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ABSTRACT: Singular values are used to construct physically admissible 3-dimensional mix-
ing matrices characterized as contractions. Depending on the number of singular values
strictly less than one, the space of the 3-dimensional mixing matrices can be split into
four disjoint subsets, which accordingly corresponds to the minimal number of additional,
non-standard neutrinos. We show in numerical analysis that taking into account present
experimental precision and fits to different neutrino mass splitting schemes, it is not pos-
sible to distinguish, on the level of 3-dimensional mixing matrices, between two and three
extra neutrino states. It means that in 342 and 3+3 neutrino mixing scenarios, using the
so-called o parametrization, ranges of non-unitary mixings are the same. However, on the
level of a complete unitary 3+1 neutrino mixing matrix, using the dilation procedure and
the Cosine-Sine decomposition, we were able to shrink bounds for the “light-heavy” mixing
matrix elements. For instance, in the so-called seesaw mass scheme, a new upper limit on
|Ue4| is about two times stringent than before and equals 0.021. For all considered mass
schemes the lowest bounds are also obtained for all mixings, i.e. |Ueal, |Uyal,|Ura|. New
results obtained in this work are based on analysis of neutrino mixing matrices obtained
from the global fits at the 95% CL.
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1 Introduction

The existence of additional neutrino flavors is one of the main posers in neutrino physics.
Such particles can exist in nature and there are many theory driven experimental stud-
ies [1-14]. Though new neutrino states may exist, in the Standard Model (SM) additional
right-handed states do not couple directly with W and Z bosons, thus they are dubbed
“sterile”. However, they may influence the Standard Model physics, as they mix with
“active” Standard Model left-handed states, which may lead to observable anomalies in
theoretically predicted experimental results for the three neutrino flavor framework. Some
reported anomalies can be found in refs. [15-19], though the reason may be different, con-
nected with experimental setups or assumptions, as discussed for instance recently in [20].

Closely related to the problem of neutrino mixings is the issue of neutrino masses.
Masses of sterile neutrinos are not limited so far and ranging from (sub-)eV to TeV, and
higher to the Planck scale. They may be very massive and explain masses of known light
neutrinos by the seesaw mechanism [21, 22]. The heavy neutrinos provide an interesting



connection to Dark Matter, Baryogenesis via Leptogenesis, and feebly interaction dark
sectors, also referred to as ‘Neutrino Portal’ [23-26]. There also exist some hints towards
two additional sterile neutrinos with eV scale masses [1, 3, 27-29]. However, they contradict
the latest muon neutrino disappearance results from MINOS/MINOS+ and IceCube [30, 31].
So, the situation is not clear concerning scales and the number of additional neutrino
states in general, and further scrutinize studies are needed, both on experimental and
theoretical sides.

In this paper we investigate in detail our original idea [32] on how the notions of sin-
gular values and contractions which are coming from the matrix theory, influence limits on
neutrino mixing parameters within the standard PMNS mixing matrix framework [33-35],
when additional neutrino states are added [32, 36]. The main conceptual ideas explored in
the original work [32] included:

e The definition of the region of physically admissible mixing matrices.

e The characterization of mixing matrices according to the number of singular values
strictly less than one which translates to the minimal number of additional neutrinos.

e The notion of the unitary dilation, a mathematical way to extend physical matrices
to larger unitary matrices and the numerical methods of doing this based on the
Cosine-Sine decomposition.

New neutrino states modify the PMNS matrix, it is no longer unitary and mixing
between extended flavor and mass states is described by a matrix of dimension larger than
three. This extended matrix should in general itself be unitary, meaning completeness of
the “active-sterile” mixing is restored. Hence, studies of the violation of unitarity of the SM
PMNS mixing matrix is suitable for finding a hint for new neutrino states In this scenario
mixing between an extended set of neutrino mass states {\1/ ) ]1/ >} with flavor states

{1y, 17§} is described by

) [ Upmns Uin, i) ™)
<|Déf)>> = ( U Uhh) <|D«ém)> =U o m)> (1.1)

Such block structures of the unitary U are present in many neutrino mass theories. Indices
“I” and “h” in (1.1) stand for “light” and “heavy” as usually we expect extra neutrino
species to be much heavier than known neutrinos; cf. the seesaw mechanism [21, 22, 37, 38].
They can also include light sterile neutrinos, which effectively decouple in weak interactions,
but are light enough to be in quantum superposition with three SM active neutrino states
and to take part in the neutrino oscillation phenomenon [39]. Equivalently, we could call
these mixings “active-sterile” ones.

The observable part of the above is the transformation from mass |1/((1m)>, ]ﬂém)> to SM

flavor ’I/&f)> states ([V1) = |ve), [v), [vr)) and reads
3
=" (Usmis) s [1™ +Z Uin) ofl73™) - (1.2)
i= %/_/ ———
! SM part 7=l BSM part



If Upmys is not unitary then there necessarily is a light-heavy neutrino “coupling” and the
mixing between sectors is nontrivial Uy, # 0 # Up;.

From a theoretical point of view, it is easier to study such deviations by representing
the 3-dimensional non-unitary mixing matrix Ppmys as a product of a unitary matrix and
some other type of a matrix. Two decompositions used frequently in neutrino mixing
studies are known as the 7 and « parameterizations [40-46]. The first decomposes a given
matrix into a product of a unitary matrix and a Hermitian matrix while the second one

decomposes a matrix into a product of a unitary matrix and a lower triangular matrix

Vs = (1 —n)Y1, (1.3)
]JPMNS = (1 - a)Y2, (1'4)
where 1, a and unitary matrices Y; and Y5 are restricted by experiments.

We approach the problem of non-unitarity of the neutrino mixing matrix differently
and explore mathematical properties of matrices, and their consequences for neutrino mix-
ing analysis. To describe the neutrino mixing and experimental data in a uniform way,
singular values are perfect quantities, giving a possibility to identify regions of physically
admissible 3 x 3 mixing matrices [32]. Singular values restrict neutrino mixing ranges to
a special class of matrices known as contractions which have the largest singular values o
smaller than one,

o =[|V][ <1, (1.5)
where || - || stands for an operator norm of the matrix V. Moreover, matrix norms can be
used to measure deviation from unitarity on the different levels of the mixing matrix. More
details about the matrix norms applied to neutrino mixings can be found in [32, 47]. Fur-
ther, the number of singular values less than one determines a minimal number of additional
neutrinos. It is then tempting to use this characteristic and construct right from the begin-
ning mixing matrices with prescribed singular values which slice physical space of mixings
into disjoint regions. Such matrices can be easily compared with experimental results via
the a parametrization. The goal of the present work is to establish for the first time how a
strict decomposition due to singular values affects ranges of neutrino mixing matrix entries,
and allowed minimal dimensions of extended by the dilation procedure mixing matrices.

In particular, our work includes:

1. Introduction to neutrino physics the method of the inverse singular value problem.
It allows to construct mixing matrices with encoded minimal number of additional
neutrinos and to confront them with experimental data.

2. Analysis of the amount of the space for additional neutrinos based on deviations of
singular values from unity.

3. A study of possible distinction between three scenarios with different number of
additional neutrinos on the level of experimental data using singular values and cor-
responding division of the neutrino mixing space 2.

4. Detailed analysis of the 3+1 scenario including derivation of new analytic bounds for
the “light-heavy” neutrino mixing as a function of the singular value o3 < 1.



In the next section, we present a geometrical argument that motivates our work,
methodology and experimental groundwork. Section 3 is devoted to the analysis in which
matrices with prescribed singular values are used to restrict current experimental bounds
regarding the minimal number of additional neutrinos. In section 4 a scenario with one
additional neutrino is considered in more detail using the dilation procedure. New analyt-
ical bounds for the “light-heavy” mixing sector are derived. The work is concluded with a
summary and discussion of possible directions for further studies.

2 DMatrix theory: non-unitary neutrino mixings and experimental data

2.1 Subsets of the region of physically admissible mixing matrices

In [32] a region  of physically admissible mixing matrices was defined as the convex hull
spanned on 3 X 3 unitary Upyys mixing matrices with parameters restricted by experiments.
Thus all matrices in €2 must necessarily be contractions, i.e. matrices with a spectral norm
less or equal to one, see (1.5). It has also been shown that singular values control the
minimal dimension of possible extensions of the 3 x 3 matrix ¥ps to a complete unitary
matrix of some BSM models, which means that the minimal number of additional neutri-
nos is not arbitrary but depends on singular values. A distinction between the minimal
dimension of the unitary extension of matrices from the region € is encoded in the number
of singular values strictly smaller than one. This fact allows to divide €2 into four disjoint
subsets: 21, o, Q3 and (4 characterized as

Q 3+1 scenario: Y ={01 =1.0,00 =1.0,03 < 1.0}, (2.1)
Qo 3+2 scenario: Y ={01 =1.0,02 < 1.0,03 < 1.0}, (2.2)
Q3 : 343 scenario: Y ={01 < 10,02 < 1.0,03 < 1.0}, (2.3)
Qy: PMNS scenario: ¥ = {01 =1,00 =1,03 = 1}. (2.4)

Q4 contains only unitary matrices. Such an internal structure of €} provides motiva-
tion for analysis of the neutrino mixing matrices with respect to the minimal number of
additional neutrino states.

2.2 Mixing matrix with prescribed singular values

In general, finding a matrix with a specified set of singular values 21, Q9, Q3 defined in (2.1)—
(2.3) within all physically admissible mixing matrices in € is a cumbersome task. A solution
is to construct right from the beginning mixing matrices with a given set of singular values.
In mathematics such an approach is known as the inverse singular value problem [48] which
is closely related to the inverse eigenvalue problem [49]. As a basis for the construction of
such mixing matrices, we can either use a general matrix structure or try to simplify the
task by invoking a specific matrix decomposition. Here we consider the o parametriza-
tion (1.4) and focus on the lower triangular matrix .. To obtain lower triangular matrices
with prescribed eigenvalues and singular values the algorithm proposed in [50] is used.
Construction is based on the majorization relation between eigenvalues and singular values

k k
ITx < e (2.5)
=1

=1



Entry (I):m> EW (II): Am? 2100 eV? (II1): Am? ~ 0.1 —1eV?
Thi=1—0a11 099870 +1 0.976 + 1 0.990 + 1
Too=1—ag2  0.99978 +1 0.978 + 1 0.986 + 1
Ts33=1—a33  0.99720 +1 0.900 =1 0.900 =1

To1 = |aa| 0.0 = 0.00068 0.0 +0.025 0.0+0.017
T31 = |z 0.0 = 0.00270 0.0 <+ 0.069 0,0+ 0.045
T32 = |asz| 0.0 <+ 0.00120 0.0+0.012 0.0+ 0.053

Table 1. Limits on the elements of the T' = I — o matrix for different non-standard neutrino mass
scenarios (I)-(III). Limits on the o matrix elements a;; are taken from [46] (with 95% CL), which
are obtained from the global fits [52] to the experiments [53-57]. Moreover, these data also include
formalism connected with non-standard interactions [46].

with equality when k& = n, where n is the dimension of the matrix. Moreover, it is known
that for such matrices eigenvalues are situated on the main diagonal [51]. Thus we are able
to construct the following matrix which will be called the A-matrix

all 0 0
AE as1 a2 0 ; (26)

a31 a32 ass

with singular values o1, 02,03 (highlighted quantities are prescribed). In this way, im-
posing eigenvalues and singular values the minimal number of additional neutrinos can
be classified. Thanks to the construction, we are left just with three free parameters

a1, @31, a32-

2.3 Present limits on the T-matrix derived from experimental data fits

In table 1 experimental bounds are given for the T-matrix defined as a distortion of unity by
a, T = I — «, for different neutrino mass scenarios. We chose to work with the T-matrix
as it multiplies directly the unitary matrix in the decomposition (1.4), giving the same
singular values as Ypuys.

It becomes customary to fit experimental data for three classes of different mass split-
tings.! In the scheme (I) it is supposed that masses of sterile neutrinos are at the GeV
level, and above. We can call it the seesaw scheme. In this case, the bounds are the tightest
which gives the least space for a non-unitary mixing among considered scenarios. It is due
to a natural decoupling of heavy neutrino states, which is hard to avoid [62]. Two other
cases leave significantly more space for a possible non-unitary mixing. The intermediate
scale, scheme (II), is an interesting region for many experiments like MINOS, LSND, DUNE
or SBN [63-66]. Finally, in the scheme (III), an additional sterile neutrino is only slightly
more massive than known three massive neutrinos.

Heavy extra neutrinos modify Z and W boson couplings. Such modifications translate
to very strong limits on the scheme (I). Constraints for this scheme have been obtained

!There are other regions of masses considered in literature [58-61] with estimations on the “active-sterile”
mixing elements. Our analysis requires data for the complete 3 x 3 mixing matrix, as in table 1.



from global fits in ref. [52]. The limits on intermediate scale (II) were obtained from
different experiments.

The constrain on a7 has been obtained in the BUGEY-3 experiment [53] with compara-
ble values obtained by Daya-Bay [67]. Values for ags and a3z come from the SK atmospheric
oscillation measurements [54]. The off-diagonal elements, ag; and sz, have been obtained
by the NOMAD experiment [57], in agreement with KARMEN results [68]. Constrains on the
diagonal element aq; for scheme (III) are obtained by BUGEY-3 [53], for ag2 by SK [54],
and for ags in ref. [54]. Limits for not listed elements were obtained indirectly from the
diagonal elements [46].

Table 1 represents experimental restrictions imposed to our analysis. All elements of
constructed A-matrices must lie within these limits.

3 Pinning down the T-matrix with singular values: numerical results

3.1 Error estimation

Singular values are continuous functions of the matrix elements [51]. Therefore, small
changes in matrix elements do not change drastically their values. Quantitatively such
behavior can be described with the help of Weyl inequalities [69, 70]. Let us assume that a
V' matrix which realizes some BSM scenario includes the error matrix F of the form V + E.
Using Weyl inequalities for decreasingly ordered pairs of singular values of V and V + E,
the following relation takes place

0i(V + E) —oi(V)| < [|E]. (3.1)

A precision for elements of the T-matrix in the massive case m > EW is 107 (table 1).
In our analysis, we keep the same precision for all massive cases. This does not contradict
experimental results since we still work within experimentally established intervals. Thus,
all entries of the error matrix can be taken as E;; ~ 0.00001 and the uncertainty of the
calculated singular values is bounded by ||E|| = 0.00003.

3.2 Numerical distinguishability and continuity of singular values

To see under which circumstances we can definitely distinguish numerically between two
matrices from two different subsets of the © in (2.1)—(2.3), let us consider a simple two
dimensional model of a lower triangular matrix.

We start from the following diagonal matrix

099 0
< 0 0.99)' (32)

This matrix has obviously two singular values strictly less than one, equal to 0.99. Now
we transform this matrix to the lower triangular form by adding to the position (2,1) a

099 0
< € 0.99>' (3:3)

parameter e:
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Figure 1. The behaviour of o7 and o9 as a function of the ¢ parameter which changes from 0 to 1.
The continuity in changes of singular values with € is evident. We are looking for the precision of
the parameter e for which o; has within precision of calculations a common value with horizontal
dashed line at 1, which represents the physical limit, see table 2.

Initial singular value (o7) 0.99
Size of the € step Number of matrices
0.001 0
0.0001 1
0.00001 11

Table 2. A number of matrices that can reach the value of the first singular value (o1) equal
to 14 3-107° starting from 0.99. When the precision of € increases, it is more probably to find
non-zero solutions.

We will increase € from 0 to 1 with a different precision (table 2) to see which precision
guarantee such distinction (figure 1).

Singular values will be fixed with the 3-107° accuracy, as discussed in the previous
subsection. Thus, we are interested in the precision of the € which allows to distinguish
singular values with this precision. In particular, we will determine when the first singular
value can reach unambiguously the value one, i.e. 1 4+ 3-107°. The results are gathered in
the table 2. We can see that the exact determination of the singular value is possible for
the precision of the € at the level of 1074, but it can not be achieved with the precision
of the matrix element e at the level of 1073. Further increase of the € precision results in
a larger number of solutions so, as long as we stay within allowed intervals, by adjusting
a proper density of sifting, we are able to distinguish two singular values with imposed
accuracy. This observation is a base for numerical calculations in this work, for details of

numerical studies, see the appendix.

3.3 Singular values as non-unitary mixing quantifiers in scenarios with IN
additional neutrinos

We begin the analysis by testing how much space for additional states is available within
current experimental limits using as quantifiers singular values. According to the division
of Q) into subsets 1, 2o and €23, it is sufficient to consider extensions by one, two or three



3+1 03
m > EW 0.9970 4 0.00003
Am? > 100 eV? 0.900 + 0.00003
Am? ~0.1—1¢eV? 0.889 £ 0.00003
3+2 o9 o3
m > EW 0.9987 4 0.00003  0.9986 + 0.00003
Am? > 100 eV? 0.976 + 0.00003  0.975 + 0.00003
Am? ~0.1—1eV? 0.986 + 0.00003  0.985 + 0.00003
3+3 o1 o2 o3
m > EW 0.9998 4 0.00003  0.9996 4+ 0.00003  0.9996 + 0.00003
Am? > 100 eV? 0.979 +0.00003  0.977 +0.00003  0.977 + 0.00003
Am? ~ 0.1 —1eVZ 0.9914+0.00003 0.989 +0.00003  0.989 + 0.00003

Table 3. The smallest possible values of ¢; for different mass schemes in 3 + N scenarios. The
estimated error 3-107° is written explicitly and is the same for all entries.

neutrinos, and any larger extension is encoded in these three cases. To estimate the amount
of mixing space for additional neutrinos we construct mixing matrices with prescribed
singular values and decrease as much as possible the singular values that are not fixed to
unity (2.4)—(2.3). The results are presented in table 3. All numerical results derived in this
work are based on the global fits to the experimental data [46] given with 95% CL. We
do not perform any additional fits to the experimental data and no additional statistical
errors are induced. As discussed in section 3.1, the error connected with determination of
singular values is under control. It is connected with determination of the interval matrix
entries, in our case it is 3-107°.

The results gathered in table 3 show that for each scenario there is space for additional
neutrinos. From all massive schemes, the m > EW case contains the least space for extra
neutrinos and in the scenario with 3 additional neutrinos, this space is limited most strongly.
The most interesting situation occurs in the 3+1 case since the “free” singular value can be
decreased the most. However, we should keep in mind that matrices from the subsets €21
and 25 can be also extended to higher dimensions, thus the space for two or three neutrinos
should be treated in some sense cumulatively. In general, among all 3 + N scenarios, the
Am? > 100 eV? massive case leaves the most space for additional neutrinos.

3.4 Bounds on the A-matrix in scenarios with different number of additional
neutrinos

As the set of physically admissible mixing matrices splits into three disjoint subsets regard-
ing the number of singular values strictly less than one, it is tempting to check for each
disjoint subset, i.e. with one, two and three additional neutrinos, if we are able to shrink
current experimental bounds for each case separately. This is done in two steps described
in the appendix.



(ID: m > EW (I1): Am? 2100 eV?  (III): Am? ~ 0.1 —1eV?

(1,1) 0.99885 =+ 0.99999 0.97641 + 0.99996 0.99020 =+ 0.99999
Exp: 0.99870 + 1 0.976 + 1 0.990 + 1
(2,2) 0.99980 = 0.99999  0.99331 = 0.99999 0.98646 = 0.99999
Exp: 0.99978 +~ 1 0.978 =1 0.986 + 1
(3,3) 0.99721 =+ 0.99996 0.90040 <+ 0.99985 0.90015 =+ 0.99958
Exp: 0.99720 + 1 0.900 =1 0.900 =1
(2,1) 0.00001 = 0.00062  0.00031 = 0.02214 0.00014 = 0.01615
Exp: 0.0 + 0.00068 0.0+ 0.025 0.0+0.017
(3,1) 0.00002 =+ 0.00266 0.00048 + 0.06892 0.00012 <+ 0.04500
Exp: 0.0 <+ 0.00270 0.0 =+ 0.069 0.0 +0.045
(3,2) 0.00008 +0.00113 0.00052 — 0.01196 0.00024 + 0.05281
Exp: 0.0 + 0.00120 0.0+0.012 0.0 +0.053

Table 4. Lower and upper bounds for elements of the matrix 7" in the 3+1 scenario. For scenarios
3+2 and 343 we do not observe any changes of experimental limits given in table 1.

Experimental data in table 1 for the m > EW case are given with the 10~° precision
while for remaining cases they are given with a precision of 1072, However, in our analysis
we keep consequently the 1075 precision. It is possible as long as two matrices can be dis-
tinguished by their singular values with an imposed error, precision of individual elements
is irrelevant, we fix it at the level of 107°. The results of analysis are gathered in table 4.
Let us summarize them.

e For the 3+1 scenario, we observe shrinking in all elements of the 7" matrix. Par-
ticularly, lower limits for the element (2,1) are non-zero and differ among massive
scenarios (I-III).

e In the 3+1 scenario, the largest change of the lower bound is observed for the element
(2,2) in the Am? > 100 eV? case, while the largest change for the upper bound
happens for the (2, 1) element and the same massive scenario (II), see the red bold
entries in the table 4.

e We do not observe any differences between experimental values and our results in the
3+2 and 343 scenarios.

4 The 3+1 scenario

4.1 Spread of the elements for the smallest singular value

As one may expect, there is a possibility to find more than one matrix with a given set of
singular values. We analyze how big the spread of the elements of the A-matrix is in the
case of the 3+1 scenario when the smallest value of the third singular value is considered

(table 3).



o (I):m> EW,Y = {1,1,0.9970}.

|Ao.9970| = (4.1)
0.999869 =+ 0.999928 (4.5%) 0 0
0.000192 <+ 0.000263 (10%) 0.999869 <+ 0.9999 (14%) 0
0.000897 = 0.001199 (11%) 0.001059 = 0.0012 (12%) 0.9972 + 0.997262 (2%)

o (II): Am?2 > 100 V2, ¥ = {1,1,0.900}.

|Ao.900] = (4.2)
0.999623 -+ 0.999999 (1.5%) 0 0
0.000002 + 0.000753 (3%) 0.999623 <+ 0.999999 (2%) 0

0.000606 + 0.011919 (16%) 0.000606 -+ 0.011923 (94%) 0.900002 <+ 0.900678 (1%)

o (IID): Am2 ~0.1—1eV2, ¥ = {1,1,0.889}.

0.994583 + 0.995161 (6%) 0 0
|Ag.sso| = | 0.011947 = 0.012565 (%) 0.992566 -+ 0.993158 (4%) 0
0.04251 = 0.045 (5.5%)  0.050903 = 0.053 (4%) 0.9 = 0.90047 (0.5%)

(4.3)

Results given in (4.1)-(4.3) reveal that in the case of the smallest possible singular
values the spread of elements is typically about 15% or less of the experimental intervals
given in table 1. The exact percentage is given in red in (4.1)—(4.3). The exception is
the element (3,2) for the intermediate massive case where almost the entire experimental
interval is covered. This also shows that in the case of the one particular set of singular
values experimental bounds can be narrowed substantially.

4.2 Dilation, a quest for complete mixing

As discussed in [36], if the standard 3 x 3 neutrino mixing matrix Upwys would be non-
unitary, it should be a part of a larger unitary matrix. Contractions imply that also all
matrices from the region {2 can be naturally expanded to a larger unitary matrix. Such
a procedure is known as a unitary dilation and its reverse is known as compression. In
the dilation case, our initial matrix Upwys is located in the top-left corner of the extended

U — (UPMNS Ulh>7 (4.4)

complete unitary matrix U

Un Unn

and UUT =U'U = I.
Numerically the unitary dilation can be done with use of the Cosine-Sine (CS) Decom-
position [71], which can be cast in the form of the following theorem.

Theorem 4.1. Let the unitary matriz U € My qm)x (ntm) be partitioned as

n m
U= (UPMNS Ulh) n. (4.5)
U Unn) m

~10 -



If m > n, then there are unitary matrices Wi, Q1 € M« and unitary matrices Wa, Qo €
Mxm such that

c|l-s 0
(U”””S U”‘>=(W1 0) slc o (QI OT> (4.6)
Uni Unn 0 W olo 1. 0 Qs
where C >0 and S > 0 are diagonal matrices satisfying C% + S? = I,,.

If n > m then it is possible to parametrize a unitary dilation of the smallest size.

Corollary 1. The parametrization of the unitary dilation of the smallest size is given by

I. 0| 0
Upis Ui \ _ [ W1 O Q]; 0
U U = 0w 0 C|-S 0 QT , (4.7)
n Unn 2 0 Sl C 2
where r = n—m is the number of singular values equal to 1 and C' = diag(cos b, ..., cosbp,)

with |cosO;| <1 fori=1,...,m.

A knowledge of the experimental bounds for each of 3+ N, N = 1,2, 3 scenarios with
help of the unitary dilation can be used to estimate limits for elements of the complete
mixing matrix corresponding to the non-unitary mixing.

4.3 New estimations for “active-sterile” mixings

To estimate the “light-heavy” mixing sector in the case of one additional neutrino, the CS
decomposition will be used. In the 3+1 scenario only one singular value is different from
unity and the A-matrix has singular values 01 = 1,092 = 1,03 < 1. In such case the CS

) . (4.8)

Ui, = W1512QJ£, (4.9)

decomposition takes the form

Upmns Uin _ Wiy 0
Un Unn 0 Wy

For the “light-heavy” mixing sector we have

where W € C3*3 is unitary, S12 = (0,0, —s)” and Q2 = €%, 0 € (0, 27]. Parametrizing the
matrix Wi by Euler angles we get

U = —(—s12¢ 713 s93¢13, cagcr3) se ™ = —(wes, w3, wrz) T se . (4.10)

To estimate the largest possible absolute values for the elements of the “light-heavy” sector,

ls| = |V1—=c?=|y/1—d3. (4.11)

we get
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For estimations, the smallest third singular value are taken from table 3, which implies
that the upper bound on the mixing is obtained. Thus, for each massive scenario we get

m> EW : \Us4| < 0.08359,
Am? > 100 eV? : Uia| < 0.43795, (4.12)
Am? ~0.1—1eV%: |Uy| < 0.4579,

where ¢ = e, u, T.

This rough estimation can not distinguish mixings which involve different flavors. To
make this distinction possible and to get as sharp bounds as possible, the exact form of
the Wi matrix is needed, which follows from the singular value decomposition of the lower
triangular A-matrices with prescribed singular values {1,1,03}. o3 ranges from o3mn

)

(table 3) up to maximally allowed values. In this case the “light-heavy” mixing is given by

|U14|: |wl3|| 1_U§|7 ’L.Ze,/,L,T. (413)

For all combinations we have generated 10* matrices which satisfy majorization rela-
tion (2.5), and with elements within the experimental bounds given in table 1. For each
matrix, the singular value decomposition has been performed and the maximal and minimal
absolute values of the W7 matrix have been taken.

To justify the procedure described in this section, figure 2 shows the behaviour of the
“light-heavy” mixing |Ue4| as a function of og for the massive case (I) in table 1, see
also [72]. It shows that the “light-heavy” mixing element depends continuously on o3 and
its maximum is attained. In the 3 4+ 1 scenario only the third column of the W; matrix is
important. Thus performing the same steps as for our first estimation (4.11) and replacing
We3, Wy3, wr3 in (4.13) with obtained maximal and minimal values we get,

e (ID: m> EW.

Uea| €[0,0.021],  |Uya| € [0.00013,0.021], |Ur4| € [0.0115,0.075] .

|Uea| < 0.041 [73], |Upa| < 0.030 [73], |Ur4| < 0.087 [73]. (4.14)
e (II): Am? > 100 eV2.
|Uea| € 0,0.082], |Up4| € [0.00052,0.099], |Ur4| € [0.0365,0.44] . (4.15)
o (II1): Am? ~ 0.1 —1eVZ.
|Ue4| €10,0.130], U] €[0.00052,0.167],  |Uyr4| € [0.0365,0.436] . (4.16)

Ues| €[0.114,0.167] [6], |U,ua| €[0.0911,0.148] [6], |Uya| <0.361 [74].

Similarly to the results gathered in [6, 73, 74] (second rows in (4.14)—(4.16)), the results
obtained in this work (first rows in (4.14)—(4.16)) correspond to 95% CL. For the upper
bound in the case of the light sterile neutrino, scheme (III), the limit obtained for |Ue4|
is tighter by about 20% than those presented in the literature [6]. Similarly, for the seesaw
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Figure 2. Upper bounds for |U.4| as a function of o3 in the massive case (I) (left). |U.4| approaches
the maximum for middle values of 3. On right, the behavior of particular constituents of |U.4],
defined in (4.13), as a function of o3 is given.

like sterile neutrino, scheme (I), the limit for |Ue4| is about 50% better than the current
bound, and limits for |U,4| and |U;4| are respectively about 30% and 10% better than
present bounds [73]. In [6] the lower bounds for |Ue| and |Ugs| for scheme (III) are
better than our results, however, opposite is true for |U;4|. We would like to stress that
our method allows to obtain lower bounds for all massive cases.

5 Conclusions and outlook

BSM signals in neutrino physics can emerge as deviations from unitarity of the 3-dimensional
PMNS mixing matrix. Here we invoked the notion of singular values which links in the
elegant and simple way the experimental and theoretical knowledge on mixing matrices.
We performed numerical analysis for singular values of experimental mixing matrix interval
data in the o matrix representation, which reflects neutrino mixing distortion from unitar-
ity. The method of construction of matrices with prescribed singular values was introduced
which allows to study subsets of the region of admissible mixing matrices according to the
minimal number of additional neutrinos. Therefore, emphasis has been put on the study
of possibility of distinction among three different scenarios, i.e. 3+1, 3+2 and 343, on
the level of the present experimental bounds. Firstly, we have estimated the amount of
space available for additional neutrinos. Results show that within the present experimental
limits, there is enough space for all number of additional neutrinos in the whole mass spec-
trum. However, in the case of 3 additional neutrinos with masses above the electro-weak
scale this space is strongly limited. Analysis reveals that 3+2 and 343 scenarios are indis-
tinguishable and the mixing space belonging to subsets Q2 and Q3 in (2.2), (2.3) covers the
entire experimental intervals. More interesting is the 341 scheme where we observe shrunk
of the experimental ranges for elements of the triangular A-matrix. The most significant
difference between obtained ranges and experimental values are given for elements (2,1) and
(2,2), in the intermediate massive case (II). It is clear from continuity of singular values
that the distinction between these three scenarios should emerge at some level of precision.
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Looking in more detail to the 3+1 scenario, the most interesting results are obtained
in subsection 4.3, where the CS decomposition allowed to get lower and upper bounds on
“light-heavy” neutrino mixings, i.e. the elements |Ue4|, |U,4| and |Ur4], for all massive cases.
It is worth noticing that also the limits on the tau neutrino mixing with a new neutrino
state have been obtained. In particular, we have improved substantially bounds for the
seesaw scenario, e.g. the upper bound on |Ug4| is about 2 times better than in previous
analysis. However, in the case of a sterile light neutrino (scheme III) the only tightened
constraint has been obtained for the mixing between the electron neutrino and the fourth
massive state.

Matrix theory provides many useful tools to study the physics of particles mixing
phenomenon. In the near future, we plan to extend the analysis especially to estimate
the “light-heavy” mixing for the 3+2 and 3+3 scenarios. Moreover, we plan to study in
detail connections between masses and neutrino mixings in the seesaw regime. In the long
run, it is very important to understand the geometric structure of the physical region €2,
e.g. its facial structure [75, 76]. It will shed a light onto the distribution of contractions
responsible for the minimal number of additional neutrinos.
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A A procedure of refining neutrino mixing matrix experimental ranges
via singular values

In this appendix numerical procedure used to obtain results in section 3 is presented.
Submatrices of the T-matrix in table 1 will be denoted by t-matrix, i.e. t € T. Analysis
has been done in two steps.

(i) Step 1. Construction of lower triangular matrices.

The lower triangular matrices are constructed by the method introduced in sub-
section 2.2, with a given set of eigenvalues and singular values. In our approach
only singular values are fixed and as eigenvalues coincide with diagonal elements,
eigenvalues are randomly generated by exploring values of the T-matrix within the
experimental ranges 111, Tho, T3 (table 1), together with the requirement imposed by
the majorization condition (2.5). Off-diagonal elements are adjusted by the appropri-
ate rotations specified by eigenvalues and singular values using algorithm described
in [50]. We consider three scenarios 3+1, 3+2 and 3+3, which correspond to the
subsets of the region 2 defined in (2.1)—(2.3). In each scenario and for different mass
splitting cases (I-IIT), 10® matrices were produced and compared with experimental
bounds. This approach allows to find minimal “free” singular values smaller than one
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Figure 3. Values of the t-matrix obtained in the first step for the scenario with one additional

neutrino and mass case (II) (green cuboid) compared with experimental limits (black-dashed
cuboid). On left (right) the diagonal (non-diagonal) entries of the t-matrix are shown.

(i)

(section 3.3). In this way we are able to see if it is possible to narrow down the exper-
imental bounds on mixing matrix elements (table 1) resulting in new interval mixing
matrix (section 3.4). However, as the analysis performed in this step is optimized for
finding the minimal singular values, and not for investigating experimental bounds
for mixing matrix elements, it is possible that the experimental mixing space is not
fully covered. For example, in the 3+1 case, it may happen that there exist matrices
from the 2; subset outside the obtained values but inside the experimental bounds.

To illustrate this issue, figure 3 shows the resulting t-matrix entries for €2; and the
mass scheme (II) (green cuboid). In (A.1) numerical values for this matrix are given

0.97641 + 0.99996 0 0
t =1 0.00031 = 0.02214 0.99331 = 0.99999 0 . (A.1)
0.00048 + 0.06892 0.00052 + 0.01196 0.90040 <+ 0.99985

In step 2 we improve the procedure in order to examine the whole range of experi-
mental mixing limits.

Step 2. Sifting the boundary regions.

If for any scenario the ranges of elements given in table 1 has shrunk by the proce-
dure described in step 1, a single matrix element from the excluded region is fixed,
and the remaining matrix elements are checked again within experimental bounds,
inspecting strict division of Q1,$s, Q3 regions of  in (2.1)-(2.3). The procedure
is repeated for the remaining values of the fixed matrix element from the excluded
in step 1 region. As an example, let us take the t-matrix obtained in the previous
step for the 3+1 scenario and the mass case (II) where two entries were shrunk
significantly (t21, ta22), see (A.1). We search for contractions from {2 subset in the
excluded region starting with to; = 0.02215, checking the region within experimental

~15 —



limits for remaining entries:

0976 ~1 0 0
t=1| 002215 0978 =1 0 . (A.2)
0 0.069 0+ 0.012 0.900 = 1

If any matrix from the (A.2) region is contraction in ; subset, then the t9; entry
resulting from step 1 is no longer valid. In such case fixed value: 0.02215 is the new up-
per limit for to; entry. Next we are increasing this value and perform the same check.
The step growth is 0.00001, and the upper experimental value is T»; = 0.02500, see ta-
ble 1. The procedure is repeated until all excluded region in step 1 is sifted. The same
actions are performed for the rest of the lower-triangular entries of the t-matrix (A.1).
This procedure allows to sweep systematically through the region of experimental
matrix elements which were not covered by limits of the t-matrix obtained in step 1.
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