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The evolution of pitch angles of spiral arms
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ABSTRACT
In spiral galaxies, the pitch angle, α, of the spiral arms is often proposed as a discriminator
between theories for the formation of the spiral structure. In Lin–Shu density wave theory,
α stays constant in time, being simply a property of the underlying galaxy. In other theories
(e.g. tidal interaction, and self-gravity), it is expected that the arms wind up in time, so that
to a first approximation cot α ∝ t . For these theories, it would be expected that a sample of
galaxies observed at random times should show a uniform distribution of cot α. We show that
a recent set of measurements of spiral pitch angles (Yu & Ho) is broadly consistent with this
expectation.
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1 IN T RO D U C T I O N

Spiral galaxies make up around one-third of all massive galaxies
(Lintott et al. 2008). Star formation in the current Universe over-
whelmingly occurs in spiral galaxies, and in particular in the spiral
arms. How the spiral arms form and evolve (if they do) is still a
matter for debate. The properties of spiral galaxies, as well as the
origins and the nature of the spiral structure itself, are reviewed by
Dobbs & Baba (2014). They argue that (at least in unbarred spirals)
spiral arms are either transient, recurrent entities, being the result of
self-gravity within the stellar and/or gaseous disc, or are the result of
tidal interactions. This picture is supported by recent observations
from Galaxy Zoo results showing that there is no link between
spiral arms pitch angle and central galaxy concentration, which is
inconsistent with a modal theory of spiral arms (Hart et al. 2017).
Shabani et al. (2018) also analyse age gradients in three galaxies
and only find evidence of a fixed density wave in a galaxy with
a strong bar. In contrast, after analysing the properties of a large
sample of spiral galaxies, Yu & Ho (2018), and Yu & Ho (2019, see
also Yu et al. 2018) do find correlations of pitch angle with galaxy
morphology, which lead them to favour the idea that spiral arms
are manifestations of standing modes of propagating spiral waves
within the galaxy (Lin & Shu 1964).

In Section 2, we summarize briefly the properties of the various
mechanisms for the generation of spiral arms, with emphasis on
their different predictions for the evolution of the spiral patterns.
In particular, we use the pitch angle, a key diagnostic in the
aforementioned observational work, as a measure of the shape of
the spiral arms and predict the evolution of this characteristic over
time. We draw attention to the fact that only the modal density wave
theory predicts that the spiral pitch angles are constant in time.
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Of course, for an individual galaxy, it is not possible to observe
any change of pitch angle with time. However, in Section 3, we
show that the possibility of pitch angle evolution does give rise to
predictions of what the distribution of pitch angles should be for a
randomly chosen ensemble of galaxies. We propose a simple test of
this hypothesis and show that these predictions are amply satisfied
by the data. In Section 4, we conclude that this finding is fully
consistent with the ideas of spiral arms being generated by either
internal self-gravity or tidal interactions (Dobbs & Baba 2014).

2 G E N E R AT I O N O F SP I R A L S T RU C T U R E

Here, we describe briefly the leading ideas for the different mech-
anisms of spiral arm generation in non-barred galaxies. And, in
addition, we draw attention to what the different mechanisms predict
for spiral arm evolution.

2.1 Density wave theory – stationary spiral structure modes –
Lin–Shu hypothesis

Density perturbations with spiral spatial structure can propagate
radially within a self-gravitating disc of gas or stars. The Lin–Shu
hypothesis (Lin & Shu 1964) proposes that spiral structure consists
of a stationary density wave, which is basically a standing mode.
Thus, the spiral pattern remains unchanged, except for an overall
rotation at some fixed radius-independent, pattern speed

�p = const., (1)

for many galactic rotation periods. These can be thought of as global
modes of the galaxy as a whole, and their properties therefore must
depend on global properties of the galaxy. Recent attempts to find
evidence for this can be found in Grand, Kawata & Cropper (2013)
and Yu & Ho (2019).
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2.2 Tidal interactions

The idea that tidal interactions are a dominant reason for the
generation of spiral arms became firmly established following work
by Toomre & Toomre (1972). Typically, the dominant gravitational
perturbation in a tidal interaction is of the form m = 2, where m is
the azimuthal wavenumber. In a galactic disc which is not subject to
self-gravity, the most long-lasting response to such a perturbation is
a kinematic density perturbation.1 Such a perturbation evolves into
a spiral pattern with the radially dependent pattern speed

�p(R) = �(R) − 1

2
κ(R), (2)

where � is the galactic rotation rate and κ the local epicyclic
frequency.2

Weak self-gravity within the disc provides small modifications to
this result, in particular the possibility of radial wave propagation.
And it is worth noting that galaxy–galaxy interactions are often more
complicated than a single flyby. For example, the spiral pattern
in M51 appears to have been caused by the double interaction
with the perturbing galaxy NGC 5194 (Dobbs et al. 2010), and
the complicated spiral structure of M81 appears to be the result of
recent tidal interactions with the two galaxies M82 and NGC 3077
(Yun 1999).

2.3 Recurrent, transient spiral instabilities, driven by
self-gravity of the disc

If the disc of a galaxy is sufficiently self-gravitating (whether in the
stars or the gas) local self-gravitational instability manifests itself
in the form of local spiral density enhancements being sheared by
the local galactic rotation. N-body simulations demonstrate that if
the instability is sufficiently widespread these structures, although
transient, can recurrently reform. In some simulations, the arms
appear to undergo a cycle, breaking into smaller segments and
then reconnecting, due to differential rotation, to reform large-
scale spiral patterns, whereas in others, where disc self-gravity is
more influential, the large-scale arm patterns last for many rotation
periods (Fujii et al. 2011; Wada, Baba & Saitoh 2011; D’Onghia,
Vogelsberger & Hernquist 2013; Baba, Saitoh & Wada 2013).

This implies that the spiral arms locally corotate approximately
with the galactic rotation, and therefore that these arms have an
approximate pattern speed

�p(R) ≈ �(R). (3)

3 A SIMPLE-MINDED TEST

Following Binney & Tremaine (2008, section 6.1), we define the
pitch angle α of a spiral arm at any radius R to be the angle α

between the tangent to the arm and the circle radius R = const.
Then, the pitch angle can be written as

cot α = Rt

∣∣∣∣d�

dR

∣∣∣∣ (4)

1This is often referred to as a kinematic density wave, but it is not really a
wave in the sense that, in the absence of self-gravity, it does not propagate
radially within the disc.
2It should be noted, that because both the kinematic disturbances discussed
here, and the modal Lin–Shu density waves discussed in Section 2.1, are
such that for most (and often all) disc radii �p �= �(R), the observation of a
wavelength dependence of spiral pitch angle is not a discriminator between
them (cf. Dobbs & Pringle 2010; Yu & Ho 2018; Miller et al. 2019).

Figure 1. The distribution of pitch angles is shown using the data from
Yu & Ho (2018).

where �(R, t) = �0(R) + �p(R) t is the equation describing the
evolution of the azimuthal phase of a spiral arm with pattern speed
�p(R). By evaluating cot α at times t and t0, we then obtain an
equation for the evolution of cot α with time,

cot α =
[
R

d�p

dR

]
(t − t0) + cot α0, (5)

where α = α0 at time t = t0. Thus, cot α evolves linearly in time.
The implication is that in the modal Lin–Shu picture (Section 2.1),

α remains constant in time, whereas, in both the tidal (Section 2.2)
and the self-gravitating (Section 2.3) pictures, α decreases mono-
tonically with time. Simulations of both tidal interactions (Pettitt &
Wadsley 2018, fig. 19) and of transient, recurrent arms (Grand et al.
2013, fig. 7) show the validity of this expectation.

Given this, and given some simple (possibly oversimple) as-
sumptions, we propose a test of equation (5). We suppose that each
galaxy in a sample starts to show measurable spiral structure at some
maximum pitch angle αmax. This pitch angle then evolves for that
galaxy, according to equation (5) until some minimum pitch angle,
αmin at which spiral structure is no longer apparent or measurable.
We then also suppose that the pitch angle for spiral features within a
galaxy is not strongly dependent on radius, so that the radius which
gives the dominant contribution to a measure of the pitch angle does
not change greatly with time. If these assumptions are valid, then
for each galaxy, cot(α) evolves uniformly in time from cot(αmax)
to cot(αmin). And, although the rate of evolution is different for
different galaxies, provided that galaxies are observed at random
times within this evolution, the distribution of cot α for each galaxy,
and therefore also for an ensemble of galaxies, should be uniform.
To summarize, if we observe a random collection of galaxies at any
particular time we expect to find equal numbers in each equal-sized
bin in cot α-space.

Yu & Ho (2018) have measured the pitch angles of the spiral
structure 113 galaxies selected from the Carnegie–Irvine Galaxy
Survey. Pitch angles are measured at a range of wavelengths and
using two different methods. The results show strong consistency
between the methods, and strong correlations between different
wavelengths. We consider the pitch angles measured by their 1D
method, first in the visual band (Yu & Ho 2018, table 1, column
19). For these 95 galaxies we show in Fig. 1 the distribution in
cot α. We have not attempted to make use of the error estimates
provided for the values of α by Yu & Ho (2018), nor have we
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Figure 2. The cumulative fraction of cot α where α is the pitch angle is
shown, using the central 90 per cent range of pitch angles from Yu & Ho
(2018). The dashed line shows a uniform distribution which is what would
be expected if the spiral structure winds up at a constant rate (equation 5).
The KS statistic for the comparison between these two distributions is D =
0.128, confirms a lack of statistical disagreement.

Figure 3. The distribution of pitch angles is shown for different wavebands,
using the data from Yu & Ho (2018).

made any effort to make allowance for any systematic effects, such
as the dependence on spiral measurement accuracy as a function
of galactic inclination (See Section 4). Nevertheless, Fig. 1 does
at least seem to be consistent with the idea that for this set of
galaxies cot α is more or less uniformly distributed within the range
1.00 ≤ cot α ≤ 4.75, that is from α ≈ 45◦ to 12◦.

To provide some statistical basis for this result we consider
the 86 galaxies with 1.19 ≤ cot α ≤ 4.91. We plot in Fig. 2, the
cumulative distribution of these galaxies in cot α-space and compare
it with the cumulative probability distribution function for a uniform
distribution (i.e. a straight line). The Kologorov–Smirnov (KS)
statistic for these distributions is D = 0.128 indicating consistency.

As a consistency check, we also show the normalized distribution
of pitch angles for different wavebands in Fig. 3, again using data
from Yu & Ho (2018). As would be expected, the distribution of
pitch angles are similar for the different wavebands. Within error

bars (which we do not show for clarity), the pitch angles again
exhibit a uniform distribution in the range 1.00 ≤ cot α ≤ 4.75 for
the B, V, R, and 3.6 μm bands. We leave any further studies across
different wavelengths or other parameters to future observational
studies.

4 D ISCUSSION

Recent work has attempted to correlate measurements of pitch
angles with other galaxy properties as a means to distinguish be-
tween mechanisms for spiral arm generation. In these observational
studies, the pitch angle is usually assumed to have a fixed value
independent of radius or time. In particular, Yu et al. (2018) and
Yu & Ho (2018, 2019) argue that measurements of pitch angles,
and the correlations between these and other galaxy properties, are
broadly consistent with the expectations of Lin–Shu modal density
wave theory (Section 2.1).3 We find nothing that contradicts this
possibility. However, their arguments and analysis are predicated
on the basic assumption of Lin–Shu theory, which is that each
galaxy contains a spiral pattern whose pattern speed, �p, and pitch
angle, α, are fixed in time (and space), being just dependent on the
various properties of the galaxy, for example on morphology of the
galactic rotation curve (fig. 11 in Yu & Ho 2019) or the galactic
shear rate (fig. 12 in Yu & Ho 2019). Here, we investigate whether
an alternative premise, i.e. that the pitch angles of galaxies evolve
with time, is consistent with the observed data.

Our finding that the distribution of pitch angles (cot α) is more or
less uniform among their observed galaxies, opens up the possibility
that the pitch angles are actually evolving in time, as is found in the
simulations (e.g. Grand et al. 2013; Pettitt & Wadsley 2018; Mata-
Chávez et al. 2019). We note that in the modal density wave picture,
this finding would need some other explanation. We argue here that
the possibility of evolving pitch angles merits further investigation.

Our simple assumption that the distribution of cot α is uniformly
distributed between αmax and αmin is strictly valid only if all galaxies
have the same values of αmax and αmin and the evolution in cot α
proceeds in each galaxy at a constant (possibly galaxy dependent)
rate, as in equation (5). Even if the rate of evolution of cot α were
constant, a spread in the values of αmax and αmin, would imply
drop-offs in the cot α distribution at each end.

Thus, we need to consider the following:

(i) What determines αmax? There is presumably some spread in
the actual values of αmax as spiral structure is initiated. The largest
values of α found by Yu & Ho (2019) are around α ≈ 40◦. In the
tidal case, the values of αmax are likely to be determined by the
strength of the tidal interaction, and perhaps by selection effects
which exclude strongly interacting tidal pairs from the surveys. For
the transient spiral case, the largest values of αmax are likely to result
from the properties of individual galaxies (see e.g. Grand et al. 2013;
Mata-Chávez et al. 2019).

(ii) What determines αmin? For small αmin, it seem likely that
the deciding factor is the observability of spiral features with small
values of α. Such features would be harder to detect in the more
edge-on galaxies. For the tidal case, as time progresses the strength
of the induced spiral feature is likely to decay, and this too can
set a lower limit to the observability of α. For the transient spiral
case, it is apparent that as the arms wind up, they may breakup and
reform into new global spiral structures (see e.g. Baba et al. 2013;

3Although the opposite conclusion is reached from the analysis by Hart et al.
(2017).
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Mata-Chávez et al. 2019). This process could also set a lower limit
to α, possibly dependent on galactic properties.

(iii) How constant in time is the evolution of cot α?
The assumption underlying the analysis is that the pitch angle of

a particular observed galaxy is independent of radius, and therefore
that the pattern speed is independent of radius. In the instances
where galaxies do not exhibit steady state density waves, we would
not expect this assumption to hold exactly. Observationally, previous
studies have indicated a variation in pitch angle along spiral arms
(Savchenko & Reshetnikov 2013; Honig & Reid 2015). There is
mixed evidence regarding the pattern speed of spiral arms, Peterken
et al. (2019) claim that UGC 3825 exhibits fixed spiral arms,
whereas other work has found a variation of pattern speed with
radius (Meidt et al. 2008; Speights & Westpfahl 2011, 2012). The
methods used, for example by Hart et al. (2017), Yu et al. (2018), and
others, are likely to measure the pitch angle in a manner weighted
to the radius at which the spiral structure is most apparent (as is
found, e.g. in the simulations of Mata-Chávez et al. 2019). If that
radius were to change in time, then the rate of change of cot α would
not be strictly constant. The degree and manner of such a lack of
constancy, would depend, among other things, on the morphology
of the individual galaxy’s rotation curve.

In summary, we have demonstrated that the distribution of spiral
pitch angles in the galaxies investigated by Yu et al. (2018) is
consistent with the idea that the pitch angles evolve in time in the
simple manner indicated in equation (5). This indicates that the idea
that most spiral structure is generated by tidal interactions and/or
by internal self-gravity is still viable. We have suggested ways in
which numerical simulations of these formation mechanisms could
be used to shed light on the pitch angle distribution and its observed
correlations with properties of individual galaxies.
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Mata-Chávez M. D., Velázquez H., Pichardo B., Valenzuela O., Roca-
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