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Abstract 

For a smooth fibre bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿)  and a vertical subalgebra of 𝐵𝑋(𝑇) , it is shown that an 

isomorphism 𝑔: 𝐵𝐾(𝑇) ⊗𝑇 𝐵𝑋(𝑇)
     ≅      
→    𝐵(𝑇) of graded algebras is given by the multiplication map 𝜔⊗ Υ ↦

𝜔 ∧ Υ . If 𝜂  and 𝜔  are two n-forms in 𝐵𝑠(𝑇)  and their induced forms are 𝑖𝑋𝜂 ,  𝑖𝑋𝜔  in 𝐵𝑟(𝐿𝑥) , then the 

orientations of 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) by 𝜂 and 𝜔 are identical if and only if the orientations of 𝑋𝑇 by 𝑖𝑋𝜂 and 𝑖𝑋𝜔 

are identical. Finally, if the bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿), the manifolds 𝑃 and 𝑇 are oriented by an n-form 𝜔, 𝑑𝑃 ∈

𝐵𝑟(𝑃) and the (𝑟 + 𝑠)-form 𝑑𝑇 = 𝜌
∗ 𝑑𝑃 ∧ 𝜔, respectively, then 𝑑𝑇 depends on 𝜔 and 𝑑𝑃.  

Keywords: Smooth fibre bundle, manifold, vector bundle, bundle isomorphism, bundle orientation, graded 

subalgebra. 

 

1. Introduction 

Consider the manifolds 𝑇 and 𝑃 such that  𝜌: 𝑇 → 𝑃 is a smooth map between them. If the smooth map 𝜌 

has the local product property for a manifold 𝐿, then there exists an open covering {𝑋𝑎} of the manifold 𝑃 and a 

family of diffeomorphisms {𝛾𝑎}, where 𝛾𝑎 is given by 

𝛾𝑎: 𝑋𝑎 × 𝐿 → 𝜌
−1(𝑋𝑎) 

such that  𝜌𝛾𝑎(𝛼, 𝛽) = 𝛼 for 𝛼 ∈ 𝑋𝑎, 𝛽 ∈ 𝐿. For the manifolds 𝑇, 𝑃, 𝐿 and the smooth map  𝜌: 𝑇 → 𝑃, a four-

tuple (𝑇, 𝜌, 𝑃, 𝐿) is said to be a smooth fibre bundle if 𝜌 has the local product property. 

Let 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿)  and 𝐹′ = (𝑇′, 𝜌′, 𝑃′, 𝐿′)  be two vector bundles. Also, suppose that 𝑓: 𝑇 → 𝑇′  is a 

smooth fibre-preserving map, then the map 𝑓: 𝐹 → 𝐹′ is said to be a bundle map if 𝑓𝑥: 𝐿𝑥 → 𝐿
′
𝑔(𝑥) is 

linear for 𝑥 ∈ 𝑃 and the smooth map 𝑔: 𝑃 → 𝑃′ induced by the map 𝑓. The composition of two bundle maps 

is also a bundle map ([2], [7]).  

If a bundle map 𝑓: 𝐹 → 𝐹′ is a diffeomorphism, then it is said to be a bundle isomorphism and its 

inverse is also a bundle isomorphism. If there exists a bundle isomorphism 𝑓: 𝐹 
       ≅        
→      𝐹′ between 

the vector bundles 𝐹 and 𝐹′, then they are called isomorphic ([8], [9]).  

Let 𝐾𝑇 be a subbundle of 𝑖𝑇. Assume that 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) is a smooth fibre bundle. If 𝑖𝑇 = 𝐾𝑇⊕𝑋𝑇 , then 

CORE Metadata, citation and similar papers at core.ac.uk

Provided by International Institute for Science, Technology and Education (IISTE): E-Journals

https://core.ac.uk/display/304991904?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.iiste.org/


Mathematical Theory and Modeling                                                                                                                                                  www.iiste.org 

ISSN 2224-5804 (Paper)    ISSN 2225-0522 (Online)  

Vol.10, No.2, 2020 

 

79 

the subbundle 𝐾𝑇 is called horizontal. For  a smooth fibre bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿), let 𝑍 ∈  Y𝑋(𝑇). Suppose that 

𝜔 ∈  𝐾(𝑇) is a d i f feren t ia l  form. Then,  𝜔 i s  ca l led  hor izon ta l  i f  𝑓(𝑍)𝜔 = 0. All these horizontal 

forms are a graded subalgebra of 𝐵(𝑇) as it is obvious that each 𝑓(𝑍) is a homogeneous antiderivation. 

This kind of algebra will be called the horizontal subalgebra and will be denoted by 𝐵𝐾(𝑇) ([1], [3], 

[11]). 

Now we define the vertical subalgebra of 𝐵(𝑇). For this, we choose a horizontal subbundle 𝐾𝑇
 of 𝑖𝑇.  

The ℧(𝑇)-module of horizontal vector fields on 𝑇 is 𝑌𝐻(𝑇). Let us define a graded subalgebra 𝐵𝑋(𝑇) ⊂

𝐵(𝑇) by  

𝐵𝑋(𝑇) = {𝜔 ∈ 𝐵(𝑇) ∶ 𝑓(𝑋)𝜔 = 0}, 

where  𝑋 ∈ 𝒳𝐻(𝑇) and 𝐵𝑋(𝑇)  is dependent on the choice of  𝐾𝑇 . Then, the graded subalgebra 𝐵𝑋(𝑇)  is 

called the vertical subalgebra  of 𝐵(𝑇).  

Assume that dim𝑃 = 𝑟, dim 𝐿 = 𝑠  and 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿)  is a smooth fibre bundle. Let 𝜎𝑥  denote the 

inclusion given by   

𝜎𝑥: 𝐿𝑥 → 𝑇, 

where 𝑥 ∈ 𝑃, and 𝐿𝑥 is the fibre at 𝑥. Also, 𝐿𝑥 is a submanifold of 𝑇.  

Let 𝜔 be a differential s-form in 𝐵𝑠(𝑇). For each 𝜔 ∈ 𝐵𝑠(𝑇), and 𝑥 ∈ 𝑃 , 𝜎𝑥
∗𝜔   is a differential r-form in 

𝐵𝑟(𝐿𝑥). Since 𝜎𝑥
∗𝜔 ∈ 𝐵𝑟(𝐿𝑥), so 𝜎𝑥

∗𝜔 orients the fibre at 𝑥 ∈ 𝑃, i.e., 𝐿𝑥. If 𝜔1, 𝜔2 ∈ 𝐵
𝑠(𝑇), then 𝜎𝑥

∗𝜔1, 𝜎𝑥
∗𝜔2 ∈

𝐵𝑟(𝐿𝑥). If, for every 𝑥 ∈ 𝑃, the orientations on 𝐿𝑥 induced by 𝜎𝑥
∗𝜔1  and 𝜎𝑥

∗𝜔2, respectively, are identical, then 

the differential forms 𝜔1 and 𝜔2 are called equivalent ([5], [12]).  

Consider the smooth fibre bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) and an r-form 𝜔 on 𝑇. For every 𝑥 ∈ 𝐹, the r-form 𝜔 

indeces an r-form 𝜎𝑥
∗𝜔 ∈ 𝐵𝑟(𝐿𝑥) . Then, the smooth fibre bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿)  is orientable  if 𝜎𝑥

∗𝜔 

orients 𝐿𝑥 for every 𝑥 ∈ 𝐹. In this case, an orientation for 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) is an equivalence class of the r-form 𝜔. 

Let 𝑃 be an oriented base, then the vector bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) is an oriented bundle over 𝑃. Let 𝜔 ∈

𝐵𝑠(𝑇)  and 𝑑𝑃 ∈ 𝐵
𝑟(𝑃) . If the orientation of the bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿)  is represented by 𝜔  and the 

orientation of the oriented base 𝑃  is represented by 𝑑𝑃 , then the orientation of the manifold 𝑇 is 

represented by 𝜌∗𝑑𝑃 ∧ 𝜔. The orientation represented by 𝜌∗𝑑𝑃 ∧ 𝜔 is said to be the local product orientation ([4], 

[6], [10]).  

For the oriented bases 𝑃  and �̂� , let us consider the oriented vector bundles 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) and �̂� =

(�̂�, �̂�, �̂�, �̂�) over 𝑃 and �̂�, respectively. Assume that 𝑔: 𝑇 →  �̂� is a fibre-preserving map and ℎ: 𝑃 →  �̂� is 

a local diffeomorphism induced by 𝑔. Then the map 𝑔 is called a local diffeomorphism if 𝑔 is restricted for 𝑧 ∈

𝑃 to the local diffeomorphism 
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𝑔𝑧: 𝐿𝑧  →  �̂�ℎ(𝑧). 

2. Main Results 

Theorem 1. Assume that 𝜔 ∈ 𝐾(𝑇) is a d i ffe ren t ia l  n - form and 𝐵𝑋(𝑇) is the vertical subalgebra of 

𝐵(𝑇). Then, an isomorphism 

𝑔: 𝐵𝐾(𝑇) ⊗𝑇 𝐵𝑋(𝑇)  
      ≅      
→     𝐵(𝑇) 

of graded algebras is given by the multiplication map 𝜔⊗ Υ ↦ 𝜔 ∧ Υ. 

Proof.  Consider the decomposition 𝑖𝑇 = 𝐾𝑇⊕𝑋𝑇. The following maps are the projections induced by 

this decomposition:                       

𝐾𝑥: 𝑇𝑥(𝑇) →  𝐾𝑥(𝑇) 

and   

𝑋𝑥: 𝑀𝑥(𝑇)  →  𝑋𝑥(𝑇). 

For 𝑋 ∈ 𝒳𝐻(𝑇), the graded subalgebra 𝐵𝑋(𝑇) ⊂ 𝐵(𝑇) given by  

𝐵𝑋(𝑇) = { 𝜔 ∈  𝐵(𝑇) ∶ 𝑓(𝑋)𝜔 = 0} 

is the vertical subalgebra  of 𝐵(𝑇) , which depends on 𝐾𝑇 , so it is obvious that the map from 

𝐵𝐾(𝑇) ⊗𝑇 𝐵𝑋(𝑇) to 𝐵(𝑇) is a homomorphism of graded algebras, that is,  the map 𝑔 given by  

𝑔: 𝐵𝐾(𝑇)  ⊗𝑇  𝐵𝑋(𝑇) 
      ≅      
→     𝐵(𝑇) 

is a homomorphism of graded algebras.  

Now, we have to show that the homomorphism given by 

𝑔: 𝐵𝐾(𝑇)  ⊗𝑇  𝐵𝑋(𝑇) 
      ≅      
→     𝐵(𝑇) 

is bijective. Since the decomposition 𝑖𝑇 = 𝐾𝑇⊕𝑋𝑇 induces 𝐾𝑥: 𝑇𝑥(𝑇) →  𝐾𝑥(𝑇) and 𝑋𝑥: 𝑀𝑥(𝑇)  →  𝑋𝑥(𝑇), so 

there exist isomorphisms ℎ𝐾 and ℎ𝑋 given by 

ℎ𝐾 ∶ 𝑆𝑒𝑐 ⋀𝐾𝑇
∗  
      ≅      
→     𝐵𝐾(𝑇) 

and   

ℎ𝑋 ∶ 𝑆𝑒𝑐 ⋀𝑋𝑇
∗  
      ≅      
→     𝐵𝑋(𝑇).                   
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The isomorphisms ℎ𝐾 and ℎ𝑋 are of  ℧(𝑇)-modules. Thus, if 𝜔 ∈ 𝐾(𝑇) is a di f fe ren t ia l  fo rm  and 𝑡𝑖 ∈ 𝑇𝑥(𝑇), 

then we have the following relations: 

ℎ𝐾𝜔(𝑥; 𝑡1 ,   ⋯  , 𝑡𝑛) =  𝜔(𝑥; 𝐾𝑥𝑡1 ,   ⋯  , 𝐾𝑥𝑡𝑛), 

and 

ℎ𝑋Υ(𝑥; 𝑡1 ,   ⋯  , 𝑡𝑛) =  Υ(𝑧; 𝐾𝑥𝑡1 ,   ⋯  , 𝐾x𝑡𝑛). 

The map from ⋀𝐾𝑇
∗⊗ ⋀𝑋𝑇

∗   to  ⋀𝑖𝑇
∗  is a bundle isomorphism and this bundle isomorphism induces another 

isomorphism h. That means h is induced by   

⋀𝐾𝑇
∗⊗⋀𝑋𝑇

∗  
      ≅      
→     ⋀𝑖𝑇

∗ . 

Since the map from Sec ⋀KT
∗ ⊗T Sec ⋀XT

∗  to 𝐵𝐻(𝑇) ⊗𝑇 𝐵(𝑇) is also an isomorphism, we have the following 

commutative diagram: 

 

Consequently, the map 𝑔: 𝐵𝐾(𝑇) ⊗𝑇 𝐵𝑋(𝑇) 
      ≅      
→     𝐵(𝑇) of graded algebras given by the multiplication map 

𝜔⊗ Υ ↦ 𝜔 ∧ Υ is an isomorphism.                           

Theorem 2. Assume that 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) is a smooth fibre bundle and 𝜔 is a differential form in 𝐵𝑠(𝑇). Let 

𝑖𝑋𝜔 ∈ 𝑆𝑒𝑐 ⋀
𝑠𝑋𝑇
∗ . Then the vector  bundle 𝑋𝑇 is  or iented by 𝑖𝑋𝜔 if 𝐹 is  or iented by  𝜔. Consider two 

differential forms 𝜂 and 𝜔 in 𝐵𝑠(𝑇) and their induced forms 𝑖𝑋𝜂,  𝑖𝑋𝜔 in 𝐵𝑟(𝐿𝑥). Then, the orientations of 

𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) by 𝜂 and 𝜔 are identical if and only if the orientations of  𝑋𝑇 by  𝑖𝑋𝜂 and 𝑖𝑋𝜔 are identical.  

Proof.  Suppose that 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) is a smooth fibre bundle. Let dim𝑃 = 𝑟, dim 𝐿 = 𝑠. For 𝑥 ∈ 𝑃, let 

us consider the inclusion 𝜎𝑥 given by   

𝜎𝑥: 𝐿𝑥 → 𝑇, 

where 𝐿𝑥 is the fibre at 𝑥 and is a submanifold of 𝑇. 

For each 𝜔 ∈ 𝐵𝑠(𝑇), 𝜎𝑥
∗𝜔 is a differential form in 𝐵𝑟(𝐿𝑥), where 𝑥 ∈ 𝑃. Since 𝜎𝑥

∗𝜔 ∈ 𝐵𝑟(𝐿𝑥), so 𝜎𝑥
∗𝜔 orients 

the fibre 𝐿𝑥  at 𝑥 ∈ 𝑃. If 𝜔1, 𝜔2 ∈ 𝐵
𝑠(𝑇), then 𝜎𝑥

∗𝜔1, 𝜎𝑥
∗𝜔2 ∈ 𝐵

𝑟(𝐿𝑥). If the orientations on 𝐿𝑥 induced by 𝜎𝑥
∗𝜔1  
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and 𝜎𝑥
∗𝜔2 are identical for every 𝑥 ∈ 𝑃, then the differential forms 𝜔1 and 𝜔2 are equivalent.  

For every 𝑥 ∈ 𝐹, the r-form 𝜔 indeces an r-form 𝜎𝑥
∗𝜔 ∈ 𝐵𝑟(𝐿𝑥). If 𝜎𝑥

∗𝜔 orients 𝐿𝑥  for every 𝑥 ∈ 𝐹, then the 

smooth fibre bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿)  is orientable. In this case, an orientation for 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿)  is an 

equivalence class of the r-form 𝜔. 

The bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) is  o r ien ted by 𝜔. If we choose an element 𝑦 in the fibre 𝐿𝑥 and 𝑥 ∈ 𝑃, then we 

have  

(𝜎𝑥
∗𝜔)(𝑦)  ≠ 0. 

Since the differential form 𝜔 in 𝐵𝑠(𝑇) induces the differential form 𝑖𝑋𝜔 in 𝐵𝑟(𝐿𝑥), consequently, for 𝑦 ∈ 𝑇, we 

have 

(𝑖𝑋𝜔)(𝑦) ≠ 0. 

Therefore, 𝑋𝑇 i s  or iented  by  𝑖𝑋𝜔.   

It is obvious that for 𝑦 ∈ 𝑇, the nonzero scalars 𝑗𝑦 are unique. Since the bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) is  or iented 

by 𝜂 and 𝜔,  then for  𝑥 ∈ 𝑃, 𝑦 ∈ 𝐿𝑥 and the nonzero unique scalars 𝑗𝑦, we have  

(𝜎𝑥
∗𝜔)(𝑦) =  𝑗𝑦  ∙ (𝜎𝑥

∗𝜂)(𝑦). 

The both conditions are equivalent to 𝑗𝑦 > 0, 𝑦 ∈ 𝑇, since in this case we have 

(𝑖𝑇𝜔)(𝑦) =  𝑗𝑦 ∙ (𝑖𝑇𝜔)(𝑦). 

Therefore, the orientations of 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿 ) by 𝜂 and 𝜔 are identical if and only if the orientations of  𝑋𝑇 

by 𝑖𝑋𝜂 and 𝑖𝑋𝜔 are identical. 

Lemma 1.  I f  𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) is a smooth fibre bundle, then the map 𝑖𝑋𝜔: 𝐹 → 𝑋𝑇 i s  b i ject ive.   

Proof. Consider the smooth fibre bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) and an r-form 𝜔 on 𝑇. For every 𝑥 ∈ 𝐹, the r-

form 𝜎𝑥
∗𝜔 ∈ 𝐵𝑟(𝐿𝑥)  is induced by the r-form 𝜔 . Then, the smooth fibre bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿)  is 

orientable if 𝜎𝑥
∗𝜔 orients 𝐿𝑥 for every 𝑥 ∈ 𝐹. It is obvious from Theorem 2 that the map from  orientations 

of the smooth fibre bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿)  to orientations of  𝑋𝑇  is  one- to-one ,  that is, the 

correspondence 𝜔 ↦ 𝑖𝑇𝜔  is injective. Let us consider an element Γ ∈ 𝑆𝑒𝑐 ⋀𝑠𝑋𝑇
∗ . Suppose that 𝑋𝑇  i s  

oriented by Γ . Let 𝐵𝑋(𝑇) ⊂ 𝐵(𝑇)  be the vertical subalgebra corresponding to a particular horizontal 

subbundle. Then, there is an isomorphism 𝑖𝑇  which maps 𝐵𝑋(𝑇) onto 𝑆𝑒𝑐 ⋀𝑋𝑇
∗ . Consequently, there exists a 

unique element in 𝐵𝑋
𝑠(𝑇), say 𝜔, such that  

𝑖𝑋𝜔 = Γ. 
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Therefore, 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) is oriented by 𝜔. Thus, the map 𝑖𝑋𝜔: 𝐹 → 𝑋𝑇 i s  b i ject ive.  

Theorem 3. Consider a connected base 𝑃 and a smooth fibre bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) over 𝑃. Assume that 

𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) is oriented by two elements 𝜂, 𝜔 ∈ 𝐵𝑠(𝑇) and their induced maps are  𝜎𝑐
∗𝜂 and 𝜎𝑐

∗𝜔 for a fixed 

𝑐 ∈ 𝑃. Then, the orientations in 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) represented by 𝜂 and 𝜔 are identical if the orientations in 𝐿𝑐 

represented by  𝜎𝑐
∗𝜂 and 𝜎𝑐

∗𝜔 are identical.  

Proof. Let us consider any component 𝑈 of 𝑇. For 𝑈, 𝐿𝑈 is the union of components of 𝐿.  Then, there 

exists a smooth bundle (𝑈, 𝜌𝑈  , 𝑃, 𝐿𝑈) if 𝜌 is restricted to 𝑈 . Let us choose two elements 𝜂  and  𝜔  in  

𝐵𝑠(𝑇) such that they orients 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿). Let 𝐿𝑐 be the fibre at 𝑐 ∈ 𝑃 and be a submanifold of 𝑇, then 𝜎𝑐 

denote the inclusion given by  

𝜎𝑐: 𝐿𝑐 → 𝑇. 

Also, the maps induced by 𝜂 and 𝜔 are 𝜎𝑐
∗𝜂 and 𝜎𝑐

∗𝜔, respectively. Since the orientations in 𝐿𝑐 by  𝜎𝑐
∗𝜂 and 𝜎𝑐

∗𝜔 

are identical, so the orientations in (𝐿𝑈)𝑐 by  𝜎𝑐
∗𝜂 and 𝜎𝑐

∗𝜔 are also identical. As a result, we can conclude 

that 𝑇 is connected.  

Again, let us consider 𝑇 to be connected. For 𝜂, 𝜔 ∈ 𝐵𝑠(𝑇), the vector bundle 𝑋𝑇 i s  or ien ted by  the  

induced  maps  𝑖𝑋𝜂  and  𝑖𝑋𝜔 . If we choose a map ℎ ∈ ℧(𝑇)  such that ℎ  has no zeros, then it follows 

immediately that 

𝑖𝑋𝜂 = ℎ ∙  𝑖𝑋𝜔. 

Since 𝑇 is connected, so we have either ℎ > 0 or ℎ < 0. In this case, we will show that ℎ > 0.  For 𝑦 ∈ 𝐿𝑥 

and 𝑥 ∈ 𝑃, we have   

(𝜎𝑐
∗𝜔)(𝑦) ≠ 0. 

Since 𝑖𝑋𝜔 is the map induced by 𝜔, so, for 𝑦 ∈ 𝑇, we have  

(𝑖𝑋𝜔)(𝑦) ≠ 0. 

Since 𝜂 and 𝜔 orient the bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿),  then for  𝑥 ∈ 𝑃, 𝑦 ∈ 𝐿𝑥  and the nonzero unique scalars 𝑗𝑦 , 

we have  

(𝜎𝑐
∗𝜔)(𝑦) = 𝑗𝑦 ∙ (𝜎𝑐

∗𝜂)(𝑦). 

Thus, (𝑖𝑇𝜔)(𝑦) = 𝑗𝑦 ∙ (𝑖𝑇𝜔)(𝑦). As a result, we have 𝑗𝑦 > 0, 𝑦 ∈ 𝑇. Equivalently, there exists  𝑗𝑦 > 0 and 𝑦 ∈

𝐿𝑐 such that  

( 𝜎𝑐
∗𝜂)(𝑦) = 𝑗𝑦 ∙ (𝜎𝑐

∗𝜔)(𝑦). 
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Therefore, ℎ(𝑦) =  𝑗𝑦 > 0, that is, ℎ > 0. Hence, we can conclude that the orientations of 𝐹 represented by 𝜂 

and 𝜔 are identical if  the orientations of 𝐿𝑐 represented by  𝜎𝑐
∗𝜂 and 𝜎𝑐

∗𝜔 are identical. 

Lemma 2.  Let 𝑔: 𝑇 →  �̂� be a fibre preserving map for the smooth fibre bundles 𝐹 =  (𝑇, 𝜌, 𝑃, 𝐿) and �̂� =

(�̂�, �̂�, �̂�, �̂�) . Assume that if  𝑃  is connected, then  𝐹  and �̂�  are oriented bundles . The bundle 

orientations are preserved by 𝑔  if  𝑔𝑧  is orientation preserving, where 𝑧 ∈ 𝑃  and 𝑔𝑧  is restricted to the 

following local diffeomorphisms 

𝑔𝑧 ∶ 𝐿𝑧  →  �̂�ℎ(𝑧). 

Proof.  Consider the smooth fibre bundles 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) and �̂� = (�̂�, �̂�, �̂�, �̂�). Let the map  

ℎ: 𝑃 →  �̂� 

be induced by a smooth fibre-preserving map 𝑔: 𝑇 →  �̂�. For 𝑧 ∈ 𝑃, the map 𝑔: 𝑇 →  �̂�  is restricted to the 

following diffeomorphism  

𝑔𝑧 ∶ 𝐿𝑧 → �̂�ℎ(𝑧). 

Here, 𝑔𝑧  is local diffeomorphism. The map 𝑔  preserves the bundle orientations if 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) and �̂� =

(�̂�, �̂�, �̂�, �̂�) are oriented and 𝑔𝑧 is orientation preserving.  

Consider a differential form 𝜔 in 𝐵𝑠(�̂�). Let the orientation of �̂� be represented by 𝜔. Then, 𝑔∗𝜔 orients 

𝐹 if for each 𝑧 ∈ 𝑃, we have  

𝜎𝑧
∗ 𝑔∗𝜔 =  𝑔𝑧

∗𝜎ℎ(𝑧)
∗ 𝜔. 

Therefore, the bundle orientations are preserved by 𝑔 if 𝐹 is oriented by 𝑔∗𝜔. 

Equivalen tly ,  le t  𝑔𝑧 be  or ien ta t ion  preserv ing.  I f  the orientation of �̂� is presented by 𝜔 and the 

orientation of 𝐹 is presented by 𝜂,  then  the orientations of 𝐿𝑧 presented by 𝜎𝑐
∗𝜂 and 𝜎𝑐

∗𝑔∗𝜔 are identical. 

Therefore, the orientation of 𝐹 is presented by 𝑔∗𝜔, that is, the bundle orientations are preserved by 𝑔 if  𝑔𝑧 is 

orientation preserving.  

Theorem 4. Let 𝑇 be a manifold. Assume that an r-form 𝜔 orients the smooth fibre bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿), 

𝑑𝑃 ∈ 𝐵
𝑟(𝑃)  orients 𝑃  and the manifold 𝑇  is oriented by the (𝑟 + 𝑠) -form 𝑑𝑇 = 𝜌

∗ 𝑑𝑃 ∧ 𝜔 . Then, 𝑑𝑇 

depends on 𝜔 and 𝑑𝑃.  

Proof. Assume that 𝑃 is connected. Consider the smooth fibre bundle 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) such that the r-form 𝜔 

orients 𝐹.  Also assume that 𝑑𝑃 ∈ 𝐵
𝑟(𝑃) orients 𝑃 and the manifold 𝑇 is oriented by the (𝑟 + 𝑠)-form  

𝑑𝑇 = 𝜌
∗ 𝑑𝑃 ∧ 𝜔. 
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Let us choose a fixed element 𝑐 ∈ 𝑃 such that 𝑑𝐿 = 𝜎𝑐
∗𝜔. Then, 𝐿 is oriented by 𝑑𝐿.  Since 𝑃 is connected, 

we have to consider the case 𝑇 = 𝑃 × 𝐿. Then, the orientations of 𝐹 presented by 𝜔 and 1 × 𝑑𝐿  are identical. 

Assume that 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿)  is a smooth fibre bundle and 𝜔  is a differential form in 𝐵𝑠(𝑇) . Let 𝑖𝑋𝜔 ∈

𝑆𝑒𝑐 ⋀𝑠𝑋𝑇
∗ . Then, the vector  bundle 𝑋𝑇  is  or ien ted by 𝑖𝑋𝜔  if 𝐹  i s  or iented by 𝜔 . Consider two 

differential forms 𝜂 and 𝜔 in 𝐵𝑠(𝑇) and their induced forms 𝑖𝑋𝜂 and 𝑖𝑋𝜔 in 𝐵𝑟(𝐿𝑥). Then, the orientations of 

𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) by 𝜂 and 𝜔 are identical if and only if the orientations of 𝑋𝑇 by 𝑖𝑋𝜂 and 𝑖𝑋𝜔 are identical.  

Let ℎ ∈ ℧(𝑃 × 𝐿) such that ℎ > 0. If the orientations of 𝐹 = (𝑇, 𝜌, 𝑃, 𝐿) by 𝜂 and 𝜔 are identical, then the 

orientations of  𝑋𝑇 by 𝑖𝑋𝜂 and 𝑖𝑋𝜔 are also identical. Therefore, the orientations in 𝑋𝑇 represented by 𝑖𝑋𝜔 

and 𝑖𝑋(1 × 𝑑𝐿) are  identical .  In  this case,  we have   

𝑖𝑋𝜔 = ℎ ∙ 𝑖𝑋(1 × 𝑑𝐿).  

If 𝑎 ∈ 𝑃, 𝑏 ∈ 𝐿, then we have  

(𝜎𝑐
∗𝜔)(𝑎) = ℎ(𝑎, 𝑏) ∙ 𝑑𝐿(𝑏). 

Consequently, it follows immediately that 

𝜌∗𝑑𝑃 ∧ 𝜔 = ℎ ∙ 𝜌
∗𝑑𝑃 ∧ 𝜌𝐿

∗𝑑𝐿 . 

The orientation presented by the form 𝜌∗𝑑𝑃 ∧ 𝜌𝐿
∗𝛥𝐿  orients 𝑃 × 𝐿 . Since 𝑑𝑃  and 𝑑𝐿  represent  the 

orientations of 𝑃 and 𝐿, respectively, hence the orientation represented by 𝜌∗𝑑𝑃 ∧ 𝜌𝐿
∗𝛥𝐿  depends on 

the or ientat ions represented by 𝑑𝑃 and 𝑑𝐿.  Since the manifold 𝑇 is oriented by the (𝑟 + 𝑠)-form 𝑑𝑇 =

 𝜌∗ 𝑑𝑃 ∧ 𝜔 and ℎ > 0, so, 𝑑𝑇 depends on 𝜔 and 𝑑𝑃.    
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