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Comparison of analytical and numerical methods of
obtaining coplanar capacitance of microelectrodes for

particulate matter detection.
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Abstract— This work reports a comparative analysis between
the analytical and the finite element modelling, for the calculation
of the capacitance of microelectrode-based capacitors in both
parallel and coplanar architecture. It shows that the inverse-cosine
and the Schwartz-Christoffel methods underestimate the
capacitance value of the coplanar plate capacitor. It also shows
that the parallel architecture closed form solution and the finite
element modelling results agree well in all cases. The work finally
compares the effects of design parameter change of the
microelectrodes on the capacitance obtained from each technique.
It shows that finite element modelling provides the best estimate of
the capacitance of a coplanar plate capacitor.

Index Terms—Capacitive PM2.5 sensor; finite element
modelling, conformal mapping, inverse-cosine transformation,
microelectrodes.

I. INTRODUCTION

CAPACITIVE detection has been investigated for real-time
monitoring of several parameters such as humidity [1],
pressure [2], water level [3] in sensor devices, to mention a few.
Recently, the need for miniaturized particulate matter (PM)
sensor has seen the development of capacitive PM sensor.
Capacitive PM detection technique relies on the fact that an
airborne particle close enough to the surface of a charged pair
of electrode plates (as shown in Fig. 1) will increase the
capacitance of the plates. This increase is a factor dependent on
the ratio of volume of the particle to the entire volume of the
active space above or between the charged electrodes. The
particle displaces air its own volume (for coplanar capacitors
and parallel plate capacitor with an air gap). These capacitance
jumps for a PM sensor could be detected either with the setup
as a single variable capacitor where changes in current flow is
measured and calibrated above a certain initial value or as a
differential setup where a second capacitor is kept in a

Submitted 29 February 2020. This work was supported in part by the Innovate
UK through the projects GraphClean (71476-481865) and MP-SENS (73047-
501268), by the EPSRC through the Centre for Doctoral Training in Sensor
technologies and applications (EP/KO3099X/1), the Centre for Innovative
Manufacturing in Large-Area Electronics (EP/LO15889/1), and the Impact
Acceleration Account partnership development project MiniPMS (RG 90413).
P.W.O. would like to acknowledge support by the Presidential Special
Scholarship for Innovation and Development (PRESSID) managed by the
National Universities Commission (NUC) and funded by the Petroleum
Technology Development Fund (PTDF).

controlled environment and connected to the active sensor in
such a way that their current flows in opposite directions and
only the difference of their current, which represents the
contribution of the detected particles is measured. This is the
approach presented by Carminati ef al. [4]. Generally, there are
two architectures for the capacitive PM sensor: parallel or
coplanar. The parallel arrangement is very easy to set up and to
analyze due to the fact the electric field caused by the charged
plates is uniform when sufficiently far from the end points.
Though the analysis of the field and the capacitance is very
straightforward, this architecture can be difficult to realize and
optimize, for instance in PM detection, the inter-plate gap must
be at least bigger than the size of the largest particle size the
inlet allows. When particles agglomerate, clogging could occur.

The capacitance, C, of a parallel plate capacitor is given by
closed form solution:

_ e (1)
C_d

Where ¢ is the dielectric constant of the space between the
two plates. A is the area of the plates and d is the inter-plate
gap.

The potential difference V, between the plates is given as:

Vzgxd, @
&

Where % is the electric field, E, neglecting edge effects and o

is the charge density.

For PM application, a linear contribution of the volume
elements of the inter-plate gap may be assumed. In this case,
the change in the dielectric constant leading to a change in
capacitance is calculated as follows:

For particles of type i with dielectric constant € = ¢&,¢, that
displaces air its own volume results in a total dielectric constant
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of the space between the electrode plates given by [5]:

&r = (me, + (1 — m)) %eo )

@

(b)

Fig 1. - Capacitive sensor electrodes shown with their field lines for coplanar architecture in (a). 2D and (b). 3D with particle
and (c). parallel architecture.

Where m is the number of particles of type i. V; is the volume

of a single particle. V is the total volume of the inter electrode
gap.
It holds true for both parallel and coplanar electrode plates
architectures. However, the highlighted disadvantages of
parallel architecture have resulted in the use of the coplanar
architecture for PM detection. In this arrangement, two
electrode plates are placed horizontally beside each other. The
architecture is such that the area of the plates facing the gap is
smaller than that of the plate facing the horizontal surface.
However, the electric field is not uniform, in fact this is the
region of the edge effects which is characterized by field lines
clustering at the corners. Thus, intuitively, the fields are
stronger towards the edges and corners than in any other part of
the surface facing the inter electrode gap. For the sake of
sensitivity, the aim would be to get the particles as close to the
edges as possible or make the electrodes as thin as possible in
the horizontal (width) direction and as much as possible, in
number. The second goal can be achieved by using inter-
digitated electrodes [6] while the first goal, could be achieved
using a controlled flow [7].

Calculation of the electric fields, and thus capacitance in the
coplanar case is however, not as straightforward as in the
parallel case because of the non-uniformity of the electric field
distribution. Nonetheless, since the field only varies in two-
dimensions, the calculation may be simplified. Common
approaches for estimating this field have been done using
conformal mapping with either Schwarz-Christoffel (SC)
transformation [8], [9] or inverse-cosine transformation [10],
numerical methods [11] using finite element analysis modelling
[12]. These solutions are made simpler because the potential at
any point within the boundary and the flux at the same point are
perpendicular to each other. Thus, conformal approaches, in
which the angle between intersecting lines is preserved, suffice
because difficult geometries can be converted into equivalent,
more straight-forward ones like the parallel plate architecture
for analysis purposes [13].

While conformal mapping approaches are suitable for
measurements with high enough signal level such as contacts
[15], for high sensitivity measurements such as in portable or
Micro-Electromechanical Systems (MEMS)-based capacitive
PM sensors [5], [14] where signal levels can be as low as few
tens of zeptofarads to a few attofarads, a difference in
estimation of the order of a few femtofarads is too large,
therefore, conformal mapping approaches may not be suitable.
Further, a comparison of the results of each approach is
necessary to inform of their limitations in application. Finite
element modelling of a capacitive PM sensor has already been
described elsewhere [5]. This work evaluates the base
capacitance of microelectrodes used in miniaturized sensors
such as the PM sensor and shows that while the conformal
methods provide a good approximation to the solution, they
underestimate the capacitance value and that finite element
modelling provides a better estimate as it agrees with the closed
form solution for the parallel case.

II. CONFORMAL MAPPING APPROACHES

In the inverse cosine case, two semi-infinite coplanar plates
(which is a limiting case of cylindrical surfaces) are used to
obtain a solution which can then be approximated for the finite
plates and proceeds as follows based on findings from Chen et
al. [16]. The flux and the potential lines are shown in Fig. 1(a).
The transformation [17] is:

2 Z
W=u+jv=V [1 — —arccos (—)] @)
T d

Where u and v are defined in volts and coulombs/metre, and
W is a complex function of V.
When rewritten in terms of u and v, differentiated at y = 0 and
substituted:

Ju =2V T 5)
= ——1/sinh |—=
vy dm /O [zvv]yzo
Which simplifies to:
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Fig 2. - A comparison of the different approaches for capacitance calculation such as the analytical method, Finite Element
modelling method, Schwartz-Christoffel mapping method, and Inverse-Cosine method (a) for varying length of the electrode plates
with width = 1um, and spacing = 2um. (b) for varying electrode spacing with length = 100um, and width = 1um (c) for varying
width of the electrode plates with length = 100pm, and spacing = 2um. (d) The effect of substrate thickness variation on the

capacitance of coplanar capacitors.

For finite length plates, the capacitance is then obtained as:

2
c=2-= ZSOTgrllog[(1+§)+ (1+3) -1 O
For the Schwarz-Christoffel transformation approach, the SC
transformation maps an arbitrary polygon in the z-plane into a
series of segments along the real axis in the z'-plane through the
following equations:
aw

W s - Ey-n Dy -0 F) @

av

Where a, b, c are sides of the polygon.

For a rectangle, this becomes:
aw

W St—a)2(t—b) 7 (t—c) 2 (t—d) 2 )

av
Where a, b, c, d are sides of the rectangle.

The equation can be integrated to obtain W as:

W=s[(t-a) 2@ —b) T —0) (¢ —d)
(10)

But the similarity between this and the elliptical integral of the
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first kind below can immediately be seen.
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Fig 3. (a) - (d) Simulation results (snapshots of time) showing trajectories of PM2.5 and PM10 particles as they fall vertically on
to the surface of the microelectrodes from a single stream they are separated into two streams by thermophoresis and deposited on

separate electrodes.

1
w(t k) = [J dt[(1 — ¢3)(1— t*k?) 2 (11)
The goal then is to rewrite the SC mapping as the complete
elliptic integral of the first kind to allow for analytical solution
to the capacitance calculation. Thus giving:

C = 2¢e06,K(K) /K' (k) (12)

And k is then:
- (13)
w+s

Which can then be solved by numerical methods as in Sychev
et al. [11]. Capacitance C, thus calculated is proportional to the
area and inter-electrode spacing A calculated as in the parallel
plate case as in equation 1

Finally, for the finite element method (FEM),

V-D=p, (14)

E=-w (15)

Where D is the electric displacement and p,, is the charge
density.
All other terms retain their usual meanings.
Following this, each approach was then used to evaluate the
capacitance of the microelectrodes with specified dimensions
ranging from width, w = lpm to 100pum, inter-electrode
spacing, s = lum to 10pm and length, [ = 100um to 1000pm.
A comparison of the results of all the highlighted techniques are
then presented in the next section.

III. COMPARISON OF THE DIFFERENT APPROACHES

The different approaches for the calculation of capacitance in
both parallel and coplanar architectures such as the closed form
(analytical) solution of equation 1, finite element modelling for
parallel and coplanar architectures, inverse-cosine (IC) and
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Schwartz-Christoftel (SC) mapping options evaluated using the
specified equations are shown in the Fig. 2(a) — 2(d). The first
one and the last two were done in MATLAB while the FEM was
done with COMSOL Multiphysics® tool wusing the
Electrostatics module. In all cases and instances, the analytical
and the FEM results for the parallel case were the same as
shown in the following figures. However, for the coplanar case,
it is shown that both the SC and the IC methods underestimate
the capacitance. While the SC results were generally closer to
the FEM results for all of the simulations, it can still be seen
why these methods are only an approximation. It is however
correct for the coplanar capacitances to be higher than the
parallel capacitances due to the convergence of the field lines at
the edges. Further, Fig. 2(a) shows that as the length of the
electrode plates is increased gradually from 100pm to 1000pum,
the calculated capacitance increases in all cases, the steepest
being the coplanar FEM method. The relationship between
length and capacitance is linear. The implication of this is that
the design constraints will be the main limitations to the sensor
design - how big does the capacitor need to be to make for a
detectable signal.

The effect of electrode spacing was investigated. The spacing
was gradually increased from lum to 10um using a length of
100um and width of lum. As shown in Fig. 2(b) the
capacitance reduces in all cases and the overall trendline is
similar. Thus, the goal in any simulation of fabrication would
be to increase the electrode length as long the design permits,
increase the electrode width up to the beneficial limit, and also
to reduce the spacing as much as possible.

The effect of the increase in width of the electrodes was then
investigated. This is shown in Fig. 2(c). The width of the
electrodes was gradually increased from Ipum to 100um, while
the length was 100pm and the spacing between the electrodes
was 2um. For the parallel plates case, as the width of the
electrode is increased, the capacitance increased linearly as the
equation suggests and the FEM simulation proves. However,
for the coplanar case, increase in the electrode width is only
beneficial up to around 20pm when further increase in the
electrode width does not yield much benefits. This information
is very important especially in the design - from the foregoing
results on the effects of the length of the electrodes. Therefore,
for coplanar electrodes, due to its architecture, and the
limitation of its field penetration depth, the capacitance does not
increase further beyond the limit. All three coplanar capacitance
evaluation techniques utilized agree on this as shown in Fig.
2(c).

Finally, the effect of increasing substrate thickness on the
obtained capacitance was investigated for two different
substrate materials - glass and polyimide. Glass, with &, = 4.2,
as against polyimide's €,= 3.4, had a higher capacitance in all
the instances simulated for. The effect of increasing the
substrate thickness is negligible after thicknesses higher than
Sum as shown in Fig. 2(d). Thus, instead of increasing the
thickness of the substrate continuously, it might be more
beneficial to use a different material, such as SisN4 with €,=7.5.

IV. APPLICATION TO PARTICULATE MATTER DETECTION

We applied the coplanar (simulation) method to particulate
matter detection to obtain the capacitance jump observed when
a particle of PMa s falls on the microelectrode surface. The
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Fig 4. - Capacitive jumps detected for single particle falling
vertically on the microelectrodes.

model was developed using the methods specified in our recent
work [14]. The particle trajectories obtained are shown in Fig
3. The time steps show the progression of the particles in a
MEMS-based device, discriminated by thermophoresis and
deposited on different electrodes. Single silica-glass particle of
& =3.75 and diameter 1.5 um was used in this simulation. The
capacitance jumps obtained is shown in Fig 4. From this, it can
be deduced that the active volume changes with the dimensions
of the electrodes and, in this case, the particle cannot be
detected above 4um compared to 18um in [5],[14]. The highest
capacitance obtained was 2.3 aF, which reduces rapidly with
height above the microelectrodes.

V. CONCLUSION

This work has compared the results of capacitive detection by
evaluating the different analytical and FEM options in both the
parallel and the coplanar electrode architecture options. The
results presented show that the for the parallel case, the
simulation and the analytical results are exactly the same;
however, for the coplanar case, inverse cosine and Schwartz-
Christoffel mapping options underestimate the capacitance and
therefore, the better approach would be to use FEM. Finally, the
results were then used to simulate a MEMS-based system for
particulate matter detection with sensitivity to single particles.
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