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Abstract

We consider the inverse scattering problem of reconstructing a perfect conductor from
the far field pattern of a scattered time harmonic electromagnetic wave generated by one
incident plane wave. In view of iterative regularization schemes for the severely ill-posed
problem the first and the second domain derivative of the far field pattern with respect to
variations of the domain are established. Charaterizations of the derivatives by boundary
value problems allow for an application of second degree regularization methods to the
inverse problem. A numerical implementation based on integral equations is presented
and its performance is illustrated by a selection of examples.

1 Introduction

A challenging class of inverse problems in scattering theory is the identification of scattering
objects by the knowledge of far field patterns of scattered waves (see [3]). Of course, we must
distinguish theoretically and numerically the inverse problem, if the response to any or at least
to many incident fields is known, or the problem, if only a few far field patterns are given. In
this work we are going to consider the extreme situation of the reconstruction of the shape
of a perfect conductor just from the knowledge of the far field pattern of one scattered time
harmonic electromagnetic wave.

Derivative based iterative regularization schemes are known to be suitable numerical ap-
proaches for this class of problems. Thus, we focus on linearization of the far field pattern
with respect to variations of the shape of the scattering object. The derivative is given by
the far field pattern of the so called domain derivative of the scattered wave. These domain
derivatives are well established for most of the usually considered boundary value problems
(see [12] and references cited therein). Furthermore, in case of acoustic scattering problems
several numerical implementations are documented. Presumably according to the computa-
tional effort, there are only a few results for the full vector valued electromagnetic inverse
scattering problem. In [8] we recently presented an approach based on boundary integral
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equations in case of electromagnetic scattering. We will extend on these results, mainly by
showing the existence and a characterization of the second domain derivative. This gives rise
to an application of second order regularization schemes (see [11, 13]). Moreover, in view of
convergence of iterative regularization methods we examine local identifiability at least in case
of constant expanding or shrinking of the obstacle.

After this introduction we collect notations on the scattering problem and describe its weak
formulation for later use. The next chapter is on the first domain derivative of the scattering
problem. Although the derivative is already established, we will present it in some detail in
preparation of the following investigations for the second derivative. Some remarks based on
the characterization of the domain derivative illuminates the challenging question on injectivity
of the derivative operator. With these preparations we devote the following chapter to the
second domain derivative. It is shown that such a derivative exists and can be characterized
again by an electromagnetic boundary value problem. Finally, based on these characterizations
we explain and discuss in the last chapter the regularized Halley method applied to the inverse
problem and present its numerical performance by some examples.

Some results of this paper, e.g. Theorem 4.5, are part of one of the authors’ Ph.D. thesis [7].

2 The Scattering Problem

Let us assume a bounded scattering obstacle D C R? with smooth boundary and simply
connected complement R3\ D. The object is surrounded by a homogeneous, linear, isotropic
medium with constant electric permittivity €9 > 0 and constant magnetic permittivity po > 0,
for instance vacuum. At frequency w > 0, the time harmonic Maxwell system for the electric
field F and the magnetic field H then reads as

curl B —ikH =0, cwlH+ikE =0, (2.1)

with wavenumber k = w,/Eofto. Given an incident plane wave, E'(z) = pe*** H'(z) =
(d x p)e*¥® for x € R® with complex polarisation p € C? and direction d € S? satisfying
p-d = 0 the scatterer gives rise to a radiating scattered field (E®, H®), a solution of the
Maxwell system (2.1) in R? \ D, which satisfies the Silver-Miiller radiation condition

lim [HS(x) x z — |z| E*(z)] = 0.

|z| =00

The interaction of the perfect conductor D with the incident wave can be formulated as a
boundary condition for the total field E = E* 4+ E? and is given by

vx E=0 ondD,

where v denotes the outwards directed normal vector to 0D.

The following investigations require a variational formulation of the scattering problem. Thus,
we choose R > 0 large enough such that D C Bg(0), where Br(0) denotes the open ball
of radius R centered in the origin, and introduce the bounded computational domain 2 =
Br(0)\ D. In order to derive the weak formulation, let (E, H) be a pair of reasonable smooth



solutions of the scattering problem and let V' denote a test function with v x V = 0 an 9D.
By partial integration and the Maxwell system (2.1) we arrive at

/(curlE-cuer—k2E~V)d:c+ik/ Alv x E)-Vds
0 dBR(0)

= / (ikA(v x E') — v x curl E') - Vds. (2.2)
0BRr(0)

To ensure that a solution E* = E — E? of (2.2) can be extended to a radiating solution of the
Maxwell system in R?*\ D we have introduced on the artificial boundary 9Br(0) the Calderon

operator A, which maps v x ¢ onto v x H®, where (E*, H®) denote the unique radiating solution
of

curl B —ik H° =0, curl H* + ik E° =0 in R*\ Bgr(0)
vX E°=vx¢o  ondBg(0).

Equation 2.2 is considered in the Sobolev space H(curl,Q) = {E € L?(Q,C3) : curlE €
L*(Q,C3)}. Then, boundary integrals on 9D and 9Bgr(0) exists in the sense of the dual
pairing (-, -)apn(0) between the range spaces H’%(Div, 0Q) and H’%(Curl, 0Q) of the traces
Y = exvand yrp = vX (pxv) for ¢ € H(curl, Q). Then, wE =vxE =0in H_%(Div,ﬁD)
and we incorporate the boundary condition by the closed subspace

H,.() ={F € H(curl,Q) : vE =0}

Since, the Calderon operator is extendable to a bounded operator A : H~2(Div, dBx(0)) —
H~2(Div,dBg(0)) (see [18]), we finally can define the bounded sesquilinear form A : Hy(€2) x
H,.(2) — C and the antilinear map ¢ : Hp.(€2) — C such that (2.2) reads as

AE, V) = (V). (2.3)

A weak solution of the scattering problem is then given by a function £ € H,.(2) such that
A(E, V) =£(V) holds for all V' € Hy.(2). Assuming D to be a Lipschitz domain it is known
that for any ¢ € H,.(£2)* there exists a unique solution E € H,.(f2) of (2.3) for all V' € H,.(2),
and it exists ¢ > 0 such that ||E|g(cun0) < c[|f][m, (see [18, Theorem 10.7]).

Due to the radiation condition, the scattered field £* in R\ D has the asymptotic behavior

eik|z|

E*(x)

ENGR o(%)} ja] > 0.

- 47 |x|

E is called the (electric) far field pattern and is an analytic tangential vector field on the
unit sphere S?. This motivates the definition of the non-linear boundary to far field operator
F, which maps the boundary 0D onto the far field pattern of E* i.e.,

F(OD) = E... (2.4)

Of course, F depends also on the incident field (E?, H") and the wavenumber k, which we
assume to be fixed and known. The domain of F is given by a class of admissible boundaries,
for which there is a unique solution of the scattering problem. Thus, the inverse obstacle
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problem under consideration is given by the inversion of equation (2.4), i.e., for a given far
field pattern E,, € L?(S?) we look for the scatterer D C R3.

It is known that the far field pattern uniquely determines the solution of the scattering problem,
but, nevertheless, the whole inverse obstacle problem is severely ill-posed. For some more
details on inverse electromagnetic scattering we refer to [3], where, for instance, uniqueness
of the inverse problem is shown in the sense that if for a fixed wave number k£ the far field
patterns of two objects for all incident plane waves coincide, the scattering objects must be
identical. Such a result is not known in case of just one incident field.

3 Linearization of the Inverse Problem

In solving for the nonlinear equation (2.4), obviously a linearization is useful. Thus, a deriva-
tive of the far field pattern with respect to variations of the boundary of the scattering obstacle
D is of specific interest. This, leads to the concept of a domain derivative, which is well es-
tablished in electromagnetic scattering (see |20, 16, 4, 10, 12]). For convenience to the reader
and in preparation of the next section we present the variational approach in some detail,
following very closely [10], where penetrable scattering objects are considered.

A perturbation of the scatterer is described by a vector field h € C*(R3?, R?) with compact
support. Given a set D C R3, we denote by D, the corresponding perturbed set D) =
{x + h(z) : z € D}. If the C'-norm of h is sufficiently small, the transformation z — (x) =
x + h(z) is a diffecomorphism. Throughout, we assume that a perturbation h does not change
the artificial boundary dBg(0). Thus, without loss of generality we have h € C3(Bgr(0),R?).
For functions f : D, — R% d € {1, 3} on the perturbed set D), we define the corresponding
function f : D — R? on the unperturbed set by f(z) = f(o(z)).

Let E € H,.(f2) be the weak solution of the scattering problem (2.2) and let Ej, € H,(2)
denote the solution of the scattering problem with respect to a perturbed scatterer Dy, i.e.

/ <cur1Eh cwl Vi, — k2B, - Vh>dx—1k<AfytEH,7TVH>aBR — (V) (3.1)
Qp,

for all Vi, € H,.(€2). Note the same right hand sides of the weak formulations (2.2) and (3.1),
since the boundary integral on the artificial boundary does not change. According to different
sets of definition, Ej, has to be transformed. We use the curl conserving transformation
Ey — Ej, given by

En(@) = J] (2) En(w) = (I + Jj (2)) Ey(x + h(x)) ,

where J,, denotes the Jacobian of ¢ (see [18, Section 3.9]). Then E, € HpC(Qh) implies Ej, €

H,.(€2), what can be seen from the formula curl. E) = —J,, curl Eh, where curl. denotes

det J, tJ
the curl operator with respect to the untransformed coordinates, and from <%Eh, 7TVh>aQ =
(veEn, v Vh)aq,, which follows by partial integration.

By the transformation we arrive for Ej, € H,.(2) at

/ (Curl B CeemlV — k2 En det(Jw)ngJ;TV> dz — ik (A B, vV ) o) = (V)
Q

n (3.2)




for all V' € H,.(€2). We define the bounded sesquilinear form Ay, : H,(2) x Hp(€2) — C such
that (3.2) reads as A, (ER, V) = (V).

Straight forward calculations yields the asymptotic behavior

J1J _
ae g = (=B ot I Ol (3.3)
det J, J, ' J, " = (1+divh)] — J, — J + O(||h]|zn). (3.4)

for |h|| — 0. Now as a first step we can show continuity of the solution with respect to the
perturbation h.

Theorem 3.1. Let E € H,.(2) be the solution of (2.2) and Ey € H,.(Q2) of (3.2). Then,

lim HE - EhHH(curl,Q) =0.

[Allc1—0

Proof. Let A, Ap, : Hpe(2) — Hpe(€2) denote the bounded linear operators defined by
(AE, V) heuno) = AEV),  (ALE, V) bea,o) = An(E,V)
and L € H(curl, Q) such that (V') = (L, V) g(cun,0)- We calculate
[(An — AV sy = AV, (Ay — AV) — A(V, (4 — A)V)

JTJ .
_ T 90—90 o — _1.27,T -1 -7 -
. /Q [cuer ( T 1)cur1(Ah AV =2V (det J,J2' I T — 1) (A, A)V]dx,

and by (3.3) and (3.4) we obtain

1(AR = DV 1w ) < ClRl IV [ e [(Ar = DV [ eun) -

Therefore, ||A;, — Al| — 0 as ||h]|cx — 0. The operator A possesses a bounded inverse (see
again [18, Theorem 10.7]). Thus, a perturbation argument (see [17, Theorem 10.1]) yields

HEh — EHH(curl,Q) — 0 as Hh”cl — 0. ]

Looking closely at the linearizations of the coefficients in the weak formulation (3.2), we can
prove differentiability.

Theorem 3.2. Let E € H,.(2) be the solution of (2.2) and Ey € H,.(Q2) of (3.2). Then there
exists a function W € H,.(Q), depending linearly on h € C§(Bg(0),R?), such that

lim HEh —F— WHH(curl,Q) = 0.

Allc1—0

Proof. We define W € H,.(Q2) as the solution of

AW, V) = / [curl E(div(R) I — J, — J))eurl V + k> B (div(h) I — J,, — J,)V |dx

Q
for all V- € Hy(2). Then, from
AE, —E-W.V) = AE, V) — Ay(Ep, V) — A(W,V)

5



T

—~T J J .
= 1B, (I—-2"2 _(div(h)I—J, —J 1Vd
/Q el By (1= G = (@) T =gy = ) ewl Vida

+ / curl(By, — B)" (div(h) I — J, — JYeurlV + k(B — E)" (div(h) I — J, — J])Vda
Q

for any V' € H(curl, 2) we conclude with (3.3) and (3.4)

1
[2fle

A(E, — E =W, V) < C(|Eullieuney OUlhllcr) + 1En = Ellseunna)) IV || reurtay — 0,

as h — 0in C', which implies limyp .y 0 HEL—E—W”H(CUI«LQ) = 0 by a perturbation argument
as in the proof of Theorem 3.1. O

The function W € H,.(f2) is called material derivative of E and it is no solution of the
homogeneous Maxwell’s equations. Note that W depends on values of h in the neighborhood
of 0D, which is not adequate in view of perturbations of the boundary 0D. A formal Taylor
expansion motivates to consider the domain derivative E' = W — J,' E — Jgh, which leads to
the desired derivative of the operator F.

We introduce the notation V,, = V-v and V, = v x (V xv) for the decomposition V' =V, v+V,
of a vector field on dD. Furthermore, we introduce the surface gradient Gradgp : H %(OD) —

H~z2(Curl,dD), given for smooth functions u by Gradgpu = Vu — Gu

—— —

rotation Curlyp : H2(0D) — H~2(Div,dD), given by Curlppu = Gradgpu x v, and the
surface divergence Divyp : H™2(Div,0D) — H~2(8D), which is defined for a smooth function
V by Divgp V =divV — v - Jyv. Note that the surface divergence satisfies

v, the vector surface

Divgp(V x v) = curlV - v (3.5)

and is coupled by the duality

/ u Divgp(V)ds = —/ V- Gradpp(u) ds .
oD oD

With these notations a representation of the domain derivative can be shown.

Theorem 3.3. Let OD be of class C?. In the setting of Theorem 5.2, define E' = W — J, E —
Jgh € H(curl,Q). E’ can be uniquely extended to the radiating weak solution of Mazwell’s
equations

curl B/ —ik H =0, curlH +ikE' =0

in R®\ D with boundary condition
—
v x E' = Curlyp(h,E,) — ik h, H, on 0D.

Proof. By the regularity of 9D we have E € H*(), C?) and therefore B/ = W — J] E — Jgh €
L*(Q,C?) (see [1]). Some basic vector calculus shows

curl(J, E + Jgh) = curl ((Jg — J5)h + V(R E)) = curl(curl E x h)
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= div(h) curl E + Jewi ph — Jy curl E = ik divh H + ikJgh — ikJ,H , (3.6)

which in particular implies curl B/ € L?(Q,C?) and therefore ' € H(curl, ). Additionally,
by v x W =0 on 0D, we find

vXx E'=—vx (Jgh+J, E)=—v x (curl E x h) —v x V(h'E)

——

in H=2(Div,dD). From v x E = 0 we obtain —v x V(hTE) = Curlyp(h,E,). Furthermore,
with v x (curl E X h) =ik (h,H, + H,h,) and H, = 0, which follows by Maxwell’s equations
and (3.5), we conclude the stated boundary condition for E'.

It remains to show, that £’ is a radiating solution to Maxwell’s equations, which will be

achieved by showing A(E’, V) =0 for any V € H,.(€2). We have
AE' V)= AW,V) = A(J E+ Jgh,V)
— / (curl E'(divhI — J, — J))ewrlV + K2E" (divh I — J), — J,I)V) dz
Q

. / <cur1(J,j E+ Jph)TewlV — K2(JTE + JEh)TV) dz.
Q
Using again (3.6), we find

A(E.V) = /

(kz(JEh +divh E — JuB)V = (Jumph + J7 curl E)Tcul v) do
Q

From div E = 0 in R®\ D, we conclude curl(E x h) = div(h) E + Jgh — J,E and Maxwell’s
equations yield

Jeuiph + Jy E = (Jeunz = Jon 5) + Jamph + Jy E

C

=cwrl’ Ex h+ V(A" cutl E) = k*(E x h) + V(h' curl E).

Together with div ((E x h) x V) = curl(E x h) "V — (E x h)Tcurl V, we finally arrive at

A(E, V) = I /

div ((E x h) x V) dz — / V(h" curl E) "curl V dz .
Q Q

Since div curl = 0, we obtain by the divergence theorem

A(E V) = /

div [l{:Q(E x h) x V — (k" curl E)curl V} dz
0

= /BD (h" curl B) (v cwrllV) — K*v" ((E x h) x V))ds.

Note that no boundary integrals on 9Bg(0) occur, since h is compactly supported in Bg(0).
The first term vanishes since v curl V = Divyp(V x v) = 0 for V € H,.(2) and for the second
term we compute

(Exh)xV)-v=(E-V)(h-v)—(V-h)(E-v)=(hxE)-(vxV)=0.
Thus, we have A(E’, V) = 0, which finishes the proof. O
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Before establishing the second domain derivative in the next section let us consider the lin-
earization of the operator F, which by the previous result is given by its Fréchet derivative
F'[0D]h = E’_, if we specify a linear space of admissible boundaries. In general solving an
ill-posed nonlinear equation by iterative regularization schemes based on its derivative re-
quires some additional conditions on the operator F. A quite general one is the tangential
cone condition, which can be described by the existence of a constant ¢ > 0 such that locally
IF(y) — F(z) — Flz](y — 2)|| < ||y — z|| |F(x) — F(y)|| holds. It ensures to some extent the
equivalence of local ill-posedness of a nonlinear equation and ill-posedness of its linearization
(see [14]). To our knowledge the validity of such a condition is an essential open problem in
any inverse obstacle scattering problem so far. Here, we just remark on injectivity of F’, a

necessary consequence from the cone condition, which is a severe problem in itself.

Corollary 3.4. Let the wave number —k? be no eigenvalue of the Laplace-Beltrami operator
App on the boundary of D. Furthermore, let h € (CY(OD))? be a vector field with constant
normal component h, = c € R on dD. Then F'[0D|h =0 on S? implies h, = 0.

Proof. A vanishing far field pattern F'[0D]h = 0 implies E' = 0 in R*\ D (see [3]). Since h,,
is constant we obtain from Theorem 3.3

h, ((EEQD(EV) —ikv % (H xv)) =0 ondD, (3.7)
Assuming h,, # 0, a rotation and taking the surface divergence yields

0 = Divap (((ﬁaD(EV)) X v — k(v x (H x v)) x v)
= —Divyp (Gradsp E,) — ik Diveop(H x v) = —AppE, — k*E,,

where we have used (map(E,,) = Gradypp(FE,) x v and Divygp(H X v) = v -curl H = —ikE,.
Since —k? is no eigenvalue of the Laplace-Beltrami operator, we obtain £, = 0 on dD. Fur-
thermore, by (3.7) we have v x (H xv) = 0 on dD. Applying the Stratton-Chu representation
of E' in D and of the radiating solution E* in R®\ D (see [15]) we obtain from vanishing
boundary values ¥ x £ =0 and v x (H x v) =0 on 0D of the total field the contradiction

, 1

F(o) = et | (vly) x B0 dsty) —cul | (vly) x B)Ble. ) ds(o) = 0
D D

for any x € D. Thus we conclude h, = 0. ]

Excluding eigenvalues of the Laplace-Beltrami operator seems to be necessary for injectivity

of F'. This can be seen from scattering by a ball B,(0) of radius p > 0, as it was already
observed by H. Haddar and R. Kress in [6]. Since, if we consider an incident field

. . y
J”(kr)ynm(@)j N Jn(kr) + krjl (kr)
r r

Ei(z) = /n(n + 1) Un(@)

in spherical coordinates, x = r, with spherical surface harmonics Y,*, U = (1 S Gradgs: Y,
n(n+

V" = & x U]" and Bessel- and Hankel-functions j,, AP for a positive integer n € N and



m € {—n,...,n} (see [15], some calculations show for the total field £ = E' + E* on the
boundary

Cutlon(E,) — ik(v x (H x v))

_ (DN julkp) + kpil(kp) ) »
(k P> ) [(Jn(k )+ hgzl)(kp)—i—kphg)(k;p)h” (kp) | V(%)

Thus, if k? = % for n € N, i.e., if —k? is an eigenvalue of the Laplace-Beltrami operator
on 0B,(0), there are nontrivial incident fields leading to a vanishing boundary condition (3.7)
and therefore to a vanishing domain derivative.

Based on Theorem 3.3 we can characterize the adjoint operator (F')*, which is of specific
interest for iterative regularization schemes, and adds to comparable results for the exterior
Dirichlet problem in acoustic scattering (see [9]). We specify the investigations to the case of
starlike domains, which also will be considered in the numerical tests below. Without changing
notation we consider the operator F : r — E/_ for r € C*(S?) and a starlike parametrized
boundary OD = {y = r(§)7 : § € S?}. Analogously, a variation is given by h(y) = h(9)7.

Corollary 3.5. The L*-adjoint operator of F'[r] : C*(S*) — L*(S?, C?) is given by
(F'[)"A@) = () (H- () - (Ha(0): () = B ) Ea)), )

where E4, Ha denote the total fields of the scattering problem with incident field given by the
Herglotz wave function E4(y) = [, A(Z)e "V ds; for a tangential field A € L*(S?,C?).

Proof. We introduce the notation E*(y;a, ) for a solution of the scattering problem with
incident field E'(y;a,2) = ae*®¥ and H'(y;a,2) = 2 x E'(y;a, 1) with direction # and po-
larization @ | z. From the integral representation of the far field pattern of the radiating
solution £’ (see [3]) we compute

a-E.(&)=ika- (i x/ lvx E. + (v x H.) x:g]e—ik@.yds>
oD

= ik:/ (vx B -H'(;a,—&)ds + ik:/ (vx H.)-E'(-;a,—2)ds
oD o

D

for any # € S and & L a € C?. Applying Green’s vector formula in the exterior of D together
with the Silver-Miiller radiation conditions implies

/ (v x curl E') - E*(:;a,—2) ds = / (v x curl E*(+;a,—%)) - E'ds
oD oD
Thus, we conclude by v x E*(.;a, —%) = —v x E*(.;a,—2) on D that

a-E. (&)= ik/ E - (H'(;a,—%) xv)ds+ik [ H.-(vx E*(:;a,—%))ds
oD oD

_ —ik/ E (v x Hi(-a,—#))ds — ik/ B (v x H(- 0, —)) ds
oD

oD
= —ik/ E.-(vx H(;a,—1))ds.
oD



Using this representation with polarizations given by a tangential field A € LZ(S? C3) and
substituting the boundary condition from Theorem 3.3 yields

(F'[OD)h, A) 2(2) = —ik /S /8D E. - (v x H(-; A(%), —%) ds ds(z)
:ik/aD(u < ) ( [ 1@, -2) ds(:%)) ds

= ik / ((ﬁap(hum —ik hVHT> - Hads
oD

=ik [ Gradpp(hE,) - (v x Ha) — ik hyH, - Hads

oD

:/ [—ithEV DiVaD(V XHA)+k2hVHT'HA] ds
oD
- / hy [E,,(iku ccurl M) + K2H, - HA} ds
oD
= k2/ ho[ — E,(Ea)y + Hy - Ha ds,
oD

where we have denoted as before the solution of the actual scattering problem by E = E(-;p, d)
and H = H(-;p,d). If 0D is starlike parametrized by y = 7(¢)§ and the variation is given by
h(y) = h(9)y we can calculate h, explicitly and arrive at

<F/[T])h, A>L2(SQ) = ]fQ/

SQ

BH) 20|~ B)(Ealy) + Hely) - (Haw))-| ds(d)

which shows the assertion. OJ

4 The Second Domain Derivative

We continue in proving the scattered wave to be twice differentiable with respect to the
boundary. If we use two small perturbations hy, hy € C'(R3 R3) with compact support in
Bgr(0) to perturb the boundary, we arrive at

(ODny)n = {y = ¢1(p2(2)) = & + ha(2) + ha(z + hs(2)) : 2 € ID},

which is not symmetric with respect to the variations h; and hs. But we expect a second
derivative to be symmetric, see |5, Chapter VIII.12]. The perturbation becomes symmetric, if
we replace hy by hy o ;. This motivates our goal: Finding a radiating solution of Maxwell’s
equations E”, depending bilinearly on h; and hs, being symmetric in h; and ho, and satisfying

lim su E  _[0Dy,] — E; [0D] — E" || g(ewr) = 0,
[[h2l 1 —0 Hh2H01 ”thC}il)=1 || hlo<p2l[ h2] hl[ ] ||H( 1,0)

where Ej[0D] denotes the domain derivative with respect to the variation h at the scatterer
D. The Taylor expansion hy o ;" = hy — Jj, ha + O(||h2]|2:) leads to

" = (B}, - B, (4.1)
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with (£} )}, being the domain derivative with respect to the variation hy of the domain derivative
with respect to the variation h;. The second term Ej is the domain derivative from Theorem
3.3 with respect to the variation h = Jj, hs.

We are going to prove that the second domain derivative is given by (4.1) and present a
characterization of E” as a radiating solution to Maxwell’s equations. Similar to the first
derivative, we start by showing existence of the material derivative of the material derivative.

Let W; € H(curl,Q) denote the material derivative with boundary 0D and with respect to
the perturbation h;, 1 = 1,2. W; is the solution of

vy = [

(curl ET Ajcarl V + k2 ETAiV) dz, forall V e H(curl, ), (4.2)
Q

where we introduced the abbreviation A; for the symmetric matrix A; = divh; I — J,, — J, ht .
Let Wi € Hpe(€h,) denote the solution of (4.2) with Q being replaced by €,. Again, we
define W1, = J;Wl € Hy(2). Then, Wy 4, solves

— JJ - — _ —
/Q (Curl WlThQ (ﬁ)cuﬂ V—k? WlT,hz ( det(Jm)J(;;J;QT)V) da+ik (AMvxWin,), V)asg o)

®2

T AT ——— - — =
— P2 #2 2 -1 -T
= /Q (curl Eh2< det >CU.1"1V—|— k Eh2<det Jond oy Ard, )V)dx (4.3)

for all V' € H,.(Q). In the next lemma, we provide the linearization of the new matrices.

Lemma 4.1. Let A € CY(R3 R¥3) and p(x) = z + h(z) with h € C'(R3 R?) sufficiently
small. Then we have
det J@TAJ@
det J,
det J,J; P AT T = A= J,A — AJ) +divh A+ A'(R) + O(||h]12),

= A+ JTA+ AJy, — divh A+ A'(h) + O(||h2),

where the matriz A'(h) € C(R3,R3*3) is given by (A'(h))i;; = (VAi;)Th, 4,5 =1,...,3.

Proof. The linearizations follow from (3.3), (3.4) and the Taylor expansion of the coefficients
Aij(x + h(z)). O

As a first step we prove that the material derivative W; depends continuously on perturbations
hs.

Theorem 4.2. Let Wy € Hyo(Q2) be the solution of (4.2) with i = 1 and Wl,hz € Hy, () a
solution of (4.3). Then we have

lim le - Wl,hg HH(curl,Q) = 0.

lh2|lg1—0

Proof. Let ¢5,(V) denote the right hand side of (4.2) with i = 1 and let ¢, 5, denote the right
hand side of (4.3). Recall the notation 4,, for the sesquilinear form, such that the left hand

side of (4.3) is given by Ah2(/ﬂ71,h2, V). Then we have

AWypy = Wi, V) = AWy, V) = Apy (Wi, V) 4 Chyng (V) = £y (V). (4.4)

11



Adding and subtracting the integral
/ <curl E;Alcurl V + k2 E,L/hV) dz
Q
leads to

A(Wl,hg—Wl,V):/ [curlﬁf\gh,z(I—%)W—kQW&Q(I—detU )ISATS )v} da
Q

w2 < P2
et 2

o JT A, . _
+/ el B, (Wf]“" — Ay JewlV 4+ k2 By, (det(J) I AT = A1)V da
Q P2

+ / (curl(Eh2 — E)" Ajcurl V + &2 (Eh2 — E)TA1V> dz.
Q

With Lemma 4.1 and Theorem 3.1 we conclude A(/Wlm — W1, V) = 0as hy — 0 in C', which
finishes the proof. O

As before, we consider the linearizations and prove differentiability.

Theorem 4.3. Let Wi € H,.(2) be the solution of (4.2) with i = 1 and sz € H,.(Q)
of (4.8). Then there exists a function W| € H,.(Q2), depending linearly and continuously on
ho € Ct, such that

1 W W - W/ by - 0
”hQHéIll—)O | P2l IWiny = Wi  Eeuro)

Proof. Motivated by (4.4) we define W{ € H,.(f2) as the solution of

AW V) = /

(Curl W, Agcurl V + B> W AV + curl W, Ajeurl V + k2 W;AIV) dx
Q

+ / cutl BT (J,) Ay + A1 Jy, — div hy Ay + A (hs))curl Vdz
Q

+ I{Q/ ET< — Jh2A1 — AlJ;; +divhe A; + All(hg))de, forall V e HpC(Q) .
Q

As before, we consider the difference -A(Wl,hz —W, =W/, V). We add and subtract the following
integrals

Wlh Asewrl V — k2T, hQAQV)dx,

:\:\s

curl Eh Ajcurl V + k2 Eh2A1V> dz,

curl ET Jh Ay 4 A, — div h Ay + A! (h2)>curl Vdz,

= / Eh2< Jh2A1 A1J}—Lr2 +d1Vl’L2 Al +A,1(h2))Vde’,

12



i.e. we consider

4 4
AWy = Wi =W V) = AWy, = Wi = WLV + > L= T,
k=1 =1

— J1 - _
:/ ourl W, (1= 2252 — Ay Jewl V = KW, (1 = det Sy, 5 5 + A0)V | da
Q P2

P2 pa

+ / |:CUI'1(/V[717}L2 — Wl)TAQCUI‘l vV — k?2 (/WL’D — Wl)TA2V> dx
Q

/\_l_ J;—QZIJQO2 T . /
+ [ cwl B (d— — Ay = I A = Ay, + divhy I — Al(h2)>cur1 Vdr
Q et JWQ

P2 2

+ /Q B} (det J J—%TEJ;; — Ay + Jp A+ Ay, — divhe I — A’l(hg))de
+ /Q [curl(EhQ — E—Wy)TAjcurl V + k* (Ej,, — E — WQ)TAlv} dzx

+ /Q curl(By, — B)T (J,IQA1 4 Ay, — divhe Ap + A’l(hg))de

+ k2 /Q(E,m - E)T( — T Ay — Ay gL divhy Ay + A’l(h2)>de.

This leads to the estimate
AW,y — Wy = W], V)
< CIV ey (IW1 w102 21+ 1W1 e = Wil unt Pzl
+ ||Eh2 - FE - WQHH(Curl,Q) + ||Eh2||H(cur1,Q)||h2||201 + ||Eh2 - E||H(cur1,sz)||h2||201>
for all V' € H(curl,Q2). Again by a perturbation argument, we conclude

Hm ([ Wip, — Wi = Willageun,a) = 0.

lP2]l o1 —0

]

Since W1 € H,.(Q) is the material derivative with respect to hy of the material derivative with
respect to hy, it contains by linearity the domain derivative with respect to hy of the domain
derivative with respect to hy, which we denoted by (E]), before. To calculate it, we consider

the formal Taylor expansion

Wi (2) = (I + Jy, (@) (Wi (@) + Jw, () ha() + d%le(x) +O(|lh2|IE1))-

With the decomposition W, = Ef + Jth E + Jghy we formally conclude

d
d—h2W1 = (EY)y + Ji By + Jpyha,

and, furthermore, with W{ = d%gwl,hz the Ansatz

(B, =Wy — Ji, Wi — Jw,ho — J) By — Jpyhy

13



is motivated. Similarly to the first domain derivative, we need higher regularity of the solution
and therefore higher regularity of the boundary, to ensure the Ansatz to be well defined.

Theorem 4.4. Let OD be of class C3. In the setting of the Theorem 4.3, let
(E)y = Wi — Jo,W1 — Jw,ha — J), By — Jg by

Then (E}), € H(curl, Q) . (EY)y can be uniquely extended to a radiating solution of Mazwell’s
equations.

Proof. see Appendix. n

In order to give a characterization of the second domain derivative E” = (E}), — E; with
h = Ju, hy, we need to introduce the symmetric curvature operator R : 9D — R3*3 which
acts on the tangential plane and is given by R(z) = J,(z), x € 0D. Furthermore we define the
mean curvature  : 0D — R by k = %div v. Note, that these definitions require differentiable
extensions of the normal vector field v in a neighborhood of 9D which is constant in the
direction of v, see [19]. We state the main result of this paper.

Theorem 4.5. Let 0D be of class C®. The second domain derivative E" is a radiating solution
of Mazwell’s equations, satisfying the inhomogeneous boundary condition

2
yx E'=) [Cuﬂap(hi,yE}u — Byh;, Gradop hj,) — ik Divap (hjy Hy )i — ik iy Hj .
i#j=1
. T 1 T
— ik(hg , Rhy ) Hy + Curlop [((h], Rha2) — 2611 yha ) B,

2
—
+ 2ik by yhoy (R — k) He +1ik > b (v x H)Curlyph,.

i#j=1
Proof. Since E" = (E{)y— E, with h = Jj, ho, the boundargl values of E” are given by v x E" =

vx (E})y—vx E},. From Theorem 3.3 we know vx B} = Curlop (v " Ju, ho)E,) —ik(v" Jp, ho) H.
We calculate

I/TJhlhg = (VTJ}H I/)hgﬂj + VTJhl hgﬂ-

= hov' (Vhy, — J hy) + h{T(J,jly + Jyhy — J) hy)

ohy,
= hyy=s 2 4 by, Gradop huy — b Rhus

since R is acting on the tangential plane. With W| € H,.(2) the boundary values of (E}))
are given by v x (E})y = v x [ = J| By — Jg hy — J,L Wi — Juw, hs]. We use the decomposition
of the material derivative W; = Ej + J, + Jgh;, for i = 1,2 to find similarly as before

vx (E))y=—vX [Gradap(hITEé + hy E}) 4 curl B x hy + curl B x h2i|

— U X [GradaD (hy (V(MTE) + cwrl E x hy)) + curl(curl E X hy) X hy|.
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As seen before, we have
curl(curl B x hy) x hy = (Aj curl E) x hy + k*(E x hy) X hy + V(R curl E) x hy.
From the boundary condition ¥ x £ =0 on 0D we conclude

Oh| E
v
ahl I/EV ahITET
) h » 9
ov + e, ov

We gather some identities, namely v x ((E X hy) X hg) = E,hy, (v x hy) and

hy V(h{ E) = hy, Gradgp(h| E) + ha,,

= hy, Gradop(h1,E,) + ha,

8hT
ov

as well as v x ((A1 curl ) x hg) = ikhy, A H, — ik(vT A H,)hy, , and finally

X (Gradap(th curl ) x hy) = ikho, GradaD(hITHT) — ik

h2'r7

——
v x Gradgp (h;(curlE X hl)) = Curlyp (hz,u curl ET(V X hy) — hy (v % hg)T curl E)

Combining and substituting these into v x E” = v x (E}), + v x Ej}, yields the boundary
condition

vx E" :(ﬁaD(th; + hy EY) — v x (curl B X hy + curl E] X hs)
— OF,
— ik(hQ,TRhl,THT + CUI'L‘)D [(hg TRhl TE + hl l,hQ v 6V ]
— OF,
+ Curlpp [P hy . Gradsp Ey + hoyhy . ——]
_> ’ a
— Curlyp [hgﬂj curl ET(Z/ X hy) — hy (v X hg) curl E}

— ik(h2’yA1HT ( TAl )hg T) — ]C2E hg V(I/ X h1>

oh] _H. h
— ikhy,, Gradgp(h| , H,) + ikhy . 57 k(hg l,aal >+ h » Gradsp hl,,,) H.,.
’ v
For any vector field F', we have on the boundary 0D
oF;
=curl I’ x v + Gradgp F,, — RFE- (4.5)
v
(see (5.4.50) in [19]), and
oF,
5 — Divgp F; — 2KF, . (4.6)
For the tangential part of the curl we get
0
(curl F), = Curl@DF + (R -2k — 8_)(F X V) (4.7)

(see Theorem 2.5.20 in [19]). With equation (4.5) we conclude

ohl H, .
5= —H] Gradop h.

(I/TAlHT) +
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Furthermore, by div(H) = 0 and H, = 0, we have
(A1H)_ = cwrl(H x hy); — Gradap(hi . H;) —ikE,(v x hy).

With equation (4.7) we obtain

ikhy,, curl(H x hy)y = hy,Curlyp (curl BT (hy x 1))
OH, Oh,,

+ikhy,———H,.

— ikl hay (R = 26) He - ikhy yhoy =T o

Thus, we arrive at

——
v x B" = Curlop (h] By + h] E}) — v (Curl B x hy + curl E! x hz)

—ik(h], Rhy ) H, + CurldD[(hQTRth)E + hlyh?”aali ]
0
+ikhy, o, (R — 2% — 5)1{

— oF,
+ Curlyp [hw hi Gradop B, + ha, i, ]

— (ﬁw |:h27,, curl ET(V X hy) — hy (v X hQ) curl E}
— By, Cutlyp (curl BT (hy x 1)) + ik (Gradap (h1,,) x (He o).

By (4.6) we obtain
OE.

ov

Gradgp B, = —curl £ x v.

Furthermore, it holds

[GradaD h, x (H, % hQ,T)] - [(y x (Gradap(h1,) x v)) x (H, x hQ,T)]

_ [(GradaD(hl,y) < V)v - (Hy % hy.r) — v(Gradyp(hy,) x v) | (H, x hQ,T)}

1 —
= curl ET (v x hy)Curlyp(hy,,) .
i

T

By the product rule we finally arrive at a symmetric characterization, i.e.,
vXx E" = CTﬁaD (h{ B+ hy E}) — v X (curl E} X hy + curl B} x h2>
E,
—ik(h], Rh ;) H, + CurlaD[(hQTRth)E e h“aay ]
. 0 oE; 0E,
+ikhy, ha,, (R . 21: 5) H, + Curlgn [hl Jhl o +hyy b ]
—curl ET (v x hy)Curlyp(hy,) — curl ET (v x hy)Curlop(hi,).

From (4.5) and from (4.6) we see 2= = —RH,, and 22 = —2xE, and conclude

—
v x E" = Curlpp (h{ By + hy E}) — v x (curl Ej X hy + curl B X h2>
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— i (h] R Hy + Curlon [ (1], R ) = 26hy, b ) B
+ QikhlJ, h27,/ (R — /ﬁ?) HT

o
+ Curlyp [hll,hT 4

T “a }+k2h (v x H)Cutlop(hy.).

i#j=1

—
We use the boundary condition v x E! = Curlygp(h;, E,) — ikh;, H; of the domain derivative,
i = 1,2, which leads to Ej . = — Gradgp(hi, ) +ikh;,(v x H), and obtain

Curlop (h] E}) = Curlop (hi B}, + hi E],)

1, T ,T

lop (hiy B, — hi . Gradap(hj, E,) + ikhj, b (v x H)).

I
Q\L
=
=

Furthermore, we have

—v x (curl B} x hy) = curl B h; - — hy, curl B} |
— —Divop(v x B))hi, — ikhi, H,, = —ik Divop (hy, Hy)hi , — ikhi, H! .

Together with 2= = ik(H x v) + Gradyp E, we arrive at
2 =—
vx B = 3 [Cutlop (hiy B), — b, Gradap hyy) = ik Divop (e bz = ik hio H),
ij=1
T ~ T
- lk’(hQJRhl,T)HT + Curl@D [((hQ,TRhl,T) - 2/€h17yh27y) E,,}

2
+ 20k by yho (R — k) Hy +ik S BT (v x H)Curlophy,,
iAj=1

as stated in the theorem. O

We do not claim that the characterization is the most elegant or shortest way to describe the
boundary condition of Theorem 4.4. But it shows its symmetry with respect to h; and hs.
Note that the boundary condition of the second domain derivatives requires both the solution
(E, H) as well as the first domain derivatives (E!, H}) to be sufficiently smooth in order to be
well posed.

5 A Second Degree Method

Recall the boundary to far field operator defined by F(0D) = E,, € L?(S?). From the previous
section, we know F to be twice differentiable where the derivatives are given by the far field
patterns of the domain derivatives, i.e. F'[0D|h = E'_, F"[0D](hy, hy) = E”.. To solve the
equation

F(0D) =

for a given FE,, € L?(S?), we apply a Newton type method. Choosing a starting guess 9D° a
classical Newton step consists in solving the linear equation

F'[0D'|h = E,, — F(0D"). (5.1)
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Due to ill-posedness the equation (5.1) has to be regularized in order to ensure solvability.
Applying Tikhonov regularization, we consider the uniquely solvable equation

(F'[OD')'F'[0D"] + a,I)h = F'[0D')* (Ew — F(0D")) (5.2)

with some chosen regularization parameter ay > 0. Thus the regularized Newton scheme uses
an update of the boundary by 0D = 8D%. For more details on iterative regularization
methods we refer to [14].

For the second degree method, we modify this approach and use h just as a predictor to
linearize the quadratic approximation ¥(0D,) ~ F(9D) + F'[0D]h + sF"[0D](h,h). Thus,
the corrector step becomes

F'[0D'h + %F”[@Di] (h,h) = By — F(OD").

Again, we apply a Tikhonov regularization. Defining the linear operator T by Th = F'[0D?|h+
LF"[0D"](h, h) the corrector step solves for h by

(T*T + axI)h = T*(Ex — F(0D"), (5.3)

again with some regularization parameter o > 0. Then the so called Halley method is given
by an update of the boundary by D! = dDj.

To obtain a regularization scheme for the full non-linear problem it is known that we have
to add a stopping condition. Therefore, we stop the iteration if the residual r; = |[F(0D") —
Exllr2s2)/ || Ex | 2(s2) falls below a chosen threshold. The regularized second degree method
also called regularized Halley method is introduced in [11] and [13|, where regularizing prop-
erties are shown under certain assumptions, mainly the tangential cone condition mentioned
in chapter three.

However, we consider a numerical implementation of the method, which requires the choice
of a set ) of admissible boundaries as an open set of a normed space X. Then, the domain
derivatives become Frechet derivatives. We have chosen ) to be the set of star shaped domains
with center in the origin and boundary of class C*°, discretized in the same way as in [8, 7]
by spherical harmonics Y, in the following way: First, we identify the boundary 0D € ) by
the positive smooth function r : S* — R, such every x € D is given in spherical coordinates
by z = r(d)d for some d € S?, i.e. we choose the open set Y = {r € C®(S?) : r > 0} in
the space X = C(S?) as the domain of F. To discretize ), we choose the finite dimensional
subspace Xy C X, using the real and imaginary part of spherical harmonics Y, up to the
degree N € N, i.e.,

N n N n
Xy={reC®S):r=> Y alRe¥"+) > ArimY"}

n=0 m=0 n=1 m=1

with dim Xy = (N + 1)2. The discretized set of admissible boundaries Yy consists of the
elements r € Xy with r(d) > 0 for d € S?. Fixing M € N evaluation points Zy,...Zy € S?
for the far field patterns, we discretize F(OD) = E, by (Ex(Z1),..., Ex(Ty)) € CXM |
Using the linearity of the domain derivative F'[0D] and the notation E’_(i; h) for the domain
derivative with respect to the perturbation h, evaluated at & € S? and the ordered basis

B={ReYy, ReY?, ReY}!,..., ReYY, ImY!, ... ImYy},
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we arrive at the representation matrix for the discretized operator
2 -~
F'[9D] : RV — M (F'[0D]) ., = (B (T ),

withi=1,...,(N+1)? j=1,2,3and k= 1,..., M, where hj, denotes the k—th element of
B. The discretization of the identity I is given by the identity matrix I(y,;)2. We observed a
better performance of our scheme by using a different penalty matrix J instead, which punishes
the curvature of the boundary. Such a matrix J is for example given by the diagonal matrix
with entries (J)g, = 1+ A(k), k =1,...,(N+1)% Here, A\(k) is the corresponding eigenvalue of
the spherical harmonic Y, with respect to the Laplace Beltrami operator Agz = Divgs: Gradgz,
associated to the k—th basis element of B. For the predictor h= (o, Br) € ROVD? we solve
the discretized version of equation (5.2) with I replaced by J. In general, a solution of this
equation is complex-valued, so we discard the imaginary part.

Let E” (Z:h,h) denote the far field pattern of the second domain derivative with respect to

the perturbations h; = h and hy = ﬁ, evaluated at EE:\E S?. Then the representation matrix
for the discretized operator T = F'[0D'] 4+ $F"[0D'](h,-) is given by

TRV €Y (T) = (Bl(@ji ), + %(E;;@; hi, ),
with again i = 1,..., (N +1)%, j = 1,2,3 and k = 1,..., M, where h; denotes the k—th
element of B. The corrector h is then given by the real part of the solution of the discretized
version of (T*T + aod )h =T (Eoo — F(@Di)) . Full discretization requires the numerical
evaluation of F(0D), F'[0D] and F"[0D]. Looking closely at the boundary conditions for the
first and second domain derivative, we identify the traces of the solutions (E, H) and (E’, H')
and some terms involving surface differential operators to these traces. We therefore chose an
integral equation approach for the full discretization. Our implementations were carried out in
the open source Galerkin boundary element methods library BEMPP (https://bempp.com).
For an overview of the library, see [21]. We will shortly present the tools needed to formulate

ik|lz—y|
Le denote the
dm |z—y|

fundamental solution of the three-dimensional Helmholtz equation Au + k*>u = 0. We define
the electric potential

the scattering from a perfect conductor as an integral equation. Let & =

Ep(z) =ik /BD o(y)®(z,y)ds(y) — év /aD Divap ¢(y)®(,y)ds(y)

and the magnetic potential

Ho(x) = curl / o ()®(, y)ds(y),

oD

which are bounded operators from H~2(Div,dD) to H.(curl?, R?\ D). For any radiating
solution £ € Hy(curl®, R? \ D) of Maxwell’s equations, we have the Stratton-Chu repre-
sentation formula E(x) = —HyrE(z) — EynyE(x), where we introduced the Neumann trace
YN = i% curl . The potentials satisfy the following jump conditions on the boundary 9D,

Els = [wHele =0 and  [ywEpls = [yHyls = —p for ¢ € H2(Div, D).
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By the mean of the interior and exterior traces of the potentials, we arrive at the electric

boundary operator E and magnetic boundary operator H, both bounded linear operators
1 1

from H~2(Div,0D) to H~2(Div,0D). These operators satisfy

1 1
’Ytg:E7 rYNg:_§I+H7 ’YtH:_§I+H7 and ’YNH:_E

Let E be a radiating solution to Maxwell’s equations, satisfying a Dirichlet boundary condition
vE = —F for some right hand side F, in our case the scattered field E* with F = ~,E* or the
domain derivatives E’, E” with the right hand sides presented in Theorems 3.3 and 4.5. In each
case, we make the Ansatz E(z) = —EXN(x), € R3\ D for some density A € H~2(Div, dD).
Then, by the trace and € = E we arrive at the indirect electric field equation (EFIE)

E\N=F.

Assuming k to be no interior eigenvalue of D, the EFIE is uniquely solvable for any right
hand side (see [2]). The major challenge arises from calculating the boundary conditions for
the domain derivatives. Recall the boundary condition v x E' = Gradgp(h, E,) X v — ikh, H,
of E'. Numerically calculating the boundary condition requires access to the discrete version
of the surface gradient Grad, the rotation operator R, defined by Ryr¢ = 7:¢, the magnetic
trace H, = (v x (H x v)), and the normal component of the electric field E,. Furthermore, we
have to calculate discrete products of discretizations for the product h,F, and h,H,. From
(3.5) we conclude E, = —i Divgp H x v, i.e. we can calculate the normal component of
by applying the surface divergence to H x v. Considering

/ va-w/st:—/ Ve - yrp ds,
oD

oD

we see, that the negative dual pairing — (v, y7r¢)sp between H_%(Div,aD) and its dual
space H ’%(Curl, 0D) can be seen as the weak formulation for the rotation operator R.

Since we use the Ansatz E* = —& )\, the tangential trace of the electric field is given by

1
H* x v =yyE* = (51 - H))\.
For the discrete product f-qg9 = ). a;¢; of two functions f and g in a chosen basis of functions
¢;, we calculate the L? projection of the product onto the bases functions ¢;, i.e. we solve the
linear system

- oj(x) - (f(z)g(x))ds(z) = oy . ¢i(x) - pj(x)ds(x), j=1,....

Note that we chose a basis of scalar functions for the product h,E, and a basis of vector
valued functions for the product h,H,. For details on the above described implementations
and the code of the actual implementations of the first domain derivative and its use to
solve an inverse problem, we refer to [8, 7| and the tutorials on the homepage of BEMPP
(https://bempp.com).

Lets consider now the boundary condition for the second domain derivative E”, given by

2
s
=Y [Curlap(hi,yE;V — E,h) Gradop hj,) — ik Divap(hy, Ho)hi - — ik iy H,
i#j=1

20



— ik(h] Rhy ) H, + Cutlop [((h],Rhy) — 26y yha, ) B,

2
-
+ 2ik by yhoy (R — k) He +1ik Y b (v x H)Curlyph,.
i#j=1
Note, that we have formulated the boundary condition in a way, we can use the same tools
as before. We only have to consider additionally a discretization of the curvature operator R

and of the mean curvature k. The discrete scalar product of two functions is another special
case of the discrete product -4 described above. Recall the definitions

R=J, and /@:%divy.

We have g—l’: = 0 and R acts only on the tangential plane. Since R = R ', we arrive at

F - Gradygp 1y
RF = | F-Gradgps |,
F - Gradyp vq

which is in every component a discrete product of functions. Having calculated each compo-
nent, we use again L? projections to calculate RE for a given vector field F'. For the mean
curvature k, we use the relation —Aypx; = 2k 14, @ € {1,2,3}, of k and the Laplace-Beltrami
operator (see equation (2.5.212) in [19] with u = z;), to calculate

13
—3 ZuiAapxi =k V|]* = k.
i=1

The left hand side can again be implemented by using the discrete product of functions -5 and
applications of the surface gradient and the surface divergence.

Now, since we know how to realize the boundary conditions, we present actual reconstructions
using the second degree method. We successfully ran reconstructions for exact and also noisy
data. Asin [8, 7|, where we considered a regularized Newton scheme as described by equation
(5.2), we consider the following shapes:

e A rounded cuboid, implicitly given by
T1\" To\™ T3\
() (@) (@) -
T1 T2 T3
with some exponent n € N, a positive radius d > 0 and side lengths ry, 75,73 > 0.

e A peanut-shaped object with parametrization

T 5 sin(0) cos(p) R(cos(d))
r= |z | = | $sin(d) Zin(¢8£(cos(9)) , pe€l0,2n], 8 €0,7],

with diameter d > 0 and radial function R : [~1,1] — R, given by R(z) = —2 cos(m 2/2).
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Note, that the characterizations of the second domain derivative requires a smooth boundary.
We therefore chose the rounded cuboid to challenge our reconstructions with an object close
to the non-smooth cuboid. Additionally, we show the peanut as an example for a non-convex
object with positive and negative curvature x. In order to cancel any positive effects due
to symmetry, we applied a translation such that the center of the rounded cuboid and the
peanut-shaped object does not coincide with the center of the star shaped reconstructions.
Furthermore, we consider the plane wave, given by

(f]l) (x) = (d i p) ehde g e R3,

with polarization p = (i—1, 2, —1—3i)" € C? and direction d = \/Lﬁ(l , 2, 3)" € S%such that
the direction of the plane wave does not coincide with the symmetries of the considered shapes.
In each experiment, the wavenumber is k = 1.4. We calculate the exact data E,, = F(9D) by
picking 168 evaluation points on the unit sphere S?, i.e. E,, € C31%  Note, that due to the
offset of the exact data, we avoid an inverse crime, since the exact data is being calculated by
using meshes unrelated to those used in the reconstructions. We additionally use finer meshes
for the calculation of the exact data.

In the case of noisy data of level § > 0, we multiply every element of the far field matrix
E € C¥*1% by arandom complex number 14+0X;e>™*2 | where \;, Ay are uniformly distributed
random numbers on (0, 1). In our experiments with noisy data, we have chosen § = 0.2 which
results in 10% relative error in comparison with the exact data. The regularization parameters
a1, ag were chosen by experience.

Rounded cuboid Peanut-shaped object

0.6 1 &
—H8— 1st order scheme with exact data —8— 1st order scheme
—%—— 2nd order scheme with exact data 0.9 —%——2nd order scheme

0.5 —S— 1st order scheme with noisy data | - ©— Frozen 1st order scheme
—+—— 2nd order scheme with noisy data

0.4

037

021

0171

Iterations Iterations

Figure 1: The residuals during the reconstructions of the rounded cuboid with exact data and
10 % noise and the peanut-shaped object with exact data.

In most of our experiments we observed a behavior of the residual as shown on the left side

in figure 1 for the rounded cuboid. It occurs a significant decrease in the first few iteration
steps which then slows down rapidly. It holds for a wide interval of regularization parameters
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Initial guess D0

Exact shape D Iteration 1
2 4 2 2
14 14 1
0 0 0
14 14 14
-2 4 -2 4 -2 .
0 0 0 0 0 0
2 2 2 2 2 2
Cut with planez=0
Iteration 5 0 Cut with plane x =y
2. [ DF 2.
14 T
0 0
-1 4 -1 4
2 2 I D
2 \\./ 2 2 D. 2
0 0 0 5
2 2 2 2

Figure 2: Reconstruction of the peanut-shaped object with exact data using the second degree
method.

a1 and «s, leading to a comparable qualitative behavior. As seen for the rounded cuboid
usually the second degree method shows a faster decrease in the first one to three iteration
steps. But finally both methods, the iterative regularized Newton method and the second
degree method, lead to similar residual errors in case of noise free data as well as in case of
noisy data. Only this general observation was not confirmed in the case of the peanut shaped
object as it can be seen on the right hand side of figure 1. While again the first iteration of the
second degree method shows an improvement in comparison to the Newton type method, this
is no longer true for the following iterations. Again, the final residuals are again similar, but
after significantly more iterations. Note, that the performance of the second degree method
is still slightly better than the performance of a frozen Newton scheme, where we fix the first
derivative in the Newton iteration from the initial step.

In comparing the reconstructions of both approaches some differences are remarkable. In case
of noise free data both the Halley as well as the Newton scheme lead to reasonable, similar
reconstructions, as shown in figure 2. The only difference are a few less iteration steps required
in the Halley methods, which, of course, are payed for by more computational effort for the
second derivative in each step. But, additionally, we observed a more stable performance with
respect to the choice of the regularization parameter. The range of possible parameters oy
within the Newton scheme leading to reasonable results is significantly smaller then for the
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Initial guess D0

Exact shape D Iteration 1

[N
.
N

2 2 2 2 2 2
Iteration 4 Cut with plane x = z Cut with plane x =y
2 2 4 2
14 1 14
04 0 04 @
-1 1 -1 4
59 - T [y 2] I O

2 9 2 2 2 2

Figure 3: Reconstruction of the rounded cuboid using the Newton scheme with 10 % noise on
the given data.

second degree approach.

A more significant effect in the reconstructions occurs in case of noisy data. Due to regu-
larization the iteration has to be stopped if the residual error is becoming to small. It is
seen also in the acoustic case that the iterated shapes start to deteriorate if a receding cusp
is developed. This effect is regularized slightly by choosing the matrix J instead of I in the
Tikhonov regularization, but if it occurs, in general the iteration process can not compensate
on it and the iteration must be stopped. Of course, by a larger regularization parameter we
can avoid the effect but then reconstructions become worse, close to the initial guess. Here
we observed the main advantage of considering the second degree method, since it turned
out that the method reaches frequently the stopping level before such cusps occur. This can
be seen from the figures 3 and 4 showing reconstructions from noisy data with the iterative
regularized Newton method and with the Halley method.

Finally, we consider the performance of the schemes in the case, where we know that the
tangential cone condition fails. Thus we consider a ball, where the radius is chosen such
that the wavenumber is an eigenvalue of the Laplace-Beltrami operator. From Corollary 3.4
we have seen that injectivity of F’ does not hold if we illuminate the ball by an incident
field generated by a vector surface harmonics. Especially F'h = 0 if h,, is constant. Thus the
iteration schemes can not just expand or shrink the size of the ball. Exactly this was observed,
using such a ball as an initial guess both the Newton as well as the second degree scheme slow
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Initial guess D0

Exact shape D Iteration 1

[N

0 0

N

2 2 2 2 2 2

Iteration 2 Cut with plane x = z Cut with plane x =y
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T 2 2 T mmmp, ? ! o— D,

2 9 2 2 2 2

Figure 4: Reconstruction of the rounded cuboid using the second degree method with 10 %
noise on the given data.

down and do not reach as good reconstructions as in non critical cases (see figure 5).

As a conclusion from these numerical investigations we can state a slightly more stable perfor-
mance of the Halley method compared to an iterative regularized Newton approach as it was
already observed for the acoustic case (see [11]), but by the prize of a higher computational
effort in each iteration step. Additionally, the last observations in case of non injective do-
main derivatives confirm that further research is required in understanding the performance
of iterative regularization schemes in inverse obstacle scattering.

Appendix

Proof of Theorem 4.4.

Proof. Let (EY)j be defined as in the theorem. The regularity of the boundary implies F, H €
H?(Q,C?) and E',H' € H'(Q,C?), see |1, Corollary 2.15]. We conclude, similar as before
(EY)4 € H(curl, Q). We will again show A((E})5, V) =0 for all V € H,,o(€). For i = 1,2 we

have
W; = E/+ J, E+ Jgh; = E/+ V(h] E) + curl E x h;. (5.4)
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Figure 5: Reconstruction of the rounded cuboid using the regularized Newton scheme in the
setting, where F'[Dy] is not injective.

The curl of the material derivative is then given by

curl W; = curl B + curl (curl E x hy)
=curl B + curl Ediv h; + (Jewn g — Job 1) i
+ (S phi + Iy, catl E) — (Jy, — J; ) cwrl E
=curl B + A; curl E + K*(E x h;) + V(b curl B).

Note from the proof of Theorem 3.3, that for any divergence free solution F' € H'(2,C3) of
Maxwell’s equations and V' € H,.(€2) we have for i = 1,2

/ (curl FTAV + k2 FUW) dz — A(J, F + Jph;, V) = 0.
Q

We apply the identity for F' = E!, i = 1,2. Let us continue by eliminating the terms involving
the material derivative in (5.4). We obtain

TnsWi + Jwha = Ty, By + Tggho + T, D B A+ Jyy Jehy + Ty s he.
In order to deal with the Jacobian of the Jacobians, we write

I Tehy + J57 gy gpnhe = v(h; (W] E) + cwrl E x h1)> +cwrl (curl B x hy) x hy
1
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= v(h;(hIE) +ewl E x h1)> + (Aycurl E) x hy + K2(E x hy) % hy + V(h] curl E) X hy.
Let us consider now
A((E, V) =AW, V) = ACTL By + Jgyhy — JEW + Jwyha, V)
_ /Q (cun W ATV 4 K2 W ALY + el W Ayl V 4+ 42 W7 A,V ) da

+ /Q curl BT (J,;Al A, — divh Ay + Ag(hg))mdx

+ k:2/ ET( — JpAy — ALTD 4 divhy Ay + A’l(hz))d:c

— A(Jgi Ey+ Jg, + J, B+ Jprho + J), ) E + J), Jphy + Tir mvaphhe; V).
With the previous calculations, we get
A((E})5, V) = / (curlE Agcurl V + k2 E’TA2V> dz — A(Jy, B} + Jgiha, V)
<
<
<

kz2/ [(curlE X ha + V(hy E)) A1V + (cwrl E x hy + V(hTE))TAQde

curl B, AyewrV + &2 E’TAlv) dz — A(J) B} + Jgyhy, V)

2

2

(
(Az curl E + E2(E x hy) + V(h] curl E))Alcurl Vdz
(

Avcurl B+ K2(E x hy) + V(h] curl E)>A2cur1 Vdx

)

_|_

+ [ curlET Jh2A1 + Ay Jp, —divhy Ay + A’l(hQ))curl Vdz

o)

+ k2 /Q ET( = Jn A1 — A1y, + div hy Ay + A (hs))Vdz
. /Q curl [(Al curl E) x hy + k2(E x h1) x hy + V(h] curl B) x hg] el Vda
+ k2/ﬂ [v(h;(V(hIE) +curl E X hy)) + (A curl E) x hy

FKX(E x hy) X hy + V(h] curl E) x hg] Vs

Recall the definition of the symmetric matrix A; = divh; [ — Jp,, — JhTi . We have
AsAy + AjAy = 2divhy Ay — T Ay — Jo Ay — Ay, — ALy
and therefore

A((Ei)é, V) = ]CQ/ ET( — Jh2A1 — Alj;;l; + le h2 Al + All(hg))VdZE
Q

+ / curl ET( — Jh2A1 — Al‘]}—; + div hg Al + A&(hg))curl Vdx
Q
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T
+/ <k2(E X hy) + V(hy curl E)) Ajcurl Vda
0
.

+/Q <k2(E x hy + V(h curl E')) Ascurl Vdz
+ k?/ﬂ [(curlE X hy+ V() E)) Ay + (curl E x by + V(hIE))TAz}Vda:
- /Q curl [(A1 curl ) x hy + k2(E x h1) % hy + V(h] curl E) x hz] el Vda
+ k:Q/Q [V(hJ(V(hIE) +curl E X hy)) + (A cwtl E) x hy
+ k%(E x hy) X hy + V(R curl E) x hg] Tde. (5.5)

Considering vector fields F,V,h and a symmetric matrix A, elementary calculus yields the
following identities:

div (h"E)V) = (h"E)divV + VT J E+ VT Jh,
div ((h"V)AE) = (h"V)div(AE) + ETAJ]V + ETAJ) h,
div ((ETAV)h) = ETAV divh+ h' J; AV + ETA'(h)V + E"T AJyh.
With these identities, we conclude
curl BT (= Jyp, Ay — Ay, + div hy Ay + Aj(hy))curl V
= —div [(h curl E)Ajcurl V + (hy cwrl V) A cwrl E — (cuwrl ET Ajcurl V) by
+ (hy curl V) div(A1 E) + (hy curl E) div(A;curl V)
+ (A curl B) " (curleurl V x hy) — k*(E x hy) " Ajcurl V, (5.6)

since curlcurl E = k?E. Similarly, we have

ET( = Jp, A1 — AyJy + divhy Ay + Al (he))V
+ (hy B) div(A, V)" (curl V' x hy) — (curl E x hy) " A, V. (5.7)

We combine (5.6), (5.7) and (5.5) to get
A((EY)5, V) = / div [(curl ET Ajcwrl V) hy — (hy curl V) A; curl E]dz

+ ((h curl V) div(4; curl E) — (A; curl B) " (curl curl V' x h2)>dx

S~ =

+ k2 / div [(ETA{V)hy — (hy V) A E]dx + K / (hy V) div(41 E) A1 E(cutl V X hy))dz
Q Q

+ [ (F(E x hy) + V(h] curl B)) " AycurlV + &2 / (curl E x hy + V(h E)) " AV dz

Q

T
curl [(A1 curl E) x hy + K2(E x h1) % h + V(h] curl E) x hg] curl Vdz

:>\:>\
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- kQ/Q [v(h;(V(hIE) +curl E X hy)) + (A curl E) x hy
+ k*(E x hy) X hy + V(h{ curl E) x hg} 'Vda.
By the divergence theorem, we have
/Q div [(curl BT Ajeurl V) hy — (hg curl V) Ay curl E]dz
=— /M) (hoy(curl ET Ajcurl V — (7 Ay cwrl E)(hg curl V))ds,

since hy, ho are compactly supported in €. Application of the partial integration formula leads
to

/ (= (Ar cwrl B)" (uiTewTV x hy) = curl ((Ay curl E) x hy) el V) da
Q
= / ((Al curl E x hy) Teurlewrl V — curl ((A; curl E) x hg)Tcurl V) dz
Q
__ / (v x curl V)T (A curl E) x hy)ds.
oD

In the last integral, we only need to consider the tangential component of (A; curl ) x ho,
which is given by

(A1 curl E) x hy] = (vT Ay cutl E) (v X ha) — hay (v X (4 curl E)).

We use again (3.5) to conclude v curl V = —Divgp(v x V) = 0, since V' € H,(Q), which
yields

(v x carl V)T ((Ay cwrl E) X hy) = (hy curl V) (v Ay curl E) — hy, (curl ET Ajcurl V).

Finally, we have shown
/ div [(curl BT Ajcwrl V)hy — (hy curl V) A; cwrl E]da
Q
— / <(A1 curl B) " (curleurl V' x hy) — curl ((A; curl E) x hQ)Tcurl V) dz = 0. (5.8)
Q

A second application of the divergence theorem, together with the boundary condition v x £/ =
v xV =0on dD leads to

/Q div [(ETA;V)hy — (hy V) A, E]dz
_ /8 ) (7 Ao, BV, — 07 Ao BV, ) ds = 0. (5.9)
Applying (5.8) and (5.9), we have
A((E})5, V) = /Q ((hg cwrl V) div(A; curl E) 4 k*(hy V) div(4, E) ) dz
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- k2/(A1E)T(cur1V X ho)dz + k2/ (curl E x hy + V(h] E)) " A, Vdz
Q Q

+ /Q (K*(E x hy) + V(h{ CurlE))TAgmdx
- /chrl (K2(E x hy) X hy + V(h] curl E) x hy) curl Vda
+ k:2/Q [V(hy (V(R{ E) + curl E x hy)) + (Aj cwtl E) X hy
+ K*(E % hy) X hy + V(h] curl E) x hy] ' Vda.
We consider the term curl ((E x hy) X hs). Elementary calculations yields

curl ((E X hy) X he) = As(E X hy) — ho div(E X hy) + V(hg (E X hy)) 4 curl(E x hy) X hs
= Ay(E X hy) — hy div(E x hy) + V(hy (E X hy))
+ (ALE) X hy + V(h{ E) x hy + (curl E x hy) X hs,

which leads to
A(ED,, V) = / ((hg curl V) div(A; curl E) + k*(hy V) div(4 E) ) dz
Q
+ / (V(h curl B) + K curl E x by + K>V (k] E)) " A,V da
Q
_ / curl (V(h{ curl E) x hg)TCUI'l Vdx
Q
+ k2/ [div(E x hi)hs — V(hy (E X hy))
Q
— V(h{e) x hy — (curl E x hy) x hg]Tcurl Vdz
+ k:2/ [V(hy (V(h{ E) + cwtl E X hy)) + (Aj curl E) X hy
Q

] Tcurl Vdz.

+ k%(E X hy) X hy + V(| curl E) x hy

We apply again the divergence theorem to conclude

/ V(hy (E x hy)) curl Vdz = — / div [V (kg (E % b)) x V]dz
Q

w

_ / VT (V(h](E x ) x V)dz = [ V(A (E x b)) (v x V)ds = 0,
oD oD

since V' € H,.(€2). Similarly, we show

/ V(hy V(h{ curl E)) " curl Vdz = 0.
Q

The second integral occurs to

curl (V(h{ cwrl E) x hy) = AoV (k] cwtl E) — hoA(h{ curl E) + V(hy V(h{ curl E)).
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Combining all implies

A((E),, V) = /ﬂ(hgcuer)(div(Al curl B) 4+ A(h{ curl E))dz

+ k? / (hg V)(div(ALE) + A(h TE))dz + k? / (curl E x hy) " AyVda
Q Q
+ k:2/ [V(hy (curl E x hy)) + (A; curl E) X hy
Q
+ K2(E % hy) X hy + V(h] curl E) x hy] ' Vda
+ kQ/ (div(E x hy)hy — (curl E X hy) x hg)TCUI'l Vdz.
Q

Considering

curl ((CurlE X hy) % h2) =As(curl E x hy) — div(curl E X hy)hg + (Aj curl E) X hy
+ E*(E X hy) x hy + V(h{ curl E) x hy + V(hy (curl E x hy))

and the partial integration

/ ((curl E x hy) x hg)Tcurl Vdz = / curl ((curl E x hy) x hZ)Tde
Q Q

we arrive at

A((E})5, V) =k /Q (hy V) (div(A1E) + A(h{ E) 4+ div(cwrl E x hy))da

+ / (hy curl V) (div(A; curl E) + A(h| curl E) + k* div(E x hy))dz.
Q

Since div E = 0 and curl curl E = k?E we have, again by elementary calculations, the identities

0 =div (cwtl(E x b)) = div(A E) + A(h{ E) div(cutl E x hy)
0 = div(curl(curl E x hy) = div(A; curl E) + A(h{ curl E) + k*div(E x hy).

We finally conclude
A((E})y, V) = AW{ = J)| By — Jgyhy — Jy, By — Jw,ha, V) =0

for all V € H,.(2), i.e., (EY), is a radiating solution to homogeneous Maxwell’s equations. [
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