View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by University of East Anglia digital repository

SQUARE COMPACTNESS AND THE FILTER EXTENSION
PROPERTY

DAVID BUHAGIAR AND MIRNA DZAMONJA

ABSTRACT. We show that the consistency strength of x being 2%-square
compact is at least weak compact and strictly less than indescribable.
This is the first known improvement to the upper bound of strong com-
pactness obtained in 1973 by Hajnal and Juhész.

1. INTRODUCTION

In their 1973 paper [2], Andras Hajnal and Istvdn Juhdsz introduced
a large cardinal property based on the productivity of k-compactness, the
square compact cardinals. Following and expanding on [2] we define that

notion:

Definition 1.1. An infinite cardinal « is said to be A-square compact if for
any (< k)-compact space X', with w(X) < A, the square X? = X x X is
also (< k)-compact.

k is said to be square compact if it is A-square compact for all A and

weak square compact if it is k-square compact.

It is not difficult to see that if x is A-square compact, and X, Y are (< k)-
compact spaces of weight < A, then X x Y is also (< k)-compact. Indeed,
first note that in these circumstances the space X @Y is (< k)-compact with
weight < . Consequently, (X®Y)x (X@Y') is also (< k)-compact whenever
K is A-square compact. But X XY is a closed subspace of (X®Y) x (X@Y),
and therefore is (< k)-compact.

In [2] the authors prove that a square compact cardinal is weakly com-
pact. It is easy to see and was certainly known to the authors of [2] that
a A-strongly compact cardinal is A-square compact. The exact consistency
strength of the notion of A- square compactness and square compactness, in
particular if the latter is equivalent to weak compactness has been an open
problem since [2]. In this paper we obtain a much better upper bound for the

consistency strength of A-square compact cardinals x for A < 2%, showing
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that it is consistent modulo large cardinals that the first weakly compact
cardinal x is 2"-square compact (Theorem 6.1(2)). In particular, for such
A there cannot be any ZFC implication from being A-square compact to
being indescribable, measurable (or any other large cardinal property that
cannot be exhibited by the first weakly compact cardinal), yet alone to be-
ing A-strongly compact. We also show that inaccessible xk-square compact
cardinals are already weakly compact (Theorem 6.1(1)).

Surprisingly enough, our method does not apply at all to fully square
compact cardinals k or to those that are A\-square compact for A > 2%: the
best known upper bound for the consistency strength of them after this
work still remains a strongly compact cardinal.

The most interesting case for our work is when A<* = A\. We go through
introducing the notion of M\-filter extension property for £ and showing that
it implies x being A-square compact (Theorem 3.6) and is equivalent to
being nearly A-strongly compact (Theorem 4.2), which is a large cardinal
notion introduced by White in [12]. This allows to make a connection with
Schanker’s notion of nearly A-supercompactness, whose consistency strength
was studied in [1] and whose results we use to obtain our upper bound.

A side gain of our work are numerous equivalences obtained for the
notion of A-filter extension property, including topological ones (Theorem
3.2) and the elementary embedding ones (Theorem 3.6), which then lead to
various equivalences of weak compactness (Theorem 5.1). The topological
equivalences use the (< k)-box topology and lead to a better understanding
of it. For example, x has the M-filter extension property if and only if 2* is

(< k)-compact in the (< k)-box topology (Theorem 3.2).

2. NOTATION, CONVENTIONS AND OBSERVATIONS

Throughout our work we shall keep the convention that 2 = {0,1} and
that for any set X, any subset of X is identified with its characteristic
function. Furthermore the set of all functions from X to 2 identified with
the product 2%, so we have a triple identification between P(X), X2 and
2%,

Greek letters k and A will always stand for infinite cardinal numbers.

Recall that a filter F on a set X is said to be principal if it is of the
form {A C X : Y C A} for some ) # Y C X, in which case Y = [.F.
Otherwise, it is non-principal (and hence (| F = 0). A filter is said to be a
proper filter if F # P(X). For a regular cardinal x, we say that a filter F
is (< k)-complete if (A € F for every family A C F of size less than . It
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is not difficult to see that if F is a non-principal (< k)-complete filter on
some set X, then every set in F has size at least k.

Let X be an infinite set and Fy a non-principal (< k)-complete filter on
X. In some of our proofs the objective will be to obtain a (< k)-complete
filter 7 on X extending Jy and having some special property. We give the
following definition with this purpose in mind.

Definition 2.1. Let F be a filter on a set X. Consider the set G(F), the
grill associated with F, of all subsets S of X such that S meets every F' € F.
One observes that

SeGF)\F ifandonlyif X\SeGF)\F.
Therefore, F = G(F) if and only if F is an ultrafilter and
GF)={SCX:X\S¢F}.

Note that F C G(F) and that G(F) satisfies the following conditions:

(1) 0 ¢ G(F).

(2) If Se G(F)and S CT C X, then T € G(F).

(3) If F is (< k)-complete, then for every collection {Sy : A € A} of
subsets of X, with |[A] < &, if (J,c, Sx € G(F), at least one Sy is in
G(F).

The following is easily verified.

Proposition 2.2. Let Fy be a proper filter on X and S C X such that
neither S nor X \ S is in Fo. Then

{FNL:FeFyand SCLC X}

generates a proper filter F that contains {S}UFy. Moreover, if Fy is (< K)-

complete, then so is F.

Definition 2.3. Let X be a set. A subset A of P(X) measures a subset A
of Xif Ae Aor X\ A e A. A measures a subset C of P(X) if A measures
every element C' of C.

Kk is said to have the filter property if for every subset C of P(k) of size
< R, there is a (< k)-complete non-principal filter F on s which measures

C.

So F is an ultrafilter on x if it measures P(x). It is well-known that
an uncountable cardinal x has the filter property if and only if k is weakly
compact.

For cardinals k < X we write P, () for the family {a C A\ : |a|] < k}.
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Definition 2.4. A filter F on P, () is said to be fine if for every @ < A we
have B, = {a € P,(\) : v € a} € F.

Note that if F is a fine (< k)-complete filter on P, (\), then C, = {b €
Po(A) 1 a Cb} € Fforevery a € Py(N). Indeed, C, =), Ba and |a| < k.

We now mention some notions from topology.

It is well known that even for Ty spaces | X| < 2(X) which is a fact that

we shall use without further mention.

aca

A topological notion connected to the (< k)-completeness of filters is

that of (< k)-compactness.

Definition 2.5. A topological space X is said to be (< k)-compact, if every
open cover of X has a subcover of cardinality strictly less than x.

This notion is sometimes easier to express in terms of the complementary

property of closed sets.

Definition 2.6. Let X be a set. A subset A of P(X) is said to satisfy the
(< k)-intersection property if (,_, A; # () whenever v < k and {A4; : i <

7} C A

i<y

The following observation then connects the notions of compactness and

completeness.

Observation 2.7. Suppose that x is a regular cardinal. A topological space
X is (< k)-compact if and only if every (< k)-complete filter consisting of
closed sets in X has a nonempty intersection if and only if every family of
closed sets with the (< k)-intersection property, has a nonempty intersec-

tion.

Filters are not only connected to compactness but also to the produc-
tiveness of that notion. Let us recall some product topology definitions.

Definition 2.8. Suppose that (X, : o < a*) is a sequence of topological
spaces and 6 is an infinite cardinal. The (< 0)-box topology on the product
[Mo<o+ X, has as a base, sets of the form Il,.,+O,, where each O, is open

in X, and [{a < a*: O, # Xa}| < 6.

So, in the case of § = Vg, the (< #)-box topology is the usual Tychonoff
topology. In the case of kK = Ny, Observation 2.7 has another equivalent,
which is that X is compact if and only if every ultrafilter of closed subsets
of X has a nonempty intersection. The forward direction of this claim is

clear, while for the backward direction, suppose that we have a filter F
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consisting of closed subsets of x. Consider the collection C of all families
of closed subsets of X which contain F and which form a filter. Since C
is nonempty, partially ordered by C and closed under unions, by Zorn’s
lemma C has a maximal element U/, which is then an ultrafilter of closed
sets. Hence (U # 0 and so [ F # (. However, if k > Ny, the notion of
(< k)-compactness does not have an ultrafilter characterisation. The above
proof does not work since Zorn’s lemma does not apply to the family of all
(< k)-complete filters of closed sets to produce a (< k)-complete ultrafilter,
but actually that analogue of Zorn’s lemma leads to large cardinal notions,
as we shall discuss below.

The ultrafilter equivalent of compactness is used in Tychonoft’s proof
that the Tychonoff product of compact spaces is compact and, for the rea-
sons just explained, the analogue for the (< k)-box topological product of
(< k)-compact spaces does not work. In fact, here is a well-known result for

strongly compact cardinals.

Definition 2.9. A cardinal « is said to be A-strongly compact if every (< k)-
complete filter F over any set S, generated by at most A many elements,
can be extended to a (< k)-complete ultrafilter over S.

K is strongly compact if it is A-strongly compact for all A > k.

Theorem 2.10. The following statements are equivalent:

(1) The cardinal K is strongly compact;
(2) Any (< k)-boz product of (< k)-compact spaces is (< k)-compact;
(3) Any (< k)-box product of discrete two-point spaces is (< k)-compact.

Although this theorem is attributed to the mathematical folklore, we
could not find a proof written in the literature. One of our main results,
Theorem 5.1 below, is an elaboration of a similar characterisation but for
weakly compact cardinals. A proof of Theorem 2.10 can be deduced by

similar arguments as those that we used for the proof of Theorem 5.1.

3. -FILTER EXTENSION PROPERTY

Let us start with the following definition.

Definition 3.1. Suppose that x is an infinite cardinal and A > k. k is said
to have the \-filter extension property if for every family A C P(2*) with
|A| <\, every (< k)-complete filter F over 2* generated by at most A many

elements can be extended to a (< k)-complete filter over 2* measuring A.
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This section is devoted to the following Theorem 3.2, which will lead to
an upper bound for the consistency strength of A-square compact cardinals,

as per Theorem 3.6.

Theorem 3.2. Suppose that A<" = X\ for some infinite cardinals k and .
Then the following are equivalent:

(1) K has the \-filter extension property;

(2) Suppose that {X, : v <T'} for some ' < \is a family of (< k)-compact
spaces such that w(X,) < X for all v € I'. Then the (< k)-box product
space [ [,cp X is also (< k)-compact;

(3) 2* is (< Kk)-compact in the (< k)-box topology.
To prove Theorem 3.2, we shall prove two lemmas.

Lemma 3.3. Suppose that A<* = X\ and that k has the \-filter extension
property. Let I' < X and suppose that {X, : v < I'} is a family of (< k)-
compact spaces such that w(X,) < X for all v € I'. Then the (< k)-box

product space [ [ . X, is also (< k)-compact.

vyel

Proof. Let X denote the (< x)-box product space [[,.p X,. Observe that
w(X) < A Indeed, suppose that for each v we have a base B, for the
topology on X, with |B,| < A. We denote by 7, : X — X, the projection
of X onto X,. Namely,

m(z) =z, forz=(r,:v<T).

Then the base B (for the (< k)-box topology) on X is generated by taking
< r intersections from the collection {n *(U,) : U, € B,,y € I'} is of
cardinality < A, by the cardinal arithmetic hypothesis on A. It then follows
that X has size < 2}, so we can view X as a subset of 2*.

To show (< k)-compactness of X, let F be a closed collection in X
satisfying the (< k)-intersection property. One can also assume that for
every '€ F, X \ F € B. Since |B| < A, it is clear that |F| < A. Note that
we can use M-filter extension property of x on |F| since X is a subset of
2X. Therefore, since |B| < A, we can extend F to a (< k)-complete filter F
that measures B. We claim that for each v € I’

Fy,=A{n,(4): Ae F'}

is a (< k)-complete filter in X, that measures B,. First it is clear that
0 ¢ F,. Secondly, if B 2 m,(A) for some A € F', then n'(B) 2 A, which
implies 7' (B) € F'. Hence

B =n,(r'(B)) € F,.

v
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Thirdly, if B =, (A), B’ = 7, (4’) for some A, A" € F', then
BNnB Dm,(ANA").

Since AN A" € F', and hence 7,(ANA’) € F,, this implies (as has just been
proved)

BNB e F,.
The same is true for any collection {B, : « € I} of size < k because F' is
(< k)-complete. Therefore, F, is a (< k)-complete filter of X.,.

In fact F, measures B,, for suppose U, € B,. Then 7 *(U,) € B. Thus,
either 7' (U,) or X \ 7w 1(U,) is in F'. In the first case, U, € F,, in the
second case X, \ U, € F,, which is what we needed to show. Now F, =
{C: C e F,,Cisclosed} is a closed collection in X, satisfying the (<
r)-intersection property, hence its intersection is nonempty. Suppose z., €
N F,, then we can assert that

x:{xv:vef}eﬂf.
To show this, suppose U € B is a given basic neighbourhood of z. Then U
is of the form

U=]]U, x [[{X5:7 # i €lo},
i€lg
where each U,, € B,, is a neighbourhood of z,, in X,,, and I'y C I' has
cardinality < k. Note that U can be expressed as
(1) U= ﬂ W«;I(Uw)-
i€l

Now 7T,)Z_1(U%.) € B. Suppose, however, that it is not in F’. Then X \
71 (Uy,) € F', since F' measures B. But then X, \U,, € F,,, which is closed.
This contradicts z.,, € (F,,. Consequently, we obtain 7 '(U,,) € F.
Hence, in view of (1), we conclude that U € F’ because F' is (< kK)-
complete. Therefore € (| F and we can conclude that X is a (< k)-
compact space. O

The next lemma is motivated by the proof for the equivalence of the Ul-
trafilter Principle and Tychonoft’s Theorem for compact Hausdorff spaces,
see [9, 11].

Lemma 3.4. Suppose that k is an infinite cardinal and \<% = \. If 2* is
(< K)-compact in the (< k)-box topology, then k has the \-filter extension

property.

Proof. If kK = N, the conclusion follows from the Axiom of Choice. For s

uncountable, we shall need the following observation.
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Sublemma 3.5. Suppose that 25 is (< k)-compact in the (< k)-box topol-
ogy. Then we have that 2° < k whenever 6 < k.

Proof. For each f € 2% define Uy = {g € 2° : f C g}, so an open set
in the (< x)-box topology of 2¢. Tt is not difficult to see {U; : f € 2%}
forms a minimal open cover, so we have that its size satisfies 2° < & by the
(< Kk)-compactness of 2. O

Now suppose that A > k > N, satisfy the hypothesis of the lemma and
let Fy be a (< k)-complete filter on 2* which is generated by a family &
of size < X and let A be a family of subsets of 2* of size < A. We need
to produce a (< k)-complete filter F with F, C F that measures A. For
simplicity in notation, let us write X for 2*. The assumption that 2* is
(< k)-compact in the (< k)-box topology implies that 2" is (< k)-compact
in the (< k)-box topology, since 2% is homeomorphic to a closed subspace
of 2*. Therefore, by Sublemma 3.5, 2¢ < k whenever 0 < k.

Let ¥ = EUAUA“U{D}, where Cc = {X\S : S € C} for any C C P(X).
Furthermore, let > be the closure of 3y under intersections of < x elements.
Finally let ¥/ = ¥ U X°.

Consider P(X), identified with 2*". Note that |¥'| < A because A<* = \.
Any F € P(Y') is a collection of subsets of X.

Now let 2% have the (< &)-box product topology; then the S* coordinate
projection g : 2% — 2 for any S € ¥, defined by

1 ifSeF
F) = )
ms(7) {o itS ¢ F,

is continuous (in fact it is even continuous in the Tychonoff product topol-
ogy), since for example 75" ({1}) = {F : S € F} is a basic clopen set.
Let

D ={F e€2¥ : Fis a proper (< k)-complete filter in %'} ,
E={Fe2¥:FDF)} and
Is={Fe2¥:SecForX\SeF} foreach S € ¥'.

It is not difficult to see that

D =({F €2 : ([(VA € Nma(F) = 1] iff mna(F) = 1) and mo(F) = 0},

ACSY
A<k

E= ({Fe2”: [l - ma(F)lma(Fo) =0}, and
FS = {JT" S 2El : 7TS<JT") +Wx\s(f) > 1}.
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We claim that by the continuity of the projections, the sets D, F, I'g are
closed. Let us check this for the set D.
We first note that for any A C ¥/, |A] < &, the set

{0,1} if S ¢ A,
OA:HUS,WhereUs:{ .

ot {1} if S €A,
is open in the (< &)-box product topology. Consequently, Cy = 2%\ O, is
closed. Now, for any such A,

(Fe2” (VA € Nma(F) = 1] iff 7qa(F) = 1) and mp(F) = 0}
is equal to the set
(Ca N7 (0D Ny " ({O1) U () 72 ({1) N7k ({1H) N H({03))
AeA

which is closed. Thus, taking the intersection over all A C ¥/, |A| < &k, we
conclude that D is closed.

It then follows that the set &g = D N E NIy is also closed, for any
S € ¥'. Note that ®g is equal to the set

{F : F is a proper (< k)-complete filter in ¥’ that includes F;

and contains at least one of S or X \ S}.

By Proposition 2.2, &g # .

Recall the notation of grills from Definition 2.1 and let us now show that
the collection of nonempty closed sets {®g : S € (G(Fo) \ Fo) N X'} has the
(< k)-intersection property.

Consider a collection {®g, : @ € A}, where |A| < k. Take any x € X
and for every o € A choose S¥ € {S,, X \ S,} satisfying x € S%. Then

*

r € S* = [\ ea Sa- Thus, by considering all possible intersections (1), S
(there are 2"l < k many, see the discussion at the beginning of the proof),
where S* € {S,, X \ S.}, we form a partition of X of cardinality < k.
Since X € G(Fy) N it follows that one of the intersections of the form
Naca Si must be in G(Fy) N X" by property (3) of the grills. Let S =
Noca Sa € G(Fo)NX'. Note that S” ¢ Fy, otherwise S € Fy and these sets
are taken from G(Fp) \ Fo. Consequently, S” € G(Fp) \ Fo and therefore
X\ S € G(Fy) \ Fo. It then follows, again by applying Proposition 2.2, that
there exists a (< k)-complete filter G in 3’ that extends Fy and contains
S’. Then G is in the intersection [ ., Ps,, which is therefore nonempty, as
required.

By our assumption, 2> is (< k)-compact; hence there exists some U in
the intersection (\geq(z ) rm)nsy Ps- Then U is a (< k)-complete filter on
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¥’ that extends Fy, and measures A. One can then extend U to a (< k)-
complete filter on P(X) by taking supersets of sets from U. O

Proof of Theorem 3.2. The implication (1) = (2) is given by Lemma 3.3.
The implication (2) = (3) is obvious. The implication (3) = (1) is
given by Lemma 3.4. U

Using the same argument as in the proof of Lemma 3.3 we obtain:

Theorem 3.6. For any cardinals £ < A, if k has the \-filter extension

property, then k is A-square compact.
Of course, a direct consequence of Definitions 2.9 and 3.1 is

Proposition 3.7. If k is A-strongly compact then it has the \-filter exten-

sion property.

We do not know if the converse of Theorem 3.6 holds, leading to an open

question:

Problem 3.8. If a cardinal x is A-square compact, does it necessarily have
the M-filter extension property?

4. EMBEDDING CHARACTERISATIONS OF THE A-FILTER EXTENSION
PROPERTY

Let us recall the following characterisation of A-strongly compact cardi-
nals, ([5, Th. 22.17, Pg. 307]):

e A cardinal s is A-strongly compact if and only if there exists an
elementary embedding j : V' — M with critical point x, such that
for all X C M with | X| < A, there exists Y € M with X C Y and
M E Y] < ().

We shall prove that the A-filter extension property is equivalent to a
“mini” version of the above characterisation of A-strongly compact cardi-
nals. That mini version has in fact appeared in the recent literature, it was
introduced by P. A. White in [12], under the name nearly A-strongly compact
cardinals.

Definition 4.1. The cardinal x is said to be nearly \-strongly compact
if for every family A of A-many subsets of P, (A) there is a non-principal
(< K)-complete fine filter F over P, (\) measuring A.
Theorem 4.2. Suppose that k > Xy and A" = \. Then:

e « has the \-filter extension property, if and only if
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e « 1s nearly \-strongly compact, if and only if
any of the following three statements hold:

(A) For every large enough reqular cardinal x, every model M < H(x) with
|M| =X, A\C M and "> M C M, there exists an elementary embedding
Jj: M — N with critical point k, such that for all X C N with | X| < A,
there exists Y € N with X CY and N = |Y| < j(k).

(B) For every large enough regqular cardinal x, for every T € H(x), there is
a model M < H(x) satisfyingT € M, |M|=X A\C M and" M C M,
with an elementary embedding j : M — N having critical point K, such
that for all X C N with | X| < A, there exists Y € N with X CY and
N Y] < j(#).

(C) For every A C X, there is a transitive M = ZFC™ with k,A € M,
ACM,|M|=X "M C M, and an N with an elementary embedding
j: M — N having critical point k, such that j(k) > X and there is an
s € N such that j"(\) C s and |s|V < j(k).

We prove the theorem through a series of lemmas, assuming throughout
that x is uncountable and A<F = .

Lemma 4.3. (A) = (k has the \-filter extension property) —> (k is
nearly A-strongly compact) — (A).

Proof of (A) = (k has the Mfilter extension property). Let F be a (<
k)-complete filter on 2* which is generated by a family £ of size |E] < A
and let A be a family of subsets of 2* with |A] < X. Let x = (21, so
F,E,A € H(x). Let M < H(x) be a model with &, F, A € M, |M| = A,
AUAUE C M and "M C M. Furthermore, let 5 : M — N be an
elementary embedding with critical point x as in (A). For X := j"(F N M)
there exists Y € N with X CY and N | |Y| < j(k).

By elementarity of the embedding j, j(F) is a (< j(k))-complete filter
of subsets of j(2*). Now j(F)NY C P(j(2})) and |j(F)NY| < j(k).
Consequently, N = NG (F) NY) # 0, and therefore there exists some
c € NN (NGF)NY)). We shall use ¢ to define a filter F* on 2* with
F C F* and such that all sets in A are measured by F*.

To define F* we first define an M-ultrafilter F’, that is a family F' C
P(2*) such that F' is a filter and it measures every element of P(2*) N M.
For A € P(2*) N M, we let

AeFl < cej(A).

o If A e FN M then j(A) € j/(FNM) = X C Y. Moreover, it
follows from elementarity of j, that j(A) € j(F) since A € F. Thus,
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j(A) € j(F)NY and therefore, ¢ € j(A). We have shown that
FNM CF'. Since EC M NF and £ generates F, it follows that
in fact F C F'.

e Let us show that F” is (< k)-complete: Given a family {4, : i < i* <
k} C F', we have

j <ﬂ Ai> =(j(4) 3 c.

i< i<
Consequently,
"M C M.
e We next show that F/ is an M-ultrafilter on 2*. Indeed, if A €
P(2*) N M, then ¢ € j(A) or c € j(2*) \ j(A) = 5(2*\ A).
Since A C P(2}) N M, we have that F’ measures all of A. We then use
F' to generate (in V) a (< k)-complete filter F* on 2* by letting for A C 2%,

A; € F'. Note that {A; : i < i*} € M since

1<1*

AeF* <= AD B forsome BecF.

It is standard to verify that F* is as required. U

Proof of (AMfilter extension property) = (nearly A-strongly compact).
Let k be a cardinal with the \-filter extension property. Note that by our
assumptions |P,(A)| = A, so using any fixed bijection between P, () and A,
we can treat filters on P, (\) as if they were filters on A. Note also that the
Mfilter extension property of x implies that every (< k)-complete filter F;
on A generated by a family £ consisting of < \ sets, can be extended to a
(< k)-complete filter on A which measures a given family A of < \ subsets
of \. Namely, we shall consider A and 2* as ordinals where \ < 2*. Then we
can define F' = {B C 2*: BN\ € Fy}. This is clearly a (< x)-complete
filter on 2* and is generated by £. By the Mfilter extension property of &,
there is a (< k)-complete filter F on 2* which extends F; and measures A.
Let F = {BNA: B € F}. Clearly F, C F. Since A € Fy, we have \ € Fy
and so A € F*. This suffices to prove that the (< k)-completeness of F*
implies the (< k)-completeness of F. Finally, it is clear that F measures A.
Consider a family A of A-many subsets of P.(\) and let B, = {a €
Pe(A) : a € a} C Pi(N) for every oo < A. Let Fy be the filter on P, ()
generated by the family B = {B, : @ < A}, which is of size at most A.
Then Fj is (< k)-complete. By the above remarks, the A-filter extension
property of x implies that there is a (< k)-complete filter F on P, () with
Fo € F that measures A. The filter F is fine because each B, is already
in Fo. Finally, it is non-principal, since if (| F # 0, then (| Fo # 0 and in
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particular there is a € Py(\) with a € (,_, Ba. Hence A C a, which is
impossible since a € P,(\) and A > k. O

Proof of (k is nearly A-strongly compact) = (A). Let x and M be as in
(A). Note that such an M exists since A<* = A. Let S = P,(A). Since
A C M and "M C M, we have P.(\) C M. For a € S, let C, = {b €
Po(A): a Cb} and & = {C, : a € Py(N)}. Next, let F be the non-principal
(< k)-complete fine filter on S measuring every element of P(S) N M, which
exists by our assumption. Note that 7 O &£ and is an M-ultrafilter on S.
We now form a subset of the ultrapower M°/F, where we consider only
those functions f : S — M that are in M, which we denote by (M /F)y,.
Since F decides every element of P(S) N M, (M®/F)y is an M -ultrapower,
that is the relations f =z g and f € g are still equivalence relations, as
the sets {a: f(a) = g(a)} and {a: f(a) € g(a)} are both in M if f,g € M.
Since k is uncountable and F is (< x)-complete, it is closed under inter-
sections of length < w. Therefore we one can prove in a standard way that

there cannot be an infinite decreasing sequence

[ao]}'a [al]}‘9 s D [an]}‘a

of elements of (M?*/F)y, see for example [5, Prop. 5.3, Pg. 48]. Hence,
(M5 ) F)u is well-founded.

Let N = (M®/F)y and define j : M — N, with j(a) = [a]#. It follows
that j is an elementary embedding.

Next, let X = {[fa]F : @ < A} be a subset of N. Define F': P,(\) — M,
by F(a) = {fa(a) : @ € a}, which is € M since "M C M. Put Y = [F]r €
N and we shall show that X C Y. We need to show that for every a < A
we have [f.]|F € [F]r, i.e. that {a: fo(a) € F(a)} € F. But

{a: fola) € F(a)} ={a:a € a} =Ciyy € Fo.

To see that N = |Y| < j(k), note that |F'(a)| < |a|] < k for each a € S, so
that N = |[Fl| < j(x).

Finally, observe that j(a) = a for a < k. Indeed, if not, let @ < &
be the least such that j(a) > a. If j(a) > [f]r = «, then {a € S :
f(a) < a} € F, and so by (< k)-completeness there is a § < a such that
{a € S: f(a) = p} € F. But then, [f]r = j(8) = B < a, a contradiction.
Taking X = {[a]F : @ < Kk} in the argument of the preceeding paragraph,
we see that k < j(k) so that j has critical point k. O

Lemma 4.4. (A) = (B) = (k has the \-filter extension property).
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Proof of (A) = (B). Let us fix any M < H(x) satisfying T € M, |M| =
A, A C M and "M C M. This is possible because T' € H(x). We then
apply (A) to obtain (B). d

Proof of (B) = (k has the A-filter extension property). Let Fy, & and A
be as in the definition of the M-filter extension property and let

T ={& Fo, A\, 22

Let xy = (2*)T. As guaranteed by (B), we can choose M < H () satisfying
TeM, M| =X XCMand " M C M and an embedding j satisfying the
properties stated in (B). Since |A| = A and A, A € M, there is a bijection
f: A= Awith f € M (by elementarity). Hence, for every o < A, f(a) € M
and in particular, A = {f(«) : @« < A} C M. Similarly for &.

Hence, M and j satisfy the assumptions of the proof of (A) = (k has
the A-filter extension property) above and the same proof gives us that
has the A-filter extension property holds. O

Proof of Theorem 4.2. Tt is proved in [12], by an argument credited to Cody
and White, that (C) is equivalent to k being nearly A-strongly compact.
Together with the results of Lemma 4.3 and Lemma 4.4, this proves the
theorem. U

Remark 4.5. Note that in the proof of (A) = (k has the M-filter extension
property) in Lemma 4.3, the (< x)-complete filter F could have been taken
on any set S instead of 2*. This shows that Definition 3.1 can be restated
as:

e For every set S and every family A C P(S) with |A] < A, every
(< k)-complete filter F over S generated by at most A many elements
can be extended to a (< k)-complete filter over S measuring A.

5. WEAKLY COMPACT CARDINALS

The following Theorem 5.1 gives several characterisations of weakly com-
pact cardinals in terms of productivity of topological spaces. This theorem,
which we believe is of independent interest, will be used in Section 6 to give
a lower bound for the consistency strength of the notion of A-square com-
pactness. Many parts of this theorem are known but not always easy to find
in the literature. We in particular point out the direct proof of (1)<=(3) by
Luca Motto Ros in [8], while a more general statement relative to (1)<=(3)

and further references, some of them quite old, can be found in [7].
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Theorem 5.1. Suppose that k = k<" > V. Then the following are equiva-
lent:

(1) k is a weakly compact cardinal;

(2) Suppose that { X, : v <T'} for some " <k is a family of (< k)-compact
spaces such that w(X,) < k for all v € I'. Then the (< k)-box product
space [ [,cr X is also (< k)-compact;

(3) 2% is (< K)-compact in the (< k)-box topology;

(4) K has the k-filter extension property;

(5) Suppose that { X, : v <T'} for some " <k is a family of (< k)-compact
spaces such that w(X,) < k for all v € T'. Then the Tychonoff product
space [ [,cr X is also (< k)-compact;

(6) Kk is a weakly square compact cardinal;

(7) The product of any two (< k)-compact GO-spaces of weight < K is
(< K)-compact.

We recall that a generalised ordered space (GO-space) is a Hausdorff
space equipped with a linear order and having a base of order-convex sets.

We also recall that a cardinal « is said to have the tree property if every
tree of cardinality x whose every level has cardinality < x, has a branch of
cardinality x. It is well known that x is weakly compact if and only if it is
strongly inaccessible and has the tree property, see [5].

Many parts of Theorem 5.1 follow from what has already been proved.
Once we prove the following Lemma 5.2, we shall be ready for the proof of
Theorem 5.1.

Lemma 5.2. If a cardinal k is weakly compact then 2% is (< k)-compact in

the (< k)-box topology.

Proof. One can note that 2 can be viewed as a tree T of height « such that
each level has cardinality < k, since k is a strong limit. Note that branches
are closed sets in the (< k)-box topology described below.

Suppose that F is a (< k)-complete filter of closed sets in 2% equipped
with the (< k)-box topology. We define a tree T in the following manner:
an element s € 2%, where 3 < k, is in T if for every F' € F there is a branch
b € F such that b | f = s. In other words, the open set U intersects F
for every F' € F, where Uy =[], ., Vo with V,, = {s(a)} for o < /3 and
Vo =1{0,1} for f < o < k.

Let us show that for any 8 < &, T has nodes on the S level. Suppose
that for any s € 27, s ¢ T. Then for any s € 29 there exists an F, € F
such that F, N U, = 0. Now 2° < k and F is (< k)-complete so that F =
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Nseos Fs € F. However, U = J 05 Us = 2" and F NU = (), contradicting
F #10.

Thus, 7' is a k-tree. By the tree property, there is a k-branch b € [T] and
by definition of T it follows that b € F for every F € F. Indeed, if b ¢ F
for some F' € F, then there is some 5 < k and an open neighbourhood U,
of b of the form [],., Vo with V, = {b(a)} for o < § and V,, = {0,1} for
B < a < kK, satisfying Uy N F = (. But s =b | ET, so that Uy = U,
intersects every F' € F, a contradiction. Consequently, (| F # (). U

We can now give a proof of Theorem 5.1.

Proof of Theorem 5.1. (1) = (3) is the content of Lemma 5.2. Therefore
(2), (3) and (4) are equivalent by Theorem 3.2.

Implications (2) = (5) = (6) = (7) are obvious.

We are only left with (7) = (1). This follows from the argument in the
paper of Hajnal and Juh&sz [2], which we recall as it is not phrased in these
terms in the original paper. By a result of Hanf in [3], if & is not weakly
compact then there exists a linearly ordered set (L, <) with |L| > &, in which
every decreasing or increasing well-ordered (by <) subset is of cardinality
< k. By taking a suborder if necessary, we may assume that |L| = k. To
get the counterexample in [2], one has to assume that (L, <) is continuously
ordered, that is for all non-empty A, B C L, if A < B, then there is ¢ such
that A < ¢ < B, where we write A < B for subsets of L if a < b for all
a € Aand b € B, a property which can be obtained in a standard way by an
inductive construction in which all the gaps (A, B) are filled. This procedure
(which leads to what is called a linear compactification cL of the original L)
may in general increase the size of L but in our particular case it does not,
since k<" = k. The linear compactification will preserve the property that
every decreasing or increasing well-ordered subset is of cardinality < k. So
we shall assume that L is already continuous.

To pass to the topological spaces, we take two copies of L, which we
denote by X, and X;. The basic open sets are half-open intervals of the
form (z,y] for X, and the ones of the form [z,y) for X;. This makes X
and X, GO spaces. Both of these spaces have size and so weight < k. It is
shown in [2] that both X; and X, are (< k)-compact, while their product
X; x X, is not. ]

6. CONSISTENCY STRENGTH OF 2"-SQUARE COMPACTNESS

As mentioned above, [2] proves that a fully square compact cardinal must

be weakly compact and it is clear from the definition and the equivalences
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listed in Theorem 2.10 that a strongly compact cardinal is square compact.
We shall consider the consistency strength of A-square compactness, getting
the same lower bound of weak compactness, but a much better upper bound
than strong compactness.

Our main findings can be summarised as follows. We remind the reader
that the definition implies that being A-square compact is a notion that
increases in strength with .

Theorem 6.1. Suppose that k is uncountable. Then

(1) If K = K=" is A\-square compact for any X\ > Kk, then k is weakly compact.
(2) It is consistent modulo large cardinals that the first weakly compact car-

dinal k is 2%-square compact.

Item (2) above implies that from x being 2*-square compact, one cannot
infer that x has any large cardinal strength larger than weak compactness.
Namely:

Corollary 6.2. Suppose that ¢ is a large cardinal property such that any
K satisfying (k) has an unbounded set of weakly compact cardinals below.
Then, it is consistent modulo large cardinals that there is a k which 1s 2"-
square compact, but it does not have property .

We recall that being strongly compact, being measurable or even just
being indescribable are large notions such that any cardinal satisfying them

has an unbounded set of weakly compact cardinals below. See [5].

Proof of Theorem 6.1. (1) follows from the Theorem 5.1. For item (2), we
shall need to refer to the notion of nearly A-supercompactness, defined by
Jason Schanker in [10]. In the case of A = A<*, Theorem 1.4. of [10] gives
that x is nearly A-supercompact if and only if for every family A of A-many
subsets of P,(A) and a collection G of \-many functions from P, (\) to A,
there is a non-principal (< k)-complete fine G-normal filter F over P, (\)
which measures A.

It is then evident from Definition 4.1 that in the case of A = A<", every
nearly A-supercompact cardinal is nearly A-strongly compact and therefore
by Theorem 4.2, x has the A-filter extension property.

Now let us place ourselves in any universe of set theory in which some
cardinal s is nearly A-supercompact for some X\ = A<*. An example of
such a universe is one in which k is a supercompact cardinal and A = 2",
since any cardinal which is A-supercompact is nearly A-supercompact (see
Observation 1.2 (1) of [10]). Theorem 7 of [1] gives a forcing extension of
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such a universe in which 2% = X\ and s is simultaneously the first weakly
compact cardinal and nearly A-supercompact. In particular x is nearly 2"-
strongly compact, has the 2"-filter extension property and, by Theorem 4.2
is 2"-square compact. U

It is of course interesting to ask if in Theorem 6.1 we can say something
about A-square compactness for A\ > 2%. The methods of [1] cannot help us
here, since they necessarily make 2% = X. There is another way for obtaining
near \-super compactness without measurability, as in [10], but as proved
in the same paper, this method is limited to A < s™.

We cannot hope to use nearly A-strong compactness to show that the
fully square compact cardinals have low consistency strength, as can be seen
by the following theorem.

Theorem 6.3. Suppose that r is nearly A-strongly compact for unboundedly
many A. Then k is strongly compact.

Proof. Indeed, from what is proved above, it follows that in such a case,
2} is (< k)-compact in the (< k)-box topology for unboundedly many \.
Consequently, any (< x)-box product of discrete two-point spaces is (< k)-
compact, so that x is strongly compact. O
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