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Dentin, the main tissue of the tooth, is made of tubules surrounded by peri-tubular
dentin (PTD), embedded in a matrix of inter-tubular dentin (ITD). The PTD and the
ITD have different relative fractions of collagen and hydroxyapatite crystals. The ITD
is typically less rigid than the PTD, which can be seen as a set of parallel hollow cylin-
drical reinforcements in the ITD matrix. In this paper, we extend Hashin and Rozen’s
homogenization scheme to a non-uniform distribution of hollow PTD cylinders, deter-
mined from image analysis. We relate the transverse isotropic elastic coefficients of a
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Representative Elementary Volume (REV) of dentin to the elastic and topological prop-
erties of PTD and ITD. The model is calibrated against experimental data. Each sam-
ple tested is consistently characterized by Environmental Scanning Electron Microscopy
(ESEM), nano-indentation and Resonant Ultrasound Spectroscopy (RUS), which ensures
that macroscopic mechanical properties measured are correlated with microstructure
observations. Despite the high variability of microstructure descriptors and mechanical
properties, statistical analyses show that Hashin’s bounds converge and that the pro-
posed model can be used for back-calculating the microscopic Poisson’s ratios of dentin
constituents. Three-point bending tests conducted in the laboratory were simulated with
the Finite Element Method (FEM). Elements were assigned transverse isotropic elastic
parameters calculated by homogenization. The tubule orientation and the pdf of the
ratio inner/outer tubule radius were determined in several zones of the beams before
testing. The remainder of the micro-mechanical parameters were taken equal to those
calibrated by RUS. The horizontal strains found experimentally by Digital Image Cor-
relation (DIC) were compared to those found by FEM. The DIC and FEM horizontal
strain fields showed a very good agreement in trend and order of magnitude, which ver-
ifies the calibration of the homogenization model. By contrast with previous studies of
dentin, we fully calibrated a closed form mechanical model against experimental data
and we explained the testing procedures. In elastic conditions, the proposed homoge-
nization scheme gives a better account of microstructure variability than micro-macro
dentin models with periodic microstructure.

Keywords: dentin; homogenization model; microstructure imaging; three-point bending
tests; Finite Element Method

1. Introduction

Most restorations of dental cavities do not last more than 15 years, a limitation

which raised interest in the micro-macro mechanical modeling of dentin, their main

anchorage tissue. Dentin is indeed the main tissue of the tooth, located between

the pulp and the enamel 1. If assumed isotropic, its overall Young’s modulus ranges

between 12 GPa (close to the pulp) and 20 GPa (close to the enamel) 2,3,4,5. Many

studies 6,7,8 show that dentin is mechanically anisotropic, however. Structurally,

dentin can be seen as a bundle of hollow fibers of peri-tubular dentin (PTD) em-

bedded in a matrix of inter-tubular dentin (ITD). The Young’s moduli of PTD and

ITD are in the order of 30-45 GPa and 15-25 GPa, respectively 9,10.

Dentin, like bone, is mainly made of hydroxyapatite crystals and collagen fibrils.

In bone, collagen is organized in different lamellae (surrounding the haversian canals

of the osteonal unit) of parallel fibrils 11, hence bone ultrastructure is anisotropic.

Dentin exhibits distinct zones of PTD and ITD. PTD is mainly made of mineral and

ITD is an entanglement of organic and mineral features. According to the dentin

literature, ITD is quasi-isotropic 10. And as hydroxyapatite crystals are randomly

oriented in PTD 12, PTD can also be considered quasi-isotropic.

In bone, the absence of tubules makes it possible to represent a Representative

Elementary Volume (REV) of bone as a matrix/inclusion system and to use Es-

helby’s theory to relate the mechanical properties of the bone tissue to those of its

constituents. For instance, a two-step homogenization procedure was employed to

understand the mineral-collagen interactions in bone ultrastructure 13. The REV

is a porous matrix that contains hydroxyapatite and water inclusions. The porous
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matrix is itself a composite, represented as a solid matrix made of hydroxyapatite

crystal that contains long ellipsoidal collagen inclusions. More general homogeniza-

tion schemes comprising five to six steps were formulated to model different types

of bone tissues 14,15,16.

In dentin, tubules cannot be considered as convex inclusions, because they go

through the entire REV. The rigorous calculation of the stiffness coefficients of a

solid with hollow cylinder inclusions is not trivial. Hashin and Rosen 17 computed

exact bounds in the case of a hexagonal pattern of fibers, assuming a priori that

the homogenized material was transverse isotropic. Improvements were then made

by Hervé and Zaoui 18, Hongjun 19, Shi 20 and Tsukrov 21. Due to their complexity,

these models were never used to back analyze the mechanical properties of dentin

constituents. Previous studies of dentin homogenized properties were based on Reuss

and Voigt bounds 22, the self-consistent method 23, averaging techniques assuming

periodic structure 24 and Hashin and Rosen bounds 25. None of these models was

verified experimentally and the values of the microscopic Poisson’s ratios had to be

postulated instead of being calibrated. By contrast, we establish a stiffness homog-

enization scheme based on microstructure images and mechanical datasets. In the

first section, we describe the materials and experimental methods employed. Sec-

ondly, we explain how to link the microscopic and macroscopic anisotropic properties

of dentin by using Hashin’s homogenization scheme with a non-uniform distribution

of PTD volume around the tubules, determined from image analysis. In the third

section, we calibrate the proposed stiffness model against nano-indentation tests

and Resonant Ultrasound Spectroscopy (RUS) measurements. Lastly, we verify the

homogenization model against the displacement field obtained by Digital Image

Correlation (DIC) during three-point bending tests.

2. Experimental protocols

2.1. Materials

Three human wisdom teeth (third molars) were used in this study. To avoid bacterial

infections, teeth were immersed in Chloramine-T at 0.5% for one week, before being

stored in a Ringer’s solution, an isotonic solution that is close to fluids in the buccal

environment. Most of the enamel of the crown was polished off, to allow machining

on a plane surface and to avoid damaging the drill bit in the enamel. The teeth were

then embedded in Plexcil epoxy resin and glued to a support especially designed to

be used in a 4-axis milling center (Lyra prototype; GACD SASU). Dentin beams

for three-point bending tests were prepared at URB2i (Paris Descartes University,

France) on a 4-axis machining center equipped with a cylindrical diamond KaVo

tool (d = 2 mm). Water lubrication was employed to avoid any damage in dentin

microstructure that could have occurred due the increase of temperature during

machining. In each tooth, we extracted horizontal and vertical dentin beams, as

shown in Figure 1. The face of the beam closest to the enamel was polished for
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microstructure characterization by Environmental Scanning Electron Microscopy

(ESEM), see Subsection 2.2. Beam dimensions measured after polishing are reported

in Table 1.

Fig. 1. Micro-tomographic image of one of the teeth collected in this study. The tooth was
polished to remove most of the enamel at the top. Two beams of dentin were extracted from each
tooth, close to the enamel.

Table 1. Dimensions of the dentin beam samples tested in three-point bending.

Sample Length (x-dir.) Width (y-dir) Height (z-dir)
(mm) (mm) (mm)

D1 5.20 0.88 0.88
D2 5.80 0.83 0.80
D3 5.85 0.90 0.80

2.2. Environmental Scanning Electron Microscopy (ESEM)

ESEM microstructure images were obtained with a Quanta 600 (FEI Co., USA) at

Laboratoire de Mécanique du Solide (LMS, Ecole Polytechnique, France). Figure 2

shows an ESEM image of dentin, taken in a horizontal tooth section. The ITD is

made of collagen and apatite and forms a matrix that contains fluid-filled tubules

surrounded by PTD, mostly made of apatite 37. Tubules are between 2.9 µm and

3.02 µm in diameter and the tubule density is between 18,200 fibers/mm2 and
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24,100 fibers/mm2 38. The surface concentration of tubules is higher close to the

pulp than to the enamel, because tubules spread out forming a fan. In the following,

we propose a homogenization scheme for a dentin REV, at the scale of which tubules

can be considered parallel (Fig.3). The numerical analyses presented in Subsection

3.3 show that the REV should contain 60 tubules (or truncated tubules) minimum,

which corresponds to an elementary volume of the order of 1.66× 105µm3.

Fig. 2. ESEM image of dentin (left) taken in a horizontal plane of the tooth. Binarized image
(middle), showing the voids (V) in black. Filtered binarized image (right), showing the PTD in
black.

To determine the probability density function (pdf) of the ratio inner/outer

tubule radius (noted α), we obseved 1,186 fibers in 6 ESEM images. We modeled

the pdf of α as a truncated Gaussian distribution, varying between 0.2 and 0.8 (see

Figure 4):

ρ(α) =
1√
2πσ

· e
−

(µα − α)2

2σ2
α (1)

In which µα and σα are the mean and standard deviation of the pdf ρ(α), respec-

tively. The averaged error between the pdf obtained by image analysis and the fitted

pdf is 15% (acceptable, provided the variability of biological parameters). To find

the volume fraction of ITD (noted vm), we analyzed 24 images of dentin in cross-

sections located at different elevations in the tooth. As explained above, the large

difference of tubule surface density between sections close to the pulp and sections

close to the enamel results in a great variance. In the following, we take the average

value of vm for the calculations. Microstructure statistical analyses are summarized

in Table 2.



August 11, 2019 22:2 WSPC/WS-JMMB JMMB-dentin

6 C. Arson, Y. Yasothan, R. Jeanneret, N. Roubier, E. Vennat

Fig. 3. Schematic view of the REV of dentin considered in the homogenization model. Tubules
spread out forming a fan. The REV is of the order of 55µm× 55µm× 55µm = 1.66× 105µm3 and
contains 60 truncated tubules.

Fig. 4. Probability density function of the ratio inner radius / outer radius (parameter α), ob-
tained by image analysis.
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Table 2. Results of dentine image analysis. SD: Standard Deviation.

α determination vm determination

Average SD Min Max Average SD Min Max

0.494 0.093 0.150 0.790 0.750 0.075 0.600 0.860

2.3. Nano-indentation and Resonant Ultrasound Spectroscopy

(RUS)

The Young’s moduli of ITD and PTD were obtained by nano-indentation 10 at

MSSMat Laboratory (Centrale Supélec, France). RUS 26 measures were obtained

at LIB (Paris VI University, France). The nano-indentation and RUS results are

reported in detail in Wenlong Wang’s Ph.D. thesis 27 and are summarized in Table

3 and Table 4, respectively.

Table 3. Young’s moduli of ITD and PTD obtained by nano-indentation.

Nanoindentation

EITD (GPa) EPTD (GPa)

18.46 31.08

Table 4. Dentin mechanical properties obtained by RUS.

Resonant ultrasound spectroscopy

E1 (GPa) E2 (GPa) ν12 ν23 G12 (GPa)

23.35 21.9 0.298 0.512 9.63

Note: E1, E2: longitudinal, transversal Young’s modulus (in the direction
parallel, perpendicular to the tubules); ν12, ν23: out-of-plane, in-plane
Poisson’s ratio; G12: out-of-plane shear modulus

The nano-indentation campaign consisted in producing over 100 indents in

9 dentin beams. The indentation depth was 200 nm, the strain rate for load-

ing/unloading was 0,05 s−1 and the holding period was 10 s. Atomic Force Mi-

croscopy was used to distinguish indents located in ITD from those located in

PTD. The method of Oliver and Pharr 28 was used to calculate the Young’s modu-

lus at each indent. The nano-indentation moduli reported in Table 3 are the average

values of the moduli calculated at the ITD and PTD indents. A statistical inden-

tation method borrowed from Hellmich’s group 29,30,31 was used to quantify the

non-uniformity of the Young’s moduli of ITD and PTD. The method allows rep-

resenting the Young’s moduli by cumulative distribution functions (cdfs). One of

the key assumptions of the statistical nano-indentation method is that it is possible
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to reconstruct the cumulative distribution of moduli found experimentally by a su-

perposition of Gausssian cdfs. In the samples used in this study, it was not always

possible to distinguish two distribution modes. Hence, we used the scalar values

reported in Table 3 to describe the Young’s moduli of ITD and PTD. Details are

provided in Appendix A.

In RUS, samples are subjected to vibrations of various frequencies, until an

eigenfrequency is reached. Stiffness coefficients are calculated from those eigenfre-

quencies 32. In the tests used in this study, frequencies ranged between 0.5 MHz and

1.4 MHz. RUS differs from ultrasonic tests in which waves are propagated through

the sample at a fixed frequency, in various directions of space. In such ultrasonic

tests, the material’s moduli are back-calculated from the wave velocities after waves

have traversed the sample, and it is necessary to ensure that the wavelength be larger

than the sample size 14.

2.4. Three-point bending tests

Three-point bending tests were performed on the beams described in Table 1, using

a Shimadzu testing machine with a 500 N load cell (precision of ± 1%). “Trapezium”

software was used to process the data and plot the load and displacement of the

crosshead as functions of time. The imposed crosshead speed was 1 mm/min until

the load applied reached 0.1 N. After that, the imposed crosshead speed was 0.1

mm/min, until failure was reached. Figure 5 shows the experimental set up.

Fig. 5. Experimental set-up for three-point bending tests. Left: Dimensions (L = 5mm; r =
0.5mm; d = 1mm) and orientation: M0 (0,0) is the origin of the coordinate system Rp (Xp, Yp,
Zp) linked to the beam. Right: Photograph of one of the beams during the test. The face shown
was speckled for subsequent Digital Image Correlation, see Subsection 2.5.

2.5. Digital Image Correlation (DIC)

The polished face of the beam was speckled by means of an Iwata High Performance

BP airbrush. We used India ink, which does not vanish when the beam is put back

in Ringer’s solution for storage. The diameter of the droplets was inferior to 50
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µm. The speckled face was imaged by time-lapse photography during the three-

point bending tests. Images were taken by a Reflex 60D camera (ISO = 1200 and

exposure time = 1/80 s) with a resolution of 2061 x 1733 pixels every 3 s, starting

5 s after the beginning of the test, up until the complete failure of the sample.

The camera was fixed to a Questar long-distance microscope QM 100 installed on

a tripod. The set up is shown in Figure 6.

Fig. 6. Experimental set-up for time-lapse micro-photography during three-point bending tests.

DIC was invented at the beginning of the 80s to calculate 2D or 3D displacement

and strain fields by means of a referent image and a deformed image 33. The method

can be used to determine mechanical properties of homogeneous materials 34. In

this study, DIC was done with CorreliQ4 software, which has the advantage of

reconstructing the displacement and strain fields by using the same shape functions

as in the Finite Element Method (FEM) 35. Displacement and strain fields are

calculated over a Region of Interest (ROI) selected by the user. Each pixel of the

ROI is linked to a gray level. Under the assumption of continuity of the displacement

field, any sub-element of the ROI, called Zone of Interest (ZOI), has the same texture

in the referent and deformed images. CorreliQ4 divides the ROI into ZOIs in the

referent image, correlates them with the ZOIs in the deformed image and finally

calculates the displacements and strains by comparing the positions of the points

of the referent and deformed ZOIs 36. Figure 7 explains the principle of DIC.

We calculated displacement and strain fields for various ZOI sizes (16, 32, 64

and 128 pixels) and found that for a ZOI of 64 pixels in size or more, the strain field

obtained by DIC did not exhibit extreme gradients over the ROI. The precision of

the DIC technique with ZOIs larger than 64 pixels (or 110µm) is thus satisfactory

to assess the validity of the numerical model. In what follows, we use 64-pixel-ZOIs,

for which the a priori displacement uncertainty is 1.2 x 10−3 pixels or 2 x 10−3 µm.
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Fig. 7. Principle of Digital Image Correlation (DIC). CorreliQ4 DIC software monitors displace-
ment fields (u) by means of gray levels that are assigned to each pixel of the Zone of Interest (ZOI)
by dedicated functions (f for the pixels of the referent image and g for the pixels of the deformed
image)

3. Homogenization Scheme

3.1. Stiffness of a solid containing a random distribution of

hollow cylinders (Hashin’s model)

We consider a dentin REV, in which the ITD matrix contains randomly distributed

hollow cylinders (tubules surrounded by PTD), all oriented along direction 1. As-

suming that the ITD, PTD and pore fluids are isotropic linear elastic, the mechan-

ical behavior of the dentin REV is transverse isotropic linear elastic. Using Voigt

notation, the stiffness matrix of the dentin REV is expressed as:

ε11

ε22

ε33

2ε12

2ε13

2ε23


=



1
E1

−ν12

E1

−ν12

E1
0 0 0

−ν12

E1

1
E2

−ν23

E2
0 0 0

−ν12

E1

−ν23

E2

1
E2

0 0 0

0 0 0 1
G12

0 0

0 0 0 0 1
G12

0

0 0 0 0 0 2(1+ν23)
E2





σ11

σ22

σ33

σ12

σ13

σ23


(2)

in which E1 is the longitudinal Young’s modulus, E2 is the transversal Young’s

modulus, ν12 is the out-of-plane Poisson’s ratio, ν23 is the in-plane Poisson’s ratio

and G12 is the out-of-plane shear modulus. We first assume that the ratio α is
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uniform in the REV. We use the energy-based method proposed by Hashin and

Rosen 17 to find bounds for the five independent macroscopic elastic parameters

E1, E2, ν12, ν23 and G12.

The strain energy stored in the REV minimizes the strain energy that can be

stored under any statically admissible displacement or stress field. If a displacement

field is prescribed at the REV’s boundary, the macroscopic strain field ε is known

and a statically admissible macroscopic stress field σ can be found, for which the

stiffness tensor C of the REV satisifies:

Wu =
1

2
ε : C : ε ≤ 1

2
σ : ε (3)

In the same way, if a stress field σ is prescribed at the REV’s boundary, a statically

admissible macroscopic strain field ε can be found, for which the compliance tensor

S of the REV satisifies:

Wσ =
1

2
σ : S : σ ≤ 1

2
σ : ε (4)

Equations 3 and 4 provide upper and lower bounds of the stiffness coefficients of the

REV, respectively. In transerve isotropy, statically admissible stress and displace-

ment fields need to be expressed for five independent loading conditions. Hashin

and Rosen proposed analytical solutions for:

• The problem of lateral confinement under zero axial loading, to bound the

lateral bulk modulus K23;

• The problem of out-of-plane shear loading (directions 1-2), to bound the

out-of-plane shear modulus G12;

• The problem of axial loading under zero lateral confinement, to bound the

axial Young’s modulus E1;

• The problem of in-plane shear loading (directions 2-3), to bound the in-

plane shear modulus G23;

• The problem of oedometric loading with axial loading and fixed lateral

boundaries, to bound the stiffness coefficient C11.

The five elastic parameters E1, E2, ν12, ν23 and G12 in Eq. 2 can be expressed in

terms of the five elastic coefficients K23, G12, E1, G23 and C11 by using the following

relationships:

ν12 =
1

2

(
C11 − E1

K23

)1/2

(5)

ν23 =
K23 − ψG23

K23 + ψG23
(6)

E2 =
4K23G23

K23 + ψG23
(7)

where ψ = 1 + 4K23ν
2
12/E1.
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For a random distribution of parallel hollow cylinders that all have the same

ratio α, the lower and upper bounds of K23, G12, E1 and C11 are equal, and their

expressions are given below. For the lateral bulk modulus:

K+
23 = K−23 = KITD

φ(1− α2)(1 + 2νITD(1− vm)) +
(

1 + α2

2νPTD

)
2νITDvm

φ(1− α2)vm +
(

1 + α2

2νPTD

)
(1− vm + 2νITD)

(8)

in which φ = KPTD/KITD and KITD and KPTD stand for the plane-strain bulk

moduli of ITD and PTD, respectively. For the out-of-plane shear modulus:

G+
12 = G−12 = GITD

η(1− α2)(2− vm) + (1 + α2)vm
η(1− α2)vm + (1 + α2)(2− vm)

(9)

in which η = GPTD/GITD and GITD and GPTD are stand for the shear moduli of

ITD and PTD, respectively. For the axial Young’s modulus:

E+
1 = E−1 = EITD

(
vf

EPTD
EITD + vm

)
EITD(D1 −D3F1) + EPTD(D2 −D4F2)

EITD(D1 −D3) + EPTD(D2 −D4)
(10)

in which vf is the volume fraction of PTD: vf = (1− α2)(1− vm), and in which:

D1 =
1 + α2

1− α2
− νPTD (11)

D2 =
2− vm
vm

+ νITD (12)

D3 =
2ν2
PTD

1− α2
(13)

D4 = 2ν2
ITD

1− vm
vm

(14)

F1 =
νITDvfEPTD + νPTDvmEITD
νPTDvfEPTD + vmEITD

(15)

F2 =
νPTD
νITD

F1 (16)

For the stiffness coefficient C11:

C+
11 = C−11 = E+

1 + 4ν2
12K

+
23 (17)

in which E+
1 and K+

23 are calculated from Eq. 10 and 8, respectively, and in which:

ν12 =
vfEPTDL1 + vmEITDL2νITD
vfEPTDL3 + vmEITDL2

(18)
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where:

L1 = 2νPTD(1− ν2
ITD)(1− vm) + vm(1 + νITD)νITD (19)

L2 = (1− vm)
[
(1 + νPTD)α2 + 1− νPTD − 2ν2

PTD

]
(20)

L3 = 2(1− ν2
ITD)(1− vm) + (1 + νITD)vm (21)

For a random distribution of parallel hollow cylinders that all have the same

ratio α, only G23 has two distinct bounds, expressed as:

G+
23 = GITD

[
1− 2(1− νITD)

1− 2νITD
(1− vm)Aε

]
(22)

G−23 =
GITD[

1− 2(1−νITD)
1−2νITD

(1− vm)Aσ

] (23)

in which Aε and Aσ are two constants that have to be determined by solving a

complex system of equations, detailed in the appendix of the original paper by

Hashin and Rosen 17.

3.2. Extension of Hashin’s model to cylinders with a non-uniform

ratio inner/outer radius

In the original model of Hashin and Rosen, hollow cylinders are aligned and have

a circular cross section characterized by the same ratio inner radius / outer radius

(noted α). In this work, the non-uniform distribution of α is modeled by a truncated

Gaussian law and α varies between 0.2 and 0.8 (see Table 2 and Figure 4). The

homogenized stiffness coefficients Cij thus satisfy:

1

ρ

∫ α=0.8

α=0.2

ρ(α)C−ij (α)dα ≤ Cij ≤
1

ρ

∫ α=0.8

α=0.2

ρ(α)C+
ij (α)dα (24)

with:

ρ =

∫ α=0.8

α=0.2

ρ(α)dα (25)

in which C−ij (α) and C+
ij (α) are Hashin’s lower and upper bounds of the stiffness co-

efficient Cij for a given value α. Consequently, the proposed homogenization scheme

requires seven microscopic parameters: the Young’s moduli (EITD, EPTD) and the

Poisson’s ratios (νITD, νPTD) of ITD and PTD, the volume fraction of ITD (vm)

and the statistical parameters of the pdf of α (µα, σα).
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Fig. 8. FEM models used to simulate strain-controlled compression tests. The load was applied
along the x-axis (direction of the tubules) and the transverse displacements on orthogonal faces
were calculated.

3.3. Representative Elementary Volume (REV)

We used the FEM to simulate the mechanical response of dentin subjected to a

strain-controlled uniaxial compression imposed along the axis of the tubules. Nu-

merical samples were parallelepipedic with 4 to 400 parallel hollow cylinders of

circular section and same external radius. The hollow cylinders representing the

tubules were assigned a random distribution of α, which determined the inner ra-

dius distribution. Tubules were placed on rectangular and hexagonal grids, with

a random distribution of offsets along the x and y directions. In total, 20 FEM

models were tested for each of the two patterns (Figure 8). Results for hexagonal

and rectangular patterns are plotted in Figure 9. The difference between transverse

displacements on opposite vertical faces decreases with the number of cylinders,

and then stabilizes at around 2% for samples with 60 cylinders or more, for both

hexagonal and rectangular patterns. This means that the assumption of transverse

isotropy is valid for dentin samples containing 60 tubules or more, i.e. REV dimen-

sions should be at least 55 µm in each direction of space. For a volume of that size,

it is reasonable to assume that PTD hollow cylinders are parallel (See Figures 2

and 3).
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Fig. 9. Difference between transverse displacements on opposite vertical faces of the FEM models
used for REV determination. A small error on the displacements indicates that the assumption
of transverse isotropy is valid, and that the FEM domain is a REV. Simulations were done with
tubule centroids placed on rectangular and hexagonal patterns.

4. Model Calibration

4.1. Convergence of Hashin’s Bounds

Hashin’s bounds are equal for E1, E2,G12 and ν12 (see Section 3.1). In order to check

the suitability of our model to homogenize dentin properties, we verified that the

bounds of the transverse shear modulus G23 converge for the range of values taken

by the seven microstructure parameters of dentin. We used a genetic algorithm to

find the maximum difference between the two bounds of G23 (noted ∆max
G23 ) under

the following constraints: the Young’s moduli of the ITD and PTD are assigned

the values found by nano-indentation (Table 3); the Poisson’s ratios of ITD and

PTD vary between 0 and 0.5; vm ranges between 0.6 and 0.86, according to image

analyses (Table 2); the pdf of α is that found by image analysis and the range of

values taken by α is divided into seven intervals, between 0.2 and 0.8. We calculated

the maximum difference beween the two bounds of the transverse shear modulus on

that interval (noted Ei for the i-th interval). The average of this maximum difference

was calculated as:

∆max
G23 =

∫ 0.8

0.2

ρ(α)× e(α)dα, e(α) = Ei ∈ [amini ; amaxi ] (26)

In which [amini ; amaxi ] designates the ith of the seven subintervals used for the dis-

cretized calculation of the bounds difference. We tested the optimization technique
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for four ranges of values [amin1 ; amax7 ] (and adapted the seven subintervals accord-

ingly). The corresponding values of E are provided in Table 5. The overall upper

bound for ∆max
G23 is equal to 24.1 %. Note that the values of the Poisson’s ratios were

fixed on each interval, and that the discretization was coarse (only seven intervals).

Thus the optimization method employed in this study overpredicts errors. A max-

imum difference of 24.1% in the bounds of the shear modulus is thus considered

acceptable.

Table 5. Maximum difference between the bounds of the transverse shear modulus for various
ranges of values of α.

Interval for α [0.2; 0.8] [0.3; 0.7] [0.4; 0.6] [0.45; 0.55]

Ei (%) 79 41 19 13

4.2. Back calculation of microscopic Poisson’s ratios

Note that RUS, nano-indentation and ESEM were performed on the same samples,

which ensured consistency between the measures used for calibration in the follow-

ing. We found the microscopic Poisson’s ratios of ITD and PTD (νITD and νPTD)

by fitting the macroscopic elastic parameters of dentin against measures obtained

by RUS, under the constraint that EITD, EPTD, µvm , µα and σα take the values

determined by image analysis and nano-indentation (Tables 2 and 3). Using * and

Hashin superscripts to refer to RUS measures and model predictions respectively,

we define the following fitness function F1:

F1(νITD, νPTD) =
1

7
[
∑

Γ ∆Γ + δG23 + δstat]

∆Γ = |ΓHashin(νITD,νPTD)−Γ∗|
Γ∗ , Γ = E1, E2, ν12, G12, G23

δstat = max(∆Γ)−min(∆Γ)
max(∆Γ) , δG23 =

Gmax
23 −Gmin

23

Gmin
23

(27)

Since the transverse shear modulus is characterized by two bounds, ∆G23
is taken

equal to the relative error between G23∗ and the closest bound, and to 0 if G23∗ is

within the bounds found numerically. We used a genetic algorithm to minimize F1

and find the values of the ITD and PTD Poisson’s ratios that best fit experimental

data in the range [0.05; 0.5]. The parameter δstat is used to balance the optimization

criteria between the five macroscopic elastic properties, and δG23 is introduced to

put more weight on the solutions for which the two bounds of the shear modulus

are close. δstat and δG23 regularize the fitness function F1 (they are assigned the

same weight in our study). The optimization was done over a maximum of 500

generations of 100 individuals. The iterative optimization process was stopped when

the best individuals did not vary over 20 generations. We found νITD = 0.381 and

νPDT = 0.344. The corresponding value of the fitness function was 18% and the
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maximum difference between the two bounds of the transverse shear modulus was

0.23%. The relative errors for the macroscopic elastic parameters were the following:

∆E1 = 14%; ∆E2 = 14%; ∆ν12 = 13%; ∆G12 = 26%; ∆G23 = 22%.

5. Model Verification

5.1. Simulation of three-point bending tests by the FEM

We simulated the three-point bending tests described in Section 2.4 with ABAQUS

FEM software. The geometry of the beam was the same as in the experiment.

We used 8-node linear brick elements, with reduced integration (one integration

point) and hourglass control. The mesh and boundary conditions are shown in

Figure 10(a). The two supports and the indenter were modeled as rigid bodies. The

supports were fixed whereas the indenter was subjected to a vertical displacement

determined from DIC measurements. We only simulated the experiments before

failure, for small displacements.

Beam samples were imaged prior to the three point bending tests to determine

the pdf of the parameter α and the orientation of the tubules. The methodology

that we followed to find the orientation angles is described in detail in Appendix

B. Since the samples presented a high tubule orientation variability, we divided the

FEM domain into subdomains that were 0.25 mm thick and that each represented

a zone of the beam where the tubules have a similar orientation (Figure 10(b)).

A transverse isotropic linear elastic model was assigned to all elements. For each

zone of the beam, direction 1 was defined as the tubule axial direction. We used

the homogenization model presented in Section 3 to calculate the five parameters

E1, E2, ν12, ν23 and G12 from the orientation of the tubules (determined before the

tests), the value of vm (Table 2), the pdf of α (determined before the tests) and the

Young’s moduli and Poisson’s ratios of PTD and ITD (Table 3 and Section 4.2).

Provided the two orientation angles of the tubules, two rotation operators were then

applied to obtain the stiffness matrix of the dentin elements in the (x,y,z) plane.

Figure 16 in Appendix B summarizes the micro-macro parameters used in each

zone of the FEM model, for each of the three beams tested. As an example, Figure

11 shows the displacement and stress maps obtained by FEM at two stages of the

three-point bending test for sample D1.



August 11, 2019 22:2 WSPC/WS-JMMB JMMB-dentin

18 C. Arson, Y. Yasothan, R. Jeanneret, N. Roubier, E. Vennat

(a) FEM mesh and boundary conditions (D1). (b) Zones with similar tubule orientation (D1).

Fig. 10. FEM model used to simulate the three-point bending tests. L = 5mm; a: beam height,
b: beam width; c: beam length.

Fig. 11. FEM displacement and stress maps obtained for beam D1 during the three-point bending
test after applying half of the maximum load (left) and the full maximum load, just before failure
(right)
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5.2. Results and discussion

The total displacement measured by DIC is the sum of the rigid body motion of

the entire beam, which occurs because of the displacements of the experimental set-

up, and of the displacement induced by bending deformation. The supports being

outside of the ROI, the rigid body motion of the supports could not be directly

measured by DIC. Hence, we calculated the deflection at the bottom of the beam

within the ROI, and we extrapolated it to estimate the vertical displacement of the

supports (x = ±2.5 mm). The latter was subtracted from the total displacements

of the ZOIs to remove the rigid body motion, as explained in Figure 12.

Figure 13 shows a comparison between the horizontal strain fields obtained by

FEM and those obtained by DIC for each beam. The vertical displacements applied

on the indenter were 0.047 mm, 0.066 mm and 0.077 mm for beams D1, D2 and

D3, respectively. The resultant force reached just before failure on the indenter

were 15.95 N for beam D1, 14.42 N for beam D2 and 21.51 N for beam D3. The

corresponding forces calculated in the FEM were very similar: 14.37 N for beam D1,

16.52 N for beam D2 and 21.13 N for beam D3. Because of speckle defects, noise was

observed in the DIC results and it was not possible to compare the numerical and

experimental strain fields point by point (or ZOI by ZOI). Despite this resolution

limitation, we note in Figure 13 that the horizontal strains are of the same order of

magnitude over the entire ROI, for each beam tested. The maximum tensile strain

at the bottom of the beam is of the order of 5 × 10−3 for beam D1, 8 × 10−3 for

beam D2 and 10× 10−3 for beam D3. The maximum compressive strain at the top

of the beam is of the order of −7 × 10−3 for beam D1, −10 × 10−3 for beam D2

and −13 × 10−3 for beam D3. A strain close to zero is observed at mid-height of

the beams, close to the neutral axis.

The proposed homogenization scheme is appropriate for capturing the

anisotropic elastic behavior of dentin. Its formulation requires only 7 microstruc-

ture parameters, plus the orientation of the tubules. All of these model parameters

can be obtained experimentally through ESEM imaging and nano-indentation, or

back-calculated from macroscopic mechanical measurements, e.g., by RUS. Model

predictions are more precise than Reuss and Voigt bounds presented in former stud-

ies. Assumptions are more realistic than in the self-consistent method (in which

there is no concept of matrix, i.e. ITD, PTD and tubules are interwoven inclusions)

or in periodic microstructure models (which disregard the heterogeneity of tubule

and PTD space distributions). Compared to analytical homogenization schemes for

composites reinforced by hollow fibers of finite length, the proposed model can eas-

ily be implemented in a computer code for calibration and FEM simulations. The

modified Hashin’s model is thus a rigorous model that can be used to back-calculate

dentin microstructure parameters and to simulate loading paths on a tooth with

the FEM, without meshing each dentin constituent individually. Applications of the

elastic dentin model at the scale of an entire tooth will be presented in future work

to compare the mechanical behavior of healthy, damaged and restored tissues.
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Beam D1

Beam D2

Beam D3

Fig. 12. Removal of the rigid body deflection from the vertical displacements obtained by DIC:
(i) Calculation of the total deflection at the bottom of the beams by DIC; (ii) Extrapolation of the
deflection curve to the supports; (iii) Subtraction of the difference of the deflection at the supports
from the total deflection obtained by DIC.
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Beam D1, uy=0.047 mm

Beam D2, uy=0.066 mm

Beam D3, uy=0.077 mm

Fig. 13. Comparison of the horizontal strain fields obtained by FEM (left) and by DIC (right).
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6. Conclusions

Restorative materials used to fill teeth cavities are anchored in dentin. State-of-the-

Art micro-macro models of dentin rely on simplified microstructure representations

and lack experimental verification. Moreover, the Poisson’s ratios of dentin mi-

crostructure components cannot be easily determined experimentally. In this study,

we model dentin as a bundle of parallel hollow cylinders made of tubules surrounded

by Peri-Tubular Dentin (PTD), embedded in a matrix of Inter-Tubular Dentin

(ITD). By contrast with previous modeling approaches, we establish a homogeniza-

tion scheme for a non-uniform distribution of PTD, determined from image analysis.

The minimum size of the Representative Elementary Volume is a cube containing

60 tubules. ESEM, nano-indentation and RUS data were collected from each dentin

sample studied for model calibration, which is unprecedented. Statistical analyses

show that Hashin’s bounds converge and that the proposed model can be used for

back-calculating the microscopic mechanical properties of dentin constituents, in

particular the most probable values of the Poisson’s ratios of ITD and PTD. Three-

point bending tests were conducted on dentin beams of about 5.5 mm in length.

One face of each beam was polished and speckled. That face was photographed at

regular time intervals with a reflex camera connected to a Questar long-distance

microscope. Digital Image Correlation was used to track the displacement fields

on the photographed face during the tests. After removing the rigid body motion

displacements of the beams, the horizontal strains found by DIC were compared

to those found by simulating the three-point bending tests with the proposed ho-

mogenization model, by the FEM. In the numerical models, elements were assigned

transverse isotropic elastic parameters calculated by homogenization. The tubule

orientation and the pdf of the ratio inner/outer tubule radius were determined in

several zones of the beams before testing. The remainder of the micro-mechanical

parameters were taken equal to those calibrated by RUS. The DIC and FEM hori-

zontal strain fields showed a very good agreement in trend and order of magnitude,

which verifies the calibration of the homogenization model. In future work, the pro-

posed homogenization model will be used in a 3D numerical model of tooth to study

the influence of the location, size and shape of empty and restored cavities on the

mechanical response of dentin under compression.
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de Paris through the bourse de mobilité étudiante for Romain Jeanneret. The au-



August 11, 2019 22:2 WSPC/WS-JMMB JMMB-dentin

An alternative to periodic homogenization for dentin elastic stiffness 23
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Appendix A. Statistical nano-indentation method

For each nano-indentation measurement, the method of Oliver and Pharr 28 was

used to relate the reduced modulus Er to the elastic unloading stiffness S, defined

as the slope of the unloading curve at the initial stage of unloading:

S =
2√
π
Er
√
A (A.1)

in which A is the contact area. The reduced elastic modulus Er is expressed as:

1

Er
=

(1− νi2)

Ei
+

(1− νs2)

Es
(A.2)

in which the properties of the diamond indenter are known: Ei = 1, 141GPa, νi =

0.07. The Young’s modulus of the phase indented, Es, is found by assuming that

the Poisson’s ratio of that phase, νs, is known. Here, it is assumed that νs = 0.4,

which is the average value of the Poisson’s ratio of the dentin samples found by

RUS. Noting Es,i the Young’s modulus at indent i, the experimental Cumulative

Distribution Functions (cdfs) of Es for one sample was calculated as:

Dexp (Es,i) =
i

N
− 1

2N
(A.3)

in which i ∈ [1, N ], N > 100 being the number of indents per sample, and

the values of the measured Es,i are sorted in ascending order. In the statisti-

cal nano-indentation method followed by Hellmich’s group 29,30,31, it is assumed

that Dexp (Es,i) can be approximated by the superposition of several Gaussian cdfs

D (Es,i, µj , sj) such that:

D (Es,i, µj , sj) =
1

sj
√

2π

∫ Ei

−∞
exp

(
−(u− µj)2

2sj2

)
du (A.4)

in which µj and sj are the mean value and the standard deviation of the jth cdf,

respectively. The number of phases, M , and the means µj and standard deviations

sj are found by minimizing the following difference d for various trial values of M :

d =

N∑
i=1

 M∑
j=1

fjD (Es,i, µj , sj)−Dexp (Es,i)

2

(A.5)

in which the fj scalars are weighting factors that satisfy the partition of unity:

M∑
j=1

fj = 1 (A.6)
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In our present study, M is known and set equal to 2. Figure 14 below presents

statistical analyses performed on two different samples. In Figure 14(a), two modes

can clearly be distinguished: for ITD (phase 1), µ1 = 18.66GPa, s1 = 3.6GPa; for

PTD (phase 2): µ2 = 33.36GPa, s2 = 4.9GPa. For Figure 14(b), only one mode can

be identified, and we can only measure the properties of ITD: µ1 = 15.94GPa, s1 =

1.8GPa. In the second sample, the number of indents is too small to characterize

both phases. Therefore, we used Atomic Force Microscopy to locate the position of

the indents. The nano-indentation moduli reported in Table 3 for ITD and PTD

are the average values of the moduli found in ITD and PTD over the 9 samples

indented.

(a) Nano-indentation sample 1: two modes. (b) Nano-indentation sample 2: one mode.

Fig. 14. Statistical nano-indentation method applied to two dentin beams subjected to over 100
indents each.

Appendix B. Microstructure parameters used in the FEM

simulations

In a 3D space, tubule orientation depends on two angles that can be found by

analyzing one microstructure image only. Considering an ESEM image taken on

the polished face of the beam tested in three-point bending, we note (xp,yp, zp)

the coordinate system relative to the beam, and (xe,ye, ze) that of an ellipse seen

in the micrograph (See Figure 15). The angle β between xp and xe can be measured

directly from the images. Ellipses represent the trace of the cylindrical tubules on

the plane of the ESEM image. We note (xt,yt, zt) the coordinate system of the

tubule (See Figure 15). Noting θ the angle between ze and zt, we have:

xt = cosθxe − sinθ ze

yt = ye

zt = sinθxe + cosθ ze

(B.1)
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In addition, the Cartesian equation of the cylinder is:

(xt)
2

R2
+

(yt)
2

R2
= 1 (B.2)

in which R is the radius of the circular cross-section of the tubule. At ze = 0, we

have xt = cosθ xe. Introducing the expression of xt into Equation B.2, we have:

(xe)
2 (cosθ)2

R2
+

(ye)
2

R2
= 1 (B.3)

The equation of the ellipse is:

(xe)
2

a2
+

(ye)
2

b2
= 1 (B.4)

therefore, by identification:

a =
R

cosθ
, b = R (B.5)

The dimensions of the ellipse (a, b) can be found from image analyses, and the angle

θ is then calculated with Equation B.5. Microstructure parameters for each zone of

each beam tested are reported in Figure 16.

Fig. 15. Method to determine the orientation of the tubules in 3D from only one ESEM image.
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Fig. 16. Micro-macro mechanical parameters used for each of the zones of the FEM model, for
each of the three beams tested in three-point bending.
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