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In the last years, a relationship has been established between the quantum Fisher information
(QFI) and quantum entanglement. In the case of two-qubit systems, all pure entangled states can
be made useful for sub-shot-noise interferometry while their QFI meets a necessary and sufficient
condition [1]. In M-qubit systems, the QFI provides just a sufficient condition in the task of
detecting the degree of entanglement of a generic state [2]. In our work, we show analytically that,
for a large class of one-parameter non-optimal two-qubit states, the maximally entangled states
are associated with stationary points of the QFI, as a function of such parameter. We show, via
numerical simulations, that this scenario is maintained for the generalisation of this class of states
to a generic M-qubit system. Furthermore, we suggest a scheme for an interferometer able to detect
the entanglement in a large class of two-spin states.
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I. INTRODUCTION

Entanglement is considered an essential resource for
developing quantum-based technologies. It plays a fun-
damental role in quantum cryptography, quantum com-
putation, teleportation, and in metrology based on the
quantum phase estimation [3]. Despite its key role en-
tanglement is yet elusive and the problem of its char-
acterisation and quantification is still open [4, 5]. In the
present article, we consider states depending on a param-
eter and we show that the maximally-entangled states are
associated with stationary points of the quantum Fisher
information (QFI) as a function of such parameter. Only
in the case of optimal-states, the stationary points are
indeed maxima for the quantum Fisher. With optimal-
states, we mean states that maximise the value of the
QFI via local unitary transformations.

In the present work, we investigate how to detect en-
tanglement by means of the value of the QFI even in the
case of non-optimised states. In particular, we consider
a class of entangled states derived as follows. A system
of M-qubits, initially in a separable state, are entangled
by means of the action of a non-local unitary operator
Up(¢) that depends on a continuous parameter ¢. The
entanglement degree of this state depends on the value
of such a parameter. Starting from this entangled state,
we generate a class of trial states, by means of the action
of unitary local operators. Such operations do not affect
the entanglement of these states [6]. Then, we compute
the QFI associated with a local operator H; for these
states. We found that the mazximally entangled states are
associated with stationary points of the quantum Fisher
information, as a function of ¢. In particular, the maxi-
mally entangled states do not always correspond to max-
ima of the QFI, in fact, we report an explicit example
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where they are associated with a local minimum of the
QFI. Furthermore, for the case M = 2 we investigate in
detail the symmetry properties under spin exchange of the
entangled states. We relate the behaviour of the QFI and
the Husimi function to the breaking of such symmetry
that is induced by Uy(¢). Finally, we suggest a scheme
for an interferometer able to detect the entanglement in
a large class of two-spin states.

The paper is structured as follows. In Sec. II, we
derive the entangled states and summarise their basic
properties. In Sec. III, we highlight the relation between
squeezing condition and entanglement condition in the
case M=2. In Sec. IV, we define the trial states in the
case M=2, calculate either the QFI and the Husimi func-
tion of such states and we compare the results. In Sec.
V, we discuss the link between the behaviour of the QFI
and the degree entanglement of these states. In Sec. VI,
we show the numerical results of the QFI obtained in the
case of M > 2 qubits. Finally, in Sec. VII, we conclude
with some remarks.

II. ENTANGLED STATES

The entanglement-generating operator we use is the
one introduced in Ref. [7]. We denote by o7, oJ and
ol the Pauli matrices operating on the j-th qubit (j =
1,..., M). Furthermore, we denote with I} = (I+¢7)/2
and IIJ = (I — 07)/2 the projector operators onto the
eigenstates of o, |0); (with eigenvalue +1) and [1);
(with eigenvalue —1), respectively. The entanglement-
generating operator is

Uo(¢) = exp(—i¢Ho), (1)
where
M-—1 o
Hy= Y THIH*. (2)

Jj=1
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Initially, the system is prepared in the state

M—1

r0) = Q) %uom +11),), 3)

=0

that is a tensor product of oJ's eigenstates. The action
of the non-local unitary operator Uy on the initial (sepa-
rable) state |r,0) gives the state vector

Ir,¢) = Uo(9)]r, 0) . (4)

By varying ¢, the degree of entanglement of the state
|r, #) varies accordingly. In particular, the values ¢ =
(2k + 1)m, (k € Z) give the maximally entangled state,
see Ref. [7].

We are interested in establishing a simple way to de-
tect the maximally entangled states even in the case of
non-optimised states since the latter is the most likely
condition in an experimental situation. In the following,
we will report analytic calculations in the case of two
qubits and numeric analysis of the general case of many
qubits that confirms the scenario of the case M = 2.

III. M =2: SQUEEZING PROPERTIES

In the case M = 2 state (4) results

1 .
o) =3 (J00) + e~*|01) + [10) +[11)) . (5)
For ¢ = 2knm with k € Z, this state is separable, whereas
for all the other choices of the value ¢, it is entangled.
The maximally entangled state

|r, 2k + 1)m) = %(IOU} —[01) +[10) + [11)),  (6)
up to a a local unitary transformation on qubit 2, may
be written in the form of a Bell state. The squeezing
properties of state (5) can be obtained from variances and
expectation values of the angular momentum operators
on this state. In fact, according to the criterion of spin
squeezing by Kitagawa and Ueda in Ref. [8], a state of
a spin-J system is squeezed if there exists a direction n,
orthogonal to the mean total-spin (J), such that

2 =2(AJn)%/J <1 (7)

where J, = J-n. The expectation values and the uncer-
tainties for the components of the total angular momen-
tum operator J = (o' + 02)/2 on the state (5) result

1+ cos(o) 9 2—cos(¢) — cos?(¢)
() =0, (A = LS
(1) =0, (AL =1

2

Therefore, in the present case (J) is oriented along the
x-axis, by choosing n along the y-axis form Eq. (7) we
get the inequality

cos(¢) < 1. (8)

Hence, for ¢ # 2wk, (k € Z) the state (5) is squeezed,
and the condition of squeezing for state (5) is equivalent
to that of entanglement. Furthermore, the maximally
entangled state (6), for which ¢ = (2k + )7, (k € Z), is
also the maximally squeezed state since this state corre-
sponds also to the configuration where the inequality (8)
is better satisfied. In the next section, we will confirm
this scenario also through the Husimi function associated
with a class of states that contains state (5).

IV. M=2: QUANTUM FISHER
INFORMATION AND HUSIMI FUNCTION

A rather natural choice for the local operator to eval-
uate the quantum Fisher information is
ol + 02

H1:JZ:422 Z~ (9)

A direct calculation of the QFI on the state (5) gives
‘Fq(|ra¢>7H1):4(AHl)2:2' (10)

Since in the last expression the parameter ¢ is missing, in
this case, the value of the QFI does not distinguish be-
tween entangled and non-entangled states. This is not
an issue since, for a pure two-qubit state, the condi-
tion F, > 2 is just sufficient for particle entanglement,
whereas the limit for a separable state is F, < 2 [2].

In order to investigate the possibility to exploit QFI
in the task of witnessing the entanglement, also in the
case of non-optimal states, it is necessary to consider a
more general class of trial states. Such class is derived
by applying local unitary transformations on the state
(5). The entanglement properties of the original state
are unaltered. In particular, the trial state |s(¢, p1, p2))
is achieved by applying two separated rotations around
the y axis to the spins 1 and 2. The first spin is rotated
by an angle ¢1 and the second of o, thus it reads

|5(6, 01, 2)) = e T ue T E |, ¢) =
1
1 11
3 Z agnlkn), 1

where

co — Spe )Cl_(CQ—SQ

¢+82) c1 —

aoo = ( )
apr = (C )
) 12
a0 = (c2 — s2) e1 + (c2 — 5277?51, %)
( )

a1 = (c2 + s2) c1 + (cae ™ + 52) 51,



and ¢; = cos(p;/2), s; =sin(p;/2), j =1,2.

In the following, we will refer to this state simply as
|s) for brevity. The quantum Fisher information for this
state results

Fo(ls), Hy) = 2+ sin(pa — 1) [1 — cos(¢) ]+

+ sin(1) sin(p2) [1 + cos(¢)]+

— i[l + cos(e)] 2 [sin(p1) + Sin((pg)]2

(13)
In this case, the QFI depends on the parameter that
drives entanglement of the state |s). We note that
(13) is invariant under the transformations (¢1,p2) —
(—@2, —p1) and ¢ — —¢. In Fig. 1 we plot F(|s), H1)
versus ¢ for several choices of the values of ¢ and g
as listed in the caption. The dashed line in Fig. 1,

0 0.5 15 2

1
¢/m

FIG. 1. The figure shows F,(|s), H1) vs ¢ for several choices
of (p1,92). In dashed line we report the plot correspond-
ing to the choices (0, 0), (0, 7), (7, 0), (7, 7) for which the QFI
results constant. In continuous line the case corresponding
to (—m/2,0) while in dot-dashed line the choice (—m/4,0).
The upper dotted line represents the choice (7/4,0) while the
lower dotted line corresponds to the choice (7/2,0).

reports the plot in the cases 1,92 = 0,7, for which
Fy(ls), H1) = 2. In fact, the action of such local trans-
formations on (11), at most, change the state (5) for a
sign factor.

From Eq. (13) one deduces that the detection of the
maximally entangled state (which corresponds to ¢ = )
via stationary points of the QFI is optimised, for in-
stance, with the values ¢ = —7/2 and @2 = 0. State
(11) corresponding to this parameter choice thus rep-
resents an optimal state. However, in the case with

©1 = 7/2 and 2 = 0, the maximally entangled state
is associated with a null value quantum Fisher informa-
tion and thus exemplifies a non-optimal state (see lower
dotted line in Fig. 1). Although for two-qubit all pure
entangled states can be made useful for sub-shot-noise
interferometry [1], with non-optimal two-qubit states the
value of QFI provides a sufficient condition in the task of
detecting the degree of entanglement of a generic state. In
fact, in Ref. [1] is shown that an entangled 2-qubit state
can ever be optimised by local unitary transformations
in a way that when used as a probe in a linear interfer-
ometer in order to estimate a phase, the phase sensitivity
surpasses the shot-noise limit 1/v/N, where N = 2 is the
number of modes. In the case of 2 qubits, such limit is
surpassed if Fy > 2.

A further state representation, useful for what we are
going to discuss in the following, is given by the Husimi
function. For a given state |s(¢, ¢1, ¢2)), this is achieved
by plotting onto the Bloch sphere the Husimi function [9]

Q(0,6) = [{0,€ls(¢, 1, 02))17, (14)

where the coherent spin state

M 0 0
10,¢) = ’;Ocosk (2) sin™—* <2) :

1
s W
. e E(M—k) < ) |M, k)

k

is given in terms of the Dicke states

~1/2
= (5) TPty o

These are states completely symmetric under particle ex-
changes, indeed, they are give as a sum > P{---} on all
the possible particle permutations. In the present case
the number of particles considered is M = 2 and it re-
sults

12,0) = [11), ]2,1) = (|01) + [10))/v2, [2,2) = [00) .
(17)

V. RESULTS

In this section, we compare the analysis of the en-
tanglement properties of the state |s), achieved through
the Husimi function and the Fisher information, in two
distinctive cases: the first corresponds to the choice
p1 = —7/2, 3 = 0, and the second to the choice
w1 = /2, p2 = 0. In both cases, we have analysed
the Husimi function and the Fisher information as func-
tions of the parameter ¢. Fig. 1 shows that in the case
of the first choice (¢1 = —7/2, w2 = 0) for |s), the QFT
has a peak in correspondence of the state with the max-
imum entanglement (¢ = 7). Even the Husimi function
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FIG. 2. In the panel a) we plot Q(6,&) for the separable
state obtained with the choice ¢ = 0, ¢1 = 0 and 2 = 0.
The panel b) reports the plot of Q(6,&) for the maximally
entangled state corresponding to ¢ = m, o1 = —7/2 and
@2 = 0. The panel ¢) shows the maximally entangled state
given by ¢ = 7, ¢1 = 7/2 and 2 = 0.

detects the state with the maximum entanglement, in
fact, Fig. 2 shows an increasing squeezing culminating
in ¢ =7 (see Fig. 2b). In the case of the second choice
(p1 = /2, p2 = 0), while the QFI has a minimum in cor-
respondence of ¢ = 7 (see Fig. 1), the Husimi function
experiences a complete loss of information. This is shown
in Fig. 2c¢ where such loss is evident and where no local-
isation on the Bloch sphere is observed. In both these
examples, the state with the maximum degree of entan-
glement (¢ = ) is located at the zeros of the dF,/d¢,
thus at the stationary points. On the contrary, while
with the first choice of rotations, the Husimi function
is able to detect the maximally entangled state via its
squeezing, in the second example, it is not able to de-
termine such a state. Now, we take into account the
symmetry under spin exchange of the two trial states
in order to explain the poor performance of the Husimi
function at witnessing entanglement. In this perspective,
we split up the state |s) as a sum of its components: the
symmetric |[+) = (|s) + P|s))/2 and the antisymmetric
|-) = (|s) — P|s))/2. The Husimi function selects only
the symmetric component of the state. Moreover, in case
of the second couple of rotations, @1 = 7/2, o2 = 0, the
norm of |+) goes to zero for ¢ — 7 and this explains the
behaviour of the Husimi function highlighted above. A
similar drawback does not occur with the QFI. The phe-
nomenon discussed above is described in Fig. 3 where we
plot the norm squared of the anti-symmetric component
of the trial vectors versus ¢ in case of the two previous
choices 1 = —7/2, po = 0 and @1 = 7/2, Yo = 0. In
the latter case, the norm-square of the anti-symmetric

4

component |—) goes to 1 at ¢ = m. Remarkably, the QFI
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FIG. 3. The figure plots the norm of the anti-symmetric

component of the state |s(¢, @1, p2)) for two different choices
of rotations. In dashed line we report the plot corresponding
to the choice ¢1 = 7/2 and 2 = 0, while the continuous line
represents the anti-symmetric component vs ¢ corresponding
to the choice p1 = —7/2 and ¢2 = 0.

is a faithful witness of entanglement for the whole class
of states defined in Eq. (11). In fact, from Eq. (13) one
obtains for the derivatives of the QFI with respect to ¢

dfq“;;’ ) = 4{ sin(p2 — 1) — sin(p1) sin(ps)+
 glin(in) + sinfia) 21 + cos(9)]  sin(o).

(18)
and this expression shows that the vanishing of dF,/d¢ in
correspondence of the mazimally entangled state (¢ = m)
is a necessary condition. In fact, even when sin(¢) #
0, it is possible to find values of ¢; and ¢y for which
the derivative of the QFI is zero. Nevertheless, these
stationary points correspond to non-optimised states that
make useless the QFI. Examples of these non-optimised
state are those corresponding to the dashed line of Fig.
1.

Remarkably, the entanglement of these states is
strongly linked to the symmetry breaking under spin ex-
change, that is induced by the unitary operator Uy. This
fact can be illustrated by the conceptual model of an
interferometer able to detect the maximally entangled
state, that we describe in the following. Such interfer-
ometer is obtained by the interference of two states. The
first is derived from the initial state (5) after the action



of the following operator
O1 = Ry(—7/2)R,(7/2), (19)

where R} (7/2) = e~9u™/4 rotates by /2 the first spin

around the y-axis and Ry, (—7/2) = ¢/ t9)7/4 rotates
by —7/2 both the spins around the z-axis. The second
state is obtained starting from the same initial state, un-
der the action of the operator

Oy = PRy(—7/2) Ry (n/2), (20)

where R>(m/2) = e~9u™/4 rotates by m/2 the second
spin around the y-axis. Thus, the interference between
the two states

Alp) =

is completely destructive in the case of the maximally
entangled state. The link between the entanglement of
these states and the symmetry breaking induced by Uy(¢)
is highlighted by recalling the definition of state (5),
|r, @) = Up(¢)|r,0) and noting that the state (3) is fully
symmetric under spin exchange, that is P|r,0) = |r,0).
By using these relations in Eq. (21) one easily gets

A(9)

The latter relation emphasises that the operator Up(¢) in
addition to generating the entanglement it is responsible
for the P-symmetry breaking.

The class of states of Eq. (11) can be further enlarged
by adding a rotation around the z-axis for each spin, in
the following way

|s(4,01, 02, p1,02)) =

(r,6l0LOur,0) = (1 +eos(e)  (21)

= (r,0|U§ (¢)PUy(¢)|r, 0) . (22)

. (23)

K3

b1 ;92 ;2 ;21
= e 2 Yz

—_i2 _iflgl ;82,2
e 13 0z i Ty l2gl"’)",¢>.

By direct calculations, it is possible to derive the QFI,
its derivative with respect to ¢ and then evaluating the
latter at ¢ = w. For brevity, we report just the latter
result,

a7y

= cos 0y sin O3 (sin 1 — cos 1)+

(24)
— sin 67 cos O3 (sin o + cos ) .

Let us determine the zeros for Eq. (24). This results into

solving the following expression
tan 0, sin (gal — %) = tan 6 sin (cpg + 2) . (25)

Among all the infinite solutions, we have identified four
couples of magic numbers,
T 3
(61 =0,00=0), <<P1 == 47T> )

(91 =0, :%) , (92:0,g02:i77> .

(26)

Solutions of dF,/d¢ =0
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FIG. 4. The figure shows the solutions (¢1, p2) for dF,/d¢ =
0, evaluated with ¢ = m and 6; = /3, and for some values
of #2. The continuous line corresponds to the choice of 03 =
0. The dot-dashed one corresponds to 8, = 7/3. With the
dotted line, we report the solutions corresponding to 62 =
/2, and in dashed line the case corresponding to 2 = (3/4)7.
It is noteworthy the presence of the quadruple point in p; =
m/4 and @2 = 3m/4 that corresponds to the second of the
special solutions (26).

In fact, by choosing one of these couples Eq. (25) is
satisfied independently from the value assigned to the
remaining angles. In addition to these special solutions
of the Eq. (25), additional infinite solutions exist.

VI. M>2: QUANTUM FISHER INFORMATION

Just as an example, we have plotted in Fig. 4 some
solutions (¢1, @2) corresponding to the choices 0y =
0,7/3,7/2,37/4 and maintaining the fixed value 6; =
/3. In the figure is evident the presence of the quadru-
ple point corresponding to the second of the special so-
lutions just discussed. In the general case M > 2, state
(4) results

r, #) = Uo()|r,0) =
2M _1 n(k) n 27
o-M/2 Z Z( k)ajk (27)
k=0 j=0
where
a= (e 1), (28)

and the kets |k), for k =0,...,2M
0) =10---0), [1) =1[0---01),..., ]2 —1) =|1---1).

— 1 are



QFI for M=3 qubits
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FIG. 5. The figure plots F,(|s(¢,¥)), H1) vs ¢ for a system
dimension M = 3 and several randomly chosen values of the
angles ;.

For ¢ = 2kw with k € Z, this state is separable, whereas
for all the other choices of the value ¢, it is entangled.
The maximally entangled states correspond to ¢ = (2k+
1)m with k € Z [7]. The trial state |s(¢, ¢)) is achieved by
applying distinct rotations to each spin around the y axis.
The j-th spin is rotated by an angle ¢;, 7 = 1,..., M,
thus it results

s(9. ) =[] e % 7ir 0. (29)

As in the two-qubit case, we consider the operator

1M
leJzzizo;, (30)
j=1
and we have evaluated the quantum Fisher

Fo(ls(¢,¥)), H1) for several system dimension M
and several randomly chosen values of the angles ;. In
Figs. 5,6 and 7 we plot Fg4(|s), H1) versus ¢ for several
choices of the values of ¢ and ¢s. Fig. 5 refers to the
case M = 3, Fig. 6 to the case M = 8 and Fig. 7 to
the choice M = 10. Figs. 5,6 and 7, show that in all
the cases considered, the maximally entangled states,
corresponding to ¢ = 7 [7, 10], are associated with
stationary points of the quantum Fisher information, as
a function of ¢, thus confirming the result previously
discussed for the case M = 2.

QFI for M=8 qubits
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FIG. 6. The figure plots F,(|s(¢,¥)), H1) vs ¢ for a system
dimension M = 8 and several randomly chosen values of the
angles ;.

QFI for M=10 qubits
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FIG. 7. The figure plots F,(|s(¢, ¥)), H1) vs ¢ for a system
dimension M = 10 and several randomly chosen values of the
angles ;.

VII. CONCLUSIONS

In summary, we have shown that for a large class of
one-parameter M-qubit states, the maximally entangled



states are associated with stationary points of the QFI,
as a function of such parameter. Only in the case of
optimal-states, these stationary points are maxima for
the quantum Fisher. For the case M = 2 we have also
investigated the link between the breaking of the sym-
metry under the spin exchange and the entanglement in-
duced by the unitary transformation Up(¢). Finally, we
have proposed a scheme for an interferometer that, ex-
ploiting such link, it is useful to detect the entanglement
in a large class of two-spin states.
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