) = γ5ρ

(m+) and ρ(m−) satisfy positive
mass Dirac equations and are the wavefunctions that represent physical particles.

The transformation of the OCWFs to the new TCWFs, that satisfy Klein-
Gordon, Dirac and massive vector equations of motion, is now complete. Three
supersymmetric multiplets have been derived: a multiplet with mass m contain-
ing one complex vector, two Dirac spinors and one complex scalar; two multiplets
containing a Dirac spinor and two complex scalars, one with mass α and one with
mass (−β). Similar multiplets of Fock space states were derived using a Fock space
approach5. Note that the supersymmetry transformations of the TCWFs that will
be derived in Section 8 require Dirac and not Majorana spinors.

7. Supersymmetry transformations, commutators and invariant
action for the OCWFs

The transformations derived in Section 6 map the OCWFs to three on-shell su-
persymmetric multiplets of TCWFs, containing eight bosonic and eight fermionic
complex degrees of freedom. The number of off-shell complex degrees of freedom
for the TCWFs are nine bosonic and sixteen fermionic. This difference in degrees
of freedom suggests that auxiliary wavefunctions are required to form off-shell su-
persymmetric multiplets for the TCWFs3. The auxiliary wavefunctions can be ob-
tained by ensuring the closure of supersymmetry transformation commutators of
the TCWFs off-shell. In this Section, as a preliminary step, the supersymmetry
transformations of the OCWFs will be derived.

The supersymmetry transformations are generated by the action of the super-
symmetric charge operator Q̂α on the superwavefunction:

δεΦ = ε̄αQ̂αΦ =
(

iε̄
∂

∂θ̄
− ε̄γ · ∂θ

)
Φ (47)

The OCWFs transformations are:

δεf = iR
1
2 ζ̄φ (48)
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δεg = −1
4
R−

1
2

(
ζ̄γ · ∂φ

)
+

i

2
R

1
2

(
ζ̄χ

)
(49)

δεk = −1
4
R−

1
2

(
ζ̄γ · ∂χ

)
(50)

δεh = −1
4
R−

1
2

(
ζ̄γ · ∂γ5φ

)− i

2
R

1
2

(
ζ̄γ5χ

)
(51)

δεva =
1
4
R−

1
2

(
ζ̄γ · ∂γaγ5φ

)
+

i

2
R

1
2

(
ζ̄γaγ5χ

)
(52)

δεφα = −R−
1
2 (γ · ∂ζ)α f + 2iR

1
2 (ζ)α g

+2iR
1
2 (γ5ζ)α h + 2iR

1
2

(
γbγ5ζ

)
α

vb (53)

δεχα = −R−
1
2 (γ · ∂ζ)α g + 4iR

1
2 (ζ)α k

−R−
1
2 (γ · ∂γ5ζ)α h−R−

1
2

(
γbγ · ∂γ5ζ

)
α

vb (54)

where ζ = Λ(1)
+ ε. The commutators of the supersymmetry transformations OCWFs

close onto a spacetime translation on- and off-shell, e.g:

[δε2 , δε1 ] f = 2i (ε̄1γ
aε2) ∂af (55)

The equations of motion for the OCWFs are derivable from the following action:

AOCWF =
∫

d4xd4θ
(−∂aΦ̄∂aΦ−m2Φ̄Φ + MD̄αΦ̄DαΦ + iND̄α(γ5)β

αΦ̄DβΦ
)
(56)

The only terms that contribute to the action (56) are those of order θ̄θθ̄θ. After
performing the θ integral the action reduces to:

AOCWF = R2

∫
d4x

(
∂afK∂ak + ∂akK∂af + ∂afK∂ag + ∂agK∂af

+∂agK∂ag + ∂ahK∂ah + ∂avbK∂avb

+
1
4

(
∂aφ̄∂aχ + ∂aχ̄∂aφ + ∂aφ̄∂aφ

)

−m2

(
fKk + kKf + gKg + hKh + vaKva +

1
4
φ̄χ +

1
4
χ̄φ

)

+R2
(
8gKk + 8kKg + χ̄χ

)
+ i4R

(
vaK∂ah− ∂ahKva

)

+i
R

4
(
φ̄γ · ∂χ− ∂aχ̄γaφ + χ̄γ · ∂φ− ∂aφ̄γaχ

))
(57)

The type of conjugation is not yet fixed. In (57), fK is the conjugate variable to f

and χ̄ = χKA where AγaA−1 = γ†. Supersymmetry transformations of the OCWFs
transforms the Lagrangian to a total derivative.
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8. Supersymmetry transformations, commutators and invariant
action for the TCWFs

Using (48-54) the following supersymmetry transformations can be derived for the
TCWFs:

δεg
(α) = i

(
ζ̄ρ(α)

)
(58)

δεg
(β) = i

(
ζ̄ρ(β)

)
(59)

δεg
(m) = i2−

1
2

(
ζ̄

(
ρ(m+) + ρ(m−)

))
(60)

δεb
(α) = i

(
ζ̄γ5ρ

(α)
)

(61)

δεb
(β) = i

(
ζ̄γ5ρ

(β)
)

(62)

δεB
(m)
n = i2−

1
2

(
ζ̄γ5γn

(
ρ(m+) − ρ(m−)

))

−m−1
(
ζ̄γ5

(
∂nρm+ + ∂nρm−))

(63)

δερ
(α)
α = i

[
((iγ · ∂ − α) ζ)α g(α) − ((iγ · ∂ − α) γ5ζ)α b(α)

]
(64)

δερ
(β)
α = i

[
((iγ · ∂ − β) ζ)α g(β) − ((iγ · ∂ − β) γ5ζ)α b(β)

]
(65)

δερ
(m+)
α = i2−

1
2

[
((iγ · ∂ −m) ζ)α g(m)

+
((

σmn∂mB(m)
n −mγnB(m)

n

)
γ5ζ

)
α

]
(66)

δερ
(m−)
α = i2−

1
2

[
((iγ · ∂ + m) ζ)α g(m)

−
((

σmn∂mB(m)
n + mγnB(m)

n

)
γ5ζ

)
α

]
(67)

In generating the supersymmetry transformations of the TCWFs from those of the
OCWFs (48-54) the equations of motion (32-34), (38-40), (44) and (46) are set to
zero and the above transformations are therefore on-shell.

The supersymmetric transformations of the TCWFs (58-67) are novel in that
they contain mass parameters and hence cannot be mapped onto those of the chi-
ral and vector multiplets previously used in superfield theories supersymmetric
transformations3,11.

The commutators of the supersymmetry transformations of the transformed
spinor wavefunctions (64-67) contain terms proportional to the equations of motion.
These terms can be removed by the addition of seven auxiliary wavefunctions that
have the following supersymmetry transformations:

δεF
(α) = iζ̄ (iγ · ∂ + α) ρ(α) (68)
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δεF
(β) = iζ̄ (iγ · ∂ + β) ρ(β) (69)

δεF
(m+) = iζ̄ (iγ · ∂ + m) ρ(m+) (70)

δεF
(m−) = iζ̄ (iγ · ∂ −m) ρ(m−) (71)

δεG
(α) = iζ̄γ5 (iγ · ∂ + α) ρ(α) (72)

δεG
(β) = iζ̄γ5 (iγ · ∂ + β) ρ(β) (73)

δεG
(m) = i2−

1
2 ζ̄γ5 (iγ · ∂ + m) ρ(m+)

+i2−
1
2 ζ̄γ5 (iγ · ∂ −m) ρ(m−) (74)

and the addition of auxiliary wavefunction terms in the supersymmetry transfor-
mations of the spinor wavefunctions (64-67):

δερ
(α)
α −→ δερ

(α)
α + (ζ)α F (α) − 2−

1
2 (γ5ζ)α G(α) (75)

δερ
(β)
α −→ δερ

(β)
α + (ζ)α F (β) − 2−

1
2 (γ5ζ)α G(β) (76)

δερ
(m+)
α −→ δερ

(m+)
α + (ζ)α F (m+) − 2−

1
2 (γ5ζ)α G(m) (77)

δερ
(m−)
α −→ δερ

(m−)
α + (ζ)α F (m−) − 2−

1
2 (γ5ζ)α G(m) (78)

With the inclusion of the auxiliary wavefunctions the commutators of the super-
symmetry transformations for the TCWFs close off-shell.

The equations of motion of the TCWFs (32-34), (38-40), (44) and (46) are
derivable from the following action for massive scalar, spinor and vector particles:

Atcwf =
∫

d4x ( S(m) [ ∂ag(m)K∂ag(m) −m2g(m)Kg(m)

+
1
2

(
∂aB

(m)K
b − ∂bB

(m)K
a

)(
∂aB(m)b − ∂bB(m)a

)
−m2B(m)K

a B(m)a

+
i

2
ρ̄
(m+)
(5) γ · ∂ρ

(m+)
(5) − i

2
∂aρ̄

(m+)
(5) γaρ

(m+)
(5) −mρ̄

(m+)
(5) ρ

(m+)
(5)

+
i

2
ρ̄(m−)γ · ∂ρ(m−) − i

2
∂aρ̄(m−)γaρ(m−) −mρ̄(m−)ρ(m−) ]

+S(α) [ ∂ag(α)K∂ag(α) − α2g(α)Kg(α) + ∂ab(α)K∂ab(α) − α2b(α)Kb(α)

+
i

2
ρ̄
(α)
(5) γ · ∂ρ

(α)
(5) −

i

2
∂aρ̄

(α)
(5) γaρ

(α)
(5) − αρ̄

(α)
(5) ρ

(β)
(5)

]

+S(β) [ ∂ag(β)K∂ag(β) − β2g(β)Kg(β) + ∂ab(β)K∂ab(β) − α2b(β)Kb(β)

+
i

2
ρ̄(β)γ · ∂ρ(β) − i

2
∂aρ̄(β)γaρ(β) + βρ̄(β)ρ(β)

])
(79)

where S(m) is equal to −1 and S(α) and S(β) are equal to +1. The action is invariant
under the on-shell TCWF supersymmetry transformations (58-67) (the Lagrangian
transforms to a total derivative). The TCWF action can be made invariant to the
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off-shell supersymmetry transformations (68-78) by the addition of the following
terms containing the auxiliary wavefunctions:

Atcwf −→ Atcwf −∫
d4x ( S(m)

[
FK(m+)F (m+) + FK(m−)F (m−) + GK(m)G(m)

]

+S(α)

[
FK(α)F (α) + GK(α)G(α)

]
+ S(β)

[
FK(β)F (β) + GK(β)F (β)

]
)(80)

where S(m) is equal to −1 and S(α) and S(β) are equal to +1. Unlike other examples
of off-shell supersymmetric actions3,11 the auxiliary wavefunctions are completely
decoupled from the on-shell wavefunctions.

A conserved current (i.e. conserved when the equations of motion are satisfied)
can be derived from the OCWF action that transforms into a conserved current for
the TCWF action.

ja = S(m)i [ ∂ag(m)Kg(m) − g(m)K∂ag(m)

+∂aB
(m)K
b B(m)b −B

(m)K
b ∂aB(m)b

+
i

2
ρ̄
(m+)
(5) γaρ

(m+)
(5)

+
i

2
ρ̄(m−)γaρ(m−) ]

+S(α)i [ ∂ag(α)Kg(α) − g(α)K∂ag(α) + ∂ab(α)Kb(α) − b(α)K∂ab(α)

+
i

2
ρ̄
(α)
(5) γaρ

(α)
(5)

]

+S(β)i [ ∂ag(β)Kg(β) − g(β)K∂ag(β) + ∂ab(β)Kb(β) − b(β)K∂ab(β)

+
i

2
ρ̄(β)γaρ(β)

])
(81)

The conserved probability for the superwavefunction (14) is the Lorentz invariant
surface integral of this conserved current.

However, there is a relative minus sign in front of the terms for the multiplet of
mass m (as S(m) = −1) in the TCWF action (79,80) and the current (81), compared
with the terms for the other two multiplets of masses α and (−β). The relative minus
sign will force the TCWF terms in the probability with mass m to be negative12,13

when the corresponding TCWF terms arising from the supermultiplets with mass
α and β are positive.

This problem due to the extended supersymmetric line element in the action 1)
is in addition to the inherent problems of positive definite probabilities and negative
energy states found in the relativistic component wavefunctions. The later problems
are overcome by developing a quantum field theory based on the form of this action
using the standard approach for constructing many particle states satisfying the
Klein-Gordon, Dirac and Proca equations of motion14. However, problem of the
relative minus sign in front of the terms in the TCWF action (79) and (80) (S(m) =
−1) for the supermultiplet of mass m will re-emerge in the quantun field theory
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and force the Fock states arising from the fields with mass m to have negative
norm12,13,15 if the Fock states of equivalent spin arising from the fields with mass
α and β have positive norm. The existence of ghost states for this multiplet agrees
with the result obtained by Volkov and Pashnev using the Fock space approach for
first quantisation5.

In the next section an alternative conjugation is proposed for the component
fields in the actions (57), (56) and (79,80). The action that results will be hermitian
but will not have the relative minus sign between the terms for the multiplet of mass
m and the multiplets of masses α and (−β) and hence contain no ghost states.

9. Removal of ghosts

In this section the problem with the relative minus sign between the supersymmetric
multiplets in the TCWF action (79,80) is addressed. It will be assumed that the
Klein-Gordon, Dirac and Proca equations satisfied by each TCWF within each
supermultiplet are treated in the standard way for one particle relativistic quantum
mechanics16. There will be problems with the interpretation and interactions of
the positive and negative energy states and the definition of a positive definite
probability16,17 for the individual TCWFs. However, these problems need not be
addressed here, as there is a meaningful interpretation for each TCWF in a many
body theory, based on the Feynmann-Stueckelberg interpretation in quantum field
theory14 or in the propagator approach for quantum mechanical scattering16.

In this section, a solution based on a Krein space approach is used to assign a
new conjugation for the TCWFs. Under this Krein space conjugation the actions
(57) and (79,80) will still be hermitian but all terms will be positive.

A Krein space approach for quantum mechanics in an indefinite space18,19,20 can
be used if the set of wavefunctions F can be divided into two sets of wavefunctions,
F+ and F−, which have positive definite norm 〈F+|F+〉 > 0 and negative definite
norm 〈F−|F−〉 < 0. If projectors can be defined for the wavefunctions in each space
such that P+F = F+ and P−F = F− then a positive definite norm can be formed for
the complete set of wavefunctions 〈F |JF 〉 > 0 using the gram operator J = P+−P−.
In order to produce a positive definite scalar products in spaces of supersymmetric
functions a similar construction has been found to be required20,21,22 (in this paper
we are concerned with the probability current density.) Another interpretation of
this procedure is to define a Krein conjugate FK = (JF )† and a rewrite the positive
definite norm as 〈FK |F 〉. The replacement of hermitian conjugation in an action
is not new. An alternative conjugation, ψ̄ = ψ†A, is required in order to define a
positive definite probability for the Dirac spinor14,16.

In this paper, a Krein conjugate will be defined to ensure that the contribution
from each TCWF term in the conserved current (81) remains has a positive sign.

Two component spinor notation based on Wess and Bagger3, but with a metric
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signiture (+,−,−,−), will be used in this section:

Dα =
(

Dα

D̄α̇

)
(82)

γβ
α =

(
0 σαβ̇

σ̄α̇β 0

)
(83)

The standard projectors for superwavefunctions are3,20:

P(1) =
D2D̄2

16 (−2)
(84)

P(2) =
D̄2D2

16 (−2)
(85)

P(T ) = −DD̄2D

8 (−2)
(86)

P(+) =
D2

4
√

(−2)
(87)

P(−) =
D̄2

4
√

(−2)
(88)

The following projectors, based on the standard projectors,

Z(1) = P(1) + P(2) + R−1
(
M̄ + iN̄

)
P(+) + R−1

(
M̄ − iN̄

)
P(−) (89)

Z(2) = P(1) + P(2) −R−1
(
M̄ + iN̄

)
P(+) −R−1

(
M̄ − iN̄

)
P(−) (90)

Z(T ) = P(T ) (91)

Z(+) = P(1) − P(2) + R−1
(
M̄ + iN̄

)
P(+) −R−1

(
M̄ − iN̄

)
P(−) (92)

Z(−) = P(1) − P(2) −R−1
(
M̄ + iN̄

)
P(+) + R−1

(
M̄ − iN̄

)
P(−) (93)

will be used to define a Krein conjugate for the superwavefunction (14):

ΨK =
((

Z(1) + Z(2) − Z(T )

)
Ψ

)† (94)

and the OCWFs and TCWFs. Z(T ) is the projector for wavefunctions of mass m

and (Z(1) + Z(2)) is the projector for wavefunctions of mass α and (−β). The Krein
conjugate can be used in the action for the superwavefunction (56) and hence the
TCWF action (79,80) and the definition of the TCWF current (81). The projections
of the constraint equation (3) satisfy:

Z(1)GΨ = G(1)Z(1)Ψ = 0 (95)

Z(2)GΨ = G(2)Z(2)Ψ = 0 (96)

Z(T )GΨ = G(T )Z(T )Ψ = 0 (97)

where the last equalities hold on-shell and

G(1) = −2 + 4M
√

(−2)−m2 (98)

G(2) = −2− 4M
√

(−2)−m2 (99)

G(T ) = −2−m2 (100)
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The use of the Krein conjugate (94) sets the Krein conjugate of each TCWF
of mass m to be equal to minus the hermitian conjugate. The contribution of each
TCWF term in the OCWF action (57), the TCWF action (79,80) and current (81)
are therefore all positive. This choice of conjugation removes the ghost contributions.

Constantinescu has found that for general supersymmetric scalar products a
Krein space approach is required for positivity20,21,22.

A Krein space solution can also be applied to the Fock states used by Volkov
and Pashnev5. There space of Fock states consists of the direct product of a Hilbert
space for the multiplets of mass α and (−β) and an anti-Hilbert space for the
multiplet of mass m (the ghost states). A positive definite norm for Fock states F

that exist in a Krein space can be defined by using the number operator for the
ghost states Ng

12,23:

〈F |(−1)Ng |F 〉 > 0 (101)

10. Conclusions

It has been shown that canonical quantisation of action based on an extended
line element in N=1 global superspace produces on-shell wavefunctions (TCWFs)
that satisfy the Klein-Gordon, Dirac and Proca equations. The wave equations have
been derived by a series of transformations on the original component wavefunctions
(OCWFs) of a scalar superwavefunction. The OCWFs satisfied equations that arise
directly from a single first class constraint operator acting on the superwavefunction.

The derivation confirms the result of Volkov and Pashnev5 that three multiplets
of different mass are produced. In the approach presented, the off-shell content of
the three supersymmetric multiplets consists of the following: a multiplet with mass
m containing one complex vector, two Dirac spinors and four complex scalars; two
multiplets containing a Dirac spinor and four complex scalars, one that has mass α

and one that has mass (−β). The off-shell component content of the multiplets is
twice that of the original N=1 superwavefunction.

A supersymmetric action has been constructed from which the equations of mo-
tion of the TCWFs can be derived. In this action the three supersymmetric mass
multiplets are decoupled. If hermitian conjugation is used for the congugate vari-
ables in this action a relative minus sign arises between terms in one of the super-
symmetric mass multiplets compared with terms in the other two supersymmetric
mass multiplets. The states arising from the action with hermitian conjugates cor-
respond to the Fock space states in the Volkov-Pashnev quantisation procedure5 in
which the states of mass m are ghosts. If a Krein conjugation is used for the congu-
gate variables in this action the ghost states are removed and the standard Hilbert
space approach can be applied to the construction of a conserved probability16 and
quantum field theory14.

The global supersymmetry transformations derived for the component wavefunc-
tions that represent physical particles (TCWFs) involve mass parameters. These
transformations are novel in that they cannot be mapped onto those of the chiral
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and vector multiplets previously used in superfield theories3,11. Off-shell closure of
the supersymmetry transformation commutators for the spinor wavefunctions has
been shown to require the introduction of auxiliary wavefunctions into all three mul-
tiplets. In the supersymmetric action for the TCWFs the auxiliary wavefunctions
are decoupled from the on-shell wavefunctions.

The approach presented provides a multi-mass, ghost-free supersymmetric free
particle model and the foundation for further investigation of an interacting model,
based on the extended worldline superparticle action but including gauge potentials.
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