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Abstract: It is shown that, under certain uniqueness conditions, a strongly continuous
n-parametric local semigroup of isometric operators on a Hilbert space, can be extended
to a strongly continuous n-parametric group of unitary operators on a larger Hilbert space.
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1. INTRODUCTION

The notion of uni-parametric local semigroups of operators appears in
several problems of mathematical analysis. In particular local semigroups
of isometric operators appear in some problems on Fourier representation of
positive definite functions of a real variable, where the unitary extensions of
the semigroup provide solutions of the problem. To such problems belongs
the classical theorem of M.G. Krein [13], which asserts that every continuous
positive definite function defined on an interval I C R can be extended to a
continuous positive definite function on R.

* First and second authors were supported in part by the CDCH of the Universidad
Central de Venezuela. Grant PI-03-8623-2013/2
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The study of uni-parametric local semigroups of isometries in Pontrjagyn
spaces was started by Grossman and Langer in [11], who proved the existence
of unitary extensions of such semigroups and derived from this result a gener-
alization of Krein’s theorem for x-indefinite functions. In the case of Hilbert
spaces such study was developed independently by the first author in [4], for
the more general case of local semigroups of contractions, giving several appli-
cations to generalized Toeplitz kernels as well as a simple proof of the Krein
extension theorem.

It is known that the Krein theorem may fail in the two-dimensional case,
i.e., not every continuous positive definite function defined on a rectangle
extends to a positive definite function in the whole plane (see the paper of W.
Rudin [18]). However A. Devinatz [8] proved that such an extension exists if
the positive definite function satisfies some additional conditions, which were
later relaxed by G.I. Eskin [10], for more information see the book of Iu.
Berezanski [3].

The notion of n-parametric local semigroups of isometries can be defined
in a natural way and a n-tuple of infinitesimal generators can be attached to
it. F. Peldez [16] gave a necessary and sufficient condition for a bi-parametric
local semigroup in a Hilbert space to extend to a two parameter unitary group
and, with this result and some results of Devinatz, obtained a new proof of the
above mentioned theorem of Devinatz. The bi-parametric case was studied
later in [5], where an extension result for bi-parametric local semigroups of
isometric operators was obtained, as an application of this result a new proof
of the case n = 2 of the Eskin extension result was given. A result about
commutative self-adjoint extensions of a pair of symmetric operators given by
A. Koranyi in [12] was an important tool in that paper. The main results of
[5] were generalized to the k-indefinite case in [6], by the first and the second
author.

In the present paper we discuss the problem of unitary extensions for n-
parametric local semigroups of isometric operators on Hilbert spaces, with
a different approach to that used in [5]. The paper is organized as follows:
In Section 2 we give some preliminary results and definitions, in Section 3 we
obtain some results about commutative unitary extensions which are necessary
tools in this paper, in Section 4 we prove our extension result for n-parametric
local semigroups of isometric operators (see Theorem 15) and finally, in Section
5 we give a new proof of the Eskin result (see Theorem 23).
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2. PRELIMINARIES

As usual if (H, (, )) is a Hilbert space, || |l will denote the norm on
and L(H) will denote the space of the bounded linear transforms on H. If T
is a linear operator D(T') and R(T") will denote the domain and the rank of
T respectively and, if T is closable, the closure of T will be denoted by T.
Also by N, Z, R and C we will denote the sets of natural, integers, real and
complex numbers.

2.1. SYMMETRIC AND SELF-ADJOINT OPERATORS

Let H be a Hilbert space and let A : D(A) — H be a densely defined linear
operator. The operator A is said to be symmetric if

<Af7 g>7‘l = <f7 Ag>7‘l for all fvg € D(A) :

Symmetric operator satisfies A C A*. If A = A* the operator is called self-
adjoint.

Following the usual terminology about unbounded self-adjoint operators
we give the following definition, for more details see [17, page 271].

DEFINITION 1. Two self-adjoint operators are said to commute if their
spectral measures commute.

Remark 2. Given a pair of symmetric operators A and B, the problem
of finding conditions for the existence of a pair of commuting self-adjoint
operators Aand B extending A and B respectively is not easy. It is important
to recall the surprising counterexample given by E. Nelson, which shows how
difficult is to deal with unbounded operators [15]: There exist two symmetric
operators A and B on a Hilbert space H having a common invariant domain D
such that for all real a and b, aA + bB is essentially self-adjoint and such that
for all € D ABx = BAx, but such that the spectral measures of A and B
do not commute. See [17, Chapter VIII, Section 5] for additional comments.

An operator A is called skew-symmetric if 1A is symmetric and it is called
skew-adjoint if 1A is self-adjoint. Symmetric and skew-symmetric operators
are closable. A symmetric operator is called essentially self-adjoint if its
closure is self-adjoint.
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2.2. CAYLEY TRANSFORM

Let H be a Hilbert space and let A : D(A) — H be a symmetric operator,
then it holds that

1Af +if 5 = 1AfI5, + 115 = | AF —if 13 for all f € D(A).
Therefore the operator T4 : R(A+iI) — R(A —il) defined by
Ta(Af+if)=Af —if for f € D(A)

is isometric. The operator T4 is called the Cayley transform of A.
The deficiency indexes of the operator A are defined by

dt(A) = dimker(A* + iI) = dim (R(A — U))L

and
d_(A) = dimker(A* —iI) = dim (R(A +iI))*.

The following properties of the Cayley transform will be used in this paper
(for details see [9, 19]).

1. Let A be a symmetric operator, then:

(a) T4 is a partial isometric operator, with domain R(A+¢I) and rank
R(A —il);

(b) T4 is closed if and only if A is closed;

(¢) RI—T4) = D(A), I — T4 is one to one (that is, 1 is not an
eigenvalue of Ty4), and A can be reconstructed from T4 by the

formula
A=i(I+Ta)I -Ta) Y

(d) T4 is unitary if and only if A is self-adjoint;
(e) A is essentially self-adjoint if and only if dy(A) =d_(A) = 0.
2. If T is a partial isometric operator such that 1 is not an eigenvalue of
T, then T is the Cayley transform of a symmetric operator on H.

3. If A and B are symmetric operators on H, then A C B if and only if
Ty CTg.

4. If A is a symmetric operator and V' € L(H) then the following conditions
are equivalent
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(a) VD(A) C D(A) and VA = AV |p(a);
In other words: V' commutes with A if and only if V' commutes with Ty4.

5. If A is a skew-symmetric operator then the Cayley transform of iA is
given by
Tia(Af + f) = Af — f for f € D(A).

2.3. MULTI-PARAMETRIC UNITARY GROUPS

The following n-parametric version of the Stone theorem will be used (see,
for example, [17, Theorem VIII.13]).

Suppose that Aq,---, A, are self-adjoint operators on the Hilbert space
‘H. Then the following conditions are equivalent:

(a) the operators Ay, ---, A, commute;
(b) the Cayley transforms operators T4, , -+ , T4, commute;

(c) the n-tuple (Ay,---,A,) generates a strongly continuous group of uni-
tary operators on L(#H). This group is given by

Ulzy,... x,) = 8. idntn

for (z1,...,z,) € R™.
2.4. UNI-PARAMETRIC LOCAL SEMIGROUPS OF ISOMETRIC OPERATORS

According to the definition given in [4], if a is a positive real number and
‘H is a Hilbert space, a uni-parametric local semigroup of isometric operators
is a family (S(z), H(z))ze[0,a) Such that:

(i) for each = € [0,a) we have that H(x) is a closed subspace of H and
H(0) = H;
(ii) for each x € [0,a), S(z) : H(x) — H is a linear isometry and S(0) = Iy;
(i) H(z) C H(z) if 2,2 € [0,a) and x < z;
(iv) if x,2 € [0,a) and z + 2 € [0, a) then
S(z)H(x + z) C H(x)
and
S(x+ z)h = S(z)S(2)h
for all h € H(x + 2);
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(v) U H(z) is dense in H(z) for every z € [0, a).
o)
The local semigroup is said to be strongly continuous if for all r € [0, a)
and f € H(r) the function z — S(z)f , from [0, 7] to H, is continuous.
The infinitesimal generator of the semigroup if defined by

Ah = lim SWh=h for h € D(A)
t—0+ t
where
_ . Sth—h .
DA)=(he U H(r) : tl_1>ron+ ; exists

re(0,a)

Remark 3. For the strongly continuous case, it can be proved (see [4] for
details) that D(A) is dense in H, A : D(A) — H is a skew-symmetric operator
and if A is a skew-adjoint extension of A to a larger Hilbert space then

S(r) = e’"A|H(T) for all 7 € [0,a).

It also holds that the local semigroup (S(r),H(r))re[0,q) has a unique unitary
extension to the same Hilbert space H if and only if A is essentially skew-
adjoint.

3. SOME RESULTS ABOUT COMMUTATIVE UNITARY EXTENSIONS

In this section we prove some results about commutative unitary extensions
of a group of unitary operators and a partial isometric operator, which are
necessary for our main result. The following two propositions will be useful.

PROPOSITION 4. Let H be a Hilbert space.

(a) If C € L(H) is a contraction such that 1 is not an eigenvalue of C, then
1 is not an eigenvalue of the minimal unitary dilation of C.

(b) If D is a closed subspace of H and T : D — H is a partial isometric
operator such that 1 is not an eigenvalue of T, then 1 is not an eigenvalue
of the contraction operator TP%".
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+o0o
Proof. (a) Let G = @H, according to the construction given in [20,
—00
Chapter 1, Section 5] the minimal unitary dilation of C' is the restriction to a
suitable subspace of G of the unitary operator U : G — G defined by

(Ug)_l = Doho — C*hl s
(Ug)o = Cho 4 Dc+hy ,

Ug)j = hjn (7 #0,-1),
for g = (hyn):2° o € G, where
Dg = (I-C*C)Y2, Dee = (I —CC*)M2.

If g = (hy)2° . € G and Ug = g it must hold that

h_1=Dcho— C*hy,
ho = Chg + Dco+h1,
hj = hjt (J#0,-1).

From h; = hjq1 if j # 0,—1 we obtain that h; = 0if j > 1 or j < —2, so we
have that hg = Chg. Since 1 is not an eigenvalue of C' we have that hg = 0
and finally

h_1=Dchy—C*h1 =0.

Therefore g = 0, so 1 is not an eigenvalue of U.
(b) Suppose that h € H and that TPXh = h, then

IPERIG, + PRl = IRl = ITPERIG, < |[PEAG

so we have that P;)ﬂh =0, thus h € D and Th = h. Therefore h =0. |

ProrosiTiON 5. Let ‘H be a Hilbert space and let I be an abelian group.
Suppose that:

(a) D(T) is a closed subspace of H and T : D(T') — H is a partial isometric
operator;

(b) (V(v))yer C L(H) is a unitary representation of I' on L(H);

(c) V(v)D(T) Cc D(T) for all v €T}
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(d) for all vy €' and h € D(T),

V(y)Th =TV (y)h.

If T € L(F) is the minimal unitary dilation of TP}, then
<'T“J‘V(y)h,fmvw)h>; - <Tjh, fmh>f for all jymeZ, veT.

Proof. Since (V(77))~er is a unitary group we have that V(v)D(T") = D(T)
for all v € T', so the operators V() and P%{(T) commute.
For h € H and v € I" we have that

V(v) (TP;){(T)> h = TV (y)Phipyh = <TP£[(T)> V(v)h.

Let v € " and j,m € Z such that j > m, then

(V)T V (k) = (T V() V(3)h)

The case j < m is analogous. 1

THEOREM 6. Let H be a Hilbert space and let I" be an abelian group.
Suppose that:

(a) D(T) is a closed subspace of H and T : D(T') — H is a partial isometric
operator such that 1 is not an eigenvalue of T.

(b) (V(v))yer C L(H) is a unitary representation of I' on L(H).

(c) V(v)D(T) c D(T) for all v €T.
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(d) for all vy €' and h € D(T),
V(y)Th=TV(y)h.

Then there exist a Hilbert space F containing H as a closed subspace, a

unitary operator T € L(F) and a unitary representation (V(¥))yer C L(F)
such that:
(i) V()T =TV (y) for all v € T;
(i) Tlpery = T
(iii) 1 is not an eigenvalue of T';

(iv) V()|ly = V(y) for all v €T.
If T is a topological group and (V(v))~er is strongly continuous then

(V(7))yer can be chosen to be strongly continuous.

Proof. Let T e L(F) be the minimal unitary dilation of the contraction
operator TP%". We have that T' extends T and, from Proposition 4, it follows
that 1 is not an eigenvalue of T.

The space F is given by

+oo
F=\ T'H.
If f= Z;V:_N ajfjhj € F (a; € C,hj € H), from Proposition 5 it follows
that

N N

Z a; TV ()h;|| = Z a;T7h; forall yeT.
j:_N F j:_N F

Since the set of the functions of the form Z;VZ_N ajj:jhj (aj € C,hj € H)

is dense in F, for each v € I' we have a unitary operator 17(7) : G — G which
satisfies

N N
Vi | Y aThs | = Y a/TV()hy.
j=—N j=-N

From the definition of V(v) it follows that V(7)T = TV (y), V(7)|lx =

V() for all v € I' and that (V(v)),er is a group of unitary operators.
The last part about continuity also follows from the definition of V(v). 1
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Remarks 7. (a) This theorem can also be deduced from [12, Lemma
2], but the part that refers to the eigenvalue is easily obtained following the
construction given here. Another proof can be obtained following the idea of
the proof of part (iii) of [1, Theorem 1, p. 330].

(b) Corollary 9 can be deduced from a result slightly different than The-
orem 6, but in the context of indefinite metric spaces, ([7, Theorem 3.6]). Its
proof uses a modified Cayley transform, mostly considered in indefinite metric
spaces. Also, for the particular case I' = R see [14, Theorem 2.5].

COROLLARY 8. Let H be a Hilbert space and let I' be an abelian group.
Suppose that:

(a) D(A) is a dense linear manifold of H and A : D(A) — H is a symmetric
operator;

(b) (V(¥))yer C L(H) is a unitary representation of I' on L(H);

(c) V(v)D(A) C D(A) for all v €T;

(d) for all v € I' and h € D(A),

V(v)Ah = AV (7y)h.

Then there exist a Hilbert space F containing H as a closed subspace, a
self-adjoint operator A defined on a dense linear manifold D(A) of F and a
unitary representation (V('y)),yep C L(F) such that:

(i) V(y)D(A) c D(A) for all v € T;
(ii) V(y)Ah = AV (y)h for all v € T’ and h € D(A);
iii) Alpa) = 4;
iv) V(v )] =V(y) for all v €T.
If A is essentially self-adjoint, then the domain of the extensions can be
the same Hilbert space H. That is we can take F = H.

If T' is a topological group and (V(v))~er is strongly continuous then
(V(7))yer can be chosen to be strongly continuous.

Proof. From the construction of A if follows that for all v € T', V(v)D(A) C
D(A) and
V(y)Ah = AV (y)h if he D(A).
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So we have that the Cayley transform T4, of A, and (‘7(7))7@ satisfy
the conditions of Theorem 6. Therefore there exist a Hilbert space F con-
taining H as a closed subspace, a unitary operator_ T € L(F) and a unitary

representatlon (V(¥))yer C L(F) such that V( YT = TV () for all v € T,
T|D TA, 1 is not an eigenvalue of T and V(y)|y = V() for all y € T".

Takmg A as the inverse Cayley transform of T we obtain (i), (i), (iii)

and (iv).
If A is essentially self-adjoint we can take T'=T7 and V = V.
The last part about continuity follows from the last part of Theorem 6. |

COROLLARY 9. Let H be a Hilbert space and let I" be an abelian group.
Suppose that:
(a) (W(t>’H(t))te[o,a) is a strongly continuous uni-parametric local semi-
group of isometric operators on H;
(b) (V(v))yer C L(H) is a unitary representation of I" on L(H);
(c) V(y)H(t) C H(t) for all vy €T and t € [0,a);
(d) for all y €T, te0,a) and h € H(t),
V()W (t)h =W &)V (y)h.

Then there exist a Hilbert space JF containing H as a closed subspace, a
strongly continuous group of unitary operators (W (t))ier C L(F) and a uni-
tary representation (V (7y))yer C L(F) such that:

() VOOW () f = W@V (y)f forall yeT,t €R and h € F;
(ii) ( M@y = W(t) for all t € [0, a);
(iii) V(y)|y = V(7) for all v €T.

If the local semigroup (W (t),H(t))e[0,a) has a unique unitary extension
on the Hilbert space H, then the domain of the unitary extensions can be the
same Hilbert space H. That is we can take F = H.

If T' is a topological group and (V(v))~er is strongly continuous then
(17(7))7@ can be chosen to be strongly continuous.

Proof. Let A be the infinitesimal generator of the local semigroup
(W(t), H(t))ie[0,a), then A is a skew-symmetric operator with domain

W (t)h — h
t

exists

D:hEUH:lim

t—0+
r€(0,a)
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ForyeTI',r € (0,a) and h € H, we have that

" = " for t € (0,r),

W(t)h —h W)V (y)h =V (y)h
Vo (W=h) _ WOV -V
so V(v)D(A) C D(A) and V(y)Ah = AV (y)h for all y € I" and h € D(A).
Therefore, from Corollary 8, we have that there exist a Hilbert space F
containing H as a closed subspace, a skew-adjoint operator A defined on a

dense linear manifold D(A) of F and a unitary representation (V(v))yer C
L(F) such that V(7)D(A) € D(A) for all v € T, V(7)Ah = AV (7)h for all
v €T and h € D(A), Alpay = A and V()| = V(v) for all v € T'. Taking
W (t) = e we obtain (i), (ii) and (iii).

The last part follows from the last part of Corollary 8. |

4. MULTI-PARAMETRIC LOCAL SEMIGROUPS OF ISOMETRIC OPERATORS

Let n be a positive integer and let 7 = (z1,...,2,) and Z = (21, ..., 2)
be points of R"™. We will say that T < Zif xj<gzjforj=1,...,n.

Suppose that qd = (a1,...,a,) € R" and a; > 0, for j = 1,...,n. Let
Q =1[0,a1) X -+ x [0,ay).

By e_} we will denote the vector (0,...,0,1,0,...,0) where the number 1
is in the place corresponding to j.

DEFINITION 10. Let ‘H be a Hilbert space. A n-parametric local semi-
group of isometric operators is a family (S (7), H(?))? 0 such that:

(i) for each 7 € Q we have that H(7) is a closed subspace of H and
H(0) = H;
(i) for each @ € Q, (@) : H(@') — H is a linear isometry and S(
(iii) H(Z)CH(Z)if 7,7 €Q and @ < Z;
(iv) if 7,7 € Qand Z + Z € Q then

6>) = Iy;

S(2YH(Z +7) Cc H(T)

and

S(Z +Z)h=S8(Z)S(Z)h
for all h € H(Z + 2);
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(v) U H(Z) is dense in H(T) for every 7 € Q.
Z>7
ZeQ

The local semigroup is said to be strongly continuous if for all 7 =
(r1,...,m) € Q and f € H(7) the function Z — S(Z)f, from [0,71] x

-+ x [0,7y] to H, is continuous.

Remark 11. Note that if (S(?),H(?))?EQ
parametric local semigroup of isometric operators, then for each j € {1,...,n}
the family (S (te_}), H(te_})) te[0,a;) is a strongly continuous uni-parametric local

A

semigroup of isometric operators. So, if we denote by AY) the infinitesimal
generator of this semigroup, we have that the n-parametric local semigroup
can be extended to a strongly continuous unitary group, with parameter in
R™, on a larger Hilbert space if and only if the operators iA1), ... iA(™ have
commuting self-adjoint extensions to a larger Hilbert space.

We also have that for j,m € {1,...,n}, j # m and z,, € [0, ay,) the family

is a strongly continuous n-

(S(t Nl &t &) L & +am 6_>m))t6[07%)

is a uni-parametric local semigroup of isometric operators on H(x €_m>) For

m
simplicity, when we refer to this local semigroup, we will use S(¢ e_;) instead
%
of S(t 6j)|?-z(t & Lm em)”

4.1. THE BI-PARAMETRIC CASE

Suppose that (S(x, y), H(x, y)) (z.0)€0.0) % [0.b
parametric local semigroup of isometric operators on the Hilbert space H.

For x € [0,a), B, will denote the infinitesimal generator of the uni-
parametric local semigroup of isometric operators (S(0,y), #(z,y))

) is a strongly continuous bi-

C
y€[0.b)
L(H(x,0)), and for y € [0,b), A, will denote the infinitesimal generator of the

uni-parametric local semigroup of isometric operators (S(z,0), H(z,y))

C L(H(0,y)).

z€[0,a)

PRrROPOSITION 12. With the same notation as before it holds that
$(0.9)D(4,) € D(Ay)
and

S0,y)Ayf = S(0,y)Aof = AoS(0,y)f for all f € D(Ay).
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Proof. Let f € D(Ay), then f € U,¢(oq) H(z,y) and

t—0+ t

exists. So we have that S(0,y)f € U, H(,0) and

S(0, ) <S(t’0if - f> _ S(ty)f - S(0,1)f

_ 5@,0)5(0,9)f = 5(0,9) f
t )

for t positive and small enough. Taking limit as ¢ — 0" we obtain the
result.

THEOREM 13. Let (S(z,y), H(z, y))(r,y)e[ﬂ,a)x[o,b
ous bi-parametric local semigroup of isometric operators on the Hilbert space
H. Suppose that for every y € [0, b), the uni-parametric local semigroup of iso-
metric operators (S(x, 0), H(z, y)) , has a unique extension to a strongly

) be a strongly continu-

z€[0,a)
continuous group of unitary operators on the Hilbert space H(0,y). Then:

(i) For eachy € [0,b) it holds that T;z>H(0,y) C H(0,y) and

(ii) The Iocal semigroup (S(z,y), H(z, y))(m Del.a)x[op) A0 be extended to
a strongly continuous group of unitary operators (U (z, Z/))(a:,y)eRQ on a

larger Hilbert space.

(iii) If we also suppose that for every x € [0,a), the uni-parametric local
semigroup of isometric operators (S(O,y),?—[(w,y))ye[o by has a unique
extension to a strongly continuous group of unitary 6perators on the
Hilbert space H(x,0), then

(1) the local semigroup (S(x,y),?—[(w,y))(m )E0,0)x[0.5) has a unique

extension to a strongly continuous group of unitary operators
(U(xvy))(:c,y)eRQ on L(H):
(2) the unitary operators T and Tig> commute, that is

TETE = TETE
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Proof. (i) It holds that the operator Ay extends A, and from the hypoth-
esis it follows that iAp and iA, are essentially self-adjoint operators on the
Hilbert spaces H and H(0,y) respectively. So we have that T:7— A, 1s a unitary
operator on H, which extends the unitary operator 7:5— 4, on (0, y) Therefore
,TiAO H(Ov y) - H(Ov y)

Since R(I + Ay) is dense in H(0,y) we only need to show that

TES(()?y)f:S(Ovy) ’LAof

for f € R(I + Ay).
Let f € R(I + Ay), then there exists g € D(A,) such that f = (I + A4y)g.
From Proposition 12 it follows that S(0,y)(I + Ay)g = (I + Ao)S(0,y)g,
so we have

Ag—1)S(

Il
Q) CQ A
—~
9
\_/
—~
o
»\‘
~—
Q

(ii) For x € R let V() the unitary operator defined by V (z) = ¢#0%, then
(V(2))zer is a strongly continuous group of unitary operators. From (i) it
follows that, V(z) #(0,y) C H(0,y) and

V(2)S(0,y) = S0, 9)V (@) |0

for all z € R and y € [0, ).

So, from Corollary 9 it follows that there exist a Hilbert space F containing
H_as a closed subspace, a strongly continuous group of unitary operators
(W(y))yeR C L(F) and a unitary representation (V (z))yer C L(F) such that

V()W (y)f =W(y)V(x)f for all x,y € R and f € F,
W(y)b—l(ﬂ,y) - S(Ovy) for all ye [07 b) )
V(x)|y=V() for all z € R.

Taking
Ulz,y) = V(z)W(y)

we obtain the desired result.
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(iii) From (i) and Corollary 9 it follows that we can take F = H in the
last construction, so (1) follows. To prove the uniqueness note that if we have
that U(x,y) = eA%eBY where iA and iB are self-adjoint operators on H,, then
these operators must be self-adjoint extensions of iAg and iBy respectively.
Since iAg and iBj are essentially self-adjoint operators the uniqueness result
follows.

Finally, since U(z,y) = e
TBT) commute. [

AozeBoy g 5 unitary group, we have that Tz~ and

Remark 14. Another proof of (ii) was given in [5].

4.2. THE MULTI-PARAMETRIC CASE

THEOREM 15. Letay,...,an,b be positive real numbers, Q = [0,a1)X- - -X
[0, a,) and let (S(?, y), H(T, y))(?,y)eQx[o,b) be a (n+1)-parametric strongly
continuous local semigroup of isometric operators on the Hilbert space H.
Suppose that:

(a) For each pair j,m € {1,...,n} such that j # m and xz,, € [0,a,,) each
of the uni-parametric local semigroup of isometric operators

o e em
(S(t €5,0), H(t &j + Tm em, 0))te[0,an

has a unique unitary extension to a strongly continuous group of unitary
operators on the Hilbert space H(xm, e—m>, 0).

(b) For each y € [0,b) and j € {1,...,n}, each of the uni-parametric local
semigroup of isometric operators

St?ﬂ,%t?,)
< ( J ) ( J y) te[0,a;)

has a unique extension to a strongly continuous group of unitary oper-
ators on the Hilbert space H( 0 ,y).

Then there exist a Hilbert space F containing ‘H as a closed subspace and
a strongly continuous group of unitary operators (U (2, Y)) (7 y)ernt1 on L(F)
such that

U(?a y)|7—l(7,y) = S(?a y) :
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Proof. For j € {1,...,n} let A(()j ) denote the infinitesimal generator of the

uni-parametric local semigroup (S(te_;,()),”;’-[(te_;,O))te[oa_), then the opera-
EhatV

tors iA(()j ) are essentially self-adjoint.
From (iii) of Theorem 13, considering the bi-parametric local semigroup
of isometric operators

(S(te_}+r%,0),H(t3+ra’0))(t )€l0.a;)x[0,am)
T g am

we obtain that, for j,m € {1,...,n}, the unitary operators TW and TW
) (Eh)

commute. So (z/Tl, s ,Z/Tn) generates a strongly continuous group of unitary
operators on L(H).

Also from (i) of Theorem 13, considering the bi-parametric local semigroup
of isometric operators (S(te_;, ), H(te_j>, y)) , we obtain that, for

j€e{l,...,n} and y € [0,b),

(t,y)€[0,a;)x[0,b)

A9

and

TzAT 5(07 y) = S(Ov y) Tm ‘H(O,y) .
0 0

Therefore if we consider the strongly unitary group of operators on L(H),
with parameter on R" defined by

V(?) = e@xl . e@xn ,
we obtain that, for 7 € R and y € [0,b), V(7)) H(0,y) € H(0,y) and

so the result follows from Corollary 9. |

5. EXTENSION OF POSITIVE DEFINITE FUNCTIONS ON A
MULTI-DIMENSIONAL BOX

In this section some results and definitions given in [4, 5], for the one
and the two parameters case, are extended to the multi-parametric case, see
also [8].

Let ai,...,a, € R such that a; > 0, for j =1,...,n. Let @ = [0,a1) X
-+ X [0,a,) and let R = (—aj,ay1) X -+ X (—ap,a,), so R — R = 2R =
(—2a1,2a1) X -+ X (—2an, 2ay,).
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DEFINITION 16. A function k: R — R — C is positive definite if for each
N eN| H,...,EV)ERand c1y-..,cny € C it holds that

N

p,q=1

Throughout this section ¢ and R will be as before and &k : R— R — C will
be a continuous positive definite function.

5.1. THE REPRODUCING KERNEL HILBERT SPACE ASSOCIATED TO A
POSITIVE DEFINITE FUNCTION

Let K : R x R — C be the kernel defined by
K(Z,Z)=k(Z - 7).

Then K is a continuous positive definite kernel. The reproducing kernel
Hilbert space associated to K (see [2]) is constructed as follows.
For 7 € Rlet K : R — C be the function defined by

and let £ be the linear space defined by
N
E=qu:R—=C: u:ZapKz—;, NeN, a,eC, 7z €R
p=1

The elements of £ are continuous functions. If

N M
u:ZapKZ—; and v:Z,Bqu
p=1 q=1

are elements of £, we define
N M
= Z Z o g K (75, %) -
p=1q=1
Then (, )¢ is a positive semi-definite sesquilinear form on £ and

u(?):<u,K7>g for ue & and 7 € R,
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so we have

(@) < Julls 1Kzl = lulle (£(T.7))"

for all uw € € and 7 € R. Let H be the completion of £. Then the elements
of H are continuous functions, convergence in H implies uniform convergence
and it also holds that

o(7) = <g0,K7>H for o € H and 7 € R.

5.2. THE n-PARAMETRIC LOCAL SEMIGROUP ASSOCIATED TO A POSITIVE
DEFINITE FUNCTION

For @ € Q, let £ (?) be the linear space defined by

N
E(X) = u:R%C:u:ZapKZ—;, NeN, a,eC, 7,73+ T €R
p=1

If 7 € Qandu= Z;],Vﬂ Ko € E(T), we define S(Z) : E(Z) — € by

N

S(2)u = Z Ko 2.

p=1

Note that S(7)p(&) = o(& — 7).
We have that 5(7) is a linear operator and, for u,v € 5(?) it holds that

(S(T)u, S(T)v), = (u,v)e .

If #() is the closure of £(7) in H, then S(7) can be extended to a
linear isometric operator from 7—[(7) into H. If this extension is denoted
by S(Z') too, it is easy to verify that (S(?),H(?))?GQ is an n-parametric
local semigroup of isometric operators on the Hilbert space H. Also, from the
continuity of k follows the strong continuity of the local semigroup.

PRroroOSITION 17. The function k can be extended to a continuous positive
definite function on R™ if and only if the local semigroup, (5(7), H(?))?EQ’
can be extended to a strongly continuous group of unitary operators, on a
larger Hilbert space.
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Proof. (=) If the function k can be extended to a continuous positive
definite function k£ on R"”, following the previous construction with k£ instead
of k, we will obtain a strongly continuous group of unitary operators which
extends (5(7),7{(7))760

(<) Suppose that (S(?),H(?))?EQ can be extended to a strongly

continuous group of unitary operators (U (?))7@@ on a larger Hilbert
space F.

Suppose that 7 €R.

If 7 € Q and & € R is such that & + 7 € R, then

U(T)Kg =S(7)Kg = Kg iz -
If =7 € Q then U(-7)Ky = S(—7)K3 = K, so
U(?)Kﬁ =K.

In the general case T =7 + x5, where $—1>, 75 € Q, so we have that

If 2,7 € R then

k(7 =) = (K2, Kz ),

= (U(?) K3, U(@) Kg)
~ (U@ - ) Kg. K3

for @ € R", we obtain a strongly continuous positive definite extension
of k. 1

It will be necessary to give a characterization of the infinitesimal generators
of the uni-parametric local semigroups associated to (S (Z), ’H(Y))? cor
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For j,m € {1,...,n}, j # m, and (, € [0,am), let Aéjwz be the infinitesimal
generator of the uni-parametric local semigroup

(5(t2), 11T + i) ) C L(H(Gmém))

te[0,a;)
and let Dgrz be the linear operator with domain
. 9p. exists, and 9o —
(o) - e o =
" for some ¥ € H(Cmenm)
defined by

G) _ Op
D= oz,

Since convergence in ‘H implies uniform convergence, we have that Déj ) is a
m

closed operator.

PROPOSITION 18. Let @ € R such that Tm < Qm — (G and let 7o > 0
such that @ +re; € R for |r| < r,. Forr € (—r,7,) consider the element

¢£j)7 € H(Cme_ni) defined by the Riemann integral
. 1 r
805,])7 = / K/\e_}Jr? dA.
I T 0
Then gpg)? eD (Agj) and
AQe"y = (Kigvw — Kz) |
Proof. For t € (0,+00) small we have

S(ten) el — Uy o )
. I (/0 Kygr+ 7+ dA —/0 Kyevw d)\>

1 r+t T
= — Ky, =d\— Kyz = dA
. < /t Xej+@ /0 e+ >

1 r—+t t

Taking limit as ¢ — 0 we obtain the result. |
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PROPOSITION 19. Let r, € (0,a;), for ¢ € H(roe] +Cmem) and 7 € (0,7,)
let

. 1 ("
M@= [ s0ear.
0
Then Mﬁj)ga eD (Dé;))* and
C'IYL

(D(j)>* M;j)@ — %(S(Te_]})@ — gp) for 0<r<r,.

Proof. Let 9 € D(ng) and let 7 € Q such that zj € [0,a; — 1,) and
Zm € [0, am — Gn). Then

@y 17G) _ 1/T )

D MV'K = D K

< <m¢7 r 7>H(<m67n>) r Jo < me7 7+>\6—;>7‘[(Cm€_>m) dA
1o IR

= (6 +r) - (D).
Thus MY K> € D (DY) and

e 1 1
(PE) M1 = (Ko — K2) = LSO ~ K2)

From this last equality it follows that

(Dgn)>* MUy = 1(S(re_j))u — u)
forO0<r<r,and u € 5’(7“06_]'> + Cme_>m).

Since (ng )* is a closed operator and the function u +> ngj )u is continu-
ous we obtain that for ¢ € H(r,e; +Cmém) and r € (0,7,), Mﬁj)go €D (Déf,f)*
and

(D&))*M,ﬁj)cp:%(S(re_})gp—gp) for 0 <r <r,.

LEMMA 20. It holds that
O\ _ n
(AC ) _DC .

m m
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Proof. The proof will be done in three steps.
Step 1: (AEQ) C Dgn)
Suppose that ¢ € D ((Agz)*) Let 7 € R such that T < G — C and

let gpff% as in Proposition 18, then

<<Ag>* ¥ %77>H - <<p, Aéﬁ(pr’7>%
= (¢, (Kogpew - K7>>H

= (etre + ) - o(D)).

Since lim; 0 ¢,z = K3, we obtain that %@_(?) exists and
0% = _ ([ 4D\*
g (@) = ((42) ¢) @)

Step 2: AY (Déj))*.

Cm m

Let ¢ € D(Aéjnz) Then ¢ € H(ro€j + Cmenm) for some r, > 0 and

S(tel)p — ¢

lim exists.

t—0+
Let r, C (0,75) such that r, — 0 as n — oo.
From Proposition 19 it follows that
(Dgg) M, o= (rnei)tp L4 —>Aé]n2g0 asn — 00.
n

Also
M. — @ asn — 00.

Since (Dgn) ) is closed, we obtain

A(Cj)go _ (Déj))* 0.

m m

Step 3: (Aézz)* = Dgn)
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From Step 1 we have that (Aé]nz )* C Déi 3 and form Step 2 we have that
() @\*
Ac C (D<m> .

m

Since Dgn) is a closed operator we have that D(j) D(j) = (Déj))**v

Gm = m m
therefore . Y o~ .
7 _ J J J
From this lemma it follows that (ZAEQ >* = —iDgn) , so the deficiency

indexes of the operator zAg, 3 are

dy (14Y)) = dimker (DY) + 1),

A g ()
d_ (ZACm> = dim ker (DCm — I) .
For j=1,...,mlet kU : (—2a;,2aj) — C be the function defined by
kD (t) = k(te]).

Then kY is a positive definite function, also to k() corresponds a uni-

parametric local semigroup of isometric operators (SU)(t), HU)(t)) on

te[0,a;)
the reproducing kernel Hilbert space H) corresponding to kU).

Remark 21. From Lemma 20 it follows that the adjoint of the infinitesi-
mal generator AU), of (S(j) (1), H(j)(t))te[o,a-)’ is the derivative operator. This
result corresponds with a particular case of [4, Theorem 6]. From [4, Propo-
sitions 2 and Propositions 3] the following two result follow:

(i) The deficiency indexes of AU) are equal, its possible values are 0 and 1.

(ii) If the function kU) has only one continuous positive definite extension
to the real line, then the functions & and & defined by & (t) = €' and
£&(t) = e~ are not elements of H\).

LEMMA 22. If the function k) has only one continuous positive definite
extension to the real line, then for each m € {1,...,n} such that j # m and
Cm € [0, am), each of the uni-parametric local semigroup of isometric operators

(S(E,0), H(t ] + Gnin,0))
te[O,aj)
has a unique unitary extension to a strongly continuous group of unitary
operators on the Hilbert space H((, ems 0).
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Proof. 1t is enough to show that the operator zAéJTZ has deficiency indexes

equal to 0.
Let KU : (—aj,aj) x (—aj,a;) — C be the kernel defined by

K9 t) = kW (r—1).

For a point (xff,...,:Ugfl,x;?ﬂ,...,:vfl) such that 22, € (—am,an,) consider
the set R, of the points? € R such that 1 = 27,...,2j_1 = x;?_l,xjﬂ =
zli1,...,%p = xy. Then K is the restriction of K to R, X R,. So, according
to the theorem of [2, page 351], the elements of HU) are the restriction to any
R, set of the functions of H.

Suppose that d (zAgz ) = dim ker <D83 +1 ) is not 0, then a non trivial
function of the form

o(x1,...,xn) = (X1, .o Tjo1, Tjg1s .o ) €
must be an element of (G ém, 0).
Consider (z{,... TG TG s ,x2) such that
co =72, 21,510, 20) £ 0,
then the restriction of ¢ to the set R, is the function {(x;) = c,e™, so
we must have that the function &(t) = e~ is an element of %), which

contradicts affirmation (ii) in Remark 21.
In the same way it is proved that d_ (ZAE-Z ) =0.1

5.3. AN EXTENSION RESULT

As an application of Theorem 15 we give a new proof of the following
extension result due to G.I. Eskin [10].

We will suppose that aq,...,a,,b are positive real numbers and, for our
next result, we will consider

R = (—a1,a1) X -+ X (—ap,an) x (=b,b).

THEOREM 23. Let £k : R — R — C be a continuous positive definite
function. Suppose that, for j = 1,...,n each one of the functions k\9) :
(—2a4,2a;) — C defined by kU)(t) = k(te}), has a unique continuous positive
definite extension to the real line. Then k can be extended to a continuous
positive definite function on R™+1.
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Proof. Let Q@ =1[0,a1) x -+ x [0,a,) x [0,b) and let

be the

(S(7, y), H(7, y)) 2 )€0X05)

(n + 1)-parametric strongly continuous local semigroup of isometric

operators associated to k.

From Lemma 22 it follows that (S(?,y),?—[(?,y))(? )

9)EQX[0) satisfies

the conditions of Theorem 15, so the local semigroup can be extended to a
strongly continuous group on a larger Hilbert space, so from Proposition 17
the result follows. |
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