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Abstract Electron Cyclotron Harmonic (ECH) waves driven by a loss cone distribution are studied in
this work by self-consistent particle-in-cell simulations. These waves have been suggested to play an
important role in diffuse auroral precipitation in the outer magnetosphere. However, particle simulation of
this instability is difficult because the saturation amplitude of the wave driven by a realistic size loss cone
distribution is very small. In this work we use an extraordinarily large number of particles to reduce
simulation noise so that the growth and saturation of ECH waves can be investigated. Our simulation
results are consistent with linear theory in terms of growth rate, and with observation in terms of wave
amplitude. We demonstrate that the heating of cold electrons is negligible and nonresonant, different from
previous conclusions, and suggest that the saturation of the wave is caused by the filling of the loss cone of
hot electrons.

Plain Language Summary Electron Cyclotron Harmonic (ECH) waves are electrostatic
emissions in planetary magnetospheres with typical frequency between harmonics of electron cyclotron
frequency. In terrestrial magnetosphere, these waves are believed to cause precipitation of energetic
electrons into the atmosphere, forming diffuse aurora in the outer magnetosphere. However, detailed study
of the excitation and saturation of the wave is difficult because the wave saturation amplitude driven by
a realistic size loss cone distribution is typically below the simulation noise level. Correspondingly, a ring
distribution was used in previous numerical studies of the wave. Here we show, by using an extraordinarily
large number of simulation particles, the detailed excitation process of ECH waves and the associated
electron dynamics. We demonstrate that, different from previous conclusions, the heating of cold
electrons is both negligible and nonresonant. We also demonstrate the scattering of hot electrons into the
loss cone and suggest that this process leads to the saturation of the wave. This study is useful to the further
understanding of the importance of ECH waves in energetic electron dynamics.

1. Introduction
Electron Cyclotron Harmonic (ECH) waves are electrostatic emissions frequently observed in planetary
magnetospheres (e.g., Horne et al., 1981; Hospodarsky et al., 2008; Kennel et al., 1970). These emissions typ-
ically have frequencies between electron cyclotron frequency harmonics with 𝜔 ≈ (n + 1∕2)Ωe, where Ωe
denotes the unsigned electron angular cyclotron frequency and n ≥ 1 is an integer, representing the har-
monic number. Previous studies have suggested that these electrostatic waves can interact strongly with keV
electrons and may be responsible for scattering electrons into the atmosphere, resulting in diffuse aurora in
the outer magnetosphere (Horne & Thorne, 2000; Ni et al., 2011, 2016; Zhang et al., 2015).

It has long been suggested from linear kinetic theories that the loss cone distribution of electrons could
provide the needed region in phase space of positive 𝜕f∕𝜕v⟂ to drive ECH waves unstable (Ashour-Abdalla
& Kennel, 1978; Fredricks, 1971; Liu et al., 2018; Menietti et al., 2008; Tao et al., 2010; Young et al., 1973;
Zhang et al., 2013). Here f(v||, v⟂) is the electron phase space density, and v|| and v⟂ are velocity components
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parallel and perpendicular to the background magnetic field, respectively. However, particle-in-cell (PIC)
simulation of ECH waves driven by a realistic size loss cone distribution is difficult because this instability
is very weak (e.g., Umeda et al., 2007). The saturation amplitude of these waves is smaller than the noise
level in typical PIC simulations unless an extraordinarily large number of simulation particles are used.
To understand the excitation and the related nonlinear processes of ECH waves, previous studies chose to
use a ring distribution of hot electrons (Dawson, 1981; Umeda et al., 2007), which makes the instability
stronger and therefore easier to simulate. Those studies observed strong resonant heating of cold electrons,
which was suggested to be at least partially responsible for the saturation of ECH waves. It is, however,
unclear whether the use of a ring distribution changes the physics involved in the generation of ECH waves
in realistic magnetospheres.

It is the purpose of this work to investigate the excitation and saturation of ECH waves driven by a loss cone
distribution with a realistic loss cone size, together with the associated electron dynamics. The amplitude
of ECH waves is a key parameter in quantitatively understanding their roles in electron scattering in the
magnetosphere (Horne et al., 1981; Horne & Thorne, 2000; Ni et al., 2011; Zhang et al., 2013); therefore, it
is important to understand how these waves saturate. There are several theories about the saturation mech-
anism of ECH waves. For example, Ashour-Abdalla and Kennel (1978) suggested that ECH waves saturate
by a combination of cold electron heating and hot electron precipitation. Using a ring distribution for hot
electrons, Dawson (1981) showed that ECH waves saturate by the heating of cold electrons through a type
of nonlinear cyclotron resonance and the power provided by hot electrons to waves is essentially balanced
by the rate of heating of cold electrons at saturation. Umeda et al. (2007) proposed that both the heating of
cold electrons and modification of the hot electron distribution contribute to ECH saturation. Zhang et al.
(2013) estimated the saturation amplitude of ECH waves in the framework of quasilinear theory. The exact
dynamics of electrons and the saturation mechanism obviously remains to be determined, especially for
ECH waves driven by a loss cone distribution.

2. Simulation Results
2.1. Simulation Method and Parameter Setting
In this study, we use a 1-D spatial (x) and 3-D velocity electrostatic PIC code to simulate ECH waves, with
x parallel to the direction of wave vector k. From observation, ECH waves propagate almost perpendicular
to the background magnetic field. Correspondingly, we choose the wave normal angle 𝜃 ≡ ⟨k,B⟩ = 88.5◦,
a typical angle of ECH waves. Two components of electrons are used: a cold component and a hot com-
ponent. The number density of both components is n = 1 cm−3. The cold electrons are modeled using a
Maxwellian distribution with temperature Tc = 1 eV. For the hot component, we follow previous studies
(e.g., Ashour-Abdalla & Kennel, 1978) to use subtracted Maxwellians to model the loss cone distribution
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where vt =
√

Th∕m is the thermal velocity with Th = 500 eV and Δ and 𝛽 are the loss cone parameters.
ParameterΔ determines the depth of the loss cone, and the distribution reduces to a Maxwellian distribution
if Δ = 1. Parameter 𝛽 largely determines the width of the loss cone. We choose Δ = 0 and 𝛽 = 0.005,
following previous observational studies (e.g., Horne et al., 2003; Tao et al., 2010), to represent a realistic loss
cone distribution of hot electrons in the magnetosphere. These parameters are chosen to roughly represent
the plasma conditions in Earth's magnetosphere at L = 6, with B0 ≈ 143.5 nT, and the loss cone angle is
about 3◦. Note that, different from typical simulation work, we list these parameters in physical units and
they are properly normalized before being used in simulation. The distribution of hot electrons can be found
in Figure 3a. The ions are fixed, because the frequency of ECH waves is ∼ (n + 1∕2)Ωe with n ≥ 1, which is
much larger than the ion cyclotron frequency.

Figure 1 shows the calculated linear dispersion relation and growth rate using HOTRAY code (Horne, 1989)
with these parameters. The linear growth rate suggests that ECH waves with harmonics n = 1, 2, 3 are
unstable with peak frequencies at 𝜔∕Ωe = 1.56, 2.52, and 3.28, respectively, and waves in Band 2 have
the largest linear growth rate. The peak growth rates (𝜔i∕Ωe) of all three unstable bands are on the order
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Figure 1. (Left) The linear dispersion relation of ECH waves for parameters in this study. (Middle) The linear growth
rate as a function of k. (Right) The linear growth rate as a function of wave frequency 𝜔r . Vertical dashed lines mark
the locations of maximum linear growth rate of the corresponding band.

of (10−3) with k𝜆D ∼ 0.5 and 𝜆D the Debye length of cold electrons. The corresponding frequency of
maximum 𝜔i is near (n + 1∕2)Ωe with n = 1, 2, 3 consistent with observations.

From the linear growth rate calculation that k𝜆D(𝜔i,max) ≈ 0.5 for all three bands, we choose the simulation
cell size to be Δx = 0.76𝜆D and use in total 128 cells. Therefore, the length of the simulation domain L is
roughly eight times the wave length of the most unstable modes in all three bands. The cell size is smaller
than 𝜆D to avoid unphysical heating. The simulation time step is tΩe = 0.02 to properly resolve the gyromo-
tion of electrons. ECH wave instability driven by a loss cone distribution is very weak in the sense that their
saturation amplitude is smaller than the noise level in typical PIC simulations. To accurately model the sat-
uration of wave field, one needs to use a large number of simulation particles to bring down the noise. To
find the appropriate number of particles, we tried several runs of simulation, and each time, we double the
number of simulation particles until the saturation amplitude essentially does not change. This indicates
that the saturation amplitude in simulation is physical and higher than the noise level because statistical
noise decreases with increasing number of particles. We end up using 1,600,000 particles per cell.

2.2. Energy Evolution and Wave Properties
Figure 2 shows the evolution of field and particle energy density, and the wave power spectral density. The
electric field energy density (Figure 2a) increases from about 10−10 at tΩe = 0 to about 10−9 at tΩe = 1,600;
therefore, the average growth rate is 𝛾̄∕Ωe ≈ 7.2 × 10−4, consistent with linear theory calculation. A more
detailed analysis of wave growth rate will be given in section 2.4. At tΩe ∼ 2,000, the average wave inten-
sity ⟨𝛿E2⟩, normalized by B2

0 because of the use of Gaussian units in simulation, saturates near 1.5 × 10−9

(or ⟨𝛿E2⟩∕nhTh0 = 4 × 10−6 with Th0 = 500 eV). Correspondingly, the average wave saturation amplitude is
about 4 × 10−5B0, or 1.7 mV/m with B0 = 143.5 nT. This value is consistent with typical amplitude of ECH
waves from satellite observation, which is on the order of 1 mV/m during active times (e.g., Meredith et al.,
2009; Ni et al., 2011). The evolution of cold electrons, hot electrons, and the total particle energy density
is plotted together with the wave energy density in Figure 2b. The energy density of cold (hot) electrons
increases (decreases) until about tΩe ∼ 3,000 and stays at a roughly constant level thereafter. The difference
in the saturation time of the average wave intensity ⟨𝛿E2⟩ and the electron energy density is due to the fact
that ⟨𝛿E2⟩ represents the summation of intensity of all excited modes. Each individual wave mode, however,
may saturate at different times and continuously exchange energy with electrons after saturation, as can
be seen in Figure 4. The total particle energy density is always balanced by the wave energy density, show-
ing good energy conservation of the simulation code. The parallel and perpendicular temperature evolution
of cold and hot electrons is presented in Figure 2c. Here the direction is defined with respect to the back-
ground magnetic field. The most significant change of temperature occurs in the perpendicular direction
for both cold and hot electrons, which is related to the nearly perpendicular propagation direction of ECH
waves. Similar to the energy evolution profile, perpendicular temperature of hot (cold) electrons decreases
(increases) until tΩe ∼ 3,000, but only by about 10−6Th0 (10−3Tc0). The amount of heating of cold and hot
electrons here is completely different from previous simulation results using a ring distribution. For exam-
ple, in the study of Umeda et al. (2007), ΔTh∕Th0 ∼ (10−1), and ΔTc∕Tc0 ∼ (10). More detailed discussion
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Figure 2. (a) The evolution of averaged wave intensity. (b) The change of energy densities of wave electric field (KE ≡ ⟨𝛿E2⟩∕8𝜋), cold electrons (ΔKpc), hot
electrons (ΔKph), all electrons (ΔKpt = ΔKpc +ΔKph), and all potentially resonant cold electrons (ΔKpc,res). These values are normalized by the energy density of
background magnetic field, KB0

≡ B2
0∕8𝜋. (c) The change of cold and hot electron temperature in perpendicular and parallel directions. (d) The frequency-time

spectrogram showing three bands of ECH waves. The time-averaged wave power spectral intensity (PSD) as a function of frequency is shown as the side panel.

is given in the next section. The spectrogram of the wave field is presented in panel (d), which clearly shows
three bands of ECH waves. The peak frequencies of the time-averaged PSD are at 1.48Ωe, 2.53Ωe, and 3.27Ωe,
consistent with linear theory prediction. The root mean squared wave amplitude, obtained by integrating
wave power spectral density over frequency, is about 1.75 × 10−5B0, 2.04 × 10−5B0, and 1.82 × 10−5B0 for
Bands 1, 2, and 3, respectively. The comparable wave amplitude suggests that all three bands of ECH waves
are equally important in the wave-particle interactions and scattering hot electrons into the loss cone.

2.3. The Nonresonant Heating of Cold Electrons
One of the main conclusions reached by previous PIC simulations of ECH waves with a ring distribution is
that cold electrons could be resonantly heated, and this process plays an important role in the saturation of
ECH waves (Dawson, 1981; Umeda et al., 2007). The energy and temperature evolution of cold electrons,
presented in Figure 2, suggests that this might not be the case when a loss cone distribution is used. In this
section, we isolate cold electrons that can resonantly interact with ECH waves in simulation and quantita-
tively calculate their energy density. If the energy density change of this portion of electrons dominates the
cold electron energy density change, then the heating of cold electrons is a resonant process; otherwise, it
is nonresonant.

We identify resonant electrons in two steps. First, we calculate resonant velocities as vr = (𝜔−nΩe)∕k||, where
k|| = k cos 𝜃 and n is the order of cyclotron resonance. Using k|| obtained from linear dispersion relation,
and 1.19 ≤ 𝜔∕Ωe ≤ 1.72, 2.22 ≤ 𝜔∕Ωe ≤ 2.58, and 3.18 ≤ 𝜔∕Ωe ≤ 3.28 for three bands, we find that
the minimum resonant velocity is vr∕c ≈ 0.0058, which is resonant velocity of the third band with n = 3.
Then, we estimate a trapping width Δv|| using the wave amplitude in simulation, since all electrons within
vr ± Δv|| can approximately resonate with the wave. From Lichtenberg and Lieberman (1983, pp. 122–123),
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Figure 3. (a) Initial phase space density of hot electrons, and the white
dashed lines mark a loss cone of 3◦ angle to help visualization. (b) Phase
space density of hot electrons at saturation stage, while the black dashed
line denotes the velocity satisfying n = 2 cyclotron resonance with the
wave mode of maximum linear growth rate in the 1st band. (c) Initial
and final phase space densities as a function of v⟂ at the resonant velocity
marked in (b).

the trapping frequency of particles resonantly interacting with an
obliquely propagating electrostatic wave near the nth order resonance is

𝜔tr =

√
eΦ0Jnk2||

m
. (2)

Here Φ0 is amplitude of the electrostatic potential of the perturbation,
and Jn is the nth-order Bessel function of the first kind with argument
k⟂𝜌, where 𝜌 is the electron cyclotron radius and k⟂ = k sin 𝜃. Since the
amplitude of the electric field parallel to B is 𝛿E|| = Φ0k||, the trapping
frequency can be rewritten using 𝛿E|| as

𝜔tr =

√
e𝛿E||Jnk||

m
. (3)

We then may roughly estimate the half width of resonant v|| as

Δv|| = 2𝜔tr

k|| ≤ 2

√
e𝛿E||
k||m = 2

√
e𝛿E0

km
, (4)

where 𝛿E0 is the amplitude of the ECH wave, and we used the fact
that |Jn| ≤ 1. To obtain the amplitude of each band in simulation, we
integrate the wave PSD in 1 ≤ 𝜔∕Ωe ≤ 2, 2 ≤ 𝜔∕Ωe ≤ 3, and
3 ≤ 𝜔∕Ωe ≤ 4 to roughly estimate 𝛿E2

0 for each band, and the result
is 𝛿E0∕B ≃ 2.1 × 10−5, 2.5 × 10−5, and 1.8 × 10−5, respectively. The
linear dispersion relation gives k for each band: k𝜆D ≃ 0.39, 0.40, and
0.56. Therefore, we get Δv||∕c ∼ 3.7 × 10−4, 3.9 × 10−4, and 2.8 × 10−4.
In simulation, we calculate the energy change of all cold electrons with
v||∕c ≥ 0.005, which includes all possibly resonant cold electrons (about
0.02% of all cold electrons). As demonstrated in Figure 2b, the energy
change of this portion of cold electrons is less than 1% of that of all cold
electrons. Correspondingly, the overall heating of cold electrons is non-
resonant, different from the results of Dawson (1981) and Umeda et al.
(2007). Most cold electrons merely oscillate nonresonantly in the excited
wave field. Thus, the saturation of ECH waves cannot be caused by heat-
ing of cold electrons, but more possibly due to exhausting free energy of
hot electrons. To investigate the possible saturation mechanism of ECH
waves, we study the evolution of hot electron distribution.

2.4. Evolution of the Hot Electron Distribution Function and Wave Dispersion Relation
Figure 3 shows the hot electron distributions at initial and final stages. The initial distribution of hot elec-
trons, presented in Figure 3a, is a loss cone distribution. The size of the loss cone is about 3◦, as indicated by
the dashed line. The distribution at saturation is similar to the initial distribution, except for the many nearly
vertical stripes inside the loss cone. This corresponds to the scattering of hot electrons into the loss cone by
the excited ECH waves. These velocities are resonant velocities of generated ECH waves. For example, for
the first band of ECH wave, with the frequency of maximum PSD in Figure 2d and the dispersion relation in
Figure 1, we obtain vr = −0.0318c. This velocity is marked in Figure 3b as the black vertical dashed line, and
it is well consistent with where the loss cone is filled (note the vertical stripes on the plot). In Figure 3c, we
show the one-dimensional distribution function at v|| = vr = −0.0318c. It is clear that, due to scattering by
ECH waves, the loss cone is gradually filled and fh significantly increases inside the loss cone. Note that the
discreteness of vr of scattered electrons in the loss cone is related to the discreteness of k in our simulation.
With a more continuous wave spectrum of ECH waves in observation, we would expect the precipitating
electron energy spectrum to be also continuous. We do not show the distribution evolution of cold electrons,
because the change of fc is negligible.

Previous studies using a ring distribution of hot electrons suggested that the significant heating of cold and
hot electrons modifies the dispersion relation of ECH waves, which contribute to wave saturation (Umeda
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Figure 4. (a) Dispersion relation of ECH waves at the end of simulation obtained using 2-D FFT. The white dashed curves denote the dispersion relation
obtained from linear theory with initial plasma parameters. The evolution of wave PSD of the modes with maximum linear growth rate in the third, second,
and first bands is shown in panels (b), (c), and (d), respectively. The orange dashed lines are fitting results using the initial values of wave PSD, from which
initial growth rates are estimated.

et al., 2007). Here in Figure 4, we investigate the wave dispersion relation at saturation stage and the evo-
lution of wave intensity of modes with maximum linear growth rate in the first three bands. The wave
dispersion relation from simulation is obtained from 2-D FFT of wave electric fields near the end of simu-
lation (5,508 ≤ tΩe ≤ 6,000). Its comparison with linear theory calculation using initial parameters proves
that the dispersion relation of ECH waves remains essentially unchanged, which is related to the negligi-
ble heating of electrons in our case. Using a moving window 2-D FFT, we obtain the evolution of intensity
of the modes of maximum linear growth rate in the three bands of waves, shown in Figures 4b–4d. Fit-
ting the wave PSD as a function of time gives an estimate of the initial growth rate, which is 1.85 × 10−3,
2.1 × 10−3, and 1.15 × 10−3 for Bands 1, 2, and 3, respectively. These values agree with linear theory predic-
tions (Figure 1b) within about a factor of 2. Figure 4 also shows that as the loss cone is filled by scattered
hot electrons, the wave growth rates start to decrease, and different modes reach saturation (𝛾 ∼ 0) at differ-
ent times. For example, for the mode in Band 2 (Figure 4c), the growth rate 𝛾 deviates from the initial value
from tΩe ≈ 1,000 and reaches 0 near tΩe ≈ 2,500. The other two modes behave similarly, except with dif-
ferent saturation times. The decay of the modes in Bands 1 and 2 (Figures 4c and 4d) represents the change
of electron distribution from wave-particle interactions and suggests that some wave energy is transferred
back to electrons. From these results, we conclude that ECH waves generated by a loss cone distribution sat-
urate by scattering hot electrons into the loss cone, which reduces 𝜕f∕𝜕v⟂. This conclusion is different from
the case where a ring distribution is used, as demonstrated by Umeda et al. (2007).
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3. Conclusion and Discussion
In this study, we presented 1-D PIC simulations of ECH wave instability driven by a realistic size loss cone
distribution. As far as we are aware of, this is the first simulation study about ECH waves driven unstable
by a loss cone distribution. We use an extraordinarily large number of particles to bring down the simula-
tion noise, and, therefore, the linear growth phase and wave saturation can be clearly demonstrated. The
growth rate from simulation is consistent with linear theory prediction, and the saturation amplitude is also
consistent with observation.

We carefully investigated the heating of cold electrons and demonstrated that this process is nonresonant
and temperature increase of cold electrons is negligibly small, probably because of the small wave ampli-
tude. This conclusion is significantly different from previous results by Dawson (1981) and Umeda et al.
(2007), who studied ECH waves excited by a ring distribution and observed significant resonant heating of
cold electrons. We conclude that cold electrons oscillate nonresonantly back and forth in the excited wave
field. This kind of particle energy is typically considered as part of the wave energy in plasma wave theory
(e.g., Stix, 1992).

We then studied the evolution of hot electron distribution function and wave dispersion relation. We found
that excited ECH waves can scatter hot electrons into the loss cone and this scattering occurs at resonant
velocities of excited wave modes. The scattered electrons fill up the loss cone and in turn reduce the growth
rate of ECH waves. Therefore, we suggest that ECH waves saturate by reducing 𝜕f∕𝜕v⟂ inside the loss cone
and therefore exhausting free energy of hot electrons. On the other hand, the dispersion relation of ECH
waves remains almost the same, different from the ring distribution simulation results (Umeda et al., 2007).

Our results about the heating of cold electrons and the saturation process of ECH waves are significantly
different from previous studies with a ring distribution of hot electrons (Dawson, 1981; Umeda et al., 2007).
We therefore conclude that it is important to use realistic distributions of electrons to study ECH instability
to obtain conclusions that are relevant to observations.
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