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Abstract

This paper considers two types of coupled reaction-diffusion complex-valued memristive neural networks (CRD-

CVMNNs). The nodes of the first type CRDCVMNN are coupled through their state and the second one is coupled

by spatial diffusion coupling term. For the former, some novel criteria for the passivity and synchronization are

derived by constructing an appropriate controller and utilizing some inequality techniques as well as Lyapunov func-

tional method. For the latter, we establish some sufficient conditions which guarantee that this type of CRDCVMNNs

can realize passivity and synchronization. Finally, the effectiveness and correctness of the acquired theoretical results

are verified by two numerical examples.
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1. Introduction

In recent decades, coupled neural networks (CNNs) have been widely concerned because of their broad application

prospects in brain science, secure communication, chaos generator design, harmonic oscillation generation and other

fields. It is well known that these applications heavily depend on the dynamic behaviors of CNNs, especially the

synchronization and passivity of CNNs [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. In [1], the authors devoted

themselves to studying the synchronization for CNNs with discontinuous activations. Several synchronization criteria

for CNNs with time-varying coupling were obtained in [3]. Lin et al. [4] investigated the passivity of CNNs with

different dimensional nodes by designing appropriate controllers. The authors in [14] addressed the passivity-based

synchronization problem of coupled chaotic neural networks.

In 1971, Chua [16] firstly proposed the concept of memristor. Unlike resistor, the memristor can remember

its past dynamic history because the memristance depends on the amount of charge passing through it. Therefore,

the memristor is widely used in device modeling and signal processing, especially in simulating synaptic behavior

[17, 19, 18, 20, 21]. In addition, by replacing the resistor with the memristor in neural networks, memristive neural

networks (MNNs) can better present the neural processes in the human brain [22]. Recently, coupled memristive

neural networks (CMNNs) have provoked considerable attention and a large number of interesting results on CMNNs

have been reported [23, 25, 24, 26, 27, 28, 29]. In [24], the global exponential synchronization of CMNNs with

time-varying delay was studied. Chen et al. [29] discussed the passivity of CMNNs with different dimensional input

and output.

As we all know, complex-valued neural networks (CVNNs) are extensions of real-valued neural networks. In

CVNNs, the states, connection weights and activation functions are complex-valued. Some practical problems in real

world cannot be solved by real-valued neural networks but can be better solved with CVNNs. Moreover, CVNNs have

a wide range of applications, including optoelectronics, emotion analysis, analogy amplification, computer version,
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imaging and so on. Therefore, a great deal of significant papers have been published on the dynamic behaviors of

CVNNs [30, 31, 32, 33]. Moreover, complex-valued MNNs (CVMNNs) can be built by replacing resistors with

memristor in VLSI circuits of CVNNs as described in [34], which have a variety of different applications in image

processing, engineering optimization, pattern recognition, etc. Since the actual applications of CVMNNs depend on

their dynamic characteristics, it is very necessary to study the passivity and synchronization of CVMRNNs [34, 35,

36, 37, 38]. The synchronization of uncertain fractional-order CVMNNs with multiple time delays was analyzed in

[36]. In [38], the passivity problem for CVMNNs with time-varying delays was investigated. To our best knowledge,

there are no studies on the passivity and synchronization for coupled CVMNNs.

It should be pointed out that the effect of reaction diffusion phenomena on neural networks has been neglected

in the above literatures. Generally speaking, reaction diffusion phenomena in CNNs is inevitable when electrons

travel in non-uniform electromagnetic fields. For example, the overall structure and dynamic behavior of cellular

neural networks depend not only heavily on the evolutionary time and location (space) of each variable, but also

strongly on the interaction between them, which in turn derives from the spatial distribution structure of the entire

network. Therefore, taking the reaction-diffusion terms into account in CNNs is necessary, and a large number of

interesting results on the synchronization and passivity of coupled reaction-diffusion neural networks (CRDNNs)

have been derived [39, 40, 41, 42, 43, 44]. The synchronization and passivity problems for CRDNNs with and

without parametric uncertainties were addressed in [39]. The authors put forward some conditions for guaranteeing

the synchronization and passivity of CRDNNs in [40]. Nevertheless, the results on passivity and synchronization of

coupled reaction-diffusion complex-valued memristive neural networks (CRDCVMNNs) have not been reported until

to now. Hence, the study on synchronization and passivity of CRDCVMNNs is absolutely challenging and appealing.

It is noteworthy that great majority literatures in [39, 40, 41, 42, 43] only consider the case that the network models

are coupled with state. However, as far as we know, the different diffusion of each node likely have a great influence

on other nodes in CRDNNs. Accordingly, the real-world networks are represented more precisely by CRDNNs with

spatial diffusion coupling [45, 46, 47, 48]. In [45], the synchronization and passivity problems for CRDNNs with state

and spatial diffusion couplings were addressed. Chen et al. [48] came up with several criteria for the synchronization

and passivity of CRDNNs with spatial diffusion coupling and state coupling. Thus, the further study on passivity and

synchronization of CRDCVMNNs with spatial diffusion coupling is worthy. It is pity that these problems have not

been considered until now.

In view of the aforementioned statement, we respectively investigate the passivity and synchronization problems

for CRDCVMNNs with spatial diffusion coupling and state coupling in this paper. Firstly, several criteria for ensur-

ing synchronization and passivity of CRDCVMNNs with state coupling are established by constructing appropriate

controller and employing Lyapunov functional method. Secondly, we also put forward some conditions for guaran-

teeing synchronization and passivity for CRDCVMNNs with spatial diffusion coupling. Finally, two examples with

numerical simulations are given to verify the correctness of the results.

Accordingly, the principal goal in the present study is to investigate the passivity and synchronization of CRD-

CVMNNs with spatial diffusion coupling and state coupling. The main contributions of this study are as follows.

(1) The new concept of passivity for CRDCVMNNs is presented by extending the definition of the traditional

passivity.

(2) The passivity and synchronization for CRDCVMNNs with state coupling are discussed, and several criteria are

established by designing a state feedback controller and constructing an appropriate Lyapunov functional.

(3) Some passivity and synchronization conditions are also derived for CRDCVMNNs with spatial diffusion cou-

pling.

The rest of this paper is organized as follows. Some notations and a lemma needed to be used throughout this paper

are provided in Section 2. In Section 3, the network model of CRDCVMNNs with state coupling is presented, and then

the passivity and synchronization of this kind of CRDCVMNNs are investigated. Section 4 is devoted to analyzing

passivity and synchronization for CRDCVMNNs with spatial diffusion coupling. Several simulation examples are

presented in Section 5 to verify the effectiveness of the obtained passivity and synchronization results. Finally, this

paper is concluded in Section 6.
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2. Preliminaries

Notations: Let RN and CN be the N-dimensional real vector space and the N-dimensional complex vector space,

respectively. λm(·), λM(·) signify the minimal and the maximal eigenvalue of the corresponding matrix. Let e = eR+ieI

be a complex number, where i symbols the imaginary unit, which satisfies i =
√
−1 and eR, eI ∈ R are the real and

imaginary part of e. The norm in CN is denoted as ‖ · ‖. For any vector e(̺, t) ∈ CN , ‖e(·, t)‖ =
√∫
Ω

eH(̺, t)e(̺, t)d̺

where H denotes the conjugate transposition. Let eR(̺, t), eI(̺, t) ∈ RN be the real part and imaginary part of e(̺, t) ∈
CN , then one has ‖e(·, t)‖ =

√∫
Ω

(eR(̺, t))T eR(̺, t)d̺ +
∫
Ω

(eI(̺, t))T eI(̺, t)d̺, where Ω = {̺ = (̺1, ̺2, · · · , ̺κ)T | |̺q| <
ξq, q = 1, 2, · · · , κ} ⊂ Rκ and (̺, t) ∈ Ω × R.

Lemma 2.1. (see [49]) Let Ω be a cube |̺q| < ξq(q = 1, 2, · · · , κ) and let χ(̺) be a real-valued function belonging to

C1(Ω) which satisfies χ(̺)|∂Ω = 0. Then

∫

Ω

χ2(̺)d̺ 6 ξ2q

∫

Ω

(
∂χ

∂̺q

)2
d̺,

where ̺ = (̺1, ̺2, · · · , ̺κ)T .

3. Passivity and synchronization of CRDCVMNNs with state coupling

3.1. Network model

According to the physical characteristics of memristor, a single RDCVMNN model can be described as follows:

∂yι(̺, t)

∂t
=aι△yι(̺, t) − bιyι(̺, t) +

n∑

j=1

cι j(yι(̺, t))g j(y j(̺, t − τ j(t))) +

n∑

j=1

dι j(yι(̺, t)) f j(y j(̺, t)), (1)

where ι = 1, 2, · · · , n, yι(̺, t) is the complex-valued state variable of ιth neuron; aι > 0 denotes the transmission

diffusion coefficient along the ιth neuron; △ = ∑κq=1
∂2

∂̺2
q

signifies the Laplace diffusion operator on Ω; bι > 0 symbols

the self-inhibition; cι j(yι(̺, t)) and dι j(yι(̺, t)) stand for complex-valued memristors synaptic connection weights; g j(·)
and f j(·) present complex-valued activation functions for the delayed configuration and non-delayed one of the jth

neuron; the time-varying delay τ j(t) satisfies 0 6 τ j(t) 6 τ j 6 τ = max
j=1,2,··· ,n

{τ j}, τ̇ j(t) 6 γ j < 1.

Let yι(̺, t), cι j(yι(̺, t)), dι j(yι(̺, t)), g j(·) and f j(·) be the following with real and imaginary parts:

yι(̺, t) = yR
ι (̺, t) + iyI

ι (̺, t), cι j(yι(̺, t)) = cR
ι j(y

R
ι (̺, t)) + icI

ι j(y
I
ι (̺, t)), dι j(yι(̺, t)) = dR

ι j(y
R
ι (̺, t)) + idI

ι j(y
I
ι (̺, t)),

f j(y j(̺, t)) = f R
j (yR

j (̺, t)) + i f I
j (yI

j(̺, t)), g j(y j(̺, t − τ j(t))) = gR
j (yR

j (̺, t − τ j(t))) + igI
j(y

I
j(̺, t − τ j(t))),

where yR
ι (̺, t), cR

ι j
(yR
ι (̺, t)), dR

ι j
(yR
ι (̺, t)), f R

j
(yR

j
(̺, t)), gR

j
(yR

j
(̺, t−τ j(t))) are the real parts of yι(̺, t), cι j(yι(̺, t)), dι j(yι(̺, t)),

f j(y j(̺, t)), g j(y j(̺, t−τ j(t))), respectively; i is the imaginary unit which satisfies i =
√
−1; yI

ι (̺, t), cI
ι j(y

I
ι (̺, t)), dI

ι j(y
I
ι (̺, t)),

f I
j
(yI

j
(̺, t)), gI

j
(yI

j
(̺, t−τ j(t))) are the imaginary parts of yι(̺, t), cι j(yι(̺, t)), dι j(yι(̺, t)), f j(y j(̺, t)), g j(y j(̺, t−τ j(t))),

respectively.

In accordance with the voltage-current characteristic of memristor, one has

cR
ι j(y

R
ι (̺, t)) =


ĉR
ι j, |yR

ι (̺, t)| 6 Γι,
čR
ι j, |yR

ι (̺, t)| > Γι,
cI
ι j(y

I
ι (̺, t)) =


ĉI
ι j, |yI

ι (̺, t)| 6 Γι,
čI
ι j, |yI

ι (̺, t)| > Γι,

dR
ι j(y

R
ι (̺, t)) =


d̂R
ι j, |yR

ι (̺, t)| 6 Γι,
ďR
ι j, |yR

ι (̺, t)| > Γι,
dI
ι j(y

I
ι (̺, t)) =


d̂I
ι j, |yI

ι (̺, t)| 6 Γι,
ďI
ι j, |yI

ι (̺, t)| > Γι,

where ι, j ∈ {1, 2, · · · , n}; ĉR
ι j, ĉI

ι j, čR
ι j, čI

ι j, d̂R
ι j, d̂I

ι j, ďR
ι j, ďI

ι j are all constants; Γι > 0 symbols the threshold level. Denote

c̃R
ι j = max{|ĉR

ι j|, |čR
ι j|}, c̃I

ι j = max{|ĉI
ι j|, |čI

ι j|}, d̃R
ι j = max{|d̂R

ι j|, |ďR
ι j|}, d̃I

ι j = max{|d̂I
ι j|, |ďI

ι j|}, c̄R
ι j = |ĉR

ι j − čR
ι j|, c̄I

ι j = |ĉI
ι j − čI

ι j|,
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d̄R
ι j = |d̂R

ι j − ďR
ι j|, d̄I

ι j = |d̂I
ι j − ďI

ι j|, C̄R = (c̄R
ι j)n×n, C̄I = (c̄I

ι j)n×n, C̃R = diag(
∑n

j=1(c̃R
1 j

)2,
∑n

j=1(c̃R
2 j

)2, · · · ,∑n
j=1(c̃R

n j
)2), C̃I =

diag(
∑n

j=1(c̃I
1 j

)2,
∑n

j=1(c̃I
2 j

)2, · · · ,∑n
j=1(c̃I

n j
)2), D̄R = (d̄R

ι j)n×n, D̄I = (d̄I
ι j)n×n, D̃R = diag(

∑n
j=1(d̃R

1 j
)2,
∑n

j=1(d̃R
2 j

)2, · · · ,∑n
j=1(d̃R

n j
)2),

D̃I = diag(
∑n

j=1(d̃I
1 j

)2,
∑n

j=1(d̃I
2 j

)2, · · · ,∑n
j=1(d̃I

n j
)2).

According to the above description, the network (1) can be separated into real and imaginary parts as follows:

∂yR
ι (̺, t)

∂t
=aι△yR

ι (̺, t) − bιy
R
ι (̺, t) +

n∑

j=1

cR
ι j(y

R
ι (̺, t))g

R
j (y

R
j (̺, t − τ j(t))) +

n∑

j=1

dR
ι j(y

R
ι (̺, t)) f R

j (yR
j (̺, t))

−
n∑

j=1

dI
ι j(y

I
ι (̺, t)) f I

j (yI
j(̺, t)) −

n∑

j=1

cI
ι j(y

I
ι (̺, t))g

I
j(y

I
j(̺, t − τ j(t))),

∂yI
ι (̺, t)

∂t
=aι△yI

ι (̺, t) − bιy
I
ι (̺, t) +

n∑

j=1

cR
ι j(y

R
ι (̺, t))g

I
j(y

I
j(̺, t − τ j(t))) +

n∑

j=1

dR
ι j(y

R
ι (̺, t)) f I

j (yI
j(̺, t))

+

n∑

j=1

dI
ι j(y

I
ι (̺, t)) f R

j (yR
j (̺, t)) +

n∑

j=1

cI
ι j(y

I
ι (̺, t))g

R
j (yR

j (̺, t − τ j(t))).

In this section, we consider the following CRDCVMNNs consisting of N RDCVMNNs (1):

∂Ys(̺, t)

∂t
=A△Ys(̺, t) − BYs(̺, t) +C(Ys(̺, t))g(Ys(̺, t)) + us(̺, t) + D(Ys(̺, t)) f (Ys(̺, t))

+ h

N∑

κ=1

HsκMYκ(̺, t) + xs(̺, t), (2)

where s = 1, 2, · · · ,N, Ys(̺, t) = (Ys1(̺, t), Ys2(̺, t), · · · , Ysn(̺, t)) ∈ Cn represents the complex-valued state vari-

able of the sth node; A = diag(a1, a2, · · · , an) ∈ Rn×n > 0, 0 < B = diag(b1, b2, · · · , bn) ∈ Rn×n; Ys(̺, t) = (Ys1(̺, t −
τ1(t)), Ys2(̺, t−τ2(t)), · · · , Ysn(̺, t−τn(t)))T ∈ Cn; g(Ys(̺, t)) = (g1(Ys1(̺, t−τ1(t))), g2(Ys2(̺, t−τ2(t))), · · · , gn(Ysn(̺, t−
τn(t))))T ∈ Cn; f (Ys(̺, t)) = ( f1(Ys1(̺, t)), f2(Ys2(̺, t)), · · · , fn(Ysn(̺, t)))T ∈ Cn; M ∈ Rn×n stands for the inner cou-

pling matrix; C(Ys(̺, t)) = (cι j(Ysι(̺, t)))n×n ∈ Cn×n, D(Ys(̺, t)) = (dι j(Ysι(̺, t)))n×n ∈ Cn×n, where ι, j = 1, 2, · · · , n;

us(̺, t) = uR
s (̺, t) + iuI

s(̺, t) = (us1(̺, t), us2(̺, t), · · · , usn(̺, t))T ∈ Cn is the controller to be designed for obtaining a

certain control objective; xs(̺, t) = xR
s (̺, t) + ixI

s(̺, t) = (xs1(̺, t), xs2(̺, t), · · · , xsn(̺, t))T ∈ Cn denotes the external

input of the network; h > 0 is the overall coupling strength; H = (Hsκ)N×N expresses coupling weight between nodes,

where Hsκ = Hκs > 0 if and only if there exists a connection between node s and node κ; if not, Hsκ = Hκs = 0(s , κ);

and

Hss = −
N∑

κ=1
κ,s

Hsκ, s = 1, 2, · · · ,N.

For network (2),

Ys(̺, t) = φs(̺, t) ∈ Cn, (̺, t) ∈ Ω × [−τ, 0],

Ys(̺, t) = 0, (̺, t) ∈ ∂Ω × [−τ,+∞),

where φs(̺, t) = (φs1(̺, t), φs2(̺, t), · · · , φsn(̺, t))T ∈ Cn is bounded and continuous on Ω × [−τ, 0].

Then, the network (2) can be separated into real and imaginary parts as follows:

∂YR
s (̺, t)

∂t
=A△YR

s (̺, t) − BYR
s (̺, t) + CR(YR

s (̺, t))gR(YR
s (̺, t)) + uR

s (̺, t)−CI(Y I
s (̺, t))gI(Y I

s (̺, t))

+DR(YR
s (̺, t)) f R(YR

s (̺, t))+xR
s (̺, t) − DI(Y I

s (̺, t)) f I(Y I
s (̺, t)) + h

N∑

κ=1

HsκMYR
κ (̺, t), (3)

∂Y I
s (̺, t)

∂t
=A△Y I

s (̺, t) − BY I
s (̺, t) +CR(YR

s (̺, t))gI(Y I
s (̺, t)) + uI

s(̺, t)+CI(Y I
s (̺, t))gR(YR

s (̺, t))

4



+DR(YR
s (̺, t)) f I (Y I

s (̺, t))+xI
s(̺, t) + DI(Y I

s (̺, t)) f R(YR
s (̺, t)) + h

N∑

κ=1

HsκMY I
κ (̺, t), (4)

where

CR(·) = (cR
ι j(·))n×n, DR(·) = (dR

ι j(·))n×n, CI(·) = (cI
ι j(·))n×n, DI(·) = (dI

ι j(·))n×n,

gR(YR
s (̺, t)) = (gR

1 (YR
s1(̺, t − τ1(t))), gR

2 (YR
s2(̺, t − τ2(t))), · · · , gR

n (YR
sn(̺, t − τn(t))))T ,

gI(Y I
s (̺, t)) = (gI

1(Y I
s1(̺, t − τ1(t))), gI

2(Y I
s2(̺, t − τ2(t))), · · · , gI

n(Y I
sn(̺, t − τn(t))))T ,

f R(YR
s (̺, t)) = ( f R

1 (YR
s1(̺, t)), f R

2 (YR
s2(̺, t)), · · · , f R

n (YR
sn(̺, t)))T ,

f I(Y I
s (̺, t)) = ( f I

1 (Y I
s1(̺, t)), f I

2 (Y I
s2(̺, t)), · · · , f I

n (Y I
sn(̺, t)))T ,

YR
s (̺, t) =(YR

s1(̺, t), YR
s2(̺, t), · · · , YR

sn(̺, t))T ,

Y I
s (̺, t) =(Y I

s1(̺, t), Y I
s2(̺, t), · · · , Y I

sn(̺, t))T ,

uR
s (̺, t) =(uR

s1(̺, t), uR
s2(̺, t), · · · , uR

sn(̺, t))T ,

uI
s(̺, t) =(uI

s1(̺, t), uI
s2(̺, t), · · · , uI

sn(̺, t))T ,

xR
s (̺, t) =(xR

s1(̺, t), xR
s2(̺, t), · · · , xR

sn(̺, t))T ,

xI
s(̺, t) =(xI

s1(̺, t), xI
s2(̺, t), · · · , xI

sn(̺, t))T .

For network (3),

YR
s (̺, t) = φR

s (̺, t) ∈ Rn, (̺, t) ∈ Ω × [−τ, 0],

YR
s (̺, t) = 0, (̺, t) ∈ ∂Ω × [−τ,+∞),

where φR
s (̺, t) = (φR

s1
(̺, t), φR

s2
(̺, t), · · · , φR

sn(̺, t))T ∈ Rn is bounded and continuous on Ω × [−τ, 0].

For network (4),

Y I
s (̺, t) = φI

s(̺, t) ∈ Rn, (̺, t) ∈ Ω × [−τ, 0],

Y I
s (̺, t) = 0, (̺, t) ∈ ∂Ω × [−τ,+∞),

where φI
s(̺, t) = (φI

s1
(̺, t), φI

s2
(̺, t), · · · , φI

sn(̺, t))T ∈ Rn is continuous and bounded on Ω × [−τ, 0].

Assumption 1. (see [29]) Throughout this paper, we assume that the real part f R
s (·) and the imaginary part f I

s (·) of

function fs(·) and the real part gR
s (·) and the imaginary part gI

s(·) of function gs(·) satisfy the following inequalities for

any α1, α2 ∈ R:

| f R
s (·)| 6 FR

s , | f I
s (·)| 6 F I

s, |gR
s (·)| 6 GR

s , |gI
s(·)| 6 GI

s,

| f R
s (α1) − f R

s (α2)| 6 lRs |α1 − α2|, | f I
s (α1) − f I

s (α2)| 6 lI
s|α1 − α2|,

|gR
s (α1) − gR

s (α2)| 6 ηR
s |α1 − α2|, |gI

s(α1) − gI
s(α2)| 6 ηI

s|α1 − α2|,

where FR
s , F I

s, GR
s , GI

s, lRs , lI
s, η

R
s , η

I
s are positive constants.

Suppose Y0(̺, t) = (Y01(̺, t), Y02(̺, t), · · · , Y0n(̺, t))T ∈ Cn is an arbitrary solution of the network (2), then

∂Y0(̺, t)

∂t
=A△Y0(̺, t) − BY0(̺, t) + C(Y0(̺, t))g(Y0(̺, t)) + D(Y0(̺, t)) f (Y0(̺, t)), (5)

where Y0(̺, t) = YR
0

(̺, t) + iY I
0
(̺, t). Then, we can separate (5) into real and imaginary parts as follows:

∂YR
0

(̺, t)

∂t
=A△YR

0 (̺, t) − BYR
0 (̺, t) + CR(YR

0 (̺, t))gR(YR
0 (̺, t)) −CI(Y I

0(̺, t))gI(Y I
0(̺, t)) + DR(YR

0 (̺, t)) f R(YR
0 (̺, t))

5



− DI(Y I
0(̺, t)) f I (Y I

0(̺, t)),

∂Y I
0
(̺, t)

∂t
=A△Y I

0(̺, t) − BY I
0(̺, t) +CR(YR

0 (̺, t))gI(Y I
0(̺, t)) +CI(Y I

0(̺, t))gR(YR
0 (̺, t)) + DR(YR

0 (̺, t)) f I(Y I
0(̺, t))

+ DI(Y I
0(̺, t)) f R(YR

0 (̺, t)).

Let es(̺, t) = Ys(̺, t) − Y0(̺, t), then

∂es(̺, t)

∂t
=A△es(̺, t) − Bes(̺, t) + C(Ys(̺, t))g(Ys(̺, t)) + xs(̺, t)−C(Y0(̺, t))g(Y0(̺, t))+D(Ys(̺, t)) f (Ys(̺, t))

+ us(̺, t) − D(Y0(̺, t)) f (Y0(̺, t)) + h

N∑

κ=1

HsκMeκ(̺, t), (6)

where s = 1, 2, · · · ,N and es(̺, t) = (es1(̺, t), es2(̺, t), · · · , esn(̺, t))T .

By separating (6) into real and imaginary parts, we have

∂eR
s (̺, t)

∂t
=A△eR

s (̺, t) − BeR
s (̺, t) + DR(YR

s (̺, t))PR(eR
s (̺, t)) + xR

s (̺, t)−DI(Y I
s (̺, t))PI(eI

s(̺, t))+CR(YR
s (̺, t))QR(eR

s (̺, t))

+uR
s (̺, t) −CI(Y I

s (̺, t))QI(eI
s(̺, t))+h

N∑

κ=1

HsκMeR
κ (̺, t)+(DR(YR

s (̺, t))−DR(YR
0 (̺, t))) f R(YR

0 (̺, t))−(DI(Y I
s (̺, t))

−DI(Y I
0(̺, t))) f I(Y I

0(̺, t)) + (CR(YR
s (̺, t))−CR(YR

0 (̺, t)))gR(YR
0 (̺, t)) − (CI(Y I

s (̺, t)) − CI(Y I
0(̺, t)))gI(Y I

0(̺, t)),

∂eI
s(̺, t)

∂t
=A△eI

s(̺, t) − BeI
s(̺, t) + DR(YR

s (̺, t))PI(eI
s(̺, t)) + xI

s(̺, t)+DI(Y I
s (̺, t))PR(eR

s (̺, t))+CR(YR
s (̺, t))QI(eI

s(̺, t))

+uI
s(̺, t)+CI(Y I

s (̺, t))QR(eR
s (̺, t))+h

N∑

κ=1

HsκMeI
κ(̺, t)+(DR(YR

s (̺, t))−DR(YR
0 (̺, t))) f I(Y I

0(̺, t)) + (DI(Y I
s (̺, t))

− DI(Y I
0(̺, t))) f R(YR

0 (̺, t)) + (CR(YR
s (̺, t)) −CR(YR

0 (̺, t)))gI(Y I
0(̺, t)) + (CI(Y I

s (̺, t)) −CI(Y I
0(̺, t)))gR(YR

0 (̺, t)),

where eR
s (̺, t) = (eR

s1
(̺, t), eR

s2
(̺, t), · · · , eR

sn(̺, t))T , eI
s(̺, t) = (eI

s1
(̺, t), eI

s2
(̺, t), · · · , eI

sn(̺, t))T , eR
s (̺, t) = (eR

s1
(̺, t −

τ1(t)), eR
s2

(̺, t−τ2(t)), · · · , eR
sn(̺, t−τn(t)))T , eI

s(̺, t) = (eI
s1

(̺, t−τ1(t)), eI
s2

(̺, t−τ2(t)), · · · , eI
sn(̺, t−τn(t)))T , PR(eR

s (̺, t)) =

f R(YR
s (̺, t)) − f R(YR

0
(̺, t)), PI(eI

s(̺, t)) = f I (Y I
s (̺, t)) − f I (Y I

0
(̺, t)), QR(eR

s (̺, t)) = gR(YR
s (̺, t)) − gR(YR

0
(̺, t)) and

QI(eI
s(̺, t)) = gI(Y I

s (̺, t)) − gI(Y I
0
(̺, t)).

Definition 3.1. (see [44]) If there exists a constant ρ > 0 satisfying the following inequality:

∫ t2

t1

∫

Ω

[(zR(̺, t))T xR(̺, t) + (zI(̺, t))T xI(̺, t)]d̺dt > V(t2) − V(t1) − ρ
∫ t2

t1

∫

Ω

[(xR(̺, t))T xR(̺, t) + (xI(̺, t))T xI(̺, t)]d̺dt

for any t2, t1 ∈ R+ and t2 > t1, where V(t) : R+ → R+ is the storage function, then the network (6) is said to be

passive.

Definition 3.2. (see [48]) The network (2) is synchronized if

lim
t→∞
‖Ys(·, t) − Y0(·, t)‖ = 0, s = 1, 2, · · · ,N,

under the condition xs(̺, t) = 0, s = 1, 2, · · · ,N.

3.2. Passivity control

For the network (2), we design the state feedback controller as follows:


uR

s (̺, t) =−ΥReR
s (̺, t)−sign(eR

s (̺, t))(D̄RF̄R+D̄I F̄ I+C̄RḠR+C̄IḠI),

uI
s(̺, t) =−ΥIeI

s(̺, t)−sign(eI
s(̺, t))(D̄

RF̄ I+D̄I F̄R+C̄RḠI+C̄IḠR),
(7)

6



where s = 1, 2, · · · ,N,ΥR = diag(υR
1
, υR

2
, · · · , υR

n ) ∈ Rn×n andΥI = diag(υI
1
, υI

2
, · · · , υI

n) ∈ Rn×n are the positive definite

controller gain matrices, R+ ∋ υR
ι > 0 and R

+ ∋ υI
ι > 0; F̄R = (FR

1
, FR

1
, · · · , FR

n )T , F̄ I = (F I
1
, F I

1
, · · · , F I

n)T , ḠR =

(GR
1
,GR

1
, · · · ,GR

n )T and ḠI = (GI
1
,GI

1
, · · · ,GI

n)T ; sign(eR
s (̺, t)) = diag(sign(eR

s1
(̺, t)), sign(eR

s2
(̺, t)), · · · , sign(eR

sn(̺, t)))

and sign(eI
s(̺, t)) = diag(sign(eI

s1
(̺, t)), sign(eI

s2
(̺, t)), · · · , sign(eI

sn(̺, t))).

The output vector zs(̺, t) ∈ Cn of the system (6) is described as follows:

zs(̺, t) = K1es(̺, t) + K2 xs(̺, t),

where K1 ∈ Rn×n and K2 ∈ Rn×n.

For convenience, we denote

LR = diag((lR1 )2, (lR2 )2, · · · , (lRn )2), LI = diag((lI
1)2, (lI

2)2, · · · , (lI
n)2),

ζR = diag((ηR
1 )2, (ηR

2 )2, · · · , (ηR
n )2), ζ I = diag((ηI

1)2, (ηI
2)2, · · · , (ηI

n)2),

eR(̺, t) = ((eR
1 (̺, t))T , (eR

2 (̺, t))T , · · · , (eR
N(̺, t))T )T ,

eI(̺, t) = ((eI
1(̺, t))T , (eI

2(̺, t))T , · · · , (eI
N(̺, t))T )T ,

eR(̺, t) = ((eR
1
(̺, t))T , (eR

2
(̺, t))T , · · · , (eR

N
(̺, t))T )T ,

eI(̺, t) = ((eI
1
(̺, t))T , (eI

2
(̺, t))T , · · · , (eI

N
(̺, t))T )T ,

x(̺, t) = (xH
1 (̺, t), xH

2 (̺, t), · · · , xH
N (̺, t))H,

z(̺, t) = (zH
1 (̺, t), zH

2 (̺, t), · · · , zH
N (̺, t))H,

Γ =diag(
1

1 − γ1

,
1

1 − γ2

, · · · , 1

1 − γn

).

Theorem 3.1. If there exists a constant ρ > 0 such that


ΨR

1 ΞR

(ΞR)T ΨR
2

 6 0 and


ΨI

1 ΞI

(ΞI)T ΨI
2

 6 0, (8)

whereΨR
1
= IN ⊗ (−∑κq=1

2A

ξ2q
−2B+ D̃R+2LR+ D̃I +C̃R+C̃I −ΥR+2ζRΓ)+hH⊗ (M+MT ), ΞR = ΞI = IN ⊗ (In− 1

2
KT

1
),

ΨI
1
= IN⊗(−∑κq=1

2A

ξ2q
−2B+2LI+ D̃R+ D̃I+C̃I+C̃R−ΥI+2ζ IΓ)+hH⊗(M+MT ),ΨR

2
= ΨI

2
= IN⊗(− 1

2
(KT

2
+K2)−ρIn),

then the network (6) is said to be passive under the controller (7).

Proof. Choose the following Lyapunov functional:

V(t) =

N∑

s=1

∫

Ω

(eR
s (̺, t))T eR

s (̺, t)d̺ + 2

N∑

s=1

n∑

j=1

∫ t

t−τ j(t)

∫

Ω

(ηR
j
eR

s j
(̺, δ))2

1 − γ j

d̺dδ

+ 2

N∑

s=1

n∑

j=1

∫ t

t−τ j(t)

∫

Ω

(ηI
j
eI

s j
(̺, δ))2

1 − γ j

d̺dδ +

N∑

s=1

∫

Ω

(eI
s(̺, t))

T eI
s(̺, t)d̺.

Then,

V̇(t) 62

N∑

s=1

∫

Ω

(eR
s (̺, t))T ∂e

R
s (̺, t)

∂t
d̺ + 2

N∑

s=1

∫

Ω

(eI
s(̺, t))

T ∂e
I
s(̺, t)

∂t
d̺ + 2

N∑

s=1

∫

Ω

(eR
s (̺, t))T ζRΓeR

s (̺, t)d̺

− 2

N∑

s=1

∫

Ω

(eR
s (̺, t))T ζReR

s (̺, t)d̺ + 2

N∑

s=1

∫

Ω

(eI
s(̺, t))

T ζ IΓeI
s(̺, t)d̺ − 2

N∑

s=1

∫

Ω

(eI
s(̺, t))

T ζ IeI
s(̺, t)d̺

=2

N∑

s=1

∫

Ω

(eR
s (̺, t))T (A△eR

s (̺, t) − BeR
s (̺, t) + DR(YR

s (̺, t))PR(eR
s (̺, t)) − DI(Y I

s (̺, t))PI(eI
s(̺, t)) + xR

s (̺, t)

7



+CR(YR
s (̺, t))QR(eR

s (̺, t)) − CI(Y I
s (̺, t))QI(eI

s(̺, t)) + h

N∑

κ=1

HsκMeR
κ (̺, t) − ΥReR

s (̺, t) + (DR(YR
s (̺, t))

− DR(YR
0 (̺, t))) f R(YR

0 (̺, t)) − sign(eR
s (̺, t))(D̄RF̄R+D̄I F̄ I+C̄RḠR+C̄IḠI)−(DI(Y I

s (̺, t))−DI(Y I
0(̺, t)))

× f I (Y I
0(̺, t)) + (CR(YR

s (̺, t)) −CR(YR
0 (̺, t)))gR(YR

0 (̺, t)) − (CI(Y I
s (̺, t)) −CI(Y I

0(̺, t)))gI(Y I
0(̺, t)))d̺

+ 2

N∑

s=1

∫

Ω

(eI
s(̺, t))

T (A△eI
s(̺, t)−BeI

s(̺, t)+DR(YR
s (̺, t))PI(eI

s(̺, t))+DI(Y I
s (̺, t))PR(eR

s (̺, t)) + xI
s(̺, t)

+CR(YR
s (̺, t))QI(eI

s(̺, t)) +CI(Y I
s (̺, t))QR(eR

s (̺, t))+h

N∑

κ=1

HsκMeI
κ(̺, t)+(DR(YR

s (̺, t))−DR(YR
0 (̺, t)))

× f I (Y I
0(̺, t)) + (DI(Y I

s (̺, t)) − DI(Y I
0(̺, t))) f R(YR

0 (̺, t)) + (CR(YR
s (̺, t)) −CR(YR

0 (̺, t)))gI(Y I
0(̺, t))

− ΥIeI
s(̺, t) − sign(eI

s(̺, t))(D̄
RF̄ I + D̄I F̄R + C̄RḠI + C̄IḠR) + (CI(Y I

s (̺, t)) −CI (Y I
0(̺, t)))

× gR(YR
0 (̺, t)))d̺ + 2

∫

Ω

(eR(̺, t))T (IN ⊗ (ζRΓ))eR(̺, t)d̺ − 2

∫

Ω

(eR(̺, t))T (IN ⊗ ζR)eR(̺, t)d̺

+ 2

∫

Ω

(eI(̺, t))T (IN ⊗ (ζ IΓ))eI(̺, t)d̺−2

∫

Ω

(eI(̺, t))T (IN ⊗ ζ I)eI(̺, t)d̺. (9)

From the Green’s formula, we have

∫

Ω

eR
s j(̺, t)△eR

s j(̺, t)d̺ = −
κ∑

q=1

∫

Ω

(∂eR
s j

(̺, t)

∂̺q

)2
d̺,

where j = 1, 2, · · · , n, s = 1, 2, · · · ,N. Let πR(̺, t) = (IN ⊗
√

A)eR(̺, t). According to Lemma 2.1, then

N∑

s=1

∫

Ω

(eR
s (̺, t))T A△eR

s (̺, t)d̺

=

N∑

s=1

n∑

j=1

a j

∫

Ω

eR
s j(̺, t)△eR

s j(̺, t)d̺

= −
κ∑

q=1

N∑

s=1

n∑

j=1

a j

∫

Ω

(∂eR
s j

(̺, t)

∂̺q

)2
d̺

= −
κ∑

q=1

∫

Ω

(
∂eR(̺, t)

∂̺q

)T
(IN ⊗ A)

∂eR(̺, t)

∂̺q

d̺

= −
κ∑

q=1

∫

Ω

(
∂πR(̺, t)

∂̺q

)T ∂πR(̺, t)

∂̺q

d̺

6 −
κ∑

q=1

1

ξ2q

∫

Ω

(πR(̺, t))TπR(̺, t)d̺

= −
κ∑

q=1

1

ξ2q

∫

Ω

(eR(̺, t))T (IN ⊗ A)eR(̺, t)d̺. (10)

Similarly,

N∑

s=1

∫

Ω

(eI
s(̺, t))

T A△eI
s(̺, t)d̺ 6 −

κ∑

q=1

1

ξ2q

∫

Ω

(eI(̺, t))T (IN ⊗ A)eI(̺, t)d̺. (11)
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Furthermore,

2

N∑

s=1

∫

Ω

(eR
s (̺, t))T DR(YR

s (̺, t))PR(eR
s (̺, t))d̺

=2

N∑

s=1

n∑

ι=1

n∑

j=1

∫

Ω

eR
sι(̺, t)d

R
ι j(Y

R
sι(̺, t))( f R

j (YR
s j(̺, t)) − f R

j (YR
0 j(̺, t)))d̺

62

N∑

s=1

n∑

ι=1

n∑

j=1

∫

Ω

|eR
sι(̺, t)|d̃R

ι j| f R
j (YR

s j(̺, t)) − f R
j (YR

0 j(̺, t))|d̺

6

N∑

s=1

n∑

ι=1

n∑

j=1

∫

Ω

(eR
sι(̺, t))

2(d̃R
ι j)

2d̺ +

N∑

s=1

n∑

j=1

∫

Ω

(lRj )2(eR
s j(̺, t))

2d̺

=

∫

Ω

(eR(̺, t))T(IN ⊗ D̃R)eR(̺, t)d̺+

∫

Ω

(eR(̺, t))T(IN ⊗ LR)eR(̺, t)d̺. (12)

Similarly,

− 2

N∑

s=1

∫

Ω

(eR
s (̺, t))T DI(Y I

s (̺, t))PI(eI
s(̺, t))d̺

6

∫

Ω

(eR(̺, t))T(IN ⊗ D̃I)eR(̺, t)d̺+

∫

Ω

(eI(̺, t))T(IN ⊗ LI)eI(̺, t)d̺, (13)

2

N∑

s=1

∫

Ω

(eI
s(̺, t))

T DR(YR
s (̺, t))PI(eI

s(̺, t))d̺

6

∫

Ω

(eI(̺, t))T(IN ⊗ D̃R)eI(̺, t)d̺+

∫

Ω

(eI(̺, t))T(IN ⊗ LI )eI(̺, t)d̺, (14)

2

N∑

s=1

∫

Ω

(eI
s(̺, t))

T DI(Y I
s (̺, t))PR(eR

s (̺, t))d̺

6

∫

Ω

(eI(̺, t))T(IN ⊗ D̃I)eI(̺, t)d̺+

∫

Ω

(eR(̺, t))T(IN ⊗ LR)eR(̺, t)d̺. (15)

Moreover,

2

N∑

s=1

∫

Ω

(eR
s (̺, t))TCR(YR

s (̺, t))QR(eR
s (̺, t))d̺

=2

N∑

s=1

n∑

ι=1

n∑

j=1

∫

Ω

eR
sι(̺, t)c

R
ι j(Y

R
sι(̺, t))(g

R
j (Y

R
s j(̺, t − τ j(t)))−gR

j (Y
R
0 j(̺, t)))d̺

62

N∑

s=1

n∑

ι=1

n∑

j=1

∫

Ω

|eR
sι(̺, t)|c̃R

ι j|gR
j (Y

R
s j(̺, t − τ j(t))) − gR

j (YR
0 j(̺, t))|d̺

6

N∑

s=1

n∑

ι=1

n∑

j=1

∫

Ω

(eR
sι(̺, t))

2(c̃R
ι j)

2d̺ +

N∑

s=1

n∑

j=1

∫

Ω

(ηR
j )2(eR

s j(̺, t − τ j(t)))
2d̺

=

∫

Ω

(eR(̺, t))T(IN ⊗ C̃R)eR(̺, t)d̺+

∫

Ω

(eR(̺, t))T(IN ⊗ ζR)eR(̺, t)d̺. (16)

Similarly,

− 2

N∑

s=1

∫

Ω

(eR
s (̺, t))TCI(Y I

s (̺, t))QI(eI
s(̺, t))d̺

9



6

∫

Ω

(eR(̺, t))T(IN ⊗ C̃I)eR(̺, t)d̺+

∫

Ω

(eI(̺, t))T(IN ⊗ ζ I)eI(̺, t)d̺, (17)

2

N∑

s=1

∫

Ω

(eI
s(̺, t))

TCR(YR
s (̺, t))QI(eI

s(̺, t))d̺

6

∫

Ω

(eI(̺, t))T(IN ⊗ C̃R)eI(̺, t)d̺+

∫

Ω

(eI(̺, t))T(IN ⊗ ζ I)eI(̺, t)d̺, (18)

2

N∑

s=1

∫

Ω

(eI
s(̺, t))

TCI(Y I
s (̺, t))QR(eR

s (̺, t))d̺

6

∫

Ω

(eI(̺, t))T(IN ⊗ C̃I)eI(̺, t)d̺+

∫

Ω

(eR(̺, t))T(IN ⊗ ζR)eR(̺, t)d̺. (19)

In addition,

2h

N∑

s=1

N∑

κ=1

∫

Ω

(eR
s (̺, t))T HsκMeR

κ (̺, t)d̺ = h

∫

Ω

(eR(̺, t))T (H ⊗ (M + MT ))eR(̺, t)d̺. (20)

Similarly,

2h

N∑

s=1

N∑

κ=1

∫

Ω

(eI
s(̺, t))

T HsκMeI
κ(̺, t)d̺ = h

∫

Ω

(eI(̺, t))T (H ⊗ (M + MT ))eI(̺, t)d̺. (21)

What’s more,

2

N∑

s=1

∫

Ω

(eR
s (̺, t))T (DR(YR

s (̺, t)) − DR(YR
0 (̺, t))) f R(YR

0 (̺, t))d̺

=2

N∑

s=1

n∑

ι=1

n∑

j=1

∫

Ω

eR
sι(̺, t)(d

R
ι j(Y

R
sι(̺, t)) − dR

ι j(Y
R
0ι(̺, t))) f R

j (YR
0 j(̺, t))d̺

62

N∑

s=1

n∑

ι=1

n∑

j=1

∫

Ω

|eR
sι(̺, t)||d̂R

ι j − ďR
ι j|FR

j d̺

=2

N∑

s=1

∫

Ω

|(eR
s (̺, t))T |D̄RF̄Rd̺. (22)

Similarly,

2

N∑

s=1

∫

Ω

(eR
s (̺, t))T (DI(Y I

0(̺, t)) − DI(Y I
s (̺, t))) f I(Y I

0(̺, t))d̺ 6 2

N∑

s=1

∫

Ω

|(eR
s (̺, t))T |D̄I F̄ Id̺, (23)

2

N∑

s=1

∫

Ω

(eI
s(̺, t))

T (DR(YR
s (̺, t)) − DR(YR

0 (̺, t))) f I(Y I
0(̺, t))d̺ 6 2

N∑

s=1

∫

Ω

|(eI
s(̺, t))

T |D̄RF̄ Id̺, (24)

2

N∑

s=1

∫

Ω

(eI
s(̺, t))

T (DI(Y I
s (̺, t)) − DI(Y I

0(̺, t))) f R(YR
0 (̺, t))d̺ 6 2

N∑

s=1

∫

Ω

|(eI
s(̺, t))

T |D̄I F̄Rd̺. (25)

In addition, we have

2

N∑

s=1

∫

Ω

(eR
s (̺, t))T (CR(YR

s (̺, t)) −CR(YR
0 (̺, t)))gR(YR

0 (̺, t))d̺

10



=2

N∑

s=1

n∑

ι=1

n∑

j=1

∫

Ω

eR
sι(̺, t)(c

R
ι j(Y

R
sι(̺, t)) − cR

ι j(Y
R
0ι(̺, t)))g

R
j (YR

0 j(̺, t))d̺

62

N∑

s=1

n∑

ι=1

n∑

j=1

∫

Ω

|eR
sι(̺, t)||ĉR

ι j − čR
ι j|GR

j d̺

=2

N∑

s=1

∫

Ω

|(eR
s (̺, t))T |C̄RḠRd̺. (26)

Similarly,

2

N∑

s=1

∫

Ω

(eR
s (̺, t))T (CI(Y I

0(̺, t)) −CI(Y I
s (̺, t)))gI(Y I

0(̺, t))d̺ 6 2

N∑

s=1

∫

Ω

|(eR
s (̺, t))T |C̄IḠId̺, (27)

2

N∑

s=1

∫

Ω

(eI
s(̺, t))

T (CR(YR
s (̺, t)) −CR(YR

0 (̺, t)))gI(Y I
0(̺, t))d̺ 6 2

N∑

s=1

∫

Ω

|(eI
s(̺, t))

T |C̄RḠId̺, (28)

2

N∑

s=1

∫

Ω

(eI
s(̺, t))

T (CI(Y I
s (̺, t)) −CI(Y I

0(̺, t)))gR(YR
0 (̺, t))d̺ 6 2

N∑

s=1

∫

Ω

|(eI
s(̺, t))

T |C̄IḠRd̺. (29)

From (9) to (29), we have

V̇(t) 6

∫

Ω

(eR(̺, t))T (IN ⊗ (−
κ∑

q=1

2A

ξ2q
− 2B + D̃R + 2LR + D̃I + C̃R + C̃I − ΥR + 2ζRΓ) + hH ⊗ (M + MT )

)
eR(̺, t)d̺

+

∫

Ω

(eI(̺, t))T (IN ⊗ (−
κ∑

q=1

2A

ξ2q
− 2B + 2LI + D̃R + D̃I + C̃I + C̃R − ΥI + 2ζ IΓ) + hH ⊗ (M + MT )

)

× eI(̺, t)d̺+2

∫

Ω

(eR(̺, t))T xR(̺, t)d̺ + 2

∫

Ω

(eI(̺, t))T xI(̺, t)d̺.

Furthermore,

V̇(t) −
∫

Ω

[(zR(̺, t))T xR(̺, t) + (zI(̺, t))T xI(̺, t)]d̺ − ρ
∫

Ω

[(xR(̺, t))T xR(̺, t) + (xI(̺, t))T xI(̺, t)]d̺

6

∫

Ω

(eR(̺, t))T (IN ⊗ (−
κ∑

q=1

2A

ξ2q
− 2B + D̃R + 2LR + D̃I + C̃R + C̃I − ΥR + 2ζRΓ) + hH ⊗ (M

+ MT )
)
eR(̺, t)d̺+

∫

Ω

(eI(̺, t))T (IN ⊗ (−
κ∑

q=1

2A

ξ2q
− 2B + 2LI + D̃R + D̃I + C̃I + C̃R − ΥI

+ 2ζ IΓ) + hH ⊗ (M + MT )
)
eI(̺, t)d̺ +

∫

Ω

(xR(̺, t))T (IN ⊗ (−1

2
(KT

2 + K2)−ρIn))xR(̺, t)d̺

+2

∫

Ω

(eR(̺, t))T (IN⊗(In−
1

2
KT

1 ))xR(̺, t)d̺+

∫

Ω

(xI(̺, t))T (IN⊗(−1

2
(KT

2 +K2)− ρIn))xI(̺, t)d̺

+ 2

∫

Ω

(eI(̺, t))T (IN ⊗ (In −
1

2
KT

1 ))xI(̺, t)d̺

=

∫

Ω

(ϕR(̺, t))T


ΨR

1 ΞR

(ΞR)T ΨR
2

ϕR(̺, t)d̺ +

∫

Ω

(ϕI(̺, t))T


ΨI

1 ΞI

(ΞI)T ΨI
2

ϕI(̺, t)d̺,

where ϕR(̺, t) = ((eR(̺, t))T , (xR(̺, t))T )T and ϕI(̺, t) = ((eI(̺, t))T , (xI(̺, t))T )T . From (8), we can easily obtain

V̇(t) 6

∫

Ω

[(zR(̺, t))T xR(̺, t) + (zI(̺, t))T xI (̺, t)]d̺ + ρ

∫

Ω

[(xR(̺, t))T xR(̺, t) + (xI(̺, t))T xI(̺, t)]d̺. (30)

11



By integrating (30) about t over the time period from t1 to t2, one has

V(t2) − V(t1) 6

∫ t2

t1

∫

Ω

[(zR(̺, t))T xR(̺, t) + (zI(̺, t))T xI (̺, t)]d̺dt

+ ρ

∫ t2

t1

∫

Ω

[(xR(̺, t))T xR(̺, t) + (xI(̺, t))T xI(̺, t)]d̺dt, t2 > t1.

Namely,

∫ t2

t1

∫

Ω

[(zR(̺, t))T xR(̺, t) + (zI(̺, t))T xI(̺, t)]d̺dt > V(t2) − V(t1) − ρ
∫ t2

t1

∫

Ω

[(xR(̺, t))T xR(̺, t) + (xI(̺, t))T xI(̺, t)]d̺dt

for any t2, t1 ∈ R+ and t2 > t1.

According to Definition 3.1, we can obtain that the network (6) is passive under the controller (7).

3.3. Synchronization control

Theorem 3.2. The network (2) is said to be synchronized under the controller (7) if

ΨR
1 < 0 and ΨI

1 < 0, (31)

where ΨR
1
= IN ⊗ (−∑k

q=1
2A

ξ2q
− 2B+ D̃R+ 2LR + D̃I + C̃R + C̃I −ΥR + 2ζRΓ)+ hH⊗ (M +MT ), ΨI

1
= IN ⊗ (−∑k

q=1
2A

ξ2q
−

2B + 2LI + D̃R + D̃I + C̃I + C̃R − ΥI + 2ζ IΓ) + hH ⊗ (M + MT ).

Proof. The same Lyapunov functional in this subsection is defined as in Theorem 3.1. Then, one has

V̇(t) 6

∫

Ω

(eR(̺, t))T (IN ⊗ (−
κ∑

q=1

2A

ξ2q
− 2B + D̃R + 2LR + D̃I + C̃R + C̃I − ΥR + 2ζRΓ) + hH ⊗ (M + MT )

)
eR(̺, t)d̺

+

∫

Ω

(eI(̺, t))T (IN ⊗ (−
κ∑

q=1

2A

ξ2q
− 2B + 2LI + D̃R + D̃I + C̃I + C̃R − ΥI + 2ζ IΓ) + hH ⊗ (M + MT )

)
eI(̺, t)d̺

6α‖e(·, t)‖2, (32)

where α = max{λM(ΨR
1
), λM(ΨI

1
)}.

According to (32) and the definition of V(t), we can obtain V(t) is non-increasing and bounded. Therefore,

limt→+∞V(t) exists and satisfies limt→+∞V(t) > 0. Moreover, from (32), we can get

‖e(·, t)‖2 6
V̇(t)

α
. (33)

From (33), we can easily derive that limt→+∞
∫ t

0
‖e(·, δ)‖2dδ exists and is nonnegative real number. Moreover,

0 6 lim
t→+∞

N∑

s=1

n∑

j=1

∫ t

t−τ j(t)

∫

Ω

2(ηR
j
eR

s j
(̺, δ))2

1 − γ j

d̺dδ

6 lim
t→+∞

N∑

s=1

n∑

j=1

∫ t

t−τ

∫

Ω

2(ηR
j
eR

s j
(̺, δ))2

1 − γ j

d̺dδ

= lim
t→+∞

∫ t

t−τ

∫

Ω

(eR(̺, δ))T (IN ⊗ (2ζRΓ))eR(̺, δ)d̺dδ

6λM(IN ⊗ (2ζRΓ)) lim
t→+∞

∫ t

t−τ
‖eR(·, δ)‖2dδ

=0. (34)
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Similarly,

0 6 lim
t→+∞

N∑

s=1

n∑

j=1

∫ t

t−τ j(t)

∫

Ω

2(ηI
j
eI

s j
(̺, δ))2

1 − γ j

d̺dδ = 0. (35)

From (34) and (35), it is easy to know that lim
t→+∞

∑N
s=1

∫
Ω

[(eR
s (̺, t))T eR

s (̺, t) + (eI
s(̺, t))

T eI
s(̺, t)]d̺ exists and is a non-

negative real number. Suppose that

lim
t→+∞

N∑

s=1

∫

Ω

[(eR
s (̺, t))T eR

s (̺, t) + (eI
s(̺, t))

T eI
s(̺, t)]d̺ = β > 0.

Then, there exists a real number ǫ > 0 satisfying

N∑

s=1

∫

Ω

[(eR
s (̺, t))T eR

s (̺, t) + (eI
s(̺, t))

T eI
s(̺, t)]d̺ >

β

2
for t > ǫ.

Then, one has

‖e(·, t)‖2 > β
2
, t > ǫ. (36)

Combined (32) with (36), we have

V̇(t) <
αβ

2
, t > ǫ. (37)

By (37), we can acquire

−V(ǫ) 6 V(+∞) − V(ǫ) =

∫ +∞

ǫ

V̇(t)dt <

∫ +∞

ǫ

αβ

2
dt = −∞, (38)

which is unreasonable. Therefore,

lim
t→+∞

N∑

s=1

∫

Ω

[(eR
s (̺, t))T eR

s (̺, t) + (eI
s(̺, t))

T eI
s(̺, t)]d̺ = 0.

Then, we can obtain

lim
t→+∞

‖e(·, t)‖ = 0.

Consequently, the network (2) achieves synchronization.

Remark 1. In recent years, the study of CMNNs has become a hotspot and a large number of interesting results on

CMNNs have been reported [23, 25, 24, 26, 27, 28, 29]. However, the CMNN models considered in these existing

works [23, 25, 24, 26, 27, 28, 29] are real-valued. In fact, complex variables exist in many applications such as pattern

recognition, associative memory, nonlinear filtering and image reconstruction. Compared with real-valued neural net-

works, CVNNs have more complex characteristics and more extensive practical applications. For example, the XOR

and symmetry detection problems that cannot be solved by real-valued neural networks but can be easily solved by

CVNNs [32]. Additionally, the models of CVNNs are more general, because the real-valued neural networks are only

some special cases of them when there are no imaginary parts of complex variables. Thus, it is of great significance

to study CVNNs. Moreover, CVMNNs can be built by replacing resistors with memristor in VLSI circuits of CVNNs

as described in [34], which have a variety of different applications in image processing, engineering optimization,

pattern recognition, etc. In addition, it is also necessary to take the reaction-diffusion term into consideration when

studying CVMNNs. In more details, the CRDCVMNNs are described by complex-valued partial differential equation

with memristive characteristics. Unfortunately, there is no work reported on passivity and synchronization of CRD-

CVMNNs. To the best of our knowledge, this paper is the first step towards investigating the dynamical behaviors of

CRDCVMNNs.
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4. Passivity and synchronization of CRDCVMNNs with spatial diffusion coupling

4.1. Network model

A CRDCVMNN with spatial diffusion coupling in this section is shown as follows:

∂Ys(̺, t)

∂t
=A△Ys(̺, t) − BYs(̺, t) +C(Ys(̺, t))g(Ys(̺, t)) + us(̺, t) + D(Ys(̺, t)) f (Ys(̺, t))

+ ĥ

N∑

κ=1

ĤsκM̂△Yκ(̺, t) + xs(̺, t), s = 1, 2, · · · ,N, (39)

where Ys(̺, t), A, △, B, C(·), g(·), us(̺, t), D(·), f (·), xs(̺, t) are defined in the same way as those in Section 3.

ĥ, Ĥsκ, M̂ have the similar definitions as h, Hsκ, M in Section 3.

For network (39),

Ys(̺, t) = ϕs(̺, t) ∈ Cn, (̺, t) ∈ Ω × [−τ, 0],

Ys(̺, t) = 0, (̺, t) ∈ ∂Ω × [−τ,+∞),

where ϕs(̺, t) = (ϕs1(̺, t), ϕs2(̺, t), · · · , ϕsn(̺, t))T ∈ Cn is bounded and continuous on Ω × [−τ, 0].

Then, the network (39) can be separated into real and imaginary parts as follows:

∂YR
s (̺, t)

∂t
=A△YR

s (̺, t) − BYR
s (̺, t) +CR(YR

s (̺, t))gR(YR
s (̺, t)) + uR

s (̺, t)−CI(Y I
s (̺, t))gI(Y I

s (̺, t))+DR(YR
s (̺, t)) f R(YR

s (̺, t))

+xR
s (̺, t) − DI(Y I

s (̺, t)) f I (Y I
s (̺, t)) + ĥ

N∑

κ=1

ĤsκM̂△YR
κ (̺, t), (40)

∂Y I
s (̺, t)

∂t
=A△Y I

s (̺, t) − BY I
s (̺, t) +CR(YR

s (̺, t))gI(Y I
s (̺, t)) + uI

s(̺, t)+CI(Y I
s (̺, t))gR(YR

s (̺, t))+DR(YR
s (̺, t)) f I(Y I

s (̺, t))

+xI
s(̺, t) + DI(Y I

s (̺, t)) f R(YR
s (̺, t)) + ĥ

N∑

κ=1

ĤsκM̂△Y I
κ (̺, t). (41)

For network (40),

YR
s (̺, t) = ϕR

s (̺, t) ∈ Rn, (̺, t) ∈ Ω × [−τ, 0],

YR
s (̺, t) = 0, (̺, t) ∈ ∂Ω × [−τ,+∞),

where ϕR
s (̺, t) = (ϕR

s1
(̺, t), ϕR

s2
(̺, t), · · · , ϕR

sn(̺, t))T ∈ Rn is bounded and continuous on Ω × [−τ, 0].

For network (41),

Y I
s (̺, t) = ϕI

s(̺, t) ∈ Rn, (̺, t) ∈ Ω × [−τ, 0],

Y I
s (̺, t) = 0, (̺, t) ∈ ∂Ω × [−τ,+∞),

where ϕI
s(̺, t) = (ϕI

s1
(̺, t), ϕI

s2
(̺, t), · · · , ϕI

sn(̺, t))T ∈ Rn is bounded and continuous on Ω × [−τ, 0].

Let es(̺, t) = Ys(̺, t) − Y0(̺, t), then

∂es(̺, t)

∂t
=A△es(̺, t) − Bes(̺, t) +C(Ys(̺, t))g(Ys(̺, t)) + us(̺, t)−C(Y0(̺, t))g(Y0(̺, t))+D(Ys(̺, t)) f (Ys(̺, t))

+xs(̺, t) − D(Y0(̺, t)) f (Y0(̺, t)) + ĥ

N∑

κ=1

ĤsκM̂△eκ(̺, t), (42)

where s = 1, 2, · · · ,N and es(̺, t) = (es1(̺, t), es2(̺, t), · · · , esn(̺, t))T .
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By separating (42) into real and imaginary parts, we have

∂eR
s (̺, t)

∂t
=A△eR

s (̺, t) − BeR
s (̺, t) + DR(YR

s (̺, t))PR(eR
s (̺, t)) + uR

s (̺, t)−DI(Y I
s (̺, t))PI(eI

s(̺, t))+CR(YR
s (̺, t))QR(eR

s (̺, t))

+xR
s (̺, t) −CI(Y I

s (̺, t))QI(eI
s(̺, t))+ĥ

N∑

κ=1

ĤsκM̂△eR
κ (̺, t)+(DR(YR

s (̺, t)) − DR(YR
0 (̺, t))) f R(YR

0 (̺, t))

− (DI(Y I
s (̺, t)) − DI(Y I

0(̺, t))) f I(Y I
0(̺, t)) + (CR(YR

s (̺, t)) − CR(YR
0 (̺, t)))gR(YR

0 (̺, t))

− (CI(Y I
s (̺, t)) −CI(Y I

0(̺, t)))gI(Y I
0(̺, t)),

∂eI
s(̺, t)

∂t
=A△eI

s(̺, t) − BeI
s(̺, t) + DR(YR

s (̺, t))PI(eI
s(̺, t)) + uI

s(̺, t)+DI(Y I
s (̺, t))PR(eR

s (̺, t))+CR(YR
s (̺, t))QI(eI

s(̺, t))

+xI
s(̺, t) +CI(Y I

s (̺, t))QR(eR
s (̺, t))+ĥ

N∑

κ=1

ĤsκM̂△eI
κ(̺, t)+(DR(YR

s (̺, t)) − DR(YR
0 (̺, t))) f I(Y I

0(̺, t))

+ (DI(Y I
s (̺, t)) − DI(Y I

0(̺, t))) f R(YR
0 (̺, t)) + (CR(YR

s (̺, t)) −CR(YR
0 (̺, t)))gI(Y I

0(̺, t))

+ (CI(Y I
s (̺, t)) −CI(Y I

0(̺, t)))gR(YR
0 (̺, t)).

Remark 2. In Section 3, we established passivity and synchronization criteria for CRDCVMNNs with state coupling.

As is known, different diffusion of node may affect the states of surrounding nodes in some realistic reaction-diffusion

networks. Therefore, it is very interesting to consider spatial diffusion coupling when modeling CRDCVMNNs.

Moreover, CRDCVMNNs with spatial diffusion couplings can reflect more realistically characteristics of some com-

plex networks to some extent. Therefore, we further study the dynamical behaviors of spatial diffusion CRDCVMNNs

in this section, which is also one of contributions of our work.

4.2. Passivity control

The output vector zs(̺, t) ∈ Cn of the system (42) is described as follows:

zs(̺, t) = K̂1es(̺, t) + K̂2 xs(̺, t),

where K̂1 ∈ Rn×n and K̂2 ∈ Rn×n. Moreover, the controller designed for the network (39) in this section is the same as

in Section 3.

Theorem 4.1. If there exists a constant ρ > 0 such that

2IN ⊗ A + ĥĤ ⊗ (M̂ + M̂T ) > 0, (43)

Ψ̂R

1 Ξ̂R

(Ξ̂R)T Ψ̂R
2

 6 0 and


Ψ̂I

1 Ξ̂I

(Ξ̂I)T Ψ̂I
2

 6 0, (44)

where Ψ̂R
1
= IN ⊗ (−∑κq=1

2A

ξ2q
− 2B + D̃R + 2LR + D̃I + C̃R + C̃I − ΥR + 2ζRΓ) − ∑κq=1

ĥ

ξ2q
Ĥ ⊗ (M̂ + M̂T ), Ξ̂R = Ξ̂I =

IN ⊗ (In − 1
2
K̂T

1
), Ψ̂I

1
= IN ⊗ (−∑κq=1

2A

ξ2q
− 2B + 2LI + D̃R + D̃I + C̃I + C̃R − ΥI + 2ζ IΓ) − ∑κq=1

ĥ

ξ2q
Ĥ ⊗ (M̂ + M̂T ),

Ψ̂R
2
= Ψ̂I

2
= IN ⊗ (− 1

2
(K̂T

2
+ K̂2) − ρIn), then the network (42) is said to be passive under the controller (7).

Proof. Choose the same Lyapunov functional V(t) for network (42) as in Theorem 3.1, then we have

V̇(t) 62

N∑

s=1

∫

Ω

(eR
s (̺, t))T (A△eR

s (̺, t) − BeR
s (̺, t) + DR(YR

s (̺, t))PR(eR
s (̺, t)) − DI(Y I

s (̺, t))PI(eI
s(̺, t))

+ CR(YR
s (̺, t))QR(eR

s (̺, t)) + xR
s (̺, t) −CI (Y I

s (̺, t))QI(eI
s(̺, t)) + ĥ

N∑

κ=1

ĤsκM̂△eR
κ (̺, t)
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+ (DR(YR
s (̺, t)) − DR(YR

0 (̺, t))) f R(YR
0 (̺, t)) − ΥReR

s (̺, t) − sign(eR
s (̺, t))(D̄RF̄R

+D̄I F̄ I+C̄RḠR+C̄IḠI)−(DI(Y I
s (̺, t))−DI(Y I

0(̺, t))) f I(Y I
0(̺, t))

+ (CR(YR
s (̺, t)) −CR(YR

0 (̺, t)))gR(YR
0 (̺, t)) − (CI(Y I

s (̺, t))

− CI(Y I
0(̺, t)))gI(Y I

0(̺, t)))d̺ + 2

N∑

s=1

∫

Ω

(eI
s(̺, t))

T (A△eI
s(̺, t)

−BeI
s(̺, t)+DR(YR

s (̺, t))PI(eI
s(̺, t))+DI(Y I

s (̺, t))PR(eR
s (̺, t))

+ CR(YR
s (̺, t))QI(eI

s(̺, t)) + xI
s(̺, t) +CI (Y I

s (̺, t))QR(eR
s (̺, t))

+ĥ

N∑

κ=1

ĤsκM̂△eI
κ(̺, t)+(DR(YR

s (̺, t))−DR(YR
0 (̺, t))) f I(Y I

0(̺, t))

+ (DI(Y I
s (̺, t)) − DI(Y I

0(̺, t))) f R(YR
0 (̺, t)) + (CR(YR

s (̺, t))

− CR(YR
0 (̺, t)))gI(Y I

0(̺, t)) − ΥIeI
s(̺, t) − sign(eI

s(̺, t))(D̄
RF̄ I

+ D̄I F̄R + C̄RḠI + C̄IḠR) + (CI(Y I
s (̺, t)) −CI(Y I

0(̺, t)))

× gR(YR
0 (̺, t)))d̺ + 2

∫

Ω

(eR(̺, t))T (IN ⊗ (ζRΓ))eR(̺, t)d̺

− 2

∫

Ω

(eR(̺, t))T (IN ⊗ ζR)eR(̺, t)d̺ + 2

∫

Ω

(eI(̺, t))T

×(IN ⊗ (ζ IΓ))eI(̺, t)d̺−2

∫

Ω

(eI(̺, t))T (IN ⊗ ζ I)eI(̺, t)d̺. (45)

On the basis of the boundary condition as well as Green’s formula, one has

2ĥ

N∑

s=1

N∑

κ=1

∫

Ω

(eR
s (̺, t))T ĤsκM̂△eR

κ (̺, t)d̺

=ĥ

∫

Ω

(eR(̺, t))T (Ĥ ⊗ (M̂ + M̂T ))△eR(̺, t)d̺

= − ĥ

k∑

q=1

∫

Ω

(
∂eR(̺, t)

∂̺q

)T (Ĥ ⊗ (M̂ + M̂T ))
∂eR(̺, t)

∂̺q

d̺.

Similarly,

2ĥ

N∑

s=1

N∑

κ=1

∫

Ω

(eI
s(̺, t))

T ĤsκM̂△eI
κ(̺, t)d̺ = −ĥ

k∑

q=1

∫

Ω

(
∂eI(̺, t)

∂̺q

)T (Ĥ ⊗ (M̂ + M̂T ))
∂eI(̺, t)

∂̺q

d̺.

Then, we can easily obtain that

2

N∑

s=1

∫

Ω

(eR
s (̺, t))T A△eR

s (̺, t)d̺ + 2ĥ

N∑

s=1

N∑

κ=1

∫

Ω

(eR
s (̺, t))T ĤsκM̂△eR

κ (̺, t)d̺

= −
κ∑

q=1

∫

Ω

(
∂eR(̺, t)

∂̺q

)T
(2IN ⊗ A + ĥĤ ⊗ (M̂ + M̂T ))

∂eR(̺, t)

∂̺q

d̺

6 −
κ∑

q=1

1

ξ2q

∫

Ω

(eR(̺, t))T (2IN ⊗ A + ĥĤ ⊗ (M̂ + M̂T ))eR(̺, t)d̺. (46)

Similarly,

2

N∑

s=1

∫

Ω

(eI
s(̺, t))

T A△eI
s(̺, t)d̺ + 2ĥ

N∑

s=1

N∑

κ=1

∫

Ω

(eI
s(̺, t))

T ĤsκM̂△eI
κ(̺, t)d̺
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= −
κ∑

q=1

∫

Ω

(
∂eI(̺, t)

∂̺q

)T
(2IN ⊗ A + ĥĤ ⊗ (M̂ + M̂T ))

∂eI(̺, t)

∂̺q

d̺

6 −
κ∑

q=1

1

ξ2q

∫

Ω

(eI(̺, t))T (2IN ⊗ A + ĥĤ ⊗ (M̂ + M̂T ))eI(̺, t)d̺. (47)

From (12)-(19), (22)-(29), (46) and (47), we have

V̇(t) 6

∫

Ω

(eR(̺, t))T (IN ⊗ (−
κ∑

q=1

2A

ξ2q
− 2B + D̃R + 2LR + D̃I + C̃R + C̃I − ΥR + 2ζRΓ) −

κ∑

q=1

ĥ

ξ2q
Ĥ ⊗ (M̂ + M̂T )

)
eR(̺, t)d̺

+

∫

Ω

(eI(̺, t))T (IN ⊗ (−
κ∑

q=1

2A

ξ2q
− 2B + 2LI + D̃R + D̃I + C̃I + C̃R − ΥI + 2ζ IΓ)) −

κ∑

q=1

ĥ

ξ2q
Ĥ ⊗ (M̂ + M̂T )

)
eI(̺, t)d̺

+ 2

∫

Ω

(eR(̺, t))T xR(̺, t)d̺ + 2

∫

Ω

(eI(̺, t))T xI(̺, t)d̺.

Furthermore,

V̇(t) −
∫

Ω

[(zR(̺, t))T xR(̺, t) + (zI(̺, t))T xI(̺, t)]d̺ − ρ
∫

Ω

[(xR(̺, t))T xR(̺, t) + (xI(̺, t))T xI(̺, t)]d̺

6

∫

Ω

(eR(̺, t))T (IN ⊗ (−
κ∑

q=1

2A

ξ2q
− 2B + D̃R + 2LR + D̃I + C̃R + C̃I − ΥR + 2ζRΓ) −

κ∑

q=1

ĥ

ξ2q
Ĥ ⊗ (M̂

+ M̂T )
)
eR(̺, t)d̺ +

∫

Ω

(eI(̺, t))T (IN ⊗ (−
κ∑

q=1

2A

ξ2q
− 2B + 2LI + D̃R + D̃I + C̃I + C̃R − ΥI

+ 2ζ IΓ) −
κ∑

q=1

ĥ

ξ2q
Ĥ ⊗ (M̂+M̂T )

)
eI(̺, t)d̺+

∫

Ω

(xR(̺, t))T (IN⊗(−1

2
(K̂T

2 +K̂2)−ρIn))xR(̺, t)d̺

+

∫

Ω

(xI(̺, t))T (IN ⊗ (−1

2
(K̂T

2 + K̂2) − ρIn))xI(̺, t)d̺ + 2

∫

Ω

(eR(̺, t))T (IN ⊗ (In

− 1

2
K̂T

1 ))xR(̺, t)d̺ + 2

∫

Ω

(eI(̺, t))T (IN ⊗ (In −
1

2
K̂T

1 ))xI(̺, t)d̺

=

∫

Ω

(ϕR(̺, t))T


Ψ̂R

1 Ξ̂R

(Ξ̂R)T Ψ̂R
2

ϕR(̺, t)d̺ +

∫

Ω

(ϕI(̺, t))T


Ψ̂I

1 Ξ̂I

(Ξ̂I)T Ψ̂I
2

ϕI(̺, t)d̺,

where ϕR(̺, t) = ((eR(̺, t))T , (xR(̺, t))T )T and ϕI(̺, t) = ((eI(̺, t))T , (xI(̺, t))T )T . From (43) and (44), we can easily

obtain

V̇(t) 6

∫

Ω

[(zR(̺, t))T xR(̺, t) + (zI(̺, t))T xI (̺, t)]d̺ + ρ

∫

Ω

[(xR(̺, t))T xR(̺, t) + (xI(̺, t))T xI(̺, t)]d̺. (48)

By integrating (48) about t over the time period from t1 to t2, one has

V(t2) − V(t1) 6

∫ t2

t1

∫

Ω

[(zR(̺, t))T xR(̺, t) + (zI(̺, t))T xI (̺, t)]d̺dt

+ ρ

∫ t2

t1

∫

Ω

[(xR(̺, t))T xR(̺, t) + (xI(̺, t))T xI(̺, t)]d̺dt, t2 > t1.

Namely,
∫ t2

t1

∫

Ω

[(zR(̺, t))T xR(̺, t) + (zI(̺, t))T xI(̺, t)]d̺dt > V(t2) − V(t1) − ρ
∫ t2

t1

∫

Ω

[(xR(̺, t))T xR(̺, t) + (xI(̺, t))T xI(̺, t)]d̺dt

for any t2, t1 ∈ R+ and t2 > t1.

According to Definition 3.1, we can obtain that the network (42) is passive under the controller (7).
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4.3. Synchronization control

Theorem 4.2. The network (39) is said to be synchronized under the controller (7) if

2IN ⊗ A + ĥĤ ⊗ (M̂ + M̂T ) > 0, Ψ̂R
1 < 0 and Ψ̂I

1 < 0, (49)

where Ψ̂R
1
= IN ⊗ (−∑κq=1

2A

ξ2q
− 2B + D̃R + 2LR + D̃I + C̃R + C̃I − ΥR + 2ζRΓ) − ∑κq=1

ĥ

ξ2q
Ĥ ⊗ (M̂ + M̂T ), Ψ̂I

1
=

IN ⊗ (−∑κq=1
2A

ξ2q
− 2B + 2LI + D̃R + D̃I + C̃I + C̃R − ΥI + 2ζ IΓ) −∑κq=1

ĥ

ξ2q
Ĥ ⊗ (M̂ + M̂T ).

Proof. Define the same Lyapunov functional for network (42) as in Theorem 3.1. Then, one has

V̇(t) 6

∫

Ω

(eR(̺, t))T (IN ⊗ (−
κ∑

q=1

2A

ξ2q
− 2B + D̃R + 2LR + D̃I + C̃R + C̃I − ΥR

+ 2ζRΓ) −
κ∑

q=1

ĥ

ξ2q
Ĥ ⊗ (M̂ + M̂T )

)
eR(̺, t)d̺ +

∫

Ω

(eI(̺, t))T (IN ⊗ (−
κ∑

q=1

2A

ξ2q

− 2B + 2LI + D̃R + D̃I + C̃I + C̃R − ΥI + 2ζ IΓ) −
κ∑

q=1

ĥ

ξ2q
Ĥ ⊗ (M̂

+ M̂T )
)
eI(̺, t)d̺

6α̂‖e(·, t)‖2,

where α̂ = max{λM(Ψ̂R
1
), λM(Ψ̂I

1
)}.

Similar to the proof of Theorem 3.2, we can easily obtain lim
t→+∞

‖e(·, t)‖ = 0. Therefore, the network (39) is

synchronized.

5. Numerical Examples

Example 5.1. Consider the following CRDCVMNN:

∂Ys(̺, t)

∂t
=A△Ys(̺, t) − BYs(̺, t) +C(Ys(̺, t))g(Ys(̺, t)) + us(̺, t) + D(Ys(̺, t)) f (Ys(̺, t))

+ h

N∑

κ=1

HsκMYκ(̺, t) + xs(̺, t), (50)

where s = 1, 2, · · · , 6, f R
i

(ω) = f I
i
(ω) = gR

i
(ω) = gI

i
(ω) =

|ω+1|−|ω−1|
4

(i = 1, 2, 3), Ω = {̺| − 1 < ̺ < 1}, A =

diag(0.6, 0.8, 0.7), B = diag(0.8, 0.9, 0.8), M = diag(0.6, 0.5, 0.3), h = 0.1, τ j(t) = 1 − 1
2+ j

e−t, τ = 1, γ j =
1

2+ j
,

j = 1, 2, 3, and the matrices C(Ys(̺, t)), D(Ys(̺, t)), H = (Hsκ)6×6 are selected as follows:

cR
11

(yR
s1

(̺, t)) =


− 0.35, |yR

s1(̺, t)| 6 1.1,

− 0.25, |yR
s1(̺, t)| > 1.1,

cR
12

(yR
s1

(̺, t)) =


0.35, |yR

s1(̺, t)| 6 1.1,

− 0.45, |yR
s1(̺, t)| > 1.1,

cR
13

(yR
s1

(̺, t)) =


0.32, |yR

s1(̺, t)| 6 1.1,

0.33, |yR
s1(̺, t)| > 1.1,

cR
21

(yR
s2

(̺, t)) =


0.43, |yR

s2(̺, t)| 6 1.1,

0.25, |yR
s2(̺, t)| > 1.1,

cR
22

(yR
s2

(̺, t)) =


− 0.24, |yR

s2(̺, t)| 6 1.1,

0.15, |yR
s2(̺, t)| > 1.1,

cR
23

(yR
s2

(̺, t)) =


− 0.12, |yR

s2(̺, t)| 6 1.1,

0.11, |yR
s2(̺, t)| > 1.1,

cR
31

(yR
s3

(̺, t)) =


− 0.15, |yR

s3(̺, t)| 6 1.1,

− 0.25, |yR
s3(̺, t)| > 1.1,

cR
32

(yR
s3

(̺, t)) =


0.33, |yR

s3(̺, t)| 6 1.1,

0.25, |yR
s3(̺, t)| > 1.1,

cR
33

(yR
s3

(̺, t)) =


0.15, |yR

s3(̺, t)| 6 1.1,

0.21, |yR
s3(̺, t)| > 1.1,

cI
11

(yI
s1

(̺, t)) =


− 0.15, |yI

s1(̺, t)| 6 1.1,

− 0.27, |yI
s1(̺, t)| > 1.1,
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cI
12

(yI
s1

(̺, t)) =


0.25, |yI

s1(̺, t)| 6 1.1,

0.15, |yI
s1(̺, t)| > 1.1,

cI
13

(yI
s1

(̺, t)) =


0.32, |yI

s1(̺, t)| 6 1.1,

0.13, |yI
s1(̺, t)| > 1.1,

cI
21

(yI
s2

(̺, t)) =


0.42, |yI

s2(̺, t)| 6 1.1,

0.25, |yI
s2(̺, t)| > 1.1,

cI
22

(yI
s2

(̺, t)) =


− 0.14, |yI

s2(̺, t)| 6 1.1,

0.12, |yI
s2(̺, t)| > 1.1,

cI
23

(yI
s2

(̺, t)) =


0.22, |yI

s2(̺, t)| 6 1.1,

− 0.11, |yI
s2(̺, t)| > 1.1,

cI
31

(yI
s3

(̺, t)) =


0.15, |yI

s3(̺, t)| 6 1.1,

− 0.23, |yI
s3(̺, t)| > 1.1,

cI
32

(yI
s3

(̺, t)) =


0.34, |yI

s3(̺, t)| 6 1.1,

0.25, |yI
s3(̺, t)| > 1.1,

cI
33

(yI
s3

(̺, t)) =


0.31, |yI

s3(̺, t)| 6 1.1,

0.25, |yI
s3(̺, t)| > 1.1,

dR
11

(yR
s1

(̺, t)) =


− 0.34, |yR

s1(̺, t)| 6 1.1,

− 0.25, |yR
s1(̺, t)| > 1.1,

dR
12

(yR
s1

(̺, t)) =


0.25, |yR

s1(̺, t)| 6 1.1,

− 0.15, |yR
s1(̺, t)| > 1.1,

dR
13

(yR
s1

(̺, t)) =


0.14, |yR

s1(̺, t)| 6 1.1,

0.13, |yR
s1(̺, t)| > 1.1,

dR
21

(yR
s2

(̺, t)) =


0.43, |yR

s2(̺, t)| 6 1.1,

0.45, |yR
s2(̺, t)| > 1.1,

dR
22

(yR
s2

(̺, t)) =


− 0.25, |yR

s2(̺, t)| 6 1.1,

0.15, |yR
s2(̺, t)| > 1.1,

dR
23

(yR
s2

(̺, t)) =


− 0.12, |yR

s2(̺, t)| 6 1.1,

0.13, |yR
s2(̺, t)| > 1.1,

dR
31

(yR
s3

(̺, t)) =


− 0.15, |yR

s3(̺, t)| 6 1.1,

− 0.26, |yR
s3(̺, t)| > 1.1,

dR
32

(yR
s3

(̺, t)) =


0.13, |yR

s3(̺, t)| 6 1.1,

0.11, |yR
s3(̺, t)| > 1.1,

dR
33

(yR
s3

(̺, t)) =


0.15, |yR

s3(̺, t)| 6 1.1,

− 0.24, |yR
s3(̺, t)| > 1.1,

dI
11

(yI
s1

(̺, t)) =


− 0.15, |yI

s1(̺, t)| 6 1.1,

− 0.25, |yI
s1(̺, t)| > 1.1,

dI
12

(yI
s1

(̺, t)) =


0.24, |yI

s1(̺, t)| 6 1.1,

0.15, |yI
s1(̺, t)| > 1.1,

dI
13

(yI
s1

(̺, t)) =


0.31, |yI

s1(̺, t)| 6 1.1,

0.13, |yI
s1(̺, t)| > 1.1,

dI
21

(yI
s2

(̺, t)) =


0.32, |yI

s2(̺, t)| 6 1.1,

0.25, |yI
s2(̺, t)| > 1.1,

dI
22

(yI
s2

(̺, t)) =


− 0.34, |yI

s2(̺, t)| 6 1.1,

0.16, |yI
s2(̺, t)| > 1.1,

dI
23

(yI
s2

(̺, t)) =


0.12, |yI

s2(̺, t)| 6 1.1,

− 0.11, |yI
s2(̺, t)| > 1.1,

dI
31

(yI
s3

(̺, t)) =


0.21, |yI

s3(̺, t)| 6 1.1,

− 0.16, |yI
s3(̺, t)| > 1.1,

dI
32

(yI
s3

(̺, t)) =


0.24, |yI

s3(̺, t)| 6 1.1,

0.12, |yI
s3(̺, t)| > 1.1,

dI
33

(yI
s3

(̺, t)) =


− 0.35, |yI

s3(̺, t)| 6 1.1,

0.25, |yI
s3(̺, t)| > 1.1,

H =



−0.6 0.3 0.1 0 0.1 0.1

0.3 −0.7 0.2 0 0.1 0.1

0.1 0.2 −1.0 0.1 0.5 0.1

0 0 0.1 −0.4 0.2 0.1

0.1 0.1 0.5 0.2 −1.0 0.1

0.1 0.1 0.1 0.1 0.1 −0.5



.

Apparently, f R
i

(·), f I
i
(·), gR

i
(·) and gI

i
(·)(i = 1, 2, 3) satisfy Assumption 1 with FR

i
= F I

i
= GR

s = GI
s = 0.5 and

lRs = lI
s = η

R
s = η

I
s = 0.5. The input xs1(̺, t) = 0.5s

√
tcos(π̺) + i0.4s

√
tcos(π̺), xs2(̺, t) = 0.1s

√
tcos(π̺) +

i0.2s
√

tcos(π̺), xs3(̺, t) = 0.3s
√

tcos(π̺) + i0.2s
√

tcos(π̺). The parameters in the controller (7) are chosen as

follows: ΥR = diag(0.8, 0.9, 0.7),ΥI = diag(0.7, 1.1, 0.9). Take K1 and K2 as follows:

K1 =



0 0.3 0

0.2 −0.5 0.1

0.4 0 −0.3

 , K2 =



−0.1 0.3 0.2

0 −0.4 0.1

0.2 0.3 −0.3

 .
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Figure 1: The norms of es(·, t), zs(·, t), xs(·, t), s = 1, 2, · · · , 6.

By exploiting the MATLAB, we can easily obtain that ρ = 4.9466 which satisfies the condition (8). According

to Theorem 3.1, the system (50) is passive under controller (7). Figure 1 respectively shows the evolutions of error,

output and input of six nodes when the system (50) is passive. Similarly, through a simple operation based on the

above parameters by using MATLAB, we have

λ(ΨR
1 ) ={−2.2689,−2.2144,−2.1928,−2.1777,−2.1549,−2.1177,−1.8193,−1.7866,−1.7736,−1.7646,−1.7509,

− 1.7286,−1.4458,−1.3804,−1.3545,−1.3364,−1.3090,−1.2644},
λ(ΨI

1) ={−2.4689,−2.4144,−2.3928,−2.3777,−2.3549,−2.3177,−2.0193,−1.9866,−1.9736,−1.9646,−1.9509,

− 1.9286,−1.3458,−1.2804,−1.2545,−1.2364,−1.2090,−1.1644},

which satisfy the condition (31). On the basis of Theorem 3.2, the system (50) realizes synchronization. Figure 2

depicts the simulation result of synchronization.

Example 5.2. Consider the following CRDCVMNN with spatial diffusion coupling:

∂Ys(̺, t)

∂t
=A△Ys(̺, t) − BYs(̺, t) +C(Ys(̺, t))g(Ys(̺, t)) + us(̺, t) + D(Ys(̺, t)) f (Ys(̺, t))

+ ĥ

N∑

κ=1

ĤsκM̂△Yκ(̺, t) + xs(̺, t), (51)

where s = 1, 2, · · · , 6, f R
i

(ω) = f I
i
(ω) = gR

i
(ω) = gI

i
(ω) =

|ω+1|−|ω−1|
8

(i = 1, 2, 3), Ω = {̺| − 1 < ̺ < 1}, A =

diag(0.7, 0.6, 0.7), B = diag(0.8, 0.9, 0.8), M̂ = diag(0.7, 0.6, 0.4), ĥ = 0.2, τ j(t) = 1 − 1
3 j

e−t, τ = 1, γ j =
1
3 j

,

j = 1, 2, 3, and the matrices C(Ys(̺, t)), D(Ys(̺, t)), Ĥ = (Ĥsκ)6×6 are selected as follows:

cR
11

(yR
s1

(̺, t)) =


0.45, |yR

s1(̺, t)| 6 1.3,

− 0.35, |yR
s1(̺, t)| > 1.3,

cR
12

(yR
s1

(̺, t)) =


− 0.35, |yR

s1(̺, t)| 6 1.3,

− 0.25, |yR
s1(̺, t)| > 1.3,

cR
13

(yR
s1

(̺, t)) =


0.12, |yR

s1(̺, t)| 6 1.3,

0.35, |yR
s1(̺, t)| > 1.3,

cR
21

(yR
s2

(̺, t)) =


− 0.23, |yR

s2(̺, t)| 6 1.3,

0.25, |yR
s2(̺, t)| > 1.3,
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Figure 2: Time evolutions of es(·, t), s = 1, 2, · · · , 6.

cR
22

(yR
s2

(̺, t)) =


0.14, |yR

s2(̺, t)| 6 1.3,

0.26, |yR
s2(̺, t)| > 1.3,

cR
23

(yR
s2

(̺, t)) =


− 0.22, |yR

s2(̺, t)| 6 1.3,

0.11, |yR
s2(̺, t)| > 1.3,

cR
31

(yR
s3

(̺, t)) =


0.13, |yR

s3(̺, t)| 6 1.3,

0.25, |yR
s3(̺, t)| > 1.3,

cR
32

(yR
s3

(̺, t)) =


0.23, |yR

s3(̺, t)| 6 1.3,

0.25, |yR
s3(̺, t)| > 1.3,

cR
33

(yR
s3

(̺, t)) =


0.16, |yR

s3(̺, t)| 6 1.3,

− 0.11, |yR
s3(̺, t)| > 1.3,

cI
11

(yI
s1

(̺, t)) =


− 0.15, |yI

s1(̺, t)| 6 1.3,

− 0.26, |yI
s1(̺, t)| > 1.3,

cI
12

(yI
s1

(̺, t)) =


0.24, |yI

s1(̺, t)| 6 1.3,

0.31, |yI
s1(̺, t)| > 1.3,

cI
13

(yI
s1

(̺, t)) =


− 0.12, |yI

s1(̺, t)| 6 1.3,

0.13, |yI
s1(̺, t)| > 1.3,

cI
21

(yI
s2

(̺, t)) =


0.32, |yI

s2(̺, t)| 6 1.3,

− 0.25, |yI
s2(̺, t)| > 1.3,

cI
22

(yI
s2

(̺, t)) =


0.15, |yI

s2(̺, t)| 6 1.3,

0.12, |yI
s2(̺, t)| > 1.3,

cI
23

(yI
s2

(̺, t)) =


− 0.26, |yI

s2(̺, t)| 6 1.3,

− 0.11, |yI
s2(̺, t)| > 1.3,

cI
31

(yI
s3

(̺, t)) =


0.15, |yI

s3(̺, t)| 6 1.3,

0.13, |yI
s3(̺, t)| > 1.3,

cI
32

(yI
s3

(̺, t)) =


0.34, |yI

s3(̺, t)| 6 1.3,

0.26, |yI
s3(̺, t)| > 1.3,

cI
33

(yI
s3

(̺, t)) =


− 0.22, |yI

s3(̺, t)| 6 1.3,

− 0.25, |yI
s3(̺, t)| > 1.3,

dR
11

(yR
s1

(̺, t)) =


− 0.36, |yR

s1(̺, t)| 6 1.3,

− 0.25, |yR
s1(̺, t)| > 1.3,

dR
12

(yR
s1

(̺, t)) =


0.44, |yR

s1(̺, t)| 6 1.3,

− 0.15, |yR
s1(̺, t)| > 1.3,

dR
13

(yR
s1

(̺, t)) =


0.34, |yR

s1(̺, t)| 6 1.3,

0.13, |yR
s1(̺, t)| > 1.3,

dR
21

(yR
s2

(̺, t)) =


0.43, |yR

s2(̺, t)| 6 1.3,

0.15, |yR
s2(̺, t)| > 1.3,

dR
22

(yR
s2

(̺, t)) =


− 0.25, |yR

s2(̺, t)| 6 1.3,

− 0.15, |yR
s2(̺, t)| > 1.3,

dR
23

(yR
s2

(̺, t)) =


− 0.12, |yR

s2(̺, t)| 6 1.3,

0.23, |yR
s2(̺, t)| > 1.3,
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dR
31

(yR
s3

(̺, t)) =


− 0.18, |yR

s3(̺, t)| 6 1.3,

− 0.26, |yR
s3(̺, t)| > 1.3,

dR
32

(yR
s3

(̺, t)) =


0.23, |yR

s3(̺, t)| 6 1.3,

0.13, |yR
s3(̺, t)| > 1.3,

dR
33

(yR
s3

(̺, t)) =


− 0.15, |yR

s3(̺, t)| 6 1.3,

− 0.24, |yR
s3(̺, t)| > 1.3,

dI
11

(yI
s1

(̺, t)) =


0.15, |yI

s1(̺, t)| 6 1.3,

− 0.25, |yI
s1(̺, t)| > 1.3,

dI
12

(yI
s1

(̺, t)) =


0.38, |yI

s1(̺, t)| 6 1.3,

− 0.15, |yI
s1(̺, t)| > 1.3,

dI
13

(yI
s1

(̺, t)) =


0.41, |yI

s1(̺, t)| 6 1.3,

0.23, |yI
s1(̺, t)| > 1.3,

dI
21

(yI
s2

(̺, t)) =


0.35, |yI

s2(̺, t)| 6 1.3,

0.25, |yI
s2(̺, t)| > 1.3,

dI
22

(yI
s2

(̺, t)) =


− 0.35, |yI

s2(̺, t)| 6 1.3,

0.16, |yI
s2(̺, t)| > 1.3,

dI
23

(yI
s2

(̺, t)) =


− 0.22, |yI

s2(̺, t)| 6 1.3,

− 0.11, |yI
s2(̺, t)| > 1.3,

dI
31

(yI
s3

(̺, t)) =


0.27, |yI

s3(̺, t)| 6 1.3,

− 0.16, |yI
s3(̺, t)| > 1.3,

dI
32

(yI
s3

(̺, t)) =


0.26, |yI

s3(̺, t)| 6 1.3,

0.12, |yI
s3(̺, t)| > 1.3,

dI
33

(yI
s3

(̺, t)) =


0.36, |yI

s3(̺, t)| 6 1.3,

0.25, |yI
s3(̺, t)| > 1.3,

Ĥ =



−0.6 0.3 0 0.1 0.1 0.1

0.3 −0.9 0.3 0 0.1 0.2

0 0.3 −1.1 0.1 0.5 0.2

0.1 0 0.1 −0.5 0.2 0.1

0.1 0.1 0.5 0.2 −1.0 0.1

0.1 0.2 0.2 0.1 0.1 −0.7



.

Apparently, f R
i

(·), f I
i
(·), gR

i
(·) and gI

i
(·)(i = 1, 2, 3) satisfy Assumption 1 with FR

i
= F I

i
= GR

s = GI
s = 0.25 and

lRs = lI
s = η

R
s = η

I
s = 0.25. The input xs1(̺, t) = 0.3s

√
tcos(π̺) + i0.2s

√
tcos(π̺), xs2(̺, t) = 0.4s

√
tcos(π̺) +

i0.7s
√

tcos(π̺), xs3(̺, t) = 0.5s
√

tcos(π̺) + i0.2s
√

tcos(π̺). The parameters in the controller (7) are chosen as

follows: ΥR = diag(0.8, 0.7, 0.6),ΥI = diag(0.6, 1.2, 0.8). Take K̂1 and K̂2 as follows:

K̂1 =



0.1 0.3 0

0.2 −0.6 0.1

0.4 0 −0.2

 , K̂2 =



−0.2 0.1 0.3

0 −0.4 0.1

0.5 0.3 −0.6

 .

By exploiting the MATLAB, we can easily obtain ρ = 4.9684 which satisfies the condition (44). And

λ(2IN ⊗ A + ĥĤ ⊗ (M̂ + M̂T )) = {0.8125, 0.9246, 0.9479, 0.9957, 1.0426, 1.0726, 1.0787, 1.1417, 1.1617, 1.2000,

1.2163, 1.2164, 1.2514, 1.2638, 1.2950, 1.3151, 1.4000, 1.4000},

which satisfies the condition (43). According to Theorem 4.1, the system (51) is passive under controller (7). Figure

3 respectively shows the evolutions of error, output and input of six nodes when the system (51) is passive. Similarly,

through a simple operation based on the above parameters by using MATLAB, we have

λ(ΨR
1 ) = {−2.5350,−2.4603,−2.4500,−2.4300,−2.3988,−2.3514,−2.3329,−2.3029,−2.2767,−2.2560,−2.1849,

− 2.0728,−2.0456,−1.8970,−1.8619,−1.8073,−1.7243,−1.5935},
λ(ΨI

1) = {−2.9603,−2.8329,−2.8029,−2.7560,−2.7350,−2.6849,−2.6500,−2.6300,−2.5988,−2.5728,−2.5514,

− 2.4767,−1.8456,−1.6970,−1.6619,−1.6073,−1.5243,−1.3935},
λ(2IN ⊗ A + ĥĤ ⊗ (M̂ + M̂T )) = {0.8125, 0.9246, 0.9479, 0.9957, 1.0426, 1.0726, 1.0787, 1.1417, 1.1617, 1.2000,

1.2163, 1.2164, 1.2514, 1.2638, 1.2950, 1.3151, 1.4000, 1.4000},

which satisfy the condition (49). On the basis of Theorem 4.2, the system (51) is synchronized. Figure 4 depicts the

simulation result of synchronization.
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Figure 3: The norms of es(·, t), zs(·, t),xs(·, t), s = 1, 2, · · · , 6.

6. Conclusion

This paper has concerned with two types of CRDCVMNNs, one is with state coupling and the other is with spatial

diffusion coupling. By exploiting some inequality techniques, Lyapunov functional approach as well as the con-

struction of suitable controller, some novel criterion for ensuring passivity of these two networks have been derived.

Similarly, we also have carried out some discussion on the synchronization of CRDCVMNNs with state coupling

as well as spatial diffusion coupling respectively. Several simulation examples have been presented to confirm the

correctness of our results at the end.
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