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SUMMARY

Cooperative communication is a technique which can improve the reliability and
throughput of a wireless network through the cooperation between distributed wireless
nodes. The contributions of this thesis include the design and analysis of some novel
approaches for different cooperative communication schemes for the physical layer in

wireless multi-hop networks.

The first contribution is a new approach that combines random delay and phase
dithering for single carrier cooperative transmission (CT); its benefit is that it lowers the
coordination overheads in cooperative communication schemes. Simulation results, under
different channel models, are compared with the results of the state-of-the-art practical
phase dithering approach. The results show significant signal to noise ratio (SNR) gain,
or equivalently, that higher data rates can be achieved. The approach is also robust to
different channel models and can lower the overhead in channel estimation significantly,

while the constant envelope characteristic of the transmitted signal is kept.

The second contribution is a novel equalization algorithm in the frequency
domain for the multiple carrier frequency offsets (CFOs) problem of cooperation
communication. Using a permutation-based approach that employs the pseudo-banded
matrix characterization, a recursive and computationally efficient equalization algorithm
is proposed. This linear minimum mean-square error (MMSE) equalization algorithm
works for both the virtual multiple-input-multiple-output (MIMO) or distributed spatial

multiplexing (DSM) MIMO scheme and the distributed space time block coding (STBC)



scheme, for both orthogonal frequency division multiplexing (OFDM) and single-carrier
frequency-domain equalization (SC-FDE). To the author’s knowledge, this is the first
time a generalized approach has been proposed for such problems. Simulation results
show that large frequency offsets can be compensated with high computational

efficiency.

The third contribution is a new set-based bounding approach to analyze diversity
for SC-FDE over inter-symbol interference (ISI) channels, including linear equalizers
such as zero forcing (ZF) and minimum mean-square error (MMSE). The diversity order
of both the error probability and the outage diversity gain are analyzed. In previous
works, the channel was constrained to have identical and independent distributed paths,
whereas in this work we have relaxed the constraint to be a more practical channel with
just independent paths. For finite length data blocks, the diversity order of the error
probability and the outage diversity gain of ZF SC-FDE are proved to be one; the outage
diversity gain of MMSE SC-FDE and its relationship to the channel memory length and
data rate are proved rigorously, and the diversity order of the error probability of MMSE

SC-FDE is shown to be one.

The fourth contribution is a new method to calculate the joint probability density
distribution (PDF) of the non-zero eigenvalues of the equivalent cascaded MIMO channel
of the multi-hop amplify-and-forward (A&F) relay network. The closed form expression
has the form of a product of determinants of matrices, while the entries of these matrices
are expressed as multi-dimensional integrals, where the maximum integration dimension

is the number of relay clusters (the number of hops minus one). While previously the

Xi



distribution could be found practically only by Monte Carlo simulation, now it can be
evaluated by computationally efficient numerical methods. The contribution can be
further employed to analyze the performance of the multi-hop network. To the authors’
knowledge, it is the first time a practical numerical method and an explicit closed form

expression are presented for this problem.

xii



CHAPTER 1. INTRODUCTION

1.1 Motivation for Cooperative Communication

Wireless communication has attracted enormous interest of researchers and
experienced a huge boost in use in the last two decades, for it provides a feasible way of
ubiquitous communication. While single-hop networks, such as cellular networks and
wireless local area networks (WLANSs), are commercially successful, other kinds of
networks, such as wireless ad hoc networks (WANETS) and wireless sensor network
(WSNSs), are still not widely deployed. Because of the detrimental effects of the terrestrial
wireless channel, such as path loss, shadowing, fading, and interference, one aim of the
recent wireless communication research has been to improve the reliability and

throughput of a multi-hop network by cooperative communication [4, 5, 8, 9, 10-16].

Multiple antennas at the transmitter or the receiver or both can be used to overcome
the detrimental effects of the terrestrial wireless channel, by providing array gain and
diversity gain, for improved reliability, and spatial multiplexing, for higher data rates.
The classic multiple-input-multiple-output (MIMO) system [10] can provide all of these
gains in various combinations. Two typical MIMO configurations, point-to-point MIMO

and multi-user MIMO (MU-MIMO), are shown in Fig. 1.
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Figure 2 Topologies of typical MIMO systems: (a) MISO (b) SIMO

A MIMO system can be operated a variety of ways, the extremes ways being
full transmit diversity, which maximizes the reliability, and full spatial multiplexing,
which maximizes the transmission rate. When only the transmitter or only the
receiver has multiple antennas, only array and diversity gains are possible. These
configurations, called multi-input-single- output (MISO) and single-input-multi-

output (SIMO), respectively, are shown in Fig. 2.

Most of the contributions of this dissertation treat distributed and multihop versions
of MIMO and MISO configurations. Different cooperative communication schemes have

specific purposes: distributed MISO, as known as cooperative diversity (CD) or




cooperative transmission (CT) [4, 5], is intended to improve the reliability or loss rate of
data transmission over fading channels, while distributed MIMO, as known as virtual
multiple-input-multiple-output (MIMO) [11-14] or distributed spatial multiplexing
(DSM) [15, 16] are intended to improve the throughput of data transmission. CD and
DSM networks generally consist of one or more source nodes, one or more stages or
clusters of single-antenna relay nodes, and one destination node; the source and
destination nodes could have a single antenna or be multi-antenna terminals. When these
single-antenna nodes cooperate with each other to mimic a virtual antenna array,

performance gains similar to those of traditional multi-antenna terminals can be achieved.

This dissertation addresses some practical and theoretical issues in physical layer
signal processing and performance analysis of different cooperative communication

schemes in wireless multi-hop networks.

1.2 Coordination Overhead for Cooperative Diversity

One practical issue for CD is the coordination overhead, which involves control
packets or signaling to determine the transmission parameters of each node in CD. While
it was generally not mentioned in the CD proposals [4, 5, 7, 8], this overhead makes the
efficiency of CD doubtful. A new approach that combines random delay and phase
dithering, proposed for single carrier CD to lower the coordination overhead, is proposed

in Chapter 3 in this dissertation.

1.3 Multiple CFOs Problem for Cooperative Communication



Another issue is the multiple carrier frequency offsets (CFOs) problem, which
originates from the distributed manner of the transmission [47]. The multiple CFOs
problem can be compensated on the receiver side [49-58], however, performance and
computational efficiency is an issue. A novel equalization algorithm in the frequency
domain is proposed for the multiple carrier frequency offsets (CFOs) problem in Chapter
4 in this dissertation. This generalized approach compensates large frequency offsets and

has high computational efficiency.

1.4 Diversity of Linear Equalizers for SC-FDE

While single-carrier frequency-domain equalization (SC-FDE) [29] is widely used
in wideband wireless and MIMO systems [31-35], and surely finds its place in
cooperative communication, the diversity analysis for the point-to-point SC-FDE linear
equalizer is still controversial [69, 73, 75-77]. A new set-based bounding approach is
proposed in Chapter 5 to perform rigorous diversity analysis for SC-FDE linear
equalizers, such as zero forcing (ZF) and minimum mean-square error (MMSE), and new

conclusions are presented.

1.5 Joint PDF of the Nonzero Eigenvalues of the Equivalent Channel Matrix for

Multi-hop DSM MIMO with A&F Relays

In the multi-hop virtual MIMO or DSM schemes, we are especially interested in
amplify-and-forward (AF) relaying [15], for its simplicity and low overhead cost in
application. However, nowadays, the analysis or evaluation of the network is based on

Monte-Carlo simulation only [15, 16]. As in point-to-point MIMO, the joint distribution



of the eigenvalues of the scheme’s equivalent MIMO channel is important for analysis of
the system, but such a distribution was previously unavailable. A novel approach in
Chapter 6 provides the closed form expression for the joint PDF of the nonzero

eigenvalues.



CHAPTER 2. ORIGIN AND HISTORY OF THE PROBLEM

2.1 Background

How to improve the throughput and connectivity of the wireless networks is one of
the most important topics in the research of wireless communication, and significant
progress has been made. In recent years, research in wireless networks suggests that
cooperation between the nodes can improve the throughput and connectivity of the

network dramatically [4, 5, 8, 9, 10-16].

The idea behind cooperative communication dates back to the information theoretic
aspects of the classic 3-node relay channel [1, 2], where a single relay node helps the
source node send information to the destination node, as shown in Fig. 3. The 3-node
relay channel may be the simplest cooperative multi-hop network, yet its capacity is
generally unknown, except for some specific cases [2]. However, some useful results on
the bounds of the relay channel capacity exist; among these, are the cut-set upper bound
based on the max-flow min-cut theorem [3] and some achievable lower bounds with
specific relaying protocols, such as decode-and-forward (DF), compress-and-forward
(CF) and amplify-and-forward (AF), assuming full or global channel state information
(CSI). Global CSI means both CSI on the receiver side (CSIR) and CSI on the transmitter

side (CSIT), which needs some kind of feedback from the receiver to the transmitter.



Figure 3 Classic 3-node relay network

Recent works on cooperative communication are different from this classic relay
channel in many aspects. Physical layer cooperative communication happens when
multiple single-antenna radios (not connected by wire) transmit and receive in a way that
mimics a terminal with an antenna array; hence the cooperating radios are often referred
to as virtual arrays. [4] proposed the concept of user CD (CT in [5]), a new form of
spatial diversity which is realized by user cooperation in a mobile network. The relaying
protocols suggested in [2], such as DF and AF, were employed in [4, 5], while coded
cooperation, which can be viewed as an implementation of CF, was employed in [6].
These works on cooperative communication inspired many efforts in this area. The CD
schemes generally assume CSIR only and consider the reliability characteristics, such as
diversity order, symbol error rate (SER) and outage probability of the relay channel under
the wireless fading effect [7]. The information theoretic results in [2] were extended in
[8] to multi-hop cooperative transmission with multiple relays, as the cooperative
diversity scheme was also extended from the model of single relay channel to multiple
relay channel [9]. An example of multiple relay based two-hop CD network is shown in

Fig. 4, which can be easily extended to multi-hop case.



Figure 4 multiple relay based cooperative diversity

CD is not the only scheme proposed for cooperative communication. To obtain the
spatial multiplexing gain of classic multiple-input-multiple-output (MIMO) system [9],
cooperative MIMO schemes were proposed in [11, 12], where cooperative transmission
and/or cooperative reception for single-antenna nodes were explored. Similar ideas were
proposed for multi-hop distributed networks as Virtual MIMO [13, 14], or distributed
spatial multiplexing (DSM) [15] (cooperative spatial multiplexing in [16]) to achieve
high throughput and spectral efficiency in a distributed multi-hop network with single-

antenna nodes.

Despite the variety and complexity of the cooperative communication schemes, the
tremendous results on classic point-to-point MIMO can be applied directly; meanwhile,
due to the distributive manner of cooperative communication, there are still a lot of key
practical issues that need to be solved in application, especially, the coordination

overhead and the multiple carrier frequency offsets (CFOs) problem.

In the following paragraphs in this chapter, we first discuss the state of the art CD
schemes, and then the practical issues such as coordination overhead and the multiple

CFOs problem, and last the performance analysis for DSM.



It is well known that multiple co-located transmit antennas can achieve micro
spatial diversity gain [17, 18] and are very effective to tackle the multipath fading effect
in wireless communication. Spatial diversity gain is realized by transmitting redundant
signals in space through independently fading channels to the receiver; however, this
method is difficult to implement on a user terminal. To ensure independent fading
between the paths from different transmit antennas to the receiver, the transmit antennas
should be located apart by a distance which is generally larger than several carrier’s
wavelengths, especially when the multipath has a narrow angular spread, while the user
terminals are limited in size to provide enough space which is necessary to de-correlate
the antennas. Cooperative diversity has been studied as a way for one or more single-
antenna radios to help another single-antenna radio to transmit a single message more
reliably, through combining in the physical layer, to combat multipath fading in terrestrial
wireless communication. A “virtual” antenna array is composed by these single-antenna
radios in cooperation. Another benefit of CD is that it also provides the macro diversity
[19, 20] to counteract the large-scale shadow fading effect, where the co-located transmit
antennas will fail. While there are vast varieties of the existing solutions for CD, we will

divide the schemes into two large categories, according to with or without coordination.

2.2 Cooperative Diversity with Coordination

In this case, each transmitter needs to know its waveform assignment or the index of its
transmitted waveform, so distributed or centralized coordination is necessary between
these transmitter nodes. Another requirement for coordination may come from the

channel estimation at the receiver side because generally transmitters should access



orthogonal channels to transmit training sequences independently, such as time-division
multiple access (TDMA) or frequency-division multiple access (FDMA), which requires

coordination. The existing schemes can be further divided into different sub-categories.

The first sub-category is cooperative diversity with orthogonal relay channels,
either by code division multiple access (CDMA), TDMA, or FDMA. The scheme in [4]
is a coherent demodulation case where the CSI is known on the receiver side. The
schemes of [21] and [22] assume a flat fading channel and non-coherent demodulation
and differential demodulation, respectively; these types of demodulation have the
advantages that channel estimation is not necessary, a simple receiver implementation,
and less overhead in time varying channels. Orthogonal relay channels provide full
diversity and are easy to implement, but they have low spectrum efficiency. In these

papers, exact time synchronization is necessary.

The second sub-category is non-orthogonal relay channels, which generally uses
multiple-antenna space time coding (STC) or space frequency coding (SFC) [23]
techniques. These techniques improve the spectrum efficiency compared to the
orthogonal relay channels. Due to the similarity between the classic point-to-point MIMO
and distributed MIMO, classic STC and SFC techniques can be introduced directly to the
cooperative transmission if the DF mode is adopted for the relays. For example, the
Alamouti scheme [24], can be used for cooperative diversity under flat fading channels.
There are also non-coherent STC schemes [25] and differential STC schemes [26, 27,
28], which simplify the channel estimation requirement for the flat fading channel. For

frequency selective fading channels, space time block coding (STBC) or space frequency

10



block coding (SFBC) [23], which combines spatial diversity with SC-FDE [29] or OFDM
[30] transmission, can also be implemented. These works include (1) time reversal STBC
(TR-STBC) [31], which extends the Alamouti scheme to the frequency selective channel,
(2) STBC SC-FDE [32], which extends the transit sequences of TR-STBC to have a
circular cyclic form, and thus the equalization can be implemented with SC-FDE in
frequency domain, like OFDM, (3) the SFBC SC-FDE [33], and (4) STBC OFDM [34].
The equalization techniques for these STBC SC-FDE schemes are described in [35].
Most of these works are extended from the Alamouti scheme, and focus on the 2-
transmitter (Tx) and 1-receiver (Rx) antennas case. Orthogonal STBC can be employed
for the 2-transmitter case, and there is a rate loss when there are more transmitters. One
issue about the STBC SC-FDE schemes is that rigorous diversity analysis is unavailable;
even for point-to-point SC-FDE transmission, the conclusions of diversity order from
different works [69, 73, 75, 76, 77] contradict each other and make this topic
controversial. This dissertation offers in Chapter 5 the first rigorous derivation of

diversity order for SC-FDE.

A distributed STC scheme that assumes flat fading and AF relaying was proposed
in [36], and the idea was further developed into a differential scheme in [37] and

generalized in [38].

Other approaches include the coded cooperation and turbo-coded cooperation [39,
40], which combine cooperative transmission with channel coding, wherein the users can
transmit redundant information of their cooperative partners. Protocols for the two-user

scenario were designed in [39, 40].

11



2.3 Cooperative Diversity without Coordination

As we mentioned in the introduction, the need for coordination introduces large overhead
in the network and limits the scalability of cooperative transmission. While coordination
is a MAC layer function, most of the work on cooperative transmission focuses on the
physical layer and makes the simple assumption that the nodes are already well
coordinated, without concern about how much is the overhead and how the coordination
is realized. However, an ideal cooperative transmission is like the concept as
Opportunistic large array (OLA) [41] where its most important property is that all the
nodes transmit the same signal concurrently to cooperate without any coordination. OLA
networks seems to be ideal for message broadcasting or flooding in a wireless network,
however, in practice, the node density of a network is seldom high enough to maintain
the OLA transmission [42]. Generally, there are only a limited number of relay nodes in
the next hop who can decode the broadcast message, and the assumption that the received
power can sum up [41, 42] does not hold unless orthogonal relay channels are employed,

as those practical OLA networks which are studied in [99, 100].

Instead of transmitting the same signal concurrently from all the relay nodes as in
OLA transmission, cooperative diversity schemes can provide transmit diversity to
improve the reliability of data transmission. It is of great significance for the physical
layer design to operate without coordination, and tolerate synchronization error which is
inevitable in the network. To remove the requirement for coordination in cooperative
transmission, a randomization technique is necessary. The scheme of time-variant phase

rotations with AF protocol was suggested in [43] to transform the space diversity into

12



time diversity by creating a time-selective fading channel, and the diversity can be
recovered by channel coding technique. This scheme was extended to a randomized DF
version in [44]. A disadvantage of [44] is, under some channel models, it needs a very
long phase dithering sequence to keep its performance, which introduces extra overhead.
A distributed random delay diversity version was proposed in [45], which can transform
the space diversity into frequency diversity by creating a frequency-selective fading
channel, and the diversity can be recovered by channel equalization technique. A
randomized STC scheme was proposed in [46], where each relay node transmits an
independent random linear combination of the codewords that would have been
transmitted by all the elements of a multi-antenna system, with a disadvantage that the
peak to average ratio (PAR) of the transmitted signal is high; on the other hand, the
scheme could be viewed as a deterministic space time code transmitted over a
randomized channel. This dissertation offers in Chapter 3 a new approach that combines
random delay and phase dithering for single carrier cooperative transmission (CT) which

lowers the coordination overheads in cooperative communication.

2.4 Cooperative Communication with Asynchronism

Asynchronism is an important problem in cooperative transmission [47]. While most of
the cooperative communication approaches assume the channel is quasi-static, such an
assumption cannot be maintained under multiple CFOs and Doppler frequency shifts, as
it is hard for a distributive synchronization mechanism [48] in a wireless network to
provide high accuracy. The timing estimation error and frequency estimation offset will

accumulate hop by hop, while some other factors, such as propagation delay, processing

13



delay, and frequency drift, will make the problem even worse. While the timing
asynchronism is similar to the dispersion in a multipath channel and can be compensated
by equalization techniques [7], some authors have addressed the problem of multiple

CFOs with compensation or equalization algorithms.

For the multiple CFOs problem of cooperative diversity with delay diversity for the
flat fading channel, a symbol-rate MMSE-DFE was developed in [49], and its enhanced
version was presented in [50], to improve computation efficiency, a MLSE equalizer
based on the Viterbi algorithm was developed in [51]. Multiple CFOs compensation
algorithms for OFDM transmission were also developed in [52, 53, 54, 55]. In [95], a
compensation algorithm for distributed TR-STBC transmission is suggested, wherein the
matrix inversion problem in equalization was transformed into a banded matrix LDL"

factorization [95] to simplify computation.

The multiple CFOs problem also exists for virtual MIMO and DSM schemes [56].
While [57] focused on preamble design and CFO estimation, [58] presented a
compensation algorithm for multiple CFOs for this scheme. One issue about these
compensation algorithms is that they only work for small CFOs [54, 58] and the high
computation load. This dissertation offers in Chapter 4 a novel recursive equalization

algorithm in frequency domain which is computationally efficient.

2.5 Performance Analysis of DSM and Virtual MIMO and DSM

Among the different proposals for virtual MIMO [11, 12, 13, 14] and DSM [15, 16, 60],

the DSM scheme with AF mode relaying [15] is of particular interest for its simplicity
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and low coordination overhead. However, closed form analyses for this scheme are
generally unavailable, and the performance evaluation generally depends on Monte-Carlo
simulation. This is because we have little knowledge about the statistical characteristics
of the equivalent cascaded MIMO channel of this scheme. To the author’s knowledge,
there are few exact closed form expressions and they only exist for the 2-hop case,
including the SER analysis in [59], and the marginal probability density function (PDF)
of the eigenvalues for ergodic capacity analysis in [61, 62]. A closed form expression of
the distribution of the eigenvalues of the equivalent channel matrix is needed. This
dissertation offers in Chapter 6 a novel approach to get the closed form expression for

this joint distribution.
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CHAPTER 3. COOPERATIVE TRANSMISSION WITH

RANDOMIZED DELAY AND PHASE DITHERING

Most of the present methods, either the cooperative transmission with orthogonal
relay channels [4], or the distributed space time coding approach [9, 36, 37], make the
simple assumption that the nodes are already well coordinated by the MAC layer
function. The transmitters need to know the index of the waveform, so distributed or
centralized coordination is necessary between these transmitter nodes. The need for
coordination introduces large overhead in the network and limits the scalability of the

transmission, and is difficult to accomplish in practice.

To avoid the overhead, each node involved in CD can autonomously and randomly select
its waveform index. The problem with this approach is that the nodes might choose the
same index and this could cause link failure if the two copies destructively combine at the
receiver. This is especially of concern in line-of-sight (LOS) channels where the
cooperating nodes are approximately the same distance from the receiver. Several
randomization approaches have been developed. In [46], the randomized space-time
coding approach was proposed, in which each relay will transmit an independent, random
linear combination of the STC waveform choices. One disadvantage of this approach is
that, the peak to average ratio (PAR) of the transmitted signal increases because the linear
combination of the space-time codewords destroys the constant envelope characteristic.
The higher PAR leads to low power efficiency in the transmitter. In [44], by translating
the slow or constant channel into a time-selective channel with a random phase dithering
approach, the temporal diversity can be harvested by error correction decoding at the

receiver and the transmitted signal maintains a constant envelope. However, a
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Figure 5 System Model for Tx and Rx

disadvantage of [44] is, under some channel models, phase dithering needs a very long
dithering sequence to keep its performance, which means extra overhead in channel

estimation.

We propose a new approach which combines random delay and phase dithering for single
carrier cooperative transmission, which preserves the constant envelope characteristic.
Combining the delay and dithering creates more randomness in the effective channel
gain, or equivalently, mitigates the problem with randomized approaches (i.e., that the
nodes might choose the same waveform), which shortens the frame length, and decreases
training overhead. As in [44], both the multi-user AWGN channel scenario and the multi-

user Rayleigh channel scenario are considered.
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In the following sections, we first describe the system model, then analysis using
information theory and then show simulation results. We compare the new method and
the phase-dithering-only approach via simulation, for both types of channels, assuming
frequency domain turbo equalization (FDTE) [63]. Significant gains in both channel

scenarios are shown.

3.1 System Model

3.1.1 System Model

Figure 5 shows the system model for both the transmitter side and the receiver
side, where two relays are employed. Frequency domain turbo equalization (FDTE) was

utilized on the receiver side.

3.1.2 Frame Structure Design

As shown in Figure 6, the whole encoded block of data was divided into N packets, each
packet is a subset of the block comprised of consecutive coded bits. A training sequence
is inserted ahead of each packet. All the relays transmit the same data and same training
sequence, but random delay and phase dithering is applied on a packet basis. The relay

will introduce an additional artificial delay which is chosen randomly for each packet.
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Different packet will be modulated by a different random carrier phase. All the symbols
within on packet will be modulated by the same random carrier phase. Different relay
nodes will use different random phase sequences to modulate the packets in the block. So

the composite equivalent channel could be frequency-selective and time-selective.

N Packet 1 >< Packet 2 >
Training Training Zero
Tx 1 Sequence | 271 | DataSymbols | ZP2 Sequence | Padding | Dt Symbols | P2
- -
D1
Training Training Zero
Tx 2 Sequence ZP1 Data Symbols |zP2 Sequence | Padding Data Symbols | zP2
—> -

D2

>
T

A4

d

Channel Estimation
Interval

FFT Interval

Figure 7 Channel Estimation

The training sequence at the head of a packet is introduced the same delay and phase as
the data symbols in the packet. The training sequence is utilized to estimate the

composite channel which is shown in Figure 7.

3.2 Comparison of Phase Dithering Approach and Our Approach using

Information Theory

The random phase dithering approach was suggested in [44] for cooperative transmission
without coordination. Our approach which combines random delay [45] and phase
dithering was proposed. In this section, the information rate with modulation constrained
input (BPSK, QPSK, etc.) for these two different approaches are analyzed from the view

point of information theory.
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3.2.1 Channel Model and Information Rate for the Phase Dithering Approach

We consider the modulation-constrained discrete time AWGN channel. The input-output

relationship is given by

y=\/E_ShX+n

Where x is the input information-bearing symbol which is selected from a symbol set

Sz{sm}:f:l with probability p, =Pr{x=s,}, y is the channel output, and n is the

=0
additive white Gaussian noise term. The noise is modeled as a complex Gaussian random

variable with zero mean and variance N,/2 per dimension. E_ represents the average

signal energy.

The information rate for a deterministic channel discrete-input continuous-output

memoryless channel is the mutual information given by [7]

N p(yls,)
1Cy;x) =D P || . P(YIs)I00, (= )dy .
Zo I >, P(yls,)p,

n

With random phase dithering, the equivalent channel is a time fading channel. Under the
assumption that the data block is long and the number for phase dithering is large enough,
we consider that the equivalent channel is randomized sufficiently and ergodic. The

information rate for the phase dithering approach is the ergodic information rate of the
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equivalent channel CPD:jI(y(%,a);x)fhl(a)da where the probability density
function for |h|is f,(a).

For the two relay scenario with uniform distributed continuous phase dithering, and

assume the amplitude of the channel gains from the relays are all equal to 1, then

,Where 0<a<2.

f (@) __ 2
" m\4-a?
3.2.2 Channel Model and Information Rate for Our Approach

Our approach combines random delay and phase dithering. We analyze the information
rate for the memory channel, which is introduced by delay, and show that it is larger than

the information rate for the phase dithering approach.

The input-output relationship for a channel with memory is given by

L-1
Y = \/E_szhk(l)xk—l +N,
1=0

where x, is the input information-bearing symbol at time k, y, is the channel output at
time k, and n, is the additive white Gaussian noise term. h,(I) is the channel coefficient

for the | th path of the channel impulse response at time k. We analyze the case for an

ergodic channel with memory.

The information rate for this memory channel model is defined by
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lim
| = iI(XN;YN), where X" and YV are the input and output sequences,
N —>wN

respectively. Let XN =(X,,X, ,...,Xy) and Y™ =(y,,¥,,...,Yy)-

The calculation of the information rate for memory channel model involves
multidimensional integrations, and it is generally difficult to compute even for
moderately large N . A statistical estimation method was suggested in [64] to get the
information rate for memory channel, where the Shannon-McMillan-Breiman theorem

and the BCJR algorithm were applied.
We rewrite the expression for information rate as

lim 1 1
=N_)OO(NH(YN)—WH(NN)],Where N™ =(n,n,,...,ny).

Because %H(NN) is the entropy of the noise and can be calculated easily, what we

. . 1 1
need to do is to find ~ HYN)= —WE[Iog( p(Y")) |.

The expected value can be estimated by the Monte Carlo method. However, with
identical uniformly identically distributed (u.i.d.) input, the output is stationary and
ergodic when the channel is ergodic or deterministic. Then Shannon-McMillan-Breiman
theorem can be applied and the averaging can be performed on a single long run of a

realization of the channel output sequence to estimate the expectation, and the BCJR

algorithm can be employed to calculate p(Y").
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Suppose the memory channel can be described by a trellis diagram with n_ states, and we

denote the state of the trellis at time k by S, =(X,_;, X, 50 ---s Xc_111) -
We define

o, (m)=p(Y", s, =m)

and

7.(m,m)=pY"|S, =m,S_,=m)ep(S, =m|S, ,=m’),

where 0<m, m'<n,—1.

The forward recursion of the BCJR algorithm can be used to calculate
ng-1
o (m) = Z 7 (m', e, ,(m’).
m'=0
Finally, the desired probability p(Y") can be obtained by
ng—1
p(Y") =2 ay(m).
m=0

3.2.3 Information Rate Simulation Results

Both the multi-user AWGN channel scenario and the multi-user Rayleigh channel
scenario are simulated, and we analyze the results for the information rate and the actual

packet error rate for our cooperative transmission scheme.
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Figure 8 Information Rate of Phase Dithering and our proposal
under AWGN channel Information

We analyze the two relay case, and assume a quasi-static channel and perfect channel
estimation on the receiver side. The modulation schemes are BPSK and QPSK
modulation with Gray Mapping. Figure 8 shows the information rate under two relays
AWGN channel scenario for both BPSK and QPSK modulation. Figure 9 shows the
information rate under two relays dynamic or block fading Rayleigh channel scenario for
QPSK modulation. Here the relay AWGN channel means the two relay to destination
channels all have amplitude one but uniformly distributed phase. The squares of the
Rayleigh channels’ magnitudes have mean 1. The legend “PD” represents the phase
dithering approach, and the legend “PDRD” represents our approach, which combines
phase dithering and random delay. The Shannon capacity and the information rate for a
real single AWGN channel with BPSK or QPSK modulation is also plotted out as a

reference. It is shown that when the signal-to-noise ratio (SNR) EsNo is low, the
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Figure 9 Rate of Phase Dithering and our proposal under dynamic
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information rates of different approaches are all close to the Shannon capacity. But when
EsNo increases, our approach has a higher information rate than the phase dithering
approach, or say, our approach needs smaller EsNo than the phase dithering approach to
get the same information rate. For example, in Figure 8 and for BPSK modulation, the
gain in EsNo is about 1dB when information rate is 0.5, about 3dB when information rate
is 0.75; and the gain in EsNo is about 2.5dB when information rate is 1.5 for QPSK
modulation; in Figure 9, the gain in EsNo is about 1dB when information rate is 1.5 for

QPSK modulation.

3.3 Packet Error Rate Analysis

The information rate analysis in last section shows that our approach has higher capacity
than phase dithering only approach. However, in a real world system, the performance is

also influenced by other factors such as the code, frame length, interleaver, demodulation
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algorithms, etc. in this section, we analyze the Packet Error Rate (PER) by simulation.
The FDTE receiver was utilized to get the PER. Both the two-relay AWGN channel
scenario and the two-relay Rayleigh channel scenario are simulated, and the results are
compared with the results by phase dithering approach only. We assume perfect channel
estimation on the receiver side, and QPSK modulation with Gray mapping. Figure 10
shows the packet error rate (PER) under AWGN channel, Figure 11 shows the PER under
dynamic or block fading Rayleigh channel, and Figure 12 shows the PER under quasi-
static Rayleigh channel. An (2, 1, 7) convolution code is utilized; the frame length is
2560 bits. We can see the improvement of our proposal over the phase-dithering-only
approach. In Figure 10 for AWGN channel, when the number of packets in each block,
N=20, the improvement in EbNo is about 5.5dB when PER=0.01, and about 7.5dB when
PER=0.001, after two iterations between the decoder and equalizer. In Figure 11 for
dynamic Rayleigh channel, when N=20, the improvement in EbNo is about 1.0dB when
PER=0.01, after two iterations between the decoder and equalizer. In Figure 12 for static
Rayleigh channel, when N=20, the improvement in EbNo is about 2.0dB when PER=0.1.
From Figure 10, we find that our proposal has good performance when N=20, which is
much better than phase dithering only method with N>20, this means less overhead for

channel estimation and a higher efficiency.
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Figure 10 PER of Phase Dithering and our proposal under AWGN channel

3.4 Conclusion

A new approach which combines random delay and phase dithering is proposed for
cooperative transmission while the constant envelop characteristic of the transmitted
signal was kept. The simulated results of information rate and error rate are compared
with the results by phase-dithering-only approach. It shows that our approach is more
robust to different channel models, with less channel estimation overhead, and can

achieve better performance with a higher information rate or a gain in SNR.
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CHAPTER 4. MULTIPLE CFOS EQUALIZATION IN DSM

MIMO OFDM AND STBC SC-FDE

One of the most critical issues in cooperation communication is the multiple carrier
frequency offsets (CFOs) problem as an asynchronism [47], which originates from the
distributed manner of the transmission and the difficulty in global synchronization [48]

for a distributed wireless network.

For CT, multiple CFOs compensation algorithms for OFDM transmission are also
developed in [52, 53, 54, 55], where the compensation algorithm for distributed TR-
STBC transmission is suggested [94]. The multiple CFOs problem also exists for virtual
MIMO and DSM schemes [56, 58. The major drawbacks of these compensation
algorithms are that they only work for small CFOs [54, 58] and the high computation

load.

Here we develop a Linear MMSE equalization [65] algorithm in the frequency domain to
compensate the CFOs, assuming the CFOs are known at the destination. By using the
permutation based approach which employs the pseudo banded matrix characterization, a
computationally efficient equalization algorithm is proposed. This permutation-based
approach can be generalized for the problem of frequency domain equalization with
multiple CFOs problems, for both OFDM and SC-FDE, and for both distributed MIMO
and STBC scenarios. To the author’s knowledge, this is the first time a generalized

approach has been proposed for such problems. Also, the algorithm is evaluated by
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simulation to show that it can compensate large frequency offsets and have high

computational efficiency.

denotes a corresponding submatrix, and [A]  denotes an element; (e) and () denote

the complex conjugate and modulo- N operations; |_xj is the closest integer which is

smaller than or equal to X, i.e., the floor operation.
4.1 Multiple CFOs Equalization in DSM MIMO OFDM

We first develop the algorithm within a DSM MIMO OFDM system with distributed
transmit antennas. The performance of any OFDM system is highly sensitive to CFO
because of the loss of orthogonality among subcarriers and the inter-carrier interference
thus introduced. Therefore, accurate CFO estimation and tracking is important in OFDM
systems. However, in the DSM scenario, because the different sources have different
CFOs, the destination cannot track just one carrier frequency, and this causes the multiple
CFOs problem in DSM. The compensation algorithm [58] fails if the channel becomes

frequency selective.

4.1.1 System Model

Consider the DSM MIMO OFDM scheme with M, transmit antennas and M receive

antennas. The receive antennas belong to a multi-antenna receiver, but the transmit
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antennas belong to different transmitters geographically scattered, and thus multiple

CFOs happen. Suppose N is the number of subcarriers in OFDM modulation.

After removing the cyclic prefix (CP), the time domain received signal samples at the

j-threceive antenna can be expressed as the N x1 vector y,, where

M
y,=> AH X +27, (1)

i=1

where X, is an N x1 vector of the time domain transmitted signal samples at the i-th
transmit antenna, z;, is a vector of the additive white Gaussian noise (AWGN) samples
with zero mean and covariance o, at the i-th transmit antenna, H is the circulant
channel impulse response (CIR) matrix from the i-th transmit antenna to the j-th receive

antenna, A, is the phase error matrix for the i-th transmit antenna relative to the receiver,
i W £ (N) (k) 127ke, -
where A, =diag(&”,&,---, &) and & :exp(T) for k=1,2, ---,N, and ¢

denotes the i-th transmit antenna’s relative CFO normalized by the subcarrier frequency

spacing.

From (1), the frequency domain received signal for the j-threceive antenna is an N x1

vector as

M
yj = ij :Z_l:FAiFHHjif(i +7Z,
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where I:|J.i =FH,;F", X, =Fx;, z,=Fz;, F is the NxN discrete Fourier transform

(DFT) matrix, and F" is its Hermitian.

Definey=[y..9.,--.¥ T, 2=[ZI,ZZ,---,ZLR]T,and )~(=[)~(I,)~(Z,---,)~(LT]T,W6 get

MR

)

<
Il
T
P
+
N

where the corresponding submatrix of H is {H}(ifl)wgmgm =FAF'H. , which is

(j-1)N+1<n< jN

i
approximately band-limited if ¢ is small, i.e., only the elements close to the diagonal

axis are big in value, others are close to 0. Note that I:Iji is diagonal, and FAF" is

circulant.

The traditional LMMSE estimate of % from (12) is X =H" (HA" +1 anz/af)_l ¥, where

the matrix inversion computation load is O(MRN)a, which is huge when M N is big.

[54] proposed a linear equalization approach to compensate the multiple CFOs for the
STBC OFDM case, which can be modified for the spatial multiplexing case. However,

the approach needs a matrix inversion per subcarrier per antenna, so the computation load

is O(NMTM§(2L+1)3), where M; < L < MgN ; and the approach fails under large

CFOs.

4.1.2 The Proposed Permutation Based Multiple CFOs Equalization Algorithm

33



L

(a) Pattern of H (b) Pattern of H

Figure 13 The patterns of the banded matrix
approximation for H and H

We propose an equalization algorithm in this section which can dramatically reduce this
computational load by employing a recursive manner and the pseudo banded

characteristic of the permutated matrix.

: . ) 1 for j=p 1 for j=rm
Define the permutation matrices as [P, ] . = and [P =

0, otherwise 0, otherwise ’

where z4 =((i—1),)xMg+|(i-1)/N |+1 and 7 =((i-1), )xM; +| (i-1)/N |+1 .

Then from (2) we get
y=Hx+2, A3)

where y=P,§, X=P.X, Z=P,z and H=P_HP] . Note that H is pseudo banded as the

result of permutation and the pseudo banded characteristic of the submatrices of H, as

shown in Fig. 13.
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J+1 and ¢ (k)2((k-1+NMy), )+1 ; these

NMg

Define c(k) é((i —-1+NM;)

functions make the circular index operation. Let

Vi =T Ve Lamnrz) Toomy]. @Nd - define  the  (2L+1)Mg x NM,

submatrix I:|k as [Hk] =[I:I] (L Dgem) for k=1,---, N, where L is a parameter

mn

we choose for equalization, M; < L < M;N . Then from (3) we get
y, =H,x+Z fork=1---,N. 4)

Let X, =[>”<C.((kfl)MT+l), Xc.((kfl)Mﬁz),---, Xc.(kMT)]T. From the discussion of H, we conclude

that the information of X, is mainly concentrated in y, , and from (4) we get the LMMSE

estimate of X, as

X, =A,® "'y, fork=1--- N, (5)

where Ak:{l:lk}img(zm)MR and ®, =HH +15?/c? . The inversion of ®,
(k=1)M1 +1<n<(k+1)My

needs computational load O(MR(2L+1))3 per subcarrier, but next we will find a

recursive manner to reduce this load dramatically.
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Figure 14 Coded OFDM SER of the multiple CFOs
equalization for 2x2 DSM

Because H, shares most of the elements of H, ., it is not hard to find that we can write

rk +1

: » E v, 1 :
in the block partition manner as ®,, =| and @, = “ |, where E is a
k1 Via1 Iy

2LM, x2LM, square matrix. As an extension derived from [50], if we have obtained

H

0 w, ) )
D, :[ ‘ 1} , Where © isa 2LM, x2LM; square matrix, then we get
Wk+1 Sk-¢—1

DU R Pa ol JADREER N il 4 6
D, = o ) (6)
-¥r.v, b 4

S He1p YL oHe1 —_1 H 1 H
where ¥ =Z"+E7r, (v, ~'E'r) R'E and E1 =0+ 01, (v, —1,0Or,,,) 11,0,

The matrix inversion computational load per subcarrier here is only O(MR)B, and the
main load is O(M,’N ) for matrix multiplication. We further reduce this computational

load by approximate H with I:Ib in (5) and (6), where
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[Hl(_) for (m=L-1)M; +1<i<(m+L)M,,

i),c'(]
[H. ], = (M-L-1)M; +1< j<(m+L)M;, 1<m<N.
0, otherwise

With (6) and this band matrix approximation, (5) can be solved recursively by starting

from k=N and ending with k =1, and only one inversion for a (2L +1) x (2L +1) matrix

@, is needed. The total computation load is O(NM,*(2L+1)), compared with

O(NM;M; (2L+1)’) in [54].

4.1.3 Simulation Results

Fig. 14 depicts the simulation results for the coded OFDM Symbol Error Rate (SER) vs.
SNR of the equalizer for 2x2 DSM OFDM case with multiple CFOs. In Monte Carlo
simulation, we use the coded OFDM scheme with QPSK modulation, 128 subcarriers
OFDM, 1/2 rate convolutional code with generator [133, 171] and constraint length 7,
hard decoding; the channel is 2x2 i.i.d. Rayleigh with 2 i.i.d. taps, and we set L=10 in
this simulation for our recursive approach combined with band matrix approximation. We

also plot out the result of the modified approach from [54] for comparison.

The black curve is the SER of a LMMSE detector with no CFOs, which plays as a
benchmark for comparison. We plot two sets of curves with different CFOs, one with the
CFOs 0.1 and -0.167, the other with the CFOs 0.31 and -0.267. We found that our

recursive equalization algorithm works under both small CFOs and large CFOs, which
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outperforms the approach of [54] quite well under large CFOs, and with much smaller

computation load.
4.2  Multiple CFOs Equalization in STBC SC-FDE

Here we consider the STBC SC-FDE system with distributed transmit antennas. Similar
to the DSM OFDM case, which was introduced in the last section, the performance of the
STBC SC-FDE system is also highly sensitive to multiple CFOs as a block data
transmission and frequency domain equalization scheme. We will show in this section
that our approach also works for SC-FDE and STBC to compensate large frequency

offsets and have high computational efficiency.
4.2.1 System Model

We consider the 2x1 SC-FDE STBC scheme supposed by [32] with two transmit and one

receive antenna. Denote the nthsymbol of the kth transmitted block from antenna i by

x(n), where x; is an N x1 vector for i=1,2. After removing the cyclic prefix (CP),
the time domain received signal samples at the j-thslot can be expressed as the N x1

vector y,, then received blocks at the k-th and k +1-th time slots are given by
N 2 . . .
y =Z§0i(”AiHiXi(J)+Z(” for j=kk+1, (7
i=1

where z is a vector of the additive white Gaussian noise (AWGN) samples with zero

mean and covariance o at the j-thslot, H, is the circulant channel impulse response
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(CIR) matrix from the i-th transmit antenna to the receive antenna, A, is the phase error

matrix for the i-th transmit antenna relative to the receiver, where

j27Z'k8

A, =diag(E®, P, M) and £ =exp(——1) for k=1, 2, ---, N, here & denotes

the i-th transmit antenna’s relative CFO normalized by the subcarrier frequency spacing.

oY are some known constants introduced by carrier offsets in the period of CP [32].
As in [32], for an odd integer number k we define
X{ 0 (n)=-%"((=n), ) and X (n) =X ((-n),,)-

From (7), the frequency domain received signal for the k-th and k +1-th time slots time

slots are N x1 vectors as

2
¥, =FyY => oFAFTHXY +2; for j=kk+1, (8)

i=1
where H, =FH,F", xV =Fx(?, 7, =Fz".
From the properties of the DFT, we have [32]
0D = %) and 4D = %0

Without loss of generality, let k=1, and define y=[¥!,¥']" , z=[2],Z']" , and

% =[xT,xPTT", from (8) we get

<
Il
T
P
+
N

(9)
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AR, oPAR,

where H CenF E —qmT = and A, =FA,F" which is approximately band-
(01( +)A1H1 '¢2( +)A2H2

limited if &, is small. Note that H, is diagonal, and FA,F" is circulant.
The traditional LMMSE estimate of x from (9) is X=H" (HA" +IG§/0_52)*1 ¥, Where
the matrix inversion computational load is high.

4.2.2 Permutation Based Multiple CFOs Equalization Algorithm

Now we adopt the same steps as Eq. (1)-(6) which are introduced in last section to get X,

and thus % and x{V.

Then we get the estimation for the transmitted data as

KO = FH%® for i=1,2. (10)
4.2.3 Simulation Results

Fig. 15 depicts the simulation results for the uncoded SC-FDE Symbol Error Rate (SER)
vs. SNR of the equalizer for 2x1 uncoded STBC SC-FDE case [32] with multiple CFOs.
In Monte Carlo simulation, we use an uncoded SC-FDE scheme with QPSK modulation
and block data length N =64, the channels from the transmit antennas to the receive
antanna are i.i.d. Rayleigh with 2 i.i.d. taps, and we set L =10 in this simulation for our
recursive approach combined with band matrix approximation. An error is counted when

there is decision error in the whole STBC codeword.
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Figure 15 SC-FDE SER for 2x1 STBC under multiple CFOs

The black curve is the SER of a LMMSE detector with no CFOs, which plays as a
benchmark for comparison. We plot the performance curve of the proposed approach
under the normalized CFOs 0.0931 and -0.067. We found that our recursive equalization

algorithm has the performance very close to that of the conventional LMMSE.

The corresponding simulation results for Bit Error Rate (BER) vs. SNR are plotted out in
Fig. 16. One interesting phenomenon is that the proposed approach has lower BER than
the conventional LMMSE as shown in Fig. 16, though the SER is still higher as shown in
Fig. 15. Further analysis shows that the proposed approach has lower conditional BER in

a decided SC-FDE symbol with decision error, as shown in Fig. 17.
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4.3 Conclusion

A Linear MMSE equalization algorithm in the frequency domain is developed to
compensate the multiple CFOs. By using the permutation based approach which employs
the pseudo banded matrix characterization, a recursive and computationally efficient
equalization algorithm is proposed. This approach can be generalized for the problem of
frequency domain equalization with multiple CFOs problems, for both OFDM and SC-
FDE, and for both distributed MIMO and STBC scenarios. The algorithm is evaluated by
simulation to show that it can compensate large frequency offsets and have high

computational efficiency.

42



........ | EEEEEEREEEEE] SRR EEEEE] SRR R EEE] R EEEE] SEEEE R EEE EEREEEERERRE

conventional LMMSE,WCFOS¥ 0.0931,-0.067 |

STBC 2x1 SC-FDE Bit Error Rate

SNR (dB)

Figure 16 BER for SC-FDE 2x1 STBC under multiple CFOs
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Figure 17 conditional BER for SC-FDE 2x1 STBC under multiple CFOs
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CHAPTER 5. DIVERSITY ORDER ANALYSIS OF LINEAR SC-

FDE

The single-carrier frequency-domain equalizer (SC-FDE) is a block data processing
technique for frequency selective channels, first suggested in [66]. Similar to orthogonal
frequency-division multiplexing (OFDM), its frequency domain counterpart, SC-FDE is
preferred over the time domain equalizer for the broadband channel with a long channel
impulse response (CIR) because of its lower complexity. Also, when compared to coded
OFDM, SC-FDE has a much lower peak-to-average power ratio in transmitting, but
similar error performance [67]. The above advantages make SC-FDE desirable for
wireless broadband transmission. Single Carrier-FDMA, which is a modified version of
SC-FDE for multiple accessing, is the uplink transmission technique for 3GPP LTE [68].

A good survey about SC-FDE is found in [67].

Outage probability is an appropriate metric for systems with powerful channel codes,
however, for a system without such channel coding and where the data is decided at the
output of the equalizer, the average symbol error probability (SEP) is popular. The
diversity orders of these two metrics can be different and are important for fading
channels. If the channel has only two taps, the most straightforward approach involves
finding the probability density function (PDF) of the signal to interference noise ratio
(SINR) by variable transformation [92, section 3-6]; for more taps, this generally
involves multi-dimensional integration, which is extremely involved and generally leads

to no explicit conclusion, so a new mathematical approach is desired. As we explain in
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the next section and summarize in Table 1, several authors have analyzed diversity order
of outage and SEP, however their results contradict each other and make this topic

controversial.

In this dissertation, we present a novel bounding technique to analyze diversity. It is a
unified approach to derive the diversity order of the outage probability and SEP for both
the minimum mean-square error (MMSE) and the zero forcing (ZF) SC-FDE. It is the
first time these diversity orders have been derived strictly. The study shows that the
diversity orders of SEP for both the MMSE and ZF SC-FDE are one. We have also
relaxed the constraint for the channel model from channels with identical and
independent distributed (i.i.d.) paths [69, 70] to channels with just independent paths in
our analysis; this is a useful contribution because the average tap powers of most real
channels decay exponentially [71]. The results proven in this dissertation are summarized

in the bottom of Table 1.

Analysis of the outage probability and diversity order for linear SC-FDE was first
attempted in [72]; the study revealed that full diversity can be achieved for very low rate
and diversity one for high rate, for MMSE SC-FDE. Limitations of this study include
approximation of outage regions, only considers very high or very low data rates, and that

the transmission block length must be equal to the number of channel taps.

The study in [73] finds the outage diversity order of MMSE SC-FDE for the channel with

I.i.d. paths. For the channel with memory length v, block data length n and data rate R,

the outage diversity gain is d )V = min(LZ‘R nJ+1, v+1). Explaining further in [69], the

out
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authors follow the techniques used in diversity-multiplexing tradeoff (DMT) analysis in

[78], which were originally proposed for the analysis of the diversity order of multiple-in

Table 1 the asymptotic analysis of diversity order for SC-FDE

Reference Channel | Type of Type of Diversity order Notes
model equalization metric
[73] i.i.d. MMSE Outage min(LZ’RnJ+1, v+1) Problematic
channel proof
[69] paths MMSE Outage | min (Lz—R nJ +1v +1)
[69] MMSE SEP min(LZ’RnJ+1, v+1) Wrong
conclusion
[70] ZF Outage | 1 Problematic
proof
[74] ML SEP full
[75, 76] ML SEP 1
[77] ii.d. ML SEP >1 The conclusion
[77] channel MMSE DFE SEP full contradicts [75,
paths 76]
This work inde- ZF SEP 1
pendent ZF Outage |1
channel MMSE SEP 1
paths MMSE Outage

min(LZ’RnJ+1, v+1)

multiple-output (MIMOQ) transmission. In the proof of [69, Lemma 1], the authors

implicitly assert that if two functions are exponentially equal, i.e., if f(B,7)=0a(B,7),

then P(f(B,7)>c)=P(g(B,7)>c), where y is the average signal to noise ratio

(SNR), B represents a vector of random variables, P(:) is the probability measure, and ¢
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is a positive constant. Exponential equality will be defined in the next paragraph.
However, this assertion can be verified not to be always correct and we give a counter-

example and the details in Appendix A.1.

The study in [70, Theorem 1] showed that the outage diversity order for the zero forcing
(ZF) SC-FDE is one. The proof is given in [70, Appendix B]. However, in deriving the
lower bound of the diversity, a property is simply assumed that the distribution of the
SINR when SINR is close to 0 will be similar to that of a chi-squared random variable
and the first order derivative of its cumulative distribution function (CDF) at zero is
bounded and nonzero. Such an assertion is lack of proof. In this dissertation, we use

upper and lower bounds to avoid this assumption.

In summary, with regard to the outage diversity of the linear SC-FDE, rigorous analysis

is needed to support the claimed results in [69, 70, 73].

For SEP diversity, [74] claimed uncoded SC-FDE achieves full diversity gain with
maximume-likelihood (ML) detection. However, [75] points out an error in [74] and
claims the diversity order is 1 for optimal ML detection, thus 1 is the upper bound for any
detection algorithm, while [76] makes the same claim. [77] argued that [75] only derived
the lower bound for diversity order of ML detection, and claimed that the MMSE SC-
DFE with decision feedback can achieve full diversity. However, such analyses for linear
equalizers, i.e., both ZF and MMSE SC-FDE, are still absent. Our work shows that the
diversity orders of SEP of ZF and MMSE SC-FDE are both 1, and thus achieves the

upper bound of diversity order for SC-FDE. We should point out that the analysis in [77]
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assumes an equalizer with infinite data block length, and the diversity order is analyzed
only for outage. Table 1 summarizes the issues with these previous works and shows

what is proved in this dissertation.
5.1 System Model

In this section, we first define the model for the SC-FDE. Next, we give our notation for

diversity order for SEP and outage probability.
5.1.1 SC-FDE

We consider the block data transmission scheme over a static frequency selective channel

with  independent paths and memory length v , the channel vector
h=[h,, h,---,h]" ~CN(0,D), where D is a diagonal matrix with positive diagonal

elements, i.e., the elements of h are independently complex Gaussian distributed. The

information symbol block x is a column vector with length n>v +1, with uncorrelated,
zero mean components, E[ xx" |=o?1. In the SC-FDE scheme, a cyclic prefix (CP) is

inserted before x on the transmitter side and removed on the receiver side, to avoid inter-

block interference. Suppose y is the received signal after CP removal, and then the input-

output model isy=Hx+n, where H is the circulant matrix generated with h and the

noise vector is n~ CA/(0, ’1). The output of equalization is

¥y =Wy =W(Hx+n), (11)

where W is the equalization matrix [29, 67]. The computationally efficient algorithm
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uses the fast Fourier transform (FFT) and inverse FFT, and leads to the SC-FDE. The
channel frequency response (CFR) kz(ﬂl,ﬂ?,---,ﬂh)T is the n-point discrete Fourier

transform (DFT) of h
Ar=Fh, (12)

where F is a nx(v+1) matrix with element [F], — g 12D e F is a submatrix

formed by the first v +1 columns of the DFT matrix. Note that the A4, 's are eigenvalues

of H and complex Gaussian.

We define the transmission SNR 7 = 67 /o and

ne=7IAl - (13)
5.1.2 Diversity analysis

Let P,(y) be the SEP with channel-dependent SNR », which is depicted in [7, Eq. (4.1-

15)]. While y is parameterized by 7, the average SEP is defined as

B, =] P.0Ip,(dy, (14)

where p, (y)is the PDF of y. The diversity order of error probability is defined as [18]

d, =—limlogP, ,(7)/log¥ . (15)

7
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The channel capacity is C(y)=Ilog(l+y) and the outage probability is defined as

P..,(R)=P[C(») <R], where R is the transmission rate. The outage diversity order is

defined as d_, =—limlogP,, ,(R,v,n, ;7)/Iog;7 . Outage event C(y) <R is equivalent to
Yy —>%0

ut,

y <2%~1. Note d_, is modulation-independent whereas d is modulation-dependent.

out

As in [78], we denote exponential equality by f(7)=7" if d:IimIOIQM, dis
7o e 10gy

called the exponential order of f(7); we define as f(¥)<7° if f(¥)< f(¥) for any
function f(7) such that f(7)=7", and we define as f (7) = 7'if ()= f(¥) for any

f(7) such that f(7)=7".
5.2 General Approach and Simple Example

In this section, we first describe our general approach to find diversity order, which uses
upper and lower bounds, and then we show a simple example to illustrate our set-based

approach to find the bounds.
5.2.1 General approach

We first state Proposition 1, which is the basis for our novel approach in this dissertation.
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<

Figure 18 Integration region for diversity analysis
of MMSE SC-FDE, 0<6 <1

Proposition 1: If f(»)>7" and f(»)<7", then f(¥)=7". This is clear from

log f(7) _4 log f(7) _4
7= logy 7> logy 7o+ logy

>d and lim , then Ilim

Similarly, if
f(7)= f(7)= f(7) when 7 is big enough, and f(7)=f(y)=7", then f(7)=7".

Thus, our approach for each type of equalizer is as follows: we find upper and lower
bounds for each of the error probability and the outage probability, and we show the
upper and lower bounds are of the same exponential order; thus the bounds are tight in
the sense of diversity order and we can claim that the equalizer has a certain diversity
order. While trivial upper and lower bounds are easy to find, the challenging aspect of

this work is to find bounds that have the same diversity order.
5.2.2 Simple example of finding bounds

As an illustration of how we find bounds, we consider the simplest case for the outage of
MMSE SC-FDE. We show that the diversity order depends on the outage threshold of

instantaneous SINR at the output of the equalizer.
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The simplest case is n=v+1=2 when the elements of h are i.i.d. complex Gaussian

2

distributed, for which the unbiased decision point SINR [72] iS ,use :ﬁ—l,
X,y

1 1 ) a2 ..
where f(x,y)=—+—, x= , Y= , and , A, are i.i.d. complex
Y =1 Try 7IA y=7|4) Ay Ay p

Gaussian according to (12). Suppose outage happens when f(x,y)>¢d , which is

equivalent to a threshold on y,u:= - Then the outage probability is

P,= P(Q):” p(x)p(y)dxdy , where the integration region Q={(x, y): f(x,y)>d5},
Q
which is below the curve in Fig. 18. Note x>0, y>0.

The case for 0<o <1 is shown in Fig. 18. Note that Q, includes Q,. We define the

following regions as:  Q ={(x, y): x,>x>0,y>0} for k=12 , and

Q, {(x, y): x>0,y,>y>0}. It is clear that Q, cQ = (Q, UQ,), so we can get the

upper bound as
P(Q,)+P(Q,) > P(Q, u),)>P(Q2) . We can find P(€,) by integration, specifically,
P(Q,) = J'Oxl p,(x)dx , where x = 77|21|2 is exponentially distributed. It is easy to find that

_ ||m Iog P(QZ)

| o =1, which means the diversity order of P(Q,)is 1, or P(Q,)=7".
y 0 Og7/

Similarly, P(€,)=7". Itis trivial to prove that P(Q,)+P(Q,)=7".

53



—-1

The lower bound is P(€);) < P(Q); using the same technique, we have P(Q,) =%

Since the upper and lower bounds have the same diversity order, we conclude that
MMSE SC-FDE has diversity order of one, for n=v+1=2, 0<d6<1, and Ii.i.d.

complex Gaussian elements in h.

This simple case is clear for explanation. But generally we have n>v+1, the elements

of h are not i.i.d. complex Gaussian, and the A4, 's in (12) are not independent, so there is

no such straightforward relation between the integration region and the diversity order
shown in this example. However, we will still rely on operations on sets and bounding

techniques for diversity analysis.
5.3 Diversity Analysis of ZF SC-FDE

Following the general approach we just introduced, we will find the diversity order of ZF
SC-FDE in this section. Some results from this will be used in the analysis of MMSE SC-

FDE.

For the ZF SC-FDE, the equalizer in (11) is W =W, =(H"H)*H", and the unbiased

decision point SNR is [72]

V=V = =~ ' (16)

B

nZ7)4

If the analytical expression of the distribution of y is known, the diversity order of error

can be obtained by using the results of [93], and the diversity of outage can also be
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derived. Although it is possible to find the distribution by variable transformation, the
expression includes a multidimensional integral. In the simplest case wheren=v+1=2,

the CDF of y, is only a two dimensional integral [70, Appendix C]. In other cases, the

integral dimensions are higher and too complicated to be of any use in analysis.

We next develop Proposition 2 and Lemma 1 to facilitate the diversity analysis of SEP,

which is an extension of [93, Proposition 1].

Proposition 2: For an instantaneous SNRy, , we can deduce from [7, Eq. (4.2-93)] that

M, Q(JMy7,) <P.(7,) <M QM) 17)

where Q(s) is the Gaussian tail function, M,, M,, M, and M, are modulation-

dependent positive constants. From (14) we get

M. [, QWM )p, ()dy <P, <M, [ Q(My)p, (1)dy.
Lemma 1: If the following three assumptions are fulfilled:

AS1) The instantaneous SNR y, =nyB+y, , where 7 is the average SNR, g is a

channel dependent nonnegative random variable, y, is a nonnegative constant.
AS2) The SEP of the memoryless modulation follows (17).

AS3) The CDF F,(B)=ap"+o(B")for <C, where C>0, a>0, and t=0_ Here we

denote a function f(y)of yas o(y') if lim,_, f(y)/y"'=0.
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Then I3e,yx =7y, i.e., the error diversity order is d_ =t .

Proof: First we find a upper bound for the average SEP ny. Because y, >ny;, where

——t

=7, itis straightforward to find P, =7 from [93, Proposition 1]and P, , <7

e, ny;

Next we find a lower bound for I3wx (thus the upper bound for d, in (15)). For
7e<Va+l, or B<1/(ny), the instantaneous SEP satisfies P,(y,)>C , where
C=P,(y,+1) is a positive constant (note P,(x) is monotone decreasing if x>0). Let

p(p) be the PDF of g, then

P = P(n) p(r)d7 > [P (r) p(1)d7,

th+1 — —
>["Cp(r)d7, =9j;7 p(B)d B =CF, (—) ;
From (15) we get d, <t. From Proposition 1 we conclude f’m =y tord =t. O

We note that Lemma 1 does not address a particular equalizer. It is a result of assuming a

certain affine dependence of SNR on 7.

Next, Proposition 3 and 4 constitute a special case of Lemma 1; we use this special case

frequently in our work.
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Proposition 3: If y, =78 and g is exponentially distributed, then from Lemma 1, we
get _[: Q(My)p, (y)dy =7 for any positive constant M , and we conclude

F_)e,;/x(y)i?_l'

Proposition 4: If x,X,,---,x, are independent exponential random variables, then
P(x <t/y ford=i=1)=7" for some positive real t. It is straightforward to prove

this using integration. This simply extends the analysis in Section 11 to d variables.

Now we summarize the analysis for ZF SC-FDE, which is presented in the remainder of
this section. The lower bounds for SEP and outage probability are derived in Lemma 2;
the upper bounds are derived using Lemmas 3, 4 and Lemma 5; and the final result is

Theorem 1.

Lemma 2: The outage probability of the ZF SC-FDE is lower bounded as R, , (R) >yt

, and the average SEP of the ZF SC-FDE is lower bounded as P, >77".

1

Proof: From (16), y, <ny,=y for any i. From Prop. 3, P =7". We get

€, ny;

P.(y,.)=P(ny,) and P, 2|5e,nyi, because P,(y) is a decreasing function. From

VVzF

C(rz)=<C(ny), weget By, (R)=F, ., (R). O

Lemma 3: Define a new random variable y, by its CDF

F, . (&)=min(, Zn: F. (£)) =min(l, ZH:F}HZ (é)) ;then F _(&)=F,_ (&) forany £>0.
i=1 i=1 e
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Proof:

F,_(6)=Pr(y;<e)<1- Pr(ﬁuijzp{ﬁuijzpr(n Uijﬁ _n Pr(Ui):Zn:Fyi(e) ,

i=1

where U, ={U : ;, > &}. Therefore F,_(¢)<D"F, (¢) . O
i=1
Lemma 4: If F _(g)2F_(¢) for any £>0 , then P, <P and

P (R)<P,. . (R).

out, yz¢ out, 15

Proof: Because P,(y) is a decreasing continuous function of y, P,(y)=0, and P,()=0

, we have P,(y)= jw—Pe '(x)dx , where P,'(y)=dP,(y)/dy <0. Then from (14) we get
e

P, =, | =R 00p, (axdy = [ TR0 p, (r)dydx = [ =P, (0F, (x)ax.

The third equality follows by change of the order of integration. Then from

F,, (&)>F,_ (¢) weconclude P,, <P, and P, (R)<P, (R). O

Lemma 5: The outage probability of ZF SC-FDE is upper bounded as Pout,yZF(R)ﬁfli

the average SEP of ZF SC-FDE is upper bounded as P, <7*.
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Proof: With y; defined in Lemma 3, then F (E)ZZFWZ (¢/7) when &/7 is small
i=1

enough or % is big enough, and it follows From Prop. 4 that

(R)=F, (*-)=7",

POUt’ 718

From Lemma 4, we have P, (R)<P,,  (R)=7".

_ 2 i n n
Let 7, =7|A4| Where F,.p(x)=min(L iZ:;lzwz(x)), ) pwz(x):é p,,(x) for small

enough x . It can be derived from Lemma 1 thatP, =7

From Lemma 3 and Lemma 4, we have |3e,7zp <P . O

€, 78

Theorem 1: The diversity order of the error probability of the ZF SC-FDE is 1, i.e.,

d?" =1; and the diversity order of the outage of the ZF SC-FDE is 1, i.e., dZ =1.

out

Proof: From Lemma 2 and Lemma 5. O

5.4 Diversity Analysis of MMSE SC-FDE

We study the diversity order of MMSE SC-FDE in this section. For the MMSE SC-FDE,
the equalizer in (11) is W =W, =(H"H+7"1)"H" | and the unbiased decision point

SINR is [72]
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1 1
O S F Sy (18)
1 1 1 1
S Lda  —1 4 12 72:

nk=11+7/|/1k| nia 1+,

It is reasonable to assume that in SEP analysis for MMSE SC-FDE, the interference is

also complex Gaussian. This enables us to apply Props. 2 and 3.

Generally we have no analytical expression for the distribution of y,, - Similarly to the

last section, we use a bounding approach to find the diversity of MMSE SC-FDE.

The facts that we clarified in the analysis of ZF SC-FDE are still indispensable for this

section.
5.4.1 SEP analysis of MMSE SC-FDE

For SEP analysis, the upper bound is derived with Lemmas 6 and 7, the lower bound is
derived with Lemmas 1 and 8, and the conclusion for error diversity order is given in

Theorem 2.

Lemma 6: y\use = 75 for the linear SC-FDE.

Z(l——) RUCSTANNNES WICPS

4 - 1 n 1
lem iZ:l‘,(l/%)/(lJr]/yi) E;g(wi)

Proof: We get from (18) that e =

where f(x):i and g(x):i . By concavity of f(x) and g(x) ,
1+x 1+ X
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ITAENIES RTANE %ig(ﬂ/ms CXyn) . so

l
7MMSE—f( )/ ( 7 T n Yz O
i J/Vi
i=1
Lemma 7: The average SEP of MMSE SC-FDE is upper bounded as EWMMSE <yt
Proof: from Lemma 6 and Theorem 1, P, e <yt O

Lemma 8: The average SEP of MMSE SC-FDE is lower boundedas P,, >7.

Proof:  from (18), we get 7MMSE—]/(1 -1 or yyue <Ny, +n-1. We get
+7:)

> 7 *from Lemma 1. O

€, YMMSE

Theorem 2: The diversity order of SEP of MMSE SC-FDE is 1, i.e., d"*F =1.

Proof: From Lemma 7 and Lemma 8. O

5.4.2 OQutage probability analysis of MMSE SC-FDE
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We get the capacity C(yMMSE):—Iog(EZJ/(lJr 7)) from (18), so the outage event
n

k=1

C(ywmse) <R is equivalent to y,,e <& OF ZJ,/(1+ 7,)>0 . Here and in the remainder
k=1

of this dissertation, we define £ =2% -1 and § =n/(1+¢)=n/2% .

For outage probability analysis, the lower bound is derived in Lemma 10, the upper
bound is derived with Lemmas 12, 13 and 16, and the conclusion for outage diversity
order is given in Theorem 3. We also develop Definition 1, Lemmas 9 and 11 to help the

proof of Lemma 12, and develop Lemmas 14, 15 to help the proof of Lemma 16.

Lemma 9: With A defined in (12), if & is a mx1 sub-vector of &, and 7, =;7w2, then

P(7 <t form>i>1)=y ™™ " for a positive real t.
Proof: See Appendix A.2. O

The next lemmas, Lemmas 10 through 12, have the rather complicated set constructions
that were alluded to in Section Ill B. These constructions enable treatment of the general

case of n>v+1 and when the elements of h are not i.i.d.

Lemma 10: Outage probability of MMSE SC-FDE is lower bounded as

Pout’}/MMSE( ) 3 }7—min(Lz>‘J+1, v+1) .

Proof: Outage probability is
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]

1

P, (R)= Pr(zn: >35)=Pr( Ju,)=Pru,), (19)
A i 1+7, k=1

where  we  define S, <{12--,n}  with ‘Sk‘ =1+|5| and

U, ={U:y <t foreveryies,| where t=(1+5])/5-1 and

. n Lo :
ke K ={1’2"“’(1+|_5Jj}. If y, <t for allie$S, , then Z]/(1+7/i)>5 and outage

i=1

K n N
happens, so | JU, is contained in the outage space, and Pr(}| >38)=Pr(| JU,).
k=1 i=1 + 17 k=1
From Lemma 9, we have PrU,)=7 """*Y  Finally we have
n 1 , o
Pr >8)>Pr(U,) =y ™ol v O
(iZl:l"‘]’i ) U=y

Definition 1: Let the set S, =S={12;--,n} , with cardinality |S,|=n—-|&], and

n
keK:{l,Z,"',(n |_5JJ} be one of the n—|&| combinations of set S . Let

to:;:gj—l. For a specific k, if y, >t, for every ieS,, then ;ﬁﬂﬂq&

and this will ensure »"1/(1+y,) <4 ; define U, = (U, , U, ={U 7, >t,} and then

i=1 iy €Sy

UU'k is contained in the non-outage space. Note that U, = ULTik , and we get

keK i, €Sy

NU.=NJU)=U(Y,), i=( i, i) where i, eS, for every keK, J is

keK keK i, eSy ieJ keK
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the set of all possible i, with cardinality |J|=(n —| 6 ). For a specifici, the order of the

K _
set ﬂUik is defined as the number of different values of all the elements of this vector i,
k=1

or the number of different constraints in the definition of the set, and is denoted as

K|

order(("\U; ).
k=1

Lemma 11: With all the definitions and notations given in Definition 1, we have

K|

d =min order((\U, ) =] & |+1.
leJ k=1

Proof: Without loss of generality, we assume one of the sets who has the minimum set

K| d o —
order d is (U, =(|U; =Us[ JU2[):-{ U . note thatU, = | J U, , all the U, ’s can be
k=1 i=1

=
grouped into d groups, and all the k can be grouped into d groups correspondingly. We
have 1e S, for all the k in the first group, so the intersection of all the U, ’s in the first
group is U, ; similarly, we have t €S, for all the k in group t, so the intersection of all
the U, ’s in group t is U,, for all the teT ={12,---,d —1}. For d to be the minimum

order, then for all the k in group d , we have t¢ S, forall teT, then d —1+|S,|=n or

d=n-|S|+1=|& |+1. O

Lemma 12: If 6¢Z, i.e., if o is a positive non-integer, then the outage probability of

MMSE SC-FDE is upper bounded as _(R)< ymnlo ),

F%m,yMM
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Proof: using (19) and Definition 1, we get Pr(z

i=1

1 , —
" >0)<1- Pr(LkJUk) = Pr(LkJUk)

IK|
= Pr(ﬂU )= Pr(U(ﬂU,k ))<ZPr(ﬂU,k) ZPr(ﬂU ). From Lemma 9 and Lemma
IK|

11, we get Pr((\U, ) =7 ™1} for a set (|U, which has the minimum set order

keK k=1

d=|&]+1.S0 > .Pr(()U, ) =7 ™1} because the diversity order is dominated by

ieJ kekK

the minimum order, and we conclude d"€ > '8 = mm(L5J+L v+1). O

out out

Example: We give an example to illustrate Definition 1, Lemmas 11 and 12. Let n=3

and 6=1.5, then as in Definition 1, n—|&§|=2, K={1,2,3}, the sets S, ={1,2},

={13} , S,={2,3} . Then U,=U,LU, , U,=U,uU, , and we get

W=HUL=U(ﬂUik) , where

3={112),(113),(132),(133)(212).(213),(232),(233)} ; and

i =(i,i,,i,) €J. According to Lemma 11, d =2, this could be illustrated as following:

K|

for a specific i=(11, 2), order(ﬂUik )=2=d; and according to Lemma 9, the diversity
k=1

Kl _
order of the probability P(ﬂUik) is also d . Because the outage space is contained in
k=1

[JU, . this leads to the result in Lemma 12, i.e., dJp'** >min(| 5 [+ v+1).

out
keK
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While Lemma 12 is for the & ¢ Z case, we derive the upper bound for the & € Zcase in

Lemmas 13 and 16.

Lemma 13: If 5 €Z , i.e., § is a positive integer, and 6 >v +1, then outage probability

of MMSE SC-FDE is upper bounded as P, (R)< 7,

Ut, 7 mmse

Proof: From Pr(zli>5)sPr(z1 >5-0.5) , from Lemma 12, we have
i-1 i i1+t 7

Pr(}. 1 5-0.5)<7 """, sowe concludeP,, , (R)<y ™. .
i=1

out,
= 1+7/i MM

Lemma 14: P(c<w, <a+b/w, w,<d)<72, where w,=./7|h|, |n| and |h,| are

independently Rayleigh distributed, a, b, c and d are some positive real constants.

Proof: First, we assume |h,| and |h,| are identically distributed with PDF P, (X)=2xe™* .

YN T Ry U I S (ar b V2
Let t, =d/\F, t,=c/JF, t,=d/F, f(x)_(a+xﬁ)ﬁ and g(x) [aer\/T_J =

-
We do the following integration for large enough T :

b by f() _y?
P(c<w, <at—, w, <d )=J.0 2y,e y1dy1'[t2 2y,e 2dy,

1

< L:l 2xe™ (1—e79)dx = j: 2xe™ (1— e 9%)dx + I: 2xe™ (1— e 9™)dx
& b _g2——2 , _2—1(h — 154 2—2 (% 1
< IO 2xdx+L 2xg(x)dx=d“y " +ay J.t3 2xdx + 4aby J.tg 1dx +2by J'ta X~dx

=d7?+ay’+cy > +by’Iny =77
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Next, we consider the case when |h,| and |h,| have different variances. We can find that,
by scaling, the events c<w, <a+b/w, and w, <d are equivalent to ¢ <W, <&+b/W,
and W, <d, respectively, where W, =/7[R|, |n,| and || are iid., and &b,¢,d are

some positive real constants.

We conclude P(c<w, <a+b/w,, w,<d)<y?. O

Lemma 15: Supposem<v+1. With & defined in (12), if & is a (m+1) x1 sub-vector of

—(m+1)

A and ;7i:;7w2, then P(a<j,,<b+c/7,7 <d form=i=1)<y , Where

a,b,c and d are positive real.

Proof: Similar to the proof in Lemma 9, we have )::f:h:f:D_%ﬁ:UEVﬁ:U):'ﬁ,

where X' is (m+1)x(m+1) diagonal matrix with nonzero diagonal elements,
=[Z'0] and Vﬁz[ﬁt,ﬁ‘T , h is a (m+1)x1 vector, the h's are i.i.d. complex
Gaussian. By LQ decomposition, we have A =UXh=_LQh and let h=Qh=L"A=Lx,
where the h 's are independent to each other, L, =L"is a lower triangular matrix. Let
zi:\/%, t=b+c/y, . From a<yj, ,<t, we get »\/5<m<«/t_<«/5+ c/7, , or

8 <z,,<b+c/z ; Similarly, from 7, <d , we get z <d'. Let w,=\[7[n|, from

m+1

h=L,., we get w=L,z. So ifa <z, <b+c/z and z <d for m>i>1, then we

m+1

can find a<w_, <b+C/w, and w, <d for m>i>1, and we conclude

m+1
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P(a<fp,<b+c/7,7 <dformzix1)<P(a <z,,<b +c/z,z <d formziz1)

<P(§<W

m+1

<b+¢/z,z,<d form=iz1)<y ™,

The last exponential inequality is obtained from extension of Lemma 14. O

Lemma 16: If 6 €Z , i.e., o is a positive integer, and 6 <v+1, then outage probability

of MMSE SC-FDE is upper bounded as P, , (R)<7 ™.

ut, 7

Proof: See Appendix A.3. O

Theorem 3: The outage diversity order of MMSE SC-FDE s

o MMSE _ min(LZ‘R n|+1 v+1) , Where outage happens if C(y,,,s) <R.

out

Proof: From Prop. 4 and Lemmas 11, 14, 15. O

From Theorem 3, we get d™* =v+1 when n— oo, i.e., MMSE SC-FDE with infinite

out
data block length achieves full outage diversity order. We should point out that although
[77] argued with [75] and claimed that the MMSE SC-DFE with decision feedback can
achieve full diversity for SEP, careful investigation shows that the analysis in [77] is the
outage diversity order with infinite data block length, so the conclusion of [77] is in

correspondence with Theorem 3 in this dissertation and does not contradict with [75].

5.5 Simulation
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Diversity order is an asymptotic result, making verification by Monte Carlo simulation
challenging. In other words, the SNR in the simulations must be high enough to see the
slopes approach their limiting values, and because this implies low error rates, the
simulations can be very time consuming. Choosing a higher modulation order can cause
the slopes to reach their limiting values at lower SNRs. The channel memory length, v,
and the data block length, n, also play a role in how low the SNRs can be to see limit
behavior. Not considering high enough modulation order and high enough SNRs can lead

to a wrong conclusion, as we will show in this section.

Monte Carlo simulations are found in many previous works; in most cases, the limiting
slopes are obvious [69, 73]. So for the sake of brevity, we show the one case, [69], in
Table | that had a wrong conclusion, and in this case, the Monte Carlo simulations were

not done at high enough SNR.

Figures 17 and 18 show the SEP for the MMSE SC-FDE versus Es/No, or 7, for two
different channel lengths, respectively. The legend in each figure tells the data block
length, n. The QAM modulation orders for Fig. 19 and 20 are 16 and 64, respectively.
The channel taps were i.i.d. complex Gaussian with a total average power of 1. The
number of trials for each point was sufficient to generate at least 1000 symbol detection

errors.
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20 25 30 35 40
EsNo (dB)

Figure 19 Average symbol error probability of
MMSE SC-FDE, v+1=2.

We observe in the figures that the slopes are different for different values of n, and for

different v, for the lower SNRs. If the SNR is less than about 35dB, the slopes appear to
be consistent with min(| & |+1,v+1), which is the conclusion of [69]. However, for

higher SNRs, all slopes are observed to converge to one, which is the conclusion of this

dissertation.
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SEP

EsNo (dB)

Figure 20 Average symbol error probability of
MMSE SC-FDE, v+1=3.

5.6 Conclusion

The diversity order, which is an asymptotic result of linear SC-FDE is analyzed
rigorously in a novel way with sets and bounding techniques, for both the ZF and MMSE
equalizers, and for both outage and SEP. compared to previous works, the analysis treats
a broader and more practical class of channels, specifically those with independent taps.
The results resolve two previous contradictions and confirm the results of two

problematic proofs.
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CHAPTER 6. THE DISTRIBUTION OF NON-ZERO
EIGENVALUES OF THE EQUIVALENT MIMO CHANNEL

MATRIX FOR MULTI-HOP A&F RELAY NETWORK

Cooperative MIMO schemes are proposed in [11, 12], where cooperative transmission
and/or cooperative reception for single-antenna nodes are used, to obtain the performance
gains of the point-to-point MIMO system [9]. Similar ideas are proposed for multi-hop
distributed networks as Virtual MIMO [13, 14] or distributed spatial multiplexing (DSM)
in [15] (cooperative spatial multiplexing in [16]) to achieve high throughput and spectral

efficiency in a distributed multi-hop network with single-antenna nodes.

Within these different proposals for virtual MIMO [11, 12, 13, 14] and DSM [15, 16], the
DSM scheme with AF mode relaying [15] is of particular interesting for its simplicity and
low coordination overhead. However, closed form analysis for this scheme is generally
unavailable, and the performance evaluation generally depends on Monte-Carlo
simulation. This is because we have little knowledge about the statistical characteristics
of the equivalent cascaded MIMO channel of this scheme. To the author’s knowledge,
there are few exact closed form expressions and they exist only for the 2-hop case,
including the SER analysis in [59] and the marginal probability density function (PDF) of
the eigenvalues for ergodic capacity analysis in [61, 62]. As in the performance analysis
for conventional MIMO [79, 80], where the distribution of the eigenvalues of the channel

matrix [81] plays an important role, a closed form expression of the distribution of the
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eigenvalues of the equivalent channel matrix for the multi-hop virtual MIMO or DSM s

needed.
6.1 Introduction

In this section, we introduce the system model of multi-hop amplify and forward (A&F)

relay network and its equivalent cascaded MIMO channel.

The network consists of L clusters of relay antennas (or single-antenna relay nodes), a
source, and a destination. The source and destination can each consist of a cluster of
single-antenna nodes or one multi-antenna node. So the network has L+1 hops. The
relays within each relay cluster do not communicate (cooperate) with each other. We

denote the cluster of source antennas as the Oth cluster, and the cluster of destination
antennas as the (L +1)thcluster. The intermediate clusters are indexed from 1 to L. The

transmission operates in a time slotted manner. All the antennas of the source transmit
simultaneously in the first time slot, then the relays in the first cluster do A&F relaying
and transmit simultaneously in the second time slot, then the relays in the second cluster
do A&F relaying in the same manner in the third time slot to forward the signal to the
third cluster. In this way the destination antennas finally receive the signal from the Lth

cluster.
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w, w, Wi,

X—'T]—’Tz “

Figure 21 System Model for DSM with A&F

Suppose we have R, antennas in the kth cluster. Assume each cluster transmits

simultaneously. Let y be the vector signal outputted by the destination node, x be the

vector signal transmitted by the source node, w" be the white noise vector added by the

“%) he the white noise vector added by the

Ith relay cluster to its received signal, w!
destination to its received signal, and @, be the gain of the Ith relay cluster. We assume

g, is a positive real, and the same for all the relays in the cluster. We assume the noise
vector w'") ~ CA/(0, o,’1) is spatially white, i.e., its elements are i.i.d.. Let H, be the
R, xR, ; channel matrix of the channel between the (k —1)threlay cluster and the kth
relay cluster, i.e. the kth hop. We assume H, has i.i.d. circularly symmetric complex
Gaussian entries h’ =[H,]. ~CN'(0, 1) for I=1, ...,L+1. Let R, be the number of

the source antennas, and let R, be the number of the destination antennas. The channel

is assumed to be frequency flat, time invariant, and have AWGN. The system model is

1
shown in Fig. 21. Let HH, =H_H_,---H,. The input output relationship of the entire

I=L

series of clusters, is
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n, n, 0,

= H A,é_, H, 4(%—» H; A’é)—w

Figure 22 Equivalent System Model for a 3-hop DSM with A&F

1 2 m
VZ(H g'H'J” 2 [H Ganijlw‘””’ £ gLt (21)

I=L+1 m=L+1\ n=L+1

To facilitate the derivation, we further get an equivalent system model, which is given in
detail as the following. The equivalent system model for a 3-hop DSM with AF is shown

in Fig. 22. From (21), we get

- 2 . . 1 2 m g B W(m—l) W(L+l)
Y :(HLQHHJ;HPH' Z [H L gn—lHnj + :
1

e I I=L+1 O m=L+1\n=L+1 Op Ot OLu

y 0w 1 if k=1
Let y= —, N = and g, =1 _ _ . Then we get
OLa94 Oy gk_le_l/Gk if 1<k<L+1

y:[ﬁ gIHljx+ Zzl (ﬁ ganjn(m‘1)+n(“1), (22)

I=L+1 m=L+1\ n=L+1

H n

1 2 m
ie, y=Hx+n, where H=J]gH, and n= >’ (Hganjn(m” . Note that in

I=L+1 m=L+1\ n=L+1
Equation (22) the variances of the noise and the channel coefficients are normalized, and

the integrated effect of these parameters is represented by g, a positive real constant as

the gain of the Ith hop.
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Let R=E[nn"], H,=R™H and fi=R™"n, where i is white. Then we have

R™Yy=Hx+0.

The Wishart of the equivalent cascaded MIMO channel H_ is 2/=H_H! , but

B = H!'H, has the same nonzero eigenvalues as .

Our objective is to derive the joint PDF for the nonzero eigenvalues of B. Although the
joint distribution of nonzero eigenvalues of the Wishart matrix [81] is well developed in
previous works [82] and has its application, the analytical approach for such a Wishart
matrix of the equivalent MIMO channel in multi-hop AF is still absent, and for similar
problems such as cascaded MIMO channel. In this dissertation, we will first derive a
recursive algorithm to find the distribution of nonzero eigenvalues, and then the form of
the PDF is found as a multiplication of matrix determinants. [83, 84] are good tutorials

for Wishart matrix.

As an illustration of the recursive algorithm, we consider the simplest case. We assume a

3 hop case (L +1=3) with the same of number of antennas in each cluster, H,, H,, H,
are square matrices of the same size, and g, =g, =g, =1in Eq. (22). According to Eq.

(26), we have

B=H,"H)H} (H,H,HHY + HHE + 1) HH H,.
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H, for k=3

_ with
D,,H, fork=12

Let “=" stands for “equivalence in distribution”. Let H, :{

singular value decomposition (SVD) H, =U,A, V" and D, =(1+A Al')ZA, , we can

prove B=H,H!' , which is given in detail in next section.

If we define X, = A A;' =diag(¢™) and D, = D;'D, =diag(d®) for k=1,2,3, then
D, =(g;’1+X,)"'Z, . Note that H H}' has the same eigenvalues as H'H, , let ¢ be
the vector of the eigenvalues of H, H;' . From previous works on Wishart matrix [89, 90]
and the equality H{'H, =H'D, ,H, for k=12, we know the PDF of ¢* given d**
(or Dy,) , i-e., the conditional PDF f , ., (6™ |d“?); we also know the PDF of ¢®®

as f (6®). We can get the pdf of ¢ by multi-dimensional integration in a recursive

manner with the following steps:

1. With known f ,(¢"”), from D,=(1+X;)"'E, , we get f (d®) by variable
transformation.

2. From H}'H,=H;D,H,, get f , (¢?) :L% f oo (6" |d®) £, (d®)dd®, and then
f o (d®) by variable transformation from D, = (1+X,) "%, .
3. From H'H,=H;'D,H,, get f (6(1)):-[55 fuuld(z)(c‘l)|d(2))fd(2)(d(2))dd‘2), i.e., the

joint PDF for the nonzero eigenvalues of B.
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The above example for the simplest case illustrated how the joint PDF f (6™) can be

obtained in a recursive manner. However, in this dissertation we will consider a general
case with arbitrary number of hops and arbitrary number of antennas within each cluster,

and take the gain of each hop into account. The details are given in the remaining of this

chapter.
Let
1
Tk=£k[g|H, =g,H.9, H, ,---g,H, for k<L+1. (23)
Observe that
T =9H,T,_, if k>1. (24)

for k>1,and M, =0. Then we have

N—
T

Kk m m
Also let M, :Z(HgnHJ(Hgan

m=2 \_n=k n=k

M, :gE(HkMk—lHL—' +HkHI|<_|)' (25)

1 L/ m m H
Note H= [ gH,=T_, and R= E[nn”]=Z(H ganJ(H ganJ +HI=M_, +1,

I=L+1 m=2 \ n=L+1 n=L+1

where | is the identity matrix.
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From Equations (23)-(25), and the definitionsof H,, R, Hand T, __,, we get

B:H?He:HHR_lH:TF+1(ML+1+I)71TL+1 ( )
. 26

B -1

=TVHL (Hea M+ DHY +950) HLT,

With Eq. 26, we will develop Preposition 4 and Theorem 4 in the next section, which are

the basis for the recursive approach.

We use the following notation throughout the next. Let X be a matrix. We denote a

submatrix of X as {X}.«< if it is composed of the elements [X]i]j, where a<i<b ,

c<j<d

c<j<d, and ab,c and d are some positive integers. det(X) or [X| is the
determinant of X , rank(X) is the rank of X , and X' is the transpose. Let
6=[o,, 0,, .., 0z] , denote X=diag(c,, o,, ..., 03) or L =diag(s) the diagonal

matrix with diagonal entry [X] = o;.

6.2 Recursive Approach to Find the Distribution of the Non-zero Eigenvalues

In this section, we derive a recursive approach to the derivation of the PDF of the non-

zero eigenvalues of B. The work in this section will build the basis for the next section
for further simplification. Suppose we have eigenvalue decompose (EVD) B =UXU" ,
where X =diag(c;, 0,, ..., 03, 0,...,00 , R=min(R,R, ..,R,) , and

6=[o,, 0,, ..., 0y ] the vector of the non-zero eigenvalues of B.
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Define r, =1 " ! an
fi =
X rank(Hk) = HliI‘l(Rk 1 I’kﬂ) if k<L+1

_ (H, ifk=L+1
A, = 7)

DA, if k<L+1’
where D, and H, will be defined as follows. Let H, =U,A,V}" be the SVD, where

[A];;#0 for 1<i<r , and let

D, = (g’ 1+ AA) %A, (28)

H., = {Hk—l}KiSm . (29)

1<j<R_,

;\k = {Ak }]gi,jgrk ! Dk - {Dk }]Si,jﬁrk '

Note that A, and D, are diagonal matrices with full rank. We can get A, (and D, ) in a

reverse recursive manner, i.e., with H, , we can find A, , and then H,_, and A, ,. We
illustrate this recursive manner with a simple example: suppose we have a 3-hop network,

i.e, L+1=3; then start from H,(or H,), we find f\s and 153 from Eqg. (28) and (29);
then H, from Eq. (27) and then A,, D, from Eq. (28) and (29); then H, from Eq. (27)

and finally A,, D, from Eq. (28) and (29).
We start from k =L+1 and Eq. (26) to get Preposition 4 at first.

Preposition 4: B=T"D{',(D_ M, D', +1)'D_,T,
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Proof: With SVD H_,=U_.A_,V, " and definition D, , = (g2 1+ A A" ) %A .,

we will prove from (26) that
B = Tlfl I5E-¢—l(I5L-¢—lMLI5|I:|+1 + I)_:I-I5L+1—I_L ' (30)
From (26), we have

B=TIH, (Ho. (M + DH, +g21) THLT,

=TV ALV (ULA LV MO+ VAL UG, + 95D U LA L VET (31)
= TLH VL+1AE+1(A|_+1VF+1(ML + I)VL+1A[|+1 + glf—ll)_lALﬂVIilTL

=TUAL (AL, (M + DAY +9 2 D) A LT,

Note we use the fact that V\',H =H, , because H, is Gaussian matrix, and V", is

orthogonal matrix. From these we have V' T, =T, and V/ (M +1)V_,=M, +I

which assure the last equivalence in Eq. (31).

From Eq. (30) and the definition in Eq. (28), we have

B=T"D" (DM, D", +1)*D T,
=TIAL (G0 +A AL

(G2 +ALAT) P ALM AT (921 + A AL ) 2+ 1) (32)
(900 + AL AL) AT,

=TIALALMAT + A LAY +950) AT

Eq. (32) is same to Eq. (31), so it is proved that Eq. (26) and Eqg. (30) are the same, i.e., it

is proved that B=T"D!",(D_,M, D", +1)*D_,,T, . [
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Based on Preposition 4 and Equations (23)-(29), we can further develop a recursive

algorithm in Theorem 4 for 1<k <L+1. Note the recursive manner in Eq. (25) and (27).
Theorem 4: B=T. "D ,(D,.,M, D, +1)'D, T, for 1<k <L+1.
Proof: First, for k =L+1, Theorem 4 is proved to hold as in the proof of Preposition 4.

From the definitionin Eq. (27), H,,, =H_,,, Eq. (26) turns into
. — — B -1 —
B:TFH'I:I+1(HL+1(ML+ I)H||j+1+g|_i1|) Hi T (33)

Second step, we can prove from Preposition 4 that

B = TLH I5[|+1(|5L+1MLD'I:|Jrl + I)7lDL+1-I_L
= TlilH ::' 5|I:|+1(|5L+1H L(ML—l + I)H::| 5:11 + g[2|)715L+1HLTL—l . (34)
= T&F'[' (F'L(ML—l + |)|:|f + glzl)ilﬁLTLfl

Note that the last equality can be easily proved. We can find the similarity between (26),

(33) and (34), except the index is changed. Sequentially, we can prove

B=T" D (D,M_,Df +1)"D,T,_, as the proof in Preposition 4. So a reverse recursive
algorithm can be developed, and we have B=T,"D; (D, M,D,+1)"'D, T, for

k+1

1<k<L+1. U

Next we will go further to develop the recursive algorithm to find the PDF of the non-
zero eigenvalues of B, which is similar to what we have explained in the example of the

simplest 3-hop case. From Theorem 4 and Equations (23)-(29), we finally get
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B= T1H E)zH (Dlef)zH + I)ilszl = gleI| I:_)2H DZHl = glell-| Fll’

and if we find the distribution of A,, and consequently by variable transformation, the

distribution of the non-zero eigenvalues of B . We now make the following definitions:

T, - A A" —diag(c®, o, ... | o (35)

| 1

D, = BB, =diag(d{®, d{¥, -, d(¥). (36)

Then HH, =AD" D, ;H, =HID, ,H, could be Wishart or pseudo-Wishart matrix
[89, 90], and we will offer a recursive algorithm. Let ¢ =[ol‘k), o, e aﬁkk)]t be the

t

non-zero eigenvalue vector of H'H, , let d® =[d1("), ds, - dfkk)]
From definitions in Equations (28), (29), (35) and (36) we get

D, = (g’ 1+ %)%, , (37)
and d® =o® /(9> +c") for 2<k<L+1and 1<i<r,.

For k<L, if r_,=min(R,R.,--- R,;)<R_, , then H'H, is correlated central
Wishart [85]; else it is correlated central pseudo Wishart [87, 88]. For k=L+1,
Hi'H =H]H_, is always correlated central Wishart matrix. Note that

AY =A" A

L+1 L+1

I

1

L+1 L+1*
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(L+1)y ;
f,,(m) (¢""") is known

k<«L+1

While k >1 do

f oo (6*|d™) is known

get f (6* ™ |6™) from f oo, o (6% 1d") with
variable transform D, = (g,”1 +X,) ‘X,

find f ., (") « j@ f e (6% 169 f ) (6*))do®

k<«—k-1

End while

Figure 23 Recursive algorithm to find joint PDF

With Equations (28), (29), (35)-(37), we can get f\k (and Dk) in a reverse recursive

manner, i.e., with H,, we find A, and then H,_, and A,_,; We start from k=L +1,
and with the results on distribution of the non-zero eigenvalues of Wishart and pseudo-

Wishart matrix as in [85, 86, 87, 88], given d®, we can find the conditional pdf of ¢
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as fc(k,l)ld(k)(c“"l)|d(k)) . After variable transformation from d* to ¢ , we get

L (6“16™), and then the pdf of 6™ by multi-dimensional integration as:
fl,(k—l) (c"“™)= Iq fc(k—l)k,(k) G | c") f(,(k) (c"))de™ . (38)

So with f_..,(¢"“™), the pdf of 6**?, is known [85, 86], we can finally find f , (¢®)

with a reverse recursive algorithm by employing Eq. (38) and Equations (28), (29), (35)-

(37). This recursive algorithm is summarized in Fig. 23.

This recursive approach plays a central role for this work. However, there are two

problems when we do this integration as in Eq. (38):

L+1
1. The dimension of integration is Zrk and could be a big number even for a small
k=2

number of hops, which means very high computational load for numerical evaluation.

2. The explicit expression will be extremely complicated even if not impossible to get,

even for a small number of hops.
Further steps to simplify the expression are developed in the next section.
6.3 The Form of Products of Matrix Determinants

In this section, we will go a further step which is based on the recursive approach of last
section, and find that the joint PDF which can be expressed in the form of the products of

determinants of matrices. The entries of these matrices are expressed as multi-
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dimensional integration, where the maximum dimension is just the number of relay
clusters (the number of hops minus one). The complete set of equations needed to find

this joint PDF is given at the end of this section as shown in Theorem 6.

We denote the joint distribution of the ordered non-zero eigenvalue vector as f° (6),

where 69 > 60> .. >,

To facilitate our discussion, we first make an extension to [86, Corollary 1] or Cauchy-

Binet formula [91] in Theorem 5; and then presents Prepositions 5, 6 and 7.

Theorem 5: Given A(x)=[C A(x)], where X =[x, %,, ---,%,] is a Mx1 vector,

A(x) is a NxN matrix, A(x) is a NxM matrix, C is a N xK matrix, N>M and
K =N—M . The elements of C are some constants (not a function of x ). The entries of

A(x) have the form [A(x)]ij =¢,(x;). Given B(x) which is a M xM matrix with the

entry [B(X)]ij = f,(X;), and arbitrary functions &(-), then the following identity holds:

M

I~--'|.Z)|A(x)||B(x)|l_[§(xI )dx = M!|®|, where the multiple integration is over the domain
1=1

D={a<x <bas<x,<b--,a<x,<b} , dx=dxdx,--dx, , ©=[C O] and

[(:)]ij = I:di ()8, (x)E(x)dx .

Proof: see Appendix B.1. O
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We make the following definitions in the remainder of this section.

to. .
Suppose X=[ X, X,, -, X, | isa qx1 vector, we define:

V(x) isa qxq Vandermonde matrix with the (i, j)th element [V(X)]i,- =X,
®(x) isa gxqg Vandermonde matrix with the (i, j)th element [(I)(x)]ij =@ (X)= x:‘l,
Let y=[y1, Yo, =, yp]t bea px1 vector, p>q, we define

YY) =wi(y;)) =1 . ) for 1<j<p where
[ ]J : {V/(Ximq’yj) p-gq<i<p

w(i, y)=y " and g(x y)=y" e,

Preposition 5: Let H=DH, where H is a M x N matrix with i.i.d. complex Gaussian
entries with variance 1, D is a MxM diagonal matrix, and

D=DD" =diag(d,, d,, ...,d,,). N>M so H"H is Wishart. Let ¢ be the vector of
the non-zero eigenvalues of H"H . Given d=(d,, d,, ..., d,,)", the joint conditional pdf

of ordered non-zero eigenvalues of H"H is

||1P

fqa(o]d)=K° ||(I)(6)||‘I’(6 d)|H§(a,) , where £(x)=x""", K° :[IM[(N —i)!J .

V(d)
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Proof: For the case that H"H is Wishart, o and d are all M x1 vectors. From [85, 86],

we  get fs(fd("|d)=K0||V(|d)||(1’(6)”‘1'(0 d)‘Hf(fﬂ , where [‘i’(x,y)ljze’xj’y‘ and

M -1

=(H(N —i)!) , and when a constraint on d holds as d, >d, > --- >d,,. Itiseasy
to prove that “i’(o,d)‘ = |D||*¥(s,d)|. And if we get a vector d from d by swapping any
two elements in d, and let D=diag(d,,d,, ..., d,), we find that ‘D‘=|D| and

¥(o.0) |w(o.d)
V@l V)

; and further, we find that the constraint on d actually does not

matter for the expression of f_,(c|d); thus Preposition 5 holds. O

Preposition 6: Let H=DH, H is a M x N matrix with i.i.d. complex Gaussian entries
with variance 1, D is a M x M diagonal matrix, and D=DD" =diag(d,, d,, ..., d,,).
Let Q=min(M, N) and P=max(M, N). Let o be the vector of the unordered non-

zero eigenvalues of H"H . Given d=(d,, d,, ..., d,,)", the joint conditional pdf of ¢ is

| |1P -1

Q
fa(c]d) =K:——|®(c)||¥(s, d)|H§(a|) where £(x) =x"", K = (Q!H(N —i)!j

V@)

Proof: For the case that H"H is pseudo Wishart, P=M, Q=N and &(x)=x"" =1,

from [87, Appendix A] or [88, eq. (14)], and with “I"(c,d)‘:|‘1’(c,d)|, we have
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-1

||<I)(c)||‘I’(c ,d)|, where K = (ﬁk!} :(Q!ﬁ(N —i)!j . Note that

k=1

fcld(cld):K| (d)

|®(d)|= [] (d;-d,) foraVandermonde matrix @(d), and

I<i<j<M

] {HdMJM_l: [T @gd)

1<k<M 1<i<j<M

Because |V(d)|= [] ((——) (——))_ [T @,-d)/ [] ,d)=|@@)]/ D"
IKi<j<M Ki<j<M I<Ki<j<M
it is proved that Preposition 6 holds for the pseudo Wishart case.

For the case that H"H is Wishart, Q=M , P=N, ¢ and d are all M x1 vectors. From

1-p
Preposition 5, we have chd(0|d)=K°||V|(d)||‘1)(“)||‘1’(6 d)|H§(a|) ., where

Q -1
K°=(H(N —i)!) ; and from [84, Theorem 2.6], the joint pdf for the unordered

eigenvalues is f0|d(6|d)=(Q!)71 fqa(c]d). We find that Preposition 6 holds for the

Wishart case. O

Before we proceed to the final result, we make the following definition for brevity:

Let r,, =R ,,, wedefine for k<L +1 that:

g =r=min(R_, ..),
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P = maX(Rk—l’ rk+1)1

Kl?l (H(Rk z_l)'j _rk ")
Ok—1 !
—r(n - -1.Z0
(Qk ¢ H(Rk 2_')'J e (rk—l!) K

2\ Pkl
oo ]
X

£ (x)= xe™ if k=L+1 and
“ xP R if K<L+l

_(k_l) - (k) - -
B o v, o) if 1<i<r-r, )
[‘P(G(k 1)’d(k))]-- =y (ng)) BRI (k—lJ) My i i for1<j<r,
v 4 ( [ ) if e =<l < T

where !/7(k71)(i, Z) :( - )i—l and l/;(k—l)(y’ )= (2;4_2)&—& 1—1e—y(l+gk'2/2).
k k

Proposition 7: H,_, isa r, xR_, matrix. Given ¢, the joint conditional pdf of ¢ is

fc<k71>|o<k>(5(kil) |5(k)): Kt ‘(I)( (k))“ (o ( l))H‘P(G(k » d(k))‘Hf (O- )Hék 1(0-(k l))
for k<L+1,

N i 0(k)
Proof: withd® =o' /(9,2 +o!') , we find that |D,|=] Jd{ Hﬁ ,and

-1 i1 9 T O
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72

|V(dk)|= H ((_d(k)) (_d(k)))_ H (1+ (k) —1- g?k)

1<i<j<n I<i<j<i Oj

_ H gEZ(O_J(k) _Ui(k))/ H (Gﬁk)o-i(k)) — gl: i (f—1 ‘(I)(G(k))‘ / |Zk|"k7l

I<i<j<n I<i<j<n

with [D, " |E, | H§ (), from Preposition 6 we get

-1 1-Pes
l |Ek| |Dk| ‘

(k=1) | LK)y _
f6<k,1)|6(k)(6 |o )_Kk—l ‘(I)(G(k))‘

(@[ d) [ T4, (o).
1=1

With all these preparations, we get our main result next.

Theorem 6: the pdf of the unordered non-zero eigenvalues has the form

f (™) =K, ‘(I)(G(k))H(i)k (G(H)‘ﬁfk (a),
-1

where @, (c¥)=[C_ - C,, C, @, (c")]for k<L+1, and the entries of C,,

, C, are not a function of 6 but some constants. Also the entries of ®, (¢’) have
the form [(i)k (c(k’)]ij = 4% (o) and its value for a specific i’ can be evaluated by
L+1-k dimensional integration. @, (¢™)) is a 1., xr,,, matrix, C, is a r_, x(r,— 1)
matrix and its entries are obtained by L+1—k dimensional integration, ®, (¢) is a

f

', X I, matrix,

Proof: First, we will prove that Theorem 6 holds for k =L+1.
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For the last hop, g, ,,=r1,,=min(R,r_,) and p_,=max(R,r_,) where r ,=R_,, .

Note that H,_,H!' =H{ H, ., so for the last hop, whatever the sizes of the last two
clusters are, it is always a Wishart case. The joint distribution of the ordered non-zero
eigenvalue vector of H,_,H" | is [85, 86]:

o (6" =K,

oL+

_ Aua _
q)(G(LJrl))H(I)Lﬂ(G(Lﬂ))‘H§L+1(O-|(L+1)) , where (DL+1(G(L+1)) = ®(c"),
I-1

AL AL

-1
§|_+1(X) = xPradag ! Kﬁil = |:H( PLa— i)!H(qL+l - J)I:| :
i=1 j=1

From [84, Theorm 2.6], the joint pdf for the wunordered eigenvalues is

f w(@®)=(g!)" f° (6).

oK)
So Theorem 6 holds for k=L+1, where ®_,(¢""?)=® ,(¢"")=®(c"") ,
Ouit A -
FO0=p0=x", and K, =( M!)‘thil=[qL+1!H(pL+1—i>!H(qL+1‘ ")!} |
i-1 i=1
Note g, =1, and & (X) =& () =xP"e™,

Next we will prove that Theorem 6 holds for k =« —1 if it holds for k =« .

From Proposition 7, and multi-dimensional integration Eg. (38), we get
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fen @) =] f 0 (@@ 16™)f , (6)do™

= |{K—lr(/r

‘\I;(G(K—l) 1 d(K))

(I)(G(K_l))‘ﬁé:,(,l(o_f’(_l)) .J‘p"&)/{(c(’()) ﬁé:K(O.I(K))ﬁéf'K(o'I(K))dG(K)

= KK—l

()|, ()| [ {£.1(c")
1=1

where K_,=r!K K, the domain ﬁK:{crl"" >0, 03”20, ---, o 20}

do® =do®do---de®™ , and

‘\P(G(Kfl) ’ d(K))

r!

@, (" )= ], | (c") T )T (o )de® .

if Theorem 6 holds for k = «, then we have
@, (c)=[C, - C, ®(")]. (39)
From Theorem 5, we have

®_ (") =|:CL .. C. (i)K_l(c‘”‘l))J,
where [(i)pl(c(”’l))]” = J.:é(K)(X)WfH’(x)é((X)f L (X)dx,

. [CA2 007" 3, 0E.008 (dx if 1< j<r -1,
(&, (s )] =47

A0 el 0E(0E dx ifr - < <,

Apparently, an entry [&K_l(c""l’)]_ will be some constant if 1<j<r.—r_, , so
ij

@ (6" V)= [CH (i),(fl(c("‘l’)] , and we get
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@, _,(s"V)=[C - C,. C, @D (c"Y)] (40)

K

where C_, isa r_, x(r_—r_,) matrix with its entries are some constants, @, ,(¢"“™) is

a r_,xr_, matrix. We have
[C.a], =] A9007 D, 0E08,(dx for 1< < —r,,  (41)

[@,,(6" )] = [, &2 00F D (00, )&, (0", ()dx for 1< j<r, ;. (42)

So if (39) exists, then (40) can be deduced, and it is proved that Theorem 6 holds for

k=x—1if it holds for k =«.
By applying above procedure recursively, i.e., with ®_,(¢"""), find ®_(¢”) next,
then®_,(6*™”) next, and keep on going, we develop an algorithm to find the entries of

®, (¢") as described next.

k+1

Let ‘/7(L+1)(" )=1, ng(zk) :é:k(zk)é:;(zk) , and hk (Z)= i(zk) H lﬁ(m_l)(zm—l’ Zm)gm(zm) )

m=L+1

then for k <L —1 the explicit expression is

':(i)k (Gm)] = é(k)(d,(k)) = J.OOO ) 'J.:% (ZL+1)‘ﬁ(k)(O'J(k)’ Z )N (Z)dZL+1 edzy (41)

ij

[Ck ]ij :I:"'I:(oi(zul)‘p(k)(jv Zk+1)hk+1(z)dzl_+1'"dzk+1 1 (42)
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for k =L, the explicit expression is as in (39) and (40) where x=L+1. O

Briefly, we use the conclusion of Theorem 6 and Equations (39)-(42) to get the closed

form expression for the joint PDF. We summarize in Fig. 26 how to get f ,,(¢").

6.4 Simulation Results

For simplicity, we analyze the eigenvalue distribution of a 2 hop with 2x2 configuration

for each hop, while we employ the multiple DSM with AF scheme. Let g, =g, =1in Eq.
(22), and we have B=H}'H} (H,H} +1)"H,H, according to Eq. (26). We show in Fig.

24 and 25 the eigenvalue distribution of analytical approach and Monte-Carlo simulation,

respectively. Gauss—Laguerre quadrature method is used in numerical analysis.

The analytical approach and Monte-Carlo simulation coincides perfectly, which proves

the validity of our approach.
6.5 Conclusion

A closed form expression for the joint distribution of the eigenvalues of the equivalent
channel matrix the DSM scheme with AF mode relaying is developed in this dissertation,
the main conclusion is presented in Theorem 6 and validated through comparison with
simulation. This work could be further employed for the analysis for multi-hop DSM

networks as the SER analysis in [59, 80] and capacity analysis in [61, 62, 79].
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‘:r?k+1(zk+1) = §k+1(zk+l)§;+1 (Zk+1)

_ k+2 _
hk+1(z) = §k+l(zk+1) H lr/;(m_l)(zm—l’ Zm)ém(zm)
m=L+1

Fori=1tor_,, j=1tor, do

I:(i)k (G(k))]ij = é(k)(agk)) = J.: ) '_[Owgpi (ZL+1)1/7(k)(O-J(k)’ Zk+l)hk+l (Z)dZL+1 i 'dzk+l
End for
For I=Ltok do

é?l+1(zl+l) = é:IJrl(ZHl)éi1 (Zl+l)

1+2

hl+1(z) = é?l+l(zl+1) H lﬁ(mil)(zm—l’ Zm)é?m(zm)

m=L+1

For i=1tor,,, j=1to (r,,—r) do

[CI ]ij - _[:' ) 'I:(Pi (ZL+1)'/7(I)(L Z,)My (Z)dZL+1 edzy,

End for

End for

q_)k(c(k)):[CL - G G (i)k(c(k)):l

{0 (6) = K |@(c®)|®, ()| T&(o()
=1

Figure 26 the closed form expression for the joint PDF f  (¢')
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CHAPTER 7. CONCLUSIONS AND SUGGESTED FUTURE

WORKS

This dissertation is focused on the design and analysis of novel approaches and issues in
physical layer for cooperative communication in wireless multi-hop networks. In Chapter
3, we design a novel randomization based approach to reduce the coordination overhead
in cooperative communication; In Chapter 4, we design a novel equalization algorithm in
frequency domain for multiple CFOs problem; In Chapter 5, the first rigorous analysis for
the diversity orders of linear SC-FDE equalizers is presented; In Chapter 6, for the first
time, the closed form expression of the joint PDF of the nonzero eigenvalues of the
equivalent matrix of the multi-hop DSM with AF is presented. In the subsections below,

we expand on each of these contributions and give some ideas for future work.

7.1 Coordination overhead reduction for Cooperative Diversity

To reduce the coordination overhead in CT or CD, we have designed a novel
randomization based approach In Chapter 3. The approach combines random delay and
phase dithering. Simulation results, under different channel models, are compared with
the results of the state-of-the-art practical phase dithering approach. The results show
significant SNR gain, or equivalently, that higher data rates can be achieved. The
approach is also robust to different channel models and can lower the overhead in
channel estimation significantly, while the constant envelope characteristic of the

transmitted signal is kept.
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In our simulation, perfect channel estimation is assumed, which is impossible in practice.
The design of the channel estimation and the training sequences, and the effect of channel

estimation error to a real system, could be studied under different channel models.

7.2 Equalization for multiple CFOs

We have designed a novel equalization algorithm in frequency domain in Chapter 4 for
multiple CFOs problem of cooperation communication. Using a permutation-based
approach that employs the pseudo-banded matrix characterization, a recursive and
computationally efficient equalization algorithm is proposed. Simulation results show
that large frequency offsets can be compensated with high computational efficiency. This
linear MMSE equalization algorithm is ready to be extended for both the virtual MIMO

or DSM MIMO scheme and the STBC scheme, for both OFDM and SC-FDE.

In our simulation, perfect CFOs estimation and channel estimation is assumed, which is
impossible in practice. The design of the training sequences for CFOs estimation, and the
effect of estimation error could be studied. A tracking mechanism similar to [100] could

be developed.

7.3 Diversity of linear SC-FDE

A new set-based bounding approach is presented in Chapter 5 to analyze diversity for
SC-FDE over ISl channels, including linear equalizers such as ZF and MMSE. The
diversity order of both the error probability and the outage diversity gain are analyzed.

We have relaxed the constraint on the channel to be a more practical channel with just
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independent paths. This is the first time a rigorous analysis about the diversity of linear
SC-FDE is presented. The result is ready to be used for further analysis about the

diversity of MIMO SC-FDE or STBC SC-FDE system.

7.4 The joint PDF of the nonzero eigenvalues of DSM with AF

We present a novel approach the first time to get the closed form expression for the joint
PDF of the non-zero eigenvalues of the equivalent cascaded MIMO channel of the multi-
hop AF relay network. The closed form expression has the form of a product of
determinants of matrices, while the entries of these matrices are expressed as multi-
dimensional integrals, where the maximum integration dimension is the number of relay
clusters (the number of hops minus one). With this closed form expression, the joint PDF
can be evaluated by computationally efficient numerical methods. The contribution can
be further employed to analyze the performance of the multi-hop virtue MIMO network
as the SER analysis and capacity analysis as in [59, 61, 62, 79, 80] for point-to-point

MIMO system.

100



APPENDIX A. DIVERSITY ORDER ANALYSIS OF SC-FDE

A.1 Counter-example

We first describe our counterexample and then show how it applies to [69]. Then
we show how these results might be confused with the relationship between convergence

almost surely and convergence in distribution.

Let f(B,p)=1(Bp) and g(B, p)=Y[(B,+B,)p] . where B, and B, are i.i.d.
exponential random variables with pdf p(x)=e™ for x>0 . Observe that
!,mf(u’ p)zlmg(a, ) =0 almost surely. We now show that f (B, 0)=g(B, p) . Here
the definition exponential equality [69, 78], denoted f(p)=g(p) , is defined by

IimM = Iimw; if the expression involves random variables, the limits will
PO |ng p—0 |ogp

be taken almost surely (with probability 1). We have

lim |Og f(B! ,0) — lim _[Iogﬂl_'_logp]
e logp P log o

:—1’

jim 1099 ) _ i ~[100(Ai+ Bi) +logp]
P logp | pos log p

Therefore, by the definition of exponential equality, because
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lim 199 (B ) _ ;. 109 9(B. p) (20)
p>e logp oo logp

we may write f (B, o) =g(B, o) .
Next we show that f (B, o) =g(B, o) does not imply P(f(B, p)>c)=P(g(B, p)>c)

for any positive constant c . First consider a probability involving f (B, p):

P(f (B, p) >C) = P(o > C) = P(f, < 2) =1- e
) P

1P

And we get

c c?
log P(f (B, p) >c) lo (1_efc/p) |Og{1—(1—p+ 2|p2 +j:|
lim 0og ' P :“mg—_ ) I .
PO |ng pP—>0 |ng p—>0 |0gp

We get the second equality by expansion of Taylor series. Next, consider the similar

probability involving g(B, p):

P(9(B, p)>c)=P( >c):P(ﬂl+ﬁ2<£)=1_eW[uﬁj_
P

P

1
(ﬁl +,32)p

Note that 3, + 3, isa y* random variable with 4 degrees of freedom, and we get the last

equality from [7, eq. (2.3-24)]. Again, using the Taylor expansion, we have
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e ()

logP(g(B. p)>c) .

lim =lim
p—>0 |ogp p—Do |ng
2
log|1-|1-——+ ¢ S+ 1+&
: 2lp p
=lim =-2
p—© |0gp

So P(f(B, p)>c)=P(g(B, p) >c) doesn’t hold, and we see by this example that

f (B, p) =9g(B, p) does not necessarily imply P(f (B, p)>c)=P(g(B, p)>c).

Next, we show how the above example relates to the proof in [69, Lemma 1]. We note
that the conclusion in [69, Lemma 1] is correct, but the method of proof is flawed. In

[69], the functions f (B, o) and g(B, o) are different than our example. In [69, eq. (17)],

. . . . . : 1
their random variable 4, is complex Gaussian, so we can write f(p, p)zz :
a1+ pb

where S, :|ﬂk|2; and g(B, p):M(a)+{max P, where ais a function of . In

o o <1}

n

going from [69, eq. (17)] to P{Zﬁ> m}i P[M (a)+ max p**'> m}:
+p

) {one: oy <1}

i.e., the expression following [69, eq. (18)], the authors simply assume f (B, o) = g(B, o)
implies P(f (B, p) >m)="P(g(B, o) >m) for a positive real constant m, and explained

this as “the first (asymptotic) equality follows from exchange of limit and probability due
to continuity of functions...” in [69, p. 1025]. However, as we have shown, that

implication is not true in general and requires proof for their particular f and g . In fact,

the method of this dissertation can be used to prove their conclusion is correct.
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Now we show how these results might be confused with the relationship between

convergence almost surely and convergence in distribution.

First recall that almost sure convergence for a random sequence {X,} ,

P(Iim X, =X ) =1 implies convergence in distribution [96],

n—oo

limP(X, <c)=P(X <c). We may restate this in a slightly modified version for our

n—o

functions f (B, o) and g(B, o) , and after a discretization procedure, we will get

£(B. p) = g(B. p) or eq. (20) implies lim P[M>c]: lim P(w>cj.
P> log p p—>0 log p

We observe that the last equality is not the same as P(f (B, o) >c)=P(g(B, p) >cC),

which is denoted as lim 8P (FB.0)>¢) . 1ogP(g(B. p)>c)

. In other words,
p—®o |0gp p—®© |ng

there is a difference in the relative position of probability and log functions.

We can also show with a counter example that lim f(B. p)

=1 does not imply
7= g (B, p)

P(f(B, p) >c)=P(g(B, p) >c), but ignore the details here for brevity.
A.2 Proof of Lemma 9

First we consider the case wherem>v+1. We choose 2 to be a (v+1)x1 sub-vector of

i, and we also define y; = 77‘1,"2 .S0 2 isalso a sub-vector of &, and A =Fh, where F

isa (v+1)x(v+1) submatrix of F. With the result from [97, Lemma 2], F is full spark,
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i.e., every (v+1)x(v+1) submatrix of F is invertible, the existence of the inverse of F
is guaranteed. So h=(F)™. ; note that the h's are independent. If for v+1>i>1,

7, <t then we have |4|</t/7 and |h[" <f/7 for some positive real f , and

—7(v+l)

P(7 <tform>i=1)<P(y <t for v+1zi>1)< P(|hi|2 <t/y for v+1xi Zl)iy

i)

where the last exponential equality follows from Prop. 4. It is also easy to find that if all

Ih|" <t/7 for some positive real T, then 7, <tfor m>i>1, so

P(7 <tform>i>1)> P(|hi|2 <t/y for v+1>i zl)iy‘(”l).

We conclude P(7 <t form>i>1)=7 """ if m>v+1,

Next we consider the case where m<(v+1). Let h= D /2R where D /2D 2 =D, so0

D’% is a diagonal matrix with non-zero diagonal elements, and h is a vector with its

elements i.i.d. complex Gaussian. We have A =Fh= IED_%H, where F is a submatrix of

F,and F can be proved to be full rank as following: we choose %" which is a (v +1)x1

sub-vector of Asuch that A is a sub-vector of &', and &' =Fh. As proved in last case, F

is invertible, note that F is made from some rows of F', soF is full rank. Next, it is easy

to prove that I_:=I~:D_% is full rank, and we have F=UZXV by singular value

decomposition (SVD). Then A =Fh=UXVh=UZh, where X is the submatrix of X in
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the left corner, £ is mxmdiagonal matrix with nonzero diagonal elements, U and V
are unitary matrix, £=[£0]and Vh=[h', ﬁ‘]T , where his a mx1 vector. Note that

the ﬁi‘s are i.i.d. complex Gaussian because V is unitary and ﬁi's are i.i.d. complex

Gaussian. From the above we have h=(Z)*U"k=Ak and A=A"'h, where

A=(Z)'U". From 7 <t for m>i>1, we get ‘ﬁi‘ZSt3/7 for a positive real t, for

m>i=>1, so

. ~ |2 .
P(7 <tform>i>1)< P(‘hi‘ <t,/7 form>i zl)iym.

It is also easy to find that if all ‘ﬁir <t,/y for some positive real t,, then 7 <t for

m=iz=>1, so
P(7,<tform=i>1)> p(‘ﬁi‘zgt4/7form2i21)i77_m-

We have P(7 <tform>i>1)=y™" if m<v+1.

Finally, we conclude P(7 <t form>i>1)=7". O

A.3 Proof of Lemma 16
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For the non-outage event, we have z ! <o 1 =5—1+L . Let

T 1+, _1+7/J— 1+}/j

i#]

-1
S={12,--,n}, K:{l’z’m’(nn_gJ}’ and the set S;, =S, =S\{j} with cardinality

|S;|=n—5, where jeS and keK.Leta=n—-5-1,b=n—5 and 7, =a+b/y,. If

7, >7; forevery ieS, , we have

il <0— ! orznll <0.

i 1+, 1+, i1 1+,
i#]
o o1 no Kl
Non-outage probability is P(Zl—<5)2P(U(UUj,k)), so we get the outage
i-1 L1 7 -1 k=1

probability as

PO —>9<1-P( U U0=piCJ UL)=PC (] 0,0,

jeS, keK jeS, keK jeS, keK

where U, ={U:y >, foreveryieS;,} , and we have Uj, = (| U and

ij,k€S)

J.,ij,k

U, = U Jj]ijlk,where Ujvij‘k:{u:yij_k>rj,ijyke8j,k}.80weget

ij k€S «

ﬂ G},kz ﬂ ( U Uj,ij,k)ZU( ﬂ Uj,i,-,k)’

jeS, keK jeS, keK ij,kesj,k ieJ jeS, keK

P(_Zn:y(1+yi)>5)spr( N U, 0<>.Pr( N Uj,ijvk),

jeS, keK ieJ jeS, keK
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where |:(|1’1,|1’2,~~-,|1"K‘,|2,1, AP TREL PUERELN AP |n'2,~~~,|ny‘K‘), I« €S, and J is the

set composed of all possible i, its cardinality |J|=(n —5)"™.

Note the fact that Ui,ij,k :{U Y <r].} g{U i <t5}u{u <y, <Tp7 <t5} for

I« €S here t; is a positive constant, such that if y; >t;, then y, <t;.

We call y, <t; the Type I constraint, and define U},i,-k :{U i <t5} . We call

<7, <7 when  y,<t; the  Type I constraint, and define

Ui :{U <y, <7, 7 <t5}. so () Ui, U} ,), where 1, {1, 11}, 1

jeS, keK i€l j,k
el

is the vector whose elements are |;, with all possible j and k, and £ is the set

composed of all possible .

If v=1,i.e, theall I vector, then U, = U ( ﬂ U;{'ikj ) has the same form as the case

ieJ =1 jeS, keK

where S¢Z, we have min order( () U;{'ikjk):5+1 and Pr(U.)<7 " with a

1€3,1=1 jeS, keK
discussion similar to Lemmas 11 and 12. With these facts, we only need to focus our

study on the case where v# 1, i.e., there is at least one Type Il constraint involved in our

analysis. W. |. 0. g., we assume the specific term involved is J}!i,,k where (j,k)=(n,|K])

and i;, =i, =1, 1ie, U,',. Next, we will prove for this case the diversity order is lower

bounded by & +1. We have
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N V.= U Ui,ij,k):( n «y Uj,ii,k))m( U Gj-ij‘k)

jeS, kekK jeS, keK i €S ¢ jeS, kekK ij k€S« (J k)=(n, ‘K‘)
(j k)¢(n K] ij xSk

(N (UG, U U, )u0,)

jeS, keK ij,k€S8) « in‘\K\ESn.\K\\{l}

(i, k)=(n,|K|) )
cUs N (( U (UiL,‘K‘ UUi;I,‘K‘))UUr:,luur:I,l

i i k| €5n ‘K‘\{l}

=U( ﬂ UJJ|kk) UAUUBUUC

:Eg jeS, keK

€

where we define as

U= ) (U WG, v,

jeS keK ij €85
(3. )=(n, K]

U,=Us N ( U u, ‘K‘UU”‘K‘))

i S0, M3
Uy =U,NU,,,and U, =U,NU.",.

As already cited, we only need to analyze U, where the specific Type Il constraint term

U, is involved. Note that U}, =U, and U}, <{U:y,<t}=U,. Using the fact

U, cVUj, WU cU, U, itiseasy tofind that U, cUp, where

1k

U= () (U U, oun=Ju)=U(U,),

jeS, keK keK ' Sy ied keK
(J k)=(n, [K])
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. n N -
the set K =112, , S,=S with cardinality |S|=n-5+1, and
n-o+1
i'=(i1,i2,---,i‘K“) where i, €S, for every keK', and J is the set composed of all

possible i . Note the second equality in the above equation can be easily found by

enumeration. From U, =U, U, we get U, cU, U, ..

Next we prove U,nU;, has diversity &+1 . For a specific i , let
Ue (i)=(), U, )0, . Note U.(i)=a if any i, =1; we also note that for all
possible ﬂkeKUik , the minimum order is ¢, which can be proved in the same manner as

in the former case where 6 ¢Z, i.e., Lemma 12. So for U (i');t@, the ﬂkeK.Uik which

has the minimum order ¢ should has the form ﬂ U, = Z=1Up , Where

keK' k q

{p Py Psje {12, -,np/{} and p=p; if i=j , we also have
ne{p, P, -, s} for P(UE(i')) to be of minimum diversity. For the specific i such
that ﬂkeK.Uik is of minimum order 6 , w.l.o.g.,, we can assume the specific set

U (i)={U:t;<p <z, yj<tfornzj2n-5+1} . The diversity of this set’s

LB
out

probability is lower bounded by d_~ =06 +1 using Lemma 15. The probability of the set

U, nU, ', also has diversity low bounded by &+1 because it is dominated by the sets

(M..'U;,) "U,; which are of the minimum order.
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We conclude d"™E >d"® =5+1if S<v+1.

out out
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APPENDIX B. JOINT PDF OF NONZERO EIGENVULUES

B.1 Proof of Theorem 5

Proof: let o =0, 0,,--+, o, be a permutation of the arrangement 12 --- N, and sgn(o)

denotes the sign or signature of the permutation.

Let 7=nx,7,,--+, 7, be a permutation of the arrangement 12 --- M, and sgn(r)
denotes the sign of the permutation. Let x =, 4, ---, 1, to be a partial permutation of
the arrangement 12 --- N, and sgn() denotes the sign of the permutation. Let g, =k
for 1<k <K and g, =K+, for L<k <M . Because the correspondence between 7

and u, wedenote ¢ as u”. Then sgn(x™)=sgn(x) .
Define S, () =f,(-) for 1<k <M . Then B.O=p,, () for K+l<k<N.

From [86, Eq. 37], we have

400 = Xson(@)] [« = ngn(a)(Hcok,kj[ I a}

sooffle. [l

k=K +1

and

[BO)|=2san(n)[ 14, = Zsan(A 1 A,, (%) = 2son(w) [T B, (%) - then

k=K+1
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D=[-- jD|A(x)||B(x)|]M[§(x, )dx

[, ngn(o)(nc(,k j[H (% j [ngn(ﬂ 14, ka)jlié(x.)dx
-Ssanu)Saan@)| T1¢, || 111 (008, (5 )0 e
=;sgn(u”)§sgn(a)(kf!ca j[H ['a, ()8, (x )f(x)de

=M!@|=M !sgn(y”)ngn(a)H@w

We get the last equality from [86, Eq. 38], and M! is the number of all possible

permutation 7.

o for 1< j<K

Here we have | ] , SO we have the
I ¢ )E(x)dx for K+1< j<N

form ©@=[C ©] where [(:)lj :j:o?i(x)ﬂj(x)g(x)dx.

It is obvious that [86, Corollary 1] is a special case of Theorem 1when N=M. [
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