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ON THE IMPLOSION OF A THREE DIMENSIONAL
COMPRESSIBLE FLUID

FRANK MERLE, PIERRE RAPHAEL, IGOR RODNIANSKI, AND JEREMIE SZEFTEL

ABSTRACT. We consider the compressible three dimensional Navier Stokes and
FEuler equations. In a suitable regime of barotropic laws, we construct a set of
finite energy smooth initial data for which the corresponding solutions to both
equations implode (with infinite density) at a later time at a point, and com-
pletely describe the associated formation of singularity. Two essential steps of the
analysis are the existence of C*° smooth self-similar solutions to the compressible
Euler equations for quantized values of the speed and the derivation of spectral
gap estimates for the associated linearized flow which are addressed in the com-
panion papers [32, 33]. All blow up dynamics obtained for the Navier-Stokes
problem are of type II (non self-similar).

1. Introduction

1.1. Setting of the problem. We consider the three dimensional barotropic com-
pressible Navier-Stokes equation:

Op+V-(pu)=0

Ou — Au+ pu-Vu+Vr =0
(Navier — Stokes) i t: =1 5 P (1.1)
2t

(p|t:07u|t:0) = (:00(33)’ UO(x)) € Rj— x R?

for v > 1, as well as the compressible Euler equations:

Op+V-(pu)=0
0 -V Vr=0
(Euler) PO YT (1.2)
m=1"p
(Pjt=0, Ujt=o) = (po(x), uo(x)) € R x R3
with non-vanishing density p > 0, but possibly decaying at +oco

lim p(t,x) =0. (1.3)
|z| =400
The problem of understanding global dynamics of classical solutions of compressible
fluid dynamics is notoriously difficult, as was already observed in the 1-dimensional
inviscid case by Challis, [7]. It becomes even more complicated in higher dimensions,
including a physically relevant 3-dimensional problem, and in the viscous case due
to the lack of access to the method of characteristics.

1.2. Breakdown of solutions for compressible fluids. For non-vanishing den-
sities, smooth initial data satisfying appropriate fall-off conditions at infinity yield
unique local in time strong solutions, [40, 26, 27, 8, 15]. However, for the Euler
equations, it has been known since the pioneering work of Sideris [45], that well
chosen initial data (with density which is constant outside of a large ball) cannot
be continued for all times as strong solutions. The result applies to both large and
“small” data and holds for all v > 1. Similarly, for the Navier-Stokes equations,
there are regimes in which strong solutions to (1.1) can not be continued, however
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such results require vanishing conditions on the data. It was first shown in [47]
for all compactly supported data and then in [42] for non-vanishing (density) but
decaying at infinity data for v > g. In both Euler and Navier-Stokes cases the un-
derlying convexity arguments give no insight into the nature of the singularity and
while for the compressible Euler equations subsequent work (see below) produced
complete description of singularity (shock) formation (at least in the small data near
constant density regime), the questions about quantitative singularity formation in

Navier-Stokes and in other Euler regimes remained open.

In this paper we address the classical problem of singularity formation in com-
pressible fluids arising from smooth well localized initial data with non-vanishing
density. We study both the three dimensional Navier-Stokes equations and its invis-
cid Euler limit. For a suitable range of equations of state, we exhibit a class (finite
co-dimension manifold in the moduli space) of smooth, well localized (without vac-
uum) initial data for which the corresponding solutions blow up in finite time at a
point and completely describe the associated formation of singularity. The results
also extend to the two dimensional Euler equations. These solutions describe self-
implosion of a fluid/gas in which smooth well localized (in particular finite energy)
distribution of matter collapses upon itself (with infinite density) in finite time while
remaining smooth (in particular, free of shocks) until then. At the collapse time,
remaining matter assumes a certain universal form.

With the focus on both the Navier-Stokes and the Euler equations we examine the
question of failure of classical solutions to be continued globally in time. Specifically,
we study the first time singularity problem, identifying the first time that solutions
stop being classical and the singular set on which it happens. In the Navier-Stokes
case such results are completely new. For the Euler equations in two and three
dimensions such results are connected with the more general singularity formation
in quasilinear hyperbolic equations and originate in the works of John [20] and
Alinhac [1, 2]. In the Euler case, due to the hyperbolic nature of the equations, one
can also study a richer problem of shock formation which in particular addresses
the structure of the full singular set of the solutions.

1.3. Quantitative theory of singularity formation for the compressible Eu-
ler. We (mostly) limit our discussion to the three dimensional case and completely
bypass the rich and storied narrative of the one dimensional case, see e.g. [16].
Shock formation for the three dimensional Euler equations was shown in the work
of Christodoulou [9] in both the relativistic and non-relativistic cases (see also [11].)
The work covered a small data regime of near constant density and small velocities,
with the shock forming in the irrotational part of the fluid, and provided a complete
geometric description at the shock. One of the key features of the work and the
reason why the result may be called “shock formation" is that it constructed and
showed a particular structure of the mazimal Cauchy development of solutions. Such
a maximal Cauchy development possesses a boundary 0# U # U C, part of which
— a smooth null 3-d hypersuface # and 2-d sphere 0# — is the singular set of the
solution. The past endpoints # are precisely the set OH — the first singularity of the
solution. It is also that aspect of the construction that later allowed Christodoulou
to study the (restricted) shock development problem, [10].
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While shock formation and shock development problems require studying the
maximal Cauchy development and the associated first singularity, one could, es-
pecially in the non-relativistic setting where the time variable ¢ is well defined,
investigate the problem of the first time singularity. That problem amounts to
understanding a singular set of the solution at the first time T" when it becomes sin-
gular. In the setting described above, this would be the set T'NoFH U FH C OF U H
which a priori may not coincide with the first singularity set 0 (or even have the
same dimension). On the other hand, just the knowledge of the first time singular
set provides no information about the maximal Cauchy development, the full sin-
gular set or shock formation. In fact, in principle, it may be completely consistent
with the full singular set being a 3-d space-like hypersurface, rather than the null
# U 0#, and thus be incompatible with the shock development picture. (For the
multi-dimensional semilinear wave equations examples of singular sets have been
considered and analyzed in e.g. |6, 22, 37, 39].)

Having drawn a distinction between the first singularity (shock formation) and
first time singularity formation, we should recall again that the latter problem for
multi-dimensional compressible Euler equations had been studied in the works of
Alinhac (with a precursor in John, [20]) in two and three dimensions for a more gen-
eral (quasilinear hyperbolic) class of equations, including Euler, [1, 2|, in the small
data regime and was tied to the failure of Klainerman’s null condition, [23], and
to a I-dimensional Burgers mechanism of singularity formation. Recently, this has
been extended in [46]; open set of data leading to solutions of the Euler equations
with non-trivial vorticity at the first time singularity have been constructed in [25]
and later, in different regimes in [4, 5|. The 1-dimensional Burgers phenomenon has
been lifted to higher dimensions also recently in [13] for the Burgers equation with
transverse viscosity.

1.4. Results. We now contextualize our results. Once again we limit our discussion
to the three dimensional case. There are three critical issues.

First, since in this paper we study the Navier-Stokes and Fuler problems simulta-
neously, we can not even define maximal Cauchy development, which is associated
with hyperbolic PDE’s, and thus properly speak about shock formation. Ours is a
first time singularity result.

Secondly, shock formation and development for the three dimensional compress-
ible Euler equations has been shown only in the small data, near constant density,
regime. For such data Navier-Stokes solutions remain global, [28]. Our solutions
to both Navier-Stokes and Euler belong to a very different, large data regime. For
Navier-Stokes, in this regime the density decays at infinity. For Euler, in view of
the domain of dependence principle, behavior at infinity in itself is not important.
See also comment 5. after the statement of the main theorem.

Lastly, the first time singularities constructed in this paper occur at one point.
We do not speculate about the structure of the full singular set. However, we
emphasize two important issues. One is that at a singular point all directions are
singular, unlike the picture established in [9] where each point of the singular set O
possesses 3 regular tangential direction (along #). The other one is perhaps the most
important point: in formation of shock type singularities one expects to maintain
boundedness of both density and velocity (with their first derivatives blowing up).
In solutions constructed in this paper both density and velocity blow up at the
singularity. This is a new phenomenon of formation of strong singularities. It relies
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on the existence of appropriate self-similar solutions to the Euler equations and
makes no connection to the link between the Euler equation and explicit solutions
of the Burgers equation.

1.5. Statement of the result. We recall that ~ is the parameter describing the
equation of state and define the following additional parameters:

)= 2
* U d+¢
r (dﬂg) = Wa i
T‘+(d,€) =1+ (1+\/Z)2 (14)
| r*(d, ) for £<d
(O =10 40 for > d.

Theorem 1.1 (Implosion for a three dimensional compressible fluid). There exists
a (possibility empty) exceptional countable sequence ({n)nen whose accumulation
points can only be at {0,3,+00} such that the following holds. Let ¢ be related to ~
according to (1.4), and assume

0#3
> /3 for (Navier — Stokes) (1.5)
£>0 for (Euler)

and ¢ avoids the countable values:
¢ {ln,n € N}. (1.6)

Then for each such admissible £, there exists a discrete sequence of blow up speeds
(Tk)kzl wz’th
1<ry<re(3,£), lim 7, =r<(3,¢)
k—4o00

such that for each k > 1, there exists a finite co-dimensional manifold (in the moduli
space) of smooth spherically symmetric initial data (po,up) € Nm>oH™(R3, R xR3)
such that the corresponding solutions to both (1.1) and (1.2) in their respective
regimes (1.5) blow up in finite time 0 < T < 400 at the center of symmetry with

g, Yoo = ColEFASTD) gy Gollronr(l) g )

(T 1) " (T—t)

for some constants c,,, cy, > 0.

Remark 1.2. A corresponding statement holds for Euler in dimension 2 in the
range £ > 0, ¢ # 2, see the third comment of section 1.6.

1.6. Comments on the result. We begin our discussion by emphasizing the point
that for the Navier-Stokes equations the results of Theorem 1.1 do not describe a
self-similar (type I) singularity formation. The blow up profile dominating the be-
havior on the approach to singularity is a front for the Navier-Stokes equations and
obeys (one of) the Euler scalings' rather than the Navier-Stokes one. The scaling
is super-critical for the Navier-Stokes problem: the scale invariant Sobolev norm?

1The Euler equations possess a 2-parameter family of scaling transformations containing a 1-
parameter family of Navier-Stokes as a subfamily. The parameter r — what we call here speed —
labels a particular choice of a 1-parameter subfamily of the scaling transformations of the Euler
equations.

2The Navier-Stokes scaling preserves the ||p(t, )| zsns With sys = 1 + %, while the Euler

scaling used for the profile preserves the Sobolev norm with the exponent s. = % + % The

condition (2.9) ¢ > 0 which dictates the compatibility of Eulerian regimes with Navier-Stokes is
precisely s. < sns, which means that the scale invariant Navier-Stokes Sobolev norm blows up.
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blows up at the singular time. Blow up is therefore of type II similar to our previous
work [31].

1. The inviscid limit. The results of Theorem 1.1 are uniform relative to the viscos-
ity parameter of the Navier-Stokes equations. The described singularity formation
in Navier-Stokes survives in the inviscid limit. In particular, under the conditions of
the theorem, the solutions to both the Navier-Stokes and the Euler equations blow
up for the same initial data. As a consequence, singularity formation in the FEuler
equations in this paper falls into two categories: in the Navier-Stokes regime ¢ > /3
singular solutions of the Euler equations also correspond to (and arise as limits of)
singular solutions of Navier-Stokes; in the remaining allowed range ¢ < /3 singu-
lar solutions of the Euler equations do not have their viscous analogs. We should
however stress that both in the Navier-Stokes regime and the “pure” Euler regimes
blow up occurs via a self-similar Euler profile.

2. The range (1.5). The value £ = 3 or v = %, which corresponds to the law
for a monoatomic ideal gas, is exceptional and signals a phase transition from the
blow up rate 7*(3,¢) for ¢ < 3 to r;(3,¢) for £ > 3. The nature of the phase
portrait underlying the existence of suitable blow up profiles for Euler degenerates
dramatically for ¢ = 3 with the formation of a critical triple point, [32]. In the
general dimension d this phenomenon happens at £ = d. The lower bound restriction
¢ > /3 for the Navier-Stokes problem is also essential and sharp and measures the
compatibility of the Euler-like blow up with the dissipation term in the Navier-
Stokes equations. Viewing dimension d as a parameter, this compatibility can be
sharply measured by the condition, see (2.9):

{ < d:

_ A+l 240 > bo(d) = 2Vd—d
(+vd 1+1 0 d—1-+d
which always holds for d > 4 (all terms > 0), never holds for d = 2 (all terms < 0),

and for d = 3 demands ¢ > /3, this is the lower bound (1.5).
(> d:

r*(d, ?)

(1.8)

d—1 - 244
(1+Ve)2~ 1+¢
also never holds for d = 2 but always holds for d = 3, £ > 3.

This shows the fundamental influence of both the dimension and the blow up speed,
attached to the Eulerian regime, on the strength of dissipation for fluid singularities.

T+(d,£> =1 -+

3. The Euler case. Our theorem also holds for the two dimensional Euler equations
in the range v > 1 and v # 2. Both the inviscid limit statement and the validity of
the “pure” Eulerian regimes (d = 3,¢ < v/3), (d = 2,¢ > 0), arise from the proof of
the theorem. Let us note that in the case of Euler, a direct analysis of the dynamical
system governing the self similar dynamics [21, 32| easily produces a continuum of
self-similar solutions, which can be localized using the finite speed of propagation,
to produce finite energy self similar blow up solutions. These solutions however
arise from the data of limited regularity, see section 1.8.1. This procedure cannot
be applied in the Navier-Stokes case, and, more generally, our understanding of the
finite co-dimensional stability of these self similar solutions is directly linked to the
C*° regularity.
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4. The sequence £,. The discrete sequence £, of possibly non admissible equations
of state is related to the existence of C* self similar solutions to the compressible
Euler. We proved in [32] that for all d > 2, such profiles exist for discrete values
of the blow up speed in the vicinity of the limiting speed 7« (d,¥) provided a cer-
tain non vanishing condition Sy (d,¢) # 0 holds. The function S (d,¥) is given
by an explicit series and is holomorphic in ¢ (in a small complex neighborhood of
each interval (0,d) and (d,c0)). We do not know how to check the non vanishing
condition analytically, but we can prove that the possible zeroes of Sy (d,-) are
isolated and possibly accumulate only at ¢ € {0,d}. For small ¢, this condition can
easily be checked numerically, but the series becomes exceedingly small as ¢ — d
and hence the numerical check of a given value becomes problematic, see [32]. We
do not know whether the condition S (d,f) # 0 is necessary for the existence of
C° self-similar profiles, understanding this would require revisiting the asymptotic
analysis 7 T re(d, £) performed in [32] in the degenerate case.

5. Behavior at infinity (1.3) and other domains. In this paper our results apply to
the solutions (p, u) which decay at infinity. As such, the solutions have finite energy.
However, from that point of view it is unnecessary for both p and u to decay. A
particularly interesting case is when p approaches a constant at infinity and u van-
ishes appropriately. For Navier-Stokes such solutions are specifically excluded even
from qualitative arguments in [47, 42]. Our analysis begins with a construction of

rp—1

self-similar Euler profiles which decay rather slowly. In particular, p ~ |x\_2ﬁ.
For |z| > 5 we then reconnect our profiles to rapidly decaying functions and consider
similarly rapidly decaying perturbations. The reconnection procedure is not subtle
and its main goal is to create solutions of finite energy. One could, in principle, be
able to reconnect the profile to one with constant density for large x and rapidly
decaying velocity, instead. This should lead to a singularity formation result for
Navier-Stokes for solutions with constant density at infinity. Even more generally,
the analysis should be amenable to other boundary conditions and domains, e.g.
Navier-Stokes and Euler equations on a torus. An example of such adaptation in
the context of a nonlinear heat equation and a domain with Dirichlet boundary
condition is provided by [12].

6. Spherical symmetry assumption. Theorem 1.1 is proved for spherically symmetric
initial data. The symmetry is used in a very soft way, and we expect that the blow
up of Theorem 1.1 is stable modulo finitely many instabilities for non symmetric
perturbations, including in particular solutions with non trivial vorticity.

7. Blow up profile. The proof of Theorem 1.1 involves a much more precise descrip-
tion of the blow up (1.7). In particular, we prove that, after renormalization, the
blow up profile is given by a suitable self-similar solution to the compressible Euler
flow, and that singularity occurs at the origin only, with a universal blow up profile
away from the singularity, as is also the case in some examples of blow up for the
Schrodinger equations, see e.g. [30]. The proof of our main result also implies the
existence of the limits for the density p(t,x) and velocity u(t,z) as t converges to
the blow up time 7" and |z| > 0. One can show that for any z: 0 < |z| < 5,

limp(t, 2) = —"— + O(1), limu(t,z) = ——— + O(1). 1.
lim p(t, ) = +O(), limu(t, ) 2D +0(1) (1.9)




for some (universal) constants p, > and wu,. Note that the limiting profile

( 2@2,1 , |x|(ﬁf;_1)) is not a solution of the Euler equations. We should emphasize,
|z|” =T

that in contrast to the previously studied (in mathematical literature) singularity
and shock formation for the two and three dimensional Euler equations where so-
lutions remain bounded up to and including the first singularity, both the density
and velocity of our solutions blow up at the first singularity.

8. The stability problem. The results of Theorem 1.1 hold for a ball in the moduli
space of initial data around the self similar profile modulo a finite number of un-
stable directions, possibly none. The proof comes with a complete understanding
of the associated linear spectral problem. Providing a precise count for (non real
valued) eigenvalues analytically does not seem obvious, but clearly this problem can
be addressed numerically since the radial nature of the self-similar profile allows one
to reduce the problem to standard ode’s. This remains to be done.

9. Weak solutions. Solutions to the compressible Navier-Stokes equations con-
structed in this paper coexist, in principle, with the theory of weak global solutions
of P.-L. Lions [24] and its extension in [19]. Existence of weak global solutions
is asserted under finite energy assumptions and in the range v > 3/2 (originally,
v >9/5) in dimension three. These solutions, in particular, have the property that
for any T < oo, p € L*([0,T]; L7(R3)). On the other hand, from (1.9), we see

that solutions considered in this paper failed to obey a uniform bound in the space
3(v=1)

L2=1 (R3) on the approach to the singular time 7
3(y=1)
p & L>([0,T); L*+=D (R?))

with 7 chosen to be close to the value re (d,¢) from (1.8).

1.7. Connection to the blow up for the semilinear Schrédinger equation.
Somewhat surprisingly, the mechanism of singularity formation in compressible flu-
ids exhibited in this paper turns out to be connected with the singularity formation
in defocusing super-critical Schrodinger equations. In the companion paper [33], we
obtain the fist result on the existence of blow up solutions emerging from smooth
well localized data for the energy super-critical defocusing model

(NLS) i+ Au — ululP~t =0, zeR? (1.10)

in a suitable energy super-critical range p > p(d) and d > 5. Neither soliton
solutions nor self-similar solutions are known for (1.10), but we rely on a third blow
up scenario, well known for the focusing non-linear heat equation, see e.g. [3, 36|
and in more recent [34, 14|: the front scenario. After passing to the hydrodynamical
variables, which for (NLS) are the phase and modulus, the front renormalization
maps (1.10) to leading order onto the compressible Euler flow (1.2) with the behavior
at infinity given by (1.3). The analysis then follows three canonical steps. These
steps run in parallel to the treatment of the Navier-Stokes equations in this paper,
which is also approximated by the Euler dynamics. The description below applies
to both.
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1.8. Strategy of the proof.

1.8.1. Self-similar Fuler profiles. We first derive the leading order blow up profile
which corresponds here to self-similar solutions of (1.2). Continuums of such solu-
tions have been known since the pioneering works of Guderley [21] and Sedov [44].
However, the rich amount of literature produced since then is concerned with non-
smooth self-similar solutions. This is partly due to the physical motivations, e.g.
interests in solutions modeling implosion or detonation waves, where self-similar
rarefaction or compression is followed by a shock wave (these are self-similar solu-
tions which contain shock discontinuities already present in the data), and, partly
due to the fact that, as it turns out, global solutions with the desired behavior at
infinity and at the center of symmetry are generically not C°°. This appears to be
a fundamental feature of the self-similar Euler dynamics and, in the language of
underlying acoustic geometry, means that generically such solutions are not smooth
across the backward light (acoustic) cone with the vertex at the singularity.

The key of our analysis is the construction of those non-generic C*° solutions
and the discovery that regularity is an essential element in controlling suitable
repulsivity properties of the associated linearized operator. This is at the heart of
the control of the full blow up. In our companion paper [32] we construct a family of
C° spherically symmetric self-similar solutions to the compressible Euler equations
with suitable behavior at infinity and at the center of symmetry for discrete values
of the blow up speed parameter r in the vicinity of the limiting blow up speed ry_ (d, )
given by (1.4).

1.8.2. Linearized stability. The second step is to understand how C*° regularity of
the blow up profile is essential to control the associated linearized operator for the
Euler problem (1.2) in renormalized variables. Here the problem is treated as a
quasilinear wave equation and we rely on spectral and energy methods to derive the
local linearized asymptotic stability of the blow up profile. The local aspect of the
analysis is manifest in the fact that it is only carried out in the region which includes,
but only barely, the interior of the backward acoustic cone (associated with the
profile) emanating from the singular point. The statement of linear stability holds
for a finite co-dimension subspace of initial data. This is ultimately responsible for
the assertion that results of Theorem 1.1 hold for a finite co-dimensional manifold
of the moduli space of initial data. Full details of this analysis are given in [33].

1.8.3. Nonlinear stability. The final step of our analysis is the proof of global non-
linear stability. Here, the details of the treatment of (NLS) and (NS) are differ-
ent. However, one unifying feature is the dominance of the Eulerian regime. For
Navier-Stokes it means that, in a suitable regime of parameters, the dissipative term
involving the Laplace operator A is treated perturbatively all the way to the blow
up time. The reason for this is that the renormalized equations take the form (cf.

(2.7))

Orpr = —prdiv ur — U5 pr — (2ur + Z) - Vpr (1.11)
ple“aTuT = b2 Aup — 2ur - Vur + (r — 2+ d)ur + Z - Vur] p% + V.

Here, pr corresponds to the square root of the density. The blow up time cor-

responds to 7 — oo and the point is that the renormalized viscosity is given by
b? ~ e~ with the parameter

I+y)r—2y 1

== —"[{(r—1 - 2]. 1.12
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The positivity of e for r close enough to 7eye, which makes the dissipative term decay
as T — 00, is precisely the restriction on the upper bound for v: v < (2 + v/3)/v/3.

For the Schrodinger equations, similar but more subtle (not all the terms involving
the original A disappear) considerations lead to the restrictions on the range of the
power p.

The key to our claim that the results hold uniformly in viscosity and apply di-
rectly to the Euler equations is that all of our estimates hold uniformly in viscosity.
In fact, we exploit the dissipative term exactly once, in Lemma 5.2, but it is then
used to control only the dissipative term itself.

We should finally mention that the methods used in both this paper and [33] are
deeply connected with the analysis developed in our earlier work, in particular in
[31].

We will give the proof of Theorem 1.1 explicitly in the case of (NS) only. The
Euler case follows verbatim the same path, is strictly simpler, and the condition
¢ > /3 will not appear there as it measures only the compatibility of (NS) with
(Euler). We will introduce a dimension parameter d. This is not to concern ourselves
here with the higher dimensional Navier-Stokes (even though a certain range of
is available) but rather to facilitate considerations of the two dimensional Euler
problem. As will be clear from the proof, the parameter d enters meaningfully only
in the treatment of the dissipative term.

1.9. Organization. In section 2, we introduce the front renormalization and re-
call the main results of [32] concerning the existence of C> self-similar profiles to
the compressible Euler equations. In section 3, we recall the main decay estimates
for the associated linearized operator. Their detailed proofs are contained in [33].
In section 4, we describe our set of initial data and detail the bootstrap bounds
needed for our analysis. In section 5, we derive some non-renormalized estimates
which are used to control the exterior region |z| > 1. In section 6, we derive a
general quasilinear energy estimate at the highest level of regularity. In section 7,
we use its unweighted version to close the bounds for the highest derivative in the
d = 3, > /3 case. In section 8, we repeat the argument but this time with a
combination of cut-off functions, to close the bounds for the highest derivative in
the remaining Euler cases d = 2 and d = 3,¢ < v/3. In section 9, we derive and
close weighted energy bounds for all sufficiently high derivatives. Sections 5-9 will
allow us to close the pointwise bounds on the solution. In section 11 we upgrade the
linear estimates of section 3 to nonlinear ones and propagate them to any compact
set in the renormalized variable Z relative to which the acoustic cone terminating
in a singular point corresponds to the equation Z = Z.Theorem 1.1 then follows
from a now standard Brouwer like topological argument.

Constants and notations. Below we list constants, relations and conventions
used throughout the text.

— Parameters p and « from the equation of state = = 77_1 otk

p—1=2(y-1). (1.13)
— Parameter £

=2 4 (1.14)
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— Front speed parameter r which is assumed to be strictly less but arbitrarily close
to one of the limiting values

* _ d+e
r*(d, 0) = T Cflcirl t<d (1.15)

re(d O =\ @ =1+ for ¢> d.

(1+V¢)2
with d — general dimension parameter. In particular, we will always use that

r>1;
— Parameter ¢ measuring compatibility between the Fuler and Navier-Stokes

(It y)r—2y 1
= onop o~ gl D=2 (1.16)

The requirement e > 0 will be imposed in the Navier-Stokes case to ensure the
dominance of the FEulerian regime. It forces the restriction

0> lo(d) = m. (1.17)

— Original variables (¢, ) — Renormalized variables (7, Z)
(T —t)=2e""", Z=¢"x.
— Original unknowns (p(t,z), u(t,z)) and the potential ¥ = Vu.

— First renormalization

pt,x) = (2v11p(2t,x))é . a(t,x) = u(2t, z).
— Second renormalization
pr(T,Z) = e_g(r_l)Tf)(t,x), up(r, Z) = e~ U0t ).
— Renormalized viscosity parameter b2
b= e 2T (1.18)
— Profile in renormalized variables (pp(Z),¥p(Z)) and the corresponding pair

([)P(tv :C)7 \i’P(t7 aj))

— Dampened profile in renormalized variables (pp(7, Z),Vp(7,Z)) and the corre-
sponding pair (3p(t, 2), ¥p(t, 2)).

— Linearization variables
ﬁ(T’ Z) = pT(T7 Z) - pD(Tv Z)a @(7-7 Z) = \IIT(Tv Z) - \I]D(Ta Z)v
and velocity @ = V.

— Depending on context, V may denote either derivatives in x or Z. V¢ with

a=(a,...,aq) ENY Jo| =1+ +ag=k

will denote a generic 97" ....95- derivative of order k. Sometimes we will abuse the
notation and write V¥,

— 0% will denote the vector (0F,...,8%) of k-th order derivatives.

— By abuse of notation we will identify Z with |Z| and denote by 9z the radial
derivative.
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2. Front renormalization

We compute the front renormalization which allows one to treat (1.1) as a per-
turbation of (1.2) in a suitable regime of parameters. We then recall the main facts
concerning the existence of C*° smooth decaying at infinity self similar solutions to
(1.2) for quantized values of the blow up speed obtained in [32].

2.1. Equivalent flow for non vanishing data. Let us consider the flow (1.1) for
non vanishing density solutions:

Op+V-(pu) =0
pou — Au+pu-Vu+Vr =0 | zeR™L

— =1
=21
5 P

We change variables:

pt,x) = ——p* (§,2)
27-1

. (2.1)
u(t,z) =1 (%,3}) =VV¥ (%,x)
The first equation is logarithmic in density:
0 Op 2Vp
G T VA Py NP g
p p
& Op+pV-u+2Vp-u=0%& 0ip+ pAY +2VVY - V) = 0.
The second equation becomes:
(-1 Y2 =g
-
1
1 271 —1 2Vp
& =0l — Au—i—u Vu+ R L P—o
2 P> 2 p
1
1 271
& SOi— —Ad+i- Vit pp—lvp
2 p
and hence the equivalent formulation:
Op+pV-u+2Vp-u=0
ot — —Au+2u Vi+Vp=0
o (2:2)
T = W
o= 2W 1

and hence for spherically symmetric solutions:

1 A Adl
5@@@———ﬁ—+ ~0.(Ja)?) + 8- (")
P>

27—1

1
& 50 [atqf F (@, ) + |0, \1;|2 20-D] = ¢
& atxp—ff( D)+ 18,9 + p207Y = (1)
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where B(t) is the Bernoulli function and

) =271 /A“ dr'. (2.3)

By changing ¥ — ¥ + a(t) with

t
a=®B, a(t) :/ B(T)dr
0
which does not change velocity, we have the equivalent flow

‘ Ap + pAT +20,09,p = 0

i : 2.4
8 — F (i, p) + 9,02 + p20-D =0 (2.4)

2.2. Front renormalization. Let us recall that compressible Euler has the two
parameter symmetry transformation group

(%)% p(s, 2), %u(s, 7)

_ ds __ 1
Z = v

z
A odt T

which becomes for (2.4):

(N7 j(s,2), (s, 2)

=z ds 1

=% dt v

Lemma 2.1 (Renormalization). Let r be the front speed, recall (1.16), and let
ANr)=eT", v(r)=¢e"", b(r)=e " (2.5)

then the renormalization

plt,z) = (%2)ﬁ pr(7,2)

‘I/(t,x) = AT(\I/T + a(T))($7 Z)? ur = 9z¥r (2'6)
CL(T) _ 6—(7’—2)7’

Z _ dr _ 1

— X dt T v

transforms (2.4) into:

Orpr = —prAVT — @/ﬁ — (20297 + Z)0zpr

_ 2.7
0V = bQG(uT, pT) - [(GZ\PT)Q + (T — 2)\IJT + Z07 ¥ + p]% 1] ( )
with
F(ur, pr) = 97T " Aur(r )drl. (2.8)
0 PT( ')

Proof of Lemma 2.1. We renormalize the first equation and obtain

-1
& + Apr +2029Y710zpr =0
Lr—1)

anT ‘|‘
v -

& Orpr = —prAVy —

pr — (20797 + Z)0zpr.
For the second equation:

Sl
A2
& 0, U7 = BF (ur, pr) — [(aZmTF +(r—2) Uy + 20,0y + pb!

0. (Wr + a(r) + (r — 2)(¥ + a) + AUy + (

) F (ur, pr) + |07V 7| + Pé(w_l) =0



with ar + (r — 2)a = 0 and

1
1+v\ 7=1 1
b2 = (V)\27 >7 — (6—[(1+7)T—2'y}r> =1 _ e—2e7’
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this is (2.7). O
We now observe from (1.16)
2+4
and compute for d = 3:
for £ < d,
d+ 7 2417
r*(d, ) = > S (d+O+0)> @2+ 0+ Vd
(@0 = 2 > T S [ 0+ > QO+ VD
& dtdl0+02>2+2/d+ 2+ 0Vd
2Vd—d
s Ud—1-Vd)>2Vd—d s> ly(d) = ————,
( ) o) = 2=
which for d = 3 is /3
2v/3-3
0> 0(3) = = =3,
0() 2_\/5
for £ > d,
d—1 247 2 247
ro(d,0) =1+ > o1+ > s (1-VH?2>0

and thus always holds for £ > d = 3.

Remark 2.2. The requirement that e > 0 is equivalent to the decay (as 7 — o0)
of the parameter b2. This is precisely the value of renormalized viscosity in (2.7)
and its decay signifies the dominance of the Euler dynamics on the approach to
singularity. We therefore assume from now on and for the rest of this paper that

the parameter ¢ is in the range (1.5).

The function 7*(d, £) is a decreasing function of ¢. In particular, for £ > 0

r*(d,0) < Vd

(2.10)

2.3. Blow up profile and Emden transform. A stationary solution to (2.7) for

b = 0 satisfies the self similar equation

(az\pr)z + pgg_l + (7" — 2)\1/]3 +AUp =0
AVp + 7E(r2—1) + (28Z\I/p + Z)Ligp =0

which can be complemented by the boundary conditions
1

p(0) = T Up(0) =0, pp(0)=1.

Following [21], [44], the Emden transform

Q:pfl’;lzﬁ, ﬁ:(ﬁZO‘ , y=logZ
v _
Z 2
maps (2.11) into
(w — 1w + loo’ + (w? — rw + Lo?) =0

w' +(w—1)0" +o[w(d+1)—r] =0

(2.11)

(2.12)

(2.13)

(2.14)



14 F. MERLE, P. RAPHAEL, I. RODNIANSKI, AND J. SZEFTEL

or equivalently
aiw' +bio’ +di =0
asw' +boo’ +dy =0

with
alzw—l, bl—gU Cl1 w —rw—l—Ea
2.15
ar=9, b=w—-1, d=0[1+%)w-r]. (2.15)
Let
we:w;l) (2.16)

and the determinants

A= a1b2 — b1a2 = (w — 1)2 — (7'2

A1 = —bidy + bady = w(w — 1) (w —7) — d(w — we)o? (2.17)

Ao = dza; — diaz = § [(€+d—1)w2 —w(€+d+€r—r)+€r—€o*2] .
then

, Aq , Ag  dw A
w=—-—— 0=— —=—.
A A’ do Ay

A solution w = w(o) of the above system can be found from the analysis of the
phase portrait in the (o, w) plane, see Figure 1 and Figure 2. The shape of the phase
portrait relies in an essential way on the polynomials A, A1, Ay and the range of
parameters (r,d, ). In particular, it is easily seen that there is a unique solution
which satisfies (2.12) and is C* at Z = 0. The key question is the behavior of this
unique solution as x — +o00. In particular, this solution needs to pass through the
point P, determined by the conditions

A(P,) = A1(P2) = Ay (P2). (2.18)

At Py, generically (i.e., among all solutions passing through P,,) solutions will
experience an unavoidable discontinuity of higher derivatives. Nonetheless, for a
discrete set values of the speed r, our unique solution curve passes through P, in a
C fashion. The following structural proposition on the blow up profile is proved
in the companion paper [32].

Theorem 2.3 (Existence and asymptotics of a C> profile, [32]). Let d € {2,3}.
There exists a (possibility empty) countable sequence 0 < £, which accumulation
points can only be at {0,d,+oo} such that the following holds. Let

r(d, ) = 4+ f07’€<d

_ 4+/d
re(d,l) = NG for £>d

7"_|_(d E)—1+(1+

be the limiting blow up speed. Then there exists a sequence (ry)r>1 with

lim ry =r<(d,?), 1 <7r<(d,l) (2.19)
k—oo

such that for all k > 1, the following holds:

1. Existence of a smooth profile at the origin: the unique spherically symmetric
solution to (2.11) with Cauchy data at the origin (2.12) reaches in finite time Zo
the point Ps.

2. Passing through Ps: the solution passes through Ps with C*° reqularity.

3. Large Z asymptotic: the solution connects to the Ps point with the asymptotics
as Z — +oo:

(2.20)
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or equivalently
—1 cp_l 1
QZ) = pp () = 7= (1+ 0 (7)) (2.21)
Z0,90(Z) = £ (140 ()
for some non zero constants ¢y, ¢y, cp, cy, and similarly for all higher order deriva-

tives.
4. Non vanishing: there holds

vZ >0, pp>0.
5. Repulsivity inside the light cone: let
F=0p+ Aop, (2.22)
then there exists ¢ = c(d, ¢, r) > 0 such that

(1—w—Aw)?—F?>¢

V0 < Z < Zo, (1—w)F
Ul >

2.2
1—w—Aw— (2.23)

The property (2.23) will be fundamental for the dissipativity (in renormalized
variables) of the linearized flow inside the light cone® Z < Z. This is however
insufficient. Dissipative term in the Navier-Stokes equations requires control of
global Sobolev norms which, in turn, demands (2.23) to hold globally in space.

Lemma 2.4 (Repulsivity outside the light cone, [32]). Let d = 3 and
lo(3) =V3 <,
then

(1—w—Aw)?-F?>c

l1—w—-—Aw>c¢ (2.:24)

(P) de = Cd,p,r > O, VZ > ZQ, ’

From now on and for the rest of this paper, we assume

?0(23)3< ’ (Navier — Stokes)
g z ?’ 3 (Euler)

and pick once and for all a blow up speed r = rj, close enough to r-(d, ) so that
(P) holds and e > 0.

2.4. Linearization of the renormalized flow. We aim at building a global in
self-similar time 7 € [1p, +00) solution to (2.7) with non vanishing density pr > 0.
We define

Hy=1+2"2 =1-w -
H1:—<A\PP+@>:HQ%:g(l—w)[l—i—%] .
We linearize o
pr =pp+p, ¥Yr=VYp+ V. (2.26)
We compute, using the profile equation (2.11), for the first equation:

Lr—1)

0:p = —(pp+P)AYP+T)— (pp +7) — (2079 p + Z +20,9)(dzpp + 027)
= —prAV —2Vpr - VU + Hip — HoAp

3We should explain here that the cylinder (7, Z = Zs) corresponds to the light (null) cone of the
acoustical metric associated to the solution (pp, Up) of the Euler equations. In original variables,
this is the backward light cone (¢, |z| = (T — t)%) from the singular point (T',0).
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FIGURE 1. Phase portrait in the range 1 < r < r*(d, ). Dashed
curve is the trajectory of the solution constructed in Theorem 2.3.

FIGURE 2. Phase portrait in the range r*(d,?¢) < r < ry(d,?), £ >
d. Dashed curve is the trajectory of the solution constructed in
Theorem 2.3.
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and for the second one:

00 = BT (ur,pr) — {|VUp +2V0p - VI + VT
+ (= 2)Up+ (r = 2T+ (AU + AT) + (pp + )"}
- bQG(UT,pT)—{2V\I’p VU + AT + (r — 20T + VT2 + (pp + )P — o }
= V’F(ur,pr) — {HQA@—F (r—2)0 + |V + (p— 1)p *p + NL(p)}

with
NL(p) = (pp + )P — ol Dl °p.
Hence the exact linearized flow
O;p = Hip — HoAp — pr AV — 2V pr - VU
0. = V2F (ur, pr) — {HQA@L (r—2)T + V2 + (p — 1)p% %5 + NL(p )}
(2.27)
Theorem 1.1 is therefore equivalent to constructing a finite co-dimensional mani-

fold of smooth well localized initial data leading to global in renormalized 7-time
solutions to (2.27).

3. Linear theory slightly beyond the light cone

Our aim in this section is to study the linearized problem (2.27) for the exact Euler
problem b = 0. We in particular aim at setting up the suitable functional framework
in order to apply classical propagator estimates which will yield exponential decay
on compact sets in Z, modulo the control of a finite number of unstable directions.
We mainly collect here the results which were proved in detail in [33] and apply
verbatim.

3.1. Linearized equations. Recall the exact linearized flow (2.27) which we rewrite:
O0;p = H1p — HoAp — ppAV — 2Vpp - VU — pAY — 2Vp VU
0, = BF (ur, pr) — {H2m+ (r—2)T + (p— 1) %5+ |V + NL(p )}

We introduce the new unknown
S = ppl (3.1)
and obtain equivalently, using (2.25):

87—ﬁ:H1ﬁ—H2Aﬁ—A(I)+H3(I)+Gp (3 2)
0:;P=—(p—1)Qp— HoAP + (H; — (r —2))® + Go '
with A
Q = :0}]23_17 H3 = pr
PP
and the nonlinear terms:
‘ G, = —pAV —2Vp5 - V¥ (3.3)

Go = —pp(IVY[* +NL(p)) + b*ppF (ur, pr)
We transform (3.2) into a wave equation for &:

020 = (p— 1)QAD — HEA?® — 2HoAD, D + AJAD + A0, ® + AzP

A
+ 0.Go — (Hl + HQQ) Go + HoAGop — (p — 1)QGP

Q
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with
Ay = HyHy — HyAHy + Hy(Hy — (r — 2)) + H3 53
Ay =2H) — (r —2) + Hy3$

Ag = —(Hy — (r — 2))Hy + HyAHy — Hy(Hy — (r — 2))55 — (p — 1)QH3

Remark 3.1 (Null coordinates and red shift). We note that the principal symbol
of the above wave equation is given by the second order operator
Og := 02— ((p— 1)Q — H3Z*)0% + 2H2 270 .
This operator governs propagation of sound waves associated to the background
solution (pp, ¥p) of the Euler equations.
In the variables of Emden transform (7,y = logZ), Og can be written equivalently
as
Og = 0% - [02 —(1- w)Q] 8; +2(1 — w)0y0r
The two principal null direction associated with the above equation are
L=0;4+[1-w)— o]0y, L=0,+[(1—-w)+0]0y,
so that
Og =LL
We observe that at P, we have L = 0, and the surface Z = Z5 is a null cone.
Moreover, the associated acoustical metric? is

go = Adr* = 2(1 —w)drdy + dy*, A=(1-w)*-o°
for which 0, is a Killing field (generator of translation symmetry). Therefore, Z =
Zy is a Killing horizon (generated by a null Killing field.) We can make it even more

precise by transforming the metric gg into a slightly different form by defining the
coordinate s:

so that
2

o
9Q = A(ds)2 — Zdy2

o
Y= | —d
Yy / A Y,

9@ =Ad(s +y")d(s —y")
and y + 2" and y — z* are the null coordinates of gg. The Killing horizon Z = Z5

and then the coordinate y*:

so that

corresponds to y* = —oo and A ~ e“Y” for some positive constant C. In this form,
near Zo the metric gg resembles the 1 + 1-quotient Schwarzschild metric near the
black hole horizon.

The associated surface gravity k which can be computed according to

Oy A Oy A —w'(1 —w) —od'o)
RE TR IR e P T - %
1—w)F
:(—’U)/—J/)‘P2:1—’LU—AU)—&’P2>0

This is precisely the repulsive condition (2.23) (at P»). The positivity of surface
gravity implies the presence of the red shift effect along Z = Z5 both as an optical

4This is the metric on the 1 + 1-dimensional quotient manifold obtained after removing the
action of the rotation group.
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phenomenon for the acoustical metric gg and also as an indicator of local monotonic-
ity estimates for solutions of the wave equation Og¢ = 0, [17]. The complication
in the analysis below is the presence of lower order terms in the wave equation as
well as the need for global in space estimates.

We focus now on deriving decay estimates for (3.2).

3.2. The linearized operator with a shifted measure. Pick a small enough
parameter

I<axl
and consider the new variable
O =0,P + aHAD, (3.4)
we compute the (0, ®) equation
0.X = MX + G, X:‘g , G:‘% (3.5)
©

with
o —CLHQA 1
"= ( (p— 1DQA = (1 - a)2HZA? + AyA + Ay —(2 — a) HoA + Ay > (3.6)
where

Gg = 0;Gp — <H1 + H2AC§2> Go + HoAGg — (p — 1)QGP (3.7)

and
Ay = A1 + (2& — az)HQAHQ — aAqHs.

The fine structure of the operator (3.6) involves the understanding of the associated
shifted light cone.

Lemma 3.2 (Shifted measure, [33|). Let

Dy =(1—-a)*(w—-1)*—-0? (3.8)

then for 0 < a < a* small enough, there exists a C* map a — Z, with
07,
Lo = 2o, — >0
0 2 5, >

such that

D,(Z,) =0

—Dy(Z)>0 on 0<Z < Z, (3.9)

limy o Z2(—Dg) > 0.
3.3. Commuting with derivatives. We define
0, = AFO, &, = AF®
and commute the linearized flow with derivatives.

Lemma 3.3 (Commuting with derivatives, [33]). Let k € N. There exists a smooth
measure g defined for Z € [0, Z,] such that the following holds. Let

o L d—1 1,2
LB = 07 (291 2%9(~Da)0s®y)
then there holds
AFMX) = my, g’; + M X (3.10)
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with
m O | —aHaA®y — 2ak(Hy + AH2) Py + Oy
Flow | Ly® — (2 a)HaAOy — 2k(2 — a)(Hy + AH»)Oy, + As6,
where fnvk satisfies the following pointwise bound
2k—1 )
> lazel,
X | Se | 50 b1 (3.11)
[07®1+ > 1020
7=0 7=0

Moreover, g > 0 in [0, Z,) and admits the asymptotics:

9(Z)=14+0(Z%) as Z—0

9(2) = caapi(Za — 2) 1+ O(Z — Z,)) as Z 1 Za, (3.12)

with
¢ >0 (3.13)
for all k > ky large enough and 0 < a < a* small enough.

3.4. Maximal accretivity and spectral gap. The linear theory we use relies on
the spectral structure of compact perturbations of maximal accretive operators.

Hilbert space. We define the space of test functions
Do = Do x Crrgiar([0, Za], C),
and let Hyy be the completion of @g for the scalar product:
(X.X) = (@) + (©1,60), + [ 1062 1z (3.14)

where

(®,B)) = —(£g¢>k,<i>k)g+/x<1>i>gzd—1dz, (3.15)

(1, 61), / 009241 dz,

X be a smooth cut off function supported on the set |Z| < Z such that
1
gz on Suppx.

Unbounded operator. Following (3.6) we define the operator

m = —CLHQA 1
N (p - 1)QA - (1 - a)2H22A2 + AQA + A3 —(2 — a)H2A+A2
with domain

D(m) = {X € Hy,, MX € Hgk} (316)

equipped with the domain norm. We then pick suitable directions (X;)i1<i<n € Hag
and consider the finite rank projection operator

N
A= (X)X
=1

The following fundamental accretivity property is proved in [33].
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Proposition 3.4 (Maximal accretivity/dissipativity, [33]). There exist k, > 1 and
0 < c*,a* < 1 such that for oll k > k,, VO < a < a* small enough, there exist
N = N(k,a) directions (X;)1<i<n € Hoy such that the modified unbounded operator

m:.=m-a
1s dissipative 3
VX e (M), R{(-MX,X) > c"ak(X,X) (3.17)
and mazimal:
VR >0, VF € Hy,, 3X € D(M) such that (—1M1 + R)X = F. (3.18)

Exponential decay in time locally in space will now follow from the following
classical statement, see [18, 33| for a detailed proof.

Lemma 3.5 (Exponential decay modulo finitely many instabilities). Let 6, > 0
and let Ty be the strongly continuous semigroup generated by a maximal dissipative
operator M + dg, and T be the strongly continuous semi group generated by 1M =
M + A where A is a compact operator on H. Then the following holds:
(i) the set As,(M) = o(A)N{x € C, R(\) > —%9} is finite, each eigenvalue
A € As, (M) has finite algebraic multiplicity ky. In particular, the subspace Vs, (1)
18 finite dimensional;
(ii) We have As,(111) = As, (111*) and dimVs, (N1*) = dimV;s, (111). The direct sum
decomposition

H =V, (m) P vy (m*) (3.19)

is preserved by T'(t) and there holds:
5
VX € V(;j(m*), IT(t) X < M(;ge*?gtHXH. (3.20)

(iii) The restriction of A to Vs, (M) is given by a direct sum of (my x m>\))\€/\§g m)
matrices each of which is the Jordan block associated to the eigenvalue A and the
number of Jordan blocks corresponding to X is equal to the geometric multiplicity of
A = m§ = dimker(M — XI). In particular, m§ < mS$kx. Each block corresponds
to an tnvariant subspace Jy and the semigroup T restricted to Jy is given by the
nilpotent matrix

e)\i tez\t tm’\_16>\t
0 eM . gmaT2eM
T(t)’J)\ =
0o 0 .. eM

Our final result in this section is a Brouwer type argument for the evolution of
unstable modes.

Lemma 3.6 (Brouwer argument, [33]). Let A,d, as in Lemma 3.5 with the decom-

position
H=UPV

into stable and unstable subspaces Fix sufficiently large to > 0 (dependent on A).
Let F(t) such that, Vt > to, F(t) € V and

26
IF@)) <e
be given. Let X (t) denote the solution to the ode

X = AX +F()
X(to):l‘EV
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Then, for any x in the ball
ol < e,
we have 5
X <e 2f,  tg<t<to+T (3.21)
for some large constant I' (which only depends on A and ty.) Moreover, there ezists
z* € V in the same ball as a above such that ¥Vt > tg,

36
X0l <e

4. Setting up the bootstrap

In this section we detail the set of smooth well localized initial data which lead
to the conclusions of Theorem 1.1.

4.1. Cauchy theory and renormalization. We use local Cauchy theory for
strong solutions for Navier-Stokes from [15].

Theorem 4.1 (Local Cauchy theory NS, [15]). Assume

po € H' 0 W6

up € H' N H? (4.1)
—AuotVpo o 12
N

then there exists a unique local strong solution (p,u) € L*([0,T) N H! N W16) x

L>=([0,T), H' N H?) to (1.1). Moreover, the mazimal time of existence T is char-
acterized by the condition

T
/0 [Vl oo sy = 00 (4.2)
In the Euler case we can use the results from [27] and [§]

Theorem 4.2 (Local Cauchy theory, Euler, |27, 8]). Assume

y—1

po’ sup € H? (4.3)

for some s > 1+ %, then there exists a unique local strong solution (p%,u) €
CY([0,T)NH?) to (1.2). Moreover, the mazimal time of existence T is characterized
by the condition

T
A|Wwwm@:w (4.4)

On an interval [0,7%], T* < T, where p(t,x) does not vanish, we equivalently
work with (2.4) and proceed to the decomposition of Lemma 2.1

t,r) = (%)ﬁ pr (T, Z)
(t7$) = %UT(SaZ)a ur = aZ\IJT

S ™
—~

with the renormalization:

Z =yvb = Z*z, Z*z%zeT

Mr)=eT", v(ir)=e"", b(r)=e"° (4.5)
_ —log(T—t) __ —logT

T=—= ", T0=— .

Our claim is that given
—logT

r

T0 —
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large enough, we can construct a finite co-dimensional manifold of smooth well lo-
calized initial data (po, Gg) such that the corresponding solution to the renormalized
flow (2.7) is global 7 € [y, +00), bounded in a suitable topology and non vanishing.
Going back to the original variables yields a solution to (1.1) which blows up at T
in the regime described by Theorem 1.1.

4.2. Regularity and dampening of the profile outside the singularity. The
profile solution (pp, ¥p) has an intrinsic slow decay as Z — +o0o forced by the self

similar equation
cp 1
PP(Z)ZT<1+O< ))
(zy (Z)r

which need be regularized in order to produce finite energy non vanishing initial
data.

1. Regularity of the profile. Recall the asymptotics (2.21) and the choice of param-
eters (2.5) which show that in the original variables (¢, x) both the density and the
velocity profiles are regular away from the singular point x = 0:

(r—1

o= () o () - [0 (i3]

= o (7)) o

A T c 1
_ 2 e W s D E g
uP(t,x) VaZ\I/p ()\> e 1 [1+O<<Z>r>]

- 2o () 47

2. Dampening of the tail. The above regularity allows us to turn our profile into
a finite energy (and better) solution. We dampen the tail outside the singularity
x>1,1ie., Z > Z* as follows. Let

and

I RN (4.8)
np— = for [z| =10 ~
for some large enough universal constant
np =np(d) > 1.
We then define the dampened tail profile pp: in the original variables
z Hp(a') 5 0 <
po(t,2) = pp(t,x)e 5 p;?,f{’ﬁ)f?)r(e'%‘))f for [ >10 »+ (49)
and in the renormalized variables:
oo(r.2) = (X)7 pltia), @ = 2. (110)
Let
(o) = eI

we have the equivalent representation:

pp(Z) = W) pp(r,2) = AWB)T1 pp(t,2)C(x) = CAZ)pp(Z)  (4.11)
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Note that by construction for j € N*:

D | VT (RF) +0(dy) Br 25z
PD (—1)7~'n} + 0 (ﬁ) for Z >102*
and 4
2V %pp| < . (4.13)
PD L

We proceed similarly for the velocity profile which can be even made compactly
supported. Let

|1 for |z| <5
Cul) = ‘ 0 for |z|>10 "~
and define
N up(t,x) for |z| <5
up(t,2) = ap(t)u(a) = | o o) 0T (4.14)
and thus in renormalized variables:
V. A
up(t,Z) = XuD(t,x) =G\ 2)up(Z), == Vi (4.15)
We then let B
1
Up(r,Z) = ——— —i—/ up(T,2)dz
T — 2 0

so that by construction Wp = Up for Z < 52*.

4.3. Initial data. We now describe explicitly open set of initial data which are
perturbations of the profile (pp, ¥p) in a suitable topology. The conclusions of
Theorem 1.1 will hold for a finite co-dimension set of such data. Our first restric-
tion is that the initial data (pg, ug) in the original, non-renormalized variables satisfy
the assumptions (4.1) and (4.3) for the validity of the local Cauchy theory.

We now pick universal constants 0 < a < 1, Zp > 1 which will be adjusted along
the proof and depend only on (d,¢). We define two levels of regularity

d
§<</<3|,<</<:li

where k! denotes the maximum level of regularity required for the solution and k,
is the level of regularity required for linear spectral theory on a compact set.

0. Variables and notations for derivatives. We define the variables

pT=pp+ P
Upr=VUp+ WV

- 4.16
up =VVUp, u=VV ( )
® =ppV¥

and specify the data in the (g, \~IJ) variables. We will use the following notations for
derivatives. Given k € N, we note

oF = (aF,...05), fW.=0okf

the vector of k-th derivatives in each direction. The notation 9% f is the k-th radial
derivative. We let

pr=A0p U =AM
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Given a multiindex o = (o, ..., aq) € N4, we note
Ve=01"...07%, o=+ +aq

Sometimes, we will use the notation V* to denote a V¢ derivatives of order k = |a/.
1. Initializing the Brouwer argument. We define the variables adapted to the spec-
tral analysis according to (3.1), (3.4):

B = ppi BE:
T—0.0+alLAD * ~—| 0 (4.17)

and recall the scalar product (3.14). For 0 < ¢g,a < 1 small enough, we choose
k, > 1 such that Proposition 3.4 applies in the Hilbert space Hy, with the spectral

gap
VX € D(M), R{(=M + 2)X,X) > c,(X, X). (4.18)

Hence
M=0N—-A+cqy) —cg+ A
and we may apply Lemma 3.5:
Ao={AeC, R\ >0}n{X is an eigenvalue of M} = (\;)i<i<n (4.19)

is a finite set corresponding to unstable eigenvalues, V' is an associated (unstable)
finite dimensional invariant set, U is the complementary (stable) invariant set

Har, = UEPV (4.20)

and P is the associated projection on V. We denote by 71 the nilpotent part of the
matrix representing 171 on V:

M|y =N + diag (4.21)
Then there exist C,d, > 0 such that (3.20) holds:
_%
VX €U, (€ X ||y, < Ce 27Xy, V7 > 0.
We now choose the data at 7y such that
5 35
I = P)X (1), <37, [IPX(0)llity, < e~ 3.
2. Bounds on local low Sobolev norms. Let 0 < m < 2k, and
2(r—1 é
w=-2D % 1.22)
let the weight function
1 A 1 for Z <2
Svo.m = <Z>d72(7“71)+2(l/0*m)< <Z*) » ((2) = ‘ 0 for Z > 3. (4.23)

Then:
2k,

3= [ G (0= 00 T 0+ [FER) <P 42)

3. Pointwise assumptions. We assume the following interior pointwise bounds

(2)*9%p(10)

oD +1(2) 1 2) 0% u(mo)ll oo z<25) < AT

V0 < k < 2kF, H
Le(Z<2Z8)
(4.25)
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for some small enough universal constant cg, and the exterior bounds:

ZM105p(70) 1251 0% (7o) | L= (22 25)

PD

V0 < k < 2K, H <SP (4.26)

A\ 1
Leo(2>23) 0

for some large enough universal Cy(d,r,¢). Note in particular that (4.25), (4.26)
ensure that for all 0 < Ay small enough:

<dp <1 (4.27)

2

PD

and hence the data does not vanish.

4. Global bounds for high energy norms. We pick a large enough constant kﬁ(d, r,0)
and consider the global energy norm

B —2 a aqgy |2
=3 S = Dep o YZ(J S rlVVRRE, (4.28)

J=0 |a|=j
then we require:

15(70), ¥ (70) I < do (4.29)

We now define the weight functions

_20r=1)(p+1)
2k—20—d+2r=0pt) < Z >2nP+20 p-1

Xk = (Z) 7x

and the associated weighted energy norms

152120 =3 3= [ [0 = 0 2pr (05 + AITTUP

We fix 0 < o(k*) < d, and require that, for o = o (k*),

15(70), ¥ (70)[l3t,5 < doe™ ™ (4.30)

Remark 4.3. dy will denote any small constant dependent on the smallness of
initial data and 7 !

Remark 4.4. We note that a straightforward integration by parts and induction
argument implies that the norms ||p, ¥||,» and ||p, ||+ are equivalent to the ones
with V*p and VU replaced by

as well as AJp, AJU with j varying from 0 to 5 and %ﬁ respectively (if m and k?

are even.) In what follows, we will use this equivalence continually and without
mentioning. In fact, in what follows we will specifically work with the norms

1ol pT(N ) + p7| VAT

and

TS / % [0 = Ve 2or|09 7 + 3V P
=0
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4.4. Bootstrap bounds. Since the initial data satisfy (4.1) we have a local in time
solution which can be decomposed and renormalized according to (4.5) and (4.16).
We now consider the time interval [rp, 7%) such that the following bounds hold on

[10, 7%):

1. Control of the unstable modes: Assume (see (4.21)) that

dg

, 19
e PX(7) |1y, < €750 7 (4.31)

2. Local decay of low Sobolev norms: for any 0 < k < 2k, any large Z < Z* and
universal constant C' = C(k;,):

.z Lo g
1P, ) gy < 297 (4.32)

3. Global weighted energy bound. We fix 0 < o(k*) < d,. For o = o(k*), we assume
the bound:

16, 9%, < e . (4.33)

4. Pointwise bounds:

0<k<ki_2 H%
- = ’ pD

+ I(2)H(2) Yl poo(z< 27y < &
LOO
—(r—1) (4.34)
o<k<ki—1, |2k () <4

Loo(1<2)
for some small enough universal constant 0 < d < 1.
The heart of the proof of Theorem 1.1 is the following:

Proposition 4.5 (Bootstrap). Assume that (4.31), (4.32), (4.33), (4.34) hold on
[70, 7] with d~1, 79 large enough. Then the following holds:

1. Exit criterion. The bounds (4.32), (4.33), (4.34) can be strictly improved on
[10,7%). Equivalently, 7" < 400 implies

959 *

n 1
[|ef PX(m") ||ty e 7 = 1. (4.35)
2. Linear evolution. The right hand side G of the equation for X (1)
- X=MX+G
satisfies
26
G by, <e™ 37, V7 € [r0,7"] (4.36)
Remark 4.6. We note that the assumption (4.31) implies that
&
IPX (Tl <€ 27, V7€ [r0,77) (4.37)

We will prove the bootstrap proposition 4.5 under the weaker assumption (4.37).
Specifically, we will define |79, 7*] to be the maximal time interval on which (4.37)
holds and will show that both the bounds (4.32), (4.33), (4.34) can be improved
and that G satisfies (4.36).

An elementary application of the Brouwer topological theorem will ensure that
there must exist a data such that 7% = 400, and these are the blow up waves of
Theorem 1.1.

We now focus on the proof of Proposition 4.5 and work on a time interval [y, 7],
70 < 7 < 400 on which (4.32), (4.33), (4.34) hold.
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5. Global non-renormalized estimate

Recall the original (NS) equations (2.2) (written for the square root of the den-
sity):
Oup+pV -t +2Vp- =0

POyt — alAd + 2p%0 - Vi + (p— 1)pPVp =0 (5.1)
p=p!
The standard energy estimate for the above equation takes the form

d R
7 (p+1pp+1+ 2]u\2> +oz/]Vu|2

In view of the assumptions on initial data, consistent with rapid vanishing of the
dampened profile density pp ~ = 7"F, this estimate and its higher derivative versions
provide very weak control of solutions for large . To gain such control we use an
auxiliary estimate, similar to the strategy used in [15] for the local well-posedness
theory for data with vanishing density.

Lemma 5.1 (Velocity dissipation). There following inequality holds for any t €

0.7)
Jiwuter [ [ o+ B

[ [ e+ #ovwie] + [ivaoor. 62

The main feature of the above estimate is the second term on the left hand side
generated by the dissipative term in the Navier-Stokes equations. With the density
in the denominator, it provides very strong control on velocity at infinity.

Proof of Lemma 5.1. Recall (2.2): Multiplying the second equation in (5.1) by
we compute:

/ﬁz( 1) +2dt/|vuya__2/pu Vi, — /(p_l)ﬁpvﬁ'at
S (/p2(ut)2) [/ﬁ2’@|2’vﬂ|2+/ﬁ2(p_1)’vm2};

We now observe that

~\2
o? / (Aﬁ;) - / ;(ﬁzatmzﬁ?a-vw(p1)ﬁ”Vﬁ)2

< / P0i)? + / PlaP|Vaf + PV

which concludes the proof of (5.2).

=

O

We now reinterpret this estimate in the renormalized variables and show the
boundedness of the right hand side. Recall that

2
pA(t7 l‘) = (%) Pt pT(Ta Z)
a(t,x) = %uT(T, Z), up=0z%p

and
vp="=-r, v=(T—t)=e""
— e T — (T _ t)F, Z*=e¢, b2 = (Z*)—Z(r—l)—r+2‘
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Then

/ / (Aq)? / /Z* —d—r+442(r—1)—¢(r—1) \2UT )" (AUT) :/OO ’)Q(Z*)CHQT/(AUQT)2
T0 pT
//P\UI Vaf + 2004

/ /(Z*)—d—r+2+4(r—1)+é(r—1) (,0%‘|UT‘2‘VUT’2 + p;(P—1)|VpT‘2) )
70

We now use the pointwise bootstrap estimates (4.34), which hold for both p, @ and
o1, uT to estimate

T 2 o) )—d—r+2+4(r—l)+€(r—l)
/0 / (P |a*|Va|* + |VP| / / 2 1)+€(7" D=d+1(Z)2np—r—1)-

~ 7 —2np—3+d

< (Z*)fd7r+2+4(r71)+€(7“71) + (Z*)*Tfl = dZ < 1.

~ zZ* ~
. - Z>7*

In the penultimate inequality we used that, since £(r —1) +r—2 > 0 and 7*(d, {) =

%, we have
244(r—1)+4(r—1)—d+1>3r—d+1>1

for r close® to r*(d, £), where the last inequality holds since

(td __ (B-d)l+d(E- V)
C+Vd (+Vd
for d = 3. This means that the integral converges on Z < Z*. On the other hand,
the condition

>0

—d—r+2+4r—-1)+Lr—-1)<0
is equivalent to
d+2+7¢

3+¢
Thus, we need
d—1 d+2+4/

r 1+ <
" (1+v0)2 ~ 3+¢
340<1+2V0+1¢
£>1,

which is satisfied in view of the condition ¢ > v/3. '
Furthermore, for the initial data, since @ at t = Tj is assumed to be in H?',

/ vaP <1

Using Hardy inequality we then arrive at the following global dissipative estimate
in renormalized variables:

o] 2 Z2A 2

/ bQ(Z*)dJrZr/ uT+< . ZUT) <D, (53>
T0 <Z> pT

where D is a constant dependent only on the (full, i.e., including the profile) initial

data.

Lemma 5.2.

5Since r+ > r*, the estimate also holds for r close to 7.

4(r—1)

az
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Remark 5.3. The inequality (5.3) is used in the treatment of the Navier-Stokes
case only. As a result, the same applies to the dimensional calculations appearing
in its proof.

We also use the opportunity to translate our bootstrap assumptions back to the
original variables. Below we will include estimates which apply to the full solution
w, p rather than the full solution minus the profile and only in the exterior region
|z| > 10.

1. Ezterior weighted Sobolev bounds. (4.33) translates into the following bounds for
the velocity 4: Y0 < k < k*

/| T S (5.4)
x -
and the density p: V0 < k < kf

[ vk (5.5)
10<|z|<12

2. Eaxterior pointwise bounds. (4.34) translates into the following bounds u: V0 <
< B
=2

We now derive improved, relative to the bootstrap assumptions, exterior weighted
Sobolev and pointwise bounds for the density p. We let

(2)*V*p

+ @) VF 4| oo (fe>10) S 1 (5.6)
PD

Lo (|z|=>10)

_ Cn,6
=[P

p1(z)

denote the t-independent leading order term in pp, so that according to (4.9)

| > 10,

PI — PD ‘ <o
pD ~ ?

with the similar inequalities also holding for derivatives. In particular, (5.6) holds

with pr in place of pp.
Let ¢(x) be a smooth function vanishing for |z| < 10 such that

((z) S (2)|VC(2)] S C(#) + Lio<ja<iz (5.7)

and V@ denote a generic z-derivative of order |a| < kf — 1. Applying V® to the
first equation of (5.1)

aVep=— Y VvV —2VV iV, (5.8)
Bty=a
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Vo ()

multiplying by ¢? (x)(q:)ma‘% and integrating we easily derive
I
) 1

¢ ()2l | VP (/C2 )2lal-1
& [ew
181+1yI= | 41,18 <&

X (/<2<x>2v|—1|vm\2> (/g y2lal-1( 'V p 2)
o < z)261-1 ) ’ H@)\v\vm
B+ |=la+1, 1<|v|<kﬁ
> ||U||L°° (Jz|>10)

(/C \2lol-1(
o, 2\ %
(/Cz 2lal-1( ’V P ) (/(v§)2<x>2|a|“ > 1l oo (1 10)

where the last two terms on the right hand side come from the integration by parts
of V¥pVV%p, and where while integrating by parts we used the bound

pI

VA5
pr

Lo (|| >10)

V

vep

o Yol !V/)I!
pI

We now examine our pointwise and integrated bootstrap assumptions (5.4), (5.5),
(5.6) to see that we can choose ¢ to be a smooth function supported in |z| > 10 and
for large x behaving like

CQ(x) -~ <x>—d+2(r—l)’

but with this choice, after time integration, the initial data would be an infinite
integral. Therefore, we first integrate the above differential inequality with

(@) ~ ()t

for large x and for some o > 0 to obtain that

/ <x>fd720+2|a\
|z[>12

with a constant @ depending on the full profile. We now rewrite (5.8) by subtracting
Vepr, and by noticing that d;pr = 0,

2
(t) <D

vep
pI

AV (p—pr)=— > VIpVVi - 2VVPpvTi,
B+y=a

5 V’p

Loo(|z|>10)
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multiply by ¢2(z)(z)?l! % and derive the energy identity, similar to the above:
I
1
2
/C2 y2lad (P p1) /C2 y2lal-1 (P pr)|?
dt
ﬁ ~
X > <x>\5|vA P (/C2 \2h1=197g ‘2>
PI Lo (|z|>10)

181+ ]y|=lal+1,/8] < &

20\ 2lal-1 Ve (s —pr)|? ?
. </<<> ”‘m )

DY ( [ aper

1Bl+ |y |=lal+1,1< ]| < EE

+( [ ooy =0
(/C2 2lal-1¢ )‘V (P pr) )é (/(VC)2($>2Q|+1
</< J2lal=1 () ) </ ¢ ()2l

We integrate this differential inequality with
() ~ )2,

1
B A 2\ 2
I

2
) 18l oo (> 10)

Loo(|z|=>10)

[SIE

ve(p—pn)|?

) 14| oo (12> 10)

-

vve ,01
pI

V(P P]

> @/l oo (joj>10)  (5:10)

where
pw=min{l,2(r — 1)} > 0.

All the norms involving p and p — p; (note that we can either control the latter
by absorbing them to the left hand side or split them into p and p; and use the
previous step to control p and the integrability of the function ¢(?(x)~! to control
pr) on the right hand side will be finite by the previous step, the norms involving
4 will be finite by the bootstrap assumptions and the choice of y, the initial data
will be small in view of the assumptions on p — pr and so will be the time interval

[To,T]. We obtain
/ <1,> —d—20+p+2k
| >12

for any 0 < k < k% — 1. This estimate immediately implies the pointwise bound

(2)* 2 =7V*(p — pp)
PD

~ ~ 2
V*(p = pr)

- <d 5.11
5 0 (5.11)

< dy (5.12)

Lo (ja|>12)

forany 0 < k < k! —2. We can translate the above bounds to renormalized variables

to obtain
_9 2
[ ()
Z>127* zZ*

VEp

PD

< dy (513)
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foranyOSkSkﬁ—land
< >kvk~
Z* pD

foranyOﬁk:gku—Z

< dy (5.14)
Loo(Z>122%)

6. Quasilinear energy identity
6.1. Linearized flow and control of the potentials. We derive the equations
taking into account the localization of the profile.
step 1 Equation for g, ¥. Recall (2.7):

a'rIOT = _pTA\IJT - @ﬂT — (282\117’ + Z) 8z,0T
0, Uy = B2F — [|V\I/T\2 (= 2)Up + AU+ p?_l}

We define
0D + | [V + oy + (r = 2)Up + ATp| = Epy .
8-pp + pp [Aqf + 8D 4 (20,0 + 2) 32@} &p, '
with & P, 3 pw supported in Z > 3Z*. We introduce the modified potentials
o’ ~ -1
H2—1+27D le—(A\IfD+€(r2 )>. (6.2)

Their leading order asymptotic behavior for large Z is the same as Hy, Hs. It is not
affected by dampening of the profile. We now compute the linearized flow in the
variables (4.16):

0rp = —pTA\IJ—vaT V‘I/+H1,0 HQAp é;pp
0.0 = 12F — |HoAT + (r — 2)0 + |V + (p — 1)p% 25 + NL(5 )} —épy
(6.3)

with the nonlinear term

NL() = (oo + )" = ol = (0= 1)l °Pr (6.4)
Our main task is now to produce an energy identity for (6.3) which respects the
quasilinear nature of (6.3) and does not loose derivatives. Observe that the as-
ymptotic bounds for Z large (11.16), (6.5) of the potentials are still valid after
localization. They will be systematically used in the sequel.

step 2 Estimate of the potential. We recall the Emden transform formulas (2.25):

Hy=(1—w)
leé(l—w) [1+ 42]
Hy = 5ee

which, using (2.20), (2.21), yield the bounds:
Hy=1+0(ghs). Hi=
(2)i0, Hy| + |(Z) 0y Hal <
(ZYi0LHa| S

e 140 (Fr)| S5 11279501 55 s

211)+0<<Zl>r)
e J > 1

<Z>r7
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and the commutator bounds

— Oy p
0, Hilpl £ ' %

v ([, ]M<ZJO,%iH
9(Qp) — Qpul S QX! 222 (6.5)
|anmm<z]1@ﬂg

m 9,
IV ([0, HalA®) | S 54 s

The same bounds hold for the modified potentials Hy, Hy from (6.2).

6.2. Equations. We have
Orp = —prAV —2Vpr - VV + Hyp — HoAj — Ep,
0: 0 = 02F — |HyA + (r — 200 + [V + (p — 1)p},°p + NL(p) | — Epu.

We let
pusy = A, Wy = AR, Gy = VI
We use
(AR A] = KFAK
and (recall (B.1)):
(AR V]® - 2kVV - VARl = S o s VOV VD
o]+ B|=2k, | B| <2k—2
which gives:
AK(ﬁzA[)) = k:ﬁ(HQ =+ Afjfg)p(kﬁ) + I:IQAP(M) + Ay ()
with from (11.16):
e (D)] S e T4 P

)kuﬁ»rf]

|v&uns%ngJﬂif

Z)kﬁ+r+1—j

(6.6)

where V7/ = 9! ...07%, j = o1+ -+ ag denotes a generic derivative of order j.
Using (B.1) again:

Oy = [En — K (Hy + )| ey — HaDpry — (A pr) AT — KV pr - V) — pr AT ey
— 2V(A¥pp) - VU —2Vpp - VU ) + Fy (6.7)
with
P = —AREp, + AR Hi]p— A (p) (6.8)
- > Cirja VI pr &2 AT — > i1 s V'V pp - V2V,
‘jl"ﬁ]é#kﬁ ‘le-ﬁb:kﬁ
122,221 J1,J2 =21

For the second equation, we have similarly:
= —kM(Hy+ AH2) W ) — HoAW 3y — (r — 2) Wy — 2V - VT

— (0= DBy + (0~ D0~ 206 *Vop - VAR + Fy
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with
F, = VARG - ANEpy — Au(¥) — (p— 1) ([AK7 oy 21p — K (p — 2)p% Vb - VAKflﬁ)

- > VAVE - VEVE — AKNL(5). (6.10)
J1t+ie=k?,j1,j2>1

step 1 Algebraic energy identity.
Let x be a smooth function x = x(7,Z) and compute the quasilinear energy
identity:

1d o -
37 {(p— 1)/xp% 2pr i, +/xp2T!V\If(kn)\2}

1 _ N ~
= 3 {(p - 1)/3TXP}£) 2PTP?kn) + /GTXP?F’V‘I’(M)F}

p—1 - - p—1 ,_9_ ~
+ =5 [ x(p=2)pprlp Sprie + /X@PT [29% “Pls) + PT!V‘I’(M)F]
+ /8Tﬁ(kﬁ) [(p - 1)Xp]13)_2/)Tﬁ(kﬁ)}

— /6T‘i/(kﬁ) [2XPTVPT : V\P(ku) +przl‘A\ij(kﬁ) +pFVx - Vﬁ/(kﬁ)} :
We inject the equation:

/ O pxs) [(p - 1)xp%_2pTﬁ<ku)} = / B [(p - 1)><P’13_2PT5<M>}

+ / [(ﬁl — K (Hy + AH3))piey — HaApey — (A% pr) AV — 2V (AK pr) - V‘i’}

X

[(p = 1)xp%72PTﬁ(kﬁ)}
- / KVpr - VI () [(p - 1)xp%72PTﬁ(kﬁ)}

- /@‘i’wu) [2XPTVPT VU sy + XPPA oy + 7V X - V‘i’(ku)} = —/sz - (XPPV 1))
= [{ - F U A b — b — (- 2 — 298 Vg
- {(p — 1o 2y + K (0 — D) (p — 2)p} >V - VAK_lﬁ] }

[QXPTV/)T V) + X AW g5 + pTVX - V\I'(’f”)}

X

= /XP%V‘i’(kﬁ) VE,
- / [_kﬁ(ﬁg + A ) — HoAW ) — (r — 2)¥ ) — 2V - v@(kﬁ)} V- (V)
+ / (P — Db By [QXPTVPT VU oy + XpP A gy + 7V x - V‘Tf(m}

+ [ Bo- 1020 Vop - VAT (V)
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Adding both identities yields the quasilinear energy identity:

1d 2 =
>dr {(p - 1) /Xp]jD “prij) + /XPQT’V‘I’(M)\Q}

2
+ /le(P — 1)} 2 prpga + /prTVFQ V)

< (p =X 2prpus

1 / (&X Orpr «%)p) p—2 9 1 / <8T>< Orpr
= 5 +——=+P—=2)—— ) (P = LXpp TPty + 5 +2
X or ( ) oD ( ) D PT (k) 2 X o1

- /{—k%ﬂ2+Aﬁ9®@m—}bA@wm—(r—2ﬁhm)—QVQ-Viwm}V-Qm%VWWM)

— [ B0 Vi [0 - 1l priie
- /kﬁ(p —1)(p—2)p *Vop - VAKXV - (xpF V¥ 1))

+ /(P— 1) o5 2 sy [P%VX ‘ V‘i’(ku)} :

step 2 Reexpressing the quadratic terms. We integrate by parts:

- /ﬁ2Aﬁ(kﬁ)(P — Dxpl 2prhgsy = ])gl/Xﬁ2PTp%_2ﬁ?ku) <d+ A s
Then
K /(ﬁz + M)W )V - (XPFV ¥ (1))
= —kﬁ/xp%(ﬁz + AH) [V > — K /XPQT‘i’(ku)V‘i’(ku) -V(Hs + AH>)
and using spherical symmetry:
/ﬁzl\‘i’(w)v - (XPFV O (1)) = —/XPQTV‘I’(M) - V(Ho AT 4z))

= —/XAFIQPQT\V@(M)’Q —/FbXPQTaZ‘i/(ku)aZ(A‘i’(ku))

- - 1 - - AH. A 2Apr
2 2 2 2 2 2 X 4
= — AH. VA +/ Hy|VU d—2+ —+ =+ ——
/ xprAH2p07 | (k) | B xprHz| (kt) | [ 72 X P

= Hyp2| VU 01 2 -
/X 2071V | | —5 2 T2y o

d—2 1AH, 1AX+ApT]

and

(TQ)/\I’(M)V'(XP%V‘I’(M)) = (7‘2)/><r’)2T|V‘i’(mt)|2

X

AH —2)A A
2+(P )PD_i_X).

>ﬁT|V‘I’(ku)\2

(6.11)
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and integrating by parts and using radiality:
[ H =06~ 265 " Tpp - VAK5T - (AT )
= —kp-1)(p-2) /XP%“V\I’(M) -V [p%_?’vpp : VAK’I/?}
= —kp-1)(p-2) /XP?FPPD_SazPDﬁ(m)az‘i/(kn)
— Hp-1Dp-2) /Xp%azli’(ku) [82 (p%*?’aZpDOZAK—lﬁ) - p%*:”@zppﬁ(ku)

We therefore arrive to the quasilinear energy identity:

1d P -
ST {(p— 1)/xp’,5 2pr i, +/xp2T|V‘I’(ku)|2} (6.12)

1 o-x 87',0T a‘rpD) -2 .92 1 / (8TX aTPT) ~ )
- - + +(p—-2 — 1)xp" + = +2 Vv
5 / ( . o7 (p—2) s (P = 1)xPp “prhs) + 5 . P oIV iy

- - - d -~ - _ ]
—H, + k*(Hy + AHy) — g2 = Ay — == Hy— = — ===

- / (p = VXA 2 priges

5 . 8 d—2- 1.~ HyA - A
- /xp%\V\P<kn>!2 [kﬁ(HQ + AHy) 4+ —2 = Sy + SAHy — 22X - =T
X pT

+//3(ku)3z‘i’(ku) [—kﬁ(P— 1)XP%_QPT32PT
— Ko -1 —2)xp405 “0zpp + (0 — 1),0%_2/)%82@
+ /F1X(P — Dol prige) + /XPQTVF2 VW)
+ / [—(AK pr)AY — 2V (AKX pr) - V‘if} (p— D)XPD 2 prigs)
— Kp-1)p-2) /XPQTﬁz‘I’(kn) [52 (P%7332PD32AK_1ﬁ) - P%igaZpDﬁ(kﬁ)}

6.3. Quadratic forms. We study the (x, Ax) quadratic forms appearing in (6.12).
step 1 Leading order x quadratic form. We recall from (2.23), (2.24):
Hy+AHy = (1 —w — Aw) > cqpr > 0. (6.13)

We assume that k% > 1, so that the terms with k* dominate:

~ o d A 1\, - -
—H+ K (Ho+ A o) — g—fAHQ—iﬂg PD_ ki (1+0(=)) (H+Al)
2 2 pD Kt

d—2 - Apr 1 ~ ~
Kt (H2+AH2)+T—2—7H2+ AHQ_HQT = kﬁ (1 + 0 <k‘ﬁ)> (H2+AH2)
T
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and claim the pointwise coercivity of the quadratic form: deg),, > 0 such that
uniformly VZ > 0,

k*(Ha + AHy) [(P — D)ol i + Plev‘i’(kn)lﬂ + k4 (p— Dppdz (5 )P 028 1)

> caprkf [(p - 1)PPD_2PT/3%M) + P%‘V‘i’(kn)ﬂ (6.14)
The cross term is lower order for Z large:
pp 1
[(p=1)pp0z (Pl ) Aty 02 iy | S zy Pty PTOZY (1) < d [ Dby 2pri; Gy + 0PIV (1) ]

for Z > Z(d) large enough. For Z < Z(d), using the smallness (4.34), (6.14) is
implied by:

(Hz + AH3) [(P - 1)@5?;41) + P%W‘i’(kﬁ)ﬂ +(p— 1)pp0zQpt) 02 1s)
> Cdpr [(p — 1)Q + p?aIV‘i’(kn)\Q] (6.15)
We compute the discriminant:
Discr = (p — 1)*pp(92Q)* — 4(p — 1)ppQ(Hs + AH>)?
_ 2 (02Q)*
= (p—DppQ |(p— 1)T

We compute from (2.13) recalling (2.22):

(p— 1)(825)2 = (p—1) (282\/@)2 =p-1) (1

—4(1 —w — Aw)ﬂ

2
“Vids(or2)) = (1~ P0x(Zap))
4
= ﬁ(az(ZJp))g :4F2
and hence from (2.23), (2.24) the lower bound:

=D =4(p - 1)ppQ [(1 = w — Aw)* = F?] > caps(p ~ 1)ppQ, Capr >0
which together with (6.13) concludes the proof of (6.14).

step 2 Leading order Ay quadratic form. The quadratic form containing Ax:

H ) . 1 o
/—AX {22 [(P - 1)QP?ku) + p?alv‘lf(ku)lﬂ - Z(P - 1)PPQP(kn)5Z‘I’(ku)}

Its discriminant is

Diser = <(p_1Z)QpP>2 —(p—1QppH3 = (p— 1)Qpp [0° — (1 —w)*] <0

for Z > Zs.

We note that (6.14) holds for all Z only under the condition (2.24) which hold in
d =3 and £ > /3. On the other hand, for d = 2 or d = 3 and £ < /3, (6.14) still
holds for Z < Z and Z sufficiently large Z > Z(d). In those cases, choosing

1 Z< 2

e—j’i(Z—Zg) 7> 7y (616>

X:
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with j# > kf ensures that the full (x, Ax) quadratic form is positive definite:

Kx(Hy + AH) [(P — V)P prigey + P%’V‘i’(kﬁ)\z} +(p = Vxppdz(ply ) 029 1)
Hs N ~ 1 N ~
- Ax {2 [(P - 1)Qp?ku) + P?DW‘I’(M)H - E(P - 1)PPQP(ku)3Z‘I’(m)}

Caprkix [(p = Do) + PV ] (6.17)

v

7. The highest unweighted energy norm

In this section we establish control of the highest energy norm. This is an es-
sential step to control the b dependence of the flow. It will be achieved through
an unweighted energy estimate for the highest order derivatives. Below we will
systematically exploit the gains achieved through faster decay in Z of various tail
terms, see e.g. (11.16). Typical improvements will be usually of order r or (r — 1)°.
Sometimes, we will replace them by a generic constant § > 0.

7.1. Controlling the highest energy norm. We now prove the highest order en-
ergy estimate without weight. Coercivity of a quadratic form arising in the estimate
will follow thanks to the global lower bound (2.24) and (6.14). We let

k*=2K, KeN
and denote in this section
Py = AFp, Wy = AR, Gy = VI gz,

Lemma 7.1 (Control of the highest unweighted energy norm). For some universal
constant ¢y (0 < cpp <K dg),

0= [ dy o1y + [ IV <o (7.1)

Proof of Lemma 7.1. step 1 Control of lower order terms. We interpolate the rough
bound inherited from (4.33):

(r—1) /ﬂ%_QPTﬁ%ku) + /P%N‘i’(mﬁ)F <1

with the low Sobolev bound (4.32) for Z < (Z*)¢, with 0 < ¢ = ¢(k*,d,) < 1, and
use (4.33) for Z > (Z*)¢ to estimate:

ki—

) - -~
—2 (81]10)2 2 |V81J\Ij|2 —C, 4T
> Z<p—1>/f”13 PT<Z>2<M+/PT<Z>2<M sewr o (72)

=0 =1

—_

<.

where ¢z = c(k, dg) > 0. The estimate (7.2) will be used repeatedly in the sequel.

6Recall that in the range of considered r, close to the limiting values r<(d, £), we have r4(d, £) >

r(d,0) = S > 1,
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step 2 Energy identity. We use the identity derived in (6.11) with x = 1:

1d _ N =

Sdr {(p— 1)/0% QPTP%M) +/P2T|V‘I’(kn)\2} (7.3)
1 Orpr Orpp -2 9 1 / Orpr \ <2 2

- il B\l _ -

2/( o =2 >(p Do “prigey + 5 [ 2 o) P11V ¥

/F1 (p = 1) P + /pQTVFQ VAT
/ {(Hl — kF(Hy + MH2)) pirsy — HaA sy — (A% pr) A¥ —2V(A" pr) - V‘T’] (0 = D)o oo
/ [—k:ﬁ(flz + AH) W gy — Hy A 9 — (r — 2)U 5y — 2V T - V%u)} V- (PVT )

K / Vor V¥ [(p - 1>p%‘QpTﬁ(ku>] + / K (p—1)(p—2)p} *Vop - VAKXV - (07 VT 1),

We now estimate all terms in (7.3). We track ezactly the quadratic terms which arise
at the highest level of derivatives and which will be shown to be coercive provided
k? > k¥ (d,r, p) > 1 has been chosen large enough.

We denote

_2 ~ ~
I = (p— 1)/#1’) PT P +/p2T|V‘I’kul2-

step 3 Leading order terms.

Cross term. We use

s
ol 1AL (7.4)

PT PT

to compute the first coupling term:

K(p—1) /VPT VW gy 0 2prpgsy = — K /PDVP%_l VW () Pt

Lo &/|Vi'(kﬁ)|p%1PT|l5(kﬁ)
(2)2

The second coupling term is computed after an integration by parts using (7.4), the
control of lower order terms (7.2) and the radial assumption:

Fp-1p- 2)/V : (P%FV‘I’(M))PIE;SVPD VAR5
—k(p—1)(p —2) /P%V‘I’(ku) -V (p%_3VpD . VAKflﬁ)

—K(p—1)(p—2) | p702% 40z (0} *0zpp0z A
(k)

. o 3 8ku—1~
_ku(p_l)(p_m/p%382/)DP2T‘92‘I’U<“>8%AK '5+0 (/c(ku)p:rlv‘l’(kn)\ﬁ? ! <Z>p|>

) i N B 8kﬁ—1~
—/kﬁ(p— 20002 (o5 1)8Z\I’(kn)/?(kﬁ) +0 (&Iku +/C(kﬁ)pT‘v\I/(kﬁ)’P]% 1] <Z>P|>

*kﬁ(p —-2) /PDvapl . V‘i/(ku)ﬁ(ku) +O(e k7 + d1;y).
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Pty terms. We compute:

[ (b B M) YoV ey = [ (= (ot A L)) -1y i,
We now use the global lower bound
Ho+AHy=(1—w—w') > Cpdrs Cpdr >0

to conclude that the same bound holds for Hy, see (6.2), and to estimate using
(11.16), (7.2):

[ = K+ A )6l ot

1 ~ ~ _ N
< b [ |14 0 ()| G+ MBI - 01520
Next,
[ (A% oo~ 29(a% p0) - 98] (6= 11ty e
\82\142 0i?
<

d’/p%szﬁ kt) /PZ}

< Ay +e T

2kﬁ <Z>2(kﬁ+1)

and for the nonlinear term after an integration by parts:

‘ / [y AT = 294 - V| (0 = 1)l preiuny | S 4 / P T

Integrating by parts and using (11.16), (7.5):
—/ﬁ2Aﬁ(m) [(P— 1)ﬂ%—20Tﬁ(ku)] + p%l /(p— 2)8TPDP€)_SPT/3%M) + p%l /8TPTPIZJ—2/5?M)
- 1%1 / Faay |V - (ZHaply pr) + 006l " pr + 0r(pr) gl * = O ( / pfg;?pTﬁ?kﬁ))
W gty terms. We estimate:
(r—2) /pTxi/(kﬁ) [pr VO ) + pTAxi/(,M
= -2) [ BT or o) - (- 2) [ Ty Vi)
— (=2 [V
and similarly, using (11.16), (7.2):
K /pT(H2 + AH2)W 19 [QVpT VO ey + pTA\iJ(kn)} = K /(E@ + AH) W4y V - (7Y (159

_ <ﬁ2+m2>>)]

2p2T

- N . - ~ V- (paV
/‘V\I}(kﬁ)P(H? + AH2) 7|V () [° +/P%‘I’?;€u) ( L

1 - - -
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Then from (4.34):

‘/ 2pTV\i/ . V\i/(ku)(QVPT : V‘i’(kﬁ))

S /P%W‘i’(kﬂ)’Z

and using (11.17):

/QpTV\if . V‘if(ku)(,OTA‘i’(ku))

< / IV 4 [210(2 VD) < / IV .

Arguing verbatim like in the proof of (9.15):

/,OTHQA@(M) <2va . V\i/(kﬁ) + pTA\il(kﬁ)>

S /P2T|V‘I’(kﬁ)\2-

Remaining terms. We claim the following exact identities:

Orpp +App _ 2(r —1) 1
pD - p-1 +O(<Z>5> (75)
and
anT + APT o _Q(T - 1) 1
= 0 () 78

which imply the rough bound
1 aT,OT . 8TPD . -2 ~2 1/ 8T,OT ~ 2| «
5 (22 =222 o )t o + 5 [ (2500) 190G | 5 1o
Proof of (7.5), (7.6). From (4.11) and since A = e ":
0o + Ao = —ACOZ)pp(Z) + ACAD)pp(Z) + CNZ)App = CAD)App
- A A 2(r—1 1
Orpp +App _ App _ 2(r )—|—0<< >

pD pp p—1 z)y
and (7.5) is proved. We then recall (2.7):
lr—1
Orpr = —prAV¥T — ( 5 )PT —(202¥7T + Z) Ozpr

which yields:

- A lr—1 v
Orpr + Apr n (r )‘ _ ‘—A\IIT—Qaz 170zpT
oT 2 pT
and (7.6) follows from (4.34).
step 4 F} terms. We claim the bound:
/ P FE S dly + e (7.7)

Source term induced by localization. Recall (6.1)

~ lr—1 0

pp = Orpp+pD [A‘PD + (r2 ) +(20z¥p + Z) ipD

D

Lr
= Orpp +App + ( )PD + ppAVp +202Ypdzpp

which together with the cancellation (7.52 which holds with similar proof for higher
derivative, and the space localization of &p, ensures:

PD

VHEp | <
‘ Pyp‘ chﬁ <Z>
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for some § > 0. This implies that for k* large enough:
[ 5 oriaR R, P < e
[AK H1] term. We use (7.2), (6.5) to estimate

Ef—1

w=1) [ o (A% 1o £ > [ ’Zﬁi‘,” <o,

Az (p) term. From (6.6), (7.2):

kf—1

V75| et
_1/p’§) (A (p 2<2/p§) Wge Kt

and (7.7) is proved for this term.

Nonlinear term. Changing indices, we need to estimate

j j = . . ] <kﬁ
le,jz - VhpTV]QV\Ila N +]2 - k'ti + 17 ‘ ?; 2 ]{}ﬁ —1

For j; < k* — 1, we may use the pointwise bound (4.34) to estimate:

VEVE| VRV
(Z)n = PD <Z>kﬁ+1fj2 )

|07 prd? V| < pp
Then, after recalling (7.2),
2 2 |2
2 p—2 pT‘v V\IJ| —C 4T
/(P 1)Nj1,j2PD TS / <Z>2(kﬁ+1_j2)+2(r_1) < e Okt
since jo < k* — 1. For j; = kf, jo = 1 and hence using (4.34):

2 ]QVN 2
2 p—2 PT| 4 p—1 ok <1212 (2 -
/( —1)N? b pr S / <Z>2(kﬁ+;1j2)+2(’"1) + [ P IV B IVAYE < ek T+ d s

with ¢ smallness coming form the bound on V2. This concludes the proof of (7.7).
step 5 Dissipation term. We treat the dissipative term in F5:

. = Au _
Diss = /pQTV(b2AK5) VU gy = bz/pQTAK ( p2T> Uty
T

The term with most derivatives falling on up is
AK—Hu ~
b2/ P = bQ/ [ (up) + i sy <~ / Vit [*+e™%e7.
T
By Leibniz, we then need to estimate a generic term with k; + ko = kﬁ, ko >1

1 _
Ikth — bQ/p?pV]““uTVkQ <p2> gt
T

Pointwise bound. We claim:

L for j2§kﬁ—2

pr{Z)72 !
(1 1 [V ~1pr| ot
‘Vaz (pTN S| oorzm PZT | for 7o ‘_ kF—1 (7.9)
1 IVE pr| |V pT 1
iz T e T v =k
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We estimate from the Faa di Bruno formula, using the pointwise bound (4.34) for
jo < kP —2:

. 1 1 ' .
‘W? ()‘ SR > 12| (V'pr) ™| (7.10)

pT T mi+2ma+-+jamj,=j2

< Lo <pD>mi< o1

P2y ) Rt )i Y pp(2)7
where mo +mq1 +--- +mj, = 1.
For jo = k¥ — 1, mj, # 0 implies mj, = 1, my = --- = mj,—1 = 0, mg = jo — 1
and therefore,
t
‘Vku_l <1)’ S S \ i
pr )|~ pp(Z)F=1 7
Similarly, if jo = kf, mj, # 0 implies mj, =1, my =--- =mj,_1 =0, mg = jo — 1.
Also, it mj, = 0and mj, 1 # 0 thenmj, 1 =1, m; =land mg = --- =m;, 2 = 0.
Hence
t #
o () S
pr )|~ pp(Z)¥ (Z)p% Pr

and (7.9) is proved.

We now estimate Iy, 1,.
case k; = k* — 1. By Leibniz and (7.9) for j < kf — 2:

‘vj(1>‘§ L (7.11)

PF

This yields:

kf4+1 2 ~ 2
o [ o [VV T ug| b _ o [ g
Lps_11l S b /PT 2y |kt Slo/!Vu(ku)! +Cb / GE

b2
S w/]Vﬂ(ku)P +6_Cku7— (712)
where in the last step we used that
W(kﬁ)’2 2kt +d+20—1 [t =
- —0(r—1) 9 I™(kF) ~ 2 -
/ <Z>2 < /<Z> o Xkt PT <Z>2 < Hpa \I}Hkﬁ,oJrkqulf%Jr%(rfl)fg <e Ckﬁ"'v

since k? is a large parameter > % and o is fixed and small.
case ky < k¥ —2. Since ky > 1, we integrate by parts and use (4.33), (4.34) to

estimate in the case when ko < kf — 1
1 1
/p?TVlirzuTVk2 <2> “Ugy| S bz/ ‘V]”l (2>
Pr Pr

VIV 2ur e | + oV Pl | + o V5 2ur| Vi |

b2

1 VR 20p]|G g | ) )

S b2/<Z>k21 7 (k) +|Vk1+3UT||u(kﬁ)|—|—|Vk1+2uTHVU(ktt)|
b2 U —C 4T
< 10/|Vu(ku)|2+e e
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It leaves us with the case kf = ky and k1 = 0. We will take the highest order term

n (7.9)
1 _
’/p%V%TVM <p2> Hiay| S 62/
T

vkﬁ—lpT 1 ~
+b2/ +62/ ‘V2UT<Z>kﬁ . u(kﬁ)

Zypr
The last term is easily controlled:

1 |ty |
2 v2 ~ 2 (k%) 2 —c 4T
’ /‘ UT<Z)’“ﬁ | = b /<Z>2ku+4_2d e

where in the last step we used that k¥ is large and the line of argument similar to
(7.12). The most difficult term is

kb
b? /
We can estimate

V¥ pr b VF
b2/’V2u Vu </Vﬂ 2+01)2/
= VZur|[Vigs)| < 5 [ Vi) G

To control the last term we first see that

B
b2 |vk lpD|2 < b2 1 < b2
@y~ | e S

and for the remaining p contribution could again use the bootstrap assumptions on
the ||, ¥|| norm

Ef—1~12 Et—1~2
b2/ |v p| b2/ ’v 4p| SefcknT
ﬂp Xku <Z>

using that in the expression

Kt
YViurp

“ Ut

Viup

V2UTV |va‘

1
T VFpp _ _ _
| <0 [V 19unli) + 92url Vi |+ 92ur g

1

p+1
Pp Xkt

_okt . . — .
2E* since k* is chosen to be large. Since le contains a

the dominant factor is (Z)
factor of (Z)™7, this would however require imposing the condition that k% > np
which is acceptable but not necessary. We can take a slightly different route and
use the estimate (5.13) instead:

—2
/ (z)+om <Z>“ 7
Z>122* z* PD

which holds with p = min{1,2(r — 1)} for any m < k¥ — 1 and o > 0. Then

f1~
b2/ ‘vk 113‘2 SbQ
Z>127* <Z>4PT

just under the condition that k! > d On the other hand,

B2 [V =152 <2 [ (g -2k Hd—Lr-D)—20r-1)+2(r-1) EE i |an 'pl?
z<12z+ (Z)'p7 (Z)

2
<d

v

2 _oktyd VR
Sb /<Z> Xkﬁp% W <e T
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The remaining lower order terms can be treated similarly.
step 5 F> terms. We claim:

/pT|V( b — BARF + AKNL(p)) |2 < CLy + e 27 (7.13)

for some universal constant C' independent of k*. The nonlinear term AXNL(5) will
be treated in the next step.
Source term induced by localization. Recall (6.1):

Epy = 0,Up + UV‘I/D‘Z + o (= 2)Up + A\IlD}
which yields
3231{\1} = aTUD + |:2UD8ZUD + (p — 1)ppD_lazpD + (7“ — 1)UD + AuDi| .

In view of the exact profile equation for up and the fact that up coincides with up
for Z < Z*, 078p,w is supported in Z > Z*. Furthermore, from (4.10):

up(r, Z) = ((A\2)up(2)
and hence
Orup + Aup + (r — Dup = —A{(z)up(Z) + A{(z)up(Z) + ((z)Aup(Z) + (r — 1)((z)up(Z2)

= @1+ Aupl (7) = 0 (222

p=1
Using that |up|+ py S (Z)=(=1 with the inequality becoming ~ in the region
Z* < Z <10Z* and that up vanishes for Z > 10Z*, we infer

\8281:,\1;\ S W

with a similar statement holding for higher derivatives

Mg < dzzze
IVV* Epw| < (Z)kF+r=1+6

Then,

2
2 vvkﬁ 5 2 d—1 P —c T
/pT’ REJIES /Z>Z* z (Z)2KF+2(r—1)+26 Az s e v

if kf > % is large enough.
Az (¥)t term. From (6.6)

VJ\IJ
V(0] < z e

and hence from (7.2) :

kf—1

2 ~2 ’vajlp‘Q —C, 4T
/PT‘V‘ZM ’<Z/ mﬁe KT

[AK pP7%] term. We first claim the bound: let o € R and 8 € N® with || = m.
Then for any m

V(D) = Oam (&) (7.14)
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This is proved below. We conclude from (B.1):

— Q1 ~ -3 1~ \Vjp —
‘[AK,p’fj 16—k (p = 2)p}, “Vpp - VAR 1/)‘ <> <Z>ku_’jﬂ% ’
j=0
and similarly, taking a derivative and using (7.2),
/,oT\ [AKP% “(p—2)ph *Vpp - VAI“H

kf—1

(p— 2)+2 IVJpIQ P 1) ’v]p‘Q —C 4T
Z/ 2(’{“*] Z (7\2(KE—j)+2 se W

Proof of (7.14). Let g = p%), then

Vg Vpp
AN
g PD
and (4.13) yields:
l9l ~ rD
Vgl S 75 S 7
(Z) ™ (2)
We now prove by induction on m > 1:
m PL
V™| < (Zl;m. (7.15)

We assume m and prove m + 1. Indeed,

avm[gapD} S D, vy

[Vl =
PD Jjit+j2+jz=m

. 1 .
V2 <>‘ |V33+1pD"
PD
From (7.10) with pp in place of pp:

1 1
V72 [ — < _
()| %

and hence using the induction claim:

|8m+1g| < Z IO%A 1 A pD < paD
~ <Z>]1 PD<Z>]2 <Z>J3+1 ~ <Z>m+1

Jitjz+jz=m
and (7.15) is proved. This concludes the proof of (7.14).

Nonlinear ¥ term. Let
ONj jp = VIVUVEVY, ji+jp =k +1, 51 <ja, Juj2 > 1.
We have j; < %ﬁ and hence the L smallness (4.34) yields:

V”V\P\Q
th vjzv 2 < |
/” | v v 4/ T 7y ki =j2) =

step 6 Pointwise bound on the nonlinear term. From (6.4):

NLD) = (oot ol -y 5= 5 F (2 ) () = (0 o1

e~k 4 1.

which satisfies for |v] < 1:
v? for m=0
|[E™ ()| < | |v] for m =1
1 for m > 2.
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We claim with v = £
pD

By 1 VD VI
VAKNL(p) = F'(v) lﬁ +0 p% 12 ’ml' — . (7.16)

Indeed, we expand:
VAKNL() = vAK {p%_lF(U)}
= VAW Y eV YRR

J1+je=kt+1,52<kf

and claim:

Vﬂkﬁ v/
PIIVAKF(v) = gyt =) ( = 12 |kuf1‘3 (7.17)

and

; 1 1 V75l
> s VI (P VP F(v)] < —p% Z A (7.18)
J1tie=ki41,52 <kt

which yield (7.16).

Proof of (7.17). We recall the general Faa di Bruno formula

VIFG@)= X emm FTT @I (VG @)™
mi42mo+-4jm;j=j
For j = kf + 1 the highest order derivative is Mgy =1, mp =+ =myy =0 and
hence:

VAKF(G(z)) = F'(G(x))VAEG(2)
+ 3 Crng o P HM08) ()L (VIG)™ . (7.19)
m1+2ma---+kbm, g =kf 41

From Leibniz with G = £-:
PD

) g 1 J i
vials Y M<7Z V2ol

o po(Z)2 T pp £ (Z))
First term. We compute:
FIG@)VARGE) = F(G@) |22 4o L kzﬁ _IV7al
PD PD 4= (Z)ki+1=j
— PeE) 2 oL f: _Ivial
PD PD =y (Z)ki+1=j

with ¢-smallness coming from |F'| < p% <d.
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Faa di Bruno term (7.19). We distinguish cases.
If myz = 1, then my = 1 and mgp = --- = my;_; = 0 and therefore

i
|F(m1+ +mkﬁ)( )I'Ik’j (v]G)mJ| — |F”( )‘VkuGHVG’ <d —
;;( Z)pp(Z)k =3

72 [V 7]
kﬁ—&-l —j

with (ﬂ—smallness coming from the bound for VG.
If mys = 0, then all j-derivatives are of order < kY — 1. If j < kP — 2 then

} 1 <~ (Vi 4
VG| < — Pl @
VICIS op 2 Tz S Ty

Now, either there exist ig < jo with m;, > 1,m;, > 1, or there exist ig < Et—2
with m;, > 2. In the either case:

k-1
ﬁ . . s -
WLz e < - W Z VIV

kf—1 m; 1
‘H (VJG) ]’ 5 <Z>kﬁ+1

The collection of above bounds concludes the proof of (7.17).

Proof of (7.18). First

VIF (v
Z le,jzv (rp )VDF )| < rp Z‘ kﬁ+1 -

J1t+ia=ki+1,jo<kt
Let n < kf, then
V'P()| < > [FOmtetma) ()| I |99 G ) ™

~

mi+2ma+-+nmp=n

1 “ee m. n . . M
S W Z |F(m1+ + n)(’U)’Hj:1|<Z>]VJG(x)| j

Either m,, = 1 in which case m; = --- = m,,—1 = 0 and hence

: R A\ viy]
Flmttma) () [0, [(Z)T VI G ()™ < — :
| (0)[ITG_,[(Z) ()] S o (2

mi1+2ma+-+nmp=n

or m, = 0 and there at least two terms as above:

V75|
(Z)n=3°

[Pt ()| [(2) VI Gla)|™ < p;z
7=0

Hence, by Leibniz:

e pot 4 & v
S Vi vErels Y Bty

j1+j2—kﬁ+1,j2<kﬁ J1t+ja=ki+1 3=0
-1 Z V5|
kﬁ+1 —j

and (7.18) is proved.
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step 7 NL(p) term. We claim
~ T d —C, 4T
g= /p%VAKNL(p) VW) = {O()} +0 (%7 +dLg) . (7.20)

Indeed, we inject (7.16) and estimate:

Vv _eyr
[ it S R <

Hence

Vp )
9= /TF’< ) p(’“”) VW ey + O (%7 4 d1) .

We now integrate by parts:

1 VP = . p - z
/PQTF/ < > o ( VU = — /p(kﬁ)v : <F, <ppD> rh 2P%V‘I’(ku))
= [ |7 (2 Hv- TAVA 2V G-V (F (L)
P(kt) Pp (0rVY (ty) + 07V (1t PD :
PD PD

We estimate

and hence

. = p _ Pty V¥ (i ’Pp PD
/P(ku)PZTV\IJ(ku) -V (F’ <p> o 2)‘ < &/ (Z> D < dIs.

PD

We now insert (6.7)
/P(M < >P]1)) (VT (1)) (7.21)

= /ﬁ(ku)F' <p >P% PT{ Bty — (Hi = K (Ha + AH2))pey + Hadpgey
+ (AR pr) AT + HVpr - Vi + 2V(AK pr) - VI — Fl}

and treat all terms in the above identity. The &rﬁ(ku) is integrated by parts in time:

Z 1d (BN 2 o
o (2) o= (2) o
1 2 [ P —2
2 [ o (7 (G5) 5 pT>-

We estimate the boundary term in time
F/ <p> —2 T 2
/ pD Po PP

(2ot

1~
< &/ﬂ% P?kn)-
Then from (7.6):
< dph!

and using (6.3), (4.34):

PD pPD  PD  PD
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with ¢-smallness coming from the pointwise estimates for p and F’, which ensures

Joon (7))

The remaining terms in (7.21) are estimated by brute force. First

P ' (=) oy 2or [—(ﬁl — kH(Hz + Aﬁ?))ﬁ(kﬁ)} < Iy
PD

with d-smallness coming from F’. Integrating by parts,
- p - -
/p(ku)F/ () oy 2 pr [H2Ap(kn)H
PD
1 ~2 / ﬁ p—2 ! ﬁ p—2
= |= F' | — A F | —
‘2 /p(kﬁ) [d< (PD) Pp PT |+ oD Pp PT

< Ay

S &Iku

with ¢-smallness coming from either F’ or the pointwise estimates for p. Then using

(7.2):

pr|AY|
G + D)l

’/P(kﬁ < >p]lj) pTAKpTA\I/‘ < J/p(ku)pp

< &[/pz} ~2ku) / (Z>2’|j

We finally estimate

/ M’(p >p’,3 prkVpr Vg

and from (7.7):
/ka’< )pD prF
PD

The collection of above bounds concludes the proof of (7.20).

S (’a‘[kﬁ + eickuT.

<41/p1;1~ p>|V\Dk|<&Ikﬁ

<€ kuT‘i_(ﬁIkﬁ.

step 7 Conclusion for k* > k#(d,r) large enough. The collection of above bounds
yields, using also (7.5), (7.6), the differential inequality

S (14 0@)

1
< —k'n [1 +0 <kﬁ)] /(HQ + AH) [ P% PTP(ku +PT‘V‘I’(M 2

L /(p - 1)pD82(P%_1)ﬁ(ku)aZ\i/(ku) +dIs 4 e KT,
We now recall (6.14): 3cqp,» > 0 such that uniformly VZ > 0,

(Ha + AHy) {( — V) 2 pr ey + PEIVE | } (p— Dppdz(phy ) 02 ¥ i)

= Cdpyr [(p - 1)0%7 PTﬁ(kn) + PT’V‘I’(kuﬂ } (7.22)
which taking k¥ > k*(d,p) yields the pointwise differential inequality:
1 d
L1+ O(D)} + VEiL < e, (7.23)

Integrating in time, we obtam (7.1). O
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8. The highest energy norm: the Euler case

The Euler case in d = 2 and d = 3 for £ < /3 requires special consideration. In
those cases, property (P) of (2.24), which ensures coercivity of the corresponding
quadratic form in (6.14), does not hold for Z > Z;. On the other hand, (2.23)
still gives us the required coercivity for Z < Z3. To address this we use the energy
indentity (6.12)

%% {(p 1)/xp%2pTﬁ?ku) +/X,02T|V\if(ku)l2} (8.1)
= ;/ (8;X + 6;? +(p- 2)8;?) (p = Dxpl pries) + ;/ (8;( + 2%}?) PV |2
- /(p - 1)XP%72PT5%H) —Hy + K*(Hy + AHy) — gﬁb - %A}N[Q - I);2ﬁ2/>p;) - IZQAXX
- /XﬁQT|V‘i’(kﬁ)|2 [kﬁ(ﬁz +AHy) +7r—2— %fh + %A}NIQ — I?AXX - ]f[QJZ';T

+/ﬁ(kﬁ)32‘i’(kﬂ) [—kﬁ(P— V)xpy *prdzpr
— K- 1)(p—2xpre} *0zpp + (p — 1)%_2/)%8“}
+ /le(P— Dl 2o +/XP%VF2'V‘T’(M)
[ R pr)aT =2V (8% or) 98] (0= 1y iy
—- KFr-1)p- 2)/Xp%“aZ\I’(kﬁ) {(92 (p%_gazPDazAKA@ - P]i)_gaZPDﬁ(ku)}
+ Q/V‘i’ ) V‘i’(ku)v : (XP?FV‘i’(kﬁﬂ — K* /Xp%ﬁ’(kﬁ)v‘i’(kn) : V(I:IQ + Aﬁ2)~

In the previous section we used this energy inequality with y = 1. This time we
first choose
1 Z<7Z

X= eH(2=22) 7 Zo,

(8.2)
with 4% > kf. This guarantees the coercitivity of the quadratic form (6.17):

Kx(Hy + AHo) [(P — V)l 2 prie + P%!V‘i’(ka)lﬂ +(p = Dppdz (o) )pwe 2% )

AX H2 ~2 2 T 2 1 ~ ~
X {2 [(p — D@0y + PPV 1) } - E(p = DppQpty0zY 11

Caprkix | (0 = 1)py iy + PV 2] (8.3)

v

We then add (8.1) wirh xy = 1, multiplied by 6 > 0, recalling that the analog of
(6.14) holds for Z < Z3 and for Z > Z(d) for Z(d) large enough. The error term
estimates are identical to the ones carried out in the proof of Lemma 7.1, and we
obtain the following analog of (7.23)

1d

2dr {(Ik”,x + Mk’i,x:l) (1+ O(&))} + m(‘rk”,x + 5Ik”,x=1) <e T+ 5kﬁ[k”,x(Zz,Z(¢f))’
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where x(Z2, Z(d)) denotes the characteristic function of the set Zy < Z < Z(d).
We now choose  such that

1 _
5 <L ——e 7 (Z(4)—2Z2)
VEE

which implies
1d
2dr
This yields the following lemma.

{(Zut oy + 0t ey ) (L + O@) } + VE (L, + 6L3s ) < €77

Lemma 8.1 (Control of the highest unweighted energy norm). For some universal
constant cyr (¢ <K dg),

0= [ o5 2onitisy + [ AITE P < oo (3.4)

9. Weighted energy estimates

We now rerun the energy estimates with suitable growing weights. This will allow
us to close the bound (4.33). Given o € R, we recall the notation

m 2np—
.= 2k—25—d4 2L+ [ Z
15,913, =Y [yt BSm (

k=0

24 4o,
p— -2 o ~
[(p — D)ol priy + p%!V‘I’klﬂ

We let
onp_ 2= o
k25 —da 2r=1)(p+1) 7 P p—1 5 y R
In = [t S (2 (0= 06 prd%y + P41V
(9.1)
and claim:

Lemma 9.1 (Weighted energy bounds). There ezists 0 < o (k*) < &, such that for
o = o(k%), and 9 > To(k*) > 1, for all 1 < m < k*, I,,,, given by (9.1) satisfies
the bound for all T > T

Im.o (1) < doe™ 277 (9.2)
where dy is a smallness constant dependent on the data and 1.
Proof of Lemma 9.1. The proof is parallel to the one of Lemma 7.1 with one main
difference: exponential decay on the compact set Z < (Z*)¢ for 0 < ¢ < 1 is pro-
vided by Lemma 7.1, and we use optimal weight in (9.1) to propagate the sharp ex-

ponential decay. This will be essential to close the scale invariant pointwise bounds

(4.34).

step 1 Equation for derivatives. In this section we use
o = (o, ..., 0%
and
o =0%p, Uy, = okW.
We use
(0%, A] = ko*
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to compute from (6.3):

O-pr = (Hi—kHa)pr — HoAp — (0" pr) AV — kdprd* " AW — pr AW,
2V (0 pr) - VU — 2V pr - VI,

+ R (9.3)
with
Fy = —9%p,+[0F, Hi]p— (0", Ho]Ap (9.4)
- Z Cj1,92 o IOTaj2 AT — Z Cj1,52 o Vor - 8j2V\il'
‘j1+j2=k 'j1+j2=k
J122,522>1 Ji,Jj2 >1

For the second equation:

87—\:[1k = —kﬁg\ilk - ﬁgA\i/k - (T’ - Q)ITJk - QV‘if . V\ifk
= =10+ ko — D)o — 20 *0ppd* 5| + B (95)

with

By = BT — 0F€py — [0F, Hu)AT — (p— 1) ([a’f, 25— k(p — z)pf,;;?’appak—lﬁ)
- > VT - §2V T — §FNL(p). (9.6)

Jitje=k,j1,j2>1

step 2 Algebraic energy identity. Let x be a smooth function xy = x(7,Z) and
compute:

%% {(p— 1)/XP%_QpTﬁi + /XP%W@HQ}
_ ;{(p— 1)/87Xﬂ%_2pTﬁi+/arXP%W‘i’k’2}
n p%l X(p = 2)0:pppy *prig + /x&pT [p;lP%_Qﬁk + pr|V T/
+ / Orie [ (0 = Vxely o

- /Bﬂh [QXPTVPT VU + xpr ATy + p7 VX - V\T/k] ,

/@ﬁk {(P - 1)XPIZ)_2PT/34 = /Fl [(p - 1)XPZZ)_2PT/3k}
+ / [(f{l — kHy)p — HaApy, — (0% pr) AW — 2V(0F pr) - V‘T’} [(p - 1)XP%_2PTﬁk}

- /kapTak_IA‘i’ [(P - 1)Xﬂ%72PTﬁk} - /(PTA‘i’k +2Vpr - V) [(P - 1)XP%72PTﬁk}
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and

- /&-‘i/k [2XPTVPT Vg + xp7 Ay + 7V - Vi’k} = _/FQV - (xprV¥4)

- /{ CREyy - HoATy — (r— 2), — 2V -V,

- {(p — 1) 2 pr + k(p —1)(p — 2)/%_330130’“*1/7] } [QXPTVPT VU + xpp AV + p7Vx - VI
= / XppV ¥y - VF

- / [—kﬁﬂ/k — ATy, — (r— 2)Fy, — 2V - v\i/k] V- (xpRVT)

+ / (p— 1) 2w [2xpTVpT Vg + xpp ATy + p7Vx - Vi’k}

[ Ko=) - 2 0000 5V - (T

This yields the energy identity:

1d o _

3T {(p— 1)/Xﬁ’b QpriJr/xp%!V‘Pk!z} 9.7)

1 Orx | Orpr arPD) p—2 o 1 / (87—)( 87-pT> N 9
= 35 +—+p-2 -1 + = —= 42 \A

5 / ( x o (p—2) s (p = 1)xpPp “prhi + 5 . e ANAA

+ /le(p — Db 2prpn + /XﬂQTVFz -V,

+ / {(ﬁl — kHa)pr, — HoApy, — (0 pr) A — 2V(8*pr) - V‘i’} (p = V)xp prin

- / [—kﬁgxifk — ATy, — (r— 2)Fy, — 2V - v\i/k] V- (xp2V )

- / kOprd* AU [(p - 1)XF’}E)72PTﬁk} + / k(p — 1)(p — 2)p%y *0ppd* =15V - (xp7V¥y)

+ /@V—Uﬁg%%DﬁVX'V@J

step 3 Bootstrap bound. We now run (9.7) with

2(r=1)(p+1)
(p—1) +20

Cog_gi 2Dty [ 7\ 2P
X(7,Z2) = xi = <Z>2k 20—d+ =2 < > . 1<k<k

Z*
(9.8)
with Z* = €7 and estimate all terms. We will use the algebra

=D+ o,y (1 + 21) = 2(r—1) (1 + 5) = (6+2)(r—1) = ((r—1)+2(r—1)

p—1 p—
220 —d L 4(r—1)+2(r—1) 7 2np—L(r—1)—2(r—1)+20
= Z —20—d+4(r—1)+2(r— = .
Xk = (Z) < Z*> (9.9)
We will use the bound for the damped profile from (4.9), (4.10):

1 1 1
1250 pp| S~ lz<z + ——5p g mp 1252 (9.10)

(Z) =1 (z) v (7)

and .
Z%0

w < ¢
PD
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In particular,

7 20—-2(r—1)
ka%) ~ <Z>2]<:—2z7—0l-|—€(r—1)—‘,—2(7’—1)p%3 <Z*>

- - ] 2 20—2(r—1)
-~ <Z>2k d+2(r—1) <Z> 2 <Z*> (911)
as well as
7\2k—d A 20—2(r—1)
Xk < %<Z>72U <Z*> (9.12)
PDPp
One of our main tools below will be the following interpolation result
Lemma 9.2. For any a > 0 and any m < k¥,
Hﬁ?ﬁlH?n,aJra < e_ca’kﬁT' (913)

Proof. For 0 < m < kF, on the set Z < ZF = (Z*)¢, 0 < ¢ < 1 we control the
desired norm by interpolating between the bootstrap bound (which controls all the
lower Sobolev norms) and the bound (7.1) of Lemma 7.1 for the highest Sobolev
norm. For Z > Z we just use the extra power of Z and the bootstrap bound (4.33)
1

~ \i/ 2 < (z* C —cpy7
”p7 Hm,O'Jra ~ ( ) € + (Z:)ga

15, Wl S e CertT (9.14)

~

O

Unlike the previously dealt with case of the highest Sobolev norms, estimates
below do not require us tracking the dependence on the parameter k. Therefore, we
will let < to include that dependence.

step 4 Leading order terms.

Cross term. We estimate the cross term:

p—1
<o / I AT |5y

k(p—1) ‘ / XOprd L ATPE 2 pry %)

X pl- X . . -
S [ it [ v < 15 IR, S e

The other remaining cross term is estimated using an integration by parts:
k(p—1)(p - 2) /V PPV )Xo *0ppd*Tp

X p-ligs |2 X  p-1x2 X 219 12 = 112
< oV pr— 1% VUL© < )\

< e G,

~

pr. terms. We compute using (11.16):

/ (B — KB)a((p — )y 2 prie)

—/X <k‘ + 22:__11) +0 (<;>>> (0~ Vel *prii
e kT — /X <k + 25:__1)) (p— 1) prit-

1

IN

A
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We next recall that by definition of the norm:

15,9170 2 Z/ eE VL %/ miz et
and hence
‘/ 0" pp) AT +2V (9" p )‘V‘i’} (p— D)ol *prin
Eadk 0|

PPk pr

—C

(Z)21 T )2

< Hp,\vum S e,

For the nonlinear term, we integrate by parts and use (4.34):

-2 9
/prD PT Pk g e ki

'/X [ﬁkA\i’ +2Vpy - V‘i’} (p = 1)p% *prn| < 7

Integrating by parts and using (11.16):

. _ B p—1 _ N p—1 D)
—~ / XHa Ay, [(p —1)ph) Qprk} + 5= / X — 2)8,pppt * prit + - / XOrpr P25k

p—1 N ~ _ _
= | it [V (ZxHap 2 pr) + xp10-(0% 2) + XxOrpriy 2]
p-1 [ ~2[ Ay (@pmApD) o1 + Apr < | >]
S d+ =21+ (p—2 + +0 .
7 | XPo i x T2 D pr (Z)

We now estimate from (7.5), (7.6):

~ _ 5 p—1 _ N p—1 O
—/XHZAPk [(p — 1)} QPTPk} +55— /x(p —2)0,ppp *prif + — /&prp *br

e N [d+1¥—2(r—1)+0<<21>T>]

2
-1 — ~ A —C 4T
= pT Xp%szp%[d—l—XX—%r—l)]-i-O(e KET)

U, terms. Integrating by parts:

(r-2) / VLY - (V) = —(r — 2) / N

Similarly using (11.16):
k/ﬁgﬁ/kv-(xp%vqfk) =k [/Xﬁ[ﬂkv-(p%vwk) +[:[2\I/kp2TVX~V\I/k}
= k{—/p%wk. [Xﬁ2vmk+ﬁ2qzkvx+xvﬁ2\pk +/ﬁ2qfkp%pvx-v\pk}

—k [/x [1+O <<Zl>r>] PrV L+ 0 </ PT<|Z\I’>I£1>]

— k[ XEVBL 4O w),
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where we also used that » > 1 and k # 0 (since otherwise the above term vanishes.)
Next, using (4.34):

2 T |12
g/XpT’v\IIH <e_ckﬁ7

and from (11.17), (4.34):

’ / 2xprV¥ - VU (prATy)

s [xvi (\a@%v@n + ”%;f‘) < [Tt
< et
We now carefully compute from (11.17) again:
/XPTETQA‘T% <2VPT VU + pTA\i/k> + /ﬁzA‘IJkPZTVX -V
= QZ/XPTﬁZZjaj\i’kaiPTai\i’k_Z/ai(XZjﬁQP%)ai‘i'kaj\ijk+;/v'(XZFbP%)’v\i'kF
0] Y]
+ ) Haph2;0;9,0ix0; U,

i,
= Y H0;90;%y, [2xpr0iprZ; — 0iXZipT — 8iipt — 2Z5pr0ipT + Zip70iX]

,J
1 . Ax AH A 1
+ /Xﬂgp%\vqfﬁ d+7X+ ~2+2PT+0<)

2 Ho pT (%)
1 p 2{ Ax | Apr < 1 )]

- = VU [d—2+ =X 422 Lo (— ). 9.15
5 [ v X0 (o (915

Finally, recalling (7.6):

/XPTI:IQA‘ilk <2VPT -V +pTA\ijk> + /ﬁzA‘i’wgva SV, + /XaprpTW‘i’kF

~ (d—2 1Ax Apr  O.pr < 1 )]
2 2
VI[P |2 X 2R T o
/XPT| g L2 " 2x  pr pr (Z)

- o[d—2 1Ax 2(r—1) 1
2 ] 2|12 = - A -
/XPTW t 2 Ty T pod +O<<Z>>]

~ [d—2 1Ax 2(r-1)
2 2 Co4T
‘II — — u .
/XPT|C k‘ 2 + 2 x 1 +O(e™%7)

Conclusion for linear terms. The collection of above bounds yields:

1d L i By
2dr {(p_ 1)/Xﬂ'27 2o/t +/xp%!V‘Pk!2} < e Onir

d 2(r—1) | 10:x+Ax -2 9 91 od (2
T /X[—k‘—i—Q—(r—l)— T T2 [(p—l)p’fg prkerT\W’k!]

+ /le(P 1)ob 2 prpr, + /Xp%VFQ V.
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We now compute from (9.8):

d 2(r —1 10; A
—k+-—(r—1)— (r=1) , 10x+Ax
2 p—1 2 X
d 2(r—1) 1 20+ 1)(r—1) 1
= —k4+=-—(r—-1)— —12k—20—d+ —————+0 | —-
+3 (r—1) P +3 o—d+ ] + 7
1
= —U+O<>
(Z)
and hence the first bound: Vm < kf
11, e
3 d’;_” + 01y < € Ckir (9.16)

+ /le - 1o prkJr/prTVFz-V@k-

step 5 F; terms. We recall (9.4) and claim the bound:

-1 [ ol pr S o (9.17)
Source term induced by localization. Recalling (9.12), (9.10), (7.8):

92 /o 2k—d
2 ok (2 Pp(Z) o2 ppY g dz Y
xph pr|0°Ep,)| 5/ VARV o e
/ D 14 757 pQDp]jj-i-l <Z>2k+25 7> 7 <Z>25+1

[0%, H] term. From (6.5), (9.13):

(p— pp (0%, Fp)? < Z |(‘9]p|2

—C

S Hpv\PHk—l,a-‘rr S e W

[0%, Hy) term. We argue similarly using (6.5):

- _ 3J'ﬁ
Haka HoJAp| < Z (Z)L—H"“—J (9.18)
j=1
Hence, using r > 1 and (9.13):
_ ~ p
(p—l)/xp% Yok, Ho)Ap)? < / XPp %

S ”paqjuk,a-&-r—l <e W
Nonlinear term.
Njijs = 0 prVEVE, it ja=k+1, 2<ji<k ja<k—1
If j; < k* — 2 then we use the pointwise bound (4.34) to estimate:
V72V | 672V |
(Zy PPz

|07 pr V2V | < pp

and hence recalling (9.13):
2 | 9727y |2
pp|07V Y|
Jo= 0 5 [y

S [ Fetvvie < e
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In the other case, when jo < k! — 2, we use the pointwise bound (4.34) for V¥
instead and estimate similarly.

step 7 Dissipation. |Calculations below and specification d = 3 are only needed in
the Navier-Stokes case.|

We now compute carefully the dissipation term in (9.7):

Dissy, = /ka%V(bZaW).v@k.

Indeed, recalling (2.3):

Au
VF(ur, pr) = TT
Pr
yields
A
Dissy, = bQ/kagpé?k < ZT> - U
Pr
case k = 0. We conclude:
A
Dissg = b2/X0p?pgT = bQ/XOAuT - 1.
Pr

For Z < 10Z*, we use the bootstrap bound |(Z)*0*ur p| < (@% as well as that
up is supported in Z < 10Z* to estimate, recalling (9.9),(9.11),

bQ/X()‘AuT"LNL‘ S bQ/XO\AuT-uT]+b2/X0|AuT-uD]

—2(r—1)420
< B2 /<Z>—2—2o——d+2(r—1) <Z> (r=D)+20 2 4 (Z;AUT)Q
zZ* D

(Z*)Z(r—1)+7’—2 2<102* <Z>2a+3

—2(r—1)+20 2 2 2
< P2 /<Z>—2—2a—d+2(r—1) <Z> up + (Z2 AUT) 4 T
zZ* P
D

with
ce =min{l(r —1)+r—2,r} >0
Exactly the same bounds apply to

7 —2(r—1)420 _ 2 Z2A 9
b2/X0|Vﬂ|2 < b2 /<Z>—2—20—d+2(r—1) <Z*> U +( a UT) n —
PD

Therefore,

Dissp < —bZ/XOWQZIQ—Hﬁ /<Z>—2—20'—d+2(r—1) <

—CeT
e e

Z >—2<T—1>+2” w3 + (Z2Aur)?

z* p%

case k > 1:

A 1
Diss, = bQ/kagpc')k </);LT> Sy, = Z bQ/ka?paklAuTGkQ <> e
k

2
T k1 t+ko= Pr



61

For ko = 0 we decompose ur = up + @ and estimate, using that up localized for
Z <10z*

bQ/XkakAUD'ﬂk < bQé/XkP%ﬂk\Q

4-25 (Z)2h—20—d+{(r=1)+2(r~1) o) i1
e /Z§1OZ* (Z)2(r—1+2+k) (2) Z%dzZ

< et 4 A2 / (2)*~Vdz
- z<10z« (Z)¥HD

< e Skt T + b4—26 5 e CkiT
since the condition
(r—1) <2 holdsfor d=3 (9.19)

in view of

d—1

r*(d,l) <ry(d,l) =1+ m

The main dissipation term is

_ - 1 -
bQ/XkAuk Uk = —b2 |:/ XMVU}CP — 5 /AXk\ukF]

k—1
< —bQ/Xk]VﬁkPJrO(bz)/é’;kaF < —b2/Xk|vak12+0(b2)zxjyvaj\2
=0
If 1 < ky < kf — 2, we estimate from (7.11) and Leibniz:
1 5 _ Vokiy
P8 s () misd [t |3 S
ot +ha =k k1 <k—1 Pr ki +ha=k i1k <k D

el & k-1

U b2 ) 4

S b2/>gkz‘>k‘ Y VX VO ur| < m/xk\akVuT\Q +CkaZ/XJ (IVa|? + V& ur|?) .
=0

k1=0
For ky = kf — 1, k; < 1, we integrate by parts once and use (7.11) to estimate

1
bQ /ka%@klAuTak? <2> 'ﬁk
PT

2 k ~
Xk _ 0" Augl|ay R
< b2/p%<z>,§2_1 {yakIHAuTHukH<Z>+|a’flAu|yvuk\
B2 k-1 .
< 1g [ IV Cb? Y (VAP + [VoTur ).
j=0

For ks = kf, k1 = 0 and k = k*, we integrate by parts once and use (7.11) to
estimate (the highest derivative term)

1 - k okl T - Aur||tug -
[wstaures () ] <0 [0 oaurjng + RO dur v
IOT PT <Z>
(Lower derivative terms are easier to estimate. We omit the details.) Estimates for

the three terms are similar but for the first two we can use estimates from the step
k = k* — 1. We therefore will only explicitly treat the term

ok—1 ~
? [ 27} A [V

b2




62 F. MERLE, P. RAPHAEL, I. RODNIANSKI, AND J. SZEFTEL

First,

oF PT‘ b Xk’akilpT‘Q
b2/ LAu vuk</XkVUk2+Cb2/ X0 pr|T
7<127* pT | ! | 10 | | 7<122+ <Z>4+2(r71)p%

b2 2(r—1) 2 2 _2(r—1 1|07 pr]?
S Vi 2+Cb2/ 7 (r— ) (r—1) L
10 Xk| Vg ZSIZZ*< ) kapD <Z>2
b2 1 05 pp|?
< C— Z (r—1)—2 1
— 10 Vel + (Z*)tr=1+r=2 /ngz*( xifp. (2)?
b? 10" )
< — [ x|Vl +C Z) " XkPp e
10 |Viig|? Z§122*< ) D gy
1 o B ‘ak—lpD|2
o~ g\r=1-2, p-1
+ (Z*)Z(r—1)+r—2 /Z§12Z* > XkPD <Z>2
2
<70 Xk | Vig|* + e~ 7
I O(r—1)—2—d-2k+0(r—1)—2 z4!
+C(Z*)e(r71)+r72 /Z§122*<Z (Z)2+2(k=1)+(r=1) dz
b2 1 ( )E(r Vdz
< Vi 2 R e — -
< b2 V 2 CtT
<70 Xk| Vg + e~

where we used the condition that ¢(r — 1) +7 —2 > 0, see (2.9), as well as (9.19).
We now estimate

ak—l
b2/ XEO Pl 1
Z>122* pr

We first decompose pr = pp + p.

k-1
k|0 D _ _ _
b2/ Xkl Pl Ay 157 5@2/ e (2) 5 A ||V
Z>127* T Z>127*

b2
<15 Xkquk12+Cb2/ (Z) 722y | Aug |
Z>127,
b? 2 2 2
< — 10 Xk|Vig|* + Cb Z/XJ\VUJI

where we used that y, = (Z)272y; and that up is supported in Z < 10Z*.
Integrating from infinity and using Cauchy-Schwarz,

Zd—lxzz\AaP(Z)g/ 201y, |V Al dZ+/ 74 1X2;Au\2dz</ngva2\2+/><1\val\2
z
Using that up is supported in Z < 10Z* and that y; = (Z)?~%y, we then obtain

) b2
b2 / X n v <L [l
Z>127* T 10

k—1
7 k—lak—l ~12
Jj=0

Z>127* %%



63

2
)

We now use the estimate (5.13)
Vkp

—20
/ <Z>—d+2k <Z>‘u
7>122+ z* pPD

which holds for any k < kf — 1 and positive g = min{1,2(r — 1)}, to conclude that

2 Xk|0" 15| - b? <12 Qk_l _—
b S Aug||Vig] < — [ xul Vi + C0* Y [ x5l Vi
Z>127* pT 10 =0

We now set
—2(r—1)+2
J = b2 / (7)-2-20—d+20-1) [ 2 U GG 1 (22 Aur)?
: 7 P
Choose a decreasing sequence of positive constants C,,, and sum the above inequal-
ities to obtain for

Lt
1= Cnlng (9.20)
m=0

Kt k#
1dI 1 . - ~ e ur
§d—7+al+§b2 > Cm/XmNumP <CI+) C’m/xmp?pV}*}m-V\I/ere ke T
m=0 m=0
(9.21)
where B
Fy = F5" — p?0mo™
denotes the F» terms minus the contribution from the dissipative terms.
step 6 F5 terms. We claim:

Kt
- ~ 1d
m=0
with
(K| < dljs o

Source term induced by localization. Recall (6.1):

Epy = 0,Wp + [[VUDP + oyt + (r = 2)¥p + AV |

which yields

d78pw = Oyup + [QuDazuD +(p— 1)/0%_182PD + (r—Dup + AuD} .
In view of the exact profile equation for up and the fact that up coincides with up
for Z < Z*, 078p,y is supported in Z > Z*. Furthermore, from (4.10):

up(7,2) = ((AZ)up(Z)

and hence

drup + Aup + (r — Dup = —A((z)up(Z) + Al(2)up(Z) + ((2)Aup(Z) + (r — 1){(z)up(Z)

= ((2)[(r — Dup + Aup] (2) = O <1ZZSZ§SZ> :

p=1
Using that |up|+ py S (Z)=(r=1) | with the inequality becoming ~ in the region
Z* < Z <10Z* and that up vanishes for Z > 10Z*, we infer

1z>7 23t

|8ZéP,W| S WPD
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with a similar statement holding for higher derivatives

17>z« 21t

IVO*épw| S (Z)k+5PD

Then, using (9.12),

_ 7d—1 72k p p
2 1ok 2 TPD ~25
/X/OTW8 Epw| §/Z>Z* Zip 2 <Z>2k+25dz< e T
P

[0%, Hy) AW term. From (6.5):

k+1

= k
o |0, 0| VoI b
V(10%, Ho]AT)| S Z:l (Z)r+1Th=j 2% Yk
= ]:

<.

and hence:
k .~
- vorRP .
[ eIV (e maw)P < > [ v s S
j:

[0%, p2 %] term. By Leibniz and (7.14):

‘ 105, 0515 = k(o = 2)68y *0pp0"™ 7] ‘ <

and hence taking a derivative and using (9.13):
k—1

|07

2
/Xkﬂ?r )V {[3]6#%_2}5— k(p— Q)P%_SapDak_lﬁ” S Z/X PRl 2)+2<Z>2(k7—j)+2

J=0
< e CktT

since 2(p—2)+2=2(p—-1)>p—1.
Nonlinear ¥ term. Let

ONj, j, = ONVEO2VY, ji+jo=k+1, j1<ja, ji,jo> 1.

We have j; < %ﬁ and hence the L smallness (4.34) yields:

) 2
2| 51 T i U |2 s |02V
/XkPTa VUoRvVE|T < /Z<Z* XEPT 32l ja)+2(r—1)

AL
+ &6—2(7’—1)7'/ 2 ’7
Z> 7 XkOT (Z)2(k=j2)

< B i+ 2TITIR WIS, o < €T,

step 8 NL(p) term. Arguing as for the proof of (7.16) yields:

_ P\ p-1Vhk |07]
VOFNL(5) = F' <pD> " 1p—D +0 p% ! Z T | (9.23)

We recall that
F)=(1+v=1-(p-1v, F@)=@-1)(1+vP?-1)
We need to estimate going back to (9.7)

G = - / XPAVONL(P) - Vi,



65

and claim

|G| < e 7 for k< kf—1 (9.24)
and for k = kf:
1d p 2 p 2
< _-Z F/ P V4 2 o / F/ P 2
I < 5 7r {/Xk (PD) Pp PT/Ok} R s oh “pro;
+ Ofe™7), (9.25)
Indeed, we estimate:
- k
_ 2 p -1 Vpk |09 p| -
gk—_/kaT F’(@)P% Py Z e -V,

b vs )
= —/xkp%F’ <p> o LYLE 78, 4+ O(eT)
PD PD

and we now integrate by parts:

—/xw%ﬂQi)ﬁfifﬂv@w:/mV-Qﬂw<ﬁ)ﬁ?ﬁV¢Q
= /ﬁk [XkF/ (pp;)) P2V - (3 V) + p VT - <XkF, (p;)> rp 2)} :
We estimate
v (r () )| <

~ 5 _ ~ v\i] —1
’/ﬁkp%vwk'v <XkF’ <p> P 2> < 5/ XiPr|VVklpp P
PD (Z)

For k < k! — 1, we estimate directly

‘/mmﬁ<p)lfvwﬁv%>
PD
S ko1 S eTHT

~

and (9.24) is proved. We now let k = k* and insert (6.7)

/XkﬁkF/ ( > P2V - (3 V )

= — /XkﬁkF/ </0D> p%_QpT [aTﬁk — (ﬁ[l — k(ﬁg + Aﬁg)ﬁk + ﬁgAﬁk

and hence

2
. - -
5/Xk|ﬂk\ﬂ% ? [|<ZD>"V‘I%| + phl| Ay

+ (AR pp)AT + kVpr - VI + 2V(AK pr) - VT — Fl]

and treat all terms in the above identity. The 0;py is integrated by parts in time:

p 1d i P 2 9
/XkPkF <p0>pD P10 Pr; = 5 7r {/XkF <pD>P€) PT Pk
. ~
+ g fitor(ur () dor).
2/pk < A s o 2 pr

We now recall the identity

N - 1 [
/kaAPk =3 /ﬂi(dG + AG)
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Therefore,
! / 20, (ol (L) o2
92 PrLOr | Xk oD Pp PT
- /XkﬁkF’ <p> o 2 pr [—[ﬁl — k(Ha + AHy)|pr + ]:I2A,5k] = /ﬁiﬂ
with
1 0 _ 0 _ . - -
A = 50 <XkF’ (”) o 2,0T> + i F' (”) o2 pr [Hl — kHy — k:AHQ}
PD PD
p . 3 i ~
+ oxiF’ <p> o “or + - A <XkH2F/ <p
PD PD

leading order term. We claim

Asr (7)o [0+ 0 (5 (9:26)

which ensures

_/XkPkF ( )P P07 pi;
1d p p—2 p —2 —C 4T
S ()] o (2 ki

Therefore, see (9.22),
o / ,5 —2 ~2
g{——/XkF ()p’é TP},
PD

and
K] <6 / xirl 7. (9.27)
Proof of (9.26): First
p ~ C
F' '0> AHy| S
’ (m |
Then from (9.8), (7.5), (7.6), (11.16):
18([)13 pT)'{:22 (P% pr) —|—H—k‘H _‘_d_{_lw
2 Pyt Xk
1 2(r—1) 2(r—1) 2(r—1) d
= — — 2 — — — — —
2[@ )< p—l) -1 p-1 T3
2k—20—d+L_11)+2(7“—1) 1 1
+ - +o< ):—a+o< )
2 2

.j) 4.34), (11.16), (7.8):
(0r + A) [F’ ] _F (p‘;) { (9- :DA)ﬁ B pP; (0- ";;\)PD}

- P2 T o (@) olm)

We then estimate from (

PN o)
)

= U ‘bl

| ~— —~
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and (9.26) is proved.
lower order terms. Using (7.2), (4.34):

/X’fﬁ’fF/ <p> p%2PTAK,0TA\i" < 5/Xkﬁkﬂ§1A\if| [ pDkﬁ p }
PD (Z)
< T,
The term

‘/XkPkF < >p’j) 2prVAK pp - V\IJ‘

is treated similarly after integrating by parts once. Furthermore,

‘/XkPkF( )ﬁ% prVpr - VU

Finally, from (9.17):
‘/kakF ( )pD prFi| <

The collection of above bounds concludes the proof of (9.25).

< 5/kagﬂ <ZT> ‘V\i/k‘ < e T

< e KT,

step 9 Conclusion. Going back to (9.21) we obtain

A

Ld(I + CpeK
LA+ Cu®) | opy o) + bQZC /mevam\2g0J+e—CknT. (9.28)

2 dr

We integrate in time and use (9.27) to obtain for o < ¢4

I(T) < 6—20(7’—7’0)[(7_0) _|_Ce—2m'/ englJ_’_e—CkﬁT
70

We now recall (7.12), choose a small constant 6 > 0 (which will depend only on the
constants r and np,) let Z; = (Z*)! and estimate

T ! T 20 )2 7 20—2(r—1) u2 + ZQA’LLT 9
/ e2 J = / b2(Z )2 /<Z>2( 1)—2—20—d <Z*> T ( . )
0 70 PD

_ /T bQ(Z*)QU/ <Z>2(r71)727207d <Z>202(T1) u% + (Z2AuT)2
- Z<7; z* rh

+ /TbQ(Z*)Q(r—l)/ (Z)‘Q duT (ZQAUT)
P Z>7r PD

We first obtain

- 20—-2(r—1
/ bQ(Z*)Q"/ (7)2r=D)-2-20-d <Z> "V g+ (22 Aur)?
70 Z<7; z* 0

S /T(Z*)—Z(T—l)—r+2+2a / <Z>—2—2a—1 <Z>€(r—1)+26np dz
70 A4

< e—(r—%np)m +e—(€(7‘—1)+r—2—20)7’g < 6—67'0

as long as 6 has been chosen small enough, so that » > 6np and o is small enough
so that 20 < {(r —1) +r — 2.
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To control the second integral we use the global bound (5.3)

/T bQ(Z*)Q(Tfl) / <Z>727du% + <Z2AUT)2
70 Z>Zy P%)

T *\ d—
_ / b2(Z>k)—d+2r/ <Z> 2 u% + (Z2AUT)2
70 z>z: \ Z (Z)*p%,

T 2 2 2
< efﬁ(d72)7'o / b2(Z*)d+2r/ up + (Z4 A2UT) < Cbefﬁ(de)‘ro < 67670’
TO <Z> pD
where the penultimate and last inequalities hold since” d = 3. This concludes the
proof of (9.2). O

10. L*° bounds

We are now in position to improve the bound (4.34).

Lemma 10.1 (Improved L> bounds). For all 0 < k < kf — 2,

kx7k ~
H<Z>pvp + H<Z>k+(7’—1)vka P S(QO (101)
D Lw oo < *
andforallogkgkzﬁ—l,
kt(r—1) [ £ 2 -
(Z) 7 AVARY < dy (10.2)
Lo°(Z>1)

Proof of Lemma 10.1. For any spherically symmetric function vanishing at infinity
o o
1F12(2) < / 7720, 1?2 dz +/ Z7U [Pz dz (10.3)
z z

We apply this to f2 = (Z)Ix.p%|VFi|? with y, from (9.9). For Z > 1 we then
obtain

(2o VR (Z) < / 1BV / NePBI VR < 72,

We now observe that from (9.11)

7 20—-2(r—1)
7

(@ ~ (202

The estimate (10.1) for V¥i(Z) with Z > 1 and k < k* — 1 follows immediately.
For Z < 1 the estimates for both Vkﬁ and VF4 for k < kf — 2 follow from the
boundedness of the Sobolev norm ||, ¥||+ in dimension d < 3.

The exterior estimates for p have been already established in (5.14)

B

()

"Once again, dimensional restriction arises in the treatment of the dissipative term. It is not
needed in the Euler case.

N

< dy
Lo (Z>122%)
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for any 0 < k < k* — 2 and g = min{1,2(r — 1)}. It remains to prove (10.1) for 5
for 1 < Z < 12Z*. We again use (10.3) but integrating from 12Z* instead. Setting
12 = (Z) % ' V* 5|2, we obtain

—1 ~ —1 ~ —1 ~
2y IV S (2 VAR ez + / XAy VEH P

7<127
-1 -
4 / N T
Z<127*

We now observe that for Z7 < 127*

d -1 2%k—20+0(r—1) (Z)2h—20
(Z)"xxpp ~(2) N
D

)

which implies

vk ~12
<Z>—20' | 2p| S (Z*)_2Uc¢0 + 6—207&0
PD
The result now follows immediately. ([l

11. Control of low Sobolev norms and proof of Theorem 1.1

Our aim in this section is to control weighted low Sobolev norms in the interior
region |z| <1 which in renormalized variables corresponds to Z < Z*. On our way
we will conclude the proof of the bootstrap Proposition 4.5. Theorem 1.1 will then
follow from a classical topological argument. In this section all of the analysis will
take place in the region Z < 5Z* where pp = pp and ¥p = Up. We recall the
decomposition (2.26)

pr=p+pp, ¥r=VUp+ ¥, &=pp¥
and note that (5, V) = (5, V) for Z < 52*.
11.1. Exponential decay slightly beyond the light cone. We use the expo-
nential decay estimate (3.20) for a linear problem to prove exponential decay for

the nonlinear evolution in the region slightly past the light cone. We recall the
notations of Section 3, in particular Z, of Lemma 3.2.

Lemma 11.1 (Exponential decay slightly past the light cone). Let

~ Zo+ Z
Za == Ta
Then S
_ _dg
||V(I)||H2’%(Z§Za) + HpHHQ’%(ZSZNa) Se 2. (11.1)

Proof. The proof relies on the spectral theory beyond the light cone and an elemen-
tary finite speed propagation like argument in renormalized variables, related to [38].

step 1 Semigroup decay in X variables. Recall the definition (4.17) of X = (®,0)
® = pp¥
O =0, + aHoA® = —(p — 1)Qp — HoAD + (Hy — €)@ + G + aHoAD
(11.2)
with Gg given by (3.3), the scalar product (3.14) and the definitions (4.19), (4.20):

Ao={AeC, RN\ >0}Nn{X is an eigenvalue of M} = (N\;)1<i<n
V= UlgiSNker(m — )\Z'I)kki
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the projection P associated with V', the decay estimate (3.20) on the range of (I —P)
and the results of Lemma 3.6. Relative to the X variables our equations take the
form

0; X =MX + G,
which are considered on the time interval 7 > 75 > 1 and the space interval Z €
[0, Z,] (no boundary conditions at Z,.) We consider evolution in the Hilbert space
Hsy, with initial data such that

(T = P)X (o), < €20, [PX(m)lly, < e 8. (113)
According to the bootstrap assumption (4.37)
IPX()lliay, <™ %7, Vr€ [r0,77] (11.4)
Lemma 3.6 shows that as long as
|Gl <57, T2 (11.5)

there exists I', which can be made as large as we want with a choice of 7y, such that
8
IPX (M), Se 27, m<T<m+I. (11.6)

This will allow us to show eventually that if we can verify (11.5), the bootstrap time
T >71+T.
Moreover, as long as (11.5) holds, the decay estimate (3.20) implies that

T T %,

I(I = P)X (7)1, S € 3™ | X (70) sy, + / e )G (0) iy, do

T0

—5g 5q +o0 5g 5g
S e T X (1) iy, + / d] < e (11.7)

70
As a result,
)

IX (D, Se7 27 m<T<7 (11.8)

Below we will verify (11.5) V7 € [1, 7*] under the assumption (11.7), closing both.
Once again, this will allow us to show eventually that the length of the bootstrap
interval 7% — 19 > I is sufficiently large.

Recall from (3.7), (3.5), (3.14):

IG sy, §/Z<Z IVA’“bGelngdleJr/Z G424z (11.9)

<Za
with
Go = .G — <H1 + HQ%Q) Go + HoAGo — (p — 1)QG,
G, = —pAT — 2V5- VT
Go = —pp(|[VI[* + NL(p)) + b*ppF (ur, pr).-

step 2 Semigroup decay for (p, ¥). We now translate the X bound to the bounds
for p and ¥ and then verify (11.5). We recall (11.2) and obtain for any Z > Z,

HGHH”“WZSZ) + ||q)HH2’%+1(Z§Z) Hﬁ”H%b(Zg) + HEHHW%H(ZSZA) + ||G‘P||H2kb(ZSZ)

AN YA

HTHH?’%(ZSZ) + ||(I)HH2kb+1(Z§2) + ||G<1>||H2’%(Z§2)

and claim:

1Ga 2t 72y S IV 01, 5y + 10120, g €757 (11.10)
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Indeed, since H?#»(Z < Z ) is an algebra for k;, large enough:

lop (V] + NL(o) 24, (1< 2 S IV G0, (1< 2y + 1020, (1< 2)-

The remaining term, see (2.8), is treated using the pointwise bound (4.34) and the
smallness of b which imply:

162 ppF (ur, p1)ll ok, 1< 2y S (Z0)C0F < €707
provided §, > 0 has been chosen small enough, and (11.10) is proved. Choosing
7 > Z, this implies from (11.2) and the initial bound (4.24):

IX )l S 1T gzt o1 gy + 100 g2,y + €%

9970

< e (11.11)
This verifies (11.3). On the other hand, choosing Z = Z, with
~ Zy+ Z
Za = %7

we also obtain from (11.8)

— B s b7
NP 21 z< 2,0 T 1P g2t (z< 2,y S 1X (D) [gav, €727 S e (11.12)
( ) ( )
The estimate (11.1) follows.

step 3 Estimate for G. Proof of (11.5). We recall (11.9). On a fixed compact
domain Z < Zy with Zy > Z3, we can interpolate the bootstrap bound (4.32) with
the global energy bound (7.1) and obtain for k* large enough and by < bo(kﬁ) small
enough:

1Bl 72k, 110 7<) + 1N g2y 410 < 50y < Crelimmmlio < e~li=mlom (11.13)

and since H?* is an algebra and all terms are either quadratic or with a b term,
(11.13) implies

”GGHHQI%%(ZSZO) + ||GPHH2’%+5(Z§ZO) + ||G‘1>||H2’“b+5(Z§Z0)

N U (11.14)
which in particular using (11.9) implies (11.5). O

11.2. Weighted decay for m < 2k, derivatives. We recall the notation (3.1).
We now transform the exponential decay (11.1) from just past the light cone into
weighted decay estimate. It is essential for this argument that the decay (11.1) has
been shown in the region strictly including the light cone Z = Z5. The estimates in
the lemma below close the remaining bootstrap bound (4.32).

Lemma 11.2 (Weighted Sobolev bound for m < 2k,). Let m < 2k, and vy =

629 2¥__11) , recall (4.23)

B 1 7Z |1 for Z <2
Evo,m = <Z>d—2(r—1)+2(V0—m)C (Z*) » $(2)= ‘ 0 for Z =3,

then:
2%k,

> /(p —1D)Q(I"D) vy + VO™ ®|?Ey i < Ce 37, (11.15)

m=0
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Proof of Lemma 11.2. The proof relies on a sharp energy estimate with time de-
pendent localization of (p, ®). This is a renormalized version of the finite speed of
propagation. (Remember: this part of the argument treats the dissipative Navier-
Stokes term as perturbation and, at the expense of loosing derivatives, relies on the
structure of the compressible Euler equations.)

step 1 H™ localized energy identity. Pick a smooth well localized spherically sym-
metric function x(7, Z). For integer m let

=0"p, P, =0".
We recall the Emden transform formulas (2.25):

1 —w)
( )[1_|_Acr]

=
|
T =

(
l

o

)
3K \

which yield the bounds using (2.20), (2.21):

2(r—1
H2:1‘+O<<Zl>r) H1:—7;_1)+O<<Z1>T>
(Z)I0,Hi| + {2V 0, H| S s G 21
(2905 S

= [1+0 ()] 54 1272501 55 e

(11.16)

and the commutator bounds:

07, HiJp| < Sy A%
IV (0 HiJp) | § S it
[ Qwr<QZm1'%ﬂ
[0, HolAp] S S M

m o
[V ([0, Ho)A®) | S S5 pn s

Commuting (3.2) with 0™

0Py = Hip,, — Ha(m + A)p,, — APy, + 0"G, + Epy

with the bounds

1027l 0% 9|
Bl S X0 rzpcbon=s + Lo i
s, a,P
VEmal S QY o= +2m+1 oL
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We derive the corresponding energy identity:

%% {/(p —1)QRAx + \V<I>m|2x} = ;/&x (0 — 1)QPs, + VO]

[ 0= QX [Hipy — Halm + D)5y, = A, + G + B

+ /qu>m -V [=(p = 1)QPy, — Ha(m + A®,,) + (Hy — (r — 2))®y, + 0,Ga + Ena)
- ;/afx [(p = D)@pr + VO[]

+ /(p — DQPmX [H10,, — Ha(m + M)y, + 07" Gp + Em o] + /(p ~1)Qp,, Vx - VOy,

+ /;N(I)m -V [-Ha(m+ ANy, + (Hy — (r —2))Pp, + 0"Go + Eno) -

In what follows we will use w > 0 as a small universal constant to denote the power
of tails of the error terms. In most cases, the power is in fact r > 1 which we do
not need.

Py, terms. From the asymptotic behavior of @ (2.21) and (11.16):

I D ~ _p=1 [ AQ AHy  Ax
/(p 1)Qp,, xH2Ap,, = 5 /pmeHz {d+ 0 + T, + .

= /pfn(p— 1)xQ B —(r—=1)+0 <<Zl>w>} +;/(p— 1)QH,Axpz,

®,,, terms. We first estimate recalling (11.16):

/me V[(=mHy + Hy — (r — 2))®,,]

~ [Cntis it —2pvenP 40 ([ va,e,))

— [(m+r—2)+ 22:__11)] /XIV‘1>m\2+O </ <ZX>w ['vq)m'2+<q;2;2]>

We recall Pohozhaev identity for spherically symmetric functions

/R R B S

1 Cod—1
= _2/]Rd 10,9/ [f —Tf] dx

and for general functions
d d
/AgFngﬂf = ) /3129Fj5j9d$ =-> /819(3iFj3j9+Eai2,j9)

i,j=1 6j=1

d
1
= — Z /8¢Fj8igajg+2/]Vg\2V-F. (11.17)

ij=1
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Now, taking F' = xHs(Z1,...,Z4) in the above:
— / XV, - V(HsAD,,) = /HgA@m[xACI)m +Vx-Vo,]

= —Z/anw 0; P + = /yv&m\ V- F+/H2A<I> Vx - V&,

,Jl

1 A AH-
S 04,0, [0\ HaZy) + HaZi0] + 5 [Iven P, {d F2 2}

ij=1 =
(d—2) / 2 1 / 2 / X 2
) — | HoAx|VD
2 X|V m| + 92 2 X‘V m| + O <Z>“’ m|
The collection of above bounds yields for some universal constant w > 0 the
weighted energy identity:

d
s { [t n@mocs 1o (1118)
d 2(r—1 1
= _/X[(p—l)Qp?njLV(I)mF] [<m—2+r—1> + 2—1) —I—O(<Z>w>}
+ 5 [o= 0@ oot Havd + 5 [ Ve P+ HaAN + [0 1)@8, VX T,
m+1 m
20/ QW L

+ 0 /X jZO (Z)2m ) Z "

+ o [uveaivorcs+ [ x@mmnamc:p\)

step 2 Nonlinear and source terms. We claim the bound for x = &, m:

2k,

Z Z/§u0 m!vaqup\? /(p— 1)Q§l,o’m]8mGp\2
m=0 i=1
2k,
S Z Z/megyo+lm+ ’vém‘ gz/o—‘,—lm +e —CT (1119)
m=0 i=1

for some positive ¢, > 0.

Remark 11.3. Crucially, the constant ¢, can be chosen to be such that ¢, > 4.
More accurately, the constant ¢, will be computed to explicitly depend on the speed
e=4L(r—1)+7r—2,rand d,. It will be clear that adjusting J, while keeping all
the other universal constants (¢,r) fixed we can satisfy the inequality c, > 4.

G term. Recall (3.3)
G, =—pA¥ —2Vp- VU,
then by Leibniz:
0" Gl* < > |07 p|* |07 W,
Jitja=m+2,j2>1
We recall the pointwise bounds (4.34) for Z < 3Z*,
Ck

2(r—1) ’

(zy" 5

16720| < Uk

|8J1ﬁ‘ < = W
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This yields, recalling (11.32), for j; < 2k,:
2 |07 p
/guo,leahp‘ ’8]2\1/’ S /QC( >Z2(J2 —m)+d—2(r—1)+2(r—2)42v9

Z 0715
S /C (Z*> Q< >d 2(,’, 1)+2 vo— ]1 +2 ~ Z/£V0+1,]1Q|ajzp’
2%,

Z Z/meglfoﬂ m + |V Evo+1,m-

m=0 =1

For j1 = m+1, jo = 1, we use the other variable:

. R 72\ | 2
[son@orstiorir s [ac( 7)o 2

2(]1—m)+d—2(r—1)+%+21/0

Z 2|92 |2 J2 8,02
N /C <Z*> (Z)d- 21(27« |1)+2(1|/0 —j2)+2 NZ/ (Z*) yd— 2("r 1)+‘2(y0 —)+2
2k,
N /glloJrLJ‘aJ (I>|2 S Z Z/mengrlm + ‘V(I)m| £V0+1m
m=0 i=1

and (11.19) follows for G, by summation on 0 < m < 2k;, .
Gg term. Recall (3.3)

Ga = —pp(IVU[* + NL(p)) + b*ppF (ur, pr).

We estimate using the pointwise bounds (4.34) for js < 2k,:

m T|2)| < PP_ | izt 1§ gis+1
VOV S > T T
Jit+j2+jz=m+1,52<j3
2Ky st
DS e P ees (AL TED D Lo
~ r— ~ r+m—js
Jitiatiammtlja<js (Z) =1 TOHTTERR P4
and since r > 1:
2k, 2k,
3]3+1(I>|2 )
Z/gvom r+m ]d ~ 2/5V0+17]3’v®]3
Jja=0 J3=0

For j3 = 2k, + 1, we use the other variable and the conclusion follows similarly.
The dissipative term is estimated using the pointwise bounds (4.34):

m+1

9 F (up, pr)|?
/5”0”” VO™ (B ppF (ur, pr))|” < b4/ Evom Y 1% lur. pr)
7=0

7Z<37* (Z)2(m+1=7)

1 @F (ur, pr)?

1
< b0k / — - :
7<32* <Z>d+6g—2(r—1)—%—2m jZ::O <Z>% (Z)2m+1-j)

. 2(r 1) mtl
b /Z<3Z* (2)d+35+2 Z (2)! 0 F (ur, pr)|*

N
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For j > 1, we estimate pointwise from (4.34):

(ZY|0F (ur, pr)| < (2)7 |99 (AZT)‘ <@ ¥ 0% Avur|

2
T st P8V
<Z>]+4(r 1) Z 1 1 B <Z>€(T—1)
~ r—1+j1+2+j9 ~ pod=1 r
Jitje=j—1 (2) " ” (z) v 1 ()
Therefore, recalling (1.13):
A (r 1) m+1
7)1 9
b /Z<3Z* (Z)d+o,+2 Z (2Y 0 F (ur, pr)I?
1 7\2(r=2) ( 7\26(r—1)
(2P0 (20D e

<
~ <Z*>2[Z(r—1)+r—2] 7<32" <Z>1+5g <Z>2r
where ¢y = min{2[l(r — 1) +r —2],4 4+ 2r} > 0. For j = 0, we have the bound:

z dz z dz
) < _ %
|g(uTa IOT)| ~ /0 <Z>T_1+2_£(r_1) /0 <Z>1+r—f('r—1)
We observe at 7*(3, 4):

PH0) — 0 () — 1) > 0 & £(r*(0) — 1) < 17 (£) < ¢ <

0+3 1> - (+3
(++/3 (+/3

& B-VB)<l+3el< _\f

which holds since £ < 3 < 2_—\/3. Therefore, in the case r ~ r*, |F(ur, pr)| < 1,
which yields the contribution:

4 <Z>2(T_1) d—1 1 N 2( 72)75 e

P o 22 < ey (128 <

where ¢, = min{2[(r — 1) +r — 2,04 + 2¢(r — 1)} > 0. In the case of r ~ ry,
we have either |F(ur,pr)] < 1 in which case we obtain the bound as above, or
|F (ur, pr)| < Z%=D=". Then, we obtain

b MZd_le < 1 4z < e
z<3ze  (Z)THoot2 N ZVD=2] [, gy (Z) 1042 -

This concludes the proof of (11.19).

step 2 Initialization and lower bound on the bootstrap time 7*.
Fix a large enough Zy and pick a small enough universal constant wy such that

VZ >0, —wo+ Ho> % >0 (11.20)

and let I' = I'(Zp) such that
Zy
274

We claim that provided 7y has been chosen sufficiently large, the bootstrap time 7*
of Proposition 4.5 satisfies the lower bound

™" > 71 +T. (11.22)

el =1, (11.21)

Indeed, in view of the results in sections 7 and 8 there remains to control the bound
(4.32) on [r9,70 + I']. By (11.6), the desired bounds already hold for Z < Z, on



7
[10, 70 + T].

We now run the energy estimate (11.18) with x = &, and obtain from (11.18),
(11.19) and the Remark 11.3 the rough bound on [r, 7*]:

d

- { / (p = D) QPrum + rw»m%o,m} <C / (P~ D)QBEvo.m |V i [*€vy mt-e ™07

which yields using (4.24):
/ (p = DQPomvom + V8| *Eyy m < 7T / (0 = DQ(Pn(0))*Ev.m + [V (0) P& m
4 eCT /T 67(C+§g)ad0_ S eCF [Coef(sg‘ro 4 675g70i| S QGCFCOe*(SgTO
0

and hence
46

eTgT [/(P - 1)Qﬁ$n€l/0,m + |V(I)m|2£u0,m}

45 5
< eQCFCOe—(SgTQeTgTO < eZCFe—l—gTo <1

which concludes the proof of (11.22) and (11.15) for 7 € [r9, 70 + I'].

step 3 Finite speed of propagation. We now pick a time 74 € [19 + I',7*] and
Zy < Zp < oo and propagate the bound (11.1) to the compact set Z < Zj using a
finite speed of propagation argument. We claim:

+ VT2 29, < Ce%T. (11.23)

—12
HpHHka(ZS%) HZkb(ZS 2)

Here the key is that (11.1) controls a norm on the set strictly including the light
cone Z < Zy. Let B

5 Lo+ 2

Za _ “a ;’ 2
and note that we may, without loss of generality by taking a > 0 small enough,
assume:

AN

2 <2 (11.24)
Za
Recall that I' = I'(Zy) is parametrized by (11.21). We define

Z Zo
7 Z2)=C(—— ), v(r)= e w0l
w2 =¢(5). =2
with wp > 0 defined in (11.20) and (11.21) and a fixed spherically symmetric non-
increasing cut off function

1 for 0<Z<2Z,
<<Z>—\ SZ<

. r< 11.2
0 for Z > Z,. 6 =0 (11.25)

We define
m=T1;—T
so that from (11.21):

o<1 <T"

— Zo ,—wo(Ty—7mr) — Zo ,—wol _
v(m) Y 22, € 1.

(11.26)

We pick
0<m< ka



78 F. MERLE, P. RAPHAEL, I. RODNIANSKI, AND J. SZEFTEL

then (11.25), (11.26) ensure Supp(x(rr,-)) C {Z < Z,} and hence from (11.1):

( [ @+ \vcbmFx) () S 0. (11.27)

This estimate implies that we can integrate energy identity (11.18) just on the in-
terval [, 7¢]. We now estimate all terms in (11.18).

Boundary terms. We compute the quadratic terms involving Ax which should be
thought of as boundary terms. First

8 vZ VA
O x(1,Z) = > ( > = —wpAx.

We now assume that wp has been chosen small enough so that (11.20) holds, and
hence the lower bound on the full boundary quadratic form using Ax < 0:

3 [0 00 oo+ 1 + 5 [ [P oo+ 2 + [0 1)@, T Ve,
— [ {30- 008 o + 2]+ V0P [+ Hal + (5 - ) 0200p, | A

The discriminant of the above quadratic form is given by the following expression
in the variables of Emden transform

2
- 02| -t 1o - 00 = - 10 [P - cant

= (- 1Q[r* — (~wo+1-w)?| = (b~ DQ[-D(2) + Olwn)].

where D(Z) = (1 — w)? — 02, see Lemma 3.2.
We then observe by definition of x that for 7 > m:

7 - . . .
ZeSuppAx & Zy < —— < Zy=Z > v(1)Zy > v(1r)Z0 = Z,4

v(r) ~

from which since Za > Zo:
Z € SuppAx = —D(Z) + O(wp) < 0

provided 0 < wp < 1 has been chosen small enough.
Together with (11.20) and Ay < 0, this ensures: V7 € [, 7%],

1 1
3 [0 107 o+ maan + 5 [ 190,200+ Had + [ (0= 1Qp, V- Ve,
< 0 (11.28)

Nonlinear terms. From (11.25), (11.24) for 7 < 74:

Suppx C{Z < v(1)Za} C{Z < v(ry)Za} = {Z < % } c{Z < Z},

and hence from (11.14):

484
3

/X|V8qu>]2+/(p 1)QX‘8mG |2 N HVG‘I>||H21% (Z2<Zo) +||amG HHka (Z<2) Se s

T
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Conclusion. Inserting the collection of above bounds into (11.18) and summing over
m € [0, 2k,] yields the crude bound: V7 € [, 7¢],

2k, 2k,

45
dT Z/ — 1)Qpmx + [V |*x <CZ/p D)QP2, X+ V| x+e 37

We integrate the above on [, 7] and conclude using

x(14,2) ZC(V@O =C<Zi> =1 for Z < Z
2

Za

and the initial data (11.27):
180228, 5 2y + 19T 228, 2, )] (77)
5 eC(Tf—TF)e—(SgTF + /Tf C('rf o-) o'do_ < C( ) —6ng — C(Z())e_(ng
T

Since the time 7¢ is arbitrary in 79 + I', 7*], the bound (11.23) follows.

step 4 Proof of (11.15). We run the energy identity (11.18) with &,, ,,, and estimate
each term.

terms % < zZ< %. In this zone, we have by construction

p=p
and hence the bootstrap bounds (4.33) imply

and hence interpolating with (11.23) for kf large enough:

-7 _%9(i_m
Pllimznczezsy S 105 z0 oy 1Py za) S © #(1-5)
454
< e (11.29)
and similarly
,‘L9<1,m> 154
||V\Il||Hm Z0<2< )Se 2 K Se_TO- (1130)

Linear term. We observe the cancellatlon using (11.16), (2.6):

1 A
8T*£Vo,m + H2A§l/07m = <Z>d—2(r—1)+2(lxo—m) |:_AC <Z*>]

1 z 1 z
+ d-w (Z)d=2(r=1)+2(vo—m) AC ( Z*) +A <<Z>d_2(7“—1)+2(1’0—m)> ¢ <Z>]
1
= —[d—2(r—1)+2(r —m)] &ym + O <<Z>d_2(r_1)+2(yo_m)+w> (11.31)

for some universal constant w > 0. We now estimate the norm for 27* < Z < 32*.
Using spherical symmetry for Z > 1 and m > 1:

Iﬁép\

ZmJN

zmorg <3 g 1227

J=1

Zﬂ &7 (11.32)
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and hence using the outer L> bound (4.34):

(p—1)Q|0™p| + |0V
gr<g<age (Z)d—2r=D+2o—m)tw

- B . 2 L. 2
< / i Z79yp = Z19],®
~ 27+ <7 <37 = <Z>%+VU+% = (Z*)I/o-‘r%—(r—l)—i-l-i-%
- 9 )
- Ziolp il VAR
< 2 5 +3 @ z
~ Jaze<z<sz |4 +V0+2<T Dy w ; v+ 2= dyw
- _JZO PP<Z> 2 j=1 <Z> p—1 271772
1
S <e o (11.33)

(Z*)w+2 [1/ +2(r 1)]

using the explicit choice from (4.22):

Conclusion Inserting the above bounds into (11.18) yields:

1d
§d7 {/(p - 1)Qp3ngljo,m + V(I)m|2fuo,m}

= /gyo,m - 1 me + ‘V(I)m| ] |:VO + 2<r_1):|
p—1

m+1 8j P 2 m aj* 5 y
8O [y o | 2 itz + X gtz +
Z0<Z<2Z* = {Z) J pard (Z) j

e ( [ Gumlv@nlvoGol + suo,mmpmuamap)

and hence after summing over m:

1 d 2k,
— Z/ QR + Vo
2 — 1)] 2
_ —[Vo-f- = }Z/@O, p— QB2 + |V, 2]
%k,
+ 0 T+ Z / - 1 mefl’o-ﬁ-wm + |V(I>m‘ fyo-q-wm

2k,

+ 30 ([ GunVenlvnGal + [ €nnlpal 07,
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Using (11.23) we conclude

2k,
1d
3 | 2 / DG + VB2 (11.34
_ 2(r — 1) 2’%
= —|:l/0+p_1+0< ):| /61,07 —1me—|—|V(I)m‘]

2k,

+ oo™ D> / Conm| VO Gl + / (b — 1) Qb m|0"C,

Therefore, using also (11.19), for Zj large enough and universal and

p—1
there holds

2k,

: Z/ (0~ V@B + V1o

2k,

_ 4397
< —1% Z/fuo, P = 1)Qp + Ve ] + O
Integrating in time and using (4.24) yields (11.15). O

11.3. Closing the bootstrap and proof of Theorem 1.1. At this point all the
required bounds of the bootstrap Proposition 4.5 have been improved. This now
will immediately imply Theorem 1.1.

Proof of Theorem 1.1. We conclude the proof with a classical topological argument
a la Brouwer. The bounds of sections 5,6,7,8 have been shown to hold for all initial
data on the time interval [rp, 79 + I'] with T" large. Moreover, as explained in the
proof of Lemma 11.1, they can be immediately propagated to any time 7% after a
choice of projection of initial data on the subspace of unstable modes PX (7). This
choice is dictated by Lemma 3.6. A continuity argument implies 7% = oo for this
data, and the conclusions of Theorem 1.1 follow. O

Appendix A. Hardy inequality
Lemma A.1 (Hardy inequality). There holds for o # 2 —d and rg > 0:

4
/:B|>r0 |CU‘ |U‘ dz < C?"(),OLHUHLOO(T:T[)) + m /|z|27.0 ‘I‘| \Vu| dx. (Al)
Proof. We compute
o 1 ditie
\V4 (7" 1€r): rd7181“( d—1+ 1) (d 2—|—a) 9
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and hence

1
2| 2ulde = / W’V - (r* e, )dx
/95|27'0 ’ | d—2+« |z|>ro ( T)

1 2
= / ro Wl — ———— / ro 19, uudx
d—2+«a |z|=ro d—2+a«a |z|>ro

1 1
2 2 2
< CrpllulF oo (py / |22 da / ||| Vu|*dx
o Lee(r=ro) |d — 2+ af 2[>ro0 e[>ro
and (A.1) is proved using Holder and optimizing the constant. O

Appendix B. Commutator for A*

Lemma B.1 (Commutator for A¥). Let k > 1, then for any two smooth function
V., ®, there holds:

AR V]® - 2kVV - VAF 1o = > ChasVOVVID. (B.1)
|lal+]B|=2k,|5|<2k—2
where V* = 9" ...09?, || = a1 + -+ + ag.
Proof. We argue by induction on k. For k = 1:
A(VP) - VAP =2VV - V.
We assume (B.1) for k& and prove k + 1. Indeed,
AL VD) = A(JAF, V]® + VAFD)

= A[2kVV.VAFE 4 > ChasVOVVIQ + VAR | = 2kVV
|al-+]8]=2k,| 8] <2k—2
+ > ChagVOVVID 4 2kVV - VAF® 4 VARG 4 2VV - VAR
| +181=2k-+2,]a|>1
= VAM® 4 2(k+1)VV - VA*® + > 1,08V V VP
|l +]Bl=2k+2,[a|>1
and (B.1) is proved. O
References

[1] Alinhac, S., Blowup of small data solutions for a quasilinear wave equation in two space
dimensions, Ann. of Math. (2) 149 (1999), no. 1, 97-127.

[2] Alinhac, S., The null condition for quasilinear wave equations in two space dimensions. II,
Amer. J. Math. 123 (2001), no. 6, 1071-1101.

[3] Bricmont, J.; Kupiainen, A., Renormalization group and asymptotics of solutions of nonlinear
parabolic equations, Comm. Pure Appl. Math 47 (1994), 893-922.

[4] Buckmaster, T., Shkoller, S., Vicol, V., Formation of shocks for 2D isentropic compressible
Euler, arXiv:1907.03784 [math.AP]

[5] Buckmaster, T., Shkoller, S., Vicol, V., Formation of point shocks for 3D compressible Euler,
arXiv:1907.03784 [math.AP|

[6] Caffarelli, L.; Friedman, A., The Blow-Up Boundary for Nonlinear Wave Equations, Transac-
tions of AMS 297 (2986) no. 1, p. 223-241.

[7] Challis, J., On the Velocity of Sound, Phil. Mag., 32 (1848) [III], 494-499.

[8] Chemin, J.-Y., Dynamique des gaz & masse totale finie, Asymptotic Anal. 3 (1990), 215-220.

[9] Christodoulou, D., The formation of shocks in 3-dimensional fluids, EMS Monographs in
Mathematics, European Mathematical Society (EMS), Zii§rich, 2007.

VAR



[10]

[11]

[12]
[13]
[14]
[15]

[16]

17]
18]
19]
120]
[21]
22]
23]
[24]
125]
126]
[27]
28]
120]
130]
31]
132]
133
1341
1351
136]
137]

[38]

83

Christodoulou, D., The shock development problem, EMS Monographs in Mathematics, Eu-
ropean Mathematical Society (EMS), Ziirich, 2019.

Christodoulou D., Miao, S., Compressible flow and Euler’s equations, Surveys of Modern
Mathematics, vol.9, International Press, Somerville, MA; Higher Education Press, Beijing,
2014.

Collot, C., Non radial type II blow up for the energy supercritical semilinear heat equation,
Anal. PDE 10 (2017), no.1, 127-252.

Collot, C.; Ghoul, T-E.; Masmoudi, N., Singularity formation for Burgers equation with
transverse viscosity, arXiv:1803.07826 [math.AP]

Collot, C.; Merle, F.; Raphaél, P., On strongly anisotropic type II blow up, to appear in Jour.
Amer. Math. Soc.

Choe, H.J; Kim, H., Strong solutions of the Navier Stokes equations for isentropic compressible
fluids, J. Diff. Eq 190 (2003), 504-523.

Dafermos, C., Hyperbolic conservation laws in continuum physics, 3rd edition, Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences|, vol.
325, Springer-Verlag, Berlin, 2010.

Dafermos, M., Rodnianski, I., Lectures on black holes and linear waves, in Fvolution equations,
97-205, Clay Math. Proc., 17, Amer. Math. Soc., Providence, RI, 2013.

Engel, K.J; Nagel, R., One parameter semi groups for linear evolution equations, Graduate
Texts in Mathematics bf 194, Springer-Verlag, New York, 2000.

Feireisl, E., Dynamics of viscous compressible fluids. Oxford Lecture Series in Mathematics
and its Applications, 26. Oxford University Press, Oxford, 2004.

John, F., Blow up of Radial Solutions of u:: = ¢*2(u;)Au in Three Space Dimensions, Math.
Aplicada e Comp., 4 (1985) p. 3-18.

Guderley, G., Starke kugelige und zylindrische verdichtungsstésse in der ndhe des kugelmit-
telpunktes bzw. der zylinderachse, Luftahrtforschung 19, 302 (1942).

Kichenassamy, S.; Littman, W., Blow-up Surfaces for Nonlinear Wave Equations, I, Comm.
in Partial Differential Equations 18 (1993) no. 3-4, p. 431-452.

Klainerman, S., Long time behavior of solutions to nonlinear wave equations, Proceedings of
the International Congress of Mathematicians, Vol. 1, 2 (Warsaw, 1983), (1984), 1209-1215.
Lions, P.-L., Mathematical topics in fluid mechanics, Vol. II: compressible models. Oxford
Lect. Ser. Math. Appl. (1998).

Luk J., Speck, J., Shock formation in solutions to the 2D compressible Euler equations in the
presence of non-zero vorticity, Invent. Math. 214 (2018), no. 1, 1-169.

Majda, A., Compressible fluid flow and systems of conservation laws in several space variables,
Springer, New York (1984).

Makino, T., Ukai, S., Kawashima, S., On Compactly Supported Solutions of the Compressible
Euler Equation, Lecture Notes in Num. Appl. Anal. 9 (1987), 173-183.

Matsumura, A.; Nishida, N., The initial value problem for the equation of motion of viscous
and heat-conductive gases, J. Math. Kyoto. Univ. 20 (1980), 67-104.

Merle, F.; Raphaél, P., On a sharp lower bound on the blow-up rate for the L? critical
nonlinear Schrédinger equation, J. Amer. Math. Soc. 19 (2006), no. 1, 37-90.

Merle, F.; Raphaél, P., Profiles and quantization of the blow up mass for critical nonlinear
Schrodinger equation, Comm. Math. Phys. 253 (2005), no. 3, 675-704.

Merle, F.; Raphaél, P.; Rodnianski, 1., Type II blow up for the energy supercritical NLS,
Camb. J. Math. 3 (2015), no. 4, 439-617.

Merle, F.; Raphaél, P.; Rodnianski, I.; Szeftel, J., On smooth self-similar solutions to the
compressible Euler equations, preprint 2019.

Merle, F.; Raphaél, P.; Rodnianski, I.; Szeftel, J., On blow up for defocusing nonlinear
Schrédinger equations, preprint 2019.

Merle, F.; Raphaél, P.; Szeftel, J., On strongly anisotropic type I blow up, to appear in Int.
Math. Res. Not.

Merle, F.; Raphagl, P.; Szeftel, J., On collapsing ring blow-up solutions to the mass super-
critical nonlinear Schrodinger equation, Duke Math. J. 163 (2014), no. 2, 369-431.

Merle, F.; Zaag, H., Stability of the blow-up profile for equations of the type u; = Au+|u[P ™ u,
Duke Math. J. 86 (1997), no. 1, 143-195.

Merle, F.; Zaag, H., Blow-up behavior outside the origin for a semilinear wave equation in the
radial case, Bull. des Sciences Mathématique 135 (2011), no. 4, p. 353-373.

Merle, F.; Zaag, H., Existence and classification of characteristic points at blow-up for a
semilinear wave equation in one space dimension, Amer. J. Math. 134 (2012), no. 3, 581-648.



84
[39]
[40]
[41]
[42]
[43]
[44]
[45]

[46]

[47]

F. MERLE, P. RAPHAEL, I. RODNIANSKI, AND J. SZEFTEL

Merle, F.; Zaag, H., Blowup Solutions to the Semilinear Wave Equation with a Stylized
Pyramid as a Blowup Surface, 71 (2018) no. 9, p.1850-1937.

Nash, J., Le probléme de Cauchy pour les équations différentielles d’un fluide général, Bull.
Soc. Math. France 90 (1962) 487-497.

Raphaél, P., Existence and stability of a solution blowing up on a sphere for a L' -supercritical
nonlinear Schrédinger equation, Duke Math. J. 134 (2006), no. 2, 199-258.

Rozanova, O., Blow-up of smooth highly decreasing at infinity solutions to the compressible
Navier-Stokes equations, J. Differential Equations 245 (2008), no. 7, 1762-1774.
Schmudgen, K., Unbounded self adjoint operators on Hilbert spaces, Graduate Texts in Math-
ematics 265, Springer, 2012.

Sedov L. I., Similarity and Dimensional Methods in Mechanics, Academic Press, New York
1959.

Sideris, T.C., Formation of singularities in three dimensional compressible fluids, Comm.
Math. Phys. 101 (1985), 475-485.

Speck, J., Shock Formation in Small-Data Solutions to 3D Quasilinear Wave Equations, Math-
ematical surveys and monographs 214, Providence, RI : American Mathematical Society,
2016.

Xin, Z.P., Blowup of smooth solutions to the compressible Navier-Stokes equation with com-
pact density, Comm.Pure Appl.Math. 51 (1998), 229-240.

AGM, UNIVERSITE DE CERGY PoNTOISE AND I[HES, FRANCE
E-mail address: merle@math.u-cergy.fr

DEPARTMENT OF PURE MATHEMATICS AND MATHEMATICAL STATISTICS, CAMBRIDGE, UK
E-mail address: pr4d63@cam.ac.uk

DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY, PRINCETON, NJ, USA
E-mail address: irod@math.princeton.edu

CNRS & LABORATOIRE JACQUES Louls LiONS, SORBONNE UNIVERSITE, PARIS, FRANCE
E-mail address: jeremie.szeftel@upmc.fr



	1. Introduction
	1.1. Setting of the problem
	1.2. Breakdown of solutions for compressible fluids
	1.3. Quantitative theory of singularity formation for the compressible Euler
	1.4. Results
	1.5. Statement of the result
	1.6. Comments on the result
	1.7. Connection to the blow up for the semilinear Schrödinger equation
	1.8. Strategy of the proof
	1.9. Organization
	Constants and notations
	Acknowledgements

	2. Front renormalization
	2.1. Equivalent flow for non vanishing data
	2.2. Front renormalization
	2.3. Blow up profile and Emden transform
	2.4. Linearization of the renormalized flow

	3. Linear theory slightly beyond the light cone
	3.1. Linearized equations
	3.2. The linearized operator with a shifted measure
	3.3. Commuting with derivatives
	3.4. Maximal accretivity and spectral gap

	4. Setting up the bootstrap
	4.1. Cauchy theory and renormalization
	4.2. Regularity and dampening of the profile outside the singularity
	4.3. Initial data
	4.4. Bootstrap bounds

	5. Global non-renormalized estimate
	6. Quasilinear energy identity
	6.1. Linearized flow and control of the potentials
	6.2. Equations
	6.3. Quadratic forms

	7. The highest unweighted energy norm
	7.1. Controlling the highest energy norm

	8. The highest energy norm: the Euler case
	9. Weighted energy estimates
	10. L bounds
	11. Control of low Sobolev norms and proof of Theorem 1.1
	11.1. Exponential decay slightly beyond the light cone
	11.2. Weighted decay for m2k derivatives
	11.3. Closing the bootstrap and proof of Theorem 1.1

	Appendix A. Hardy inequality
	Appendix B. Commutator for k
	References

